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Abstract. In this article, we develop a methodology to prove weak uniqueness for stochastic differential equations with coefficients
depending on some path-functionals of the process. As an extension of the technique developed by Bass and Perkins (In From Proba-
bility to Geometry (1): Volume in Honor of the 60th Birthday of Jean-Michel Bismut (2009) 47-53) in the standard diffusion case, the
proposed methodology allows one to deal with process whose probability laws is singular with respect to the Lebesgue measure. To il-
lustrate our methodology, we prove weak existence and uniqueness in the two following examples: a diffusion process with coefficients
depending on its running local time and a diffusion process with coefficients depending on its running maximum. In each example, we
also prove the existence of the associated transition density and establish some Gaussian upper-estimates.

Résumé. Dans cet article, nous développons une méthodologie permettant de prouver 1’unicité faible pour des équations différentielles
stochastiques dont les coefficients dépendent de certaines fonctionnelles de la trajectoire du processus. Dans le prolongement de la
technique développée par Bass & Perkins (In From Probability to Geometry (1): Volume in Honor of the 60th Birthday of Jean-Michel
Bismut (2009) 47-53) dans le cas des processus de diffusions standards, la méthologie proposée permet de traiter le cas de processus
dont la loi est singuliere par rapport a la mesure de Lebesgue. Afin d’illustrer notre méthodologie, nous prouvons I’existence et 1’unicité
faible dans les deux exemples suivants: un processus de diffusion dont les coefficients dépendent du temps local en zéro courant et
un processus de diffusion dont les coefficients dépendent du maximum courant. Dans chaque exemple, nous prouvons également
I’existence d’une densité de transition associée et établissons des estimées Gaussiennes.
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1. Introduction

In the present paper, we investigate the weak existence and uniqueness of an one-dimensional stochastic differential
equation (SDE) with coefficients depending on some path-functional A and dynamics given by

t

t
X,:xo—i-/ b(XS,AS(X))ds—i—/ o (Xy, As(X)) dWs, (1.1
0 0

where (W;);>0 stands for a one-dimensional Brownian motion and (A;(X));>0 is an R?=!_valued functional (d > 2)
depending on the path of X in a non-anticipative way, namely, it depends on the path of X.,;. Some examples include its
local and occupation times, its running maximum or minimum, its first hitting time of a level, its running average, etc.
From the point of view of applications, systems of the type (1.1) appear in many fields. Let us mention stochastic Hamil-
tonian systems where A;(X) = f(; F(s, X;)ds, see e.g. [16] for a general overview, [18] for convergence to equilibrium
or [2] for an application to the pricing of Asian options. We also mention [7], where the author constructs a weak solution
to the SDE (1.1) with b =0 and A;(X) = maxo<s<; X, is the running maximum of X and investigates an application in
mathematical finance.
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In the standard multi-dimensional diffusion framework, the martingale approach initiated by Stroock and Varadhan
turns out to be particularly powerful when trying to get uniqueness results. It is now well-known that the martingale
problem associated to a multi-dimensional diffusion operator is well posed as soon as the drift is bounded measurable
and that the diffusion matrix is continuous (with respect to the space variable) and strictly positive, see e.g. Stroock and
Varadhan [17]. In the indicated framework, uniqueness is derived from Calderén—Zygmund estimates. Also, when a is
Holder continuous, an analytical approach using Schauder estimates can be applied, see e.g. Friedman [8].

Recently, Bass and Perkins [4] introduced a new technique for proving uniqueness for the martingale prob-
lem and illustrated it in the framework of non-degenerate, non-divergence and time-homogeneous diffusion opera-
tors under the assumption that the diffusion matrix is strictly positive and Holder continuous. It has also been re-
cently extended by Menozzi [14] for a class of multi-dimensional degenerate Kolmogorov equations, that is, the
case of a multi-dimensional path functional A = (A}, ..., AN);>o given by: A}(X) = fot Fi (X5, As(X))ds, A2(X) =
f(; Fz(A%, e, Aﬁv) ds, ..., A{V (X) = fé Fy (A_ﬁv_l, Aﬁv) ds, under an assumption of weak Hormander type on the func-
tions (F1,..., Fy). The approach in the two mentioned papers consists in using a perturbation method for Markov
semigroups, known as the parametrix technique, such as exposed in Friedman [8] in the case of uniformly elliptic diffu-
sion. More precisely, the first step of the strategy is to approximate the original system by a simple process obtained by
freezing the drift and the diffusion coefficients in the original dynamics, and use the fact that the transition density of such
approximation as well as its derivatives can be explicitly estimated. Then, the key ingredient is the smoothing property of
the underlying parametrix kernel, see assumption (H1) (iv) in Section 2.1 for a precise statement. This property reflects
the quality of the approximation of the original dynamics. An important remark is that this smoothing property is only
achieved when the freezing point, that is the point where the coefficients are evaluated in the approximation process, is
chosen to be the terminal point in the transition density.

The main purpose of this paper is to develop a technique in order to prove weak uniqueness as well as existence of a
transition density for some SDEs with path-functional coefficients where the probability law of the couple (X;, A;(X))
may be singular with respect to the Lebesgue measure on R?. The main new feature added here compared to previous
works on this topic is that our technique enables us to deal with a process whose probability law is absolutely continuous
with respect to a o -finite measure.

Our methodology can be summed up as follows: suppose that the transition density of the Markov process
(W, A (W));>0 with initial point x exists with respect to a o -finite measure v(x, dy), not necessarily being the Lebesgue
measure on R9, and a chain rule (Ito’s) formula for h(t, X;, A;(X)) is available, where /& belongs to a suitable class of
functions D related to the domain of the infinitesimal generator of the Markov process (W;, A;(W));>0. Then as soon as
the derivatives of the transition density of (W;, A;(W)),>0 satisfies some good estimates or equivalently if the parametrix
kernel enjoys a smoothing property with respect to v(x, dy), one has the main tools to prove weak uniqueness for the
SDE (1.1).

Since the probability law of the process (X;, A;(X));>0 may be singular, it is not clear how to select the approximation
process and even if this crucial smoothing property will be achieved in such context. To be more precise, let us look at
the following example. If one considers the couple (X;, A;(X))r>0, A/(X) = L?(X) being the local time at point O
accumulated by X up to time 7, then it is easy to see that on {Ty > t}, Ty being the first hitting time of 0 by X, one
has L?(X ) = 0 whereas on {Tp < t}, the process may accumulate local time so that the probability law of the couple
Xy, L?(X )) consists in two parts, one being singular with an atom in the local time part, the other one (hopefully) being
absolutely continuous with respect to the Lebesgue measure on R x R, . Hence, we see that for such dynamics the
situation is more challenging than in the standard diffusion setting. This new difficulty will be overcome by choosing
two independent parametrix kernels, one for each part, and then by proceeding with a non-trivial selection of the freezing
point according to the singular measure induced by the approximation process. Even in this singular framework, one
is able to prove that the smoothing property of the parametrix kernel still holds which is, as previously mentioned, the
keystone to prove weak uniqueness for the SDE (1.1). As far as we know these feature appear to be new.

It will be apparent in what follows that our approach is not limited to the one-dimensional SDE case. We believe that
the methodology developed here could be used to tackle multi-dimensional examples such as the one studied in [14] (up
to to some technicalities). However, we decide to confine our presentation to the one-dimensional framework to foster
understanding of the main arguments. As an illustration of our methodology we consider two examples. In the first one,
we choose A;(X) = L,O(X), t > 0, where L(,)(X) is the local time at 0 accumulated by X up to time ¢. The bivariate
density of Brownian motion and its running local time at O can be found e.g. in Karatzas and Shreve [11]. In the second
example, we consider the running maximum of the process, that is, A;(X) = maxg<s<s X5, ¢ > 0.

The first part of our main results is an application of the general methodology developed in Section 2. More precisely,
in Theorem 3.3 and Theorem 3.7 we prove that weak uniqueness holds for the SDE (1.1) when the path-functional is
the local time or the running maximum, under the assumption that the drift b is bounded measurable and the diffusion
coefficient a = o* is uniformly elliptic, bounded and n-Holder-continuous, for some 1 € (0, 1].
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Finally, the strategy developed in this paper can be used not only to prove the existence, but also to retrieve an explicit
representation of the transition density (with respect to a o -finite measure) of (X;, A;(X));>0 as an infinite series. How-
ever, one has to overcome new technical issues compared to the standard diffusion setting investigated by Friedman [8]
or even to the degenerate case considered by Delarue and Menozzi [5]. Leaving this technical discussion to Section 3.3,
we only point out that the main difficulty lies in the non-integrable time singularity induced by the mixing of the singular
and non-singular parts of the parametrix kernel. In order to overcome this issue, which to our best knowledge appears
to be new, the key idea is to use the symmetry of the density of the killed proxy with respect to the initial and terminal
points, in order to retrieve the integrability in time of the underlying parametrix kernel. As the second part of our main
results, we prove the existence of the transition density for (X;, A;(X));>0 as well as its representation in infinite series
for the two examples mentioned before, see Theorem 3.4 and Theorem 3.8 below. Some Gaussian upper-estimates are
also established.

Notations and useful estimates:

We introduce here some basic notations and definitions used throughout this paper. For a sequence of linear operators
(Si)1<i<n, we define H?:] Si =81 ---S,. We will often use the convention [ [ = 1 which appears when we have for

example [ [ 210. Let 7 be a closed subset of R? with non-empty interior, we denote by Cllj (J), the collection of bounded
continuous functions which are k-times continuously differentiable with bounded derivatives in the interior of 7. The
derivatives at the boundary 9.7 are defined as limits from the interior and it is assumed that they exist (and thus finite).
The set B, (J) is the collection of real-valued bounded measurable maps defined on 7. Furthermore we will use the

following notation for time and space variables s, = (s1,...,Sp), Zp = (21, ..., Zp), the differentials ds, = dsy --- ds)p,
dz, = dz;--- dz) and for a fixed time ¢ > 0, we denote by A,(t) ={s, € [0,¢] 15,11 :=0=<s5), <5, 1 <--- <51 <
t =: so}. For a multi-index o = (aq, ..., «¢) of length ¢, we sometimes write dy f(x) = 8xal ~~-8xw f(x), for a vector

x. We denote by y > g(ct, y) the transition density function of the standard Brownian motion with constant diffusion
coefficient o = \/c, i.e. g(ct,y) = Qmet)™1/2 exp(—y2/(2tc)), y € R. Its derivatives of order i, i € N, are denoted by
Hi(ct,y) = Bi,g(ct, y). For a given z € R?, the Dirac measure at point z is denoted by 8, (dx). For a, b € R, we use the
notation a = b if there exists a constant C > 1 such that C~1b < a < Cb. We denote by | fleo the supremum norm of a
function f.

One of the key inequality that will be used intensively in this work is the following: for any p,q > 0 and x € R,
|x]? e—ax? <(p/ (2qe))1’/ 2. As a direct consequence of this inequality, we have the space-time inequality,

Vp,c>0, |x|”Ho(ct,x) < CtP/?Hy(c't, x) (1.2)

which in turn gives the standard Gaussian estimates for the derivatives of Gaussian density, namely
, ¢ /
Ve,VieN, |Hi(et,x)| < mHo(ct,x) (1.3)

for some positive constants C, ¢’. As these two inequalities are applied on numerous occasions throughout the paper, we
will often omit to refer to them explicitly.

2. Abstract framework for weak uniqueness
2.1. A perturbation formula

Throughout this section, we assume that there exists a weak solution (X, W), {¥;} to (1.1) for every initial condition
xo and that the process Y; := (X;, A;(X)):>0, starting from the initial point x at time 0, has (almost surely) continuous
sample paths living on a closed space 7 C R?. The process (X;, A; (X )):>0 induces a probability measure P* (or simply
denoted IP) on © = C([0, 00), J) which is endowed with the canonical filtration (F;);>0. We consider the collection
of linear maps (P;);>0 defined by Ph(x) := E[h(X,, A/(X))] for h € Bp(J). It is important to point out that, at this
moment, we do not know whether Y is a (strong) Markov process or not. However, one of our main assumption (see
assumption (H1) (ii) below) links the process Y to the solution of a martingale problem in the sense of Stroock and
Varadhan [17]. As in the standard diffusion case, the strong Markov property will be a consequence of weak uniqueness.

Note that, for the moment, the coefficients b, o are real-valued Borel measurable functions defined on J and o is
assumed to be continuous on 7. However to obtain the approximation process we will often work with the continuous
extension of o to R? by using Tietze’s extension theorem and freeze o at some point z € RY. Therefore for some fixed
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point z € R?, we denote the approximation or the proxy process by X% = X, that is the solution of (1.1) with b =0
and the diffusion coefficient o evaluated at z. Without going into details, the key idea is to consider the process Y as a
perturbation of the proxy ¥ = Y% = (X;, A,;(X));>0 whose law is denoted by p, (x,dy) = p?(x,dy). Accordingly, we
define the collection of linear maps (P;);>0 by Pih(x) = PFh(x) :=E[h(X;, A((X)] = [ h(y)p:(x, dy) for h € By(J).
Note that the linear map P, depends on z and, in general, to indicate that one is working with the approximation process
with coefficients frozen at z or functions associated with the approximation process frozen at z, we put a bar on top of the
function and, in order to simplify the notation, we will often omit to write the dependence with respect to z. To indicate
that the frozen point is the terminal point y of the proxy density, we will put a hat instead of a bar.

We define the shift operators (6;y)(s) = y(t +5), 0 <s < oo fort >0 and y € C([0, 00), J). For any deterministic
time ¢ > 0, we denote by Q; ,, the regular conditional probability for P* given F; and let P ,, be the probability measure
defined by P; ,, := Q;., 06, ". In particular, for every F € B(C([0, 0), 7)), one has P* (8, ' F|F;)(w) = Q;.,, (6, ' F) =
P; . (F), for P*-a.e. w € Q. Our proof of weak uniqueness consists in first proving that two solutions of the martingale
problem associated to (1.1) have the same one-dimensional marginal distribution and then passing to the full law of the
process. Here we do not know that our solutions are part of a (strong) Markov family and in general, as in the standard
diffusion case, this will be a consequence of weak uniqueness, or equivalently of the well-posedness of the martingale
problem, see [12,17] or [3]. As a consequence we require the following substitute.

Assumption (H0). Forevery x € J, forevery ¢ € [0, 00), there exists a P*-null event N of F; such that, forevery w ¢ N,
the probability measure [P; ,, can be induced by a weak solution starting from w(¢) at time 0.

The above assumption allows one to prove that the finite-dimensional distributions are unique once we know that two
weak solutions have the same one-dimensional marginal distributions, see e.g. Chapter 5 [12] or Chapter VI [3].

At this stage, we prefer not to state assumptions on the coefficients b and o, but rather, we provide the required
assumptions on the law of the approximation process Y. Then we develop the methodology in order to establish a first
order expansion of (P;);>o and to prove that two solutions of the martingale problem share the same one-dimensional
marginal distribution. These assumptions are then checked on the two examples investigated here: the local time at zero
and the running maximum.

Assumption (H1). Given the initial condition x € J and a fixed point z € R4,

() (a) The proxy process YZis a Markov process with continuous sample paths and with infinitesimal generator L=/[F
and 8; PFh = L2 PFh = P,L%h for h € Dom(L*) where

Dom(L?) := {h €Cp(J):V¥x € T, Loh(x) := lim ;[Pfh — h](x) exists and L% € C(J) }
t

(b) There exists a o-finite measure v(x, -) such that v(-, A) is Borel measurable for any A € B (Rd) and satisfying
for all ¢ > 0, the law of ¥/ is absolutely continuous with respect to v(x, -). Moreover, there exists a v(x, dy)-
integrable function (¢, x, y) —> pf(x, y) satisfying

pi (x,dy) = p; (x, y)v(x,dy).

In particular, the Markov semi-group can be written IS,Zh(x) = f h(y)p?(x, y)v(x,dy) for all h € By(J). Also
to make the notation simpler, when z = y, we write

pr(x,y) = p; (x,y)

and define accordingly
Pih(x) = f h(y)pr(x, y)v(x,dy) = / h(y)p; (x, y)v(x,dy). (2.1
(i1) There exists a subset of functions D C C;’O(R+ x J) and an operator £ acting on D such that:

(a) Forall h Cgo(j), 0,00) x I > (t,x) — Isfh(x) € D and for every fixed ¢ > 0, I_’tzh € Dom(ﬁ_z).
(b) For all & € D, the process

t
h(t,yz)—h(O,X)—/ {01 + L}h(s, ys)ds, =0
0

is a continuous square integrable martingale under P*.
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(c) There exists a parametrix kernel 0, with respect to the measure v, that is, a measurable map (7, z, x, y) >
67 (x, y) such that for all 2 € C;°(J) and all t > 0

(L — L) Pih(x) = / h(y)0F (x, y)v(x,dy). (2.2)
We again simplify the notation by writing 0, (x, y) =6 (x, y) and define
Sih(x) = / BB, y)v(x, dy) = / BB (e, v, dy). 23)

(iii) Forall x,y € J and ¢ > 0, the maps (¢, z) — pf(x, y) and (¢, z) > Q_f (x, y) are continuous on (0, 00) x R,
(iv) For all ¢ > 0, there exists some v(x, dy)-integrable functions p;(x, y), 6;(x, y), a constant ¢ € R and a positive
constant C, eventually depending on ¢ but in a non-decreasing way, such that

VeeRY, |piG | < pfeey). |07 (x| <67 (L y)

and
/P;‘(x,y)V(x,dy)SC, /9,*(x,y)V(x,dy)§Ct2.

For the case z = y, we assume that the parametrix kernel enjoys the following smoothing property: there exists
¢ > —1 and a positive constant C, eventually depending on ¢ in a non-decreasing way, such that

Vt>0,Vx € J, /|’e}(x,y)|v(x,dy)gcﬁ. (2.4)

(v) Forany h € Cp(J), one has
lim Prh(x) =1im/h(y)]3ty(x,y)v(x,dy):h(x).
110 110

(vi) Forany h € Cp(J) and t > O,

11£E+,h(x)=13th(x) and li%8,+,h(x)=8,h(x)
r r

where the operators P, and S; are defined in (2.1) and (2.3) respectively.

Remark 2.1. The set of assumptions (H1) will allow us to prove a perturbation formula of the map P; around f’t, see
Theorem 2.2 below. The kernel of S; defined above satisfies the smoothing property given by equation (2.4) which is, as
mentioned in the introduction, the key point to prove uniqueness in law for equation (1.1). This smoothing property was
exploited in [4] and in [14] for some degenerate Kolmogorov equations. The main new feature added here is that we are
able to deal with a process that admits a density with respect to a o-finite measure (with eventually several atoms). In
particular, the process can be singular in the sense that it may not admit a transition density with respect to the Lebesgue
measure on J .

Assumption (H1) (ii) (b) provides a chain rule formula for the process ¥ = (X;, A;(X));>0 for a suitable class of
functions D. The operator L is identified by means of this chain rule formula. As we will see in Section 3, this assumption
will help us to formulate the martingale problem associated to the process Y. This will be used later on in order to establish
the existence of a weak solution to the SDE (1.1).

Theorem 2.2. Assume that (H1) holds. Then, for any h € Cp(J),

T
PTh(x)=ﬁTh(x)+/ PySr_sh(x)ds.
0
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Proof. Let f € CEO(J). Let r > 0, by assumption (H1) (ii) (a) and (b) applied to [0,T] x J > (¢, x) — h(t,x) =
f_’T—t-s-r f(x) € D, there exists a continuous martingale (M[)oftfr starting at O such that

—_ - t —_ -
Pryir f (V) = Pras £(2) + /0 (3 + L) Pr_ssr f(Yy) ds + B,

t
- / FOV (o, v (r, dy) + / /0 FOV (Ve (Y. dy)ds + M.

We now proceed to the diagonalisation argument, that is the argument that allows one to select the freezing point z
according to the measure v(x, dy). For a fixed point y € 7, we consider a sequence of non-negative mollifiers 62 (y), € > 0
such that §2(y) < C, and (8Z(y))e>0 converges weakly to the Dirac mass at y as ¢ | 0, e.g. we set §3(y) = g(e,z — ).
For any h € C;°(J), we apply the above decomposition for x = f(x) = 8%(x)h(x) and take expectations. We obtain

t
PuBr_ 1y 53h(x) = / 52 (R Py, (. YV, dy) + E[ / /0 NG, (Yo )W (Yy, dy) ds}.
We let r 1 T and integrate with respect to z over R4, from (H1) (iv) and Fubini’s theorem, we obtain

/ Pr P.8%h(x)dz

T
=// 5§(y)h(y)ﬁ§+r(x,y)V(x,dy)dZ+f/0 ]E[/ 5§(y)h(y)9_§H,(Ys,y)V(Ys,dy)] dsdz. 2.5

We now pass to the limit as ¢ |, 0 and then r | 0 in (2.5). We first give some useful estimates. By using (H1) (iv), we
have

‘/5§(y)ﬁf(x,y)dz <pf(x,y), (2.6)

‘/5§(y)9_f(x,y)dz <6/ (x,y). 2.7)

Let us consider the left-hand side of (2.5). From (2.6), we can apply Fubini’s theorem to pass the integral w.r.t dz inside
to obtain

/E[Pr&?h(YT)]dz ZE[// SsMh(Mpy (Y, y)V(YT,dy)dz]
- E[ / { [ sy dz}h(y)v(yr,dy)}. )
Then the dominated convergence theorem together with (H1) (iii) allow us to conclude
lim f E[Praéhwr)]dz:E[ / P (Yr,y>h(y>v(YT,dy>] =E[Ph(Yp)].

Consequently, by letting r |, 0 and using (H1) (iv) and (v), we obtain again by the dominated convergence theorem
lim, o E[P-h(YT)] = Prh(x).

For the right-hand side of (2.5). Again by (2.6) we can apply Fubini’s theorem and then the dominated convergence
theorem while having in mind (H1) (iii). This yields

tim [ Pr, 55t dz = tim [ { [ B0m05 ) dz}u<x,dy>
= [ OV}, o3 d) = Prachn. 2.9)

Letting r | 0 in the previous equality, by (H1) (vi) we deduce that lim, o lim, o f Pr+r8§h(x) dz = FTh(x).
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We now handle the second term appearing on the right-hand side of (2.5). To pass to the limit as ¢ | 0, we first apply
Fubini’s theorem (using (2.7)) then the dominated convergence theorem using (H1) (iv) and (iii) so that

T
hﬁ)l/f E[/ SeMh(MO7 s\, (Y5, »v(Yy, dy) |dsdz
& 0

T
=ufolm[ / / { f RS, (Vs y)dz u(¥,.dy) ds]
£ 0

T
=E[f/ 1ii1(}{/h(y)3§(y)9_§W(Ys,y)dz V(Yx,dy)ds]
O &

T T
=E[ f / h(E)_,, (Y5, v (Y, dy) ds] :E[ / ST_Hrh(mds] (2.10)
0 0

To pass to the limit as r | 0, we remark that in (H1) (iv) equation (2.4), ¢ > —1, this allow dominated convergence to
be used again which yields

T T T
limE[/ ST_H,h(YS)ds} = ]E[/ lim St —g4,h(Y) ds] = E[/ ST_Sh(YS)ds:|
0 0 o ri0 0

where we applied (H1) (vi) for the last equality. The result is valid for & € Cgo(j ) and an approximation argument
completes the proof. (]

We are not so far from obtaining a representation of Prh in infinite series. Once weak existence and uniqueness for
the SDE (1.1) is established, this representation will be useful in order to establish the existence of a transition density
for the process Y. We will also employ it to derive some Gaussian upper-bound estimates for the density of the couple

(X1, A7 (X)).

Corollary 2.1. Assume that (H1) holds and that for any h € Cp(J) and t > 0, the function S;h defined in (2.3) belongs
to Cp(J). Then one may iterate the first order formula in Theorem 2.2 to obtain

Pri(x) = Prh(x)+ Y _ I}h(x) 2.11)

n>1

with
IFh(x) ;=/ sy Py, S, _y—s, +++ ST—5 ().
An(T)
Moreover, the series (2.11) converges absolutely and uniformly for x € J .

Proof. We remark that since for all ¢t > 0, x > S;h(x) € Cp(J), we can iterate the first order expansion in Theorem 2.2
to obtain

N-1
Prh(x)=Prh(x)+ ) / dsy Py, Sy, —s, - ST—5 h(x) + RY h(x)
i YA
where the remainder term is given by
RN = [ dsy P S Sroa (o).
An(T)
From iterative application of estimate (2.4), the remainder term is bounded by

N-1
|=R]1Yh(X)| =< CT|h|oo/ dsy 1_[ C(sy _Sn—l){ < CTIYTN(H»Q
A

NI o

ra+aon
ra+nN1+1¢))

where ¢ — I'(¢) is the Gamma function. By Lemma A.1 and the asymptotics of the Gamma function at infinity, we
clearly see that the remainder goes to zero uniformly in x € 7 as N 1 oo. (|



Weak uniqueness and density estimates for some path-dependent SDEs 1009
2.2. Weak uniqueness

Throughout this section, we will assume that (H1) is in force. Our aim is to prove weak uniqueness for the SDE (1.1).
The main argument is an extension of the technique introduced by Bass and Perkins [4] in order to investigate the well-
posedness of a martingale problem. It notably allows us to deal with singular probability law in the sense that the law of
Y;,t > 0, may not be absolutely continuous with respect to the Lebesgue measure on R¢. Moreover, the new contribution
of this section compared to the existing literature on this topic is that we identify the main assumptions, namely (HO),
(H1) and (H2), required to establish weak uniqueness, thus allowing for a general treatment.

We consider two weak solutions of the SDE (1.1) starting at time 0 from the same initial point x € J. Denote by
P; and P, the two probability measures induced on the space (C([0, o0), J), B(C([0, 00), J))). We introduce the two
resolvents associated to P; and IP,, defined for & € B, () and A > 0, by

S;h(x):zEpi[/ e_Mh(yt)dt:|=/ e MEp,[h(y)]dt, i=1,2,  S{h(x):=(S; — S)h(x)
0 0

||SAA|| ‘= sup |S/\Ah|.
IAlloo=1

For z € R¥, the resolvent of the approximation process is defined by
- 0 -
RS f(x) = / e M Prh(x)dt, forh e Bp(J).
0
We make the following assumptions.

Assumption (H2). For any z € R? and any h € C;°(J). The map (t, x) — Ry P;h(x) belongs to D with LRy Pih being
bounded measurable and is such that for » > 0

(A= L)R,P-h =R, (. — L) P:h, (2.12)
o0

(L—=L)R, Ph= f e (L —L)Pryshds. (2.13)
0

Lemma 2.1. Under assumption (H1) and (H2), for h € C;°(J)

(i) Ry(h—L)Prh=Ph.
(i) S{(.— L)RyPeh= Ry Prh, fori=1,2.

Proof. To see (i), from the very deﬁnitign of Ry, and_(P_Il_) (i) (a) and (ii) (51)_, that is, th_e fact that (}3;),20 is a Markov

semi-group with infinitesimal generator £ satisfying P, LP.h = LP;P,h = LP,h = 0; P, h, we get
- - - oo - - -
Ry(A—L)P.h = / e MP,(A— L)P.hdt
0
S _ _
= / e M\ —8,)Py hdt = P.h,
0

where we used the continuity of 7 — P,y+h, which is a direct consequence of the continuity of the sample path of
(X, AX)). o
To see (ii), let h € C° (R9) since Ry P-h € D by (H1) (ii) (b) we get

MR, Bh(Y)) = Ro Bohi(x) + f

t t
—Ae‘xsﬁlﬁrh(Ys)ds—i—/ e LR, P-h(Ys)ds + M,
0 0

where M is a square integrable martingale. By taking the expectation and using the fact that LR, P,k is bounded, we have
by the Fubini theorem

t
¢ MEp [RPoh(y(1))] = Ry Prh(x) — / e MEp,[( — L)RyPrh(yy)] ds.
0
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Finally, the dominated convergence theorem is used to pass to the limit as ¢ 1 oo in the previous equality and this
completes the proof of (ii). O

Let z € R? and r > 0. We consider the sequence of non-negative mollifiers {6Z(y) = g(¢,z — y), &€ > 0}. Let us first
observe that if h € leo (J) then from assumption (H2) one has

(A= LYR, P8 h(x) = (O = L)Ry P8t (x) — (L — L) Ry Pr85h(x)
= P.8¢h(x) — (L — L)R; Pr8%h(x). (2.14)

Note that by using (2.13) the second term appearing in the right-hand side of the above equality is given by
- - —_ OO - —_
(L—LYRy P82 (x) = / eik'(ﬁ — L)Pryr85h(x)dt. (2.15)
0

We are now ready to prove weak uniqueness for (1.1).

Theorem 2.3. Assume that Assumptions (HO), (H1) and (H2) are satisfied, then weak uniqueness holds for the SDE given
in (1.1).

Proof. Let z € R? be the freezing point. The first part of the proof is similar to that of Theorem 2.2. We integrate both
sides of (2.14) over R? with respect to dz, apply SAA and then pass to the limit as ¢, 7 |, 0. For i = 1, 2, we first consider
(A — L)R; P8%h using (2.14) and (2.15), then by using estimates (2.6) and the inequality |(£ — £%) P}, 85h(x)| <

Ce¢|h|oor®, we can apply Fubini’s theorem so that

oo
S;/(x—ﬁ)ﬁiﬁfsghdzzf e MEp, [/(A—ﬁ)ﬁiprzégh(yt)dz} dt:/sg(x—z)zéiﬁfaghdz,
0

and from Lemma 2.1 (ii)
s (/(x — L)R; PF8%h dz> = / SA(.— LYREPF8ihdz = 0.

Then, from (2.14) we deduce

S8 (/ Pi8ch dz) -5 (/(z — L*)R; P?6%h dz) =0.

Let us consider the first term in the above expression and take the limit first as ¢ | 0 and then as » | 0. Fori =1, 2,
under (H1), the limit as ¢ | O can be taken using the dominated convergence theorem while the limit as r |, 0 follows
from (H1) (v) (similarly to (2.9))

0 o0 o0
limlim e MEp, [ / f’f(Sgh(yt)dz:| dt =lim / e MEp,[Poh(y,)]dt = / e MEp,[h(yn)]dt.
rl0el0 Jo r0 Jo 0

This shows that lim,» o S2(/ P?82hdz)(x) = S2h(x). For the second term, we first rewrite it using (2.15)

S5 (/(c — L) R; ‘;3§hdz> = Ep, [/weku{//wem(ﬁ — L) Pfy, 8¢h(y,) di dz} dui|
0 0
=Ep, [ / e‘“’{ / / e M / étz+r()’u,)’)3§(y)h(y)v(yu,dy)dtdz}du],
0 0

To pass to the limit as ¢ | 0, we check that Fubini’s and the dominated convergence theorems can be applied to the
right hand side of the above equation. We consider the term in the curly brackets. We use (2.7) and then (H1) (iv) to obtain
fori =1,2,

/ /0 e / |62, G W|SEDR IV, dy) dt dz
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2/0 e‘“{//|5f+r(yu,y)|8§(y)dz|h(y)IV(yu,dy)}dt
*® —At N * 1 ¢
= |h|oo/0 e {/9;+r(yu’ IV (Yus dy)}dl =< Xc|h|oor(

which is dP' x e~** du integrable. More importantly, we observe that, in the first equality above, the term in the curly
bracket can be bounded by a constant independent of €. One can then apply Fubini’s theorem and the dominated conver-
gence theorem to obtain

oo o0
lim / e M / e‘“{Epi [ / (E—E_Z)f’tﬂrrégh(yu)dz“dt du
£l0 R4

f / M lsliBE[p |:/Rd(ﬁ L) PF,8 sh(yu)dzj| drdu

:f —MEP,.[/ “St+,h(yu)dt}du,
0 0

where the last equality follows from similar arguments as those employed in (2.10). One can now let » goes to zero by
using the estimate (2.4) in (H1) (iv) and (vi) to obtain

o o0 o0 o
lim [ e M Ep, [ / e_MSH,h(yu)dt]du: / e MEp, [ / e_MS,h(yu)dti| du.
0 0 0

0 Jo

By putting the two terms together, we obtain

(o)
SAh =SA < / e MSh dt)
0

and one can pick A such that

o0
/ e M8, hdt
0

From the above computation and the definition of || SAA I, we find that

oo
s (/ e MSh dt)
0

By an approximation argument, the last inequality remains valid for real-valued bounded continuous functions &
supported in J. Taking the supremum over |A|o < 1 yields ||S} Al < é||S}L || and, since ||SA || < oo, we conclude that
S)hA = 0. Consequently, foo “MEp, [h(y,)]dt = f e MEp,[h(y;)]dt. By the continuity of sample paths together with
the uniqueness of the Laplace transform together we get Ep, [A(y;)] = Ep,[2(y;)] for all # > 0 if / is bounded continuous.
By a monotone class argument, this also extends to bounded measurable functions so that P; and P, share the same
one-dimensional marginal distribution.

Now one can use the standard argument based on regular conditional probabilities to show that the finite dimensional
distributions of the process (¥;);>0 = (X;, A;(X));>0 agree under P; and P>. This is where we employ assumption (HO)
on regular conditional probability measure. Since this argument is standard, we omit it. The above is sufficent to prove
weak uniqueness, see [17], Section 5.4.C in [12] or Section VI.2 in [3]. [l

ro 1,
Atz o lftlee

o0
< Ihlos / e dt = o
0

1
520] = < 158l

3. Two examples
3.1. A diffusion process and its running local time

In this example, we consider the SDE with dynamics

t

t
Xt=x+/ b(Xs,L?(X))ds+/ o (X5, LYUX)) dW; 3.1)
0 0
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where LY(X) := lim, o é Jo Lio<x, <} d(X)y is the local time at 0 accumulated by X at time 5. Here 7 =R x Ry,
Ai(X) = L?(X ) and d = 2. We introduce the following assumptions:

(R-n) The coefficients b and a = o2 are bounded measurable functions defined on R x R . The diffusion coefficient a
is n-Holder continuous on R x R..
(UE) There exists some constant ¢ > 0 such that V(x, ) e R x Ry, a <a(x, £).

Remark 3.1. In (R-n) and (UE), note that the diffusion coefficient @ : 7 — R is defined and assumed to be bounded,
continuous and uniformly elliptic on the closed subset 7 C R2. To ensure that (H1) (iii) is satisfied and the previously
developed machinery can be applied, in the following, wherever needed, we make use of the Tietze extension theorem
and consider the bounded, continuous and uniformly elliptic extension of the diffusion coefficient a to R2, which we also
denote by a.

Let D be the class of function & € C;’Z’l R4+ xR\{0} x R1)NCp(R4+ x R xR,) such that for all t > 0, dh(t, 0+, €) =
lim, 1o w and d,h(t,0—, £) = limy4g w exist, are finite and satisfy the following transmission
condition:

oh(t, 0+, £) — 2h(t,0—,0)

Y(t,0) € (Ry)?, 5 + 93h(t,0,¢) =0. (3.2)

We define the linear operator £ by:
1
Lh(t,x,£) =b(x,£)dh(t,x—, L)+ Ea(x, Z)Bzzh(t,x—, £), (t,x,0)eRy xRxRy. (3.3)

As mentioned in the Introduction, we need a chain rule formula for the process (X;, A;(X));>0 which allows to identify
the set of functions D and the linear operator £. In fact, the set D described above is precisely the set of functions for
which we are able to provide a good characterisation of the martingale problem. Indeed, one has to rely on the following
chain rule formula or generalisation of the Itd6 formula whose proof closely follows the arguments of Theorem 2.2 in
Elworthy et al. [6] or Theorem 2.1 in Peskir [15]. Note that here that we are working with the local time at zero whereas
the Lévy’s definition of local time is considered in [6].

Proposition 3.1 (Generalised Itd’s formula). Assume that h € CH%1 (R, x R\{0} x Ry) NC(R4 x R x Ry) satisfies:
nh(t,0+, £) =limy o(h(t, x, £) — h(t,0,€))/x and yh(t,0—, £) =limyro(h(t, x, £) — h(t,0, £))/x exist and are finite.
Then, almost surely for all t > 0, one has

t t
h(z,X,,L?(X)):h(O,x,O)—i—/ {81+£}h(s,XS,L2(X))ds+/ o (X, L2(X))d2h(s, X;—, LY(X)) d Wy
0 0
N /f{ dh(s, 0+, LOUX)) — dxh(s, 0—, LY(X))
0

5 + d3h(s,0, L2(X)) } dLO(X).

3.2. Weak existence

To this end, we have identified the set D and the linear operator £, the weak existence of a solution to (3.1), which
is equivalent to the existence of a solution to the following martingale problem, follows from a standard compactness
argument.

We will say that a probability measure P on (C([0, 00), R x Ry), B(C([0, 00), R x R))) endowed with the canonical
filtration (F;);>0 is a solution to the local martingale problem if P(y;(0) = x, y2(0) =0) =1, t — y»(¢) is a non-
decreasing process P-a.s. and

t
h(y(@®)) —h(y(0)) —/0 Lh(y(s))ds (34)

is a continuous local martingale for & € C>1(R\{0} x R4) NC(R x Ry) satisfying the transmission condition (3.2).
We will say that P is a solution to the martingale problem if (3.4) is a continuous square integrable martingale for
every h € D. Similarly to the standard diffusion case (see e.g. Proposition 5.4.11 in [12]), since the coefficients » and
o are bounded, existence of a solution to the local martingale problem is equivalent to the existence of solution to the
(non-local) martingale problem. Moreover, existence of a solution to the local martingale problem is equivalent to the
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existence of a weak solution to the functional SDE (3.1) and the measure P; ,, = Q;,, o 91_1, where Q; ,, is a regular
conditional probability for P given F;, solves the martingale problem for every w ¢ N, N € F; being a P-null event.
Hence, assumption (HO) is satisfied.

We are now in position to state the existence of a weak solution to the SDE (3.1). The lines of reasoning here are
rather standard and are based on a compactness argument, see e.g. Theorem 5.4.22 in [12], or Girsanov transform, see
e.g. Proposition 5.3.6 in [12], so that we omit the proof of the following result.

Theorem 3.2. Assume that the coefficients b, o : R x Ry — R are bounded and continuous functions. Then, for every
x € R, there exists a weak solution to the SDE (3.1). Assume that b is bounded measurable and that a is a bounded
continuous function satisfying (UE), then the previous result still holds.

3.3. Weak uniqueness and representation of the transition density

We now introduce the proxy process X t:=x0 +0(z1)Ws, t > 0, obtained from the original process X by removing the
drift part and by freezing the diffusion coefficient at 71 = (x1, 1) € R2 (recall that o has been extended on R2 by Tietze’s
extension theorem). For /2 € Cp(R x R}), we define

Ph(xo, o) =E[h(X,, Lo + LY (X))] = E[h(x0 + & W,, £ + L) (X))]

where, for sake of simplicity, we set & = o' (z1), @ = &'>. We also introduce the operator £ acting on functions i € D
1

Lht,x,0) = 5

aodh(t,x— 0, (t.x.0)eRy xRxR,. 3.5)

We now compute the bivariate transition density of the approximation process (X, L?()_( ))s>0 from the joint density
of (W;, L?(W)) which is readily available from Karatzas and Shreve [11]. To this end, we denote by Ty = inf{t > 0:
X0 + o (z1) Wy = 0} the first hitting time of 0 by the process (X >0 Let h € Cp(R x R4 ). We make use of the following
decomposition:

Pih(xo, €o) :=E[h(xo + & Wy, L0)[zy=1y ] + E[h(x0 + 6 Wi, €0 + L?()_())I[{To<t}] =I+IL

In the first term, the process X does not accumulate local time at zero. The bivariate density of (W;, maxo<s<; Ws),
see e.g. [12], gives

I= / h(x, 0){Ho(at, x — xo) — Ho(at, x + x0) Ijxox=0 dx8¢, (d0).
RxR4

To compute II we make use of the bivariate density of (W, L?(W)) >0 established in [11]. Conditioning with respect
to Ty and using the strong Markov property of W yield

t
H:f P(Ty € ds)E[h(xo + & W, £o+ LY(X))|Tp = 5]
0

t
_ / P(Ty € ds)E[h(5 Wiy, o +5L0_ (W))]
0

| xol

t
=/ ds(—Hl)(s, —)/ h(Gx,L0+€)(—Hp)(t —s, x| +€)dxdt
0 o RxR;

where we used the exact expression for the density of the passage time Ty, which is given by P(Ty € ds) =
(=Hy)(s, |xo|/0)ds, s > 0 and xo € R. Since the sum of independent passage times is again a passage time, see e.g.
page 824 of Karatzas and Shreve [11], one has

t
(—HD (1, 1x] + 1y]) =/O ds(—H))(t = s, 1x]) (=HD (s, 1y]),  x,y#0,7>0. (3.6)

Combining these observations with Fubini’s theorem and a change of variable yield

1 (-t
11:/ h(x,E):(—H1)<t, x|+ bxol + O)H{ZOS[} dxdC.
RxR, a o
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From the expression of I and II, we see that (X, o + L?(}_()) admits a density (x, £) — p;(xo, £o, x, £), for t > 0,
given by

ﬁt(‘x07 EO’ d-xa dﬁ) == ﬁf(x()? EOa X, Z)V(XO, EOa dx’ de)
_ . ) (3.7)
D1 (x0, €0, x,£) := fr (x0, X)je=¢4) + g1 (x0, Lo, X, D)y <)
with
fi(x0, x) 1= Ho(at, x — xo) — Ho(at, x + xo),
_ 1 _
qr(x0, Lo, x,£) :== —ng (t, (IXI + [xol + € — 30)/0),
U(xo, Ko, dx, dﬂ) = ]I{go<g} dxdl + H{X()XZO} dx5go (dﬂ).

Moreover, as already mentioned in assumption (H1) in Section 2.1, we let p;(xg, Lo, x,£) = ﬁ(x(), Oljerg) +
1 (x0, €0, x, £)Igy <¢y With

]?;(X(), X) = Ho(a(x, Lo)t, x — xo) - Ho(a(x, Lo)t, x + xo),

G (x0, Lo, x, £) := — H (1, (Ix| + x| + € — o) /o (x, £)).

1
a(x,?t)

Hence, we see that both measures p, and p; consist of two parts. The first part is absolutely continuous with respect to
the o -finite measure iy, x>0} dxd¢,(d€). Here the approximation process is obtained by freezing the diffusion coefficient
at (x, £o). This is a natural idea since in this part the process X does not accumulate local time at zero and £ is both the
initial and terminal point of the density. The second part is absolutely continuous with respect to the Lebesgue measure on
R x R . The approximation process is obtained by freezing the diffusion coefficient at the terminal point of the density
as in the standard diffusion case.

The first main result of this section establishes weak uniqueness for the SDE (3.1) by proving that assumptions (H1)
and (H2) of Section 2.1 are satisfied. Its proof is given in the Appendix.

Theorem 3.3. For n € (0, 1], under (R-n) and (UE), weak uniqueness holds for the SDE (3.1).

In the following, we show that, given (xop, £9) € R x R, the transition density of the process (X, £o + L?(X Nr>o0 is
absolutely continuous with respect to the sigma finite measure v(xo, £g, dx, d{). Our strategy consists in establishing a
representation in infinite series of P;h from which stems an explicit representation of the density of the couple (X;, £y +
L?(X )), see Theorem 3.4. Though we will not proceed in that direction, we point out that this representation may be
useful in order to study the regularity properties of the density, to obtain integration by parts formulas or to derive an
unbiased Monte Carlo simulation method. We refer the interested reader to [9] for some results in that direction related
to the first hitting times of one-dimensional elliptic diffusions.

To this end, we need to iterate the first step expansion obtained in Theorem 2.2. We recall that

1 (a(xo, £o) —a(x, ) e (r |x| + |xo| + € — Eo)
2 a2(x, 0) ’ o(x, )

b(xo, £o)sign(x, x|+ |xo| +£€—2¢
N (xo 30) gn( 0)H2<t lx| + |xo] 0>}H{g>@0}dxd€
ai(x, ) o, 6)

1
+/h(x, Eo){i(a(xo, €0) —a(x, £0)){ Ha(a(x, Lo)t, x — xo) — Ha(a(x, £o)t, x + x0) }

Sih(xo, £o) =/h(x,€){—

— b(xg, Zo){Hl (a(x, Lo)t, x — xo) — H (a(x, Lo)t, x +X())} }H{xxoZO} dx (3.8)

with sign(xo) := —I{x,<0} + I{x,>0}- The dissymetric version of the sign function appears here due to the fact that one
has to consider the left-derivative in both operators £ and £. For a proof of the previous identity we refer the reader to
Section A.1. From this expression, due to the sign function appearing in the first integral in the right-hand side of (3.8),
we remark that (xg, £g) — S;h(xg, £o) is not continuous at any point (0, £y), £o > 0, unless b(0, £9) = 0. Hence, a direct
application of Corollary 2.1 does not work. In order to circumvent this issue, we proceed as follows. We first consider the
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drift-less SDE. We then briefly indicate how to proceed in the presence of a bounded measurable drift by means of the
Girsanov theorem. From now on, we let b = 0.
We will use the notation S;h(xg, £o) = fh(x, £)6;(x0, Lo, x, £)v(x9, Lo, dx, dl) with

R _ L aGo.b)—ax.0) gy, lxltxol+t=to .,
6: (x0, Lo, x, £) 1= | 2 a?(x,6) 3¢, TG ) 0 (3.9)
5 (a(xo, €o) — a(x, €o)){Ha(a(x, £o)t, x — x0) — Ha(a(x, £o)t, x + x0)}, €= Lo.
Since the function (xg, £9) — S;h(xg, £o) is continuous on R x R, by applying Corollary 2.1 we obtain
Prh(xo, €0) = Prh(xo, o) + ) f Py, S,y +++ 15, h(x0. Lo) sy (3.10)
A (T)

n>1

with the convention so =T .

In order to retrieve the transition density associated to (P;);>0, we aim to prove an integral representation
for the above series. More precisely, our aim is to prove that the right-hand side of (3.10) can be written as
f h(x,2)pr(xo, Lo, x, £)v(x0, Lo, dx, d€), with an explicit representation for pr (xg, £g, x, £). We start by an examination
of the n-th term of the series expansion.

Before proceeding, we observe that the measure v(xg, £o, dx, d¢) satisfies a useful convolution type property in the
sense that

v(xo, Lo, dx’, dﬂ')v(x’, ¢, dx, dZ) = u(xo, Lo, x, £, dx’, d(’)v(xo, Lo, dx,dl) (3.11)
where the measure u is given by

u(xo,ﬁo,x,ﬁ,dx/,df/)

— H{(0<5/<(} dx’dZ’ + H{x/x0>0} dx/(SgO (df/) + ]I{xx/>0} dx’&g(dz’), K() < E, (3 12)
Iixox>0y dx'8¢y(d "), 0o =10, x0x > 0. '
Applying repeatedly (3.11) and using Fubini’s theorem, we obtain
/ dsy i;s,, Ssn,l—sn .. 'ST—SI h(xo, £o)
Ay (T)
=/ h(x,f){/ dSn/ Ps, (%0, €0, x1,£1)
RxR, An(T) (RxR4)"
n
x |:l_[ Os,i—sp_is1 Xi» Liy Xig1, Ligr1)u(xo, Lo, Xiv1, Lit1, dxi, dZi):| }V(xo, Lo, dx,dt)
i=1
=/ h(x, €) p’(xo, Lo, x, £)v(xo, Lo, dx, dl)
RxR4
where we set
P (x0, €0, x, £)
fA,l(T) dsp f(RXRJr)n Ps, (X0, €0, x1, £1)
= X [Ty Gspimsnoivs iy Liy Xige1, LigDu(x0, Lo, Xig1, Cip1, dxi, dl)] n>1, (3.13)

Z)\T(-x()ag()wx»g) n=0.

We are now ready to give a representation for the density of the couple (X;, £p + L?(X )). As already mentioned in
the introduction, we point out that the proof of the convergence of the asymptotic expansion for the transition density
is not standard in the current setting. To see this, we note that using (3.9), the standard Gaussian estimate (1.3) and the
space-time inequality in (1.2), we obtain the following estimate (for detailed computations, we refer the reader to (A.3)
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and the estimates just below it)

L > Yy,

0, (x0, Lo, x, 0)| < {12 (3.14)
o | —C o Hy(et, x — xo), =1,
2

for some constants C := C(a), ¢ := c(a) > 1. Indeed, in the classical diffusion setting, the parametrix expansion of
the transition density converges since the order of the singularity in time induced by the parametrix kernel @ is of order
A , which i is still integrable near 0. The situation here appears to be more delicate. At first glance, the order of the time
smgularlty in 6, consists in two parts. The first part Corresponds to the non-singular part of the law of (X,, £o + LO(X ).

From (3.14), it induces a singularity in time of order ¢ =3+% whichis integrable in time after integrating the corresponding
kernel Hy(ct, |x| + |xo| + € — o) over the domain R x (£, 00). The second part corresponds to the singular part of the
law of ()_( Lo+ L?()_( )), that is, the one of the proxy process killed when it reaches zero, and is absolutely continuous
with respect to the singular measure dxd&y,(d€). Here the situation is standard and the singularity in time appearing in
(3.14), namely 143 , is integrable near 0.

The main difficulty appears when one wants to control the whole space-time convolution appearing in the right-hand
side of (3.13). More precisely, it lies in the cross-terms which are of a different nature, for instance when one considers
the convolution of the non-singular part in the kernel Or_ s; and the singular part in the kernel é}, _s,- Standard arguments
such as those employed in [8] or [14] do not guarantee the convergence of the integral defining (3.13). To overcome this
difficulty and to show that the parametrix expansion for the transition density does indeed converge, one has to make use
of the key estimate obtained in Lemma A .4.

As our second main result, we prove that the transition density of (X;, £y + L?(X ))r>0 exists and satisfies a Gaussian
upper bound. We postpone its proof to the Appendix.

Theorem 3.4. Assume that (R-n) and (UE) hold for some n € (0, 1]. For T > 0 and (x¢, £o) € R x R, define the measure

pr(x0, Lo, dx, dl) := pr(x0, Lo, x, £)v(x0, Lo, dx, d)
= fr(x0, 0, X){xxy>0) dXx 8¢y (dl) + g7 (X0, Lo, X, £){gy <y dx dl

with pr(xo, Lo, x, £) := ano P (xo, £o, x, £) and

fr(x0, €0, %) =) pi(x0, €0, %, £0), g7 (x0, €0, X, £) := Y _ pf(xo, Lo, X, £).

n>0 n>0

Then, both series defining fr(xo, £o, x) and qr (xg, £o, x, £) converge absolutely and uniformly for (xg, £g), (x,£) € R x
R.. Moreover, for h € Cp(R x R) the following representation for the semigroup holds

PTh(XO,Eo)=f h(x, £) pr (xo0, Lo, x, £)v(xo, Lo, dx, dE).
RxR4+

Therefore, for all (xo, Lo) € R x Ry, the function (x, £) — pr(x0, Lo, x, L) is the probability density function of the
couple (X7,4o + LT(X)) with respect to the o ﬁnite measure v(xo, Lo, dx, dl), where X is the solution taken at time
T of the SDE (3.1) starting from xq at time 0, L9 7 (X) being its running local time at time T .

Finally, there exist some constants C := C(T a), c:=c(a) > 1 such that for all (xg, £y), (x,£) € R x Ry and for all
B € [0, 1] the following Gaussian upper-bounds hold:

B B
fr(xo, £o, x) < C{ |x|ﬁ |x0f|3 A I}H()(CT,X —Xx0) and
T2 T2

qr (x0, €, x,£) =< C 1/2 Ho(cT, |x| + lxo| + € — €).

Remark 3.5. The above result establishes the existence of a transition density for the Markov process (X;,¢p +
L?(X )):>0 where the dynamics is given by (3.1) without drift. In order to add a drift, one can use the Girsanov transform
as follows. Let R x R 5 (x, £) — b(x, £) be a real-valued bounded measurable function. We consider the unique weak
solution {(X, W), (2, F, P), (Fi)r=0} of (3.1) and let W, := W; + [3 b(X,, L(X))ds, with b(x, £) := b(x, £) /o (x, ©).
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Then, defining the new probability measure on Fr by

d T 1 (T

aQ _ exp{—/ b(Xs, LY(X)) dW, — 3 f b* (X, LX) ds},
0 0

from Girsanov’s theorem, we know that {(X, W), (22, F, Q), (F/)r=0}, with X; = xo + [j o (X,, Ag(X)) d Wy is a weak
solution to (3.1) with » = 0. We also know from Theorem 3.3 that weak uniqueness holds for this equation and from
Theorem 3.4 that the couple ()? T, AT()? )) admits a density with respect to the measure v(xg, £o, dx, d€). Therefore, for
any bounded measurable function /4 : R x Ry — R, one has

Prh(xo, €o) := Ep[h(X7, o+ L3(X))]

[ dP -
= / h(x,)Eq| —— (XT,€0+L(}(X))=(x,ﬂ)]PT(XO,ﬂo,x,Z)V(xo,ﬂo,dx,df)
RxR, [ dQ

[ dIP ~
:f hix, OEg| — (XT,50+L(}(X))=(x,5)]PT(X0,Ko,x,ﬁ)ﬂ{eod}dxdﬁ
RxR, | dQ
[ dP 0 -
—i—/Rh(x,Zo)EQ 40 (X7, €0+ L3(X)) = (x, €0) | PT (x0, Lo, X, £)L{xyx=0) dx. (3.15)

We thus deduce that (X7, £o + L(%(X )) admits a density with respect to the measure v(xq, £o, dx, d€). Then, one may
extend Theorem 2.2 to the class of functions /4 that are bounded measurable with respect to the space variable x and
continuous with respect to the variable £ as follows. Indeed, if 4 is such a function, then from Theorem 174 p.111 of
Kestelman [13], there exists a sequence (hy)n>1 of continuous functions on R x R such that supys [An]ec < |l
and limy400 Ay (-, £) = h(-,£) a.e. and for all £ e R.. -

Next, by applying Theorem 2.2 to &y we obtain

T
Prhy(xo, £o) = Prhy(xo, £o) +/ P;St_shn ds.
0

We then pass to the limit in the previous equality. From equations (3.15), (3.8), the identity ﬁTh N (x0, £o) =
foR+ hy (x, &) pr(x0, Lo, dx,d€f) and the dominated convergence theorem, we obtain that limy Prhy (xo, £o) =
Prh(xo, £o), limy Prhy (xo, £o) = Prh(xo, £o) and limy S7_shy (x0, £o) = Sr—_sh(xo, £o) for every (xo, £o) € R x R..
Hence, using again the dominated convergence theorem with (2.4), we deduce that Theorem 2.2 is valid for k. Since
St_sh given by (3.8) is bounded measurable with respect to x and continuous with respect to £, one may iterate the first
step formula of Theorem 2.2 and obtain the semigroup expansion (2.11) where the function S;4 is given by (3.8) and 0, is
defined accordingly. Finally, in order to conclude, one has to repeat the arguments employed in the proof of Theorem 3.4.
We omit the remaining technical details.

Remark 3.6. We again point out that the representation in infinite series obtained previously are of great interest.
For instance, one may be interested in studying the regularity properties of the density functions (¢, xo, £9, x, £)
fi(x0, Lo, x, £), q:(x0, €0, x, £), to derive a probabilistic interpretation for P,k and p;(xg, £o, x,£) and to obtain some
integration by parts formulas, from which stem an unbiased Monte Carlo simulation scheme. We refer e.g. to [9,10] and
the references therein for some results in that direction concerning to the first hitting times of one-dimensional elliptic
diffusions.

3.4. A diffusion process with coefficients depending on its running maximum

We now turn our attention to the following SDE with dynamics

t t
X,:xo—f—/ b(XS,MS)ds—i—/ o (Xs, My)dW, (3.16)
0 0

where M; = A;(X) :=mo V maxo<s< X5, Mo > Xo, is the running maximum of the process X at time ¢. The state space
of the process (X;, M;);>¢ is denoted by the closed set J = {(x, m) € R?: x <m}. We define accordingly the collection
of linear maps P;h(xg, mo) = E[h(X;, M;)] for h € Byp(J) and introduce the following assumptions:
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(R-1) The coefficients b and a = o are bounded measurable functions defined on 7. The diffusion coefficient a is
n-Holder continuous on 7.
(UE) There exists some constant ¢ > 0 such that V(x,m) € J, a <a(x,m).

In the following, just as mentioned in Remark 3.1, in order to ensure that (H1) (iii) is satisfied, we will consider, whenever
needed, the bounded, continuous and uniformly elliptic extension of the diffusion coefficient a from the closed subset J
to R2.

Although the lines of reasoning used in the proof of Theorem 3.7 and Theorem 3.8 are rather similar to those employed
in the case of the SDE with its running local time, we decided to include this example in order to illustrate the generality
of our framework. Indeed, unlike the local time and also the examples considered so far in the literature by means of the
parametrix technique, the running maximum is not a continuous additive functional. This difference is reflected in the
definition of the collection of linear maps (P;);>0, and also in the definition of the approximation process Y and the maps
(Ist) >0, see below in Section 3.5. This allows to define a Markov semigroup for Y and later on for Y.

The weak existence of a solution to the SDE (3.16) follows from standard results, see e.g. Chapter 6 in [17] or The-
orem 5.4.22 and Remark 5.4.23 in [12], see also Forde [7] for another approach under the assumption that @ and b are
bounded continuous functions.

In the same spirit as the previous section, we can characterise solutions of the SDE (3.16) in terms of the associated
(local) martingale problem. We let D be the class of functions # : Ry x J — R such that h € C,i’z’l(RJr x J) which
satisfies the condition 93k (¢, m,m) =0, (t,m) € R4 x R. For h € D, we define the operator

1
Lh(t,x,m) = Sa, m)d3h(t, x, m) 4 b(x, m)dqh(t, x, m).

By observing that the process ¢ — M, increases only on the set {f : X; = M,} and by applying Itd’s lemma we obtain

t

t
h(t, X1, My) = h(0, x0, m0) +/ 01 + L)h(s, Xy, My)ds +f o (X, My)aah(s, Xy, My) dW, (3.17)
0 0

for h € D. If P be a solution to the martingale problem associated to the operator £ with the class of functions D then the
measure P; ,, = Qy 0 9,*1, where Q;,, is a regular conditional probability for P given F;, solves the martingale problem
for every w ¢ N, N € F; being a P-null event so that (HO) is satisfied.

3.5. Weak uniqueness and representation of the transition density

We now introduce the proxy process X; := xq + o (z1)W;, t > 0, obtained from the original process X by removing the

drift part and by freezing the diffusion coefficient at z; = (x1,m1) € R2in (3.16). As already done for the original process
Y, for h € Cp(J), we define accordingly

Puh(xo, mo) = P h(xo.mo) = E[(X. 1)) = E[h(x0+ 0 ) Wi.mo v max (x0+0 )W) |
=5=
and, witho =0 (z1),a = &2, for h € D, the operator
. 1
Lh(t,x,m) = Eaagh(t,x,m), (t,x,m)eRy x J.

We now compute t_he law of the couple (X ) M,). We denote by Ty, = inf{t > 0: xo + o W; = my} the first hitting time
of 0 by the process (X;);>0. We decompose P, (xp, mo) as follows

P (xo. mo) = E[ (0 +5 Wi, molz,, =] + B[ (x0 + & W, mo v max (xo +5 W) )7, <0

O<s<t

=:1+1IL

From the reflection principle of Brownian motion, see e.g. [12], one derives the law of the proxy process killed when
it exits (—oo, mg), namely

L:=E[h(x0 + & Wr, mo)ir,, >1}]

= /Rz h(x,m){Ho(at,x — xo) — Ho(at, 2mo — x — x0) {Ijxvxg=mo} dX8me (dm). (3.18)
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The bivariate density of the couple (W;, maxo<s<; W;), see e.g. Proposition 2.8.1 in [12], gives

= E[h (xo +&W,, moV max (xo+ 5WS))]1{TWO<,}]

0<s<t

=E[h(x0+ 6 Wi, max (xo+6 W) Hmasoecs ot Wo) 2o |
0<s<t
= /2 h(x,m)(—=2Hy)(at,2m — x — x0){xvxgvmo<m} dx dm. (3.19)
R

Combining I and II, we see that the couple (X, M;) admits a density (x, m) — ps(xo, mo, x, m), for t > 0, given by
P (x0, mo, dx,dm) = p;(xg, mg, x, m)v(xo, mo, dx, dm)
Pi(xo, mo, x,m) = f;(x0, X)lim=my) + G1 (X0, M0, X, M)y <m)

with
fi(xo, x) == Ho(at, x — xo) — Ho(at, 2mo — x — x),
q:(x0, mo, x,m) := —2Hj(at,2m — x — xp),
v(xg, mo, dx, dm) := Lix<m)Limg<my dx dm + Lix<png) dX 8 (dm).

Moreover, as already mentioned in assumption (H1) in Section 2.1, we let
D1 (x0, mg, dx, dm) = py(xo, mg, x, m)v(xg, mo, dx, dm)
Pr(x0. mo, x,m) = f;(x0, )Lm=mo} + s (X0, €0, X, O)Limg<m)

with
ﬁ(xo, X) = Ho(a(x, mo)t, x — xo) - Ho(a(x, mo)t, 2mo — x — xo),
i (x0, mo, x,m) := —=2H (a(x, m)t,2m — x — xo).

We also observe that (P;),>¢ satisfies the Markov semigroup property. The first main result of this section establishes

weak uniqueness for the SDE (3.16) by proving that assumptions (H1) and (H2) of Section 2.1 are satisfied. We postpone
the proof to the Appendix.

Theorem 3.7. For n € (0, 1], under (R-n) and (UE), weak uniqueness holds for the SDE (3.16).

We now show that, given (xg, mo) € J, the law of (X7, Mr) is absolutely continuous with respect to the measure
v(xo, mo, dx, dm). Our strategy is similar to the one employed in the case of the SDE with its running local time, namely,
we establish a representation in infinite series of P, from which stems an explicit representation of the density of the
couple (X7, M7), see Theorem 3.8 below. We first recall

1
Sih(xo, mo) = / h(x,m>{5(a<xo,mo> — a(x, m))(=2H3)(a(x, m)t,2m — x — x)
+ b(xo, mo)(—ZHz)(a(x, m)t,2m — x — xo) }H{X<m}]l{m()<m} dxdm

1
+/h(x,mo){§(“(x0»mo)—a(x,mO))(HZ(a(x’mO)t’x —x0)
— Hy(a(x, mo)t, 2mg — x — xo))

+ b(xo, mo)(H1 (a(x, mo)t,2mgy — x — xo) — H (a(x, mo)t, x — xo)) }]I{)Kmo} dx

= /h(x,m)@(xo,mo,x,m)V(Xo,mo,dx,dm) (3.20)
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with &; given by (we refer the reader to Section A.3 for a proof of the above identity)
0, (xo. mo, x,m)

3(a(xo, mo) — a(x,m))(=2Hz)(a(x, m)t, 2m — x — xo)

+ b(x0, mo)(=2Hz)(a(x, m)t, 2m — x — xo), X <m,mo<m,
I(a(xo, mo) — a(x, mo))(Ha(a(x, mo)t, x — x0) — Ha(a(x, mo)t,2mo — x — x0))

+ b(xo, mo)(Hi(a(x, mo)t, 2mo — x — xo) — Hi(a(x, mo)t, x — xo)), X <mg,m=my.

We remark here that the map J > (xg, mo) — Sth(xg, mo) is continuous. This is different from the case of the local
time, where due to the presence of the sign function, we required that » = 0 in order to ensure the continuity of the map

S:h. One may thus iterate the first step of the expansion obtained in Theorem 2.2. More precisely, applying Corollary 2.1
we obtain

Prh(xo, mo) = Prh(xo, mo) + Z/ Py, Ss, 5,1+ ST h(x0. mo) ds, (3.21)
An(T)

n>1
with the convention so = 7. We again observe the following convolution type property of the singular measure, namely
v(xo, mo, dx’, dm/)v(x/, m', dx, dm) = u(xo, mo, x,m,dx’, dm/)v(xo, mo, dx,dm) (3.22)
where we set

u(xo,mo,x,m,dx’,dm’)

H{x/V)cQVmo<m’}H{m’<m} dx"dm’ + ]I{x’<m0} dx,amo (dm")
= + L <y dx' 8 (dm) mo<m,x <m, (3.23)

v <oy dX' 8y (dm”) m =mo, x < mo.

We then examine the n-th term of the series expansion. Using Fubini’s theorem and recursively applying (3.22), it can
be expressed as

f ds, ﬁsnss,,,lfsn o ‘STfslh(an mg)
An(T)

=/ h(x,m){/ dsnf By (x0, Mo, X1, m1)
R2 A (T) (R2)n

n
X |:l_[ Os_i—su_ip1 Xi» M, Xip1, mip1)u(xo, mo, Xi41, Mmi+1, dx;, dmi)] }v(xo, mo, dx, dm)
i=1

=/ h(x. m) pi-(xo. mo. x. mv (xo. mo. dx. dm)
RZ
where we set

P (x0, mo, x, m)

fA,,(T) dsnAf(]RZ)n ;D\S,, (x0, mo, x1,m1)
=1 X ([T Osui—sniss Kis mi, Xig1, mip)u(xo, mo, xi, mi, dxij11,dmiy1)] n=>1, (3.24)
pr(xo, mo, X, m) n=0.

We are now ready to give a representation for the density of the couple (X7, M7(X)). As already mentioned in the
case of the SDE with its running local time, the proof of the convergence of the asymptotic expansion for the transition
density is not standard in the current setting. To overcome the main difficulty which again comes from the different nature
of the two kernels appearing in é\, one has to make use of the key estimate obtained in Lemma A.4. This allows to obtain
the convergence of the parametrix expansion for the transition density. Similar Gaussian upper-bounds for this density
are also established. The proof is postponed to the Appendix.
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Theorem 3.8. Assume that (R-n) and (UE) hold for some n € (0, 1]. For T > 0 and (xo, mg) € J, define the measure

pr (X0, mo, dx,dm) := p7(xg, mg, x, m)v(xg, mo, dx, dm)

= fr(xo, mo, X)l{x<mq) dxSm,(dm) + qr (x0, mo, X, m)[x <)Ly <my dx dm

with pr(xg, mo, x, m) := ano P (xo0, mo, x, m) and

fr(xo,mo, x) := Y pi(x0,mo, x,mo),  qr(xo,mo, x,m):= Y pf(xo, mo, x, m).

n>0 n>0

Then, both series defining fr(xo, mo,x,m) and qr(x9, mo,x) converge absolutely and uniformly for (xq,mo),
(x,m) € J. Moreover for h € Cp(J), the following representation for the semigroup holds,

Prh(xg, mo) =/ h(x, m)pr (xo, mo, dx, dm).

RxR4
Therefore, for all (xg, mg) € J, the function J > (x,m) — pr(x0, mg, X, m) is the probability density function with
respect to the measure v(xg, mo, dx,dm) of the random vector (X1, Mt (X)), where X is the solution taken at time T
of the SDE (3.16) and M7 (X) = mo V maxg<s<1 Xs.-
Finally, for some positive C .= C(a,b,T), ¢ := c(a) > 1, for all (xo,mg), (x,m) € J and for all B € [0, 1] the
following Gaussian upper-bounds hold:

lmo —x|? |mo — xol?

fT(xo,mo,x)SC{ /\I}HO(CT,x—xO),

rt t

C
qr (xo, mo, x, m) < FH()(CT, 2m — x — Xxp).
2

4. Conclusion

In this paper, we established weak existence and uniqueness for some SDEs with coefficients depending on some path-
dependent functionals (A;(X));>o under mild assumptions on the coefficients, namely bounded measurable drift and
uniformly elliptic Holder-continuous diffusion coefficient. We illustrated our approach on two examples: an SDE with
coefficients depending on its running local time and an SDE with coefficients depending on its running maximum. We
established the existence as well as a representation in infinite series of the density for the couple (X;, A;(X)) in both
examples. Some Gaussian upper-bounds are also obtained.

Obviously, a wide variety of Brownian functionals can be investigated. Simple extensions include for instance the case
Ai(X) = (zp, At, X¢p 1), wWhere T, =1inf{t > 0: X; > L} is the first hitting time of the barrier L by X or the bivariate
functional A;(W) = (minp<s<; X5, maXo<s<: Xs). More challenging extensions could include other type of processes.
One notably may consider the case of a skew diffusion with path-dependent coefficients involving its local and occupation
times, see Appuhamillage et al. [1] for an expression of the trivariate density (Bt(a), L?(B("‘)), F?(B(“))), t > 0, where
(B,(a)) ¢>0 1s an o-skew Brownian motion or reflected SDEs. This will be developed in future works.

Appendix

A.1. Proof of Theorem 3.3

From the Markov property of the Brownian motion W, one can deduce that (X;, o+ L?()_( )):=0 is a Markov process so
that

E[£(Xs 4+ 6 Wips — Wy), €o + LOX) + LY, (X) — LAX))|1F] = Pih(Xs, €0 + LOU(X)).

From the above expression of Pk, the dominated convergence theorem and the heat equation 9 f(f,x) =
%Ezé)%f(t, x—) for f(¢t,x) = Hy(at,x) and f(¢t,x) = (—H)(¢,|x|/0), we obtain for any r > 0 and h € Cp(RY),

- a _ -
0 Prth(xg, £o) = E[/Rh(x, Co){Ha(at, x — xo) — Ha(at, x + xo) Hxxy=0) dx
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1 x|+ |xo| +£—¢
+f h(x,z)r(—m)(t,' [+ Jxol O>]I{go<g}dxd£i|
RxRy4 a o

= LPh(xo, £o).

Moreover, if i € D, from Proposition 3.1 one deduce that o; Ph=P, Lh, so that assumption (H1) (i) is satisfied. We now
prove that (H1) (ii) holds. Since (¢, xo, £0) > Py.4,h(x0, o) € Cp> (R4 x R\{0} x R4) NCh(Ry x R x Ry), it suffices
to prove that it satisfies the transmission condition (3.2). From (3.7), for h € CS’I(R x R4), we obtain

O Peih Ot ) = [ hGr o) (<2H) (@ +1). ) d

Ry

1 x|+€—¢
+f hx, K)r(—Hz)((t 4o M °>11{50§g} dxde,
RxR4 aoc o
01 Brarh(0—, €o) = / hx. C0)(—2H)) (@t + 1), x) dx
1 x|+£—4
+/ h(x,ﬁ)rH2<(t +7), 7| | = O)H{zofg}dxde,
RxRy4 ao g
— 1 |x| + € — £
02 Pr1rh(0, £o) = h(x, ) —=Ha| (t +7), ——— |Lj=¢,y dx dl
RxR ao o
1 |x|
+ h(x7£0)?H1 (t+r)’T dx~
R a (e
Combining the above computations, we obtain the transmission condition
1 _ -
3 (31 Prrh(0+, £o) — 1 Prr 1 (0—, £o))
- 1 x|+£€—¢
= [ h e -+ n.dut)ax = [ re o (o0 I g axae

=~ P1+h(0, Lo).

Now, in order to obtain 9_,“ (x0, £o, x, £), we first integrate the kernel p;(xo, £o, dx, d{) given by (3.7) against the test
function & and apply the difference of the generators given by (3.3) and (3.5). We obtain

o 1 - i}
Vi >0, (L—L)Ph(xo, Lty = E(G(XO, Lo) — a)a,%o P, f (xo—, £o) + b(xo, £0)dxy Prh(x0—, £o)

with
N Ph(xo—, Lo) = —/Rh(x, Co){Hy(at, x — xo) — Hi(at, x + xo) Hixxy=0) dx
i -1
_/ hx, 0S80 pp (t, el = xol + O)H{Mo}dx de (A1)
RxR, ao (o2 -
and

97 Prh(xo—, Lo) = /Rh(x, o) {Ha(at, x — xo) — Ha(at, x + x0) H{xxy=0y dx

1 -
—/ h(x,z)_—2H3<t, ]+ bxol + 0>H{52g0}dxd£ (A2)
RxRy4 a o
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—Ixp<0) + Iix,>0y (since we are taking the left-derivative). Hence, we obtain the fact that (£ —

where sign(xgp) :=
L) Pih(x, o) —fh(x )67 (xo, Lo, x, £)v(xo, Lo, dx, d€) with
> 4L,

67 (x0, €0, x, £)
b(z0) sigi](%xo) (1, \x|+|x(i_7|+€ lo),

_% (a(ZO)a—za(Zl)) Hi(t, |X|+\X(i_1|+e 60)
a
5(a(zo) —a(z1){Ha(at, x — xo) — Ha(at, x + xo0)} — b(zo){H(at, x — xo)
€= 20.

+ Hy(at, x +x0)},
Since R? 5 7 — a(z) is continuous assumption (H1) (iii) holds. We now prove that (H1) (iv) and (v) are satisfied

Before that, we point out that the inequality

(x +x0)% = (x — x0)” + 4xx0 > (x — x0)°
is valid on the set {xxo > 0} which implies Hy(ct, x + xo) < Hp(ct, x — xp). We first prove (H1) (iv). Using the fact that a
is uniformly elliptic and bounded together with the space-time inequality (1.2) and the standard Gaussian estimates (1.3)

€>£0,

we can bound p;' (xo, £o, X, £) and 6;" (xg, £o, x, £) as follows
xox >0,0=14

Ct=3 Hy(ct, |xo| + x| + £ — £o)

p-1 (xo, Lo, x, )| <

171005 DL gy o g ),
and
) ag+wwmmum+uuw to), > &,
|9zZl(x0,EOaX, £)| = Ib|
C( + Oo)Ho(ct Xp — X), xox > 0,4 =14{.
Integrating the two previous estimates against v(xo, £o, dx, d€), we conclude that { = —1 in assumption (H1) (iv)
(x, €) according to the end point of the measure v(xg, £o, dx, d{), we obtain

Selecting the freezing point z;
+|xo|+£— ZO) (> 4

01 (x0. L0 x. £) =0, (x0. 0. x. £)
1 (a(zp)—a(x,?)) |x|+]x0]+£—2¢ sign(xp) |x]
-2 22()(’[) H3(t1 (7(;[) O) b( ) 2(x0 H(t o(x,0)
Hy(a(x, £o)t, x + x0)}
=Y.

=1 L(a(z0) — a(x, 0){Ha(alx, Lo)t, x — x0) —
— b(zo){Hi(a(x, Lo)t, x — x0) + Hi(a(x, £o)t, x + x0)}

> {
(A.3)

and one has the following bound
xox > 0,4 =1{p.

C(= +

O (x0. Lo, x, 0| <{ 17

| | C(tl‘,, + ‘b'w)Ho(cr X0 — X)),
To obtain the previous estimate, we note that on the set {¢ > £y}, by using uniform ellipticity, boundedness and n-Holder
continuity of the diffusion coefficient a as well as standard estimates for derivatives of the Gaussian density given in (1.3)

Pl Ho (ct, |0l + x| + € — £o)

we obtain
1 (a(xo, £o) —a(x, ) x|+ xol +€ — £o
2 a?(x,£) ’ o(x, )
(IXO—x|+|Eo—ﬁ|)
< Ho(ct, |x| + |xol + £ — £9)
tz
1 xo| + |x|+€—¢
<C—- n(' ol + Il °> Ho(ct, |x| + lxo| + € — €o)
tT t3
1
< C——Ho(ct, |x| + |xo| + € — €9)

—-n
2

t
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where the last inequality follows from the space-time inequality (1.2). Similarly, to estimate the second term, that is, when
£ = 1o and xox > 0, we have

1
E(a(xo, o) — a(x, €0)){ Ha(a(x, €o)t, x — xo) — Ha(a(x, €0)t, x + xo) }

|xg — x|"
—(

<C Hy(at, x — xo) + Ho(at, x + xo))

C
<

— n
112

Hy(ct, x — x0)

where in the last inequality, we have used the fact that on the set {xox > 0}, (x — x0)% < (x + x0)? and the space time
inequality (1.2). The estimates for the term involving |b|, follows directly from the standard Gaussian estimate given in

(1.3).
To obtain the estimate (2.4), we integrate the bound (A.3) against v(xo, £o, dx, d€). We note that on the set {¢ > £y},
this integral can be estimated through integration by parts with respect to £ and using the fact that ¢ € (0, T'], that is

1 1b]oo *
T t—— Ho(ct, |x0|+|x|+£—£o)dxd€
= t RJe

t
o0
// Ho(ct,|xo|—|—|x|+£)d£dx
R JO

1
<C

/]
12

1 o0
g // e(=Hy)(ct, 1xol + x| +¢€) d€dx
2 JRJO

t
1

3-n
72

C

IA

/ / (€ + [xol) (—Hy)(ct, |xo| +x +€) dx dt
0 0

1
(A.4)

=C .

3—
1 2

o0
f (€ + Ixol)Ho(ct, |xol + £) dt <
172 0

t

On the set {xox > 0} N {€ = €o}, straightforward integration gives

/)

1
1 |b| C+1blot )
/<ﬁ+ ?)Ho(cz,xo—x)dx5+. (A.5)
R\t 2 t2 2

From the above computations, we conclude that (H1) (iv) is satisfied.
We now prove (H1) (v), namely,

11118 h(x, €)pe(xo, o, dx, de) — h(xo, £o), heCp(RxRy).
I3 R2

We consider the change of variable ¢’ = £ — £y and x = x’, and decompose fRZ h(x, £)pe(xo, Lo, dx, d?) into the following

[ h(x', €0+ €)[Pe(x0,0,dx’, dl’) — pe(x0,0,dx",de’)] + / h(x', €0+ €') pe(x0,0,dx’, dt’)
Rx[0,00) Rx[0,00)

where the frozen point in p, is given by (x1, 1) = (x0,0). It is clear from the continuity of /4 that the second term
converges to h(xg, £9) as ¢ | 0. The first term can be decomposed as follows

/ h(x' o+ €) [P (x0. 0. dx', d€') — pi(x0. 0. d’. )]
Rx[0,00)

= /Rh(x’, o)[Ho(a(x', £o)e, x" — x0) — Ho(a(xo. €0)e, x" — xo)

— (Ho(a(x", £o)e, x" + x0) — Ho(a(xo, £0)€, x" + x0)) |Lxxy=0) dx’

_/ h(x’ g’_}_go)[;[{] (5 W)
Rx[0,00) ’ a(x’',t' + £o) "o (X U+ L)
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1 x|+ |xo| + ¢
— H; (8, ] + ol dx'de
a(xo, £o) o (x0, £o)
=:1+1L

To show that the first term vanishes as ¢ | 0, we combine the mean value theorem with the Holder regularity of a and
the space-time inequality

glx’ — xo|" , / / 1
Il < Clhloo f{Ho(ce,x —x0) + Ho(cex" + x0) Hxxy=0) dx’ < Clhlooe?.
R

For the second term, we again combine the mean value theorem with the Holder regularity of a and the space-time
inequality (1.2)

/ E/
| < C|h|oo/ (|x'] + Lol +z’)"[H1 (e, m)
Rx[0,00) o(x', ¥ +£o)

/ K/ 2 / Z’
+(|x|+|x30|+ ) HO(E’ |x'| 4+ |xo| + >]dx/de/
&2 o, ¥+ L)

< Clhlot?.

We now prove (H1) (vi). To show that 13\,+,h(x) — f’\,h(x) asr |, 0, it is sufficient to apply the dominated convergence
together with the fact that 4 is bounded and that, for fixed > 0 and for all » suchthat 0 <r < T, |Hj(c(t +r),x)| <
C(v/t+ T/t%)Ho(c(T + 1), x). Similar arguments yield lim,_, 0 Sy4,h(x) = S;h(x).

We now prove that (H2) holds. Let 2 € C;°(J) and r > 0. In order to prove that (0,00) x J > (r, x0, o)
Ry Poh(xo, £y) = fooo e M 15”+,h(xo, £o) du belongs to D, we remark that by the Lebesgue differentiation theorem it
is enough to check that P, h € D which is exactly assumption (H1) (ii) (a). From (A.1), (A.2) and the fact that the
coefficients b and a are bounded, we directly get that the map (xo, £o) — L P, h(xo, £o) is bounded (independently of
u) so that by Lebesgue’s differentiation theorem one gets LR P.h = fooo e MLP,  hdu.

The identity (2.12) then follows from the Lebesgue differentiation theorem and the fact that P,i € D so that LP, ,h =
LP,P.h = P,LPh. The identity (2.13) follows again from the Lebesgue differentiation theorem. We thus conclude that
(H1) and (H2) are satisfied. The proof of the theorem is now complete.

A.2. Proof of Theorem 3.4

As previously mentioned, we only prove the result for » = 0. In order to include a drift, we refer to Remark 3.5. We
examine the n-th term of the series (3.10) and prove an important smoothing property of the kernel. More precisely, let
X =Xp+1, £ =4n41 and so = T, we claim the following key inequality

n
/ Ds, (x0, Lo, x1, £1) HGsn,l»—s,,,,»H(xi,Ki,xi+1,€i+1)u(x0,Zo,xi+1,€i+1,dxi,dﬂi)
RxR )" i=1

n

14 1
<[]cGi-i—s)™ 2 x {EHO(CT, x| =+ Ix0] + € — £0)Tgo <ty

i=1

IxI?  Ixol?
Rl A AT Hy(eT, x — x0)Lixxo>0111e=¢0) (A.6)
T2 T2

for any B8 € [0, 1]. From the previous bound and Lemma A.1 we deduce that

| Pl(x0, Lo, x, 0)]

/ dsnf By, (50, €0, 51, £1)
A J®xR

n
x !]‘[es,l,.s,li+1(xi,ei,xm,ei+1>u(xo,fzo,x,-+1,fz,-+1,dxl-,dei)}‘
i=1

=<
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n
142 1
Sf dsy HC(Si—l — )72 x {—IHO(CT, x|+ [x0l + € — €0)Liy<gy
An(T) i=1 T2

w? xol” ; I
ti—F A—F A 0(cT, x — x0){xxy=01I{e=¢y)

T T2
(CT"’ T (/)" [ 1
=——" "~ —Hyl(cT, £ — L)l
Ci+m2 |7l o(cT, x|+ |xol + 0) i<ty

Ixf |xol?
+{—A A 1t Ho(cT, x — xo)]I{xszo}]I{g:go}
T2 T2

with the convention so = T'. Hence, from Fubini’s theorem, the semigroup series obtained from Corollary 2.1 admits the

following integral representation

Prh(xo, £o) = f

RxR4+

h(x%)(Z p'%(xo,zo,x,m)v(xo,zo,dx,dz)

n>0

where p7.(xg, £o, x, £) is given by (3.13). Moreover, from the above inequality, for any (xg, £o), (x,£) € R x Ry, one

gets the following Gaussian upper bound

ZP’}(XO,KO,X,E)‘

n>0

xP Jxol?
{—ﬁ AN —5= N1 Ho(eT, x — x0)xxg=0yT{e=eo}
T>

1
< CT{_IHO(CTa x| + [x0] + € — €0)Ligy<e) +
Tz

T2
where Cp := ZNzl(CT”ﬂF(n/Z))N/ I'(l1 4+ Nn/2) < oo, for some constants C, ¢ > 1.

The proof will thus be complete once we prove (A.6). We proceed by induction and show that for j =1, .

following estimate holds

J
/ Ds, (x0, Lo, x1, £1) l_[9s,l,,-—sn,,-+1(xi,€i,xi+1,€i+1)u(xo,ﬂo,xi+1,£i+1,dxi,d@i)
(RxRy)/ i=1

1

Ho(csn—j» 1xj41] =+ [xo0l + €41 — Lo)Lieg<e;,1)

Bl—

J
—14-1
< l_[C(Sn—i —Sp—iq1) T2 {
i=1

Sn—j

lxj1l? Ixol?
+ {%A 7— N1 Ho(esp—j, Xjp1 — x0) L xo=01Lie; 4 =60} (-

2 2
Ky
—J

snfj n

We start by proving a one step estimate, namely we compute an upper bound for

/ @n(XO,50,X1,€1)@:~,l,lfsn(X1,€1,X2,42)M(XO,Eowz,ﬁz,dm,dﬂl)
RxR4
= / P (X0, €0, x1, €0)85, s, (X1, €1, X2, £1) 2o, 20y d%1 Lt =) T 1xaxe>0)
R
+f ﬁsn(XO»EO,XlaEl)é;,,_l—sn(XI,ElaXZaEZ)H{xleEO} dx180y(dl1)(gy<e,)
RxR4
4 / B (50, L0 1, €085,y (01, €1, 32, )5y 20) A1 8¢, (@€)<t
RXR+

+/ Dsa (XO’EO,X],EI)é\sn,lfs,, (x1, €1, x2, €2) o<ty <) dx1 A1 Loy <y)
RxR4

=: A1, =e epxo=01 + (A2 + A3 + As)igy<r,)

,n, the

(A7)

(A.8)
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where we used (3.12). In the following, we present in detail the computation of the estimates for A;, i = 1,2,3,4 and
shall be brief in the induction step as the computations are quite similar.
From (3.9), Lemma A.4 of Section A.5 with r =2 and the space-time inequality (1.2), for all 8 € [0, 1],

lxilf xol?
A1l < C A A1 I xo=0) Ho(cSn, X1 — X0)
R

B B
sn2 Snz
|xa” x1|?
X { =i T 1 Ho(c(sn—1 = sn), x2 — x1) dxy
(Sn—1—8n) " 2 (Sn—1—5n) "2 (Sn—1—s0) "2
C x2)# xolP
< - {' ﬂ2| A | /§)| /\I}Ho(csn_l,xz—xo) (A.9)

(Sn—1—5n) "2 52 Z

n—1  Sn—l

N

where to obtain inequality (A.9), we considered the two cases s, € (0, s,—1/2) and s, € (s,—1/2, Sp—1)-
Indeed, if s, € (0, s,—1/2), one has (s,—1 — s,) < s,—1 and by using the inequalities

|x2|P |x1|P 1 C |x2|P
{ A i A - < T A Al (A.10)
(Sp_1 —Sp) 2 (Sp_1 —8p) 2 (Sn—1—sn) "2 (Sn—1—s0) "2 L2 .
ol
B B
{ |x1ﬁ| . Ixoﬁl . 1} <1 (A.11)
si Sk

and the semigroup property, one obtains

C B
A < {'”'

— A 1}H0(Csn—1,x2 — X0).

_n
(Sn—1 _Sn)l 2 52
n—1

To obtain the upper bound in (A.9) with |xo|’3s; f 1/ 2, we bound the left-hand side of (A.10) by |x; |5(sn,] — sn)_”#
and use |x1]# < (Ix1 — xo0l? + |x0/#) to bound |A;] using two terms. For the first term associated with |x; — xol?, we
bound the left-hand side of (A.11) by |xo|Ps, B/2 and for the second term associated with |xo|?, we bound the left hand

of (A.11) by 1. This gives

|xo0l? 1 lx1 — xol?
A1l = C | —5Tixxg=0yHo(csn, X1 — X0) —3 Ho(c(sn—1 — sn), X2 — x1) dx
R .5 5

i3
5112 s 1(Sn—l sp) 2

n

|xo0l?

1
+ C/ H{XIX()ZO} Hy(csp, x1 — x0) 7
R 3

— Ho(c(sn—1 = sn), x2 — x1) dxy
57 (Sp—1—8p) "2

=

C |xol”
< 5 Ho(csn—1, X2 — X0)
(Sn—1—5p) "2 52

-1

N

where, in the last inequality above, we applied space-time inequality (1.2) to remove s,’? % in the first term using |xg —

x1|B H (csy, x1 — x0). This proves the desired bound for s,, € (0, 5,,—1/2).
For the case s, € (s,—1/2, sp—1), one has s, < s,_1, and by bounding the left-hand side of (A.11) and (A.10) by
|)C()|‘3Sn_ﬂ/2 and (s,_1 — s,) " 111/2 respectively, we obtain

|xolP 1
[A1] < C/ —5 Lixixo=01 Ho(¢Sn, X1 — X0) = Ho(c(sn—1 — sn), X2 — x1) dx|
]

1—
52 (Sn—1—8p) "2
n

C |xo0l?
— n
(sn—l - Sn)l_7 Sg
—1

Ho(csp—1, x2 — xp).

N
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_B
To obtain the upper bound in (A.9) with |x2|/3sn_ f 1/ 2, we bound the left hand side of (A.11) by |x |Bs, 2 and use s,_1 < s,
and |x1|# < (|x2]# 4+ |x1 — x2|#) to bound | A1 | by the sum of two terms. For the first term associated with |x>|#, we bound
the left-hand side of (A.10) by (s,—1 — sp)~1/2 and for the second term associated with |x1 — x2|ﬁ we bound the left

hand side of (A.10) by |x2|# (s,—1 — s,)"#/%. This gives
1

= Ho(c(sp—1 — sn), X2 — x1) dx
(Sn—1 — Sn)1_2

[x2 ]
|A1] = C/ —Lix1x9=0) Ho(cSn, X1 — X0)
R 7
N

n—1

lx1 — x2/? |xa |
+C—5—— | Lixxp=01Ho(csn, X1 — X0) 7 Ho(c(sn—1 — sn), X2 — x1) dx
52 R (Sn—1 _sn)l_T
n—1
C x2 |
< 5 Ho(esn—1, X2 — X0)
(Sn—1—82) " 2 52

where the last inequality follows from the space-time inequality applied to |x; — x2|/3 Hy(c(sy, — $n—1), X2 — x1).
To estimate A, we apply Lemma A.4 with 8 = 1, then

lxi1? xol?
|[Az]| < C/{ AN —— AL Ho(csn, X1 — x0) Ly, xp>0)
R

Isn|Z lsnlZ
1
X ———————= Ho(c(su—1 = sn), Ix2| + |x1] + €2 — £o) dx
(Sn—1 =) 2
1 1
<Cl{— A = (Ho(csn—1, [x2| + x0| + €2 — £o) (A.12)
Si (not —sn) 2 (a1 —s) 2
C
< T Ho(csn—1, 1x2| + |x0l + €2 — o). (A.13)
(Sn—1—sn) "2 52

n—1

To obtain (A.12), we use the fact that

B B
{IXlI N IXOIﬁ /\1} <1

sn ]2 |sn]2

and convolve the Gaussian kernels using the second inequality in Lemma A.2 to obtain

1
|A2] < C—————= Ho(c(sn—1 = sn), |x2] + x0| + €2 — £o).
(Sn—1—8p) 2

To obtain the upper bound in (A.12) with sn_ﬂ/z(sn_l — 5,) G312 e note that

Xt xol? 1 1
{ A A < — bl < =[]+ ol + (62 — )]
Isnl2 Isnl2 S,? Sn7

and together with the space-time inequality (1.2) gives the (s,—1 — sp)~G=1=P)/2 term. The result then holds by convolv-
ing the Gaussian densities using Lemma A.2. Finally, to obtain (A.13) from (A.12), we again consider two cases. For the
case s, € (0, s,-1/2), one has (s,—1 — s,) < s,—1 and
1 A 1 - 1 <C 1 1
£ 3-n-8 3=n — 3=y —
snz (Sn_1—Sn) 2 (Sn—1 —8p) 2 (Sn—1—8n) 2

D=

I
(Sp—1—8,) 2 S,_q

For the case s, € (s,—1/2, Sn—1), one has s, < s,_1. We take 8 = 1 in (A.12) so that
1 1 1 C 1
<

! g == = (o — s
Snp (Sn—1—8p) " 2 (Sn—1 = $n) Sp (Sp—1—Sp) ™ 2 n=l=5n Sh—1
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To estimate A3z, again by applying Lemma A.4 with 8 = 1, one has
C
|A3| < | — Ho(csa, [x1] + |xol + €2 — £o)
R 2
Sn
1 Jx11”
X - { 7 A1 Ho(c(sn—1 — sn), x2 — x1) [y, 20y dX1
(Sn—1—$p)" "2 (Sp—1—5n)2
C
< T T Ho(csn—1. 1x2| + |xo| + €2 — £o) (A.14)
(Sn—1—58n) "2 sni—l

where we again separated the computations into the two cases s, € (0, s,—1/2) and s, € (s,—1/2, Sp,—1). In the case
sn € (0, Sn_1/2), we have (s,_1 — s,) = sp_1 and s, />

is removed using the inequality |x1| < |x1]| + |xo| 4+ €2 — €o and
the space-time inequality to obtain
C 1 |x1]
1Aal = [ Ho(esn. bl + ol + €2~ ko) - 1
R g2 (Sn—1=50)" "2 (Sp—1 — 5p)2

x Ho(c(sn—1 — sn), X2 — x1)L{xpx, =0} dX1

1 1
SCf Ho(csn, [x1] 4 xo] + €2 — £o) 7 1
R Sn—1 = 8n) 2 (Sp—1 — Sn)?2
x Ho(c(sn—1 — sn), X2 — x1)[{xpx, =0} dX1

C
- —1 1 HO(CSn—la|x2|+|x0|+62—€0).
(Sn—1—=52)" "2 42

n—1

In the case s, € (sn—1/2, s,—1), one has s, < s,_1 and it suffices to note that,

C 1
|A3] E/ — Ho(esn, x11+ |xol + €2 — L) ——————

- Ho(c(sn—1 = sn), X2 — X1 ) [npx, =0} d X1
R 57 (Sn—1—5n)" "2

C

< r—— Ho(csn—1, [x2] + |xo0l 4 €2 — €o)
-7 1
(Sn—1—Sp)" 2 52

n—1

where the Gaussian densities are convolved using the first inequality in Lemma A.2. Finally, to estimate A4, by
Lemma A.3, one has

1 1
|[Ag] = C/ — Ho(csn, 1x1] + |xol + €1 —30)73,”
Rx(€o.£2) SnZ (Sn—1—8p) 2
x Ho(c(sn—1 — sn), [X2] + |x1| + €2 — £1) dx1 dé,
C
< T Ho(csn—1, 1x2| + |x0l + €2 — o).
(Sn—1 —sn) "2 52

n—1

Combining all the previous upper-bounds we finally obtain the first step estimate

/ s, (X0, €0, x1, £1)85, s, (x1, £1, X2, £2)u(x0, Lo, X2, £2, dx1, dLy)
RxR4

C

< T T Ho(csn—1, 1x2| + |xo0l + €2 — £0)Lieo<es)
(Sn—1—5n) "2 sni—l

C lx2l?  xol?
+ —1 7 A 7 A pHoesn1, x2 = x0)lxxe=0)Lea=to)
(Sn—1—8p)" "2 2 Z

—1 Su—1

N

(A.15)

=
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for any B € [0, 1] and for some positive constants C := C(a), c. Now, we assume that the estimate (A.7) is valid at step j
and we prove that a similar bound holds at step j + 1, namely

j+1
/  Ds, (xo, Lo, x1, £1) H Os_i—sp_is1 Xis Lis Xig1, Lir)u(xo, Lo, xiv1, Lit1, dxi, de;)
(RxR)I+! i=1
j+1

14l 1
< l_[ Clsni = Sn—i+1) " T2 ——Ho(csn—(j+1). [xj42] + X0l + €12 — €0) Ly <t )
. 2
i=l1 Sn—(j+1)
lxj42l? |xol”
A
Sn—(j+1)

AT Ho(esn—(j+1), Xj+2 = X0)Lix; ox0=01 11 12 =0) }
2
Sn—(j—i—l)

(A.16)
From (A.7) at step J, the left-hand side of (A.16) is bounded by

J
— n
HC(Sn—i_Sn—i-H) 1+2/ { — Ho(csn—j. [xj1] + [xol 4+ €11 — €0)Tieg<e;41)
i=1 RXR+ Si .
n—j

lxjp1l? xol?
+{ J; AN —— N1 X Ho(esn—j, Xjr1 — %0) e xo>01Iie; 4 1 =0}

S Chl

X }an_(,-+1)—sn,j Ctjts €yt X g2, €42 [uxo, €0, X 42, €42, dxjyr, dljsr)

S _qan .
which is in turn equal to ]_[]71 C(Sp—i — Sp—i+1) 142 {A1H{xj+2x020}]1{[j+2=g0} + (A2 + A3 + A4)H{g0<gj+2}} with

xj1lf lxol? 1

Ay ::/{ ]/3 A= ALY Hy(csp—j, Xj41 —xo)]I{lexozo} 7

Rl (5 57 Sn—(j+1) = Sn—j) 2

n—j n—j
. 1B . 1B
X X
X{ | ]+2| _ | ]+1| . /\1}
Sn—G+D) —Sn—j)2  Su—(i+1) — Sn—j) 2

X Ho(c(Sn—(j+1) — Sn—j)s Xj+2 — X 1) (o 0120) dXj 11

Cc xj42l? |xol”

=< ( )l—ﬁ { ﬂj A= A1t Ho(Csn—(j+1), Xj+2 — X0)
Sn—(i — Spn—j 2 2 2
oGl T Su—(+D)  Sn—(j+D)

where the last inequality follows from considering separately the two cases s, ; € (0,s5,—(j+1)/2) and s, ; €

(Sn—(j+1)/2, Sp—(j+1)) by using similar arguments as those employed to establish the estimate (A.9).
To estimate A, by Lemma A .4, for any 8 € [0, 1], one has

lxjpilf Jxol? 1
A 1=/ {IT AN —— N1 Ho(esp—j, Xjp1 — x0) x4 xo=0)
R 2 2
Sy j Su—j

3oy
(Sn—(j—H) - sn—j) 2
x Ho(c(Sn—(j+1) — Sn—j), [Xja2l + [xj41] + €42 — Lo) dx 41

{ 1 1
< A

5 — g }HO(CSn(jJr])a IXj+2] + |x0l + €42 — £o)
S i Gn—(rt) = Sn=j) "2 (Sn—(j+1) — Sn—j) 2
¢ ! H V4 14
= v —sn_,-)l’% S% o(csn—(j+1)s [Xj42] + 1xol + €42 — o)
’ n—(j+1)

(A.17)

where to obtain the last inequality we again separated the computations into the two cases s, € (0, s,—(j+1)/2) and
Sn—j € (Sn—(j+1)/2, Sn—(j+1)) Which is estimated using similar argument to (A.13).
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To estimate A3z, similarly, from Lemma A.4 with 8 = 1, one has

1 1 |x;1?
Az:=C T Ho(csn—j, |xj1] + 1xol + €41 — o) T 7 A1
R Sn_j n—(i+) = Sn=j) "2 Usuo(jty = Sn—j)?2
x Ho(c(Sn—(j+1) — Sn—j)s Xj42 — xj+])]1{xj+1xj'+220} dx

C 1
< — Ho(csn—(j+1y, 1xj42] + [x0l + €42 — €0)
(Sn—(j+1) —Sn—)' 72 2
Sn—Gi+1)

where we followed similar arguments as done in order to obtain the inequality (A.14). Finally, from Lemma A.3, one has

1

1
Ay = C/ 7 Ho(csn—j, [xj+11 + x0] + €11 — €o) £
Rx(£o,¢,) 570 (Sn—(j+1) = Sn—j) 2

x Ho(c(Sn—(j+1) — Sn—j)s [Xj42l + 1xj1] + €j42 — Ljp1) dxjy1 dljpy

C 1
< — Ho(csn—(j+1)s 1xj42] + X0l + €42 — £o).
(Sn—(jt1) — Sn—j)' 72 2
Sn—(j+1)

Hence (A.16) is valid and therefore by induction, the estimate (A.7) holds for j =1, ..., n. Now, the Gaussian bound
(A.6) follows from (A.7) by taking j = n and applying the change of variable k =n —i.

A.3. Proof of Theorem 3.7

From the very expression of P,h, we remark that (xg, mg) — P,h(xo, mg) € CZ’l(J) if h € C;°(J) and satisfies the
condition 8, P,h(mq, mo) = Limy 4, 9 P,h(xg, mg) = 0, mg € R. Indeed, from (3.18) and (3.19), for xo < mg and ¢ > 0,
we obtain

3o Prh(x0, mo)

mo
= BmO/ h(x, mo){Ho(Zzt, x —xg) — Ho(at,2my — x — xo)} dx

—00

o0 m
‘|'3mo/ / h(x,m)(—=2H;)(at,2m — x — xp)dxdm
mo —o0

mo
:/ dh(x, mo){ Ho(at, mg — xo) — Ho(at, 2mo — x — xo) } dx

—00

mo
+/ h(x,mo)(—=2Hy)(at,2my — x — xg) dx

—00

mog
+/ h(x, mo)(2Hy )@t 2mo — x — xo) dx.

—00
and by letting xo 1 mq, we have 9, Pih(mg, mo) = 0. Moreover, simple computations that are similar to the case of the
local time, namely by using dominated convergence theorem and the heat equation satisfied by the underlying kernels,

one can show that d; P;h(xq, mg) = c ﬁ,h(fco, myo), for any ¢t > 0 and any (xg,mg) € J. If h € D, from the chain rule
formula (3.17), we get 9; Pyh(xo, mg) = P;Lh(xg, mg). Then, we write

_ 1 _ _
(L = L) Pih(xo, mo) = E(G(xo, mo) — a(x1, my))d7 Ph(xo, mo) + b(xo, mo)dy Pyh(xo, mo)

=/ h(x, m)GET™ (xo, mo, x, m)v(xo, mo, dx, dm)
RZ
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where v(xg, mo, dx, dm) = Ly <m)ling<m) dx dm + Ly <pmgy dx 8y (dm) and

651 (xo, mo, x, m)

L (a(xo, mo) — a(x1, my))(=2Hz)(at, 2m — x — xo)
+ b(xg, mo)(—2H>)(at,2m — x — xq), x<m,my<m,
%(a(xo, mo) —a(x1,my))(Ha(at, x — xo) — Hy(at,2mo — x — x0)) x < mo, m =myg
+ b(xg, mo)(Hy (at,2my — x — xo9) — Hy(at, x — xp)).

Hence, we see that (H1) (i), (ii): (iii) hold.
We now verify (H1) (iv) for ¢ = —1. We proceed as in Section A.1. From (UE), there exists positive constants C, ¢ > 0
such that for any ¢ > 0 and (xg, mg) € J, one has

|ﬁt (x0, mo, x, m)| = C{(-H])(Ct, 2m —x — xO)H{xfm}]I{m<m0} + Ho(ct, x — XO)H{m:mo}}

and the right-hand side of the above inequality is v(xg, mq, dx, dm) integrable.
In the same spirit, from (UE), (HR) and the space-time inequality (1.3), we bound él(xl M (x0, Mo, X, m) as follows

C(% + %)H@(Ct, 2m —x —xg), Xx<m,mgy<m,

N (X1,m

|9[( ! 1)()CO’ mo, X, m)| = t12 1bloo
C(; + =) Ho(ct,x —x0), X <mo, m=my.

t2

By integrating the above with respect to v(xg, mo, dx, dm) yields
/|9_t(x"m‘)(XO,mo,x,m)}V(xo,mo,dx,dm)
R2

L bl [ (™ I |blec) [™
<C|—5+— Hy(ct,2m — x — x¢)dxdm + C ;—i— : Hy(ct,x — x0)dx
2 my J—o0

t2 t t2 —00

1
1 b o0 C(1 4+ |b|oot?
< C(— + &) (m — mo) Ho(ct, m — mg) dm + %

3
12 ! mo

_ CU+ bloot?)
t
where to obtain the second inequality, we apply integration by parts formula w.r.t. x in the first integral and bound the
second integral by one. In the third inequality we applied the space-time inequality (1.2).
Similarly, by selecting the freezing point z; = (x1, m1) according to the end point of the measure v(xg, mo, dx, dm),
and by noticing that m —mgy < 2m — x — xo, for mg < m, x9 < x, we obtain from (HR), (UE) and the space-time inequality
(using similar arguments to those given just below (A.3) in the local time case)

C(s%,7 + %)Ho(ct, 2m —x —Xx0), X =<m,mg<m,
t 2

C(ﬁ + ‘b#)Ho(ct,x — X0), X < mg, m =my.
t 2 12

|6; (x0, mo, x, m)| <

The above estimate shows that the order of the time singularity of é\, is better than that of 6;. This is because by
freezing the diffusion coefficient at the terminal point (x, m), we gained space regularity from the Holder continuity of
the diffusion coefficient which is then used to improve the order of time singularity through the space-time inequality
(1.2). This is the smoothing property discussed in the introduction since

~ 1 b o0 m
/ |6, (xo0, mo, x, m)|v(xo, mo, dx,dm) < C( o &> / / Hy(ct,2m — x — xp)dx dm
R2 [% t mgy J—00

1 1bloc \ [™°
+C + Hy(ct, x — xg)dx
—00

1
12
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1 1500 o C;
<C T (m — mgy)Hy(ct,m —mgy)dm + 7
t 2 t mg l1_7
C
=07

where to obtain the second last inequality, we have applied integration by parts with respect to x and taken C; = C(1 +
|bloot Y =/2) . Hence, we conclude that (H1) (iv) is satisfied with { = —1 and ¢ = —1 + /2.
We now prove (H1) (v). We decompose fRZ h(x, m)pe(xg, mg, dx,dm) as follows

/2h(x,rrt)[ﬁg(m,mo,dx,dm) — pe(x0, mo, dx,dm)] +/2h(x,M)ﬁs(XO,mo,dx,dm)
R R

with p,(xo, mo, x, m)v(xo, mo, dx, dm), ps(xo, mo, x, m) := fe(x0, X)Lyn=mg) + ge (X0, Mo, X, M)y <m) and where the
point at which we freeze the coefficient is z; = (xg, m¢). From the continuity of 4 and path continuity of approximation
process it is clear that the second term converges to i (xg, mg) as ¢ |, 0. It thus suffices to prove that the first term goes to
zero as ¢ |, 0. By the mean value theorem and the space-time inequality, we obtain

|x — xo"
—

| fe(x0, x) = fa(x0,x)| < Ce Ho(ce, x — x0) + Ho(ce, 2mg — x — x0))

< ngHo(ca, X — Xxq)
and, similarly,

(|x = xol" 4 |m — mo|")
€

|Ge (x0, mo, x, m) — Ge (x0, mo, x,m)| < Clx — xq Ho(ce,2m — x — xq)

12m — x — xo| 1"
<C—m8 ——

Hy(ce,2m — x — xq)

|-

< Cs% Hy(ce,2m — x — xq).

Bl—

&

Integrating the two previous bounds against v(xg, mg, dx, dm) we obtain

/ h(x, m)[Pe(x0, mo, dx,dm) — pe(xo, mo, dx,dm)]| < Clh|oce?
R2

and we conclude by letting ¢ | 0. . .

In order to prove that assumption (H1) (vi) holds we proceed as in the case of the local time, namely P;;,.h — P:h as
r | 0, follows from the dominated convergence theorem together with the fact that / is bounded and the inequality for
fixedt >0and all r such that 0 <r < T, |H;(c(t +71),x)| < C(Vt+ T/t%)Ho(c(T + ), x). Similar arguments also
yield lim, 0 Sy4rh(x) = Sph(x).

One can verify that assumption (H2) holds by following the same arguments as in the case of the diffusion process and
its running local time. The remaining technical details are thus omitted.

A.4. Proof of Theorem 3.8

As the technique of proof is very similar to the local time case, we will not present all details in the following computation.
In the model of the SDE with its running maximum, we examine the n-th term of the series (3.21) and follow the
convention x = x,4+1, m =my41 and so = T. For any 8 € [0, 1], we prove the following key inequality

n
/;Rz)n Ds, (X0, mo, X1,mp) {HQS,,,-—SH_,-H (xi, mi, xj41, mix1)u(xo, mo, Xi+1, miy1, dx;, dm;) } ‘
i=1

n

_qanf 1
= 1_[ C(sk—1— sk) 1+3 { Tl Hy(cT,2m — x — xO)H{x<m}H{€0<m}
k=1 2

mo —x1P |mo — xo/”
+ { 3 A A A1 Ho(eT, x — x0)Lix <mo)Lim=mo}- (A.18)
T2 T2
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From the previous bound, we deduce that

n
/ dSn/ , ﬁsn(x07m0,x1,ml){nesn,-—sn,-H(xi:mivxi+l,mi+1)u(x07m0,xi+l»mi+1»dxi»dmi)}‘
Ap(T) (R=)n :

i=1

n
en] 1
=< / ds, [[Clsx1 —s)7'+2 {—IHO(CT, 2m — x — x0)lx <mylimg<m)
M) T2

Im —x|F|m —xol
{ — A 7 N1 Ho(cT, x — x0)Lx <moyLim=mo}
T2 T2

T?2

1
=C(N, T){ — Ho(cT,2m — x — xO)H{x<m}H{mo<m}

lm — x| |m—xol
3 A 3 A1 Ho(eT, x — x0)Lix <mgiLim=mo)
T2 T2
._ €T’ T (/2N . . .
where, from Lemma A.1, we have C(N, T) := TTOEND) Hence, from Fubini’s theorem, the semigroup series ob-
tained from Corollary 2.1 admits the following integral representation

Prh(xo, mo) = / h(x,m) (Z pr(x0,mo, x, m))v(xo, mo, dx, dm)
R2

n>0

where p’% (x0, mg, x, m) is given by (3.24). Moreover, from the above inequality, for any (xg, mo), (x,m) € J 2 one gets
the following Gaussian upper bounds

|PT(X(), mg, X, m)| =

ZP'%(xo,mo,x,m)l

n>0

1
<Cr { —Ho(cT, 2m — x — x0)ix<m)Limo<m)

JT
mo —x|? mo — xo|P
{ A 3 A1y Ho(eT, x — x0)ix <moLim=mq) (A.19)
T2 T2

where C1 := ZNzl (CT”/ZF(n/Z))N/ I'(14+Nn/2) < oo, for some constants C, ¢ > 1. Hence it remains to prove (A.18).
Since its proof is similar to the proof of (A.6) in the case of local time, we briefly present the guidelines and omit technical
details. We note that from Lemma A.4 and the standard Gaussian estimate (1.3), the following estimates hold

%Ho(ct,Zm—x—xo), x<m,mg<m,
~ 12
D1 (x0, mg, x,m)| < B _p (A.20)
| | C{%/\%/\I}Ho(ct,x—xo), X < mg, m =my,
t2 t2
and similarly
¢ Hy(ct,2m — x — xq), x<m,myg<m,

3—n
2

2 t

|91(x05m07 xvm)‘ E
-7 B B
t 2 t2 t2

lm—xo|? |m—x|P (A21)
{732 A "= A 1}Hy(ct, x — x0), X <mg,m=myg

where 8 € [0, 1] can be freely chosen. We proceed in a similar fashion to the case of the local time and first compute an
upper bound for

/ Ps(x0, mo, x’, m/)é;_s (X' m’, x, m)u(xo, mo, x,m,dx',dm")
R2

-~ 1 AY) 1 1 l ’
= /2 Ps (XOv mo,x ,m )et—s ()C ,m,x, m)]l{x’\/xOVmO<m’}H{xVx’\/m’<m}]I{m’<m} dx'dm
R
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/!

+ \/RZ ,\S (x()s mo, xlv m/)]l{m():m’}é\tfs (x/7 m/s X, m)H{xvx/\/m/<m}H{x/<m0}8mo (dm/) dx
+ /RZ ﬁs (x07 mo, x', m/)]I{x’VXOVm0<m’}§t—S (x/a m', x, m)]I{m’:m}H{x’<m}8m (dm/) dx’

+ /RZ Ds (xo, mo, x’, m/)é\t—s (x/, m', x, m)]I{x/<m0}]I{X<m/}H{m:m/}5m0 (dm/) dx’'

= (A1 + A2+ AS)]I{xvxovm0<m} + A4H{x<mo}ﬂ{m0=m}
where we used (3.23). From Lemma A.3, (A.20) and (A.21), one directly gets

C
— Hy(ct,2m — x — xg).

1
(t—s)'"3 V1

For the term A, we notice that my = m’ < m and for 8 = 1, we obtain the following bound

[Al] <

C mo—x'1? |mg—x
|As] < - / bmo = x 7\ bmo —xol 1}H0(cs,x’ — x0)
3-n I I
(t—s)2 /R 52 52
S HO(C(t —5),2m—x — x/)]l{x\/x’Vmo<m}I[{x’<mo} dx'
- C |m’—x’—i—m—x|ﬁ]I .
= (t—s)l‘%Jr% Sg {se(5.11} T Hse(0,5))

X f Ho(cs, P— xo)Ho(c(t —5),2m—x — x')ﬂ{xvx/\/m0<m}]1{x/<m0} dx’'
R

C 1
< ————— — Holct,2m — x — xp)
t—s'"212

1035

(A.22)

where the last inequality follows from the fact that m’ — x’ +m — x < 2m — x — x’ and the space-time inequality (1.2) in

the case s € (%, t) and Gaussian convolution together with ( —s) <1t if s € [0, ¢/2].
For the term A3, we note that mg < m and |m — x| < |m — x +mg — xo| < |2m — x — xg|. Hence, one has

Im—x|f |m—x'|P
7 A 3 Al
t—s5)?2 (t—s)2

C 1
1= ey [yl 2= )
- S

X HO(C(t —5),x— x/)]I{x’\/xOVmg<m}]I{x’<m} dx'.

Onthe sets € (%, t), by the Gaussian convolution, we obtain

C 1
|A3] < — N —Ho(ct,2m —x — xg) < - — Ho(ct,2m — x — xo).
s2 (t—s) "2 (t—s)"2¢2

On the set s € (0, %), take B = 1 and from the space-time inequality, we obtain

1 1 |m — x|
|A3l < C— — T Ho(cs, 2m — x’ —xo)Ho(c(t —5), X —x’)}l{xrwovmo<m}]1{x/<m} dx’'
s2(t—5) "2 JR(t —5)2
1 1 , ,
§C—]7n] |2m—x —xo|Ho(cs,2m—x —xo)
s2(t—s)'7272 JR

X HO(C(t —5),x — x/)H{x’on\/mo<m}]I{x’<m} dx’

1

1
< C———— — Ho(ct,2m — x — xp).

(t—s)'"242
For the term A4, we are on the set {x < mg} N {mo = m} so that from Lemma A.4 one has

C — x| —x|8
|Aq] < 1 n/ {'mo ﬁx(" A Imo ﬁx| Al}Ho(cs,x’—xo)
(t—s) "2 JR2 §2 s2
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Im—x|f|m—x'|P
X { T A Al Ho(c(t — ), x — X" <mo) L <my Lgmo=m)Smo (dm”) dx’
(t—s)2 (t—3s)2
C {|m —xolfm— x|
A

— n
(t—s)!72 5 ¢

A I}Ho(ct,x — X0).
t

In order to obtain the last inequality we again separated the computations into the two cases: s € (0,7/2) and s €
(t/2,1). For s € (0,1/2), that is, t — s < t, we use the inequality [m — x|t —s) P2 Ajm —x'1B(t —5) P2 A1 <
(t — )7 P2(Im — x0|® + |xo — x'|P) and decompose the computations into a sum of two terms accordingly. For the
term (¢t — s)"P/2|m — xo|P, we use the bound |mo — xo|Ps™#/2 A |mg — x’|Ps~P/2 A 1 < 1 which, after convolution of
Gaussian kernels, yield |A4| < C(¢t — $) 12 =B2 | — x0|P Ho(ct, x — x0). For the term (1 — s)~#/2|xg — x'|P, we use
the bound |mo — xo|Ps™P/2 A lmg — x"|Ps™ B2 A1 < |mg — x0|Ps™P/* = |m — x0|Ps—P/? which, after using the space-
time inequality and convolution of Gaussian kernels, yield |A4| < C(t — s)_1+’7/2t_/3/2|m — )c0|/3 Hy(ct, x — x0). The
bound |A4| < C(t — s) " 2{|m — x|Bt=B/2 A 1}Hy(ct, x — xp) is easily obtained. We thus obtained the desired bound
for s € (0,¢/2). For s € [t/2,1), that is, s < t, we proceed similarly by using the inequality |m — xo|#s™#/> A |m —
X|Ps7PI2AT1 <sB2(m — x|P + |x — x|#) and decompose the computations into a sum of two terms accordingly. For
the term s ~#/2|m — x |8, we use the bound |m — x|# (t —s) /2 A m — x| (t — 5)P/?> A1 < 1 together with the convolution
of Gaussian kernels and for the term s #/2|x — x’|# we use the bound |m — x|B(t — ) P2 A jm —x'|B(t — )P/ A1 <
lm — x|P(r — s)7P/? together with the space-time inequality and the convolution of Gaussian kernels. We thus obtain
|A4] < C(t —s5)" 112482 \m — x|P Hy(ct, x —x'). The bound |A4| < C(t — )~ "1/2t=P/2{|m — xo|P A 1} Hy(ct, x —x7)
is obtained by using the two inequalities |m — xIBt =) PP A m—=x" 1Pt —5)P2 A1 <1 and |mg— xo|Ps— P2 A |mg —
x'|BsP/?2 A1 < |mg — x0|Ps™P/% A 1. This last inequality completes the bound for Aj.

Therefore gathering the above estimates, the following Gaussian upper-bound holds

f2 Ds (xo, mo, x', m’)é\,_s (x’, m, x, m)u(xo, mo, x,m,dx’, dm')
R

Cl,g %Ho(ct,Zm—x—XO), x<m,mg<m,
(t—s) 212
SV c mexlf, m—xlf
—{—5 AN =5 A1}Ho(ct,x —x0), x <mg,m=my,
t-9)'"2 43 3

for any B € [0, 1]. By an induction argument which is similar to the case of the local time, one gets

| Pl (x0. mo. x, m)|

_qan
- C"(fAn(T) dsn [Tiey (k1 — 1) 71F2) x ﬁHo(CT, 2m —x —xgp), x<m,mo<m,
< g

C"(fAn(T) dsy [Tiz; (k=1 — 5K) 12 x Ho(cT, x — xo), X < mg, m = my.

We omit the remaining technical details. Hence from Lemma A.1 and the asymptotic property of the Gamma function,
the Gaussian upper bound (A.19) for the transition density is valid.

A.5. Some useful technical results

Lemma A.1l. Let b > —1 and a € [0, 1). Then for any tg > 0,

n—1 b+n(l1—a) —~n
_ t "1 —a)'(1+b)
/ dt, tfl |(tj—tj+1) a—-29 .
Ay (t0) j_()

L1 +b+n(—a))
Proof. Using the change of variables s = ut, one has

t 1
/sb(t—s)_”ds:tb+1_”/ WP —w)y du=""""BA +b,1—a)
0 0

where (x,y) — B(x,y) = fol t*~1(1 — £)>~1 dt stands for the standard Beta function. Using this equality repeatedly, we
obtain the statement. ]
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Lemma A.2. Let ¢ > 0. For any (x, x9) € R2,0< ¢y <land0 < s < t, one has

/ Hy (cs,
R

/ Ho(c(t —s), |x'| + x|+ € — £o) Ho(cs, xo — x")[iyyr0y dx” < Ho(ct, |x] + |xo| + € — £o).
R

x'| + |xol + € — €o) Ho(c(t — ), x — x")[yx50ydx’ < Ho(ct, |x| + |x0l + € — €9),

Proof. Using the fact that {x’x > 0} = {x’ > 0} N {x > 0} U {x’ < 0} N {x < 0} and positivity of the integrand

/ Hy (cs,
R

< ]I{xZO}/ Ho(cs, x" + |xol 4+ € — €o) Ho(c(t — ), x — x') x>0y dx’
R

x'| + |xol + € — €o) Ho(c(t — 5), x — x")[(x =0y dx’

+ T <0y / Ho(cs, —x" + |xol + € — €o) Ho(c(t — 5), x — x")[( <oy dx’
R
< ]I{XZ()}H()(CI, X+ |xo| +¢€— ﬁo) + H{xso}Ho(ct, |xo| +£€ — £o — x)
= Ho(ct, |x| =+ |xol + € — €o)

where the last inequality follows from convolution properties of the Gaussian density. The proof of the second inequality
follows from similar arguments and is therefore omitted. (]

Lemma A.3. Let ¢y > 0. For any (x, xo) € R2,0< Lo <4tpand 0 <s < t,one has

1 , N !
/ lHo(C1(t—S),|x|+|x |+K—£)—1H0(cls,
Rx(£o,0) (t —5)2 s2

x|+ xol + € — o) dx'dl’

=

H()(Ct, |x| + |xo| + € — K())

(S

t

for some positive constants C, c independent of t, xo, Lo and £. Similarly, for any (xg, mg) € R2, xo0 < mg, m > mg and
0 <s <t,one has

1
/ -Ho(ci(t —5),2m — x —x")—Ho(c15, 2m" — x" — x0) dx" dm’
(mg,m)x(—oo,m’) (t — §)2 s2

C
< — Ho(ct,2m — x — xo)
2

for some positive constants C, ¢ independent of t, xg, mo and m.

Proof. We will only prove the first bound. The second one follows from similar arguments. For simplicity, we write

C, ;=/ : 11L10(c(t—s),|x|+|x/|+15—1z/)l1Ho(cs, x|+ |xol 4+ €' — £o) dx'dt’.
Rx (Lo, ) (t — )2 s2

1 . . .
Let us assume that |x| + |xo| + £ — £o < t2. We use the fact that the diagonal estimate is global. For s € [%, t], one has
s <t so that

1 , , C 1
— Ho(cs, |x'| + |xol + €' — £o) < — < C——=Hoy(ct, |x| + |xo| + € — €o)
s2 t «/;
which in turn implies:
C 1 / ! !/ /
|Cs| < ﬁHo(ct, x| + [x0] + € — €o) —Ho(c(t — ), |x| + x| + € — €') dx’ d¢t

Rx (€o.0) (f — §)2

< —Ho(ct, |x| + |xo| + £ — €9).

/0
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Similarly, for s € [0, 5], one has

C
|Ca| < —tHo(ct, x| + [x0| 4 £ — €o).

7

Hence, the claim follows in the diagonal regime |x| + |xo| + £ — £p < t7. We now consider the off-diagonal regime
|x] + |xo| + £ — £o > t%. We write R x (£g, £) = D; U D, where

Dy:={(x',€) €R x (o, ) : |x'| + lxol + €' = Lo < |x]| = || + £ = £},
Dy :={(x".£') € R x (Lo, £) : || + |x0| + £ — €0 > |x| — |x| + £ — €'}

On the set Dy, we remark |x| — |x'| + € — €' < |x| + |xo| + £ — £o, so that

Ho(c(t —s), x| + |xo| + € — £o)

1 HO(C(I =), x|+ |x’| -|—g_g/) < C (x| + [xol + 1 0)
(t—ys)2 ; o

| o

=

Ho(ct, |x] + |xo| + € — €o)

~
ST

where we used the space-time inequality for the last inequality. Hence, one gets

/ ! = Ho(c(t —s), x| + x|+ € — z’)ilHo(cs, x|+ Ixol + €' — £o) dx' dt’
b I

1 (t—5)2 52

| o

=

Ho(ct, |x] + |xo| + € — €o).

~
=

On the set Dy, one has |x| — |x'| + € — €' < |x| + |xo| + £ — £o, so that

1 C (x| + |xo| + £ — £o)?
— Hofes, 1| + ol + €/ — tg) = — PIEPOE L0 o 1y 4 pag) 40— k)
52 s2
c
S—IH()(C[, |x|+|xo|+€—€0)
t2

which in turn yields

x|+ Ixol + €' — o) dx' dt’

1 1
/ = Ho(c(t —s), x| + |x'| + € — €)= Ho(cs,
Dy (t —s)2 2

S2

|

=<

Ho(ct, x| + |xol 4+ € — £o)

~
Nl—

and proves the claim. (]

Lemma A.4. Local time: Define f;(xo,x) := Ho(at,x — xo) — Ho(at, x + xo) for some given constant a > 0. For any
B € [0, 11, there exists C, ¢ > 1, such that for any (xq, x) € R? satisfying xxo > 0 and r = 0,2, the following estimates
hold:

- C[IxIF  |xolf
|8;0ft(x07x)‘5_£{—/3/\ 7
12 12 2

A I}Ho(ct,x — Xp).
t

Running maximum: Define f,(xo, x) := Ho(at, x — xo) — Ho(at,2mg — x — xq) for some given constant a > 0. For any
B €10, 1], there exists C, ¢ > 1, such that for any (x, xo, mg) € R3 satisfying x, xo < mq and for any r =0, 1, 2, one has

lmo — x0l?  |mo — x|?

B B
12 12

- C
|8;0‘ft('x07-x)|§t_%{ /\I}HO(CI,X—.XO), x07-x§m0'
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Proof. From the expression of ft(xo, x), the following estimates for f,(xo, x) and its derivatives hold

- C
|85, fi(x0, ¥)| < = (Ho(et, x — x0) + Ho(ct, x +x0)), r=0,2.
t2

Furthermore, for (xg, x) € R? such that xxg > 0, one has Hy(ct, x + x¢) < Hy(ct, x — x¢), since in the exponent

(x — xo)2 + 4x0(x — x0) + 4x§ > (x — xo)z.

Hence, we deduce that |8§0f,(x0, x)| < Ct_%Ho(ct, x — xg). To derive the bounds with the |x|? or |xo|? terms, we

first consider the case where |)c|2 <'t, to estimate ft(xo, x) = Ho(a(y, 0)t,x —xo) — Ho(a(y, £)t, x + xo) one applies the
mean value theorem to Hy(a(y, £)t, x — xo) with respect to the points x and —x to obtain for some 6 € [0, 1],

_ B
| fi (x0, x)| = [2x3x Ho(a(y, )1, x0 — 0x + (1 — O)x)| < C%Ho(ct,x — Xx0)
t2

where in the second line we have used the space-time inequality and the fact that |x| 1-B <72 . For the case that |x |2 >t,
one directly gets

_ lx|?
|ft(x07x)| < C—ﬁH()(Cl, X — Xxp).
t2

The proof for the second derivatives of f,(xo, x) as well as the estimates with the |x0|ﬁ term and the estimates for the
running maximum case follow similar arguments and details are omitted. |
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