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Abstract: This paper explores the equivalences between four definitions
of uniform large deviations principles and uniform Laplace principles found
in the literature. Counterexamples are presented to illustrate the differences
between these definitions and specific conditions are described under which
these definitions are equivalent to each other. A fifth definition called the
equicontinuous uniform Laplace principle (EULP) is proposed and proven
to be equivalent to Freidlin and Wentzell’s definition of a uniform large
deviations principle. Sufficient conditions that imply a measurable function
of infinite dimensional Wiener process satisfies an EULP using the vari-
ational methods of Budhiraja, Dupuis and Maroulas are presented. This
theory is applied to prove that a family of Hilbert space valued stochastic
equations exposed to multiplicative noise satisfy a uniform large deviations
principle that is uniform over all initial conditions in bounded subsets of
the Hilbert space, and under stronger assumptions is uniform over initial
conditions in unbounded subsets too. This is an improvement over previous
weak convergence methods which can only prove uniformity over compact
sets.
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1. Introduction

The theory of large deviations principles, developed in the 1960s by Freidlin,
Wentzell, Varadhan and others, characterizes the asymptotic decay rate of rare
probabilities. There are a several manuscripts on the theory of large deviations
including [11, 12, 13, 14, 21]. One setting for the problem is as follows. Let (&, p)
be a Polish space. Let {X}.50 be a collection of £-valued random variables, let
a(e) be a positive real-valued function with the property that lim._,ga(e) = 0
and let I : £ — [0,400] be a lower semi-continuous function. A family of &-
valued random variables {X¢}.<¢ is said to satisfy a large deviations principle
with respect to a rate function I and speed a(e) if [11]

(a) For any open G C €&,

liminf a(e)logP(X*® € G) > — inf I(y) (1.1)
e—0 pEeG
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(b) and for any closed F C &,

limsup a(e) logP(X® € F) < — inf I(yp). (1.2)
e—0 YEF
By Theorem 4.2 of [8] (see also Theorems 1.2.1 and 1.2.3 of [12]), the large
deviations principle is equivalent to the so-called Laplace principle, which says
that for any bounded and continuous h : £ — R,

. h(X®) .
tia(e)logBexp () ) =~ n0) + 160} (13)
For any s > 0 define the level sets of I by ®(s) := {¢ € &€ : I(¢) < s}.
If ®(s) is a compact subset of £ for any s > 0, then I is called a good rate
function. If I is a good rate function, then an equivalent formulation of the

large deviations principles [14, Theorem 3.3.3] is the following formulation by
Freidlin and Wentzell

(a) For any d > 0 and so > 0,

liminf inf (a(e)logP(p(X®, @) <)+ I(p)) > 0. (1.4)

e—0 ¢e<b(so)
(b) For any 6 > 0 and so > 0,

limsup sup (a(e)logP(dist(X®, ®(s)) > )+ s) <O0. (1.5)

e—=0  s€0,s0]

where for any point ¢ € £ and any set B C &, we defined the distance
function by dist(p, B) = infyep p(p, ).

While these three formulations of the large deviations principle are all known
to be equivalent when I is a good rate function, the situation is more complicated
when the random variables depend on another parameter in addition to €. As
a motivating example, consider the family of small noise stochastic differential
equations

AXE(t) = b(XE(L))dt + Ver(XE()dW (L),  XS(0)=z R (1.6)

In the above equation, W (t) is a d-dimensional Wiener process, b : R? — R? is
a Lipschitz continuous vector field and o : R — R4*¢ is a Lipschitz continuous
d x d matrix valued function. Notice that the X: are indexed both by the size
of the noise € and the initial condition z. We consider X¢ as & = C([0,T] : RY)-
valued random variables where C([0,7] : R%) is the space of continuous R?-
valued functions endowed with the supremum norm.

For several applications, such as characterizing the exit time of XZ from a
domain, the large deviations of X must be uniform with respect to the initial
conditions in certain bounded subsets of the space [11, 14]. In this paper we
compare several definitions of uniform large deviations principles that are found
in the literature. The first definition of a uniform large deviations principle is due
to Freidlin and Wentzell [14] (Definition 2.1 below). We will call this the Freidlin-
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Wentzell uniform large deviations principle (FWULDP). The next definition
can be found in [11] (Definition 2.2 below). We will call it the Dembo-Zeitouni
uniform large deviations principle (DZULDP). The third definition is called the
uniform Laplace principle (ULP) and can be found in [12] (Definition 2.3 below).

Each of these definitions has been widely used in the literature. The following
lists of references are by no means complete, but they give examples of the
wide varieties of problems in which these different definitions of uniform large
deviations have been used. The FWULDP has been used in the work of Cerrai
and Rockner [6], Peszat [18], and Sowers [20]. The DZULDP has been used by
Chenal and Millet [7], Gautier [15], and Veretennikov [22]. A very general weak
convergence approach that is sufficient to prove the uniform Laplace principle
was introduced by Budhiraja, Dupuis, and Maroulas [4]. Since then, the ULP
has been used by many authors including Budhiraja and Biswas [1], Wu [23],
and Cai, Huang and Maroulas [5].

The main question of this paper is whether the FWULDP, the DZULDP,
and the ULP are equivalent. Without further assumptions, the answer is no. In
section 3 we illustrate this lack of equivalence with simple counter-examples. We
study stochastic processes X:(t) = z++/eW (t), where z € R and W (¢) is a one-
dimensional Brownian motion. First, we show in Theorem 3.2 that { X} satisfies
a FWULDP that is uniform over x in the whole space. On the other hand, XZ
does not satisfy either a DZULDP or a ULP over the whole space (Propositions
3.4 and 3.3). In fact, the DZULDP fails to hold for X: uniformly over z in a
set A if A fails to be compact. We give an example where the DZULDP fails
to hold for the bounded, pre-compact, but not compact set A = {27 "},en
(Remark 3.5). These counterexamples prove that these three definitions are not
exactly the same. Their equivalences requires certain compactness criteria.

The general setting for this problem is to let (£, p) be a Polish space and &
be a set used for indexing. At first, we make no assumptions about topology on
&o. We consider a family of £-valued random variables {X:} indexed by € > 0
and x € &. For example, if the random variables are the solutions to the small
noise SDE (1.6), we set & = C([0,7] : R?) to be the space of trajectories and
we index the trajectories by their initial conditions by setting & = R?.

For each x € & there is a function I, : £ — [0,400] called a rate function.
For x € & and s > 0, the level sets of I, are denoted by ®,(s) = {p €
€ I(p) < s}. o denotes a collection of subsets of & over which the large
deviations principles are uniform.

In Theorem 2.5, we prove that the FWULDP and the ULP are equivalent
under the assumption that (J,., ®2(s) is a pre-compact subset of £ for any
A € & and s > 0 (Assumption 2.4). Neither the definitions of the FWULDP
and ULP, nor their equivalence theorem require any kind of topology on the
index set &. The equivalence between FWULDP and the DZULDP, on the
other hand, requires that & be metrizable and that whenever x, — z in &,
the level sets @, (s) converge to ®,(s) in an appropriate Hausdorff metric (As-
sumption 2.6). Under that assumption along with the assumption that <7 is the
collection of compact subsets of &, the FWULDP and DZULDP are equivalent
(Theorem 2.7). In the case where = encodes the initial condition of a stochastic



102 M. Salins

process X:, Assumption 2.6 requires that </ contains only compact sets of ini-
tial conditions and Assumption 2.4 requires that </ contains only pre-compact
sets of initial conditions.

In the setting of finite dimensional stochastic differential equations such as
(1.6), the restriction to compact or pre-compact subsets of initial conditions is
usually not terribly restrictive. For example, when studying the exit time of X¢
from a bounded domain, it is sufficient to prove uniformity of the large deviations
principle over initial conditions in compact sets because all closed bounded sets
are compact. In infinite dimensional spaces, on the other hand, bounded sets
are not generally compact. Furthermore, compact subsets of infinite dimensional
Banach spaces have no interior. This means that compact sets are not very
helpful for studying exit problems because exterior points of a compact set are
arbitrarily close to every element of the set. The reliance on the compactness or
pre-compactness of sets of initial conditions when using the ULP and DZULDP
demonstrates some limitations of these two approaches.

There are various possible modifications to the ULP and DZULDP that re-
move this reliance on compactness. Recently, David Lipshutz [16] studied exit
problems for stochastic delay equations with small noise. The initial conditions
belong to the space of continuous functions C([—,0]), which is an infinite di-
mensional space. To prove the exit time asymptotics, Lipshutz proposed a mod-
ification of the DZULDP that we call the LULDP (Definition 3.8 below). This
definition fixes the problems pointed out by our counterexamples and in partic-
ular, the LULDP can be valid for A that are not compact. Unfortunately, the
LULDP is not equivalent to the FWULDP as we show in Proposition 3.10. This
counterexample involves the process Y2 (t) = (1+¢)x+ /W (t), which does not
satisfy a FWULDP but does satisfy a LULDP over the whole space.

The pre-compactness of J, . 4 ®z(s) is required to prove the equivalence be-
tween the FWULDP and the ULP precisely because continuous functions on
compact sets are uniformly continuous. When this compactness is lacking, as is
the case for X:(t) = x + /eW (t) with A = R, we build our counterexample by
choosing a function h : £ — R that is continuous, but not uniformly continuous.
Based on this observation, we propose the new definition of the equicontinuous
uniform Laplace principle (EULP) (Definition 2.9 below). The equicontinuous
uniform Laplace principle is like the uniform Laplace principle with the added
requirement that the limit must also be uniform over any family of equibounded,
equicontinuous test functions from & — R.

We show in Theorem 2.10 that the EULP and FWULDP are equivalent
with no extra assumptions. In particular, this equivalence does not require the
compactness of initial conditions or of level sets. The benefit of the EULP is
that it can be proven via the variational methods of Budhiraja, Dupuis, and
collaborators [2, 3, 4]. In those papers, they used a variational method to study
the uniform Laplace principle for a family of measurable mappings of infinite
dimensional Wiener processes. The method was sufficient for proving that a ULP
held uniformly with respect to initial conditions in compact sets. In Section 8 we
modify this method to be applicable for initial conditions that are not in compact
sets. Specifically, in [4], Budhiraja, Dupuis, and Maroulas assumed that for all
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€ > 0 there were measurable mappings ¢°¢, such that Xt = ¥¢(z,/¢3), where
B is some infinite dimensional Wiener process. They assume that if x,, — = and
up, converge in distribution to u in the weak topology on L?([0,T] : Hy) for
an appropriately defined space Hy, that ¥¢ (xm Veps + fo Un (S ds) converges in
distribution to ¥° (x , foul )ds).

If the initial conditions do not belong to a compact set, such a weak conver-
gence approach is impossible. For an example, consider X:(t) = x + /eW (¢)
where we take an unbounded sequence of initial conditions. If z, = n, and

G (x,\/eW) = x++/cW, then for a sequence un € L2([0,7)) almost surely, it is
impossible for ¥° (z,, fW + o un(s s)ds) =n—+eEW + Jo un(s)ds to converge
in distribution to anything because the initial conditions dlvcrge

In this paper, we do not assume that & has any topology and we do not
even require that the mapping z — %°(z,w) be measurable. To emphasize
this we consider for any £ > 0 and = € & measurable mappings ¥ : C([0,T] :
ROO) — &. Instead of working with weak convergence, we require that 45 (y/e8+
J, u(s)ds) converges to 42 ([, u(s)ds) in probability uniformly with respect to
T and u. Specifically, we prove that the EULP will hold if for any § > 0,

i P (o (9 (V200 [ w0 ( [onn)) ) =

where Pév is a family of progressively measurable processes in an appropriate
space whose L? norms are bounded by N with probability one (Assumption
2.11).

In Section 4, we apply this theory to study the uniform large deviations of a
Hilbert space valued family of stochastic process. Let H be a separable infinite
dimensional Hilbert space and study the mild solutions to the abstract stochastic
differential equations (see [10, Chapter 7.1.1])

AXE(t) = [AXE() + B(XE(1)]dt + vVEG(XE(t))dw(t), XE(0) =z € H.

In this equation, A is an unbounded linear operator that generates a Cy semi-
group on H and w(t) is a cylindrical Wiener process on another separable Hilbert
space U. We show that if B and G are globally Lipschitz continuous in an ap-
propriate sense, then the mild solutions to X¢ satisfy a EULP (and therefore
also a FWULDP) in € = C([0,7] : H) that is uniform over initial conditions
in bounded subsets of H. Note that bounded subsets of H are generally not
compact. Furthermore, we show that if the multiplicative noise coefficient G
is bounded in an appropriate sense, then the FWULDP is uniform over initial
conditions in any subset of H including unbounded subsets (and including the
entire space). This result demonstrates the power of the EULP because previous
variational methods could only be used to prove uniformity over compact sets
of initial conditions.

The outline of this paper is as follows. In Section 2 we state the assump-
tions and main results of this paper. In Section 3, we present counterexamples
to demonstrate the lack of equivalence between the FWULDP, DZULDP, ULP,
and LULDP. In Section 4, we use the EULP to prove that a Hilbert space valued
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stochastic process satisfies a FWULDP that is uniform over initial conditions
in bounded (but not necessarily compact) subsets of the infinite dimensional
Hilbert space. We also give a conditions under which the Hilbert space valued
process satisfies a FWULDP that is uniform over initial conditions in any (in-
cluding unbounded) subsets of H. In Sections 5-7, we prove the equivalence
between the FWULDP and the ULP, DZULDP, and EULP under appropriate
assumptions. In Section 8, we prove that uniform convergence in probability for
certain measurable functionals of infinite dimensional Wiener processes implies
that the processes satisfy an EULP. In Appendix A we recall some useful prop-
erties about rate functions. Appendices B and C include some proofs about the
Hilbert space valued process from Section 4.

2. Assumptions and main results

Let (€, p) be a Polish space and let & be a set. For now we do not make any
topological assumptions about &y. For any ¢ € £ and B C &, let

dist(p, B) = whel% ple, ). (2.1)

We recall the definition of the Hausdorff metric on nonempty closed subsets of £.
For any nonempty, closed subsets B, By C &, the Hausdorff metric is given by

A(B1, Bs) = max{ sup dist(p, Bs), sup dist(g07Bl)} . (2.2)
pEB; pEB>
The space of bounded continuous functions h : £ — R is denoted by Cy(E).
This is a Banach space under the sup-norm ||k, e) = supg,ee [h(¢)]-

2.1. Equivalences between different definitions of uniform large
deviations principles

Let (2, F,P) be a probability space and let {XZ : e > 0,2 € &} be a collection
of £-valued random variables. We denote the expectation in (£, F,P) by E. Let
{I; : © € &} be a collection of lower-semicontinuous rate functions I, : £ —
[0,4+00]. Let @,(s) = {¢ € € : I,(p) < s} be the level sets of I,. If ®,(s) is a
compact subset of £ for all s > 0, then I, is called a good rate function.

The first definition of a uniform large deviations principle is due to Freidlin
and Wentzell and is defined at the end of Section 3.3 of [14].

Definition 2.1 (Freidlin-Wentzell uniform large deviations principle
(FWULDP)). Let & be a collection of subsets of & and a(e) be a function
converging to zero as € converges to zero. The random variables {X:} are said
to satisfy a Freidlin-Wentzell uniform large deviations principle with respect to
the rate functions I, with speed a(e) uniformly over &7, if

(a) For any A € &, s9 >0, and § > 0,

liminf inf inf log P(p(X: 8) + L (¢)) = 0. 2.3
iminf inf inf - (a(e)logP(p(XZ, ¢) < 0) + L(e)) 2 (2:3)
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(b) For any A € &7, s > 0, and 6 > 0,

limsupsup sup (a(e)logP(dist(X:, ®.(s)) > 46) +s) < 0. (2.4)
e—=0 z€As€[0,s0]

The next definition of uniform large deviations principle can be found in
Corollary 5.6.15 of [11]. For the purposes of this paper, we will consider this as
a definition. For any set G C &, let I;(G) := inf, cq I (p).

Definition 2.2 (Dembo-Zeitouni uniform large deviations principle
(DZULDP)). Let & be a collection of subsets of & and a(e) be a function
converging to zero as € converges to zero. The random variables {X:} are said
to satisfy a Dembo-Zeitouni uniform large deviations principle with respect to
the rate functions I, with speed a(e) uniformly over «7, if

(a) For any A € & and any open G C &,

liminf inf (a(e)logP(X: € G)) > —sup I,(G). (2.5)

e—0 xz€A zEA

(b) For any A € & and any closed F' C &,

limsup sup (a(e) logP(X; € F)) < — in:f4 I.(F). (2.6)
zE

e—=0 =z€A

The third definition of a uniform large deviations principle is called the uni-
form Laplace principle. The uniform Laplace principle can be found in Definition
1.2.6 of [12]. Based on the variational principle and the weak convergence ap-
proach in the papers by Budhiraja, Boué, Dupuis, and Maroulas [2, 3, 4], the
uniform Laplace principle can be easier to verify directly than either of the
uniform large deviations principles.

Definition 2.3 (Uniform Laplace principle (ULP)). Let &7 be a collection of
subsets of & and a(e) be a function converging to zero as € converges to zero.
The random variables {X:} are said to satisfy a uniform Laplace principle with
respect to the rate functions I, with speed a(e) uniformly over &, if for any
A € o/ and any bounded, continuous h : £ — R,

a(e)log E exp (— hé?i?) + ;Ielfg{h(ap) + L:(p)} =0. (2.7)

lim sup
e>0,cA

We now state the main assumptions and results of this paper.

Assumption 2.4. & is a collection of subsets of & with the property that for
any s >0 and A € o, |, c 4 Pu(s) is a pre-compact subset of €.

Theorem 2.5. Under Assumption 2.4, the FWULDP and ULP are equivalent.

Theorem 2.5 is proven in Section 5.

The equivalence between the FWULDP and DZULDP requires extra topo-
logical assumptions on &.
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Assumption 2.6.

(a) &y is a Polish space with metric pg.

(b) < is the collection of compact subsets of &.

(c) For every x € &, I, is a good rate function.

(d) The level sets are continuous in the Hausdorff metric in the sense that for
any s > 0,

ngr-lI-loo po(xn,x) =0 implies ngrfooA((I)“‘(S)’ D,.(s)) =0.
Theorem 2.7. Under Assumption 2.6, the FWULDP and DZULDP are equiv-
alent.

Theorem 2.7 is proven in Section 6.

Corollary 2.8. Under Assumption 2.6, the ULP and the DZULDP are equiv-
alent.

Corollary 2.8 is an immediate consequence of Theorems 2.5 and 2.7 and the
fact that Assumption 2.6 implies Assumption 2.4.

As we will show in the counterexamples (Section 3), the main reason that
the ULP can fail if the FWULDP holds is that the test function h : £ —
R is continuous but not uniformly continuous. This observation inspires the
introduction of the equicontinuous uniform Laplace principle (EULP). A family
L C Cy(€) of functions from £ to R is equibounded and equicontinuous if

sup sup |h(p)| < +oo and lim sup sup |h(ep) — h(y))] = 0.
heL pe€ 070 heL p(p,4)<s

Definition 2.9 (Equicontinuous uniform Laplace principle). Let < be a collec-
tion of subsets of & and a(e) be a function converging to zero as £ converges to
zero. The random variables { X2} are said to satisfy an equicontinuous uniform
Laplace principle with respect to the rate functions I, with speed a(e) uniformly
over «, if for any A € & and any collection L C Cy(E) of equibounded and
equicontinuous functions from £ to R,

h(XE)

X

a(e)

Theorem 2.10. The FULP and the FWULDP are equivalent with no extra
assumptions.

lim sup sup
e>0gzcAhel

a(e) log E exp (— ) + Sirelfg{h(tp) + L(p)}|=0. (2.8)

Theorem 2.10 is proven in Section 7.

We summarize the results of this section regarding equivalence between the
FWULDP, DZULDP, and ULP in Table 1. Because the EULP and FWULDP
are equivalent with no extra assumptions, we do not include the EULP sepa-
rately in the table.
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TABLE 1
Equivalences between the FWULDP, ULP, and DZULDP: The third column refers to the
sufficient condition under which the definitions in the first two columns are equivalent. The
fourth column refers to the result in the paper that proves their equivalence.

Definition | Definition Assumption Equivalence Result
FWULDP ULP Assumption 2.4 Theorem 2.5
FWULDP DZULDP Assumption 2.6 Theorem 2.7
DZULDP ULP Assumption 2.6 Corollary 2.8

2.2. Sufficient conditions that imply the EULP for measurable
functions of infinite dimensional Wiener processes

Now that we have established the equivalence of the EULP and the FWULDP,
we present some sufficient conditions that imply the EULP when X: can be
written as measurable mappings of an infinite dimensional Wiener process. This
setting is inspired by the weak convergence approach of Budhiraja, Dupuis, and
Maroulas [4], but requires some modifications when we require uniformity over
subsets of & that are not compact.

Let 8 = {Bk(t)}22; be a collection of i.i.d. one-dimensional Brownian motions
on a filtered probability (2, F,{F:},P). Define the space R> to be the space
of sequences of real numbers endowed with the topology of componentwise con-
vergence. Fix some T > 0 and let C([0,7] : R*™) be the space of continuous
functions from [0, 7] — R> endowed with the topology of uniform convergence
in time for each component. 8 is C([0,T] : R*)-valued with probability one.
Let U C R* be the subspace

U= {U{Uk}l?i1 GROO:Zvﬁ <+oo}.
k=1

When endowed with the inner product (v,y);; := Y ro; Vkyk, U is a separable
Hilbert space. Let L2([0,7] : U) be the set of twice differentiable U-valued
functions on [0, 7] endowed with the norm

T
022 0 210y = / () 3 ds.

Let P5 be the collection of Fi-adapted U-valued processes u(t) with the property
that P(|ulr2(o,r:0) < +00) = 1. Let S = {u € L*([0,T] : U) : |u|%2([07T]:U) <
N}. Let P& be the collection of Fi-adapted U-valued processes u(t) such that
P(ue SV)=1.

For € > 0 and z € &, let ¥° be measurable maps from C([0,7] : R®) — £.
In this section we establish a set of conditions on ¢S guaranteeing that X: =
@< (\/ep) satisfies an EULP.

Assumption 2.11. Assume that for any x € &y, there exists a measurable
mapping 90 : C([0,T] : R>®) — & and a collection < of subsets of & such that
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forany Ae o/, N >0 and§ >0,

g s P (o (4% (VB0 + fLacoie) 2 fLacois) ) >5) —o

Define the rate functions I, : £ — R for x € & by

L(p) = in {% /OT lu(s) B ds : o = 4° (/O u(s)ds) } . (2.9)

The infimum is taken over all u in L2([0,T] : U). We use the convention that
the infimum of the empty set is +o0.

Remark 2.12. If for fixed x € & and any N > 0, the level set

P, (N)={pef:I,(p) <N} = {%? (/O.u(s)ds> Cu 682N}

is a compact subset of £, then I, is a good rate function.

Theorem 2.13. Under Assumption 2.11, the £-valued random variables X: =
G (\/2P) satisfy an EULP with respect to the rate function I, with speed a(e) =
uniformly over < .

The proof is presented in Section 8.

The main difference between the weak convergence approach of [4] and As-
sumption 2.11 is that the weak convergence approach requires that the mapping
(e,z,u) — Y° (\/EB + fo u(s)ds) be jointly continuous in an appropriate topol-
ogy and that the x belong to a compact set. When these continuity and com-
pactness conditions are met Assumption 2.11 will follow. The EULP approach,
on the other hand, does not require any continuity in = or u. Instead, we merely
require that the convergence of ¥ to 4 in probability must be uniform with
respect to z and u. In Section 4 we show how this theory can be applied to
prove that a family of Hilbert space valued stochastic equations exposed to
small multiplicative noise satisfies an EULP that is uniform over initial con-
ditions in bounded subsets of an infinite dimensional Hilbert space. The weak
convergence approach cannot be used for such an example because bounded
subsets of infinite dimensional Hilbert spaces are not generally compact.

3. Counterexamples

Before proving the main results of the paper, we illustrate why Assumption 2.4 is
needed for Theorem 2.5 to hold and why Assumption 2.6 is needed for Theorem
2.7 and Corollary 2.8 to hold. Using a simple example, we can demonstrate the
FWULDP is not equivalent to the ULP when Assumption 2.4 fails to hold and
the DZULDP is not equivalent to the FWULDP or the ULP when Assumption
2.6 fails to hold.
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The counterexamples are based on the simplest possible small noise equation
XE(t) := x++/eEW (t), where W (t) is a one-dimensional Brownian motion and the
initial condition z € R. For any T' > 0 let C([0,T]) be the space of continuous
functions from [0,7] — R. We will consider the trajectories of X2 as & =
C([0,T])-valued random variables. Let [¢|c(j0,7]) = Supsejo,ry |¢(t)| denote the
supremum norm. For any ¢ € C([0,7]) and B C C([0,T]), let dist(¢, B) =
infyep ¢ — ¥loqom)-

By Schilder’s Theorem, for any T > 0, the processes {/eW (-) : € > 0} satisfy
a large deviations principle in C([0,7T]) with rate function Iy : C([0,T]) — R

given by
Iy(p) = inf {%/0 lu(s)|?ds : p(t) = /0 u(s)ds} .

The infimum is taken over all u € L%([0,7]) and Iy(p) = +oo if » cannot be
written as p(t) = fg u(s)ds (meaning ¢ is not absolutely continuous) or if the
derivative of ¢ is not square integrable. Let ®g(s) = {p € £ : Ip(p) < s} be the
level sets of Iy. We state this result without proof in the next theorem.

Theorem 3.1 (Theorems 3.2.1-3.2.2 of [14]). For any fited T > 0, {\/eW }.>0
satisfies a large deviations principle with respect to the rate function Iy with
speed a(e) = e. In particular,

1. For any 6 > 0 and sqg > 0,

liminf inf (elogP(|vVeW — ¢lcqor) <6) +lo(p)) = 0. (3.1)

e—0 (pE(I)O(sO)
2. For any § >0 and sg > 0

limsup sup (elogP(dist(veW, ®g(s)) > 6) +s) < 0. (3.2)

e—=0  s€[0,s0]

The next theorem shows that the processes X:(t) satisfy a Freidlin-Wentzell
uniform large deviations principle that is uniform over any subset of R with
respect to the rate function

T t
I.(p) = inf {%/0 lu(s)|?ds : @(t) = x —|—/0 u(s)ds} . (3.3)

Let @,(s) = {p € C([0,T]) : Lo(p) < s}

Theorem 3.2. Let &7 be the collection of all subsets of R. Let T > 0 The
process {XE} satisfies a FWULDP in & = C([0,T]) with respect to the good rate
functions I, and speed a(e) = € uniformly over o . That is

1. Forany A€ o, 6 >0, and sg > 0,

liminf inf inf (elogP(|XS — <8)+ L) =0. (34
imif inf inf - (elogP(X; — eleqor <) +Io(p)) 20. (34)
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2. Forany A€ o/, 5 >0 and sy > 0,

limsupsup sup (elogP(dist(X:,®,(s)) > )+ s) <O0. (3.5)
e—0 x€As€(0,s0]

Proof. Tt is sufficient to prove this theorem with A = R. If (3.4) and (3.5) hold
with A = R, then they also hold for any subset of R. Fix sg > 0. For any =z € R,
the elements of ®,(sg) are translations of elements of ®¢(sg). In particular, for
any ¢ € ®,(s0), ¥(t) == ¢(t) —x is in Po(so) and I () = Ip(y). Similarly,
X:i(t) — x = /eW(t). Therefore, for any ¢ € ®,(s¢), and ¥(t) = p(t) — z, it
follows that | X — ¢|c(jo,r)) = [VEW — ¥|c(o,1))- Therefore,

lim inf inf wejﬁfés(}) (elog P(IX5 — @le(o.r < 9) + L (p))

> liminf inf log P W — <6)+1
2 Y e (1B PV —blotory <O+ Koly)

>0
where the last line follows from (3.1). Therefore, the FWULDP lower bound
(3.4) holds.
The upper bound is similar. Because of the definitions of XZ and the rate
functions,
{dist(XZ, @, (s)) > 0} = {dist(vVeW, Po(s)) >4} .

Therefore
limsupsup sup (elogP(dist(X:, ®,(s)) >9)+ s)
e—=0 xz€R s€[0,s0]
=limsup sup (elogP(dist(veW,®o(s)) > )+ s)
e—=0  s€[0,s0]
<0.
The last line follows from (3.2). O

While the processes X:(t) = x + /eW(t) satisfy a FWULDP in C([0,T])
that is uniform over initial conditions in all of R, they do not satisfy a DZULDP
or ULP over all initial conditions in R. It is clear that Assumption 2.6 cannot
hold when the set A of initial conditions is not a compact set and Assumption
2.4 cannot hold when the set A of initial conditions is not a pre-compact set.

Proposition 3.3. The processes {X:} satisfy a FWULDP but do not satisfy a
ULP uniformly over all subsets of R.

Proof. Let A=N. For n € A, let f,(t) =n+ t. There is nothing special about
fn. The proof could use any set of functions that are just translated by initial
condition. Let j > Z. Define & : C([0,T]) — R by

h(p) = jmin {1, min{2"| — fnlcqom)}} :
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This function has the properties that h(f,) = 0 for all n € A and h(p) = j if
lo — falcqo,ry = 27" for all n € A. Otherwise h(yp) € [0, j].
For any n € A,

. 1t T
Lnt () + 1)) < B+ Talf) = 5 [ 1= g

Because X, (0) = n, —h(X;) = —j when | X} — fu|c(o,r)) = 27" and because
h >0, —h(X5) <0 when | X — f,,| < 27" Therefore,

€

. h(XE) _i . -
__n/ < e P) X:‘;‘ — n
inf Eexp ( - > € +711€1f (X5 fn‘ <27")

<e f4infP ( sup |VeEW(t) —t| < 2‘")

te[0,T]
<e t4+P( sup [VEW()—t|=0) <e %,
te[0,T)

Therefore, for any € > 0,

. h(X?) . T
t (elogE S Y) £ {hn I, <_j+L <o
Jnf (5 og eXp( . ) +¢ecl‘?[0,T]){ (o) + (w)}) S-jt g <
X< does not satisfy a ULP over A because (2.7) fails. O

X¢ fails to satisfy a ULP over unbounded sets of initial conditions because
of a lack of uniform continuity of applicable test functions. The test function
h : C([0,T]) — R in the proof of Proposition 3.3 is continuous but not uni-
formly continuous. This counterexample inspires the formulation of the EULP
in Definition 2.9.

Proposition 3.4. The processes X: satisfy a FWULDP but do not satisfy a
DZULDP when < contains all subsets of R.

Proof. We demonstrate that neither the lower bound (2.5) nor the upper bound
(2.6) are satisfied when A is an unbounded set. Let A = N. For any n € A, let
fn(t) = n—+t. Define the open set

G=JlpeCo, 1)) : ¢~ faloqomy <277}
neA

G is an open set because it is the union of open sets. Unfortunately, because
XE(t) — fu(t) = VeW () — t, for every e > 0,

inf P(X; € G)= inf P| sup [VeW(t)—t|<27"

:IP( sup |[VeEW(t) —t] :0> =0.

te[0,T)
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It follows that for every € > 0
711612 (elogP(X; € G)) = —o0,

while
17, T
sup I,(G) < sup I,(fn) = = 1%dt = —.
neA n 2 0 2
This analysis shows that X2(t) = « + /eW(t) does not satisfy (2.5).

For the upper bound, consider the closed set

F=|]J {¢eC(0,1]): (0) = n and dist(p, (1)) > 27"} .
neA

This is closed because it is a union of disjoint closed sets each of which is at least
distance 1 from the others (because the initial conditions are at least distance 1
from each other). Because dist(X2, @, (1)) = dist(y/eW, ®g(1)), it follows that

sup P(X; € F) = sup P(dist(veW, Dp(1)) > 27")
neA neA

= P(dist(v/EW, Bo(1)) > 0) = 1.

The above is equal to 1 because ®((1) contains only differentiable functions and
v/eW has rough paths, so P(y/eW & ®¢(1)) = 1. Then

supelogP(X; € F) =0 and inf I,(F) > 1,
neEA neA

so the upper bound (2.6) cannot be true. O

Remark 3.5. An unbounded set is not required for the above counterexample
proof. The bounded but non-compact set A = {277} ; with the open set equal
to the disjoint union of open balls

a¢=J {w e C([0,T]) : sup |o(t) — (27" +1)| < 4"} (3.6)

ne1 te[0,T]

is sufficient to prove that (2.5) does not hold via the same arguments as the proof

of Proposition 3.4. For any =z € A, I.(G) < fOT 12dt = %, but because of the
degeneracy of the open balls, inf,c 4 P(X: € G) = 0. Therefore, the DZULDP
lower bound (2.5) cannot hold. Because A is pre-compact but not compact, we
have demonstrated that Theorem 2.7 truly requires compactness of the initial
conditions in Assumption 2.6. Note that (2.5) does hold in the case where A is
the compact set {27"}22; U {0} and G is given by (3.6) because Iy(G) = +o0.
Remark 3.6. Even if A is compact, we can build a counterexample to the
DZULDP if the mapping x — ®,(s) is not continuous in the Hausdorff metric as
required in Assumption 2.6. Consider the family of processes ZZ(t) = Xi(t) =
T+VEW (1) if & # 0 and Z5(t) = X5 (1) = 3+VEW (1). Let A = {27"}2,0U{0},
which is a compact set. Let G be as in (3.6).
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The rate function for Z is I, = I, for = # 0 and Iy = I /5. Let P, = {peé:
I.(p) < s}. In this case, for any z € A, I,(G) < L but infe 4 P(Z € G) = 0.

The fact that A is compact does not help because the map z — ®,(s) is
discontinuous at 0 in the Hausdorff metric.

Remark 3.7. For any bounded set A € R, the union of level level sets | J, . 4, ®2(s)
is pre-compact for any s > 0. In particular, Assumption 2.4 holds for any ./ that
is a collection of bounded subsets. Theorems 3.2 and 2.5 imply that X2(¢t) =
x + /eW (t) satisfies a ULP in C([0,7]) when & is a collection of bounded
subsets of R. The examples in Remarks 3.5 and 3.6, therefore, also provide
examples where X satisfies a ULP but not a DZULDP.

The set GG in the proof of Proposition 3.4 is open, but it is degenerate in the
sense that G is a disjoint union of open C([0, T])-balls of arbitrarily small radii.
A generalization on the DZULDP was introduced by Lipshutz [16] to exclude
testing on sets like those in the proof of Proposition 3.4. For any open set G C &,

let
G, ={p e G dist(p,E\ G) >n}, (3.7)

and for any closed set F' C & let
F"={p e & :dist(p, F) <n}. (3.8)

Definition 3.8 (Lipshutz uniform large deviations principle (LULDP)). Let
&/ be a collection of subsets of & and a(e) be a function converging to zero as
e converges to zero. The random variables {X:} are said to satisfy a uniform
large deviations principle with respect to the rate functions I, with speed a(e)
uniformly over &7, if

(a) For any A € & and G C £ open,

liminf inf (a(e)logP(X; € G)) > — lim sup I,(Gy). (3.9)

e—=0 z€A n—=0,cA
(b) For any A € o and F C & closed, and s < I (F),

limsup sup (a(e) logP(X; € F)) < — lim inf I,(F7). (3.10)
e—0 z€A n—0zcA
This definition enables the LULDP to be used over non-compact sets, but it
is not equivalent to the FWULDP. We give an example where the FWULDP
(Definition 2.1) is not satisfied but the LULDP (Definition 3.8) is satisfied.
Consider the process for e > 0 and z € R

Yi(t) = (1+e)z+vVeW(t) = X 1oy (3.11)

Let I, be the same rate function defined in (3.3). It is not difficult to show that
Y satisfies a FWULDP in C([0,7]) with respect to I, that is uniform with
respect to initial conditions x in bounded subsets of R. We will show that Y
does not satisfy a FWULDP over initial conditions in unbounded sets. On the
other hand, Y7 does satisfy a LULDP over the whole space.
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Proposition 3.9. {Y°} does not satisfy a FWULDP over x € R with respect
to its rate function I,.

Proof. If p € ®4(s), then p(0) = z. It follows that
Yy = eleqom) 2 Y7 (0) = (0)] = [(1 + &)z — af = elxl.
For any § > 0 and ¢ > 0, there exists € R such that e|z| > §. Therefore,

inf inf P(|Y® — 6)=0
inf nf (1Y = ¢leqo,m) < 9)

and
i f i f 1 P € - 5 - — .
In welnz(s)s og P(|Y,; — vle(o,m) < 9) 00

This proves that (2.3) fails. Along the same lines,

sup sup elogP(dist(Y;,®,(s)) >4d) =0
z€R s€[0,50]

and (2.4) fails. O

Despite the fact that Y does not satisfy a FWULDP over z € R, it does
satisfy a LULDP.

Proposition 3.10. For any G C C([0,T]) open and any n > 0, let G, be as in
(3.7), then

iminf inf P(Y? > —sup I, (G,). 12
liminf inf P(Y; € G) 2 sup (Gn) (3.12)

For any F C C([0,T]) closed and any n > 0, let F" be as in (3.8), then

limsupsupP(Y; € F) < — inﬂf{]m(F"). (3.13)
re

e—0 zeR

Proof. Fix n > 0. If sup,cp I.(G,) = +00, then (3.12) is trivially true. Assume
that sup,eg I(Gy) =: so < +00. This means that for any s > so and = € R,
there exists ¢, € G, such that I;(p,) < s. Because ¢, € G,, the n-open balls

{¢ € C([0,T)) : |¢ — @alcqom <n} CG.
For any x € R and ¢ > 0,

B(YS € G) = B(Xy,0, € G)

2 ]P’(|X(61+a)a: — P(te)eloqor)y <n)

> inf P(|X¢ — <n).
= et () (I XG40y — eleqom) <n)

For any fixed € > 0, it is clear that

inf inf P(| X7, — <
z€R ‘Pe(b(lJre)m(s) (| (1+6)I @‘C([O’T]) n)

—inf inf P(|X¢ — <
2ER g (s) (X2 = ¢eleqory <)
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By the previous two displays and (3.4),
liminf inf P(Y; € G)
e—=0 z€eR

> limipf inf inf (1X5 = eleqom <m)

> —s.
Recall that s > sg was arbitrary so it follows that

ligl_glf irelﬂfQIP’(Y; €G) > —s9= zlelg I.(Gy)
which proves (3.12).

The upper bound (3.13) is trivially true if inf,er I, (F) = 0. Assume that
infyer I:(F") =: s > 0. A consequence is that for any € R and s € [0, s1),
F1N®,(s) = 0. By the definition of F", it follows that for any s € [0,s;) and
z € R,

F ¢ {p € C0,T]) : dist(p, u(s) = 1}

Recalling that Y = X7,

(142)ar We see that

]P(Y; €F)= HD(X(El—i-s)a: €r) < P(diSt(X(El-l—e)x?(D(l-‘re)ac(s)) >1).

Then by (3.5),
limsupsupelogP(Y; € F) < —s.
e—=0 z€R

The choice of s < s; was arbitrary, so

limsupsupelogP(Y; € F) < —sy.
e—=0 zeR

Because of our choice of s, this proves (3.13). O

This Y(t) = (1 + )z + +/eW (t) example illustrates the important differ-
ence between the FWULDP and the LULDP. In the FWULDP, (see (2.3)),
the probability divergence rate a(e)logP(p(YE, ) < d) is always compared to
I.(¢). In (3.9), a(e) log P(Y € G) is compared to sup e 4 I;(G). In the proof of
Proposition 3.10, this allowed us to compare €log P(Y; € G) to I(14),(G). The
FWULDP insists that exponential decay of probabilities about X; are described
by I, but the LULDP allows us to describe the decay of these probabilities with
I, for y # .

4. Example — Hilbert space valued process

The EULP will be most useful for studying large deviations principles for infinite
dimensional systems. Let H be an infinite dimensional separable Hilbert space.
Let C([0,T] : H) be the Banach space of continuous functions from [0,7] — H
endowed with the norm

\<P|C([0,T]:H)= sup [p(t)|m-
te[0,T]
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We will show under very general assumptions that an H-valued family of sto-
chastic processes satisfies a FWULDP uniformly over bounded sets of initial
conditions in the Hilbert space. If we assume that the multiplicative noise coef-
ficient is bounded in an appropriate sense then the FWULDP will be uniform
over initial conditions in the entire space. These results show that there is no
reason to restrict the study of uniform large deviations principles to compact
sets of initial condition.

We consider the following small noise H-valued stochastic equation with Lip-
schitz continuous coefficients. See Chapter 7.1.1 of [10] for more information
about such a system.

dX3(t) = [AXZ(t) + B(XZ(t))]dt + VeG(X(t))dw(t), X;(0)=az. (4.1)

In the above equation, X2(¢) and x are H-valued. A : D(A) C H — H is an
unbounded linear operator that generates a Cy semigroup on H called S(t). The
mild solution to (4.1) is defined to be the F-adapted C([0,T] : H) solution to
the integral equation

XE(t) = S(t)a+ /0 S(t—s)B(XE(s))ds+ /e /0 S(t—s)G(XE(s))dw(s). (4.2)

The noise w(t) is a cylindrical Wiener process. Let R> be the collection of
sequences of real numbers endowed with the metric of componentwise conver-
gence. Let w(t) = {Bk(t)}3>, be a family of ii.d. one-dimensional Brownian
motions on a filtered probability space (Q, F, {F;},P). Define the Hilbert space
U={u={u}2; € R®: Y7, v} < +oo} endowed with the inner product
(0, Y)y = D pey VkYk, as in Subsection 2.2.

Let Lo := Lo(U, H) denote the space of Hilbert-Schmidt operators from U to
H. The Hilbert-Schmidt norm of a bounded linear operator M : U — H is

M7, = [Mexl} (4.3)
k=1

where {e} is any complete any orthonormal basis of U.

We assume that for any ¢ > 0 and x € H, S(t)G(x) is a Hilbert-Schmidt
operator from U to H.

The next assumptions describe that both B and G are Lipschitz continuous
in an appropriate sense.

Assumption 4.1. The nonlinear operator B : H — H is Lipschitz continuous.
There exists a constant £ > 0 such that

(a) For any x,y € H,
|B(z) = B(y)|u < &lz —ylu. (4.4)
(b) For any x € H,
|B(z)| < k(L +|z[n). (4.5)
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Assumption 4.2. There exists a locally square integrable mapping K
[0, 4+00) — [0, +00) and a constant a € (0,1/2) such that for any t > 0

¢
/ 572 K?%(s)ds < 400 (4.6)
0

such that
(a) For any x,y € H and t > 0,

1S®)G(x) = SHG W)l < K(H)lz —yla- (4.7)

(b) We either assume
(i) G is bounded in the sense that for any x € H andt >0

I1SG ()|, < K(t) (4.8)

or

(i) G has linear growth in the sense that
1S)G (@)L, < K(#)(1+ |z[m). (4.9)

Under these assumptions, the C([0,T] : H) solution of (4.2) exists and is
unique for any € H and ¢ > 0 [10, Theorem 7.5]. Furthermore, for every
x € H there exists a measurable map ¢, : C([0,T] : R™®) — C([0,T] : H) such
that for any z € H and € > 0, X& = 4, (\/ew).

Define the space L2([0,T] : U) to be the space of U valued processes such

that |u|%2([07T]:U) = fOT |u(s)|%ds < +00. Let Py be the collection of F;-adapted
U-valued controls u(t) such that P(|U|L21(JO,T]:U) < +o00) = 1. Let SV = {u €
L([0,T): U) « Julfe (o 1y < N} Let P3Y = {u € Po: P(u € SV) = 1}.

For any u € Py and € > 0, let X5 := &, (v/eW + [, u(s)ds). Such a process
solves

XoM(t) =S(t)x + /0 S(t —s)B(X:2"(s))ds
+ \/E/ S(t—8)G(X2"(s))dw(s)
0
+/ S(t—s)G(X2"(s))u(s)ds. (4.10)
0

We will prove in Lemma 4.9 that X2* is well-posed for any z € H, ¢ > 0,
N >0, and u € PY.
For any x € H define the rate function I, : C([0,T] : H) — [0, +00] by

T
I.(¢) = inf {% /0 lu(s)|Zds : ¢ = Xg’“} . (4.11)

We use the convention that the infimum over the empty set is +oc.
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Theorem 4.3. For any x € H, I, is a good rate function

The proof is given in Appendix C.

The main theorem of this section is below.

Theorem 4.4. If we assume (4.8), then let o7 be the collection of all subsets of
H. If we assume (4.9), then let o/ be the collection of all bounded subsets of H.
For any T > 0, X¢ satisfies a FWULDP in €& = C([0,T] : H) with rate function
I, and speed a(e) = € uniformly over o .

This theorem demonstrates that compact sets are not required for the large
deviations principle to hold. Bounded subsets of infinite dimensional Hilbert
spaces are not generally compact. Furthermore, if G is bounded in such a way
that (4.8) holds, then the large deviations principle is uniform over all sets of
initial conditions, including uniformity over the whole space H.

Based on the equivalence of the EULP and the FWULDP (Theorem 2.10)
along with Theorem 2.13, Theorem 4.4 will be an immediate consequence of the
following result.

Theorem 4.5. If we assume (4.8), then let o/ be the collection of all subsets
of H. If we assume (4.9), then let o be the collection of all bounded subsets of
H. For anyT >0, N >0, and A € <,

lim sup sup P (}X;“ — Xg’“|C
e=02c4 uePy

oz > 5) ~0. (4.12)

The proof of Theorem 4.5 is based on the following lemmas whose proofs
we sketch in Appendix B. For any Fi-adapted ¢ € C([0,T] : H) define the
stochastic convolution by

F(w)(t):/o S(t = 5)G(p(s))dw(s). (4.13)

For any » € C([0,T] : H) and u € L([0,T] : U) define the controlled convolu-

tion
[M@M@%{AS@—ﬁGw@»M@@~ (4.14)

For any ¢ € C([0,T] : H) define the nonlinear convolution

Op)(t) = [ S(t=9)Ble(s)ds (4.15)

In this notation the mild formulation for the stochastic controlled equation
(4.10) can be written as

XM () = S(t)a + O(XT") (1) + VEN(X)(t) + [AMXZ")ul(#).  (4.16)

Lemma 4.6. For any T > 0 and p > é where « is from (4.6), there exists a
constant C' = C(T,p) such that
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1. For any Fi-adapted o,vp € C([0,T): H) and t € [0,T]

t
E|T(¢) — F(w)‘g([o7t];H) < CE/O o — "/J%([Oys]:H)ds. (4.17)

2. If (4.8) holds, then for any Fi-adapted ¢ € C([0,T]: H) and t € [0,T],
E|F(¢)|g([o,t]:1{) <C. (4.18)

3. If (4.9) holds, then for any Fi-adapted ¢ € C([0,T] : H) and t € [0,T],

t
BT ()& 0,4.m) < C (1 +E /0 |g0|g([o7s]:H)ds) : (4.19)

Lemma 4.7. For any T > 0 and p > é where « is from (4.6), there exists

C = C(T,p) such that
1. For any p,v € C([0,T): H), uw € L*([0,T) : U), and t € [0,T],

t
A= AW o) < Clellaogon [ o= ¥l qands: (420

2. If (4.8) holds, then for any ¢ € C([0,T] : H), u € L*([0,7] : U), and

t €10,7T],
AUl 0.4y < ClulLzo.4.09- (4.21)
3. If (4.9) holds, then for any ¢ € C([0,T] : H), uw € L*([0,7] : U), and
t €10,T],
t
A(@)uleo.0.m) < Clulraqog) (1 +/0 |<P|’é<[o,s]:H>dS> . (122)

Lemma 4.8. For any T > 0 and p > 1, there exists C = C(T,p) such that
1. For any p,% € C([0,T): H) and t € [0,T7,
t
©(p) — @(w”g([o,ﬂ;m < C/o lp — ¢|I()J([o,s]:H)d3- (4.23)

2. For any ¢ € C([0,T]: H) and t € [0,T],

t
10(0) o < C (1 + /O |¢|g([o’s]:H)ds) . (4.24)

Lemma 4.9. Assuming either (4.8) or (4.9), for any x € H, ¢ > 0, N > 0,
and v € PY, there exists a unique, continuous Fi-adapted solution to (4.10).
Furthermore, for any T > 0 and p > i, there exists C = C(T,p) such that for
any e >0, N >0, and R > 0, X5 satisfies the bound

sup sup E[X5" (0o gy < C(1+ RBP4+ N2 4£5)eCTUFNEH2) 1 (4.25)
|z|g<RuePl ’
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Lemma 4.9 is a straightforward consequence of Lemmas 4.6, 4.7, and 4.8.
The existence and uniqueness proof is a standard argument based on Picard
iteration. The LP bound proof is a straightforward application of Gronwall’s
inequality.

Proof of Theorem 4.5. FixT > 0,p > i, and N > 0. In this proof, C represents
an arbitrary constant independent of €, x, u and N whose value will change from
line to line. By the notation of (4.16), for any 2 € H, ¢ > 0, and u € P,

X5 = X0% = B(X5%) — O(X2¥) + VE(XE") + A(XE™) - A(X2"),
It follows from (4.20) and (4.23) that for any ¢ € [0, T7,

u u L u
X2 = X2 (go,.00) SO DXZ)E 0,00

t
p/2 eu 0,u|P
O+ N )/0 X5 = X0 o ods.
By Gronwall’s inequality,

| X5 — < Ceh CUHNAT () (4.26)

0,u
XI |%([O,T]:H) |g([O,T]:H)'

If we assume (4.8) so that G is bounded, then (4.18) holds. Consequently,

E[X5" — X% ) S Ceb CUTNT,

[0,T]:H
This bound is independent of x € H. Therefore,

lim sup sup E|XJ* — Xg’“%( 0.

=0 2eH yepy [0,7]:H) —
The result follows by Chebyshev inequality.
On the other hand, if we assume (4.9), then (4.25) and (4.19) imply that

if we restrict = to bounded sets that E|T'(X™) %([0 ):zry Will be bounded. In
particular for R > 0 and N > 0 it follows from (4.26) that

lim sup sup E|X5*— X%uP oy = 0.

E%O‘leSRuepé\/ ‘ C([07T]H)
The result follows by Chebyshev inequality. O

5. Equivalence of the FWULDP and the ULP — Proof of Theorem
2.5

For this section, assume that Assumption 2.4 holds. As we showed in Proposition
3.3, the lack of uniform continuity of the bounded continuous function h, leads
to counterexamples where the FWULDP holds but the ULP does not. The
compactness of | J . 4 Pz (s) in Assumption 2.4 is important assumption because
continuous functions are uniformly continuous over compact sets.
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Lemma 5.1. Let K C & be compact and let h : £ — R be a continuous function.
Then h is uniformly continuous near K in the sense that for any n > 0 there
exists 0 > 0 such that for all ¢ € K and v € € such that p(y, p) < 4, it follows
that [h(p) — h(¢)] <.

We omit the proof because this result is classical.

Lemma 5.2. Under Assumption 2.4, the ULP implies the FWULDP lower
bound (2.3).

Proof. Assume that X: satisfies a ULP with respect to rate function I, with
speed a(e) uniformly over «7. Fix A € &7, sg > 0, and 6 > 0. Let x,, € A, ¢, €
®,,(s0) and €, | 0 be arbitrary sequences. By Assumption 2.4, (J 4 ®z(s0) is
a pre-compact set. Therefore, there exists a subsequence (relabeled (x,,, ¢n,€n))
and a limit ¢ € £ such that ¢, — ¢ in €. There exists N € N such that for
all n > N, p(on, @) < g. Then if n > N, {¢ € £ : p(p,p) < g} c{peé:
p(p, pn) < 0}. Consequently, for n > N,

P(p(XEr, 3) < 6/2) < B(p(XEn, 0n) < 6). (5.1)
Let j > sp and define the bounded continuous function i : £ — R by

(1) :jmin{wg}. (5.2)

This function has the properties that h > 0, h(@) = 0, and h(¢) = j if p(¢, @) >
%. Combining this observation with (5.1), it follows that for any n > N,

Eexp < h{ién))> < e T + P(p(X5, §) < 6/2) (5.3)
< T T 4 P(p(XE, 0n) < ). (5.4)
and
a(e,) log E exp ( héiig) )
< alen) log(2) + max{—j, a(c) log P(p(XZ", n) < 9)}. (5.5)

Next we observe that because ¢, € £,
nf {h(9) + Lo, (9)} < hlon) + Lz, (&n). (5.6)
Combining (5.5) and (5.6),

lim inf (max{—j, a(e) log P(p(X:", ¢n) < 6)} + h(en) + Ls, (¢n))

T;;;rg <a(en) logE ( héén))> + ;relfg{h(so) + I, (so)}>

> 0.
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The last inequality follows from (2.7) because we assumed that XS satisfies
a ULP. By the continuity of h, lim, i+ h(¢n) = h(®) = 0. We recall that
I, (pn) < so and that j > s¢ implying that —j + liminf, . I, (¢n) < O.
From these observations and the above display we conclude that

. o
lim inf (a(e) log P(p(X5),0n) < 0) + L, (@n)) 2 0

Because the sequences (z, @n,en) were arbitrary, the FWULDP lower bound
(2.3) follows. O

Lemma 5.3. Under Assumption 2.4, the ULP implies the FWULDP upper
bound (2.4).

Proof. Assume that X: satisfies a ULP with respect to rate function I, with
speed a(e) uniformly over &/. Fix A € &/, § > 0, and sg > 0. Let x,, € A,
sn, € [0, 50], € | 0 be arbitrary sequences. By Assumption 2.4, |J, .4 Pz (s0) is a
pre-compact set. This means that the collection of closed subsets of its closure
Uzea @2(s0) form a compact metric space under the Hausdorff metric (2.2).
Because we assumed that each I, is a lower-semicontinuous rate function, it
follows that for each n € N, ®,, (s,) is a closed subset of | J, 4 Pz, (s50). By the
compactness of the Hausdorff metric space, there exists a subsequence (relabeled
(%n, Sny€n)) and a closed set B C |J, ¢ 4 Po(s0) such that lim, oo APy, (50),
B) = 0. There must exist N; € N such that for all n > Ny, it follows that
AN@,, (sn), B) < 5.
A consequence of this is that when n > Ny,

{p € & : dist(p, Dy, (sn)) > I} C {p € & : dist(p, B) > 4/2}.
Therefore,
P(dist(Xg", @y, (sn)) > ) < P(dist(X", B) > 0/2). (5.7)
Now we define a bounded continuous function h : &€ — R. Let j > sg and

define ]
W) = j —jmin{72dlStgw7B)7l} .

This function has the properties that h(¢) = 0 if dist(¢, B) > g and h(y) = j
if ¥ € B. One consequence of these properties is that for n > Ny

(5.8)

P(dist(X5", B) > 6/2) < Eexp (_ h;im)>) . (5.9)

Combining (5.7) and (5.9), for n > Ny,
h(Xzr)

a(en)

a(en)log P(dist(X;", @4, (sn)) > 0) < alen) log Eexp (— ) . (5.10)

Because j was chosen to be larger than so and A(®,, (s,), B) converges to
zero, there exists No > N such that for all n > No,

§ = §62A(@,, (sn), B) > so.
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.. (sy) the definition of the Hausdorff metric

n

If n > Ny, then for any ¢ €
< APy, (sn), B) and that

guarantees that dist(p, B)
2dist(p, B
hp) = j —jmin{%, 1} > j— J512A(®s, (50), B) > 50 2 50

On the other hand, if ¢ & @, (s,) then h(p) > 0 (because it is always positive)
and I, (¢n) > sp. From these observations it follows that for n > Na,

inf {h(9) + Lo, (9)} = 0. (5.11)

Combining (5.10) and (5.11),

lim sup (a(en) log P(dist (X", @y, (5n)) = 6) + sn)

n—-+4oo
h(XZr)
<1 ) logE e inf I,
< timsup (alen) ogesp (=212 ) + it o) + L, (01}
<0.

The last inequality follows because we assumed that X2 satisfies a ULP (2.7).
We can conclude that the FWULDP upper bound (2.4) follows because the
original sequences (&, S,,&,) Were arbitrary. O

Lemma 5.4. Under Assumption 2.4, the FWULDZP implies that for any A € &/
and any bounded, continuous h : £ — R.

h(X3)
a(e)

Proof. Assume that X: satisfies a FWULDP with respect to rate function I,
with speed a(e) uniformly over &7. Fix A € & and a bounded continuous
h: & — R. Let n > 0 be arbitrary. For each & € A, there exists ¢, € £ such
that

lim inf inf (a(a) log E exp (—

e—0 =z€A

)+ L) + Lo} 0. (512

hlgs) + Ln(pr) < L {h(9) + Lo(p)} + 5. (5.13)

Let so = 2[|hl|¢,e) +1/2. By Lemma A.2 ¢, € ®,(s¢) for all z € A.

By Assumption 2.4 and Lemma 5.1, there exists § > 0 such that for all
© € Upea P(s0) and ¢ € € such that p(p, 1) < 4, it follows that |h(w)—h(¥)| <
n/2. Consequently, for any ¢ > 0 and = € A,

o (57) 5o () v

(h(pz) +1/2) .
> exp (—T> P(p(XZ, pz) < 9). (5.14)

By the FWULDP lower bound (2.3) and by (5.13) and (5.14),

h(X3)
a(e)

liminf inf <a(5) log E exp (—

e—=0 z€A

)+ it {h(e) + L) )
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> liminf inf ( — h(a) — /2 + ale) log P(p( X<, ¢a) < )

e—0 xz€A

+hlpe) + Lo(ee) = 1/2)
> liminf inf  inf log P(p(X¢ 8) + I () —
> lim in ;gwegi(sg)(a(d ogP(p(X3, ) <6) + La(p)) — 1
> —n.

Because n > 0 was arbitrary, (5.12) follows. O

Lemma 5.5. Under Assumption 2.4, the FWULDP implies that for any A € o
and any bounded, continuous h : £ — R.

h(X3)
a(e)

Proof. Assume that X¢ satisfies a FWULDP with respect to rate function I,
with speed a(e) uniformly over «/. Fix a bounded continuous h : € — R and
n > 0. Let so = 2||h]|c, () + 7. By Assumption 2.4 and Lemma 5.1, there exists
d > 0 such that for all ¢ € |J, ¢4 P2(s0) and ¢ € £ such that p(1), @) < 0, it
follows that |h(p) — h(¥)] < n/2.

Let N € N be such that Nn/2 > sg. For € A, define the subsets of £,

lim sup sup (a(s) log E exp (— > + inf {A(e) + Ix(ap)}> <0. (5.15)

e—=0 =z€A

Ef ={p e & :dist(p, ,(n/2)) < 6} (5.16)
Ef ={p € & : dist(p, P, (kn/2)) > 6, dist(p, P,((k+1)n/2)) <},

fork=1,..,N—1 (5.17)
E% = {p € € : dist(p, ®,(Nn/2)) > 5} . (5.18)

Note that Ufcvzo Ef =¢&. Forany z € A and € > 0,

Eexp (— h;é?) < kiv:_o]E (eXp (‘ hfé?) H{X;EE,;”}>

< al infoeme h(p) P(XE ¢ BT
= Zexp - a(e) (X; € E}).
k=0

It follows that

a(e) log E exp (— e )
< a(e)log <§N: exp (—M> P(X; € Eiﬁ))
k=0

ale)

< _ 3 € T .
<a(e)log(N +1) + ke{mo,%}.fN} { wlenbﬁjg h(p) + a(e) logP(X: € Ek)}
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By adding and subtracting ’“2—”,

a(e) log E exp ( ’“XE))

(€)

< a(e)log(N +1 + {a( )ogP(X: € E}) + kn/2}

ke{0,...,N} pEEY

)
+ max { inf h(p k‘n/?}
a(e)log(N + 1)

+ max {a(s) logP(X; € E}) + kn/2}

,,,,,

- minN}{ inf h(y )—i—kn/Z}. (5.19)

ke{0,..., pEEY
By the definition of EY for k € {1,.., N},
P(X € Ef) < P(dist(XZ, &, (kn/2)) > 8)
and it follows by the FWULDP upper bound (2.4) that

lim sup sup max {a(s) logP(X; € EY) + kn/2}
e—0 zeAke{l,...,N

< lim sup sup max {a( ) log P(dist(X:, @, (kn/2)) > &) + kn/2}
e—0 zeAke{l,..,

<0.

The k = 0 case is trivially true because P(X: € EF) < 1 so it follows that

lim sup max {a(s) logP(X; € Ef) + kn/2} <0. (5.20)
e—=04e4 ke{0,...,N

To prove (5.15) we show that for any = € A,

éléfg{h( ©)+ I(p)} < min { inf h(p )+kn/2}+77. (5.21)

ke{0,..,N} | veEy

Fix k € {0,...,N — 1}. Let ¢ € EJ be arbitrary. By the definition of EY,
there exists ¢ € ®,((k + 1)n/2) such that p(p, ) < d. At the beginning of the
proof we chose ¢ in a way that guarantees that h(®) < h(p) 4+ n/2. Note that
I.(p) < kn/2 + n/2. Therefore,

(h() +kn/2) + 10 = h(@) + [o(2) = inf{h(d) + L:(¢)}
For fixed € A and k € {0,..., N — 1}, take the infimum over ¢ € E7,

> i .
SalenEfI h(e) + kn/2 +n > gl)relfg{h(@) + L)}

The above inequality also holds for £k = N because of Lemma A.2 and our choice
of N. Therefore, (5.21) holds.
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By (5.19), (5.20), and (5.21),

Jim sup sup (a(s) log E exp (— hc(é))) + it {h(p) + Iz(sﬁ)})

e—0 z€A

< lim sup (a(fs) log(N 4+ 1) +sup max {a(e)logP(X: € Ef) + kn/2})
e—0 reAke{0,....N}
inf {h I, — i inf A kn/2
+sup (;relg{ (@) +Lp)} =, min  { inf, ~(p)+kn/ }>
<n.

Then (5.15) follows because n > 0 was arbitrary. O
Theorem 2.5 follows from Lemmas 5.2, 5.3, 5.4, and 5.5.

6. Equivalence of the FWULDP and the DZULDP — Proof of
Theorem 2.7

In this section, we assume that Assumption 2.6 holds.

Lemma 6.1. Under Assumption 2.6, the FWULDP implies the DZULDP lower
bound (2.5).

Proof. Assume that X: satisfies a FWULDP with respect to rate function I,
with speed a(e) uniformly over &7 where &7 satisfies Assumption 2.6. Let A € &7
and let G C & be open. If sup,c4 I.(G) = +oo, then (2.5) is trivially true.
Assume that sg := sup e 4 I (G) < +o0.

Let x,, € A and €, | 0 be arbitrary sequences. Let nn > 0. Because Assumption
2.6 says that A C & is a compact set, there exists a subsequence (relabeled
(Zn,en)) and a limit Z € A such that x, — Z in &.

Because of the definition of sg, there must exist ¢ € G such that Iz (@) <
I:(G) + n < so + n. Because G is open, there exists § > 0 such that {¢ € £ :
plp,¢) <o} CG.

By Assumption 2.6, the sets @, (so+n) converge to ®;(so +n) in Hausdorff
metric. In particular, there must exist a sequence {¢,} C & such that ¢, €
D, (so +1n) and ¢, — @. There must exist an N > 0 such that for n > N,
p(on, @) < 6/2. In particular, for n > N,

{pe€:plp,pn) <6/2} C{pe:p(p,¢) <6} CG.
Therefore,
P(X5n € G) =2 P(p(XZ0, on) < 6/2).
By the FWULDP lower bound (2.3),

liminf (a(e,) log P(X:" € G) + I, (o))

n—-+oo

> lim inf (G(Sn) log ]P’(p(Xin, on) <6/2) + Iy, (‘Pn)) > 0.

n——+oo -
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The ¢,, were chosen so that I, (¢n) < so + 7, so we can conclude that

liminf a(e, ) logP(X;" € G) > —s0 — 1.

n—-+oo
(2.5) follows because the sequence (x,,e,) and n > 0 were arbitrary. O

Lemma 6.2. Under Assumption 2.6, the FWULDP implies the DZULDP upper
bound (2.6).

Proof. Assume that X: satisfies a FWULDP with respect to rate function I,
with speed a(e) uniformly over o/ where <7 satisfies Assumption 2.6. Let F C €
be closed and A € . If inf,c4 I.(F) = 0, then the lemma is trivially true.
Assume inf e 4 I, (F) > 0 and let 0 < s < infyeca I, (F). Let 2, € Aand ¢, | 0
be arbitrary.

Because A is compact by Assumption 2.6, there exists a subsequence (rela-
beled (x,,&,)) and a limit & € A such that x,, — Z in &. Because F is closed,
P;(s) is compact, and F'N $z(s) = 0, there must be some positive distance
0 > 0 such that F' C {¢ € & : dist(p, Pz(s)) > d}.

By Assumption 2.6, there exists N € N such that for n > N,

M@, (5), ®z(s)) < 0/2.
Therefore, for all n > N,
F C{pc&: dist(p, ®z(s)) > 6} C {p € & : dist(p, Py, () > 5/2}.
By the FWULDP upper bound (2.4),

limsup a(e,) log P(X;" € F') < limsup a(e,) log P(dist (X", ®z, (s)) > §/2)

n—-+oo n—-+oo

< —s.
The result follows because the sequence (z,,e,) and s < inf,ecq I, (F) were
arbitrary. O

Lemma 6.3. Under Assumption 2.6, the DZULDP implies the FWULDP lower
bound (2.3).

Proof. Assume that X satisfies a DZULDP with respect to rate function I,
with speed a(e) uniformly over &7 where & satisfies Assumption 2.6. Fix A €
d >0, and so > 0. Let z, € A, ¢, € P, (S0), €n 4 0, and n > 0 be arbi-
trary. By the compactness of A and [0, sq], there exists a subsequence (relabeled
(Tny ©n,€n)) and limits & € A and s € [0, so] such that x,, — & and I, (¢n) — s.
We choose this subsequence in such a way that I, () < s+ n for all n.

By Assumption 2.6, A(®,, (s + 1), Pz(s + 7)) — 0. In particular, there must
exist a sequence @, € ®z(s + n) such that p(@,, p,) — 0. By the compactness
of ®;(s + 7n), there is a subsequence (relabeled (@, ¢n,en, $n)) and a limit
@ € ®z(s+n) such that ¢, — ¢. It follows that ¢, — ¢ also.
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Define the open set G = {p € € : p(p,p) < §/2}. Because ¢, — @, there
exists N > 0 such that for n > N, p(pn,9) < §/2. Therefore, G C {p € & :

p(p,pn) < 0} and
P(p(XEr,n) < 0) = P(XE: € G). (6.1)
Also note that ¢ € G and for each n > N, ¢,, € G. Therefore,
I:(¢) > 15(G) and I, (¢n) 2 I, (G). (6.2)
Next, because of (6.1) and the fact that I, (¢n) — s,

liminf (a(e,) log P(p(X5", ¢n) < 6) + Iy, (on))

n—-+oo

> Tim .
> lég}rrg a(en)logP(X;" € G) + 5.

Let An = U, y{zn} U{Z}. Ay is a compact subset of &. Therefore, by the
DZULDP lower bound (2.5),

liminf (a(en) log P(p(X5", 0n) < 6) + Iy, (pn)) = — sup I,(G) + s.
n—-+400 " yEAN

By (6.2) and the fact that I, (¢n) < s+ n and Iz(¢) < s+ 7, it follows that
supyea, 1y(G) < s+n and therefore,

lim inf (a(n) log P(p(XS7, on) < 0) + Lo, (n)) = =
The FWULDP lower bound (2.3) follows because the sequences (2, €y, ¢r) and
n > 0 were arbitrary. O

Lemma 6.4. Under Assumption 2.6, the DZULDP implies the FWULDP upper
bound (2.4).

Proof. Assume that X satisfies a DZULDP with respect to rate function I,
with speed a(g) uniformly over &7 where &7 satisfies Assumption 2.6. Fix A € &
6 >0, and sp > 0. Fix n > 0. Let x,, € A, s,, € [0, s9] and &,, | 0 be arbitrary.

By the compactness of A and [0, sg], there exist subsequences (relabeled
(Zn, Sn,€n)) such that z, — & € A and s, — s € [0,sg]. We choose this
subsequence in such a way that for all n, it holds that s, > s — 7.

Define the closed set F' = {p € & : dist(¢, Pz(s—n)) > 6/2}. By Assumption
2.6, there exists N € N such that for n > N, A\(®z(s — 1), P, (s — 1)) < §/4.
Therefore, recalling that s,, > s —mn, forn > N

{p € &: dist(p, Py, (sn)) >0} C {p €& :dist(p, Py, (s —7n)) >} C F. (6.3)
Similarly for n > N,

F c{pef&:dist(p, &, (s —n)) >d/4} (6.4)
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Define the &-compact set Ay = oo y{@n}U{Z}. It follows from the DZULDP
upper bound (2.6) and (6.3) that

limsup (a(e,) log P(dist (X", @4, (sn)) = 6) + sn)

n—-+4+oo

<limsupa(e,)logP(X;" € F) +s

n—-+oo

< — inf I,(F)+s.

yEAN

By (6.4), it follows that F N ®, (s —n) = 0 and I, (F) > s — n. Similarly,
Iz (F) > s — 1. Therefore,

limsup (a(e,) log P(dist (X", @4, (sn)) = 6) + sn) < 1.

n—-+4oo

Because the sequences (z,,Sp,e,) and n > 0 were arbitrary, the FWULDP
upper bound (2.4) follows. O

Theorem 2.7 is a consequence of Lemmas 6.1, 6.2, 6.3, and 6.4.

7. Equivalence of the FWULDP and EULP — Proof of Theorem 2.10

Lemma 7.1. With no extra assumptions, the EULP implies the FWULDP
lower bound (2.3).

Proof. Assume that X: satisfies an EULP with respect to rate function I, with
speed a(e) uniformly over «/. Fix A € o/, § > 0, and sp > 0. Fix j > s¢. For

any ¢ € &, define the test functions hjs,(1) = jmin {w, 1} as in (5.2).

These functions are uniformly bounded by j and they are equicontinuous. In
particular, each h; s, is Lipschitz continuous with Lipschitz constant j/§. With
j and ¢ fixed, define the equibounded equicontinuous family of test functions

L:={hjse:0€Ucn Pals0)}
Note that these functions have the properties that h; 5., > 0 and h; 5, (¥) = j
if p(v, p) > 0. Therefore,

hjso( X2 j
Boxp (1222 C5)) < oot 4 P(O(XE ) <0

and

(XeE
a(e)log E exp <—7hj’5:é) I)>
< a(e) log(2) + max {—j, a(c) log P(p(X5, ) < 6)} (7.1)
Furthermore, because hj s .,(¢) =0,

nf {hjs0(@) + 1:(0)} < La(e)- (7.2)
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Therefore, by (7.1), (7.2), and the EULP (2.8),

liminf inf wegif(%) (max {—j, a(e) log P(p(XZ, @) <)} + La(¢))

. XE
> liminf inf  inf | a(e)logEexp - de(Xe)
e—=0 z€A ped,(so) a(e)

+ 1nf {54 (¢) + Iz(cﬁ)})

Xe
> liminf inf inf (a(e) ]ogEexp <_ h( ac)
e—0 xz€Ahel G(E)

) + inf {h(@) + Iw(té)})

> 0.

Because we chose j > sg, whenever ¢ € ®,(sg) it follows that —j + I, (¢) <
—j 4+ s9 < 0. We can conclude that

liminf inf inf log P(p(XZ, 0n) < 0) + Lu(p)) >
iminf inf inf - (a(e)logP(p(X5, pn) < 0) + La(p)) 2 0

proving (2.3). O

Lemma 7.2. With no extra assumptions, the EULP implies the FWULDP
upper bound (2.4).

Proof. Assume that X; satisfies an EULP with respect to rate function I, with
speed a(e) uniformly over «7. Fix A € &/, § > 0, and sp > 0. Let j > sg. For
any x € A and s > 0, define the functions from & — R

dist (1), @, (s)) 1} .

Byn) = = gmin { S

For fixed j and 6, L := {h; 552 : s € [0,50],7 € A} is a bounded equicontinuous
family of functions, bounded by j and with Lipschitz constant %. Observe that
if dist(1), @5(s)) > ¢ then hj 5 (1) = 0 implying that

hjs.s.e(X5) oy
Eexp (—T> > P(dist (X3, D, (s)) > 9). (7.3)

Note that for any ¢ € &, either ¢ € ®,(s), in which case hjss (@) =37 > s, or
» & ®,(s), in which case I,(¢) > s implying that

nf{hjsse(p) +1al0)} 2 s (7.4)

It follows from (7.3), (7.4), and the EULP (2.8) that

limsupsup sup (a(e)logP(dist(X:, ®.(s)) > 0) + s)
e—0 x€As€(0,s0]

hissa(XE
< lim sup sup sup (a(s) logIE exp(_M)
e0 zeA selo,sol a(e)
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+ ;Ielf‘;{hj,&s,m(@) + Ix(w)})

< lim sup sup sup <a(€) log E exp (— h(X;)) + ;relfg{h(w) + Ix(@)})

e—0 xz€AhEL a(e)
<0

f— )

proving (2.4). O

Lemma 7.3. With no extra assumptions, the FWULDP implies the EULP
lower bound. For any A € & and family L C Cy(E) of equibounded, equicontin-
uwous functions from £ — R,

liminf inf inf (a(s) log E exp < h(Xi)) + inf {h() +Im(g0)}> >0. (7.5)

e—0 zEAREL a(e)

Proof. Assume that X: satisfies a FWULDP with respect to rate function I,
with speed a(e) uniformly over «. Let A € & and L be a family of uniformly
bounded equicontinuous functions from £ — R. Fix n > 0. For each = € A and
h € L, there exists ¢, € £ such that

h((pa:7h> + Iz(ﬂpw,h) < érelfé{h(@) + Iw((p)} + 77/2' (76)

If we let so = 2sup,cy, [|]lc,(e) +1/2, then Lemma A.2 guarantees that ¢, €
(I)z(SO)'

Because L is an equicontinuous set, there exists § > 0 such that for any
h € L, p(e,v) < 6 implies |h(p) — h(y)| < /2. In particular, for any = € A,

heL,and € > 0,
) exp h(Xj) 1 )
a(e) {p(XE,00,n)<5}

: (
Mes, - *”/ 2’) B(p(XE, gun) < 9). (7.7)

Therefore, by (7.6), (7.7), and the FWULDP lower bound (2.3),

liminf inf inf <a(5) log E exp (—h(X;)> + inf {h(p) +Ix(¢)})

=0 z€Ahel a(e)
> liminf inf 1nf (= h(@an) —n/2+ a(e) log P(p(X5, un) < 6)

e—=+0 x€Ahe

+ h(‘Pﬂc,h) + Ix((px,h) - 77/2)

it . B
2 liminf inf  inf . (a(e)log P(p(XZ, ) < 6) + Lo(p)) — 1

> —n.

The EULP lower bound (7.5) follows because 1 was arbitrary. |
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Lemma 7.4. With no extra assumptions, the FWULDP implies the FEULP
upper bound. For any A € & and family L C Cy(E) of uniformly bounded,
equicontinuous functions from & — R,

h(XE)

lim sup sup sup (a(s) log E exp <— £ > + inf {h(p) + Ix(ap)}> <0. (7.8)
€0 zC€AhEL a(e) el

Proof. Assume that X: satisfies a FWULDP with respect to rate function I,
with speed a(e) uniformly over o7. Let A € & and L C Cy(€) be a family of
uniformly bounded equicontinuous functions from £ — R. Fix > 0. By the
equicontinuity of L, there exists ¢ > 0 such that whenever p(p, ) < ¢ it follows
that |h(e) — h()] < 1/2. Let so = suppe, 2lhllcye) + 71

Let N € N be such that Nn/2 > sq. For « € A, define the subsets of £, Ef
for z € A and k € {0,..., N} by (5.16)—(5.18). The rest of the proof of Lemma
7.4 follows from the proof of Lemma 5.5. The only difference is that (5.19), and
(5.21) hold uniformly over h € L because of our choice of 4.

It follows from (5.19), (5.20), and (5.21) that

Xe
lim sup sup sup <a(s) log E exp (— ul 1)> + inf {h(p) + Im(gp)})
=0 z€AhEL a(e) peE

< lim sup (a(s) log(N +1)+sup max {a(e)logP(X: € E}) + kn/2})
e—0 zcAke{0,...,N}

inf {h Iz - min inf h kn/2
+ sup }S;lp (1 { ((p) -+ ((p)} kel ,Aqu} { 1 . (Lp) + T]/ })
< n.

The EULP upper bound (7.8) follows because i > 0 was arbitrary. U
8. Proof of Theorem 2.13
Assume that Assumption 2.11 holds. This means that for any ¢ > 0 and x € &,

X: = 9,(v/eB). By the variational principle of [4, Theorem 2], for any bounded
continuous h: £ - R, z € & and ¢ > 0,

h(X:E
elog Eexp <—¥)

= nf B {% /OT lu(s)|%ds + h (%5 <\/Eﬁ(~) + /0 u(s)ds>> } . (8.1)

Similarly, by the definition of the rate function (2.9),

nf {I=(¢) + (o)}

SN (Y e )
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Let L C Cy(€) be a set of equicontinuous, equibounded functions from £ — R
and let A € o/. To simplify the notation of the proof, for any x € &, u € P,
and € > 0 set

Xeu g <\/5,3 + /0 | u(s)ds) . (8.3)

Upper bound

Let z, € A, h, € L, and ¢, | 0 be arbitrary sequences. Let n > 0. Following
the localization arguments of [3, Theorem 4.4] and the fact that the h, are
equibounded, we can choose N > 0 large enough and u,, € P’ satisfying (see

(8.1))

en logEexp <—

1 /7T
— — inf E{i/ |u(s)|2Ud$—|-hn (X;Zu)}
0

uEPs

En

1 T
< ‘E{i/ |un(8)|Fds + ha, (Xi:’"")} +1/3.
0

Because the right-hand side of (8.2) is an infimum,

inf {1, hp,
i {7, () + ()}
]' r 2 0
= inf — d hy, (X
TR / () B ds + hn (X0)
1 T
<E 5/ |un(5)|%]ds+hn(X2;u") .
0

By these estimates,

M) i ;réfg{lwn(cp) + hn(e)}

n

1 /7
< _E{E/ |un(s)|[2jd8+hn (X;z”“)}
0

en logEexp (—

1 T
+E {5 / [ (5)[Erds + P (XS:?")} +1/3
0
<E{—h, (XZ"") + hy (X2} +1/3. (8.4)

Because the family L is assumed to be bounded and equicontinuous, there exists
M >0 and § > 0 such that for all n € N,

[hnllcy ey < M and if p(p, ) < 6 then |hy(p) — hn(¥)] < 7/3. (8.5)
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This means that for any two £-valued random variables,
E|hn(X1) = hn(X2)| < 2MP(p(X1, X2) > §) + gP(P(Xth) <9).

In particular, (8.4) guarantees that

hn (X5n
lim sup (En log E exp (—%) + irég{lzn(sﬂ) + hn(‘P)})
n Lp

n—-+4o0o
< limsup 2MP (p (XZm¥n, X24) > §) + 2—17 (8.6)
n—-+oo " " 3

Assumption 2.11 guarantees that

lim P (p (X5, X2 ) >68) =0.

n—-+oo
Therefore,

By (XEn
lim sup (sn log E exp (—%) + inf {1, () + hn(w}) <.
]

n—+oo n

The EULP upper bound follows because the sequences (hy,, x,,e,) and n > 0
were arbitrary.

Lower bound

The proof of the EULP lower bound is almost exactly the same as that of the
upper bound. Let z,, € A, h,, € L, and ¢,, | 0 be arbitrary. Fix n > 0. Lemma
A.2 along with the definition of the rate function (2.9) guarantee that we can
choose N > 0 large enough and find and u,, € SV so that by (8.2),

1 T
. f Iz . — : f - 2 n Xo,u
il {7, (9) + hn(9)} W%W){Q JRCCLEE )}

1 T
2 0 " 3

Because the right-hand side of (8.1) includes an infimum,

(X T
cotogBesp () {% [ uts)ipds + b, (X;:’")}
0

En uEP2

1 T
> —FE {5 / |un(s)|2Uds + hy, (Xjn“)} .
0

Combining these estimates and remembering that the chosen u,, are non-random,

ha(Xn

n

ctogBenp () 4 i1, (6) + b))
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I 2 0 n
> 5 | o) o (2 <
0

1 T 2 En,U
—-E 5 [un(s)|tds + by, (XZm")
0

(
> by (X0) ~ B, (X5 ) <

Because L is a family of bounded and equicontinuous functions, there exists
M >0 and § > 0 such that (8.5) holds. In particular,

o (X0) — Bhy (XE™) > ~2MP (p (X0, X52) > 8) —

By Assumption 2.11,

lim P (p (X204, X5run) > 6) = 0.

n—-+oo

Therefore,

En

hn(X57)
liminf ( &, logE - Il inf {1, hn, > —n.
noy-+00 (5 oghexp ( - ) + inf {L, (p) + (cp)}> > -
Theorem 2.13 follows because the sequences (hy,, Z,,€,) and 1 > 0 chosen were
arbitrary.

Appendix A: Some properties of rate functions

In this appendix, we collect some useful results on the properties of rate func-
tions. The first result in this section says that if I, is a large deviations rate
function for a collection of £-valued random variables X then inf,cg I, () = 0.

Lemma A.1. Fiz x € & and suppose that {XZ} is a collection of E-valued
random variables and I, is a rate function. Assume that either

(a) For any closed set F C &,

limsupa(e) logP(X: € F) < — inf I,(yp),
e—0 peF

(b) For any 6 >0 and sg > 0,

limsup sup (a(e)logP(dist(X:, ®,(s)) > 4d) +s) <0,
e—=0  s€[0,s0]

or
(c) For any bounded continuous h : € — R,

h(X2)

X

a(e)

lim sup
e—0

a() log Eexp (— ) + it {A() + L)} =0,



136 M. Salins

Then it follows that
inf I.(p) =0. Al
inf I+(¢) (A1)
Furthermore, if I, is a good rate function, then there exists ¢ € £ such that

Proof. This topic is discussed in [11, Chapter 1.2] under assumption (a). In
this proof, we show that the result is true regardless of the definition of large
deviations principle that we use. If (a) is true, then noting that F' = £ is a
closed set P(X: € &) =1 so

— inf I.(p) > limsupa(e) logP(X: € £) = 0.
peE e—0

If (b) holds, then we prove the result by contradiction. Assume by contra-
diction that inf,cg I(9) = s > 0. This means that the level set ®,(s/2) =
(. Then for any ¢ € &, dist(p, ®;(s/2)) = +oo. Therefore for any § > 0,
P(dist(XS, ®,(s/2)) > §) = 1. This contradicts (b) because

a(e) log P(dist (X5, @, (s/2)) > 0) +s/2=15/2> 0.

If (c¢) holds, then we set h to be the constant function h(y)) = 0. Then
Eexp(fhiij)) =1 and 0 = inf,ce{h(p) + I.(p)} = inf,ce I, (p) proving the

result.

Finally, if I, is a good rate function then the minimum is attained. Specif-
ically, we can find a sequence ¢, € & such that lim, 1 I.(vn) = 0. By the
compactness of level sets, a subsequence converges to a limit ¢. This limit has
the property that for any § > 0, I,(¢) < . Therefore I.(¢) = 0. ]

Lemma A.2. For any x € &, suppose that {XZ} satisfies a large deviations
principle with respect to the rate function I,. Let h : € — R be a bounded and
continuous function.

1. It follows that
inf{h(e) + Lo(@)} < [Iflcye)- (A.2)

2. If @° € & is such that

W) + L(¢) < i {h(p) + L:(0)} + .

then ¢° € ©,(2||h||c,(e) + 6)-
3. If I, is a good rate function, then there exists ¢° € ®4(2||h||c,e)) such
that

W) + L(e") = it {h(p) + L(¢)}- (A.3)
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Proof. By Lemma A.1,

inf {A(9) + L(0)} < Ihloye) + int Le() < lhllcyce

proving (A.2). For any & > 0, there exists ¢? € £ such that
W) + L") < mE{h(p) + L:(0)} 4+ < [Ihlleye) + 6
It follows that,
L(¢°) <2|hllcye) + 6

proving that ¢° € @, (2[|||c,e) + 9)-

If I, is a good rate function, then by the compactness of the level sets,
there exists a subsequence d, — 0 and a limit ¢° such that ¢ — ° and
L. (%) < liminf, 4o I, (¢%"). Because h is continuous h(¢’") — h(¢%) and

W) + L(e") = it {h(p) + L(0)}

and ¢” € @4 (2||hllc,(e))- -

Appendix B: Sketch of proofs of Lemmas 4.6, 4.7, and 4.8

Sketch of proof of Lemma 4.6. By the factorization method of [10, Chapter
5.3.1], for any F;-adapted ¢ € C([0.7] : H),

sin(m

I(p) () = Snime) [ =9t s

™

where .
La(p)(t) :/0 (t —5)7*8(t — 5)G(p(s))dw(s).

By the Burkholder-Davis-Gundy inequality, for ¢ € C([0,T]: H), t > 0,

ya
2

ElCa(o)(0) < E ( NECREE s)G(so(s))nads)

If (4.8) holds, then for p > 1, by (4.6)

P
2

ElCa(@)(0)lf <E ( / ts-%KQ(s)ds) <c.

Then by [10, equation (5.13)], for p > 1

t
BIC(O) 50 < CF | IPale)(s)fds < C.
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If (4.9) holds, then for p > 1, by (4.6)

: :
EILa(0) () < CE (14 [ologonm)” ( / smKZ(s)ds)

< CE (1 + I@I’é([o,t]:m) :

Then

t t
E‘F(¢)|g([o7t]]{) < CEA |Fa((p)(s)|;}){d8 < ¢ (1 + IE/0 |Lp|]é‘([0,s]:H)dS> .

The proof for (4.17) is the same. O

Sketch of proof of Lemma 4.7. Fix T > 0 and let ¢ € C([0,T] : H) and u €
L2([0,T] : U). We once again use the factorization method [10, Chapter 5.3.1]
and observe that

At =T [ geis@-aazeuds B
where .
A= [ (¢ 378t - G u(s)ds. (5.2

Let {ex}%2, be a complete orthonormal basis for U. For any ¢ > 0,
¢
Ao = [ (¢ 9)7S(t = )Gle()uls)ds
0

— %/O (t —s)"*S(t — s)G(p(s))ex (u(s), ex)y ds.

By Holder’s inequality,
AL (@)uln

OOt—sfza -5 seQ%Ntuse2s
<<;/O(t )S(¢ )G(W())k|H> (;/OH% k>Ud>

t
< lulzqo.n ( [ se- s>G<so<s>>||%2<U,H>ds)

If (4.8) holds, then

1
2

¢ 2
A3 (ol < ooy ([ 72K 0)as) < Clulzagoao
0

By the factorization formula (B.1) and [10, equation (5.13)],

T
AU o ryan) < C / A% (p)ullyds < C

proving (4.21). The proofs for (4.20) and (4.22) are analogous. O
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Sketch of proof of Lemma 4.8. These results are a straightforward consequence
of Assumption 4.1 and the fact that S(¢) is a Cy semigroup. Because S(t) is a
Co semigroup, the mapping t — ©(p)(t) is continuous. Let ¢, € C([0,T] : H).
Then

©()(#) —OW) D) < /0 15t = )l Be(s)) — B(¥(s))|uds.

Because S(t) is a Cy semigroup, sup,cpo,1[1S(s)ll.zm) < +oo [17, Theorem
1.2.2]. Therefore, it follows from Assumption 4.1 that

0(p)(t) — O(¥)(1)]n < C / (0(5) — (5)| .

Then (4.23) follows by the Holder inequality. The proof for (4.24) is the same.
d

Appendix C: Proof of Theorem 4.3

As observed in Remark 2.12, the rate function I, is good if for any N > 0 the
level set
P, (N) ={XD":ueS*} (C.1)

is a compact subset of £. By Alaoglu’s Theorem [19, Chapter 15.1], SV is a
compact metric space under the weak topology on L2([0,T] : H). We will prove
compactness of (C.1) by proving that whenever w,, — u in the weak topology
on &2V X0un 5 x0u

Lemma C.1. Let A be defined in (4.14). For any p € C([0,T) : H), the mapping
u + A(@)u is continuous from the weak topology on S to the norm topology
on C([0,T]: H)

Proof. Choose any T > 0 and ¢ € C([0,T] : H). First consider the operator
Af (o) defined in (B.2). We claim that for any ¢ € [0,T], A¥(¢) is a Hilbert-
Schmidt operator (and therefore a compact operator) from L?([0,7]: U) to H.
To prove the claim, let {e,}72, be a complete orthonormal basis of U and let
{¢;}32, be a complete orthonormal basis of L*([0,T]). In this way, {ex;}7%_,
is a complete orthonormal basis of L?([0,T] : U). To prove that A% (¢) is Hilbert-
Schmidt we calculate that

HA?(90)||2LQ(L2([0,T]:U)7H)

=D > A (p)erdslH

2

/0 (t— 8)"S(t — 5)C(p(s))end; (s)ds

H
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Let {f;}32, be a complete orthonormal basis of H. Then the above expression
equals

2

- i Z_: (/Ot(t —5)" " (S(t = 5)G(p(s))ens fi) i ¢j(s)ds)

Because {¢;}52, is a complete orthonormal basis for L*([0,T]) and {f;}2, is a
complete orthonormal basis of H, this equals

2/0 (t=5)72)S(t = 5)G(@(5))l[L, .y ds-

This is finite by Assumption 4.2 proving that A% () is a Hilbert-Schmidt oper-
ator from L?([0,T]:U) to H.

Hilbert-Schmidt operators are compact operators. Compact operators are
continuous from the weak topology to the norm topology [9, Proposition VI.3.3].
This means that for any sequence u,, — u in the weak topology on L?([0,T] : U),
and any t € [0, 7],

i [AZ () (un — )]y = 0. (C2)

By the factorization method (B.1) and [10, equation (5.13)], for p > é,

T
A =)oy < C [ 1A2(0) = )P

This converges to zero by (C.2) and the dominated convergence theorem (dom-
ination due to Lemma 4.7). O

Proof of Theorem 4.3. Let u, be an arbitrary sequence in S?VV. Because SV is
weakly compact in L2([0,T] : U), there exists a subsequence (relabeled u,,) and
a limit u such that u, — u in the weak topology. We show that X%:%» — x0u
in C([0,T] : H). This proves compactness because the original sequence u,, was
arbitrary and every element of ®,(N) can be written as X% for some u € S?V.
Observe that

X0 — X0 = (X0 = O(X) + A(XL u — ALY )u
We rewrite this as

XP = X0 = O(X) — O(X) + A" Yy — ALY
+ A0 — ).
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By (4.20) and (4.23), for t € [0, T], taking into account that wu,,u € SV,

| X0 — X:E:)’u”%([o,t];]{) < C|A(XP") (un — U)\Z([o,t];m

%([O,S]:H)ds'

t
+C(1+ (2N)P/?) / | X0 — xOun
0

By Gronwall’s inequality,

u Un, v/ o
X0 = X0 € o1y < CeCUFTEMTITINXD) (= 1) [Epo 41211

[0,T):H

This converges to zero by Lemma C.1 proving that ®, (V) is compact and that
I, is a good rate function. O
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