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Abstract

We establish an existence and uniqueness result for a class of multidimensional
quadratic backward stochastic differential equations (BSDE). This class is charac-
terized by constraints on some uniform a priori estimate on solutions of a sequence
of approximated BSDEs. We also present effective examples of applications. Our
approach relies on the strategy developed by Briand and Elie in [Stochastic Process.
Appl. 123 2921-2939] concerning scalar quadratic BSDEs.
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1 Introduction

Backward Stochastic Differential Equations Backward stochastic differential equa-
tions (BSDEs) have been first introduced in a linear version by Bismut [Bis73], but since
the early nineties and the seminal work of Pardoux and Peng [PP90], there has been
an increasing interest for these equations due to their wide range of applications in
stochastic control, in finance or in the theory of partial differential equations. Let us
recall that, solving a BSDE consists in finding an adapted pair of processes (Y, Z), where
Y is a R%valued continuous process and Z is a R***-valued progressively measurable
process, satisfying the equation

T T
Yt=§—|—/ f(s,Ys,Zs)ds—/ ZydW,, 0<t<T, a.s. (1.1)
t t

where W is a k-dimensional Brownian motion with filtration (J;):cr+, £ is a Fr-measurable
random variable called the terminal condition, and f is a (possibly random) function
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called the generator. Since the seminal paper of Pardoux and Peng [PP90] that gives an
existence and uniqueness result for BSDEs with a Lipschitz generator, a huge amount
of paper deal with extensions and applications. In particular, the class of BSDEs with
generators of quadratic growth with respect to the variable z, has received a lot of
attention in recent years. Concerning the scalar case,i.e. d = 1, existence and unique-
ness of solutions for quadratic BSDEs has been first proved by Kobylanski in [Kob00].
Since then, many authors have worked on this question and the theory is now well
understood: we refer to [Kob00, Tev08, BE13] when the terminal condition is bounded
and to [BHO06, BEK13, DHR11] for the unbounded case. We refer also to [GY14] for a
study of BMO properties of Z.

In this paper we will focus on existence and uniqueness results for quadratic BSDEs
in the multidimensional setting, i.e. d > 1. Let us remark that, in addition to its
intrinsic mathematical interest, this question is important due to many applications of
such equations. We can mention for example following applications: nonzero-sum risk-
sensitive stochastic differential games in [EKHO03, HT16], financial market equilibrium
problems for several interacting agents in [ET15, FDR11, Frel4, BLDR15], financial
price-impact models in [KP16b, KP16a], principal agent contracting problems with
competitive interacting agents in [EP16], stochastic equilibria problems in incomplete
financial markets [KXZ15, XZ16] or existence of martingales on curved spaces with a
prescribed terminal condition [Dar95].

Let us note that moving from the scalar framework to the multidimensional one is
quite challenging since tools usually used when d = 1, like monotone convergence or
Girsanov transform, can no longer be used when d > 1. Moreover, Frei and dos Reis
provide in [FDR11] an example of multidimensional quadratic BSDE with a bounded
terminal condition and a very simple generator such that there is no solution to the
equation. This informative counterexample show that it is hopeless to try to obtain
a direct generalization of the Kobylanski existence and uniqueness theorem in the
multidimensional framework or a direct extension of the Pardoux and Peng existence
and uniqueness theorem for locally-Lipschitz generators. Nevertheless, we can find in
the literature several papers that deal with special cases of multidimensional quadratic
BSDEs and we give now a really brief summary of them.

First of all, a quite general result was obtain by Tevzadze in [Tev08], when the
bounded terminal condition is small enough, by using a fixed-point argument and the
theory of BMO martingales. Some generalizations with somewhat more general terminal
conditions are considered in [Frel4, KP16a]. In [CN15], Cheridito and Nam treat some
quadratic BSDEs with very specific generators. Before these papers, Darling was already
able to construct a martingale on a manifold with a prescribed terminal condition by
solving a multidimensional quadratic BSDE (see [Dar95]). Its proof relies on a stability
result obtained by coupling arguments. Recently, the so-called quadratic diagonal case
has been considered by Hu and Tang in [HT16]. To be more precise, they assume that
the nth line of the generator has only a quadratic growth with respect to the nth line
of Z. This type of assumption allows authors to use Girsanov transforms in their a
priori estimates calculations. Some little bit more general assumptions are treated by
Jamneshan, Kupper and Luo in [JKL14] (see also [LT15]). Finally, in the very recent
paper [XZ16], Xing and Zitkovié obtained a general result in a Markovian setting with
weak regularity assumptions on the generator and the terminal condition. Instead of
assuming some specific hypotheses on the generator, they suppose the existence of
a so called Liapounov function which allows to obtain a uniform a priori estimate on
some sequence (Y, Z") of approximations of (Y, Z). Their approach relies on analytic
methods. We refer to this paper for references on analytic and PDE methods for solving
systems of quadratic semilinear parabolic PDEs.
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Our approach Our approach for solving multidimensional quadratic BSDEs relies on
the theory of BMO martingales and stability results as in [BE13]. To get more into the
details about our strategy, let us recall the sketch of the proof used by Briand and Elie in
[BE13]. The generator f is assumed to be locally Lipschitz and, to simplify, we assume
that it depends only on z. First of all, they consider the following approximated BSDE

T T
YM=¢ +/ (M (ZM))ds — / ZMdw,, 0<t<T, a.s.
t t

where p is a projection on the centered Euclidean ball of radius M. Then existence and
uniqueness of (Y ZM) is obvious since this new BSDE has a Lipschitz generator. Now,
if we assume that ¢ is Malliavin differentiable with a bounded Malliavin derivative, they
show that Z* is bounded uniformly with respect to M. Thus, (Y™ ZM) = (Y, Z) for M
large enough. Importantly, the uniform bound on Z¥ is obtained thanks to a uniform
(with respect to M) a priori estimate on the BMO norm of the martingale fo ZMaw,.
Subsequently, they extend their existence and uniqueness result for a general bounded
terminal condition: ¢ is approximated by a sequence ({"),en of bounded terminal
conditions with bounded Malliavin derivatives and they consider (Y™, Z™) the solution of
the following BSDE

T T
Yy =¢" +/ f(ZM)ds — / ZrdWs, 0<t<T, a.s.
t t

By using a stability result for quadratic BSDEs, they show that (Y, Z") is a Cauchy
sequence that converges to the solution of the initial BSDE (1.1). Once again, the
stability result used by Briand and Elie relies on a uniform (with respect to n) a priori
estimate on the BMO norm of the martingale [; Z"dW,.

The aim of this paper is to adapt this approach in our multidimensional setting. In
the first approximation step, we are able to show that Z* is bounded uniformly with
respect to M if we have a small enough uniform (with respect to M) a priori estimate
on the BMO norm of the martingale fo Z;” dW. But, contrarily to the scalar case, it
is not possible to show that we have an a priori estimate on the BMO norm of the
martingale fd Zé” dWs under general quadratic assumptions on the generator (let us
recall the counterexample provides by Frei and dos Reis in [FDR11]). So, this a priori
estimate on the BMO norm of the martingale fU ZM dW, becomes in our paper an a priori
assumption and this assumption has to be verified on a case-by-case basis according to
the BSDE structure. In the second approximation step, we are facing the same issue: we
are able to show the existence and uniqueness of a solution to (1.1) by using a stability
result if we have a small enough uniform (with respect to n) a priori estimate on the
BMO norm of the martingale fo Z?dWs,, and this a priori estimate becomes, once again,
an assumption that has to be verified on a case-by-case basis according to the BSDE
structure. Let us emphasize that the estimate on the boundedness of Z™ and the stability
result used in the second step come from an adaptation of results obtained by Delbaen
and Tang in [DT08]. The fact that our results are true only when we have a small enough
uniform estimate on the BMO norm of the martingale fo A éM dWg or fo Z7}dWsy is the main
limitation of our results. Nevertheless, we emphasize that this limitation is related to
a crucial open question that could be independently investigated. To be precise, we
would like to know if the classical reverse Holder inequality for exponential of BMO
martingales (see Theorem 3.1 in [Kaz94]) stays true in a multidimensional setting, i.e.
when we have a matrix valued BMO martingale. For further details we refer the reader
to Remark 3.5.

To show the interest of these theoretical results, we have to find now some frameworks
for which we are able to obtain estimates on the BMO norm of martingales [; ZMdW;
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and fo ZdW,. This is the purpose of Section 5 where results of [Tev08, Dar95, HT16]
are revisited. Let us note that one interest of our strategy comes from the fact that we
obtain these estimates by very simple calculations that allow to easily get new results:
for example, we are able to extend the result of Tevzadze when the generator satisfies a
kind of monotone assumption with respect to y (see subsection 2.2.2). Moreover, we can
remark that obtaining such estimates is strongly related to finding a so-called Liapounov
function in [XZ16]. Result on the boundedness of Z is also interesting in itself since
it allows to consider the initial quadratic BSDE (1.1) as a simple Lipschitz one which
gives access to numerous results on Lipschitz BSDEs: numerical approximation schemes,
differentiability, stability, and so on. Finally, as noticed by an anonymous referee, it could
be possible to extend our approach to quadratic BSDEs driven by more general cadlag
martingales like BSDEs in the Wiener-Poisson filtration. In this framework, notions of
BMO martingales and Malliavin derivative remain meaningful and the stability result of
Delbaen and Tang [DTO08] could be extended. Nevertheless, to avoid too many additional
technicalities, we decided to restrict our study to the classical Wiener framework. Let
us remark that, up to our knowledge, there is no result on existence or uniqueness
of solutions to multidimensional quadratic BSDEs in this framework and it should be
interesting to investigate it further in a futur work.

Structure of the paper In the remaining of the introduction, we introduce notations,
the framework and general assumptions. We have collected in Section 2 all our main
results in order to improve the readability of the paper. Section 3 contains some general
results about SDEs and linear BSDEs adapted from [DT08]. Section 4 is devoted to the
proof of stability properties, existence and uniqueness theorems for multidimensional
quadratic BSDEs. Finally, proofs of the applications of previous theoretical results are
given in Section 5.

1.1 Notations

o Let T' > 0. We consider (Q,]—", (]:t)te[(],T]aP) a complete probability space where
(Ft)tejo,r) is a Brownian filtration satisfying the usual conditions. In particular every
cadlag process has a continuous version. Every Brownian motion will be considered
relatively to this filtered probability space. A k-dimensional Brownian motion W =
(Wi) L<i<k is a process with values in R*¥ and with independent Brownian components.
Almost every process will be defined on a finite horizon [0, T], either we will precise it
explicitly. The stochastic integral of an adapted process H will be denoted by H « W,
and the Euclidean quadratic variation by (.,.). The Dolean-Dade exponential of a
continuous real local martingale M is denoted by

E(M) = exp (M - %(M, M)) .

o Linear notions — On each RP?, the scalar product will be simply denoted by a dot,
including the canonical scalar product on Mg (R):

MN= M; ;N ;.
1<i<d, 1<k

For A € Mg (R), AGP) will be the column p € {1,...,k} of A, and A" the line
I €{1,..,d}. If B e L(R”* RY), we write for i € {1,...,k}, B&") ¢ £(R% R?) the
linear map such that Bz = Y&, BG#)z00) for all z € R¥*, If A and B are two
processes with values in Mg, (R) and R, the quadratic variation (4, B) is the R?
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vector process
d d
<Z <Ail, Bl>>
=1 i=1

and we have the integration by part formula d (AB) = dA.B + A.dB + d (4, B). We
can also define the covariation of (A4, B) € Mg (R) x Mya (R) by

(Z <A“,BU>> | :

=1 i,j=1

o Functional spaces - In a general way, Euclidean norms will be denoted by |.| while
norms relatively to w and ¢ will be denoted by ||.|.
For a F-adapted continuous process Y with values in R? and 1 < p < oo, let us define

1/p
||Y||SP:E( sup m”) . and [[¥]gn = esssup sup [Yi.
0<s<T 0<s<T

If Z is a random variable with values in R%, we define
1
120 =E(|12")"".

A continuous martingale M with values in R is in #?(R), or only #? when it is not
necessary to specify the state space, if \/(M, M) € LP. And we define the 1P norm
by

1/
1Ml =B (M, M%) 7" < o0

If M is a martingale with values in R%, M is in #?(R) if |[M| is in H?(R). A real
martingale M = (M;)ogi<r is said to be BMO (bounded in mean oscillation) if there
exists a constant C' > 0 such that for every stopping time 0 < 7 < T*:

E((Mr — M;)?|F;) < C? as.

The best constant C'is called the BMO norm of M, denoted by |[M||5,,0(p) Or some-
times only || M| 5,,0- In particular, the one dimensional local martingale Z x W' =

Zs dVVS1 is BMO if there exists a constant C' > 0 such that, for all stopping time 7

0
with values in [0, 7], we have

T
E(/ |Z,)? ds

In the sequel, to simplify notations we will skip the superscript 1 on the Brownian
motion after a star. For more details about BMO martingales, we can refer to [Kaz94].
Fork > 1, C§°(Rk) is the set of all C* functions with values in R defined on R*, which
have bounded derivatives.

Given by € R? and a sequence (a,,) € (0,1]N, a function g : [0, 7] x R? — R is said to
be in Cé?")’loc if there exists a sequence (c,) of positive constants, such that, for all
n €N,

}'T> < C?as.

|g(t7 .’L’) — g(tlv x/)‘

sup lg(t, =)| + sup o2 — < ¢y
(+,2)€[0,T]x By, (bo) (t.2) £ 2" )€[0,T]x By (bo) |t — /|"™' % + |& — o/ |™"
EJP 24 (2019), paper 4. http://www.imstat.org/ejp/
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where B, (by) states for the Euclidean ball on R? of center b, and radius n. If the
last term does not depend on by, we shall say that g is in C(®*»)!°, Finally, for a given
a € (0,1], a function g : [0, 7] x R? — R is said to be in C* if

lg(t, ) — g(t',2")]

sup ("/2+|x_x/|a

(t,@)#(t @' €[0,T] xR [t — /|

< +00.

Remark 1.1. We can plainly show that if there exists (a,,) € (0,1]N such that a
bounded solution v is in C(®»):*°¢, then v € C*1.

¢ Inequalities - BDG inequalities claim that ||.| s, and ||.||,,, are equivalent on martingale
spaces with two universal constants denoted CZ’,, Cp. It means that for all continuous
local martingales M vanishing at 0,

[M|l3p < Cp [ M|

and
[M]lgp < CpIIM ||y -

In [MR16], Marinelli and Rockner deal with martingales taking values in a separable
Hilbert space. In particular, the upper constant C’ (Proposition 2.1 and Proposition
3.1) defined below is valid for all dimensions:

2 2
(52) (252) ifp>2,
C, = 4\/% if p < 2,
4 ifp=2.

We remark that in the case p = 2, the scalar BDG constant is valid. In the following
every BDG inequality should be understood with this choice of C’. The Doob maximal
inequality claims that for every R?valued martingale M and p > 1,

p
M| s» < o1 Ml ,
and for p = oo,
[M||goe < [[Mrll e -

If p €]1, 00, we will denote by p* the conjugated exponent of p such that % + p% =1.

Finally, we say that a process L = (L)o<i<r With values in RY satisfies a reverse
Holder inequality for some integer 1 < p < oo if there exists some constant K, such
that for every stopping time 0 < 7 < T a.s,

E(|Lr["|F;) < K, | L, as.

o BMO martingales properties — We recall here several results on BMO martingales that
will be useful in the sequel. The energy inequality (see [Kaz94]) tells us that for every
BMO martingale M and every integer n > 1, we have

E ((M)7) <! [ M50, (1.2)
and a conditional version of this inequality is also true: for all ¢ € [0, 7],
E((M)r — (M))"|F) < nl | M|[Fyo - (1.3)

Consequently the space of BMO martingales is a subset of ﬂp> 1 HP. We recall also the
so-called Fefferman inequality: for X € H! and Y € BMO,

T
E (/O |d (X, Y>s|> < X IV B aro -

EJP 24 (2019), paper 4. http://www.imstat.org/ejp/
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This inequality yields the following technical lemma (see [BB88] and [DT08] for more
details).

Lemma 1.2. Let m > 1. We consider X an adapted process and M a local martingale.
() If X e S™"and M € BMO, then X x M € H™ and

X % Ml < V2||X]

sm M|l garo -
(ii) If X ¢ H™ and M € BMO, then (X, M), € L™ and
(X, Mgl < V20| X g 1M | g0 -

The John-Nirenberg inequality gives a useful estimation on exponential moments of
(Z*xW)p: if | Z « W|| g0 < 1, for any stopping time 7 € [0, 7] we have

ff)g L
L= [ZxWl5um0

E(efflzs?ds (1.4)

We have also a result about changes of probability law and equivalence of BMO norms
on a BMO ball (see Lemma A.4 in [HT16] and Theorem 3.6 in [Kaz94]).

Proposition 1.3. Let B > 0. There are two constants c; > 0 and c; > 0 depending
only on B, such that for any BMO martingale M, we have for any BMO martingale N
such that | N g0y < B,

i [M| grrow) < 1M = (M, N)llgroq) < 2 Ml paow) - where dQ = E(N)r dP.

To conclude this paragraph, let us show a technical proposition that will be useful in
this paper.

Proposition 1.4. Let m > 1 and a sequence of BMO-uniformly bounded local mar-
tingales (Z" x W), .. We denote K = sup,,cn || Z" x W||gy0 < o0 and assume that
Z" x W converge in H™ to a martingale Z x W . Then Z x W is BMO too and satisfies
the same inequality || Z x W || 5,0 < K.

Proof. Let us define by M the measure dM = dP ® dt. Firstly we show that
convergence in ‘H" implies the convergence for the measure M. Indeed, if m > 2, the
Jensen inequality gives us

T
E (/ |Zr — Z82ds> <NZP*W = Zx W3
0
and thus we get the convergence in measure, since for all € > 0,

. Ln L n
M(Z" = 2> &) < 5 12" %W = Zx Wl < G125 W = Z5 W[y

Moreover, if m < 2 we also have

1 T T1-m/2 T
M(Z" - Z| > ) <—E / |Zr — Z™ds | < E / \Z — Z,* ds
gm 0 ) gm 0 )

For the both cases, we get convergence in measure. Hence there exists a subsequence
(nk)en such that

m/2

|z | = |Z> M-—ae.
—00

The Fatou lemma gives us for all stopping time 7 € [0, 77,

T T
/ |Zs\2ds < liminf/ |Z§Lk\2ds a.s,
k—o0

T T
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=)

]-"T> < K as.

and taking the conditional expectation

T T
E(/ | Z,|? ds ]-‘T> < E(likminf/ |Z | ds
T —+0 T

T
< liminfE</ |Z | ds
k—o00 r ’

Finally Z » W is BMO and || Z x W || g0 < K. O

o Sliceability — For a process X and a stopping time 7 we denote by "X the process
started at time 7, that is "X = X;ax(.,r) — X7 where X!7 is the process stopped at
7. For two stopping times 7 < o a.s, we denote by 7. X/ the process started at 7 and
stopped at o:

Txle = (Tx)l7.
Associativity property of the stochastic integral can be rewritten with this notation:
T(H+«W)7 =Hx"Wl.

Between 7 and o, the started and stopped process is simply a translation of the stopped
process: for all v such that 7 <u < o a.s,

Xle=Xx,-X..

This process is constant after ¢ and vanishes before 7. Let us suppose that X is a
BMO martingale. We say that X is e-sliceable if there exists a subsequence of stopping
times0 =Ty < T} < ... <Tn =T, where N € N is deterministic, such that

Ty (X)J Tn+1

N
™

BMO
The set of all e-sliceable processes will be denoted by BM O.. Schachermayer proved
in [Sch96] that
N BMO. = H=""°.
e>0

Moreover the BMO norm of a started and stopped stochastic integral process ™ Z + W17

has a simple expression:
7 2
=esssup sup E |Zs|” ds| Frr ),
BMO 7'/67—7—,(; P

where T, , = {7’ stopping time : 7 < 7' < o a.s}.

Proposition 1.5.

TZ %« Wi°

A proof of this proposition is given in the appendix part.
© Malliavin calculus - We denote by

P={f((g1 *W)r, ..., (gn * W)T) : f € C;°(R"),g; adapted ,n > 1},

the set of all Wiener functions. For F' € P, the Malliavin derivative of F' is a pro-
gressively measurable process DF € L?([0,7] x ©,8([0,T]) ® F,dz ® dP) defined
by

D F =Y 0 f((g1 % W)z, ooos (gn * W)1) i (t).

i=1
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In particular D ((h * W)7) = h for all adapted process h. We define a kind of Sobolev
norm on P with the following definition

b= () 2 (107 )

We can show that D is closable, consequently it is possible to extend the definition
of D to D2 = 7", Besides, D'? is dense in L2(Q). For further considerations on
Malliavin calculus we can refer to [Nua06]. We finish this paragraph by the following
useful result proved in [Nua06] (Proposition 1.2.4).

Proposition 1.6. Let ¢ : R? — R. We assume that there exists a constant K such
that for all z,y € R%,

lp(x) — oY) < K|z —yl.

Let (F',...,F9) a vector in DV2(R%) N L°°(Q). Then p(F) € DY2(R%) and there exists
a random vector (G*, ..., G%) such that

d
Dp(F) =) G'DF’, and |G|<K.
=1

1.2 Framework and first assumptions

In this paper we consider the following quadratic BSDE on R¢:
T T
Y}zf—i—/ f(s,YS,ZS)ds—/ Z, AW, 0<t<T, a.s. (1.5)
t t

where f is a random function Q x [0,7] x R? x R%*¥ — R called the generator of the
BSDE such that for all (y,z) € R x R*>* and t € [0,T], (f(t,y, 2)) o< is Progressively
measurable, (Y, Z) is a process with values in R? x R™* and ¢ € L? (Fr,R?).

Definition 1.7. A solution of BSDE (1.5) is a process (Y,Z) € S*(RY) x H2(R4*¥)
satisfying usual integrability conditions and solving initial BSDE:

T
(1')/ (|f(s,YS,ZS)|2+|ZS|2> ds < 0o as.,
0

T T
(i) Ytzf—i—/ f(s,YS,ZS)ds—/ Z,dW,, 0<t<T, as.
t t

Some locally Lipschitz assumptions on f and integrability assumptions on £ and f
will be assumed all along this paper.

(H) () For all (y,y/,2,2') € (Rd)2 X (Rka)Q, we assume that there exists
(Ky,Ly,K.,L,) € (R")* such that P — a.s forall ¢ € [0,7]:

[f(ty,2) = ft g 2)] < (Ky + Lylz)|y — o/,
[f(ty,z) — f(ty, 2")| < (K= + La(|2] + [2]) |2 — 2,
(ii) E(|§|2+f0T|f(s,0,O)|2ds> < too.
We denote by B™(L,, L) the following quantity depending on L, and L:
Loty mE HLCL) ey g,

B™(L,, L,) := vamLy, (1.6)
if L, = 0.

1
2v2L.C!,
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For all m > 1, let us denote by Z3,,, the set

Zhio = {Z, R%** — valued process /QmLy N2« W %0

+ 2\/§LZO’I{)’L H|Z| *W”BMO < 1}7
which can be rewritten as
2o = {27 R¥* _ valued process / 11Z]* W ga0 < IBm(Ly,Lz)},

where B"(L,, L.) is defined in (1.6). We also denote by Z3.%/" the set of all R***-valued
processes Z for which there exists a sequence of stopping times 0 = Ty < 77 < ... <
Ty = T such that T Z1Ti+1 € 2w, foralli € {0,..., N}.

To conclude this introduction, we finally consider an approximation of the BSDE (1.5).
To this purpose let us introduce a localisation of f defined by fM (¢,y,2) = f(t,v, p™(2))
where pM : R¥** —, R?** satisfies the following properties :

° p]\/I ‘BRka (0,M) is the identity,
< pM \Rd“\BRdxk(o,MH) is the projection onto the closed convex set Braxx (0, M + 1),

+ pM is a C* function with |Vp™(z)| < 1 for all z € R4**,
Thus fM is a globally Lipschitz function with Corzlstants depending on M. Indeed we
have for all (t,y,y’,2,2') € [0,T] x (R?)? x (R***)7,
My, 2) = My 2| < F (G o™ (2) = £ (Y, 0™ (2)]
+f 6y, M () = (Y M ()]
<Ky + Lylp™ )P) [y — |
+ (K + La (10" () + 0™ () |2 = 2]
S(Ky + Ly(M +1)*) Jy — /| + (K. + 2L (M + 1)) |z — 2.

Then, according to the classical result of Pardoux and Peng in [PP90], there exists a
unique solution (Y, ZM) ¢ S2(R%) x H2(R**F) of the localized BSDE

T T
thngr/ ™ (s,yf'f,sz)ds—/ ZMaw,, 0<t<T. (1.7)
t

t

2 Main results

We have collected in this section principal results proved in our article. All proofs
are postponed to sections 4 and 5. The following subsection gives some existence and
uniqueness results while subsection 2.2 is dedicated to particular frameworks where
these existence and uniqueness results apply.

2.1 Some general existence and uniqueness results

2.1.1 Existence and uniqueness results when the terminal condition and the
generator have bounded Malliavin derivatives

We consider here a particular framework where the terminal condition and the random
part of the generator have bounded Malliavin derivatives. More precisely, let us consider
the following assumptions.
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(Dxi,b) The Malliavin derivative of £ is bounded:

DEls= = sup [[Deg]|z < oo

Xtx

(Df,b) (i) Forall (t,y,2) € [0,7] x R% x R™*, we have
T T
f(t,y,z) € DY*(RY), and E (/ / |Duf(s,y,z)|duds) < 0.
o Jo

(i) There exists C' > 0 such that for all (u,t,y,2) € [0,T]> x R? x R4*¥,
Dty ) <C (14 47) as.

(iii) For all (u,t) € [0,7]?, there exists a random variable C,(t) such that
for all (y*,2', 9%, 2%) € (R% x Rka)Q,

DLty 2) = Duf(ty? )] < Cul) (1421 + 22) [y = o
(2.1)

(D) [ = #7) as,
(2.2)

By recalling that (Y, Z™) is the unique solution of (1.7), we will also assume that we
have an a priori estimate on |Z| W uniform in M and small enough. For a given m > 1
we consider the following assumption:

(BMO,m) there exists a constant K < B™(L,, L.) such that

ZM| %W < K.
I;’élRp+ ||| |* ||B]\/IO S

Theorem 2.1 (Existence and uniqueness (1)). Letm > 1. Under the main assumption (H),
the BMO a priori estimate (BMO,m), and the boundedness of the Malliavin derivatives
of ¢ and f, (Dxi,b)—(DLb), the quadratic BSDE (1.5) has a unique solution (Y, Z) €
S2(RY) x 21,0 such that

esssuPg 0,77 | Z| < +o0.

A result similar to Theorem 2.1 can be obtained when the quadratic growth of z has
essentially a diagonal structure. Thus, we replace assumption (H) by the following one:

(Hdiag)
* There exist faiag : %[0, T]xR¥* — R%and g : Ox[0, T]xRIxR¥** —
R such that for all i € {1,...,d} we have
6y, 2) = faiag(t:2) + 9 (8 y, 2).
* There exist five nonnegative constants Lq, K4, L4y, K4 2, La,. such
that for all (t,y,v',2,2') € [0,T] x (R%)? x (R¥**)2 and i € {1,...,d}:
| g (t:2) = Fiag(t: 2] < La (|20 4] ()]} |2 = )69
96,9, 2) = 98,9/, 2)| < (K + Lay 12 ) ly = ¥/
l9(t,y, 2) — gt y,2)| < (Kaz + La: (2] + [2]) |2 = 2] -
EJP 24 (2019), paper 4. http://www.imstat.org/ejp/
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This kind of framework has been introduced by Hu and Tang in [HT16] (see also [JKL14]).
The following result of existence and uniqueness is specific, and do not follows directly
from Theorem 2.1. Indeed, if an uniform upper bound is assumed (assumption (i) below),
we can use specific tools in the diagonal case to obtain an upper bound small enough.
Theorem 2.2 (Existence and uniqueness (1) - Diagonal Case). We assume that (Hdiag),
(Dxi,b), (Df b) hold true and that there exists a constant B such that

HZM| *WHBMO < B,

@) sup
MeRt

2 2 2
(i) 3dL,,B* <1, (%\/Ldvy + QCig/ELd,Z) f‘_@g;ij;gz < 1, where c; and c, are given
by Theorem 1.3 with B = 2L4B.

We also assume that ¢ € L>=(Q, Fr) and f(.,0,0) € S®(R?). Then, the quadratic BSDE
(1.5) has a unique solution (Y, Z) € S®(R%) x BMOg such that

esssupPg 0,77 | Z| < +o0.

The main difference between assumptions in Theorem 2.1 and Theorem 2.2 comes
from the form of constants used in the bound of the BMO norm. In particular, for any
Lq > 0, there exists ¢ > 0 such that (ii) in Theorem 2.2 is fulfilled as soon as L4, < ¢
and L, . < ¢ while we cannot take L, as large as we want in Theorem 2.1.

2.1.2 Extension to general terminal values and generators

Now we are able to relax assumptions (Dxi,b) and (Df,b) with some density arguments.
To do so, we assume that we can write f as a deterministic function f of a progressively
measurable continuous process: the randomness of the generator will be contained into
this process.

(H’) (i) There exists a progressively measurable continuous process a €
Npen- SP with values in R?, d > 1, and a function f : R? x RY x
R®* — R? such that for all (¢,y, z) € [0,T] x R? x R4**:
f(tv Y, Z) = f(ata Y, Z)
Besides, we assume that (H) holds true for f.

(ii) There exists D € R* and 6 € (0, 1] such that for all (y, z) € RY x R4*k,
(8.8 € (RT)*:

£(8,y,2) —£(8',y,2)| < D (1 + |z\2) 18-8". (2.3)

Forn € L*(, Fr), B € S and M € R*, we denote by (Y(M:m:8) Z(Mn.8)) the unique
solution of the BSDE

T T
YO = 4 / £ (B, YD), Z(000)) s / ZMn dW,, 0<t< T, (2.4)
t t

where for all (¢, y, z) €[0, T]xR?x R¥* and R¥ -valued processes o, we have £ (o, y, z) =
fM(t,y,2). Finally, assumption (BMO,m) will be replaced by the following one.

(BMO2,m) We assume that £ € L>™ (Q, Fr) and that there exists a constant K <
B™(Ly, L.) such that

sup sup H’Z(M’”’B)‘*WH < K.
MER* |Inll 2m= o 7 SIEN L2m> (0 7, BMO
181122 @ x 0,y Sl L2 (@ 0,77
EJP 24 (2019), paper 4. http://www.imstat.org/ejp/
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Theorem 2.3 (Existence and uniqueness (2)). Let m > 1. Under the main assumption
(H’) and the BMO estimation (BMOZ2,m), the quadratic BSDE (1.5) has a unique solution
in 82" (RY) x (H™ (RT*) N Z8y0)-

Remark 2.4.

* Let us emphasize that the uniqueness result in Theorem 2.3 lies in a different space
than the space used in Theorem 2.1.

e It is also possible to extend the result of Theorem 2.2 (diagonal case) to more
general terminal conditions and generators. Nevertheless, the result obtained
would be less general than Theorem 2.3. See Theorem 4.11 for more details.

2.2 Applications to multidimensional quadratic BSDEs with special structures

In this subsection we give some explicit frameworks where assumptions (BMO,m)
and (BMO2,m) or assumptions (i) and (ii) of Theorem 2.2 are fulfilled. The aim is to
show that numerous results on multidimensional quadratic BSDEs already proved in
the literature can be obtained with similar assumptions by our approach. We want to
underline the simplicity of this approach since we just have to obtain some a priori
estimates on the BMO norm of |Z| x W by using classical tools as explained in section 5.
Moreover, it is quite easy to construct some « new » frameworks where (BMO,m) and
(BMO2,m) or assumptions (i) and (ii) of Theorem 2.2 are also fulfilled.

2.2.1 An existence and uniqueness result for BSDEs with a small terminal con-
dition

In [Tev08], Tevzadze obtains a result of existence and uniqueness for multidimensional
quadratic BSDEs when the terminal condition is small enough by using a contraction
argument in §*° x BMO. We are able to deal with this kind of assumption with our
approach. We consider the following hypothesis.

(HQ) (i) There exists v € R such that for all (¢,y, z) € [0,T] x R? x R¥**, we
have |f(t,y,2)| < 7l2|?,
(i) 3292 )|¢]I7~ < 1.

Proposition 2.5. Let m > 1. Under (H’)—(HQ), and the following condition on ~:

1 1/2
— (1—/1—32y2 2w> < B™(Ly, L),
5 (1= Vi (L)L)

the BSDE (1.5) has a unique solution in S*™ (R%) x (H™ (R¥*)N Z%,,0). If in addition
(Dxi,b) and (Df,b) hold true, there exists an unique solution (Y, Z) € SOO(Rd) X Z8vio
such that

esssupPg 0,77 | Z| < +o0.

2.2.2 An existence and uniqueness result for BSDEs with a monotone genera-
tor

In this part we investigate the case where we have for f a kind of monotonicity assump-
tion with respect to y.

(HMon) (i) There exists p > 0 and «, v > 0 such that for all (s, y, z) € [0,7] x R% x
Rdxk‘
y.f(s.y,2) < alyl—plyl® + vyl |2,

EJP 24 (2019), paper 4. http://www.imstat.org/ejp/
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(ii) 3272A4% < 1, where A = max (||§||Lw , %).

Proposition 2.6. Let m > 1. Under (H’)—(HMon) and the following estimate on v:

1 1/2
— (1-y1-32 2A2) <B™(L,,L.),
2\/57 ( Y ( Yy )
the quadratic BSDE (1.5) has a solution in S*™ (R%) x (H™ (R¥**)NZ%,,,). Ifin addition
(Dxi,b) and (D£,b) hold true, there exists a unique solution (Y, Z) € S®(R%) x 21,

such that
esssuPg 0,77 | Z| < +o0.

2.2.3 An existence and uniqueness result for diagonal quadratic BSDEs

Now we consider the diagonal framework introduced in section 2.1.1. We assume
that the generator satisfies (Hdiag), i.e. the generator f can be written as f(¢,y,z) =
faiag(t, 2) + g(t,y, z) where faiag has a diagonal structure with respect to z.

Proposition 2.7. We assume that
(i) (Hdiag), (Dxi,b) and (Dfb) hold true,

(ii) there exist nonnegative constants G4 and G such that, for all (t,y, z) € [0,T] x R? x
R¥**, we have

| faiag(t, 2)| < Gal2|*, lg(t.y,2)| < Gz, (2.5)
(iii)
d 2G|
4z, @l
Gy

N

. _ c 2¢2Vd 4Vdc3Ly . (4G.G) !
(iv) 3dLqy(4GaG)™ ! <1, (ﬁ V6iay+ =% Ld7z> 1_05(2”3&%4(;26‘3,1 < 1, where ¢; and

¢y are given by Theorem 1.3 with B = 2L4(4G4G)~ /2.

Then, the quadratic BSDE (1.5) has a unique solution (Y, Z) € §*(R%) x BMO4¢,¢)-1/2
such that
esssupPg 0,77 | Z| < +o0.

Remark 2.8. If K, . = 0, then we have necessary G < L.

Remark 2.9. The growing assumption (2.5) is only one example of hypothesis that can
be tackled by our approach. It is also possible to obtain the same kind of result by
replacing (2.5) by one of the following assumption:

+ We assume that for all (t,y, z) € [0,T] x R? x R4*¥,
l9(t,y,2)| < C(1+ [y]) + e |2

and T, e are supposed to be small enough. This framework is studied in [HT16,
JKL14].

+ We assume that for all (¢,y, z) € [0,T] x R? x R4*¥,
lg(t,y,2)| < C(1+ [y]).

This situation is already studied in [HT16].
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2.2.4 Existence and uniqueness of martingales in manifolds with prescribed
terminal condition

The problem of finding martingales on a manifold with prescribed terminal value has
generated a huge amount of literature. On the one hand with geometrical methods,
Kendall in [Ken90] treats the case where the terminal value lies in a geodesic ball and is
expressed as a functional of the Brownian motion. Kendall gives also a characterisation
of the uniqueness in terms of existence of a convex separative function, i.e. a convex
function on the product space which vanishes exactly on the diagonal. Besides, in
[Ken92], Kendall proved that the property every couple of points are connected by a
unique geodesic is not sufficient to ensure existence of a separative convex function,
which was conjectured by Emery. An approach by barycenters, of the martingale notion
on a manifold, is used by Picard in [Pic94] for Brownian filtrations. Arnaudon in [Arn97]
solved the problem in a complex analytic manifold having a convex geometry property for
continuous filtrations: the main idea is to consider a differentiable family of martingales.
For all these results, a convex geometry property is assumed. The first approach using
the tool of BSDEs is proposed by Darling in [Dar95].

Let us now define more precisely the problem. A so-called linear connection structure
is required to define martingales on a manifold M in a intrinsic way. A contrario, for
semimartingales, a differential structure is enough. The definition of a martingale can
be rewritten with a system of coupled BSDEs having a quadratic growth, so we begin
to recall it. We can refer to [Eme89] for more details about stochastic calculus on
manifolds.

Let us consider (M, V) a differential manifold equipped with a linear connection V.
This is equivalent to give ourselves a Hessian notion or a covariant derivative. We say
that a continuous process X is a semimartingale on M if for all F' € C3(M), Fo X is a
real semimartingale. Consistence of the definition is simply due to the It6 formula. We
say that a continuous process Y is a (local) V-martingale if for all F' € CQ(M),

1 t
F(Y)t—§/0 V dF(dY,dY),

is a real local martingale on [0, 7]. Again it is not very hard to see with the It6 formula
that this definition is equivalent to the Euclidean one in the flat case. Let us remember

that / VdF(dY,dY), is a notation for the quadratic variation of ¥ with respect to

0
the (0,2)-tensor field V dF'. This notion is defined by considering a proper embedding
(z;)1<i<a into R such that every bilinear form b can be written as b = b;; dz’ ® da’
(implicit summation). On the other hand it can be proved that the quantity

[ vavavy. = [neaey),

0 0

does not depend on (z);<;<4 and so the quantity / VdF(dY,dY)s is intrinsic. It is
0
well-known that for all m € M,

(Vv dF)ij (m) = Dy F(m) — FZ (m)DyF(m),

where Ffj(m) denotes a V-Christoffel symbol at the point m. The coefficients are
symmetric with respect to ¢, . Hence martingale property in the domain of a local chart
is equivalent to the existence of a process Z such that (Y, Z) solves the following BSDE

T T
Y;=5+/ f(s,YS,Zs)ds—/ Z,dW, 0<t<T,
t t
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with f : [0,7] x R? x R** — R? defined by f(s,y,2) = § (T};(y)z().20) _ _ . Itis
an easy consequence of the representation theorem for Brownian martingalés and the
definition applied to F = 2*. We consider in addition the following assumption

(HGam) there exists two constants L, and L, such that for all 4, j, k € {1, ...,d}
ITH(y) =T <2Lyly = ', |TH ()| <2L..

For example (HGam) is in force if the domain of the chart is a compact set. It is also
true if we choose an exponential chart. Without loss of generality we can suppose that
M has a global system of coordinates: all the Christoffel symbols will be computed in
this system.

Under (HGam), assumption (H) is in force: for all (y,v/, z, 2') € (R%)? x (Rka)Q,

[f(ty,2) = F(t g, 2) < Ly |2 ly — o/l
and with the symmetric property of the Christoffel symbols, we have

F(t.2) = (t9,2) = =5 ST ) (209,260 — ()06,

_% szj(y) (Z(i#) _ (z’)(i“)) (Z(j,:) + (z’)(j“)) :
3

which implies that

[f(ty,2) = f(ty, 2 < Lz (2] + [2]) |2 = 2]

To obtain some important a priori estimate for the BMO norm of Z x W, Darling
introduce in [Dar95] a convex geometry assumption.

Definition 2.10. We say that a function F € CQ(M, R) (seen as a function on RY) is
doubly convex on a set G C R® if forally € G and z € R%,

min {Hess F(y)(z,2), VAF(y)(z, 2)} > 0,
and, for o > 0, F is a-strictly doubly convex on G if for ally € G and z € R?,
min {Hess F(y)(z,2), VAF (y)(z,2)} > a|z|*.

This property means that F' is convex with respect to the flat connection, and, with
respect to the connection V.

Theorem 2.11. Let m > 1 and assume that:

(i) there exists a function F% € C?(M, R), such that G = (F°) ' (]—00,0)) is compact
and¢ € G,

(ii) F? is doubly convex on M, and there exists & > 0 and m > 1 such that F% is
a-strictly doubly convex on G and satisfies

1/2
( sup {ch(x) FdC(Q)}) < \/gx B™(Ly, L),

(z,y)€G?

(iii) (HGam) holds true.
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Then there exists a unique V-martingale Y in S (R%) with terminal value ¢ such that
VIYY) | xW e Z8,,o. Moreover, if (Dxi,b) holds true we have

esssupqypo,7] | (Y, Y) | < +o00.

Remark 2.12. By using the same approach, it should be possible to extend the previous
result to V-Christoffel symbols that depend on time or even that are progressively
measurable random processes.

Remark 2.13. In this theorem we do not need to assume a doubly convex geometry
assumption as Darling in [Dar95]. This is already the case for results of Xing and Zitkovi¢
in [XZ16]. Nevertheless, the assumption (ii) implies that the manifold G is small and
Emery showed (in [Eme89], Corollary 4.61) that doubly convex geometry always exists
locally.

2.2.5 The Markovian setting

The aim of this subsection is to refine some results of Xing and Zitkovié¢ obtained in
[XZ16]: in this paper, authors establish existence and uniqueness results for a general
class of Markovian multidimensional quadratic BSDEs. Let us start by introducing the
Markovian framework. For all ¢ € [0, 7] and x € R*¥ we denote X*? a diffusion process
satisfying the following SDE

{dxg»w = b(s, X1*) dt + o (s, Xb%) AW, s € [t T, 2.6

Xt =g, se€l0,t].

In all this part, we assume following assumptions that ensure, in particular, that for all
(t,x) € [0,T] x R¥, there exists a unique strong solution of (2.6).

(HX) e« The drift vector b : [0,7] x R¥ — R* is measurable and uniformly
bounded,

+ The dispersion matrix o : [0, 7] x R¥ — R¥** is symmetric, measurable
and there exists a constant A > 0 such that A |u|® > |o(t, z)u|* > i |u®
for all (t,z) € [0,7] x R* and u € R,

* b and o are Lipschitz functions with respect to x.

The aim of this subsection is to study the following Markovian BSDE

T

T
YT — (X5 + / £ (s, X07, Y5, Z5%) ds — / Ztaw,, t<u<T,  (2.7)

for which we assume following assumptions:
(HMark) * (s,9,2) € [0,T] x R? x R¥* — (s, X1y, 2) satisfies (H),
* There exists D € R* and x € (0, 1] such that for all (z,2’) € (RF)2,

(@) < D, [G(z) - G(a")| < Do —2'|".
As in [XZ16] we say that a pair (v, w) of functions is a continuous Markovian solution of
(2.7) if

« v :[0,7] x R¥ — R is a continuous function and w : [0,7] x R¥ — R¥* is a
measurable function,

s forall (t,x) € [0,T] x RF, (Y**, Zb%) .= (v(., Xb®),w(., X?")) is a solution of (2.7).
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Two Markovian solutions, (v,w) and (v',w’), are considered equal if v(¢,z) = v/'(¢, x)
for all (t,z) € [0,7] x R* and w = w’ a.s. with respect to the Lebesgue measure on
[0,T] x RE.

Some existence and uniqueness results about continuous Markovian solutions of (2.7)
are obtained in [XZ16] by assuming the existence of a so-called Lyapunov function. We
recall here the definition of these functions given in [XZ16].

Definition 2.14 (Lyapunov function associated to g). Let g : [0, T]| x R* x RIx R¥** — R4
a Borel function. A nonnegative function F' € C*(R%,R) is said to be a Lyapunov function
associated to g if for all (t,z,y,z) € [0,T] x RF x R% x R4*k;

d

1 . .

3 E Hess F(y) (z("l),z("l)> —dF(y)g(t, z,y,2) > |2]*.
1=1

We are now able to give a uniqueness result that partially refine the result given by
[XZ16].

Theorem 2.15 (Uniqueness for the Markovian case). We assume that
(i) (HX) and (HMark) are in force.

(ii) there exists a Lyapunov function F' associated to f.

Then (2.7) admits at most one continuous Markovian solution (v,w) such that v is
bounded.

Moreover, we are also able to precise the regularity of the solution when it exists.

Theorem 2.16 (Regularity of the Markovian solution). We assume that:

(i) (HX) and (HMark) are in force,

(ii) there exists D € R* and « € (0, 1] (same constant « as in (HMark)) such that for
all (s,x,2',y,2) € [0,T] x (R*)?2 x R? x R¥*k,
|t(s,x7y7z)| < D(]' + |y‘ + |Z‘2)7 \f(s,x,ywz) - f(s7x’7y,z)| < D(]' + |Z|2) |1. - ‘rl‘ﬁ7

(iii) there exists a Lyapunov function F' associated to f.

If (v,w) is a continuous Markovian solution of (2.7) such that v is bounded, then v €
C*. Particularly, if k = 1 then w is essentially bounded: the multidimensional quadratic
BSDE (2.7) becomes a standard multidimensional Lipschitz BSDE by a localisation
argument.

Remark 2.17. An existence result is given by Theorem 2.7 in [XZ16]. A less general
existence result can be obtained thanks to our approach by combining estimates obtained
by Xing and Zitkovi¢ in Theorem 2.5 of [XZ16], small BMO estimates obtained in the
proof of Theorem 2.15 and Theorem 4.10 but the approach is less direct than in [XZ16].
Concerning the uniqueness, Xing and Zitkovi¢ have proved a uniqueness result for
generators that do not depend on y: our result allows to fill this small gap. Finally, Xing
and Zitkovi¢ prove that there exists a Markovian solution that satisfies v € Cr'1loc with
k' € (0, k]. Thus, our regularity result gives a better estimation of the solution regularity
since the regularity of the terminal condition and the generator is retained. In particular,
we obtain that Z is bounded when x = 1 which can have important applications, as
pointed out in the introduction.

Remark 2.18. The existence of a Lyapunov function seems to be an ad hoc theoretical
assumption at first sight but Xing and Zitkovi¢ provide in [XZ16] a lot of examples
and concrete criteria to obtain such kind of functions. Moreover we can note that the
Lyapunov function can be used to obtain a priori estimates on |||Z] * W|| 5, (see the
proof of Theorem 2.15 and Theorem 2.16).
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3 Generalities about SDEs and linear BSDEs

We collect in this section some technical results that will be useful for section 4 and
section 5.

3.1 The linear case: representation of the solutions

We investigate here the following linear BSDE
T T
Ut:u/ (ASUS+BSvs+fS)ds—/ VW, 0<t<T, (3.1)
t t

where ¢ € L%(Fr,R%), f € L*(Q x [0,T]) and A, B, f are three processes with values in
LR, RY), £ (R¥* R?) and R¢. Under suitable assumptions on A and B we can obtain
an explicit formulation of the solution. To avoid non necessary technical assumptions,
we will restrict ourself to a very simple framework by assuming:

T
/ A, + |B,2ds < Cap, as. 3.2)
0

Let us begin to recall the classical scalar formula which can be obtained using the
Girsanov transform.

Remark 3.1 (One-dimensional case (d = 1)). It is well-known that the solution of (3.1) is
given by the formula

T
Ut:E<StlST§+/ S;LS, fods
t

]-'t>, 0<t<T,

where

¢ 1t ¢ t
S; = exp (/ B,dW, — 5/ | B,|*ds +/ Asds> =E(BxW),exp (/ Asds) )
0 0 0 0

To extend this last formula in the general case we define, as in [DT08], the process
S € S?(R%*?) as the unique strong solution of

k
Sy = SiBYPIAW! + 8, Audt,  So = Luxa. (3.3)

p=1
Proposition 3.2 (Formula for U). Let us assume that (3.2) is in force.

(i) The process S is almost surely invertible for all t € [0,T] and S~! is the solution of

k 9 k
o500 = (S () o S an st
p=1 p=1

(ii) The BSDE (3.1) has a unique solution (U, V) in §* (R?) x #? (R***), and U is given
by:

T
Ut—E<St‘1ST§+/ S;LS, fods
t

]—'t> . (3.4)

Proof. Existence and uniqueness of a solution (U, V) in S?(R%) x H2(R**%) is guaranteed
by a mere generalisation of the Pardoux and Peng result in [PP90]. The solution (U, V)
satisfies

T k k T
Ut = C + / (Asljs + ZBS,P#)‘/S(Z,Z)) + f‘?) ds — Z/ Vs(:’p) dW€p
t p=1 t

p=1
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The It formula gives the invertibility of S and the formula for S~! on the one hand. On
the other hand:

k
A7) = =Sufedt+ 3 (SiBEPIU + SV ) awg,

p=1

and thus we get, forall ¢ € [0, 77,

SiUy = STCJr/ stdsf/ Z SB’p’)U +SV(7P)>dW}D

T
By taking the conditional expectation S;U; = E<STC + / Ssfsds
t

]-'t> . Adaptability

and invertibility of S give the result. ]

3.2 A result about SDEs

We consider a SDE on R%*¢ of the form

t k t
X, :X0+/ F(s7XS)ds+Z/ GP(s, X, )dWP, (3.5)
0 =170

where F : Qx [0, T] x R4 — R4 and forallp € {1,...,k}, GP : 2 x[0, T] x R4*4 — Rd*d
are progressively measurable functions. We start by recalling a result of Delbaen and
Tang (see [DT08], Theorem 2.1) about existence and uniqueness of a solution to the
equation (3.5), under BMO assumptions.

Proposition 3.3. Let m > 1. We suppose that there exist two non-negative adapted
processes « and 3 such that

(i) (Regularity) F(t,0) =0, G(¢,0) = 0 and for all (x1,z2,t) € (R¥9)2 x [0,T],
|E(t,x1) — F(t,x2)| < ai |z —x2|  a.s,
k
S IGP(t 1) — GP(t,w2)|? < B o1 — 32 aus.
(ii) (Sliceability) (v/axW, §xW) e BMO., x BMO,., with the condition
2me? + V2e,C), < 1.
Then there exists a solution X € S™(R?) to the equation (3.5) and a constant K,, ., .,

such that
”XHsm < Km,el.,sz ”XO‘

Lm

For the reader convenience a proof of this result can be found in the appendix. From
this last proposition we can deduce the following corollary (see [DT08], Corollary 2.1)

Corollary 3.4. Let m > 1. We suppose that there are two non-negative adapted pro-
cesses « and 3 such that

(i) (Regularity) F(t,0) =0, G(t,0) = 0 and for all (x1,,t) € (R¥*%)2 x [0,T],

[F(t,21) — F(t, 22)] < o |z1 — 22| as,

k
S IGP(t, 1) — GP(t,32)|* < BF |1 — 22| aus
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(ii) (Sliceability) (\/a*x W, 3+ W) e BMO., x BMO,, with the condition

2me? +V2e,Cl, < 1.

Fort € [0,T), let X"!4 the unique solution defined on [t, T| of the SDE (3.5) such that
Xtt’Id = I;. Then X% is in S™(RY) and satisfies for a constant K,, depending only on
C! ,m, kandeq,es:

E( sup |X§’I‘i (3.6)

t<s<T

)<

€1,82°

In particular, if X is an invertible solution to the equation (3.5) and if F' and G are linear
with respect to x, we get the reverse Hélder inequality

E< sup |Xt_1Xs|m‘]-}) < K™

m,e1,€2°
t<s<T

Proof. We can use Theorem 3.3. For all ¢ € [0,7] and all event A € F;,

00 x 14

s ([¢,T]) S Ky oo [ 1a % ILA”Lm :

Then we get, for all ¢ € [0, 7],

E< sup | X070 x ]1A|m> <K e E(1a]™),

m,€1,€2
t<s<T

and we have
E < sup |X§Jd|m X ]IA) <Kp . JE(la).
t<s<T Y
Finally, the definition of conditional expectation gives us the result. If X is invertible and
if F" and G are linear with respect to z, the process X;lX is for all ¢ a solution taking
the value I; at s = t. The particular case is shown using (3.6). O

Remark 3.5. The main limitation of Theorem 3.4 comes from assumption (ii): we need
to have a small BMO norm estimate on processes (y/axW, SxW) to get a reverse Holder
inequality. It is well known that we have a more general result when d = 1: if « = 0 and
B*W € BMO then there exists m > 1 (that depends on the BMO norm of S+ W € BMO)
such that X satisfies a reverse Holder inequality with the exponent m (see Theorem 3.1
in [Kaz94] and references inside, or [CM13] for a new recent proof). We do not know
if this result stays true in the multidimensional framework but we emphasize that this
is a crucial open question. Indeed, if such a result is true, then we whould be able to
prove that Theorem 2.1 and Theorem 2.3 stay true without assuming K < B"(L,, L)
in hypothesis (BMO,m) (at least when the generator is Lipschitz with respect to y, i.e.
L, =0).

3.3 Estimates for the solution to BSDE (3.1)

We come back to the linear BSDE (3.1), and we want to obtain some S?-estimations
for U with g large enough, including ¢ = co, under BMO assumptions.
Proposition 3.6. Let m > 1. We assume that B and A are adapted, bounded respectively
by two non negative processes 3 and a such that: (v/axW, 3xW) € BMO., x BMO.,
with the condition
2me? +V2e,Cl, < 1.

We also assume that (3.2) is in force. Then
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() If{ € L>(Q, Fr) and f € 8, then U € S*(R?) and
[Ullsee < Kmoer.er (ISl e + Tl fllso0) 5

(ii) Let us assume thatm > 1. If { € L*°(Q), Fr), and +/|f| *W € BMO, then U € §*
and

2
U g0 < (™) K e, (IICIILOC + Hm* WHBMO> :

T
(iii) Let us assume that m > 1. For all ¢ > m* = -2, if <C,/ |fsl ds) € L7 x L9,
0

m—17
T q
/ |fulds )
0 La

More importantly, all previous constants do not depend on C4 g. In the following we will

. q/m”*
denote simply Ky e, , = 29 1 K2 (q:zm*) _

m,€1,€2

then U € S(R%) and

q/m”
_ q
S

Proof. The formula (3.4) gives us, for all ¢t € [0, T]:

T
Ul <E(|S; S| [¢|F:) + E(/ S 1S | fs] ds
t

ft)v

k
Sy = > SBEPAWE + 8, Aedt, Sy = Luxa.

p=1

with

S is the solution of an SDE on R%*¢ for which we can use Theorem 3.4 by taking, for
all 1 <p<kand (z,y) € (R*9)?2, GP(s,z) = 2B and F(s,y) = yA,. Let us note that
|BGP)| < |B| forall p € {1,...,k}. Thus there exists a constant K, c, ¢, such that:

E< sup |St_1,5's|

t<s<T

m
ft) < Km,sl,EQ'

o If ( € L* and f € §*, by using the Holder inequality we have

1/m
10 < ICll e Km,81,€2+||f||8wE<<T—t> sup |18, ]f)

t<s<T
KKimyer,es ([Cll g + T fll o) -

¢ Let us consider m > 1 and assume that ¢ € L, /|f| x W is BMO. Then, by using
Holder and energy inequalities

* 1/m*

T m
\Ut] SKim.ey.en ”CHLO@ + K ey e B (/ | fs] ds) Fi
t

KM NEKo ey 60 (HC”LOO + H\/m*WHQ > '

BMO
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q
* q/m*

q/m T m
+2q1E< sup ]S[183|m‘]-}) E (/ |fsds> Fi
t<s<T t

* q/m™

q—171-q m* q/m” T "
<2 Km,el,sz E(|<| ’]:t) + E 0 ‘fs' ds ]:t

o Let us consider m > 1 and ¢ > m*. We get, forall ¢ € [0,T],

T
U7 <207t <E(|S;15T] <l|F) " + E(/ |57 S| | fol ds
t

<2 m(|s;sel"|7) " B0 |F)"

T me
The processes M; = E(\C|m ‘J—'t) and Ny = E </ [fs ds) F; | are two martin-
0

T m
gales with terminal values, respectively given by |¢|" and < / |fs ds) . Hence
0

the Doob maximal inequality gives us, if ¢ > m*,

Jm Jm g ™ fm* g "™
m m m
E( sup | M| ) = MY < <q_m*> | Mp||¥,e = <q_m*) [l

0<t<T
. q a/m™ || T 1
E< sup |Nt|q/m > < ( ) / |fs| ds
0<t<T q—m* 0 La

So we obtain the announced result:
T
| 1nlas
0

&, <297'KE ¢ \"" i
HU”S(I = m,e1,E2 q- ||<||Lq +

m*

and

q)
La

Corollary 3.7 (Affine upper bound). Let m > 1. Let us consider A and B adapted,
bounded respectively by two real processes « and 3 of the form

O

o =K+ LA, Bs= K,+L/657

with (K, L, K', L) € (R*)*, A, B two non negative real processes such that v Ax W and
B« W are BMO with the condition

2
omL H\/Z*WHBMO VLB Wl a0 € < 1.

We also assume that (3.2) is in force. We have the following estimates, with constants

K., Kq,m depending only on m,q, Ky, K., L,, L, and the BMO norms H\/A*WH o
BM
|B* W] ga0 but not on Cy p:

() If{ € L=(Q, Fr) and f € 8, then U € S*(R%) and

10Ul s < Ko (€l oo + TNl s ) »
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(ii) Let us assume thatm > 1. If ( € L>=(Q), Fr), \/|f|* W € BMO, thenU € §* and

BMO

101 < 7o (1€l + VI )-

T
(iii) Let us assume that m > 1. For all ¢ > m* = -2, if <§,/ | /sl ds) € L7 x L9,
0

m—1’
T q
/ £l ds )
0 La

q/m”
In the following we will denote simply K, , = 2971 K4, (an*) .
Proof. We obtain easily estimates about BMO-norms of \/a x W and 8 x W by using the
triangle inequality,

IVaxWlsmo < VKT + VL|VA*W|suo, 1BxWllsmo < K'VT + L'|BxW|puno,

then U € S(R%) and

ol <2q1Kq( ‘ )q/m (ncnq .
Sa m q_m* La

and it follows that /ax W, 8 x W are BMO. To use Theorem 3.6 we just have to show
that /o« W and 3« W are respectively ¢, and &5 sliceable with 2me? + v/2e,C" < 1. To
this end, we consider the following uniform sequence of deterministic stopping times

T
Tj:jf

] 0,...N
N7 ]6{7 ) }’

and a parameter n > 0. With Theorem 1.5 and defining = % previous inequalities
become on [T;, T;11]

‘ Tq’\/&* I/VJTH'1 BMO < \/K’l? + \/ZH\/.Z*WHijo, (3.7)
178« WITi || garo < K/ + L'||Bx W] Baro- (3.8)

By taking n small enough, we get 2me? + v/2¢,C’, < 1 since the following upper bound
holds true

2
omL H\/Z*Wu V2L B Wl a0 Cl < 1.
BMO
O
Remark 3.8. In inequalities (3.7) and (3.8), we have used that |75 « W Tt ||BMO <
1B* Wl g0 and

|7 VA W T
by replacing the following assumption: A, B are two positive real processes such that
VA% W, Bx W are BMO with the condition

< H\/Z* WH . We can easily obtain a more general result
BMO BMO

omL VA« WHZMO VR ||B * Wl gar C < 1,

by the new one: A, B are two positive real processes such that v/ A+ W, B« W are in
BMO,, and BMO., with the condition

2mLe? + V2L e, C7 < 1.

Remark 3.9. We have not mentioned the dependence of the constants with respect to

H\/.Z * WH o and || B x W|| 5,,0 in notations but we will precise it explicitly when it is
BM

important.
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4 Stability, existence and uniqueness results for general multidi-
mensional quadratic BSDEs

4.1 Proofs of Theorem 2.1 and Theorem 2.2
We recall first that (Y, ZM) is the unique solution of the localized BSDE (1.7). To

show Theorem 2.1 we begin to prove the following proposition which gives an uniform
estimates for ZM . This is the keystone of our procedure.
Proposition 4.1. Let m > 1. If assumptions (H)—(BMO,m)—(Dxi,b)—(D£f,b) hold true
then

SUp esSSUPg (0,77 1ZM| < +o0.

M

Proof.

Step 1 — Malliavin differentiation. We assume that f is continuously differentiable
with respect to (y, z). This assumption is not restrictive by considering a smooth regular-
ization of f.

Recalling assumptions (Dxi,b) and (Df,b), Proposition 5.3 in [EKPQ97] gives us that
forall0 <u <t < T,YMand ZM are respectively in D*2(R¢) and D':2(R?**). Moreover
the process (D,Y* D, ZM) = (D,Y,",D.,ZM)o<i<r solves for all u the following linear
BSDE in R**F:

T
D, YM =D,¢ + / (vy M (s, Y, ZzZM DY M + Vv M (s, YV, ZM) D ZY
t
T
+ (DL M) (s, Y, 22) )ds _ / D, ZMdw,, 4.1)
t

and (D.Y;)o<i<r is a version of (Z;)o<i<r. In particular, there exists a continuous
version of Z. Let us emphasize that BSDE (4.1) means that for each p € {1, ..., k},

T
DLV =D+ [ (DM (s 1 22 DIV 9L (s, Y, 2 Dl 2
t

T
+(Dng)(s,YSM,Z;”))ds—/ DP ZM 4w, (4.2)
t

besides D?YM is a process with values in R¢ for each p € {1, ..., k}.

Step 2 — S>*-Estimation. We are looking for an §>-estimate of D,,Y'™ forallu € [0, 7]
applying results of Section 3. Since |V.pM(2)| < 1, we obtain the following inequalities
by recalling the main assumption (H),

[V /™M (s, M, 2| = [V, f (s, M, M (20) | < Ky + Ly |22

VoM (s, Y M, ZM)| = | VL f (.Y M, pM(ZM)| < K.+ 2L, | 2]

Moreover, theses two processes are also bounded by a constant that depends on M. Let
us consider the two positive processes a™ and ™ defined below,

oM=K, + L, |ZM*, M =K. +2L.|2M|.

For all p € {1,...,k}, by recalling (BMO,m), we can apply Theorem 3.7 (ii), to the
BSDE (4.2) with the following constants and processes:

L=1L, K=K, K=K, L=2L, A=z, B=|z"|.
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Thus, we obtain, for all u € [0, 7],

DY 5ec <3 IDEYY 5o
p=1

k
<(m*) K Z (Dﬁg”w + H\/|Dng(_’ YM | ZM)| % W
p=1

2
BMO
2
b
BMO

where C,,, does not depend on M. Indeed, it is important to remark that the constant
K., given by Theorem 3.7 depends on ||| Z |« W|| ,, ., and so, could depend on M. But,
by checking the proof of Theorem 3.3 in the Appendix it is easy to see that the constant
K., given by Theorem 3.7 is equal to

<Cn <||Dug||m + [z

N-1 1 ?
2
P (1 —2mLy | ZM « Wl 500 — 2L |1 ZM * W o C,’n>
N—-1 1 i
< ,

where N is an integer large enough and the uniform bound with respect to M follows.
Under the assumption (Df,b) together with (BMO,m), the last term has a S°°-upper
bound uniform with respect to M. Indeed we have, for all (u,t) € [0, T)?,

T
E(/ DM (s, Y M, ZM)| ds
t

ft) (T4 |2 W)

hence we deduce

sup H\/|DufM(.,YM, ZM)| « W
M

< VB (VT sup 1245 Wi 10 )
M

BMO

The last supremum is finite under assumption (BMO,m) and we obtain the announced
result since

sup | 2| g = sup (DoY) ieto.ry| 5o < sUPSUP [DuY |5 < Ho0.

When f is not continuously differentiable with respect to (y, z) we consider a smooth
regularization of f and we obtain by this classical approximation that

S}&IPQSSSUPQx[o,T] 1ZM| < +o0.

We are now able to prove Theorem 2.1.

Proof. [of Theorem 2.1] For the existence result, we can fix M* > sup,,; esssupg o 17 |Z M
according to Theorem 4.1. Thanks to assumptions on f and f™, we get

I (s,i’sMﬂfo*) _f (s,yy:pw (Z;M*)) _f (SYMZM) P®[0,7] ae.

Then, (YM*,ZM*) becomes a solution of the quadratic BSDE (1.5) in S%2(R%) x
(8= (R¥*) N 2, ). The uniqueness comes from the classical uniqueness result of
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Pardoux and Peng [PP90]: indeed, if we have two solutions (Y, Z!) and (Y, Z!) with
esssuPoy (0,7 | 2| +|Z?| < 400 then they are solution of the Lipschitz localized BSDE
(1.7) where M = esssupq (o7 |Z"| + |22, O

Remark 4.2. By using Theorem 3.8, Theorem 2.1 can be adapted if we replace (BMO, m)
by the following one: there exist a constant K and a sequence 0 =T, <11 < ... <ITy =T
of stopping times (that does not depend on M) such that

) 2mL,K?+ 2L, KC), <1, or equivalently K < B™(L,,L.),

(ii) foralli € {0,..N —1}, sup |

MeR*

< K.
BMO

ZM| % wiTin

In this case, if all the other assumptions of Theorem 2.1 are fulfilled, then the quadratic
BSDE (1.5) has a unique solution (Y, Z) € S®(R%) x Zi%>" such that

esssupPg 0,77 | Z| < +o0.

We do not give the proof of Theorem 2.2 since it is quite similar to the proof of
Theorem 2.1. Indeed, the main point is to show that Theorem 4.1 stays true. To do that
we just have to mimic its proof and replace the application of Theorem 3.7 (iii) by a new
tailored one adapted to the diagonal framework and proved by using the same strategy
as in the proof of Theorem 4.6.

4.2 Stability result

With the classical linearisation tool we can prove a stability theorem for the BSDE
(1.5) by using results of section 3. Let us consider two solutions of (1.5) in R? x
R?**, denoted (Y'!, Z') and (Y2, Z2), with terminal conditions ¢! and ¢2 and generators
respectively f; and fo:

T T
vi—gs [ h(sYiz)as- [ ziaw, o<e<r.
t

t

y? :£2+/sz (3,}/'527282)ds—/TZSQdWS, 0<t<T.
t t
We assume that fi, f> satisfies the usual conditions (H). Let us denote
Y, =Y} —Y2 6Z,=27! 72 6F, = fi(s, Y}, Z}) — fols, Y2, Z2),
8fs = fu(s,Y?, Z2) = fo(s,Y], Z7) and  0¢=¢' €%
The process (dY,6Z) solves the BSDE

T T
§Y; = ¢ +/ SF,ds — / §Z,AW,, 0<t<T. (4.3)
t t

Theorem 4.3 (Stability result). Letm > 1, p > mT and let us suppose that

@ 2mLy (|22 W G000 + V2L (12 W g0 + 1122+ Wl pr0) Cru < 1or
(Z',2%) € ZBvio X ZBvor

i) (Y',|Z|« W) € 8?F¢ x H?P+e withi € {1,2} and & > 0.

T
(iii) / 0fs|ds € L*P.
0
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Then, there exists a constant K, (N2 * W saro - 11221 W || 51s0) (depending only on
p. Ky, Ly, K., L., T and the BMO norms of | Z'| x W and |Z*| x W) such that

10V e + 1110215 W < Kp (12 % W paso s 11221 Wl gaso)

T p
/ 167, ds ) .
0 L2p

Finally, if the generator is Lipschitz with respect to z, the result stays true fore = 0
and with a constant K, (|||Z*| «* W/|| 5,0+ 1| Z2%] * W|| 54,0) that does not depend on this
Lipschitz constant.

x <||5€||722p +

Proof. We firstly assume that
2
2mL, |||Z1| *WHBMO +V2L, (H’Zl| *WHBMO + H’Zz} *WHBMO) C, <L
By using the classical linearisation tool, we can rewrite (4.3) as

T T
5Y = 56 + / (A,5Ys + Bu(524) + 6£,) ds / 5Z,dW,,
t t

where

o Bisa L(RY* R?) process defined by blocks by, for alli € {1, ..., k},

o[RBT 15769) it g7, 0,
0 otherwise,
and B,6Z, = ¢ Biszl",
o Aisa L(R? R%)-process defined by

|5Y5]?
otherwise,

4, = {f1(37Y51,Z;)fl(s,Y327Z§1,) (T5YS) if §Y; # 0,
Assumption (H) on f; and f5 gives the following inequalities:
B < Kot L. (12| +|22).
A< Ky + L, |21

Step 1 - Control of /Y. A and B are bounded respectively by two real processes «
and [ defined by

a=K,+ L2 B=K.+L.(2"+|7%),
and (dY, 6Z) solves a linear BSDE of the form (3.1) with § f instead of f. Even if (4, B)

does not satisfy (3.2), we can define an increasing sequence of stopping times (7, )nenN

such that 7, 227> T a.s. and

/ A, + [B.2ds <n, as.
0
Then we can apply Theorem 3.7, (iii) with

B=|7'+|2*|, A=|7']", I'=L., K=K, K =K., L=L, andT=r,
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which gives, for all 2p 4+ ¢ > ¢ > 1 such that ¢ > m*,

T q
/ 161, ds )
0 La

More importantly, X, ,,, does not depend on n. If the generator is Lipschitz with respect
to z, then 7, = T a.s. for n large enough and so we get, for 2p > ¢ > 1,

T q
/ 161,] ds > . @.4)
0 La

Otherwise, we use the fact that (|§Y;, |9),en is uniformly integrable since 0Y € S?P+e,
By taking n — +o00 we finally get, for2p +¢ > ¢ > 1,
q
> . (4.5)
La

T
/ [0fs| ds
0
Step 2 - Control of §Z. The It6 formula applied to |5Y\2 gives us

10Y [I50 < Kgm <|5lel%q +

16Y 130 < Kg.m <II5€II%q +

16Y (150 < Kgm <||5§||%q +

Since,

T T T
/ 02| ds = |6¢]> — |6Yo| —2/ 6Y.S.(6ZSdWS)+2/ (8Y.0F), ds
0 0 0

T T
< |6¢)? 72/ 8Y,.(0Z, dWS)JrQ/ (8Y.6F)4ds. (4.6)
0 0

Recalling assumption (H) we have
|(5F5| = ‘f1(87Y517Z;)_f2(sﬂys27Z§)|
< (Ky+Ly|Z;|2) 16Ys| + (K. + L. (|1 21| + | 22))) 1624] + |51 -

With the Cauchy-Schwarz and Young inequalities, we get
T T
2 [(ovar.as <z [ |aviljoR as
0 0
T
<2/ [(Ky + L, |251,2) 0V2]? + (K + L. (| 22| + | 22))) 1Yz] 1624] + 16 ] |5y8‘] ds
0

T
<2( sup |5Ys|2>/ {Ky+Ly|Z§|2+(KZ+LZ (|Z;|+|Z§]))2+ﬂ ds
0<s<T 0

1 /T T 2
+f/ 162, ds + / |6 fs| ds
2 0 0

By using this last inequality in (4.6) we obtain

1 T 9 9 T
5 [ 1027 ds <|6gf* —2 | 0Y..(Z,dWy)
0 0
2 r 2 2 1
+2< sup [V )/ [Ky+LyyZ;y +(K.+L (|2 +]22)) 45 | ds
0<s<T 0 2
T 2
+ (/ |0 fs] ds)
0
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Thus, for all p > 1, there exists a constant K depending only on p such that

p/2
116Z] % W15 < K[Hdgﬁp +E (( sup ) )
0<t<T

p/2
+E (sup 16Y4]? [K 4Ly |72 + < (K +L. (\Z;y+\Z§\))2+1] ds)
0<s<T

()

In the following we keep the notation K for all constants appearing in the upper bounds.
Then, according to the BDG inequalities, we get for all p > 1:

t
/ 8Y,.(6Z, dW,)

t p/2 . p/2
E(( sup /5YS.(5stWs)> >= /55@,.(52de3)
o<t<T 0 Sp/2
. p/2
<(Cy )P / SY.(6Z5 dWy)
0 Hr/2

Since we have

p/2 k T o P/4
=E A VASCANN|
e (S )]

T p/4
E < sup |8Y,[? ></ |6ZS|2ds> )
0<s<T 0

then the Cauchy-Schwartz inequality gives us

E ( sup
0<t<T

Moreover we obtain with Cauchy-Schwarz and Young inequalities:

/ SY.(62, dW,)
0

N

t p/2
| oveezaw,) ) ) < (G NOZI* WL 18Y 15"

I16Z] % W 3

K | [15€l17, + 162]« W57 167127 +
r 2 2 "2 T P

16Y |[%2, E ((/O (1422 +yz§y]ds>> +E /0|6fs|ds
T py\ 1/2

I6€NE + 1Y 115, + 16Y 520 E ((/ [1+|z;\2+\zgﬂds>>
0

T p
E ofsld
=((f ) )

1
5 1157 * W

T p
The energy inequality allows us to bound E ((/ [1 + |Zi |2 + |Zf|2} d5> ) by
0
K (1122« W[ B0 + 1122 < W so)

EJP 24 (2019), paper 4. http://www.imstat.org/ejp/
Page 30/51


http://dx.doi.org/10.1214/18-EJP260
http://www.imstat.org/ejp/

A stability approach for solving multidimensional quadratic BSDEs

which is finite recalling assumption (i). Finally, for all p > 1, there exists a constant K
(which depends only on p, K, L, K, L.,T and the BMO norms of | Z!| x W, | Z2| W)

such that »
) . 4.7)
p

Step 3 - Stability. Considering p > —* and combining (4.4) or (4.5) where ¢ = 2p with
(4.7), we obtain existence of a constant K (/|2 *WHBMO’ | 22| *WHB ) which
depends only on p, K, L, K., L,,T, K and the BMO norms of |Z ] * W, |Z * W such

that
T p
/ 0£.|ds ) .
0 L2p

Step 4 - The alternative assumption (i) We can deal with assumption (Z}, Z?) €
Zgvio X 25 vo by changing the linearization step in the proof. We can remark that
0Fs = Ag0Ys + Bs6Zs + 6 fs, where

—~ 1
As0Ys = (F1(s, Y, Z0) = f1(s, Y3, Z0) + (s, Y], 22) = f(s, Y2, 22))

T

[16Z] > W, < K <||5€|| +110Y |52 + |0fs|ds

16Y 1520 + 1021 % W3,

Ky (12" Wllpaso - 112215 Wl par0) <Il5fllm

Bz, = 5 (F s, Y2, 20) — f{s. Y2, 22) 4 f (5,0, 28 — (5, Y2, 22),

and we get symmetric bounds for A and B:

L 2 2 =
K+ 22 (12 +1227), |B

< K.+ L. (|2 +1]22)).
Then (i) becomes

mLy (112 W0 + 11225 W ar0)

+V2LOL (12| Wl gaso + 1221+ W) gpro < L

wich is fulfilled as soon as we have (Z',Z?%) € Z, 5 x Z8,6. O
Remark 4.4. A more restrictive stability result is already obtained in [KP16b] (see
Theorem 2.1).
Remark 4.5. By using Theorem 3.8, it is clear that Theorem 4.3 stays true when Z 1
and Z? are only in Zgj\?g. Indeed, if we denote 0 = 7§ < 77 < ... < T¥, the sequence
of stopping times associated to Z/ x W for j € {1,2}, we can define a new common
sequence of stopping times:
Tiniei = (T} VTE) AT, i€{0,..,N' =1}, k € {0,..., N* — 1}.
Then, by applying the stability result on each interval [T}, T;, ] fori € {0, N!N? — 1} we
obtain
16Y [[520 + 10Z] x W[5,
N'NZ%-1 .
SYSCEE | A VAU
k=0

p
<||5§||sz > :
L2p
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Obviously, when sequences of stopping times are the same for | Z*| « W and | Z?| x W,
we can use it directly as the common sequence of stopping time.

4.3 Stability result for the diagonal quadratic case

We give here a specific result when the quadratic growth of z has essentially a
diagonal structure: we assume that assumption (Hdiag) is in force. As explained in
section 2.1.1, this kind of framework has been introduced by Hu and Tang in [HT16]
(see also [JKL14]).

To simplify notations in this paragraph, the line ¢ of z will be denoted in a simple
way by (z)?, or 2* if there is no ambiguity, instead of 2(7) Let us consider two solutions
(YL, Z') and (Y2, Z?%) which correspond to terminal conditions ¢!,£2 and generators
f1 = faiag,1 + 91, f2 = fdiag,2 + g2. We have for alli € {1, ...,d},

T T
5)@":55%/ 5F;ds—/ 87 AWy,
t t
with
§Y, =Y Y2, 6Z,:=2)- 72,

5Fs = (fdiag-,l(sa Zel) - fdiag,Q(Sa Z?))+(91(57Y51, Zsl) - 92(57}/;27 Z?)) and 55 = 51*52-

We also define
5fs = fl(S,Yf,ZSQ) - f?(sanstz)'

Theorem 4.6 (Stability result for the diagonal quadratic case). Let us assume that
(i) f, and f> satisfy (Hdiag),
(ii) there exists B > 0 such that (Y', Z') and (Y2, Z?) are in S*(R%) x BMOg and

) ) co 2v/dc3 4v/dc3L, . B?
cdLg B <1, (Clm—i— 70% Ly, W <1,

(4.8)

where ¢y and cy are given by Theorem 1.3 with B = 2L4B.

Then there exists a constant K diag (12 * W saro - 1122 W|| 5,4s0) depending only
on B and constants in (Hdiag) such that

16Y ]| g0 + 1621 * Wl g0

—~ 2
< K0 (12« W | 1122 Wl ys0) (061 + VBT Y

Remark 4.7. For a given L, and a given B, condition (4.8) is fulfilled as soon as L,
and L, . are small enough.

Proof.

Step 1 - Control of §Y. As in the proof of Theorem 4.3, we write 6F’ as
SF! = (faiag,1 (5 Z3) — faiag,1 (s, Z2)) + (91(s, Y., Z3) = g1(s, Y2, Z22)) + 6 1
= BI0ZL + '8, + Tr(v26Z,) + 617,

where 3, a and 7 satisfy: foralli € {1,...,d}, |8'| < Lq (|(Z")| + |(Z%)]) , and

laf < Kay+ Lay ’Zl ’

o W < Kaz+ Laz (12Y +1]27)) -
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From (|(Z')!| x W, |(Z%)|* W) € BMO x BMO, we deduce that |3’| « W is BMO too and
& (,Bi * W) is an uniform integrable martingale. Consequently we can apply the Girsanov
theorem:

T T .
oY} =66 + / (al8Yy + Tr(vi6Z) + 6 f1) ds — / 821 dW,", (4.9)
t t

where W' = Wi — J; Bids is a Brownian motion with respect to the probability Q
defined by dQ’ = € (3* x W), dP. Taking the Q'-conditional expectation we get

]-"t> |
2
H\/ o] *WHBMO < KayT + Lay ||| 21 *WH2BMO’

Y * Wl garo < KazVT + Ly, (12" *WHBMO + 27| *WHBMO) ’

3y} = EQ (651 + / (00Ys + Tr(v402,) + 0 ;) ds
t

Since, we have

the process \/(|of] [0Y| + [7i[|6Z] + |6 fi]) x W is a BMO martingale, and we can apply
Theorem 1.3: there exists a constant ¢y that depend only on L, and B such that

. . . 2 .
oY ] <|l6¢']| . + ( 18Y s || V1T W[+ W0Z1x Wilsaso |27 Wl paso
_ 2
+ H VIof] *WHBMO)’

and consequently we get

d
16Y (s < D 116Y "] 5

i=1

< VA0l e+ AN oo (KayT + Lay 125 W[y )

+ S I0Z1x Wilpaso (AKa VT + dLas (|25 W yso + 1127 Wil 510))
(4.10)

+c§dH\/W*WHQBMO. (4.11)

As in the proof of Theorem 3.3, now we slice [0, 7 in small pieces. We consider n = N
with N € N* and we set T; = in fori € {0, ..., N}. The process ¢Y is equal to

[~

N-1
~k —~k
8Y; = 0Yrlyry(t)+ > 0Y, Lipy 1y, ((t),  with Y, = 6Yilipy 1, (t), k € {0, .., N =1},
k=1
(4.12)
On the interval [T}, Tk+1] the inequality (4.11) becomes:
~k Vd ~k
5Y < 5Y
), < i 77
2d(K g, 2L, .B
+ ‘ T ‘52‘ % WTk+1 2 (2 d, \/ﬁ+ d, l
BMO 1 — CQd(Kd,y’r] + Ld’yIB )
+ H\/|§f|*WH2 ¢4 (4.13)
BMO 1 — c3d(K4,yn+ La,B?) ’
by taking N large enough to get 1 — ¢3d(K,n + La,B?) > 0.
EJP 24 (2019), paper 4. http://www.imstat.org/ejp/

Page 33/51


http://dx.doi.org/10.1214/18-EJP260
http://www.imstat.org/ejp/

A stability approach for solving multidimensional quadratic BSDEs

Step 2 - Control of §Z. Applying the It6 formula for the process ]5Yi ]2 and taking the
Q’-conditional expectation, we get for all ¢ € [0, T,

) T
67|+ BY (/ 1672 ds ]—'t> — |a¢i)?
t

+ QEQl </ (5}/2-(91(57 }/51; Zsl) - 91(57Y927 Z?))Z) ds

t 7)
7).

Under (Hdiag) we get that martingales /[6Y7[[(g1(., Y, Z!) — g1(., Y2, Z2))'| x W and
V[0Y%| |6 fi| « W are BMO. By using Theorem 1.3, there exist two constants ¢; > 0 and
c2 > 0 that depend only on L; and B such that

) T
+ 2B (/ SYL(0f"),ds
t

2

G027« W [0 <6611 + 263 || VIOV 102 (YT, 20 = 2 (Y2, Z22)) ]« W |

+2c§H\/W*WH

By summing with respect to ¢ and by using assumption (Hdiag) we get

BMO
2

BMO

2

G 1521 % Waso < 166175 + 2634 [0 |5 |VIgn (YT 2D = 1 (. Y2, 22) [« W |

+ 2034 |6Y | s || VISFT % W
<1680 + 2630d (T Ky + Lay |12+ W[50 18Y 3

+ 2050 (Ka,2T + Laz (|21 [+ W gpro + 11271+ W 5as0)) 11621 Wil g aso 107 5

+2¢2d |6 | g H\/@* WHZMO .

BMO
2

BMO

Once again, for each k € {0, ..., N — 1} we can write this inequality on [T}, T)+1], and
with the same notations as in (4.12) we obtain

2 2

2

5Y —k
c ‘ T 62| % W Tkt oo < HéYTkH + 2¢3d (an,y + Ld,yIB2) H‘W
Leo g
~k
+2¢2d (nKq4,. 4+ 2BLg..) ’5)/ ‘ T 52| % Wik
/ See BMO
—~k 2
2¢3d || 6Y H 5 WH .
T H Seo \/m* BMO
Applying Young inequality we finally obtain:
1 7 571 % WTk+1 < ~k iia
ﬁ | |* BMO X Th+1 Lo (4. )
+ (\/iczx/ﬁ (m + Ld,yIB)
2d e
+ V2 (4. + 2BLy ) + e> ‘ 5
C1 Goo
2 2
ng H 5 H
e w : 4.15
- € \/m* BMO ( )
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Step 3 - Stability. Combining (4.13) and (4.14), we can obtain a stability result on
[Tk, Tx+1] as soon as n and ¢ are sufficiently small to get c3d(Kq,n + La,B?) < 1 and

V2

C1

2d
<\/§c2\/é (VK +v/LayB) + V27 (1Ko s +2BLa ) + 5)

C%d(Kd’Z\/ﬁ + 2Ld$ZIB)
1— C%d(den + Ld,yIBQ)

<1

We obtain the existence of a constant K which does not depend on k such that

b,

T, |5z| * W k41
BMO

~k
H(sy

|

—~k
(.

Soo BMO
By a direct iteration we finally get a constant K, that depends only on B and constants
in (Hdiag), such that

B 2
10Y |00 + 110Z]x W garo < K <||5£“L°° + H\/W*WHBMO) '

4.4 Proof of Theorem 2.3

Theorem 2.3 is proved by relaxing assumptions (Dxi,b) and (Df,b) of Theorem 2.1
thanks to some density arguments. To ensure the convergence, the keystone result will
be the stability Theorem 4.3.

Proof. [of Theorem 2.3]

Step 1- Approximations. We can approach ¢ with a sequence of random variables
(€")nen such that for every n, ™ has a bounded Malliavin derivative:

IDE [ go < 00

More precisely ¢ can be chosen of the form ®"(W,,,..., W, ) where ®" € C;°(R"),
(t1,...,tn) € [0,T]™ and £" tends to £ in every LP for p > 1 (see [Nua06], Exercise 1.1.7).
Since « is adapted, we can approach this process with a sequence of sample processes

o™ of the form
pn—1

a? = Z at?ﬂ[t?yt?ﬂ[(t)’
=0

where (7))}, is a sequence of subdivisions of [0, T], with supgc;<, 1 [t711 — ]| —noo
0,and, forall 0 <i<p,—1,n €N, o®™is a ]—'t;-measurable random variable. We have

a convergence of this sequence to « in L*(Q x [0,T]):

T
E (/ lal — a82d5> — 0.
0 n—oo

We can assume in addition that for all » and for all 0 < i < p,, a“™ has a bounded
Malliavin derivative since this set is dense in L?(2). It is obvious that forall 0 < u < T

and 0 <t< T,
pn_l

n i,mn
Du()(t = E DuOét ]l[t?ﬂf;z_'_l[(u).
=0
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According to Theorem 1.6 applied to ¢ = £(.,y, ), there exists foralln € N and ¢ € [0, T]
a bounded random variable G such that

Dif(a,y,z) = G.D;a?, and |G| < D(1+ |z]°).

For each n € N: £" satisfies (Dxi,b), f(o", ., .) satisfies (Df,b) and (BMO,m) is fulfilled.
So, we can apply Theorem 2.1: there exists an unique solution (Y, Z") € S?(R%) x Z8vio
of the equation

T T
=g [ yrzndse [ zzaw, o<esr
t t

Step 2- Application of the stability result. We can assume that for all n,

fn”Lzm* <
&" instead of

. . iy &l om*
«. Ifitis not tr Wi nsider th n n = el
€] L2m t is not true, we consider the sequence & TeT,ame €7 €l 2

&™. The same argument allows us to assume that

o™ | 2m= (xjo.77) < Nl p2m= (@ f0,77) -

Under (BMO2,m), we have the estimate
1
mLy 12" W a0 + VEL 1275 W g Clu < mLyK? + VRLKC, < 5.

Hence, for all ny,n, € N, we can use Theorem 4.3 for p = m™* which gives us:

Y™ = Y72 | o + 127 = Z72 | % W ||
1/2

2m
T
< K | 1€ = €™ || 72m + B </ £ (ap, Y™, Z12) — f(a?Q,Y,s"Q,Z?szt)
0

where the constant f(m* appearing does not depend on n under (BMO2,m). This fact
was already highlighted in the proof of Theorem 4.1 where an explicit formula for K,

was given. We recall that ({"), . is a Cauchy sequence in L*™, so

T

ni,n2—>00

For the second term, we use the Holder inequality:

T 2m
2 (/ f(a?an”azt"z)—f(a?ay;"aZ?ndt)
0

T 2m”™
<D*™'E (/ (141202 oy — a?”dt)
0

am*\ 1/2

* * T

<D™ ||l — a2 |23 B (/ (1+1201) dt) : (4.16)
0
Since |Z"|* W € BMO, and (BMO2,m) holds true, we have
. am*\ 1/2
sup E / (1 + |Zt"2|2) dt < +oo0.

no €N 0
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Moreover, by using the uniform continuity of trajectories of « on [0, 7], we get:

sup |ogt —ay?| — 0 as.
tE[O,T] ni,nz—0o0

Since we have
E | sup |af' — af2|4m*+1 < 2CE | sup \at|4m*+1 < 400,
te[0,T] te[0,T]
then, a uniform integrability argument gives us

o
E( sup |apt — o2 ™" ) — 0.

tG[O,T] ni,ngy—>o0

Finally we get

*

T 2m
B (/'u«ﬁwY?a2?>—f«w%Y?aZPndQ — 0
0 n1,N2—00
Consequently (Y, Z" W), N is a Cauchy sequence in S (R%) x H™ (R%**), thus
it converges in S (R%) x H™ (R?**) to a process (Y, Z « W), and (Y, Z) solves the
BSDE (1.5). Finally, according to Theorem 1.4 the upper bound for |||Z"| x W|| 5,0, holds
true for |||Z| x W| 5,0 @nd so the uniqueness follows from the stability theorem. O

Remark 4.8. If f is a deterministic function, then the assumption (Df,b) is not required.

Remark 4.9. If we replace the inequality (2.3) by the new one: there exist n >0, D >0
and ¢ € (0,1] such that for all (8, 8, y,z) € (R*)? x R? x R¥* we have

€89, 2) — €8, y.2)| < D (1+[27) 8- 81",

then we do not have to assume that « is a continuous process. Indeed, we can change
the inequality (4.16) by the following one: by using the Holder and Cauchy-Schwartz
inequalities we have, for all p > 1,

*

T 2m
E (/ If(a?%Yt”z,ZP)—f(a?Q%"Q’Z??)Idt)
0
T 2m*
[ (1 1z o = o
0
T » 2m™/p T 2m™ /p”
<D™ E </ <1+\Z{“"|2’") dt) x(/ la — a2 [P dt)
0 0

<D2m* E

2m* 1/p om* 1/p*
2m* r no2—n p T n ng|0p*
<D™ E (1+\Zt2| ) dt E la — a2 dt
0 0
T 2m*\ /P
* m* * p * 4m*/p*

<D¥ IR (/ (1+|Zt”2|2_"> dt) H|a"1 — | *WH o

0 ’}.L m

With the energy inequality, the first term is uniformly bounded with respect to n, under
the assumption (BMO2,m) by choosing 1 < p < ﬁ The second one tends to zero when
n1,no go to infinity since the convergence in every ‘H" for » > 1 holds true.
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Remark 4.10. By using Theorem 3.8 once again, Theorem 2.3 can be adapted if we
replace the assumption (BMO2,m) by the following one: £ € L?™" and there exist a
constant K and a sequence 0 =T < 71 < ... < Ty = T of stopping times (that does not
depend on M) such that

() 2mL,K? +2V2L,KC!, < 1,

m

(i) foralli € {0,..N—1}, sup aup ’ T

MER+ 171l 2 <IEN L 2m*
1B L2 x o, SNl L2 (@ x (0, 7))

Z(IW»”]»ﬁ) ’ * WJTi+1

<
BMO

K.

In this case, if all the other assumptions of Theorem 2.3 are fulfilled, then the quadratic
BSDE (1.5) has a unique solution (Y, Z) € $®(R%) x Z§:>" such that

esssupPg 0,77 | Z| < +o0.

Remark 4.11. It is possible to extend the existence and uniqueness result for the
diagonal case given by Theorem 2.2 to more general terminal conditions and generators.
More precisely, it is possible to apply the same strategy as for the proof of Theorem 2.3 by
applying the stability result given by Theorem 4.6 instead of Theorem 4.3. Nevertheless
we can only obtain an existence and uniqueness result for terminal conditions (resp.
generators) that can be approximated in L*° (resp. BMO) by terminal conditions
satisfying assumption (Dxi,b) (resp. generators satisfying assumption (Df,b)).

5 Proofs of section 2.2 results

5.1 Proof of Theorem 2.5
We start by proving some uniform (with respect to M) a priori estimates on (Y, ZM).

Proposition 5.1. Let us assume that (H) and (HQ) are in force. Then ]ZM]*W € BMO,
YM ¢ S and we have the following estimates:

(12 e W],y < (1 Y ||s||ioo),

@) [V g < Nellpoe + 1 112M 5 W 000
We can note that upper bound do not depend on M.

Proof. To simplify notations in the proof, we skip the superscript M on (Y™ Z™) and
fM. The unique solution (Y, Z) € S? x H? of (1.7) can be constructed with a Picard
principle as in the seminal paper of Pardoux and Peng (see [PP90]). We consider a
sequence (Y™, Z"), . such that (Y™, Z") .\ tends to (Y,Z) in 8% (RY) x H? (R**F).
This sequence is given by

T T
¢ +/ f(s, Y, Z0)ds — / Zrttaw,, o<t<T, (Y° 2% =(0,0).
t t

We will prove with an induction that: foralln € N, Y™ € §*,

n 2 1 2
121> Wiismio < gz (1= V1 - 322 el ).

The case n = 0 is obviously satisfied. Let us suppose that Y € §* and |Z"|«W € BMO.
Then for all ¢ € [0,T], under (HQ),

Z™ *W € BMO and

Z"* ds

T
[V < E(€)|F) + v % E(/
t

.7-}) . (5.1)
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We get Y1 € §% since ||[Y" || o < [I€]l o + 127 * W|Eps0- 1td formula gives the
following equality

T T T
v = el + 2 / YU (s Y 20) ds — 2 / YL (2 dwy) - / |21 ds.
t t t

)
=)

<Nz + 27 [[Y™ | oo 1127 % Wlpr0 -

By taking conditional expectation we get for every stopping time 7:

T
v 4 E(/ |27+ ds

fr> <E(I£\2‘ft) +2E (/T YL f (s, Y ZY) ds

T
<té~ +2lr e izt

Taking the essential supremum with respect to 7 in following inequalities, we obtain

Y <l + 27 Y g 1127 Waro

T 2
E(/ |Z2HH ds

Thus |Z"|x W € BMO and we have:

2 2
fr) <€l + 27 [Y" [ g N2 5 Wl ps0 -

Y5 + 127 5 W00 <2NENT~ + 47 Y™ | g 11275 W a0
2NN + Yo + 42 1127 % W ar0

which leads to
12 5 W a0 < €~ + 42 1127 % W haso -

Using the induction assumption we obtain

n 2 1 2
12 W o < g (1= V1 -2 ).
The induction is achieved. Now we can use Theorem 1.4 with K = # X
(1 —4/1—3242 |§iw): since Z" x W tends to Z x W in H?, we conclude that
NZ|* W %00 < o7 (1 —y/1—3272 ||§||2Loo). Finally, we use that Y" tends to Y in

S? to pass to the limit into (5.1) and to obtain the final upper bound on ||V |- - O

Proof. [of Theorem 2.5] The proof of the proposition is a direct consequence of Theo-
rem 2.3 together with Theorem 5.1: since the map

N|=

1
rEeRT—s — (1 V1o 327%;2)
2\/@7

is nondecreasing, the assumption (BMO2,m) is satisfied. |
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5.2 Proof of Theorem 2.6

Once again, we start by proving some uniform (with respect to M) a priori estimates
on (YM ZM),

Proposition 5.2. Let us assume that (H) and (HMon) are in force. Then |ZM |+ W €
BMO, YM ¢ § and we have

T
(i) esssupsupte[O’T]E</ e H(s—1) ’nyds
t

7) <o (1 VImRR),

an |[Y||s. < (1-v1-32747) + \/2A2 + o (1- VI 3272A2)2.
with A = max (||g||Loo : %).

Proof. To simplify notations in the proof, we skip the superscript M on (Y™, ZM) and
fM. The unique solution (Y, Z) of (1.7) can be constructed with a Picard principle.
We consider a sequence (Y, Z") _n such that (Y",Z" x W),y tends to (Y,Z x W) in
S2 (Rd) x H? (Rdx’“), with

T T
Y;”+1=5+/ f(s,lg“l,zg)ds—/ zrtlaw,, 0<t<T, (Y°2° =(0,0), .
t

t

We can easily show that replacing Y"*! by Y in the generator does not affect the
convergence of the scheme since f is a Lipschitz function. Moreover, applying It
formula to e”* ‘Yt”H |2 with K large enough, we justify with classical inequalities that
foralln € N, Y"*! € §, with a bound that depend on M for the moment. Applying It6

2 .
, we obtain

formula to the process e~ |Y;**!
ey = e g
r 2 2
- / (= [yt P 2oy p (s, Y, 20) e | 220 ds
t
T
-2 / e MY L (Z2 W) .
t
Taking conditional expectation, and using assumption (HMon), we get:
2 —u(T— 2
YT < e T g

T
+ E(/ 2¢H(s—t) (a |st+1| - g |st+1|2 +v |st+1| |ZZ,~1‘2) ds ft)
t
T 2
—E(/ e = |zt " ds ]-"t> :
t

With the Young inequality we have the following estimate for all » and s € [0, T:

2
a‘Ys”Jrl| < g |st+1|2+ ;?’
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and thus
2 T a?
B A € R A LR
t H
T 2
~-E / e D |zt |7 ds| R
t

2 T
<MD e} + 25 (1-eT0) 42y X E (/ =0 |y | 20 ds
H t
]-'t> |

T
.7-}) < A2+27><E</ e M=t |yt |z P ds
t

)

T
<2A% + 4y HY"HHSN esssup sup E / e Hs=t) |Z;l|2 ds
t€[0,T t

.

<A?

T
B ( / emHo=0) | Zn+1 | g
t

Finally we obtain

T
\1@"+1|2+E</ e hs=0) | Zn+1 % g
t

ft) |
Then

T
HY"HHZOO + esssup sup E(/ e~ H(s—t) IZ’S”H‘st
te[0,T) t

.7-}) (5.2)

2
7).

7" W € BMO,

T
244 Y+ ) essoup sup B( [ et |22 s
t€[0,T] t

Once again with an induction we show easily that for all n € N,
YY" € 8§ and

T
esssup sup E / e P | 20 ds
t€[0,T) t

ft><8;(1m).

)

T
+ 4| 242 + 442 (esssup sup E(/ e—H(s—t) \Z?|2 ds
t

Moreover the inequality (5.2) gives us

T
[[Y" | goo <27 x esssup sup E / e =z ds
t€[0,T] t

te[0,7)

2
f)) .
Letting n to infinity, and with the Theorem 1.4, we finally get

T
1
esssup sup E(/ e MY | 7,2 ds ]—'t> < 2 (1 —V1- 3272142) .
t Y

t€[0,7)

and so we deduce that

1
<—(1-+y1- 2 A2 2
1Ys 1 (1 1—32724 ) \/QA +

(1- m)?

16~2
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Remark 5.3. What about the BMO norm of ZM ? — we can slice [0, 7] with a uniform
sequence (T;), such that 0 =Ty < T} < ... <Ty =T and forall i, h = |T;y, — T} = %.
The last inequality can be used for each started and stopped process ' ZM| * WTi1,

)
)

Tiq1
2
< el <esssup sup E(/ e~ Hs=t) ’Ziw’ ds
t

T;<t<Tit+1

Tiq1 9
esssup  sup E/ |Z§VI| ds
t

T; <t<Tit1

T
< et <esssup sup E(/ e k=) |ZSM|2 ds .7-}))
T; <t<Tit1 t
ekt 242
<W(l—\/l—32'}/ A).

We are now in position to prove Theorem 2.6.

Proof. [of Theorem 2.6] The previous Theorem 5.3 shows that for all M € R* and all
h > 0, the process | ZM| x W is

e%uh 1/2
(1 —1- 3272142) — scliceable.
2v/2y

We just have to apply an adaptation of Theorem 2.3 given by Theorem 4.10. O

5.3 Proof of Theorem 2.7

We consider the diagonal framework introduced in section 2 and subsection 4.3.
We assume that the generator satisfies (Hdiag), so the generator f can be written as
f = faiag(t, 2) + g(t,y, z) where fgiag is diagonal with respect to z. If we want to apply
Theorem 2.2, we have to obtain a uniform estimate on |||Z| x W|| ;, ., where (Y, ZM)
is the unique solution of the Lipschitz localized BSDE (1.7). This is the purpose of the
following lemma.

Proposition 5.4. Let us assume that there exist nonnegative constants G4 and G such
that

(i) forall (t,y,2) € [0,T] x RE x RT*, | faiag(t, 2)] < Gal2|*, |9(t,y,2)| < G2]*.
(ii)

d  2G4||¢
422.:1@ ng HLOCG<

a <1 (5.3)
Then, ZM| *W € BMO, YM € §* and we have following estimates:
_ Vdlog?2
H’ZM’ *WHBMO < (4G4G) 712, HYMHS‘” < Nl + T(;g.

Proof. To simplify notations in the proof, we skip once again the superscript M on
(YM ZM) and f™. The unique solution (Y, Z) € §* (R?) x #? (R¥*) of (1.7) can be
constructed with a Picard principle slightly different than the one used in the seminal
paper of Pardoux and Peng (see [PP90]). We consider a sequence (Y, Z") defined
by

neN

T T
Yt = g+/ fdiag(s,Zg+1)+g(s,ys",zg)ds—/ Zrldaw,, 0<t < T, (Y°, 2% = (0,0).
t t
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Obviously, we can easily show that (Y, Z" « W), . tends to (Y, Z » W) in §? (R?) x
H? (R?**) since we are in the Lipschitz framework. We will prove by induction that: for
alln e N, Y" € 8, |Z"| W € BMO and

Vdlog?2

112" % Wl gao < (4GaG) ™2, Y™ g0 < IIéll o +
2G4

(5.4)

The result is obvious for n = 0. Let us assume that for a given n € N we have
Y™ e 8 (RY), |Z"| W € BMO and (5.4) is true. The Lipschitz regularity of f gives
us that (Y"+1, |Z”+1| * W) € 8 (R?) x BMO. By following the idea of [BH06], we
introduce the C? function ¢ : R — (0, +00) defined by

e2Galzl 1 — 2G|z
|2Gd‘2

©ia— . sothat ¢"(.)—2Gql¢'(\)| = 1.

We pick a stopping time 7 and applying It6’s formula to the regular function ¢, we
compute, for all components i € {1,...,d},

T
o (Y0 = (&) +/ <<p’ (Y25 (fatag (s, Z2T) + g(s, Y, Z0Y)

90” (st+1,i)
B 2

|Zn+1,i’2 T ) )
s ) ds 7/ 99/ (sznJrl,z) Z;z+1,z dWs

2

<o (I€') + [

T

T <2Gd ’@/ (st+1,z')’ — (st+1,i) |Zn+1’i’2
+G (v |Zz:|2> ds— [T zriaw,

Since () — 2Ga|¢'()| = 1, ¢ > 0 and |¢/(z)] < (2Gq) 129" s whenever

o] < [y s~ taking the conditional expectation with respect to F-, we compute

EE /T |Zn+1,i|2 ds
2 - s

Thus, we get the estimate

. n41,i
E) <(||€]l,0) + GG s 1 27 e W2 s -

1 . . n+1,i
S22 W0 < e(l€]] ) + GG T s 120 W o - (55)

By using the a priori estimate given by Proposition 1 in [BHO06] we also have, for all
stopping time 7 and i € {1, ...,d},
]-‘T) .

Then, the John-Nirenberg inequality (1.4) coupled with the induction assumption on Z"
gives us

2
e2Ga

yntli
,

< 2Gall€l E<62GdG JT12E 2 ds

26| oo

X 2 :
1 —2G4G 12" * W30

QGd‘ yntli
e

S

We put this last inequality into (5.5) to obtain
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E?:l engHgiHLm 1
2 2 '
2G2 1 —2G4G [||Z™* W0

2
1z Wl a0 <

Since we have assumed that ||| Z™| x W||BMO (4G4G)~! and (5.3) is fulfilled, we get

|27+ % WHBMO (4G4G)~
and, by using previous calculations,

log 2

Vdlog?2
2Gda )

Y g < 1671 o + Ter

andso [[Y™" . <€l +

which concludes the induction. Finally, we just have to use the fact that (Y, Z" x W), _
tends to (V,Z » W) in 8% (R?) x H? (R™F*) and Theorem 1.4 to obtain the desired
result. g

Then the proof of Theorem 2.7 is direct: we just have to apply Theorem 2.2 by using
Theorem 5.4.

Remark 5.5. As explained in Theorem 4.11, it is possible to extend Theorem 2.7 to more
general terminal conditions and generators.

5.4 Proof of Theorem 2.11

Proof. [of Theorem 2.11] Let us consider for all M € Rt a smooth map A" : R** - R
satisfying:

0
hM (Z) = ( B
and let us define a localisation p : R¥** — R** given by

PM(z) = ——=

1+ hM(2)

As usual we denote by (Y™, ZM) the solution obtained by replacing f by f. This choice
of pM will be useful in the following computations. For F' € C2(M, R), the It6 formula
with F seen as a function on R? gives for all stopping time 7:

‘F'T) b

since the local martingale part is a martingale because F' has bounded first derivative.
By using the definition of f, its formulation in the local chart and the link between ZM
and pM(ZM), we get

T k
1 ‘ . ,
- E(/ (2 > Hess F(YM) (22060, 2260 — ap (VM) 1 (v, Z;”)> ds
T =1

E(F (&) - F(YM)|F;)

E(/ Z hM (ZM) Hess F(YM) <pM(Z;\4)(:,l)’pJM(ZévI)(:,l)> (5.6)

.7-}). (5.7)
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By using same arguments as Darling in [Dar95] we can show that Y is in G almost
surely. Indeed, we know with (5.6) applied to F' = Fde, integrating between 7 and ¢
together with (ii), that for all 0 > 7 a.s,

E(F*YM)|F.) = F*(YM) as.

Let us consider for all n € N the following sequence of stopping times:

Each o" is finite almost surely since ¢ € (. Continuity of Y gives for all n € N,
Fie (Y2) < L as. So we get for all stopping time 7:

o™ =inf {u >7 | Fl(yM) <

S|

1

dc M dc M
Fe () <BFT (V)| Fr) <~ as.

and, consequently, P(Y; € G) = 1 for all ¢ € [0,7]. Moreover the a-strictly doubly
convexity on G gives us

E(ch(f) - FdC(YT]w)’JT:T>

T k 2 9
[0 Z y . .
N : </ (hM(ZSM) ’pM(ZéW)(,,l)‘ ‘pM(Zé\/I)(.,l)’ >ds
T =1

T
= (;E(/T |Z;”|2ds

And finally, continuity of F% on G yields

=)

f7> | 5.

M z . dc _ Ide
2 Wl < 2o som_reto) - pt) ).

Thus, assumption (ii) ensures assumption (BMO,m). Since the terminal value is bounded
(in G), Theorem 2.3 together with Theorem 4.8 gives the result. |

5.5 Proofs of Theorem 2.15 and Theorem 2.16

Proof. [of Theorem 2.15 and Theorem 2.16]

Uniqueness We start by proving Theorem 2.15. Let us consider two continuous
Markovian solutions (v, w) and (0, w) such that v and v are bounded. We set (¢,z) €
[0,T] x R* and we denote (Y"*, Z*) (resp. (Y%, Z'*)) the solution of the BSDE (2.7)
associated to (v, w) (resp. (0,w)). The idea of the proof is to compare the two solutions
by using the stability result given by Remark 4.5. In order to do that, we must show

that |Zt7”5 * W and ‘Z”’ * W are e-sliceable BMO martingales. By Remark 2.6 part (2)

in [XZ16], we know that there exist by € R? and («,,) € (0,1]N such that v, 9 € CZEZ“")’ZOC.
Moreover, by following same arguments than in the proof of Theorem 2.9 in [XZ16] we
can show that v, & € C(®»)-!°¢_ Finally, we just have to apply Theorem 1.1 to conclude that
there exists s’ € (0,1] such that v,7 € C~'.

Now, let us apply the Itd formula to F(Y*?%): we consider two stopping times 7 and o
such that 7 < o a.s and we take the conditional expectation
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B(F (v(o, X57)) = F (v(7, X77)) | F7)

E(/ dF (v(u, X2 E(u, X2*, V.05 Z87) du
Lo~ (7 D) D)
f32 / Hess F (u(u, X47)) ((26%) " (26) ) du

fT>
>E(/J|Zfﬁ\2du f7>.

The map F' is a Lipschitz function on the centred Euclidean ball of radius
[0l Lo (o, 71 x %) V 101l Loo (0,7 x Ry Denoting by L its Lipschitz constant, we obtain for all

nc N,
E</ |125%|* du

]:T> <L x E(|v(0, X5T) — (T, Xﬁ’m)H}—T)

/
| K

<Lx E(|cr — 7" | XL - xbE

]-"T)
<C|O’—T‘Nl/2,

where we have used in the last inequality a classical estimate for SDEs when b and o
are bounded. For N € N* we set T; = % Then, for all i € {0,..., N — 1} and stopping

time T; < 7 < T;41 we get
T K'/2
< _
R)<e(H)”

Tit1 9
E / |Z5"|" du

and finally, for N large enough, we have that

with 2L, K2 + 2v/2L.KC} < 1. Obviously, this estimate is also true for Z%* which means
that Z*«W and Z*«W are in Z}175. By using Theorem 4.5 we get that v(t, z) = 4(t, z)
and E (ftT lw(s, XH®) —w'(s, X1®)|? ds) = 0. Since this is true for all (¢,2) € [0,T] x R¥
and, due to (HX), X has positive density on R* for s € (0, 7], w = @ a.s. with respect
to the Lebesgue measure on [0,7] x R*. Then, (v,w) and (v, w’) are equal.

Tzt | W lTin <K, Vie{0,..,N -1}

BMO

Regularity Now we prove Theorem 2.16. We consider (v, w) a continuous Markovian
solution of (2.7) such that v is bounded. We set t,t' € [0,T] and z,2’ € R*. Without
restriction, we can assume that ¢ < ¢'. Then, we can write

t, 'z
lo(t, z) — o(t', 2')| = ’Yt I

t,x t'x’
<[ -y

t’,x’ t',x
+ v,

where we have extend the definition of (Y,*", Z!-*"), <, <7 to [0,#] by setting

S

t/
t/,/i t’, ’ t/, ’ t/,/i
v —ye +/ f(u,x',Yu m,O)du, z07 =0, 0<s<t,
S

which is equivalent to take o(s,.) = 0 and b(s,.) = 0 for s € [0,¢']. By the same token we
can extend (Y, ZL%);<u<r to [0,t]. Then, a standard estimate gives us

¢! ¢z
vy

<Clt-t],
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where C does not depend on (¢,z) and (¢',2'). To conclude we just have to study the
remaining term ’Ytt’x - Ytt/’x/ ‘ Thanks to calculations done in the uniqueness part of the
proof, we know that there exist some deterministic times 0 =T, < T1 < ... <Iny =T
such that 7 Z4% « WiTit1 € 22, 0 and T 2% « WiTi1 ¢ 22 foralli € {0,..., N — 1}.
Let us emphasize that times 0 = Ty < 7} < ... < Ty = T can be chosen independently

from (¢,z) and (¢, 2’). Then, by using once again Theorem 4.5 and assumptions on G and
f, we obtain

t,x tx’
i =Y

t,x tx’

S4

N 1/4
<(e(Jo )~ (55|

. o\ 1/4
/ ‘f<57X§,m,)/st,x, Z;ﬁ,z) B f(S,Xg’ml,Ygt’xa Z;:,z)
0

+E ds

4K T 2 *
<1+/ P ds)
0

1/4

1 4k 1/4 ro_
<C|E (‘X;g” B ) +B | sup |Xr - XU
)

s€[0,T
45) 1/4

+CE ( sup ‘sz — Xﬁ,’m/

<CE (‘X;w —xE

1/8

s€1[0,T)

. 1/8 T , 8
1 +E / |z ds
0

where C depends on N and the BMO norms of 7: Z% x W.Ti+1 (see an explicit value in
Theorem 4.5). However N stays finite in the sequel and, as already mentioned in the
Proof of Theorem 2.1 and Theorem 2.2, an uniform estimation on | Ti gt 4 WiTie HBMO

Tizt'a’ y WiTis gives an uniform upper bound on C (particularly C does not

B
depend on (¢, z) and (¢, 2')). Then an energy inequality gives us

8m> 1/8

<C(|x—x’|+|t—t’\1/2). (5.9)
SS

and ‘

s€[0,T]

Thus, we just have to show the following estimate on SDEs:

HXt/,;t/ _ Xt,x

Firstly a classical stability result on SDEs gives us

’ ’
sup ’Xﬁ o X
se(t!,T)

<C <|x—a:’\ + |t—t’|1/2) .
8

Moreover we have

sup |X§’I—Xf’$‘ <C|t—t’|1/2,

se(t,t’]

L8

and ‘Xttx — XU'#"| = |z —a'| for all s € [t,#']. Combining these two inequalities we
obtain (5.9) and finally

e R I (R AN T
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6 Appendix - Technical proofs

Proof. [of Theorem 1.5] Let us show the BM O property for a started and stopped process.
Let us consider a stopping time 7/ such that 0 < 7/ < T a.s. we have

B({T121xWI7) —{(T121x w17 |F ) =B((C 1216 W)y = 7 1215 W) | )
=E((("T1Z]x W), = (T |Z|xW),) Logr<o)| Fr) -
Since 7 |Z| x W vanishes before 7 and F,» C Fiax(+ ), We get:
E(((T1Z]xW), = (T|1Z|*W),) Logr<o)| Fr)

=E((121% W), = 1215 W) Lo o | 7o)

= E(E((<‘Z| *W>g - <‘Z| *W>max(7—',7—)) ]I(OQT’QJ) Fmax(T,T’)) ‘]:T’)

Sesssup sup E((|Z|« W), —(|Z|*W).|Fz).

TET™

Finally we have shown that

esssup  sup E(<T\Z|*WJ‘7> _<T|Z|*WJU> ]:T,)
0<r/KT T -
Sesssup sup E((|Z|xW)_— (|Z] * W)-|Fz),
FeTTo
and the inequality is obviously an equality. (]

Proof. [of Theorem 3.3] We are going to use inequalities given by Lemma 1.2. Let us
suppose the existence of a solution X for the equation (3.5). We have for all m > 1,

1X]

S m

. k .
<1 Xoll pm +H/F(3,Xs)ds + Z/G”(S,XS)dWSp

0 sm p=1 0 Sm

u my 1/m k T m/2\ 1/m

<||XO||LM+E( sup </ o |X8ds) ) +C! E Z/ |GP (s, X,))* ds

0<u<T \Jo =10

T my 1/m T m/2 1/m
<Xl B ( [ [ aclXefds +OEB(( [ Axlas
0 0
On the one hand, according to Lemma 1.2 we have
T my 1/m
B (( [ o |Xs|ds) ) = (W, (VXD * W)
0
<\/§m||\/5*WHBMo||(\/5|X\)*W|Hm
2
<om X sn [V W300-

On the other hand, we get for the last term

T m/2 1/m

2
E (/O B2 1 X ds) = [[(BIX]) * Wllypm = | X]% (B % W)llyym
< V2 Xllgm 18* Wl garo -
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Hence we obtain the following inequality
2
1X0 o (1= 2m [ Vax W[50 = VR 185 Wigaso) < 1 Xollpw - (6.

The constant behind || X||s.. is not always positive, but we can use the sliceability
assumption in order to construct piece by piece the process X, and on each piece the
constant will be positive.

More precisely there exists a sequence of stopping times 0 =Ty < 7} < ... < Ty =
T a.s such that for all ¢ € {0, ..., N — 1}:

T fax WiTe

N

Tiﬁ*WJTi+1 < &y

BMO

€1, ‘
BMO

The process X is equal to
N—
Z T7,7T'L+1 (t)

where each X' is the restriction of X to the stochastic interval [T}, T;+1]. By convention
we extend X to [0, T] by zero outside [T, T;+1]. X; satisfies the following SDE:

Xi = XT / F(s, X1) ds+Z/ GP(s, X))dTWITi+r | ¢ € [T;,Ti11], and X = X,.

For all i € {0,...,N — 1}, by considering above computations on each [T;,7T;1[, (6.1)

becomes i
s (1 —2me? — 62\/§C;n) < HXTi H

Denoting by K., ., the constant

x

Lm

1
1 —2me? — e2V/2C,

K. ., = >0,

we have N
=

<K e [X°]
Sm,

51552

Lm )

and finally we obtain

N-1 N
Xl < Y | X
=0

S"" <ZK61 €2> |X0HLm'

N—
The result follows by setting K, ¢, -, = Z 1.en" |
i=0
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