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1. Introduction

The assessment of the quality of various normal approximations has attracted
the interest of statisticians for many years. In general this is not an easy task
and as Kiefer (1968) points out, to give explicitly useful bounds on the departure
from the asymptotic normal distribution as a function of the sample size seems
to be a terrifically difficult problem. Since then, Berry-Esseen type bounds have
been derived for general (mainly linear) statistics; see for example Koroljuk &
Borovskich (1994) for the case of U-statistics.

Due to the fact that the Maximum Likelihood Estimator (MLE) is not in gen-
eral a linear function of the random variables, it was only recently that the
assessment of its asymptotic normality has started getting significant attention
in statistical research. Obtaining a quantitative statement related to the normal
approximation of the MLE can be helpful to assess whether using the limiting
distribution is an acceptable approximation or not. In addition, such results
can save both money and time by giving a good indication on whether a larger
sample size is indeed necessary.

The case of a scalar MLE for observations from single-parameter distributions
is the first that has been covered in a series of papers. The existing approaches
are mainly split into two categories based on whether a technique called Stein’s
method (as first introduced in Stein (1972)) was employed in order to get dis-
tributional bounds, or not. In the former category, where Stein’s method was
used, one can measure the MLE-related normal approximation error in a wide
range of metrics, such as Zolotarev-type distances (for example the Wasserstein
distance) and the Kolmogorov metric. Anastasiou & Reinert (2017) provide the
most general approach, where bounds on the distributional distance between
the distribution of the MLE and the normal distribution are given and no re-
strictions are imposed on the form of the MLE. Anastasiou & Ley (2017) give
a different approach to the problem based on a combination of Stein’s method
with the Delta method for situations where the MLE can be expressed as a func-
tion of the sum of independent terms. Their strategy consists in benefiting from
this special form of the MLE, which allows the direct usage of Stein’s method
on a sum of random elements. The bounds given in Anastasiou & Ley (2017)
are simpler than those obtained in Anastasiou & Reinert (2017). We note how-
ever, that an obvious advantage of the methodology developed in Anastasiou &
Reinert (2017) is its wider applicability as it works for all MLE settings (not
requiring the MLE to be of a special form) and even for cases where an analytic
expression of the MLE is not known. In the recent contribution of Anastasiou
(2017) the independence assumption is relaxed and the normal approximation of
the MLE is assessed under the presence of a local dependence structure between
the random variables. The resulting Zolotarev-type bounds are of the optimal
@ (n‘l/ 2) order, while the obtained bounds on the Kolmogorov distance are

@ (n71/4).

In the second category, where Stein’s method is not used, bounds are given in
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the Kolmogorov distance. Using the Delta method and under the requirement
that the MLE can be expressed as a function of the sum of independent random
elements, Pinelis & Molzon (2016) provide uniform and non-uniform Berry-
Esseen bounds on the rate of convergence to normality for various statistics,
among which is the MLE. The conditions used are partly different than those
in Anastasiou & Ley (2017), where the Delta method was also employed. The
bounds achieve the optimal O (n~%/2) order. Pinelis (2017) extends the results of
Pinelis & Molzon (2016) in cases where the MLE is not necessarily a function of
the sum of independent random terms. Under conditions, he shows that the MLE
can be tightly enough bracketed between two smooth enough functions, which
makes the Delta method applicable. With regards to the Kolmogorov distance,
the obtained bounds are again of the optimal order, which is an advantage over
the Stein’s method related approaches of the previous paragraph, where the
order of the bound on the Kolmogorov distance is only O(nil/ 4). However, the
results given in Anastasiou & Reinert (2017) and in the current paper are more
general in the sense that firstly, depending on the choice of the test function
h, they can give results for metrics different than the Kolmogorov distance
and secondly, under assumptions, are applicable when the MLE is not known
analytically.

In this paper, we give upper bounds on the distributional distance between the
distribution of a vector MLE and the multivariate normal, which under specific
regularity conditions (given at a later stage) is the MLE’s limiting distribu-
tion. We partly employ multivariate Stein’s method for Gaussian approxima-
tion (for multivariate Stein’s method for other target distributions, see Gorham
et al. (2016)) and our focus is on independent but not necessarily identically
distributed random vectors. The bounds obtained are explicit in terms of the
sample size and the parameter. We are the first to give results for situations
where the vector MLE can not be expressed in a closed form. The wide appli-
cability of the maximum likelihood estimation method adds to the importance
of our results. Among others, an MLE is used in ordinary and generalised linear
models, time series analysis and a large number of other situations related to
hypothesis testing and confidence intervals; see Section 2.2 for bounds related
to linear regression models.

The notation which is used throughout the paper is as follows. The parameter
space is © C R? equipped with the Euclidean norm. Let 8 = (61,0s,...,04)7

denote a parameter from the parameter space, while 8 = (6y.1,600.2,...,60.4)"
denotes the true, but unknown, value of the parameter. The probability density
(or probability mass) function is denoted by f(x|0), where ¢ = (x1, X2, ..., Ty).

The likelihood function is L(0;x) = f(x|@). Its natural logarithm, called the
log-likelihood function is denoted by £(6;x). A maximum likelihood estimate
(not seen as a random vector) is a value of the parameter which maximises the
likelihood function. For many models the MLE as a random vector exists and is
also unique, in which case it is denoted by 6, (X); see Miikeldinen et al. (1981)
for a set of assumptions that ensure existence and uniqueness. This is known as
the ‘regular’ case. However, existence and uniqueness of the MLE can not be
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taken for granted, see e.g. Billingsley (1961) for an example of non-uniqueness.

For X, X5, ..., X, being independent but not necessarily identically distrib-
uted (i.n.i.d.) random vectors, we denote by f;(x, @) the probability density (or
mass) function of X;. The likelihood function is L(8;x) =[]}, fi(x;|0). With
the parameter space © being an open subset of R?, the asymptotic normality of
the MLE holds under the following regularity conditions as expressed in Hoadley
(1971):

(N1) 6,,(X) 2 69, as n — oo, where 6y is the true parameter value;

(N2) the Hessian matrix Ji (X, 0) = {#&2)0]» log(fk(Xk|0))} € Rixd

ij=1,2,...,d
and the gradient vector V(log(fi(Xk|0))) € R¥*! exist almost surely
Vk € {1,2,...,n} with respect to the probability measure P;

(N3) Jip(Xk,0) is a continuous function of 8, Vk = 1,2,... n, almost surely
with respect to P and is a measurable function of Xy;

(N4) Eg [V(log(fr(Xk|9)))] =0, k=1,2,...,n;

(N5) with yT denoting the transpose of a vector y,

Eg [[V (log(fr(X%]0)))] [V (log(fr(Xk|0))]T] = —E [Ji(Xk, 0)] =: I1(6);

(N6) for

I_n(e) = —ZI]‘(H), (1.1)

there exists a matrix 1(0) € R4 such that I,,(0) — 1(6). In addition,

I,,(6),1(0) are symmetric matrices for all @ and (@) is positive definite;

T o s
(N7) for some 6 > 0, 2o |2 V(lzfgfk(xk)mH 0 for all A € R

n-_2 n—00

(N8) with ||.|| the ordinary Euclidean norm on R?, then for k,4,j € {1,2,...,d}
there exist e > 0, K > 0, § > 0 and random variables By, ;;(X) such that

(1) sup {| 5725 108( /i (XalD)| : 1t = Boll < e} < Brsj(Xe):
(i) E|Bri;(Xp)|' ™ < K.

Assuming that én(X ) exists and is unique, the following theorem gives the
result for the asymptotic normality of the MLE in the case of i.n.i.d. random
vectors in a slightly different way than Hoadley (1971).

Theorem 1.1. Let X1, Xa,..., X, be independent random vectors with prob-
ability density (or mass) functions f;(x;]0), where @ € © C R?. Assume that
the MLE exists and is unique and that the regularity conditions (N1)-(N8) hold.
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Also let Z ~ Ng (0, Iixaq), where O is the d x 1 zero vector and Lixq is the d x d
identity matriz. Then, for I1,(0) as in (1.1)

Vi [1,(80)]? (én(X) _ 90) 5z (1.2)

Proof. Hoadley (1971) proves in Theorem 2, p.1983 that under the regularity
conditions (N1)-(N8),

1
2

Vit (8n(X) — 60) —1 [1(60)] * Z.

Using this result and (N6) we obtain that

[12(00)]* V2 (8 (X) — 00) —— [I(60)]* [(60)] * Z = 2,
which is the result of the theorem. [}

The interest is on assessing the quality of the asymptotic normality of the
MLE in (1.2). For any three times differentiable function h:R? — R, we ab-

. 2
breviate [|h|| := sup [h[, [|h[[1 := sup %h NIAll2 := sup #&mh ,and ||hl5 =
4 2,
8 .
?1;2 axiaiwh" For j € {1,2,3}, let

H= {h:Rd — R: R is three times differentiable with bounded ||h|, [|All;} (1.3)
be the class of test functions used in the paper. We will give upper bounds on

5[5 (VA [Ta80)]* (8a(X) —60))] ~ Eln(Z)]]. (14)

where Z ~ Ny (0,1;xq). The bounds are explicit in terms of the sample size
and 6g. The main result of the paper is given in Theorem 2.1, where we obtain
a general upper bound on (1.4) which holds under slightly weaker assumptions
than the usual, sufficient regularity conditions (N1)-(N8) used for the asymptotic
normality of the MLE. The generality of the bound adds to its importance as it
can be applied in various different occasions. Furthermore, Theorem 3.1 is also
substantial since we give an upper bound related to the asymptotic normality
of the MLE, even when the MLE is not known analytically, but it is assumed
to be within an e-neighbourhood of 8, for € > 0.

The paper is organised as follows. Section 2 first treats the case of independent
but not necessarily identically distributed (i.n.i.d.) random vectors. The up-
per bound on the distributional distance between the distribution of the vector
MLE and the multivariate normal distribution is presented. Special attention
is given to linear regression models with an application to the simplest case of
the straight-line model, where apart from the upper bound, we also give results
from a simulation study. Furthermore, under weaker regularity conditions, we
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explain how the bound can be simplified for the case of i.i.d. random vectors.
Specific theoretical and empirical results for independent random variables from
the normal distribution under canonical parametrisation are given. In Section 3
we explain how the results can be expanded when no analytic expression of the
vector MLE is available. We briefly illustrate the results for the Beta distribu-
tion with both shape parameters unknown. In order to make the paper easily
readable, we only provide an outline of the proof of our main Theorem 2.1, with
the complete proof being given in Section 4. In addition, some technical results
and proofs of corollaries that are not essential for the smooth understanding of
the paper are confined in the Appendix.

2. Bounds for multi-parameter distributions

In this section we examine the case of i.n.i.d. t-dimensional random vectors,
for t € Z*. We give an upper bound on the distributional distance between
the distribution of the MLE and the multivariate normal. An example from
linear models then follows. The last subsection covers, under weaker regularity
conditions, the case of i.i.d. random vectors and an example from the normal
distribution under canonical parametrisation serves as illustration of our results.
It is worth mentioning that the MLE in this example is not a sum of random
variables and classical Stein method approaches cannot be applied directly.

2.1. A general bound

The normal approximation in (1.2) is an asymptotic result and our motivation
is to assess the quality of this normal approximation through explicit, for finite
sample size, upper bounds on the distributional distance of interest. From now

on, I,(0) is as in (1.1). Let the subscript (m) denote an index for which the

quantity én(w)(m) — 907(,,”)‘ is the largest among the d components;

(m)€{1,...,d} is such that On(x);—00|,Yi€{1,...,d}.

01 () ()~ B0, 2
For ease of presentation, let us introduce the following notation:
Qm) = Qun)(X,00) := 0,(X) (1) — 0o, (m)
Qi = Q;(X,00) = 0,(X); —00;, Vje{l,2,...,d}
32
~ 00,00,

V =V (n,80) = [[,(80)] *

Ty = Ti; (60, X) (80 X) +nlL,(B0)]iy. .l € {1,2,....d)

d
1 -0 . .
fij = %;V]k_aok log(fi(Xi|00)), 1€ {1,2,...,n}, ] € {1,2,...,d}.
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Notice that, using conditions (N5) and (N6), E[T};] = 0 and in general, we
expect Tj; to be small. The main result of the paper is as follows.

Theorem 2.1. Let X1, X5,..., X, be i.n.i.d. Rt-valued, t € ZT, random vec-
tors with probability density (or mass) function f;(x;|0), for which the parameter
space © is an open subset of RY. Assume that the MLE exists and is unique and
that (N1)-(N6) are satisfied. In addition, assume that for any O € O there
exists 0 < € = €(0o) and functions My;(x), Vk,j,1 € {1,2,...,d} such that

() w)’ < Mysi() for all @ € © with |0; — 00| < e Vj € {1,2,...,d}.

Also, for Q) as in (2.5), assume that E [(MIW-U(X))2 |Qum)| < e} < oo. Let

{X{,i =1,2,... ,n} be an independent copy of {X;,i=1,2,...,n}. For
Z ~ Ng(0,15xq), h € H, where H is as in (1.3), and with Q;, Tj;, and &,
as in (2.5), it holds that

B [n (VA [T80)]* (6n(X) — 60))] ~ Eln(Z)]]

< —= (Il K2 (80) + 1l Ka(80) + s 3(60)) + + Ml ZQ2 . (26)
where
d d ~ d
(60)=3" > |Vie| o\ [E[@3] B 72

(2.7)

LA il: N
IS 3 VR @] e [0

Var | n§ +22 Z ZVar n&ii&ik] ¢ (2.8)

k=1j=k+1

7
5 Vo 1o X160) ot Xil60))}
(2.9)

Remark 2.1. (1) At first glance, the bound seems complicated. However, the
examples that follow show that the terms are easily calculated giving an expres-
sion for the bound, which is of the optimal n~'/2 order.

(2) Assuming that I,,(6g) = O(1) in (1.1) yields, for fixed d, E [2?21 Qﬂ =
@ (n’l). To see this, first use that from the asymptotic normality of the MLE
as expressed in Theorem 1.1, \/nE [én (X) - 00} — 0 and thus

]E[Qﬂzo(%),Vje{1,2,...,d}.
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Secondly, from Theorem 1.1 we also get that
— 1 A~ - 1
n [I,(80)] * Cov {On(X)] [1(80)]F —— Lixa- (2.10)

Assuming that the matrix I,(8g) is O(1), it follows from (2.10) that
Var [én(X)j} =0 (n_l) , V5 €{1,2,...,d} and therefore,

E [Q] = Var [én(X)j} +EQ]*=0 (). (2.11)

(8) With Tj; as in (2.5), using (N5), (N6), and the fact that X1, Xo,..., X,
are independent yields

2

- 9
i=1

meaning that E [Tlﬂ is O(n).
(4) Using (2.11) and (2.12), then if I,,(69) = O(1) it can be deduced that

K1(00) = O(1), Kz(60) =O(1), K3(6o)=0O(1),

where K;(6o), K2(00), K5(09) are as in (2.7), (2.8), (2.9), respectively. Hence,
the upper bound in Theorem 2.1 is O (nil/z).

(5) In terms of the dimensionality d of the parameter, having that &; = O(d),
then K1(6p) = O (d*), K2(00) = O (d*) and K3(6p) = O (d®) as can be de-
duced from (2.7), (2.8) and (2.9), respectively. The last term of the bound in
(2.6) is of order d in terms of the dimensionality of the parameter. Thus, for
d > n the bound does not behave well, but d could grow moderately with n.
For example d = 0(n%), 0 < a < ﬁ would still yield a bound which goes to
zero as n goes to infinity.

Outline of the proof. From the definition of the MLE, ;2-¢ (én(:c); m) —0Vk e

{1,2,...,d}. A second-order Taylor expansion of 8%}96 (én(m),w> about 6g
yields for @), as in (2.5)

d 92 B
;Qj (mf(90;$)> = —a—ekf(@o;w)

d 83
. 2 Qi (aekaejaef(e;x)’e—e;> ’

1 g=1

1
24

J

with 5 between 0,,(x) and 6y. Adding Z;l=1 n[1,(60)]x;Q; on both sides of
the above equation gives, for Tj; as in (2.5), that
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d B a d
Zn[In(OO)]kJQJ 879165(00,98) +ZQJTI€]
j=1 =1
1 d d 83
T2 2 Qi (aakaejaof(eg w)‘0_93> - (213)

j=14q=1

Using (2.13), which holds Vk € {1,2,...,d}, and with V as in (2.5),

_v V(£(60; x)) + Xd:Qj <v <8%€(00;w)> + n[n(90)1m>

1 d d (92
#52320:0, (% (5,409, ;) ) (-

where [I,,(6o)]j; is the j'" column of the matrix I,,(6o). The triangle inequality
gives that

[ [n (Vi [7a00)]* (8n(X) —60))] — ElR(2)]

<|E h(%wwo;m)] —szn‘ (2.14)
+ B | (v [Fa(00)]* (én(X)—eo))—h(%vwwo;m)” (215)

Now, (2.14) is based on V(£(0o; x)) = Y., V (log(f;(x;|60))) which is a sum of
independent random vectors. For this expression, a bound using Stein’s method
for multivariate normal approximation will be derived. In contrast, (2.15) will
be bounded using multivariate Taylor expansions. Technical difficulties arise as
the third-order partial derivatives of the log-likelihood function may not be uni-
formly bounded in 6. Therefore, for 0 < € = €(0p) we will condition on whether
|Q(m){ as defined in (2.5) is greater or less than the positive constant € and each
case will be treated separately by bounding conditional expectations. Known
probability inequalities, such as the Cauchy-Schwarz and Markov’s inequality,
will be employed in order to derive the upper bounds in each case.

2.2. Linear regression

This subsection calculates the bound in (2.6) for linear regression models. The
asymptotic normality of the MLE in linear regression models has been proven in
Fahrmeir & Kaufmann (1985). We give the example of a straight-line regression
and the bound turns out to be, as expected, of order O (n’1/2), where n is
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the sample size. The following notation is used throughout this subsection. The

vector Y = (Y1, Ys,...,Y,)T € R"*! denotes the response variable for the linear
regression, while B = (81, 2, - .., B4)T € R¥*! is the vector of the d parameters
and € = (€1, €g,...,6,)T € R™1 is the vector of the error terms, which are i.i.d.

random variables with ¢; ~ N(0,02),Vi € {1,2,...n}. The true value of the
unknown parameter 3 is denoted by Bo = (Bo.1,80.2,--,B0.4)T € R¥L. The
design matrix is

1 56172 e J?l,d
1 x2,2 ce. T24d
X =
1 =0 ... Ty
For the model
Y =XB+e

the aim is to find upper_bounds on the distributional distance between the
distribution of the MLE, 3, and the normal distribution. The probability density
function for Y; is

fi(yilB) =

1 1

where X[; denotes the it" row of the design matrix. The parameter space © = R?
is open and if XTX is of full rank, the matrix XTX is invertible and

B=(XTX)'XTY. (2.17)
We now bound the corresponding distributional distance.

Corollary 2.1. Let Y;,i € {1,2,...,n} be independent normal random vari-
ables with
}/i ~N (X[i]/B(hUQ) )

where 02 is known. Assume that the d x d matriz XTX is of full rank. Let
{Y/,i=1,2,...,n} be an independent copy of {Yi,i=1,2,...,n} and
Z ~Ny4(0 Idxd) and I,,(B) is as in (1.1). Then for h € H as in (1.3),

(
[ [1 (va T (8- 0))] - Er2)]
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LTSS >

(2.18)

ml

i XX E| (YY)

o)

Proof. Using (2.16), we can see that the Hessian matrix for the log-likelihood
function does not depend on y and I,(80) = -2z XTX. The result in (2.17)
yields

Vi [Ia(B0)]* (B 80) = ~ {IXTXI XTY — [X7X]} 6o}
= = vl x) | Sy - X
= (180 By (2.19)

VG a3
Having a closer look at the expression in (2.19), we notice that actually the quan-

tity of interest ‘E [h (\/ﬁ[fn(,@)]% (,5'7,60))} fE[h(Z)}‘ is equal to (2.14),
with (2.15) being equal to zero for this specific case of the linear regression
model. Thus, using (4.50) and

B=Bo

- oB((Vil0) =

d
k (X/z - Z XimﬁO,m)
m=1

in Theorem 2.1 yields the result of the corollary. ]

Example: The simple linear model (d=2)

Here, we apply the results of (2.18) to the case of a straight-line regression
with two unknown parameters. The model is

Y, =51+ Ba(vi — %) + e, Vie{l,2,...,n}.

The unknown parameters $; and [ are the intercept and slope of the re-
gression, respectively. As before, the i.i.d. random variables ¢; ~ N(0,02),

A N (Y \ T
Vi€ {1,2,...,n}. The MLE exists, it is unique and 3 = (Y, Ezzl(fo))Z) .
i=1\Ti

Corollary 2.2. Let Yi,Y5,...,Y, be independent random wvariables with
Y; ~ N(B1 + Ba(x; — Z),0%). The case of x; = xj, Vi,j € {1,2,...,n} with
i # j is excluded and for Z ~ N3(0,1I2x2) and h € H as in (1.3),

5 [n (va [TB0)]* (8- 80))] - Eln(2)]

[h]l2 [ 3v2 2> (i —x)* Sllalls (1 oy e -3
=7 (ﬁ TS (o) )* NG <\/ﬁ+[z?_l(mi_x)2]%>'
(2.20)
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Remark 2.2. (1) The calculation of the bound is easy and relies only on simple
sums. As expected, the order of the bound is O (n’1/2), which is optimal.

(2) We exclude the case of ; = x;, Vi,j € {1,2,...,n} with ¢ # j, only to
ensure that XTX is invertible.

Proof. We have that

1 T —Z
1 x9—=x n 0

X=1. . , XTX = n _ . 2.21
: : (0 > (T — $)2> ( )
1 z,—2Z

The result in (2.21) shows that XTX is invertible if and only if > | (z; — %)% #
0, which holds if x;’s are not all identical. The quantities of the bound in (2.18)

are calculated for this specific case. We use that ¥; — 81 — (x; — T) 52 g oZ;,
where Z; ~ N(0,1). For the first term in (2.18) we obtain that

[NIC

S [ (5 b, - )

Jj=1 | i=1 k=1
:-22: zn:Var ((XU [[XTX] %LH-%[[XUQ—%LQ) aZi)ZH2
- ZV ) + ﬁ [3 -tV (23]

For the second term of (2.18), since d = 2 then k =1, j = 2 leading to

n

> va 22:22: “XTX] %Lq [XTX)

i=1

[N

, 2774
| (3 32

m=1

N

i e [Kefe [erxy ] [oex ]| ]

e (2.23)

[ vl

nZ?:l Ti — i=1

For the final term of (2.18), because Y, is an independent copy of Y;, then

Y/ —Y; ~ N(0,202), with E|Y; — Y;|* = 8\‘;— Using that

(la] + [B])* <4 (la]* + o), a,beR (2.24)
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yields
n 2 | 2 X, ) 3
$°s S5 [5° 2 fierxt] s
i=1  Lm=1|1=1 m
n 3

X -1 Xio _1 ,

= E XTX]| 2 XTX]| 2 Y. Y.

iz:; ‘(O’ I:[ ] :|11+ g |:[ ] :|22>(71 l):|
n 1 — 3

<SR lz: — 2] v/ - vl

ovn g 2—1(3:1' - i‘>2

§4"< 8, B >:£<L+ Sy o — af )
SA\VT S -2t e VAV S (- 7))
(2.25)

Summarizing, in the case of Y7, Y5,...,Y,, being independent random variables
with Y; ~ N (81 + B2(z; — %), 0?%), we apply to (2.18) the results of (2.22), (2.23)
and (2.25) to obtain the assertion of the corollary. ]

Empirical results

Here, we study the accuracy of our bounds by simulations. For n = 107,j =
4,5,6,7, we start by generating 103 trials of n random independent observations,
y, which follow N (B + fa(2; — %), 0?), where 8 = 1, 85 = 2,02 = 1 and each x;
is sampled from the discrete uniform distribution in the set {1,2,...,100}. Then

vn [fn (50)] 2 ([3’ — ﬁ()) is evaluated in each trial, which in turn gives a vector of
103 values. We apply to these values the function h(x,y) = (mQ +9% 4+ 1) ' and

we calculate their sample mean, denoted by E [h (\/ﬁ [fn(ﬁo)]% (B — ,6'()))]
The function h is a member of the class H as in (1.3) with

3v3
Il =1, el =220 =2, bls<47.  (226)
We use these values to calculate the bound in (2.20). We define

Qn(Bo) :=

)

B [n(va[L(80)]* (8- 80))] - Eln(2)

where E[h(Z)] = 0.461 is the approximation of E[h(Z)] up to three decimal
places. We compare Qr(Bo) with the bound in (2.20), using the difference be-
tween their values as a measure of the error. The results are presented in Table
1 and are based on this particular function h, while the theoretical bounds that
we have already given hold for any test function that belongs in the class H
defined in (1.3).
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TABLE 1
Simulation results for the simple linear model

n | Qn(Bo) | Upper bound | Error

107 [ 5x 1073 | 0.207 0.202
10° | 3x10~3 | 0.065 0.062
105 | 1 x 1073 | 0.022 0.021
107 | 3x10~% | 0.007 0.0067

The table indicates that the bound and the error decrease as the sample size
gets larger. When at each step we increase the sample size by a factor of ten,
then the value of the upper bound drops by approximately a v/10 factor, which
is expected as the expression in (2.20) is O (n™1/2).

2.3. Special case: Identically distributed random vectors

In this subsection we use weaker regularity conditions than (N1)-(N6) which
were used in Theorem 2.1, in order to find an upper bound in the case of inde-
pendent and identically distributed random vectors. Following Davison (2008)
and for £, (0) := log(f(x;]0)), we make the following assumptions:

(R.C.1) The densities defined by any two different values of 8 are distinct;

(R.C.2) £(0;x) is three times differentiable with respect to the unknown vector
parameter, 8, and the third partial derivatives are continuous in 6;

(R.C.3) for any Bp € © and for X denoting the support of the data, there exists
€0 > 0 and functions M,.st(x) (they can depend on ), such that for
0 =(01,05,...,04) and r,s,t,j =1,2,...,d,

83
mf(e;m) < My (), Vo € X, |0, — 0] < €o,
(R.C.4) for all 8 € O, Eg[lx,(0)] = 0;

(R.C.5) the expected Fisher information matrix for one random vector () is
finite, symmetric and positive definite. For r,s = 1,2,...,d, its ele-
ments satisfy

n[l(0)],s =E { 8%/(9; X)a%e(e; X)} =E {_%;985(0? X)} .

This condition implies that nJ () is the covariance matrix of V(£(6; x)).

These regularity conditions in the multi-parameter case resemble those in Anas-
tasiou & Reinert (2017) where the parameter is scalar. Under (R.C.1)-(R.C.5),

Davison (2008) shows that /n[I(60)]2 (én(X) - 00) %) Z. The upper
n—oo
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bound on the distributional distance between the distribution of a vector MLE
and the multivariate normal in the case of i.i.d. random vectors is the same as the
bound in Theorem 2.1 and thus it is not given again. The bound can be simplified
because in the i.i.d. case I,,(60) = I(6o) and fi(z;) = f(x;), Vi € {1,2,...,n}.
In the next example of independent random variables from the normal distribu-
tion under canonical parametrisation with both natural parameters unknown,
the bound can be easily calculated and it is, as expected, of the order O (nil/ 2).

Example: The normal distribution under canonical parametrisation

Many popular distributions which have the same underlying structure based
on simple properties are exponential families, such as the normal, Gamma and
Beta distributions; generalisations of exponential families can be found in Lau-
ritzen (1988) and Berk (1972). Most of the times, the interest is on working
under the canonical parametrisation; the distribution of a random variable, X,
is said to be a canonical multi-parameter exponential family distribution if, for
n € R%, the probability density (or mass) function is of the form

d
f(zxn) = exp Z n;Tj(x) = A(n) + 5(z) ¢ Liweny,

where the set B = {x : f(x]0) > 0} is the support of X and does not depend on
1; A(n) is a function of the parameter; T;(z) and S(z) are functions only of the
data. The vectors n = (n1,7m2,...,n4) and T'(x) = (T1(z), Ta(z),. .., Ti(z)) are
called the natural parameter vector and natural sufficient statistic, respectively.
There is a number of reasons why the canonical parametrisation is more conve-
nient. To start with, written in its canonical form, the probability density (or
mass) function of an exponential family distribution has some convexity prop-
erties, which are then useful in dealing with moments and other functions of
the natural sufficient statistic T'(x). Furthermore, for each j € {1,2,...,d}, if
X follows a canonical exponential family distribution, then T;(X) also follows
an exponential family distribution and also

E[T;(X)] = %A(nh Cov [T1(X), T3 (X)) = 817?6773'

Alm), 1<k, j<d

Apart from simplifying the theory and computational complexity in generalised
linear models, there are other application areas, where natural exponential fam-
ily distributions play a significant role. An example is the area of Gaussian
graphical models (see Lauritzen (1996) for more information) and the precision
matrix estimation (Massam et al., 2018).

Here, we apply Theorem 2.1 in the case of X;, Xs,...,X,, independent and
identically distributed random variables from N(u,o2), which is an exponential
family distribution. Due to the importance, as explained above, of the natural
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parametrisation in exponential families, we are interested in

I
_ - - P 2.27
no = (M, n2) (202,U2>, ( )
which is the natural parameter vector. The MLE for ng exists, it is unique and

equal to H(X) = (M1,72)T = m (%,X)T; to see this, use the invari-

ance property of the MLE and the result of Davison (2008), p.116, where the
MLEs for 1 and o2 are given. In contrast to Corollary 2.2, the MLE in the current
example of the Gaussian distribution under canonical parametrisation is not a
sum of random variables; therefore, classical Stein’s method approaches, which
require that the quantity of interest is a sum, cannot be employed. It appears
that our results are the first that can be applied for such cases where the vector
MLE has a general form in order to get upper bounds on the absolute value of
the difference of expectations on the class of functions H in (1.3). The results
of Pinelis & Molzon (2016) and Pinelis (2017) can also be applied through the
Delta method to give upper bounds only on the Kolmogorov distance though.
The conditions (R.C.1)-(R.C.5) are satisfied. Corollary 2.3 provides a bound on
the distributional distance of interest and the proof is in the Appendix.

Corollary 2.3. Let X1, Xo,..., X, be i.i.d. random variables that follow the
N(u,0?) distribution. Let mo be as in (2.27) and for ease of presentation, we

denote o := a(ny,m2) = m(1+/M1)*+n05 and B := B(n1,m2) = m(1+/m)+n53.
For Z ~N5(0, Iox2) and h € H as defined in (1.3), we have that for n > 9

8||R|| ((ni+n3) (2n+15)+2nm,)
13 (n—3)(n—5)

‘E[h(‘/ﬁm 0))% (A(X)— no))] E[h(Z)]‘g

V2n2 b 130 147372
+ 24—+ (m + |n2) (1 + 3[m2| + 2¢/n1) +m
Jatn—5)n—9) " 7 ( [m2])( n2| +2v/m) +m)

3052 10
+ ?4'” (4’772“*‘771 2[n2| +m1) Blna| +2+2¢/n )+771 +771>
i i

m

3 (Jne] + %)
156 (i + ol + ) [ 1+ 2L T 2]

P IRy v <”—% + 1) a4+ mni + g
2V 2n« m 2 m

[N

2\ 2
+3v/21, l(a —13) (5 + Z—2> + 8%+ (2\/—772 +—
1

64\/_h 3 3 34 g3
. 64v2|hlls 18 <1+ Zg ) (nf (1+\/v7_1)3+|n2|3) nilmel® + 8%
Vias PUIRvVES \/_771

(2.28)
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Remark 2.3. (1) The rate of convergence of the upper bound in (2.28) is ﬁ
Although the bound might seem complicated, the proof of the corollary shows
that what is required for the derivation of the bound is basic calculation of
expectations.

(2) As already mentioned, this example consists an indication of the advantages
of our method in comparison to classical multivariate Stein’s method results,
which require that the quantity of interest is a sum of random variables. This
. . A _ n

is not the case in Corollary 2.3 because 7 = S (x %) ;‘:1()(7;7)’()2'

Empirical results

We carry out a large-scale simulation study to investigate the accuracy of the
bound in (2.28). The procedure is similar to the one followed previously when
we obtained empirical results related to the example of the simple linear model
in Corollary 2.2. Therefore, we start by generating 102 trials of n = 107,j =
5,6, 7,8, random independent observations, y, following N(u, 02), and the vector
parameter of interest is 9o = (11, 72) as in (2.27). We take y = 1,02 = 1 for our

simulations. Then /n [I (770)]% (7(X) — no) is evaluated in each trial, which in

turn gives a vector of 103 values. The function h(z,y) = (x2 +9y2 + 1) _1, which
belongs to the class H as in (1.3), is then applied to these values in order to get

the sample mean, denoted by E {h (\/ﬁ[l(no)]% (A(X) - ng))}. Using (2.26),
we calculate the bound in (2.28). We define

Qu(mo) = [& [ (Vi [I(mo)]* (7 = o)) | — E[n(2)]

)

where E[h(Z)] = 0.461 is the approximation of E[h(Z)] up to three decimal
places. We compare Qp (1) with the bound in (2.28), using the difference be-
tween their values as a measure of the error. The results from the simulations
are shown in Table 2 below.

TABLE 2
Simulation results for the N(1,1) distribution under a canonical parametrisation

n | Qn(no) | Upper bound ‘ Error

10° | 0.009 28.616 28.607
10% | 0.005 9.048 9.042
107 | 0.004 2.861 2.857
108 | 0.001 0.905 0.904

As in the results of Table 1, we also see here that the bound and the error
decrease as the sample size gets larger. To be more precise, when at each step
we increase the sample size by a factor of ten, the value of the upper bound
drops by a factor close to /10, which is expected since the order of the bound
is O (n71/2), as can be seen from (2.28). In this example, the bounds are not
as small as in Table 1, with the reason being that the expression for the bound
in (2.28) is the result of a series of simplifications in order to obtain a relatively
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compact representation; see the proof of Corollary 2.3 in the Appendix for the
exact steps that lead to the expression in (2.28). The bound has more of a
conceptual character and better constants are possible at the cost of a more
complicated expression.

3. Bounds when the MLE is not known explicitly

The calculation of some of the terms in the general bound of Theorem 2.1
requires an analytic expression for the MLE. This fact generates problems in
models where no closed-form solution to the maximization problem is known
or available; in these cases, a numerical method, such as the Newton-Raphson
algorithm, can often be used to approximate the MLE and a normal approxi-
mation is still of interest. In this section, we will first explain how, under some
further assumptions, we can put the dependence of the bound on the MLE only

through the MSE, E [Z?:l Qﬂ Then, the MSE will get bounded by a quan-

tity which is independent of 0, (X) and it can therefore be used to get upper
bounds on the distributional distance of interest that can be applied when the
vector MLE is not expressed in a closed-form. To the best of our knowledge,
such bounds have not appeared before in the literature for the case of a vector
MLE that can not be expressed in a closed form. The extra assumptions are

(Con.1) For an € = €(0p) > 0, the MLE is within an e-neighbourhood of 6y, in
the sense that Vj € {1,2,...,d}, [6,(X); — Go,j’ < €

(Con.2) for all 8 € ©, where O is the open parameter space,

3

61,0000,

wp log f<x1|0>| < My,
0:10,—00,q|<€
vqe{1,2,...,d}

where My ; = My;i(6o) is a constant that may depend on 6o;

(Con.3) the Hessian matrix of the second-order partial derivatives of the log-
likelihood function is symmetric and invertible.

Section 2 gave an upper bound for the distributional distance between the dis-
tribution of the MLE and the multivariate normal distribution. As explained
in the outline of the proof of Theorem 2.1, this bound in (2.6) can be split
into terms coming from Stein’s method, and terms due to Taylor expansions
and conditional expectations. With V as in (2.5), for ease of presentation we
abbreviate the terms coming from Stein’s method by

d d 2 2
h -0
D = D(0g,h, X) := |4|1\/52 Y | Var <§ :ijTklogf(XﬂOo))
j=1
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L d i d g P 2
+ 2'\/”;22 Var | Y3 "V, aTlogf(Xlwo)Vkvae 1ogf(X1|90)”
k=1 j=k+1 g=1v=1
1hlls - [Ra|Rs -, (0 o ’
T2 E Ezj Ezjv (89 log f(X7160) — 55 logf(X10o)) . (329

We will now first explain how we can put the dependence of the general bound
in (2.6) on MLE only through the quantity E [Z?Zl Q?] with @Q; as in (2.5).

After that, we will give an upper bound for E [E?Zl Qﬂ .
A bound depending on the mean squared error: Under (Con.1) and with

Vv, Q(m), Q; and Ty; as in (2.5), and for D in (3.29), we obtain, using (2.6),
that

[E (1 (VAlI(80)]} (0a(X) — 60) )| - Eln(2)]| < D
d

S| 3 2 03 )" 330

k=1 1=1 j=1

h . d d d d *
n wﬁ {ZZ!W\E ZZQJQ%% 5701605 X) } (3.31)

k=11=1 Jj=11=1

Step 1: Upper bound for (3.30). Since E [T};] =0, Vj,k € {1,2,...,d},

(3.30) = || ZZ\VM\Z\/ Q%) \/Var ae 5, 1ogf<X1|oo>]

< [[All ZZ‘VM‘Z\/ Q3] \JZVar {89 28, logf(X1|00)} (3.32)

k=11=1

where the inequality comes from the trivial bound

o d 02
< [
Var g o X3 180)] < 3 Vo e o105 o)

since the varlance of a random variable is always non-negative. Now, using that
(Z;l:l aJ) <d (Z] Lo ) for a; € R, yields

(Z E[Q?]) <ay B[R
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Taking square roots in both sides of the above inequality and applying this
result to (3.32) gives

d d d
@wﬂmﬁzzmwz ¢ o o (Xaloo|

k=11=1

d
2.9
j=1
(3.33)

Step 2: Upper bound for (3.31). Notice that from (Con.2),

3 *
‘Zzn:l m log f(w|65)

0% 80 90; (65 33)‘

< nMy;;. Also,

d d d-1 d
ZZ |Q3QZ| Mkﬂ - ZQ MkJJ + 22 Z |QJ‘ |Qz| Mlm
Jj=11i=1 Jj=1 =1 j=i+1
Using now that 2a8 < o2 + 32,Va, 8 € R,
d d d—1 d
ZZ|QJQ1|M/€]'L = ZQ2MkJ] +Z Z Q2+Q Mk]z ZQQZMkﬁ
j=11i=1 j=1 =1 j=1i+1 1=
d d
<SS M. (3.34)
j=1  m=1i=1
Using (3.34) yields
||h|| d_ d_ d d d ,
(3.31) ZZ ‘V ( Z Z il [ D QF |- (3.35)
k=1 l=1 m=1i=1 j=1

Hence, from (3.33) and (3.35),

[E [ (ValI(60)]} (Bn(X) — 60)) | ~ E[n(2)]| < D

+ |1l \/—ZZ’W‘\IZV““ [ae 0, logf(Xlw())}

k=11=1

KIS SIPHECN. =2
T ZZ‘Wk‘ZZMkmiE > Q3. (3.36)
j=1

Since D as defined in (3.29), is not related to the MLE, the upper bound in (3.36)
depends on 6, (X) only through E [Z;l:l Qﬂ Our purpose now is to find a

bound for E [Z?zl Qﬂ that does not contain any terms related to 8, (X).

A bound on the mean squared error: In order to give an upper bound
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when ,,(X) is not known explicitly but (Con.1)-(Con.3) are satisfied, we bound
E [Z?Zl Qﬂ , for Q; as in (2.5), by a quantity which does not require knowledge
of the MLE. The result is given in Theorem 3.1 below, followed by the proof.

Theorem 3.1. Let X1, Xo,..., X, be i.i.d. Rt-valued random elements, for
t € N, with probability density (or mass) function f(x;|0), where 0 is the d-
valued vector parameter. Assume that (Con.1), (Con.3) are satisfied. We assume
existence and uniqueness of 0, (X). For J(z,0) = {60609 é(O'w)} ,

i,j=1,2,...,d
the Hessian matriz, it holds that

d d d
0 0 _
E{Zfﬁ]g 3.3 55 60 X) g X)) sw {[I7X.0),]
= =ta= Vie{1,2,....d}
= Uy. (3.37)

Proof. From the definition of the MLE, we have that %E (én(w),w) =0,

VEk € {1,2,...,d}. A first-order Taylor expansion of %f (én(:c), w) about Og
leads to

d
i LI 9
> (6ul@); — 00.5) g (B:2) = — 5 ((00; ) (3.38)
- J

Jj=1

where 6 is between 6o and én(x). Since the result in (3.38) holds Yk €{1,2,...,d},
we deduce that

6n(@) 60 =~ [1@:2)] "V (¢(80:))

and therefore

(8n(@) ~ 60)" (6n(2) ~ 80) = [V (1(60; )" [ )] (c(00:)).

Going a step further and using (Con.1), we get that

E[(6n(X) - oo)T (6n(X) ~60)]

<B| (V@07 s {17030} (100 X))
V}Ef{l,;f.,d}

which finishes the proof. ]
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Remark 3.1. (1) As the bound (3.37) does not include ,,(X), in cases where
a closed-form expression for the vector MLE is not available, we can still get an
upper bound on the distributional distance between the distribution of the MLE
and the d-variate standard normal, under the assumptions (R.C.1)-(R.C.5) and
(Con.1)-(Con.3). Combining the results in (3.36) and (3.37) and for D as in
(3.29) and U; as in (3.37), we obtain that

[E [ (VAlI(60)]* (Bn(X) — 60) ) | ~ E[n(2)]| < D

d d o2
+ (IRl ZZ‘ ‘ ZVar [Wlogf(Xllé'o)]
k=1I=1 i=1 o
d d d d
ZZ‘ Vie| D2 " Mg (3.39)
k=1 1=1 m=1 =1

(2) In the special case where the second-order partial derivatives of the log-
likelihood function do not depend on @, then the result can be simplified, since
in such scenarios J(8; X) = —n[I(0)] and [J(0; X)] > = 4:[1(0)]72. Applying
this on (3.37), leads to

anzz

Py 2 00,|<e
vie{1,2,...,d} ( )
3.40

Example: The Beta distribution

Here, we briefly explain how we can calculate U; in (3.37) for the specific exam-
ple of i.i.d. random variables from the Beta distribution with both shape param-
eters unknown. An analytic expression for the MLE is not available. Let ¥;(.)

LG 5.

to be the j** derivative of the digamma function ¥, with ¥(z) = NOR

The function ¥;(z) can be defined through a sum, with

- 1
\I/m(z) = (_1)7n+1m! Z W, for z e C \ {Za} and m > 0. (341)

Corollary 3.1 gives the bound U; for the MSE in the case of the Beta distribution.
The proof is given in the Appendix. For ease of presentation, and for z,y > 0,
allow us from now on to denote by

01 :=61(a, B) = Wi (a)¥1(B) — Wi(a+ ) (P1(a) + ¥1(B))
Ci(z,y) =V (z) = U1 (z +y). (3.42)

Corollary 3.1. Let X1, Xs, ..., X, bei.i.d. random variables from the Beta(c, 3)
distribution with 89 = (o, 8). Under (Con.1)-(Con.3) and with Uy as in (3.37)
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and 07,C(z,y) as in (3.42), we get that

Uy :n[ﬁj( Fe B—i—e Ci(a Oé+e)2\113(ﬂ76)+\1/%(05+5726)]

+C1(B,a) [(B+€)?T3(a—€) + Vi(a+ B — 2€)]

120 (a+B) [(B+e)Va(a—€)+ (a+e) V(B —¢€)] p. (3.43)

Remark 3.2. This bound basically relies on the calculation of the expressions
defined in (3.37). It can be easily seen that it is of order O (nil). We deduce
that, if we use the result in (3.43) in order to calculate the bound in (3.39) for
the specific case of the Beta distribution, then the obtained bound will be, as
expected, of order O (n‘l/z).

4. Proof of Theorem 2.1

In this section, the complete steps of the proof of the main theorem of our paper
are given. The following lemma (special case of Chebyshev’s ‘other’ inequality)
is useful for bounding conditional expectations, which sometimes can be difficult
to derive. The proof is given in the Appendix.

Lemma 4.1. Let M € R be a random vector with M; > 0Vi =1,2,...,d and
€ > 0. For every continuous function f : R — R such that f(m) is increasing
and f(m) >0, for m; >0Vie€ {1,2,...,d}, where m = (my,ma,...,mg),

E[f(M)|M; < eVi=1,2,....d < E[f(M)).

Proofof Theorem 2.1. It has already been shown in the outline of the proof
that the triangle inequality yields

‘]E [h (\/ﬁ [1,,(60)]? (én(X) - ao))} - ]E[h(Z)]‘ < (2.14) + (2.15).
Step 1: Upper bound for (2.14). First, V(£(6o; z)) = > i, V (log(fi(x:]60)))

due to independence. With V as in (2.5), the results of Theorem 2.1 of Reinert
& Rollin (2009) will be used for

Z (log(f;(X;]00))) = (Wi, W, ..., Wg)T e R¥*L. (4.44)

From (4.44) we have that for all k € {1,2,...,d}, Wi, = Y7, &», with & as in
(2.5). From the regularity conditions, E [V (£(8; X))] = 0 and thus E[W] = 0.
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Also, I,,(6o) is symmetric. Therefore, V is also symmetric. Using the regularity
conditions we know that Y1, Cov [V (log (f;(X;|60)))] = nl,(6) and basic
calculations show that Cov[W] = I;xq4. Since E[W] =0 and E[WWT| = I;3.4,
the first assumption of Theorem 2.1 from Reinert & Rollin (2009) is satisfied.
This theorem also assumes that W’ such that (W, W’) is an exchangeable

pair meaning that (W, W’) d (W', W), where 4 denotes equality in distri-

bution. In addition, it is assumed that
EW’' - W|W|=-AW + R (4.45)

for an invertible d x d matrix A and a o (W )-measurable random vector R. To de-
fine W in our case such that (4.45) is satisfied, let { X/,i =1,2,...,n} be an in-
dependent copy of {X;,i=1,2,...,n} and let the index I € {1,2,...,n} follow
the uniform distribution on {1,2,...,n}, independently of the set
{X;,X!,i=1,2,...,n}. Let

d
z Z Jao 1Og fi(X |90))

and
Wl:::Wk_glk +§}ka Vk € {1727~--ad}a

with E[W] - Wi | W] = E[&], — &n|W] = —E [ |W] = =5 0L E [6[W] =
—%. Hence (4.45) is satisfied with A = %Idxd and R = 0. Therefore, Theorem
2.1 from Reinert & Rollin (2009) gives in our case that

[E[R(W)] - E[n(Z)]|
d
ZZ [Var [E [(W] —W;) (W) —W;) W]]]? (4.46)
i=1j=1
d d d
ZZZEW D (W)= Wy) (W= W)l | (447)

1j=1k=1

To bound the variance of the conditional expectations in (4.46), let & =
o (X1,Xa,...,Xy). Since o(W) C &, for any random variable Y, we have
that Var [E[Y|W]] < Var [E [Y|</]]. Then,

(4.46) < |h||2 g\/ e [E [, - 5021

Z Z \/Var §[k k) (f}j—&j) |=£27H . (4.48)
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Since {Xz',z =12,... ,n} is an independent copy of {X;,i=1,2,...,n} and
&l is independent of &7,

d
(4.48) = n”}ﬁTQ{ [Var [E[(¢7,)*] - 2Bl |El&r;1/] + E [¢7;|2/]]]*
j=1
d—1 d
+ 22 Z [Var [E [g/lk'fllj] -E [fllj] E [€1x|2/] — E [€14] E [£15]97]
k=1 j=k+1
E [£rxé15]47]] ] é} (4.49)

Using that E [£/,] = 0,

(4.49) = n% { >

j=1

1

2
1

- Var

n

> k(&1

1
ﬁ Var

Z E [€ix&i; Wl]} ] }

1
2

> &

d 1
IIth {Z Var +QZ Z Var ZgleJH }
j=1 = k=1 j=k+1
||\I;|_2K2(00)

with K5(0p) defined in (2.8). For (4.47), using again the definition of & in
(2.5), after basic calculations we obtain that

[IE
vn

(4.47) < K3(6o),

with K5(09) as in (2.9). Therefore,

[17]l2 [1]3
K> (6 —

T 2(6o) + NG

Step 2: Upper bound for (2.15). With V as in (2.5), for ease of presentation

let us denote by

d d 9
Ra(6o; ) = TVEE ( (80689 “e; w)‘e):o;))
Ty = T3(00; X, 1) = £ (Vi [12(60)]* (8n(X) — 60))

(2.14) <

K3(60). (4.50)

—h (%V (V(£(B0; x))) + Ry (Oo; X))



Distance to normal for vector MLE 3819

T2 = Tg(eo;X7h) = h (%V (V(£(00,$))) + R1(00; CB))

1 -
—h| —=V(V({£(6p; X . 4.51
(57 (7 (4000 300 ) (451)
Using the above notation and the triangle inequality

(2.15) = [E[Th + T2]| < E|T3[ + E[T3].

With Ap;) the 4 row of a matrix A, a first order multivariate Taylor expansion
gives that

d

10 < s | 3 | Vi [ (£ 60)] ] | (8n(3) = 00) = <=V ¥ (¢(60: X))

T {;;Qm( (89 ;9 <";w>\9_eg>)})

Using (2.13) component-wise and the Cauchy-Schwarz inequality, we have that

d o2 B 2
Birl < DL ST i Z J [(maeo; X) 4 nlf 60))ss ] -

k=11=1

=

(4.52)

To bound now E |T3|, with T as in (4.51), we need to take into account that
mf (6; :L') o is in general not uniformly bounded. For € > 0, the law of
-—vo

total expectatlon and Markov’s inequality yield
E|Ty| < 2||h[P (|Q(m)| > €) + E [|T2]||Qm) | < €]
2IIhH 2
< ZQ +E[|T2]]|Qumy| < €], (4.53)

=1

with Q) as in (2.5). To bound E [|T2\ | |Q(m)| < e], a first-order Taylor expan-
sion and (2.13) yield

ITy| < || 1 ZZ’V ‘ZZ

klll Jj=1lv=1

/(6 X)‘ (4.54)

©iQv 50, 58,00, 00y, 60 00,

=6,

Therefore, from (4.53) and (4.54) we have that

d
2||h
E|T3| < ” ey e

j=1
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[ s L ik .
+ 2\/H§::Z‘Wk‘ﬂz ZZ Q]va“e,){)‘ezea ‘|Q(m)| <e€

The Cauchy-Schwarz inequality and Lemma 4.1 yield

j=1
17l ) 5 ~y ; }
2> [Vl 30 (@53 [E [0 (302 | @en | < ]]
k=11=1 j=1v=1
(4.55)
Therefore, from (4.52) and (4.55) we obtain that
215 < 2l Zéf N ||h||1K1(90) .

where K1 (0p) is asin (2.7). Using now (4.50) and (4.56) we obtain the assertion.ll

Appendix: Proofs of Lemma 4.1 and of Corollaries 2.3 and 3.1
Proof of Lemma 4.1. Let k € {1,2,...,d}. We set My;1 = 0. It will be shown
that for £k =1,2,...,d we have that

E[f(M)|M; <e,i=k,....d <E[f(M)|M; <e,i=k+1,...,d].
From the law of total expectation,

E[f(M)|M; <€, i=k+1,....d

(M

E[f(M)|M; <e,i=k,....dP My, <elM; <e,i=k+1,...,d]
+E[f(M)|M; <e,i=k+1,...,d, My > €]P [M}, > ¢|M; <€,
i=k+1,...,d.

Using that
P[M,<elM;<e,i=k+1,....d] =1-P[Mp>¢lM; <e,i=k+1,...,d
yields

E[f(M)|M; <e,i=k+1,....d =E[f(M)|M; <e,i=k,...d

TP My >e|M;<e,i=k+1,..  d{Ef(M)|M <e,i=k+1,...,d,
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My>e —E[f(M)|M; <e,i=k,...dy. (4.57)

Since f(m) is an increasing function,
E[f(M)|M; <e,i=k+1,...,d, My > €] —E[f(M)|M; <e,i=k,...,d >0.
Applying this to (4.57) gives that
E[f(M)|M; <e,i=k,....,d <E[f(M)|M;<e,i=k+1,...,d.
A simple iteration over k gives that
E[f(M)|M; < eVi=1,2,...,d <E[f(M)],

which is the result of the lemma. [ |

Proofof Corollary 2.3. For one random variable, the first and second-order
partial derivatives of the logarithm of the normal density function are

9 1 3 0 12
— 1 — 24— 4 12 — 1 = p — 2
om og f(z1|no) Ty + o + pred o og f(z1|no) = 21 o
0? 1 03 02 1
—logf(atlng):—(—+—2>, 5 log f(z1[no) = —5—,
ong i 2nf on3 2
o f(a110) = 50— log f(z1[10) = 22 (158)
og f(x = og f(x = —=. .
Ao g 1170 Onaom g 1170 277%
Hence, the expected Fisher Information matrix for one random variable is
1 (Lym m
I =—|m m 4.59
(o) 2m< ) (459
1

and after simple calculations we obtain that

3
:f/:,/g ni (14 /m) mne ’
o N2 m (14 m) +n3

where a = (1+ \/r]_1)2 +n2 as defined in Corollary 2.3. We bound the terms
in Theorem 2.1 in order of appearance. The term Kj(ng) is given in (2.7) and
the first quantity of K7(no) vanishes due to the fact that

E[TZ] =0, Vk,je{1,2}. (4.60)
This comes from the definition of T}; in (2.5) and the results of (4.58) and (4.59).
For the second term of Kj(no), we note that Cov [)_(, Iy (Xi= )_()2] =0
(Casella & Berger, 2002)[p.218] and simple calculations lead to

=

[I(no)]~

2nm3 (2n + 63) + 3n3n3 (4n* + 172n + 315)

22
E [Q1Q2} < (n—5)2(n—9)? )
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12n? + 5160 + 945)
(n—5)%(n—9)2

i 1202 (4 13)° + 12003 (4302 + 63n) + 94514
E[Qa] < (n—5)2(n — 9)2 ’

s fef) < 2L

(4.61)

where (1 and Q2 are defined in (2.5). In addition, for My (z) and 0 < € = €(no)
as in the condition (R.C.3), simple calculations and (4.58) yield for m = 1,2

o n 3n6
sup _é g,X ‘ = sup _ 2
0:10m —mm | <e 89:1)) ( ) 6:10., —1m | <e 9% 29411
2
< . 3 <1 + et 9 ) =: M (z),
(m —e) 2(m — e€)
PE
sup —36(0;X)‘ =0=: My (),
0:10,, —nm | <€ 892
0° ’ nig | n(n + e
su —0(0; X)| = |——= MIRTE) o Myo(e),
«9:\(9,,17}7)m|<E 0036, ( )‘ 3 i — )3 112()
ok ' n n
" a9.02 0 X)| = 55| < 55 = Man (). 4.62
0:\(9,,,L77I7)m|<6 8919% ( ) 277% 2(771 —6)2 221( ) ( )

For the choice of € = ¢j as in (R.C.3), (4.62) requires that 0 < € < 7;. There is a
trade-off on its choice for the fourth term of the bound in (2.6) and the results
in (4.62). This is because the last term of the general bound in (2.6) is divided
by €2 indicating that we should choose ¢ away from zero. However the terms in
(4.62) have powers of 71 — € on the denominator and it would be reasonable for
€ to be close to zero and away from 7;. An optimisation process with respect to
€ becomes quite tedious and therefore we choose € to be the midpoint of (0,7),
which is sufficiently away from both zero and 7;. Using this value of € and for 1%
as in (2.5), our results in (4.62) and (4.61) give, for the second term of Kj(ng),

that

% 2.2 “7”“‘ 22222: \/E[T?Qg]\/ﬂ*: [(anji(X))ZMQ(mﬂ < e]

2
k=11=1 j=1i=1

n? 516 945
8 (vt + [me2| +m1) 124 —+ o

y <1+3(In2|+%)2>

n2

m

1202(4312 + 63 9457
+2\/12(m+77§)2+ Lol "; m n2"2

(AL @l ) Bl +242v) 1
n; n van
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4 6
+ 77—\/4 (m + 3n3) + - (211 + 8673) + 94573
1
x ((m + [n2]) (1 + 32| +2¢/m) +m) ¢, (4.63)

which is an upper bound for K7 (ng). We now proceed to find an upper bound on
K5(no), which is a sum of two quantities as (2.8) shows, involving the calculation
of variances of §;; as defined in (2.5). For the first quantity, using (4.58) and
(4.60), after straightforward calculation of moments (up to fourth order) of X;
and with « and 8 as in the corollary, we get that

NG

) ) 217}
> | Var (Z —logf X1|770)>

j=1 =

2
1 1
- Var (X2 - — = 77—2)
4 2m 47]1
2
+,| Var (X1 — E)
2n

1 7 3 7772 1 2 2 2
=—qay/ =+ "+ —+ + . 4.64

(‘7121 + ‘7122>

(‘7222 + ‘7122>

m
For the second quantity in K3(no), simple calculation of moments leads to

1
2

2 2
1 0
3 Var ;g 1ng Xl|770)V1va " log f(X1|no)
1 - - (0 S 2
< - |E — 1 X — 1 X
<3 ViiVar <5771 og f( 1"0)) + Voo Vi (3772 og f( 1|"70))

1
2

B B N E
+3—771 logf(X1|170)8—772 log f(X1|no) <V21 + V22V11)}

(= 1ogf<X1|no>)4]

(ilogﬂxlmo)ilogf(xlno>)2 :
3771 8’172

= I (0 p2) 5412 2+52+ 2/l + — (B
= 2 E m M) 37T

v3
2

IN

o ol R
VAVAE (8—77110gf(X1|n0)> + VR VEE

. N2
+ (V221 + V22V11> E

1
2

(4.65)
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For an upper bound on K3(79) as in (2.9), we use that X/ is an independent

copy of X7 and also
3 3
1
A =5 (+54)
771 2771 \/7_7

3 1
pr— %.
\/Em

3
S (a% log £(Xi[1o) 5. o f<X1|’7°>> ]
("711’3+ “721‘3)

(s + )

:64\/5 18<1+ 773 >( (1+\/_)+|n|) 4n%|n2|34§ﬁ3

’6% log f(X1]70)

0
’a—mlogf(Xﬂ"”lo)

6 3
—1 X
‘3ﬂ2 og f(X1[no)

3az

i VT vt
(4.66)
For the last term of (2.6), we obtain that
2||h\| 2 2||A]l 2 > >
ZQ = a8 E ((2n + 15)n% + 2n (13 +m) + 1592
= % ((2n+15) (n} +n3) +2nm),  (4.67)
ni(n—3)(n—5)

where for the second equality we used that e = %, with our choice explained

in the paragraph after (4.62). Using the results in (4.60), (4.63), (4.64), (4.65),
(4.66) and (4.67) we get the result of the corollary. [ |

Proofof Corollary 3.1.
Part a). The probability density function is

L@+ o
ONE)

with o, 8 > 0 and z € [0, 1]. Hence, for j,k € Z*

f(x]6) = M=),

9 log £(210) = Wl + B) — W(a) + log(x),
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9]
95 18 f(2]0) = ¥(a+B) =¥ (B) +log(1 —x)
oIt
Do i1 log f(x[0) = V;(a + B) — ¥;(a),
oit+1
ok+i

Wlogf(ﬂe) = Vhyja(a+p). (4.68)

From (4.68), we see that we are under the scenario (2) of Remark 3.1 and U;
will be calculated using (3.40). The expected Fisher Information matrix is

() — Uy (a+ B) Uy (a+B)
1(80) = ( R A wam) |

Simple calculations show that the inverse of I(6g) is

o0 = 5 (i) e ).

o \Wi(a+p5)  Ci(a,B)
Therefore,
(6 )]2=i( C2 (B, ) + T3 (a+5) W1<a+6>(01<a,/3)+01(/3,a»)
0 52 \ W1 (a+8)(Ci(e, B)+Ci(B, ) C2(a, B)+ U2 (a+ ) :

For k,q = 1,2, we now proceed to calculate the quantities

sup {[1_2(0)}@} .

6:10;—00, ;| <e
vie{1,2}

Firstly, the fact that 0;(c, 8) as in (3.42) is a positive, decreasing function of «
and B, means that

1 1
— . 4.69
eﬂﬁﬁf«{mwh%m} T EDIE (4.69)
VjE{l,Q}

In regards to CF(f1,02) as in (3.42), we have that using a first-order Taylor
expansion and for # between 6, and 61 + 05,

sup {C’l2 (61, 92)} = sup {95\113(9)}
9:|9j—001j|<6 02|9j-907j‘<6
vjie{1,2} vie{1,2}

=(B+e? sup  {U3(01)} = (B+e)*P3(a—e),
0:\0j—90,j\<e
vje{1,2}
(4.70)
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since W2(z) is a decreasing function of ; see the definition of Wy(-) in (3.41).
In the same way, we can find an upper bound for CZ(f,,6;). With regards to
the quantity C1(61,602) + C1(62,61), we have that a similar first-order Taylor
expansion as in (4.70) leads to

Cﬂ&ﬁﬂ+{Hw%&):—%Wg@>—&ng), (4.71)

where 6 is between 6, and 6 405, while 0: is between 65 and 61 +6-. It is important
to highlight that Uy (z), as defined in (3.41) is a negative and increasing function
of z. Continuing from (4.71),

sup  {C1(01,02) + C1(02,61)} = —[(B+€) Vo =€) + (a +€) Ua(8 — €)].
9:|0j—907.7‘|<£
vje{1,2}
(4.72)
Using the results in (4.69), (4.70), as well as the fact that ¥y (z) defined in (3.41)
is a positive, decreasing function of x, we have that

(a+e)?W2(B —€) + V3 (a+ B — 2¢)

sup  {[17(0)],,} =

0:10;—00 ;| <e [6r(a+€ 8+ €)]?
vie{1,2}
sup  {[I7%(0)] .} = sup  {[I7%(0)],,}
0:\0j—90,j\<e 0:|9;‘-90);“<€
vie{1,2} vie{1,2}

B+ Wa(a—€) + (e +€) Ua(B —¢)]
[0r(a+¢€ B+ ¢€)?
o B+ e)?V3(a—e)+ Vi(a+ B — 2e)
Gz\ejsflénge { [I (9)]22} - [6[(0( I EaB + 6)}2
vje{1,2}

(4.73)

To derive the expression for U; as in (3.40) in this special case, we need to cal-
culate the quantities E [ E(OO;X)%E(OO;X)], for k,q = 1,2. Using (4.68),
we have that

(gfwmxo2

= ( (Y(a+p8)— Zlog >

Zlog(X
]E[(( (a+p5)— +Zlog1— )

n

E:bgl—X)

= Var =nC1(a, B)

E

(st00))

= Var =nC1(6, @)
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Zlog ]
ZZlog ;) log(1l — X;)

=n*(¥(a+ B) — V() (¥(a) — ¥(a+f))
+ 1 ((¥(a) = Yo+ B))(¥(B) — ¥(a + )

E a%e(eo;m%e(eo;m] n(W(o+ ) —

Vi (a+fB))
+n(n—1)(Y(a) - ¥(a+B8))(¥(B) — ¥(a+B))
— —nUy(a+ B). (4.74)

Applying the results of (4.73) and (4.74) to (3.40), we conclude that

[ZQ2‘| (5[ Oé—|—t ﬁ+ )] {Cl(avﬁ) [(a+6)2\113(ﬁ—6)+\I/%(a+ﬂ—26)]

+C1(B,a) [(B+ )’ T3 (o — €) + T (o + § — 2¢)]

+20i(a+ B)[(B+€) Ya(a —€) + (a+€) Ua(B —€)] }

which completes the proof. |
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