n b
Electr® 8biljty

Electron. J. Probab. 23 (2018), no. 72, 1-27.
ISSN: 1083-6489 https://doi.org/10.1214/18-EJP194
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with phenotypic plasticity”
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Abstract

In this paper we study a class of stochastic individual-based models that describe the
evolution of haploid populations where each individual is characterised by a phenotype
and a genotype. The phenotype of an individual determines its natural birth- and death
rates as well as the competition kernel, ¢(x, y) which describes the induced death rate
that an individual of type x experiences due to the presence of an individual or type
y. When a new individual is born, with a small probability a mutation occurs, i.e. the
offspring has different genotype as the parent. The novel aspect of the models we study
is that an individual with a given genotype may expresses a certain set of different
phenotypes, and during its lifetime it may switch between different phenotypes, with
rates that are much larger then the mutation rates and that, moreover, may depend
on the state of the entire population. The evolution of the population is described by a
continuous-time, measure-valued Markov process. In [4], such a model was proposed
to describe tumor evolution under immunotherapy. In the present paper we consider
a large class of models which comprises the example studied in [4] and analyse their
scaling limits as the population size tends to infinity and the mutation rate tends to
zero. Under suitable assumptions, we prove convergence to a Markov jump process
that is a generalisation of the polymorphic evolution sequence (PES) as analysed in
[9, 11].
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PES with phenotypic plasticity

1 Introduction

Over the last decade there has been increasing interest in the mathematical analysis
of so-called stochastic individual based models of adaptive dynamics. These models were
introduced in a series of papers by Bolker, Pacala, Dieckmann, and Law [7, 8, 14]. They
describe the evolution of a population of individuals characterised by their phenotypes
under the influence of the evolutionary mechanisms of birth, death, mutation, and
ecological competition in an inhomogeneous "fitness landscape" as a measure valued
Markov process. Note that individual based models have a much longer tradition in
ecology (see the book by Grimm and Railsback [20] or the more recent review by Grimm
and DeAngelis [13]). In these models there appear two natural scaling parameters. The
carrying capacity, K, which regulates the size of the population and that can reasonably
be considered as a large parameter, and the mutation rate (of advantageous mutations),
u, that in many biological situations can be taken as a small parameter. In a series of
remarkable papers, Champagnat and Méléard [9, 11] (and others) have analysed the
limiting processes that arise in the limit when K is taken to infinity while at the same
time v = ux tends to zero. Under conditions that ensure the separation of the ecological
and evolutionary time scales. This means that the mutation rates are so small that the
system has time to equilibrate (ecological time scale) between two mutational events.
On the time scale where mutations occur (evolutionary time scale), the evolution of
the population can then be described as a Markov jump process along a sequence of
equilibria of, in general, polymorphic populations. An important (and in some sense
generic) special case occurs when the mutant population fixates while the resident
population dies out in each step. The corresponding jump process is called the Trait
Substitution Sequence (TSS) in adaptive dynamics. Champagnat [9] derived criteria
in the context of individual-based models under which convergence to the TSS can be
proven. The general process is called the Polymorphic Evolution Sequence (PES) [11].
Here the limit is describes as a jump process between possibly polymorphic equilibria of
systems of Lotka-Volterra equations of increasing dimension.

In the present paper we extend this analysis to models where an additional biological
phenomenon is present, the so-called phenotypic plasticity[19] or bet hedging [6]. By
this we mean the following. Individuals are no longer described by their phenotype, but
by both their genotype and their phenotype. Moreover, an individual of a given genotype
can express several phenotypes and it can change its phenotype during the course of
its lifetime. The term phenotypic plasticity is often used to describe a situation where
the expression of the phenotype depends on the environment in a deterministic way,
while bet hedging describes stochastic switches that "hedge" against future changes
in the environment. In the model we discuss, both aspects, stochastic switching and
environmental dependence are present.

Our original motivation comes from applications to cancer therapy, where it is
well-known that phenotypic switching is of utmost importance and in fact a major
obstacle to successful therapies (see, e.g. [21] and references therein). Specifically,
Landsberg et al [25] showed in a mouse model of melanoma that phenotypic switches
in the expression of surface markers of tumor cells are responsible for evasion of
immunotherapy with adoptive cell transfer. Moreover, they showed that switch rates
are affected by the presence of cytokines, in particular TNF-« that is produced in
an inflammatory environment. In [4] we reported on first attempts to model these
experiments in the context of the process discussed in the present paper.

Phenotypic switches without mutations are certainly relevant in many if not most
biological systems (see e.g. [6, 19] and references therein).

Here we take a broader look at a large class of models. By expanding the techniques
of [11] we prove that the microscopic process converges on the evolutionary time scale
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to a generalisation of the Polymorphic Evolution Sequences (PES) (cf. Thm. 3.6). The
main difference in the proof is that we have to couple the process with multi-type
branching processes instead of normal branching processes, which leads also to a
different definition of invasion fitness in this setting. Note that we gave in [4] already
heuristic arguments why the process should converge to a Markov jump process. The
aim of this paper is to give the rigorous statement and its proof.

The remainder of this paper is organised as follows. In Section 2 we define the
model, give a pathwise description of the Markov process we are studying and state
the convergence towards a quadratic system of ODEs in the large population limit. In
Sections 3 we consider the case of rare mutations and fast switches. More precisely, we
state the convergence to the Polymorphic Evolution Sequences with phenotypic Plasticity
(PESP) in Subsection 3.2 and prove it in Subsection 3.3.

2 The microscopic model

In this section we introduce the stochastic individual-based model we analyse (cf.
[4, 17,9, 11, 5]). The evolutionary process changes populations on a macroscopic level,
but the basic mechanisms of evolution, heredity, variation (in our context caused by
mutation and phenotypical switching), and selection, act on the microscopic level of the
individuals. We describe the evolving population as a stochastic system of interacting
individuals, where each individual is characterised by its phenotype and its genotype.

Let! > 1 and X a finite set of the form X = G x P, where G is the set of genotypes
and P is the set of phenotypes. We call X the trait space of the population. As usual,
we introduce a parameter K € IN, called the carrying capacity. This parameter allows
to scale the population size and can be interpreted as the size of available space or the
amount of available resources. Let M(X) be the set of finite, non-negative measures on
X, equipped with the topology of weak convergence, and let M¥ (X) C M(X) be the set
of finite point measures on X rescaled by K, i.e.

1 n
MK(X)E{KZ% : n € No, xl,...xne/‘\,’}, (2.1)
=1

where §, denotes the Dirac mass at x € X. We model the time evolution of a population
as an M (X)-valued, continuous time Markov process (vf<);>0. To account for the
process basic mechanisms of evolution and the phenotypic plasticity, we introduce the
following parameters:

(i) b(p) € Ry is the rate of birth of an individual with phenotype p € P.
(ii) d(p) € Ry is the rate of natural death of an individual with with phenotype p € P.
(iii) ¢(p,p)K ! € R, is the competition kernel, which models the competitive pressure
an individual with phenotype p € P feels from an individual with phenotype p € P
and is inversely proportional to the carrying capacity K.

(iv) s9,. (p,p) € Ry is the natural switch kernel, which models the natural switching
from phenotype p to p of individuals with genotype g.

W) si4(p,p)(p)K~' € Ry is the induced switch kernel, which models the switching
from phenotype p to p of individuals with genotype g induced by an individual with
phenotype p. (Compare with the cytokine-induced switch of [4], especially the one
of TNF-« (Tumour Necrosis Factor).)

(vi) ugm(g) with ug,m(g) € [0,1] is the probability that a mutation occurs at birth from
an individual with genotype g € G, where ux is a scaling parameter.

(vii) M((g,p), (g,p)) is the mutation law, i.e. if a mutant is born from an individual with
trait (g, p), then the mutant’s trait is (g, p) with probability M ((g,p), (g,D)).
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Note that most of the parameters depend on the phenotype only and that we explicitly
allow that individuals with different genotypes can express the same phenotype and,
conversely, that individuals with the same genotype can express different phenotypes.

We assume that phenotypic switches can be enhanced by the environment, i.e.
induced switching can only strengthen natural switching and that phenotypic switches
happen with rate of order one, i.e. they occur with positive probability during the lifetime
of an individual (unless they are set to zero). One might also be interested in cases
where these rates are much smaller, i.e tending to zero with K. This would require a
different analysis and is beyond the scope of this paper.

Assumption 2.1. For simplicity, we assume that s, (p,p)(p)K ' = 0, forall p € X,
whenever s?,, (p,p) = 0, i.e. depending on the environment the total switching rate can
be larger or smaller but not zero or non-zero.

At any time ¢t > 0, we consider a finite population which consist of /V; individuals and
each individual is characterised its trait z;(¢) € X. The state of a population at time ¢ is
the measure

1
v == > bait)- (2.2)
i=1

The population process vX is a M (X)-valued Markov process with infinitesimal
generator .#%, defined, for any bounded measurable function ¢ : M*(X) — R and for
all u € ME(X), by

(£%¢) (u (2.3)
- (¢ (1 + 242 ) = 0(u") ) (1 = wsem(9))b(p) K 1™ (9. )

(9:p)€

LD

(9,p)EGXP (3,9)EGXP

+ D (¢(/~‘K—§(§<‘” - < )+ clpp >KMK(97P)

(g,p)EGXP pEP

+ Y Z( (M +5(qp>_5<qp>) )

(9:p)€GXP PEP

) = 9()) wrcmlg) M (9, ), (3.))b0) K (0,7)

(S84 3 s <p,ﬁ><ﬁ>uf<<ﬁ>) K1 (g.p).

pEP

The first and second terms describe the births (without and with mutation), the third
term describes the deaths due to age or competition, and the last term describes the
phenotypic plasticity. Observe that the first and second terms are linear (in p ), but
the third and fourth terms are non-linear. The only difference to the standard model is
the presence of the fourth term, that corresponds to the phenotypic switches. However,
this term changes the dynamics substantially. In particular, the system of differential
equations which arises in the large population limit without mutation (ux = 0) is not a
generalised Lotka-Volterra system anymore, i.e. does not have the form n = nf(n), where
fis linear in n (cf. Thm. 2.4 and Def. 3.2).

Remark 2.2. (i) Since X is finite, we could also represent the population state as
an |X|-dimensional vector. More precisely, let E be a subset of R*! and EX =
En{n/K :n¢€ ]NE)X‘} (we denote by INy the non-negative integers), then, for fixed
K > 1, the population process can be constructed as Markov process with state
space EX by using independent standard Poisson processes (cf. [16] Chap. 11).
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(ii) For an extension to a non-finite trait space, e.g. if G and P are compact subsets of
R*, for some k > 1, the modelling of switching the phenotype has to be changed in
the following way: Each individual with trait (g, p) € G x P has instead of the natural
switch kernel s7., (p, p) a natural switch rate spat (g, p) combined with a probability
measure 5% (dj) on P and instead of the induced switch kernel s¢., (p, ) (p)K ~!

a induced sw1tch kernel sind.((9,p),p) K~ combined with a family of probability
measure {S.9??)(d5)} on P.

ind

2.1 Explicit construction of the population process with phenotypic plasticity

It is useful to give a pathwise description of X in terms of Poisson point measures
(cf. [17]). Let us recall this construction. Let (2, F,P) be an abstract probability space.
On this space, we define the following independent random elements:

(i) a convergent sequence (v{) K>1 of MK (X)-valued random measures (the random
initial population),

(ii) |X| independent Poisson point measures (N(k’gif;})‘(ds, di,df) )(g.pyex on [0,00) x IN x
R with intensity measure ds ), - 6,(di)d0,

(iii) |X| independent Poisson point measures (N(“g“g') (ds,di,df,dx) )y pyex on [0,00) x
IN x Ry x X with intensity measure ds)_, -, 6n(di)d0 > ;o 65(dz).

(iv) |X| independent Poisson point measures (N(de;t)h(ds di, d0) ) (gpyex on [0,00) x IN x
R with intensity measure ds ), 0, (di)df,

(v) |X| independent Poisson point measures (N(S!‘]"’;E)Ch(ds, di,df, dp) ) g pyex on [0,00) x
IN x R4 x P with intensity measure ds ), -, dn(di)d0 > 5 p 65(dp),

Then, v¥ is given by the following equation

V _VO + Z / / /]R+ i<KvE (g,p), 6<b(p)(1— uKm(g))}K(s(g p)N( )(dS di da)

(9:p)eXx
(2.4)
t. .
+ Z)X/ /]No /]R+ / {7.<KV (9,p), 0<b(p)uxm(g)M((g,p), m)} K5 Ngup)(ds’dl’do’dx)
(9:p)€
1 death .
E):X / /]NO /R+]1{i<Ku§_ (9.9). 0<d(p)+ T pep BV (B) } K %o Nig py (5, di 9)
(9.p)€

T Z //]N/R+ /73]1{1'51?@52(51,1)),9§5§at_(p7ﬁ)+2ﬁepS§1d_(p7ﬁ)(ﬁ)uf,(ﬁ)}

9,p)EX
1 itch . -
X (6 (9.5) — (g.p) ) N(S;"’;)C (ds, di,df,dp).
Remark 2.3. This construction uses that X is a discrete set and is in some sense closer
to the definition given in [16] (p. 455). For non-discrete trait spaces the process can be
constructed as in [17].

2.2 The law of large numbers

If the mutation rate is independent of K and the initial conditions converge to a
deterministic limit, then the sequence of rescaled processes, (v)k>1, converges in
probability as K 1 oo to the solution of a system of ODEs. This follows directly from the
law of large numbers for density depending processes, see, e.g. Ethier and Kurtz [16],
Chap. 11 or [15] Chap. 10. The following theorem gives a precise statement.
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Theorem 2.4. Let ux = 1. Suppose that the initial conditions converge in probability to
a deterministic limit, i.e. vl* > vy as K 1 co , where v, is a finite measure on X. Then,
for every T > 0, there exists a deterministic function £ € C([0,T], M (X)) such that, for
alln >0,

lim IP{ sup |[vff —¢ > 77} =0, (2.5)
Ktoo Liclo ) [ = &l
where ||.||rv is the total variation norm. Moreover, let n be the unique solution to the
dynamical system
gp)(t) =n(g,p) (1) ((1 —m(g))b(p) — d(p) — Z c(p, D)z, (t) (2.6)
(3.P)EGXP
- (Szg'zat,(pvﬁ) Y Sha@ D) P (t)>>
peP (§:0)€EGXP
D SRV CRUED SRS
PEP (9,p)€GXP
D (O m@bB)M((@.5). (9.0), (9.0) €G X P,
(§.0)EGXP

with initial condition n,(0) = vy(x), forallxz € X.

Then ¢ is given as & = )y 0o (t)0,.

Proof. This result follows from Theorem 2.1 in Chapter 11 of [16], since we can construct
the processes as described in Remark 2.2 (i). Since these processes have the same
laws, converge almost surely and the limit is deterministic, our processes converge in
probability to the same limit. Alternatively, the theorem can be proven by using a large
deviation principle on [0, 7] (cf. [15] Chap. 10 and Theorem 3.8) O

Remark 2.5. If the trait spaces is not finite, one can obtain a similar result, cf. [17].

3 The interplay between rare mutations and fast switches

In this section we state our main results. As in previous work, we place ourselves
under the assumptions

vV >0, exp(—VK) € ug < Wi[(’ as K 1 oo, (3.1)
which ensure that a population reaches equilibrium before a new mutant appears and
that mutations occur before the population dies out. Under these assumptions, we
prove that the individual-based process with phenotypic plasticity convergences to a
generalisation of the PES. Let us start with describing the techniques used in [11].

The key element in the proof of the convergence to the PES used by Champagnat
and Méléard [11] is a precise analysis of how a mutant population fixates. A crucial
assumption in [11] is that the competitive Lotka-Volterra systems that describes the
large population limit always have a unique stable fixed point n. Thus, the main task
is to study the invasion of a mutant that has just appeared in a population close to
equilibrium. The invasion can be divided into three steps: First, as long as the mutant
population size is smaller than Ke, for a fixed small € > 0, the resident population stays
close to its equilibrium. Therefore, the mutant population can be approximated by a
branching process. Second, once the mutant population reaches the level K¢, the whole
system is close to the solution of the corresponding deterministic system and reaches
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an e-neighbourhood of n in finite time. Third, the subpopulations which have a zero
coordinate in n can be approximated by subcritical branching processes until they die
out.

The first and third steps require a time of order In(X), whereas the second step
requires only a time of order one, independent of K. Since the expected time between
two mutations is of order 1/(ux K), the upper bound on ux in (3.1) guarantees that, with
high probability, the three steps of an invasion are completed before a new mutation
occurs.

In the first invasion step the invasion fitness of a mutant plays a crucial role. Given
a population in a stable equilibrium that populates a certain set of traits, say M C &,
the invasion fitness f(x, M) is the growth rate of a population consisting of a single
individual with trait ¢ M in the presence of the equilibrium population n on M. In the
case of the standard model, it is given by

fla, M) =b(z) — d(z) = Y c(z,y)h,. (3.2)

yeM

Positive f(x, M) implies that a mutant appearing with trait  from the equilibrium
population on M has a positive probability (uniformly in K) to grow to a population of
size of order K; negative invasion fitness implies that such a mutant population will die
out with probability tending to one (as K 1 oo) before it can reach a size of order K. The
reason for this is that the branching process (birth-death process) which approximates
the mutant population is supercritical if f(x, M) is positive and subcritical if f(z, M) is
negative.

In order to describe the dynamics of a phenotypically heterogeneous population
on the evolutionary time scale, we have to adapt the notion of invasion fitness to the
case where fast phenotypic switches are present. Since switches between phenotypes
associated to the same genotype happen at times of order one, the growth rate of the
initial mutant phenotype does not determine the probability of fixation. See [12] for
a similar issue in a model with sexual reproduction. In the proof of Theorem 3.6, we
approximate the dynamics of the mutant population by a multi-type branching process
until the reaches a size Ke (or dies out). A continuous-time multi-type branching process
is supercritical if and only if the largest eigenvalue of its infinitesimal generator of is
strictly positive (cf. [2, 27]). Therefore, this eigenvalue will provide an appropriate
generalisation of the invasion fitness.

3.1 The competitive Lotka-Volterra system with phenotypic plasticity

We first consider the large population limit without mutation (ux = 0). Assume that
the initial condition is supported on d traits, (g,p) = ((91,p1),---, (94;p4)) € (G x P),
and that the sequence of the initial conditions converges in distribution

d
Jim vt = ni(0)3g, p,), inlaw,  where n;(0) >0, forallie {1...d}.  (3.3)
o i=1

By Theorem 2.4, for every T' > 0, the sequences of processes v% € D([0, T], MX (X))
generated by .#% with initial state v converges in distribution, as K 1 oo, to a deter-
ministic function £ € C([0,T], M(X)). Since ux = 0, no new genotype can appear in the
population process v¥. Moreover, not every genotype can express every phenotype. Let
us describe the support of /¢ more precisely.

For all g € G, let X9 be a stationary discrete-time Markov chain with state space P
and transition probabilities
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_ s9(p,p) . .
PX{=p| X}, =pl= =2 —, if ¥ s(p,p)>0, (3.4)
! ZﬁeP s9(p, D) Py
and
PIX!=p|X{,=p|=1, if > s%(p,p)=0. (3.5)

pEP
The Markov chains {X9,¢g € G} contain only partial information on the switching be-

haviour of the process v, but we see that this is the key information needed later.
In the sequel we work under the following simplifying assumption:

Assumption 3.1. For all g € G, all communicating classes of X9 are recurrent.

We denote the communicating class associated with (g, p) € G x P by [p],. This is the
communicating class of X9 which contains p, i.e. p can be seen as a representative of the
class, which has an equivalence relation depending on g. By Assumption 2.1, this ensures

5

Figure 1: Example of a Markov chain X?. Here, P = {p1,...,p10} and X7 has four communi-
cating classes: {p1,p2,p3,ps}, {ps,p6,p7}, {Ps}, {po, P10} The class {ps} has only one element, i.e.
19 s9(ps,p;) = 0 in this example.

that if we start with a large enough population consisting only of individuals carrying
the same trait (g, p), then, after a time of order 1, all phenotypes in the class [p], will
be present in the population, but none of the other classes. Observe that these Markov
chains do not describe the dynamics of the whole process. If we allowed transient states
this would not imply that the trait would get extinct, since its growth rate could be larger
than the switching rate.

Thus, [p], is the set of phenotypes which are reachable in the Markov chain X9 with

X§ = p and the set of traits which can appear in the population process v is given by
d

Xgp) = | J{gi} x [pil.- (3.6)
i=1

With this notation, ¢ is given by £(t) = > . Xig.py Mo (t)0,, where n is the solution of
the competitive Lotka-Volterra system with phenotypic plasticity defined below.

Definition 3.2. For any (g,p) € (G x P)?, we denote by LV S(d, (g,p)) the competitive
Lotka-Volterra system with phenotypic plasticity. This is an |X(g p)|-dimensional system
of ODEs given by

Ngp) = N(g,p) (b(p)—d(p)— > elp p)ngp)

(gﬁﬁ)ex(gﬂp)
S CHIT D SRR ICIY )
ﬁe[p]g (gvﬁ)ex(g.p)
+ Z Ng.p) (Sgat‘(p’p) + Z s?nd. (ﬁvp)(ﬁ)n(éﬁﬁ)(t))’ (g’p) € X(gap)' (3.7)
ﬁe[p]g (fhﬁ)ex(g,p)
EJP 23 (2018), paper 72. http://www.imstat.org/ejp/
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We choose the (possibly misleading) name competitive Lotka-Volterra system with
phenotypic plasticity to emphasise that we add phenotypic plasticity (induced by switch-
ing rates) in the usual competitive Lotka-Volterra system. Note, however, that the system
LV S is not a system of Lotka-Volterra equations.

We now introduce the notation of coexisting traits in this context (cf. [11]).

Definition 3.3. For any d > 2, we say that the distinct traits (g1,p1), - - -, (g4, pPa) coexist
if the system LV S(d, (g, p)) has a unique non-trivial equilibrium a(g, p) € (0, c0)!*&»!
which is locally strictly stable, meaning that all eigenvalues of the Jacobian matrix of the
system LV S(d, (g,p)) at i(g, p) have strictly negative real parts.

Note that if (g1,p1),...,(94,pa) coexist, then all traits of X4 ) coexist and the
equilibrium n(g, p) is asymptotically stable. We will prove later that if the traits
(91,p1),---, (94, pa) coexist, then the invasion probability of a mutant trait (g, p) which
appears in the resident population X ) close to n(g, p) is given by the function

1= q(g.p)(9: D), (3.8)

where q(g 1) (g, P) is given as follows: Let us denote the elements of [p]; by p1, D2, - - -, P|5],|
and assume without lost of generality that p = p;. Then, gz (g, p) is the first component
of the smallest nonnegative solution of

u(y) =0, (3.9)
where u is a map from R/Plsl to RIPls] defined, for all i € {1,...,|[5];
ui(y) = b(p;) y? (3.10)

85 )
+ Z ( b (D1 B1) + Y sﬁld,(ﬁmj)(p)n(g,p)) yi+d@) + > clBip)igg. (8, P)

(g p)EX(g P) (gvp)ex(g,p)

[ ]
- ( + Z( Shat. p“pj + Z S?nd.(ﬁivﬁj)(p)ﬁ(g,p)) + d(ﬁi)

(9:P)€X(g,p)

+ C(ﬁi7p)“<g,p>(g7p)> Yi-

(g1p) G'X(g,p)

In fact, (1 — q(g,p)(g,P)) is the (asymptotic as K 1 co) probability that a single mutant
reaches a population size of order K in a resident population with traits Xz ). We
obtain this by approximating the mutant population with multi-type branching processes
(cf. proof of Thm. 3.11). The function (1 — gg (7, 7)) plays the same role as the function
[f(y;x)]+/b(y) in the standard case (cf. [11]).

To obtain that the process jumps on the evolutionary time scale from one equilibrium
to the next, we need an assumption to prevent cycles, unstable equilibria or chaotic
dynamics in the deterministic system (cf. [11] Ass. B).

Assumption 3.4. For any given traits (g1,p1),...,(g94,p4) € G x P that coexist, and
for any mutant trait (§,p) € X \ X{(gp) such that 1 — g )(G,p) > 0, there exists a
neighbourhood U C Rl*@»|*1lFls| of (a(g, p),0,...,0), such that all solutions of LV S(d +
1,((g,p), (§,p))) with initial condition in U N (0, 0o)/*@=m +I[Plsl converge as t 1 oo to a
unique locally strictly stable equilibrium in R!*@» |*I[Pls| denoted by n*((g, p), (§,p)).

We write n* and not n to emphasise that some components of n* can be zero. We
use the shorthand notation ((g, p), (§,5)), for ((¢1,p1),- .-, (94,p4), (§,D)). Assumption 3.4
does not have to hold for all traits in X'\ X{4 ), but only for those traits (g, 5) which can
appear in the resident population by mutation, i.e. only if Z (9.9)EX gm0 m(g)M((g,p),(g,p))
is positive.
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Remark 3.5. It is possible to extend the definitions and assumptions for the study of rare
mutations and fast switches in populations with non-discrete trait space if one assumes
that an individual can change its phenotype only to finitely many other phenotypes. This
must be encoded in the switching kernels. More precisely, for all (g,p) € G x P the
communicating class [p], should contain finitely many elements.

3.2 Convergence to the generalised polymorphic evolution sequence

In this subsection we state the main theorem of this paper and give the general idea
of the proof illustrated by an example.

Theorem 3.6. Suppose that the Assumptions 2.1, 3.1 and 3.4 hold. Fix (g1,p1),---,
(94,pd) € G x P coexisting traits and assume that the initial conditions have support
X(g,p) and converge almost surely to n(g, p), i.e. limgtoo vl = ZIGX(M) n.(g,p)ds a.s..
Furthermore, assume that

YV >0, exp(—VK) €< ug < as K 1 co. (3.11)

1
KIn(K)’

Then, the sequence of the rescaled processes (1/5 KuK)tZO' generated by % with initial

state v{, converges in the sense of finite dimensional distributions to the measure-
valued pure jump process A defined as follows: Ag = Z(g P)EX gm) f(g.p) (8, P)d(q,p) and

the process A jumps, for all (§,p) € X(g p), from

Z (gp) (& P)0(gp) 1O Z () (8 P): (9:9))d(g.p) (3.12)
(9:P)€X(g,p) (9:P)€X((2.p).(5.5))

with infinitesimal rate

m(9)0(P)g.5)(8,P)(1 — d(e.p)(9,2)) M (4, P); (3, P)). (3.13)

Remark 3.7. (i) The convergence cannot hold in law with respect to the Skorokhod
topology (cf. [9]). It holds only in the sense of finite dimensional distributions on
Mp(X), the set of finite positive measures on X equipped with the topology of the
total variation norm.

(ii) The process A is a generalised version of the usual PES. Therefore, we call A
Polymorphic Evolution Sequence with phenotypic Plasticity (PESP).

(iii) Assumption 3.4 is essential for this statement. In the case when the dynamical
system has multiple attractors and different points near the initial state lie in
different basins of attraction, it is not clear and may be random which attractor
the system approaches. The characterisation of the asymptotic behaviour of the
dynamical system is needed to describe the final state of the stochastic process.
This is in general a difficult and complex problem, which is not doable analytically
and requires numerical analysis. Thus, we restrict ourselves to the Assumption 3.4.

We describe in the following the general idea of the proof, which is quite similar to
the one given in [11]. The population is either in a stable phase or in an invasion phase.
Until the first mutant appears, the population is in a stable phase, i.e. the population
stays close to a given equilibrium. From the first mutational event until the population
reaches again a stable state, the population is in an invasion phase. In fact, the mutant
either survives and the population reaches fast a new stable state (where the mutant
trait is present), or the mutant goes extinct and the population is again in the old stable
state. After this, the population is again in a stable phase until the next mutation, etc..

Note that we prove in the following that the invasion phases are relatively short
(O(In(K))) compared to the stable phase (O(1/uxK)). Since we study the process on

EJP 23 (2018), paper 72. http://www.imstat.org/ejp/
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the time scale 1/Kug, the limit process proceeds as a pure jump process which jumps
from one stable state to another.

The stable phase: Fix € > 0. Let X ) be the support of the initial conditions. For large
K, the population process v* is, with high probability, still in a small neighbourhood
of the equilibrium n(g, p) when the first mutant appears. In fact, using large deviation
results on the problem of exit from a domain (cf. [18]), we obtain that there exists a
constant M > 0 such that the first time v leave the Me-neighbourhood of a(g, p) is
bigger than exp(V K), for some V > 0, with high probability. Thus, until this stopping
time, mutations born from individuals with trait x € X4 ) appear with a rate which is
close to
ugm(z)b(z)Kn, (g, p)-

The condition 1/(Kug) < exp(VK), for all V. > 0, in (3.11) ensures that the first
mutation appears before this exit time.

The invasion phase: We divide the invasion of a given mutant trait (g, p) into three steps,
as in [9] and [11] (cf. Fig. 2). In the first step, from a mutational event until the mutant
population goes extinct or the mutant density reaches the value ¢, the number of mutant
individuals is small (cf. Fig. 2, [0,¢1]). Thus, applying a perturbed version of the large
deviation result we used in the first phase, we obtain that the resident population stays
close to its equilibrium density n(g, p) during this step. Using similar arguments as
Champagnat et al. [9, 11], we prove that the mutant population is well approximated
by a |[p]5|-type branching process Z, as long as the mutant population has less than eX
individuals. More precisely, let us denote the elements of [p|; by p1, ..., Dy5),) then, for
each 1 <1i <|[p|g|, each individual in Z (carrying trait (g, p;)) undergoes

(i) birth (without mutation) with rate b(p;),
(ii) death with rate d(p;) + Z(g,p)ex(g,p) c(pi, p)tig,p) (g, p) and
(iii) switch to p; with rate s, (5;,7;) +Z(g,p)ex(g,p)si§nd.(ﬁ,;, P7) (D) p), forall 1 < j <

|[P)g]-
This continuous-time multi-type branching process is supercritical if and only if the
largest eigenvalue of its infinitesimal generator, which we denote by Ana, is larger
than zero. Hence, the mutant invades with positive probability if and only if Apax > 0.
Moreover, the probability that the density of the mutant’s genotype, v* (), reaches ¢ at
some time t; is close to the probability that the multi-type branching process reaches
the total mass €K, which converges as K 1 00 to (1 — qg,p)(7,P))-

In the second step, we obtain as a consequence of Theorem 2.4 that once the mutant
density has reached e, for large K, the stochastic process v¥ can be approximated on
any finite time interval by the solution of LV .S(d + 1, ((91,p1); - - -, (ga>Pa), (§,P))) with a
given initial state. By Assumption 3.4, this solution reaches the e-neighbourhood of its
new equilibrium n*((g, p), (g,p)) in finite time. Therefore, for large K, the stochastic
process v also reaches with high probability the e-neighbourhood of n*((g, p), (§,p)) at
some finite (K independent) time ts.

In the third step, we use similar arguments as in the first step. Since n*((g, p), (§,D))
is a strongly locally stable equilibrium (Ass. 3.4), the stochastic process v/ stays close
n*((g,p), (9, p)) and we can approximate the densities of the traits (g,p) € X{((g.p),(5.5))
with nf, ((g,p), (3,P)) = 0 by |[p]y|- type branching processes which are subcritical and
therefore become extinct, a.s..

The duration of the first and third step are proportional to In(K), whereas the time
of the second step is bounded. Thus, the second inequality in (3.11) guarantees that,
with high probability, the three steps of invasion are completed before a new mutation

EJP 23 (2018), paper 72. http://www.imstat.org/ejp/
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24
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Figure 2: The three steps of one invasion phase.

occurs. After the last step the process is again back in a stable phase, but with a possibly
different resident population, until the next mutation happens.

An example: Figure 2 shows the invasion phase of a single mutant with trait (g, p1),
which appeared (at time 0) in a population close to n(g, p) (indicated by the dashed lines).
In this example the resident population consists of two coexisting traits (g, p1) and (g, p2)
and the mutant individuals can switch to one other phenotype only, i.e. [p1]5 = {p1,D2}
The parameters of the simulation of Figure 2 are given in Table 1. The stable fixed point of

Table 1: Parameters of Figure 2

b(p1) =3 | d(p1) =1 |c(p1,p1) =1 c(p1,p2) = 0.7 |c(p1,p1) =0.7 |c(p1,P2) =0.7| 85, (p1,p2) =1
b(p2) =3 | d(p2) =1 |c(p2,p1) =0.7 | c(p2,p2) =1 c(p2,p1) =0.7 | c(p2,p2) = 0.7 | sk (p2,p1) =2
b(p1) =5 | d(p1) =1 | c(P1,p1) =0.7 | c(P1,p2) =0.7 |c(P1,P1) =1 c(p1,p2) = 0.7 sd (B1,p2) = 1.5
b(p2) =4 | d(p2) =1 | (P2, p1) = 0.7 |c(p2,p2) = 0.7 |c(p2,p1) = 0.7 | c(p2,p2) =1 | sp (B2, 1) =2

IK:QOOO\W:O

[V (9,p1) = 15[ v (9,p2) = 08] w5 (3.51) = 1/K [ (§:52) = 0 [ina.(-, I()=0]

the system LV S(2, ((g,p1), (9,p2))) is n((g,p1), (9, p2)) ~ (1.507,0.809). The infinitesimal
generator of the multi-type branching process that approximates the mutant population
1.5

in the first step is approximately
0.879
2 —0.621) -

Since the largest eigenvalue of this matrix is positive (= 2.016), the mutant population
reaches with positive probability the second invasion step (cf. Fig. 2).

Moreover, n* =~ (0,0,2.608,1.608) is the unique locally strictly stable fixed point of
the dynamical system LV .S(4, ((g,p1), (9,p2), (§,P1), (g,P2))). The dynamical system and
hence also the stochastic process reach in finite time the e-neighbourhood of this value.
The infinitesimal generator of the multi-type branching process that approximates the
resident population in the third step is approximately

(3.14)

<_1'951 2 (3.15)

1 —2.951) '

The largest eigenvalue of this matrix is negative (=~ —0.951), meaning that the process
is subcritical and goes extinct, a.s.. Therefore, there exists a time ¢3 such that all
individuals which carry trait (g, p1) or (g, p2) are a.s. dead at time ¢;.

EJP 23 (2018), paper 72. http://www.imstat.org/ejp/
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3.3 Proof of Theorem 3.6

In this paragraph we prove the convergence to the PESP. (The proof uses the same
arguments and techniques as [11], which were developed in [9]. However, some exten-
sions are necessary if fast phenotypic switches are included in the process, which we
state and prove in this subsection.) We start with an analog of Theorem 3 of [9]. Part (i)
of the following theorem strengthens Theorem 2.4, and part (ii) provides control of exit
from an attractive domain in the polymorphic case with phenotypic plasticity.

Theorem 3.8. (i) Assume that the initial conditions have support {(g1,p1), - .. (94,P4)}

(ii)

and are uniformly bounded, i.e., for all 1 < i < d, Vg((gi,pi) € A, where A is a
compact subset of R~y (IR~o denotes the set of strictly positive real numbers).
Then, for all'T > 0 and for alln > 0,

v = Y et ) .

lim IP{ sup )
T€X (g, p)

Ktoo te[0,T)

>n} =0, (3.16)

where n(t,v}) € RI¥e»| denotes the value of the solution of LV S(d,(g,p)) at
time t with initial condition n,(0,{*) = v (z), for all # € X ). Note that the
measure erx(g,p) n,(t,{*)é, depends on K, since the initial condition and hence
the solution of LV S(d, (g, p)) depends on K.

Let (g1,p1),---,(94,pa) € X coexist. Assume that, for any K > 1, Supp(v{) =
Xgp)- Let Ty, be the first mutation time. Define the first exit time from the
&-neighbourhood of n,(g, p) by

O =inf {t >0: 30 € Xgp) : [ (z) — (g, p)| > €} (3.17)

exit —

Then there exist ¢ > 0 and M > 0 such that, for all ¢ < ¢, there exists V > 0 such
that if the initial state of v lies in the e-neighbourhood of fi, (g, p), the probability

K.Me ; .
that 0, © is larger than eV A 1, converges to one, i.e.

lim sup P Og}iwe <V AT | vE (x) =k,
KT e/ k) ¥ @2 B, (3(e.p))

forallz € Xgp| =0, (3.18)

where n = (n).cx, ,, and B:(i(g,p)) denotes the e-neighbourhood of i(g, p).

Moreover, (3.18) also holds if, for all (g,p) € X(g,p), the total death rate of an
individual with trait (g, p),

dp)+ Y. )G p), (3.19)
@!i’)e‘){(g,p)

and the total switch rates of an individual with trait (g, p),

a0+ D sha 0 p) P (3,5) forall p; € [plg, (3.20)
(§,;5)€X(g,p)

are perturbed by additional random processes that are uniformly bounded by
ce respectively 5i,q4.€, Where ¢ and s;,q. are upper bounds for the parameters of
competition and induced switch.

Remark 3.9. (i) One consequence of the second part of (ii) is that, with high prob-

ability, the process stays in the Me-neighbourhood of n,(g, p) until the first time
that a mutant’s density reaches the value ¢. In other words, let 0% . denote the
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first time that a mutant’s density reaches the value ¢, i.e

allr{lvasion = {t >0: 3(9717) ¢ X(g,p) : Zj)e[p]g VtK(gaf)) > € } . (3.21)

Then, the probability that ;' is larger than eV A 6

use this result also for the third invasion step.

K
Invasion

converges to one. We

(ii) Since (g, p) is a locally strictly stable fixed point of the system LV S(d, (g, p)), there
exists a constant M > 0 such that, for all ¢ > 0 small enough, for all trajectories
n(t) with |[n(0) — n(g, p)|| < ¢, it holds that sup,>, [[n(t) — n(g, p)|| < Me.

Proof. The main task to prove (i) is to show that a large deviation principle on [0, T]
holds for a sightly modify process and that the »* has the same law on the random time
interval we need to control it. In fact, Theorem 10.2.6 of [15] can be applied to obtain
the large deviation principle. The main task to prove (ii) is to show that the classical
estimates for exit times from a domain (cf. [18]) for the jump process X can be used.
Note that Freidlin and Wentzell study in [18] mainly small white noise perturbations of
dynamical systems. However, there also are some comments on the generalisation to
dynamical systems with small jump-like perturbations (cf. [18], Sec. 5.4) O

The following Lemma describes the asymptotic behaviour of 7, and can be seen as
an extension of Lemma 2 of [9] or Lemma A.3 of [11].

Lemma 3.10. Let (g1,p1), -, (94,pa) € X coexist. Assume that, for any K > 1,

Supp(vf) = X(gp). Let Ty, denote the first mutation time. Then, there exists ey > 0

such that if the initial states of v* belong to the e-neighbourhood of 1, (g, p), then, for
alle € (0,¢),

lim P |7y, > In(K), sup ‘
Koo telln(K),,

mut.]

K n —
l/t - Z.’EGX(g,p) nm(g7p)5m TV < 6‘| — 1, (3.22)

Moreover, (T, uix K)k>1 converges in law to an exponential distributed random variable
with parameter ), P)EX gm) m(g)b(p)n(y,p (g, P) and the probability that the mutant,

which appears at time T,,,,, is born from an individual with trait (g, p) € X(g ) converges
to
m(g)b(p)n ,
(9)b(p) ~(g,p)~(g: p) (3.23)
Z(g,ﬁ)e;\f'(g’p) m(g)b(P)n(,5)(8, P)
as K 1 oo.

Proof. There exist constants C' > 0 and V' > 0, such that on the time interval [0, exp(KV)],
with probability tending to one, the total mass of the population, utK (X), is bounded
from above by C. Therefore, we can construct an exponential random variable A with
parameter C' Kug, where €’ = C' maxgeg pep m(g)b(p), such that

A<t on the event {7, < exp(KV)}. (3.24)

Thus, P [ry, > In(K)] > P[A>In(K)] = e ¢ K)Kux  gince (3.11) implies that
In(K)Kug converges to zero as K 1 oo, we get limgtoo Py > In(K)] = 1.
The fixed point n(g, p) is asymptotic stable. Thus, Jeq > 0 : Ve € (0,¢p) IT(€):

[n(g. P)(0) — (g, P)|| < €0, implies su?) In(g,p)(t) —n(g,p)| < €&/2.  (3.25)
t>T(E
In words, there exists a finite time 7'(€) such that all trajectories, which start in the ¢
neighbourhood of the fixed point, stay after 7'(¢) in the ¢/2-neighbourhood of the fixed
point.
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Next, we apply the last theorem: By (i), for all € € (0, ¢g) IT(€) such that, for K large
enough,

Hl/ﬁg) — Zze/’v(g,p) ,(g,p)dx . <€ a.s. (3.26)

Then, by (ii), there exist ¢y > 0 and M > 0: for all € € (0, ¢y), there exists V' > 0 such that

lim P
Koo

sup =1. (3.27)

K —
AR (g, p)d
te[T(g);eKV/\Tmut.)’ ' T ¥ e T ’

< Me
TV

Moreover, for all € € (0, ¢y) there exists Ky € IN such that T(€) < In(K), for all K > K.
Thus, setting ¢ = M¢, ends the proof of (3.22), provided that lim gtoo Py < eXV] = 1.

Again, we can construct, for all ¢ > 0, two exponential random variables ALK€ and
A?K:¢ with parameters

aug K = Z urm(g)b(p)(tigp) (g, P) +€) K (3.28)
(9:P)€X(g,p)
and
asug K = Z urgm(g)b(p)(nigp) (g, P) —€) K (3.29)
(9:P)EX(g,p)
such that
AbKe <7 < ABKE on the event {T(€) < T, <XV}, (3.30)

where T'(€) is the time defined in equation (3.26) and ¢ = ¢/M. Moreover, we have

lim P[r, <In(K)]=0 and  lim P[A%25< > 5V =0, (3.31)
KToo Ktoo
because ux KeXV 1 0o as K 1 oo. Therefore, for all € > 0, the probability of the event
{T(€) < Tyu. < eV} converges to one as K goes to infinity. Moreover, the random
variables AVX -y K and A>Fyi K converge both in law to the same exponential
distributed random variable with parameter

Z m(g)b(p)tig,p) (8, P) (3.32)
(9,P)EX(g,p)

as first K 1 oo and then € — 0. The random variables A, A1%¢ and A% can easily be
constructed by using the pathwise description of vE (cf. [3] or [10]). O

Theorem 3.11 (The three steps of invasion). Let (g1,p1),- - -, (g4, pa) € X coexist. Assume
that, for any K > 1, Supp(v{’) = X(g p) U{(3,P)}. Let T, denote the next mutation time
(after time zero) and define

Ql{ffjump = inf {t >0:v5(3) =0 and ‘ vE — erx(gﬁp) (g, P)0x v < §} (3.33)
K& . . o
ejunfp = inf {t Z 0: ‘ th( - erx((g,p),([},ﬁ)) nr((gvp)v (g,p))(sz v < 5 (334)

and Vi ¢ {x € X : n}((g,p), (§.5)) > 0} : v (8) =0}.

Assume that we have a single initial mutant, i.e. vl (j,p) = 1/K. Then, there exist
€0 > 0,C >0, and M > 0 such that for all e € (0, ) if ||/ — Yvexyy Ma(8:P)allry <€

: K,Me K,Me ~ o~
lim P (61500, < 0] > aap (3.5) - Ce, (3.35)
K1oo
. K,M K,M o
II(I%EOIP [ejumpe < GNOJufnp} > 1—qgp)(9,p) — Ce, (3.36)
EJP 23 (2018), paper 72. http://www.imstat.org/ejp/
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where 1 — q(g 1) (9, P) is the invasion probability defined in (3.8) and

GK,ME

M I > T A | < Ce (3.37)

A >
No Jump UKK mut.

vn >0, limP
Koo

The structure of the proof is similar to the one of Lemma 3 in [9] (cf. also Lem. A.4. of
[11]). However, we have to extend the theory to multi-type branching processes. Thus,
the proof is not a simple copy the arguments in [9]. Before proving the theorem, let us
collect some properties about multi-type continuous-time branching processes. Most of
these can be found in [2] or [27]. The limit theorems we need in the sequel were first
obtained by Kesten and Stigum [23, 22, 24] in the discrete-time case and by Athreya [1]
in the continuous-time case.

Let Z(t) be a k-dimensional continuous-time branching process. Assume that Z(t) is
non-singular and that the first moments exist. (Note that a process is singular if and only
if each individual has exactly one offspring and that the existence of the first moments is
sufficient for the non-exposition hypothesis.) Then, the so-called mean matrix M (t) of
Z(t) is the k x k matrix with elements

mi;(t) = E[Z;(1)]|Z(0) = ei], 1<i,j <k, (3.38)

and e; is the i-th unit vector in R*. It is well known (cf. [2] p. 202) that there exists a
matrix A, called the infinitesimal generator of the semigroup {M(t),t > 0}, such that

s tn( A)”
M(t) = exp(At) = > - (3.39)
n=0
Furthermore, let r = (74, ...,7) be the vector of the branching rates, meaning that every

individual of type ¢ has an exponentially distributed lifetime of parameter r; and let M
be the mean matrix of the corresponding discrete-time process, i.e. M = {m;;, i,j =
1,...,k}, where m;; is the expected number of type j offspring of a single type-i-particle
in one generation. Then, we can identify the infinitesimal generator A as

A=RM-TI), (3.40)

where R = diag(r1,...,rx), i.e. r;; = r;0;(j) and I is the identity matrix of size k.
Under the basic assumption of positive regularity, i.e. that there exists a time ;3 such
that M(ty) has strictly positive entries, the Perron-Frobenius theory asserts that

(i) the largest eigenvalue of M(ty) is real-valued and strictly positive,
(ii) the algebraic and geometric multiplicities of this eigenvalue are both one, and
(iii) the corresponding eigenvector has strictly positive components.

By (3.39), the eigenvalues of M(t) are given by exp(\;t), where {)\;;i = 1,...,k} are the
eigenvalues of A, and both matrices have the same eigenvectors, which implies that
the left and right eigenvectors u and v of A\yax(A) can be chosen with strictly positive
components and satisfying

S vui=1 and ¥ u; =1 (3.41)

The process Z is called supercritical, critical, or subcritical according as Amax(A) is
larger, equal, or smaller than zero.
Observe that the following properties are equivalent (cf. [27] p. 95-99 and [26]):

Z is irreducible < M is irreducible < A isirreducible < M(t) is irreducible for all
t>0 < M(t) >0forallt>0.
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In particular, irreducible implies positive regular. Note that a matrix is irreducible if it is
not similar via a permutation to a block upper triangular matrix and that a Markov chain
is irreducible if and only if the mean matrix is irreducible.

The following lemma is an extension of Theorem 4 of [9] for multi-type branching
processes.

Lemma 3.12. Let (Z(t));>0 be a non-singular and irreducible k-dimensional continuous-
time Markov branching process and q the extinction vector of Z, i.e.

¢ =P[Z(t) =0, for somet > 0|Z(0) =e;], forl<i<k. (3.42)

Furthermore, let (tx)x> be a sequence of positive numbers such that In(K) < tg,
define T, = inf{t > 0: > 1Z( ) = p} and assume that, for all i,j € {1,...,k} and
t € [0,00),

E[Z;(t)In(Z;(t))|Z(0) = e;] < oo. (3.43)

(i) If Z is subcritical, i.e. Apax(A) < 0, then, for any ¢ > 0,
Jim P [T, <t ATy ‘ Z(0) = el} =1, forallie{1,....k},  (3.44)

and
lim inf P[T, <tgx|Z(0)=x] =1, where@BeKE{XE]N’g:Zlexi:fe[ﬂ}.
KToo X€EOBek

(3.45)

maxi<;<k U;

Moreover, for v = and, for any ¢ > 0,

lninlgjgk Uj

lim su IP[T <T’Z0:x]§ﬂe,
KTOOXGBI; [eK] 0 ()

where Boy = {x € N§ : Y28 2, < [K1}. (3.46)
(ii) If Z is supercritical, i.e. Aypax(A) > 0, then, for any ¢ > 0 (small enough),
Jim P 1o <tk ATrey | 20) =ei] =i forallie{1,....k}  (3.47)

and

Jim P {T[EK] <ty ‘ Z(0) :ez} =1-q, forallie{l,... k}. (3.48)
Moreover, conditionally on survival, the proportions of the different types present
in the population converge almost surely, ast T co, to the corresponding ratios of
the components of the eigenvector: foralli =1,...,k,,

Z;(t i
lim ® __v , a.s.on{Ty=o0}. (3.49)

too K Zi(t) SF v

Remark 3.13. In the critical case, when Apax(A) = 0, (3.44) still holds, i.e. a mutant
will not fixate. But Eq. (3.45) does not hold, since the time to extinction is now much
larger. This leads to complications that would obfuscate the picture. Assumption 3 on
the existence of a unique strictly stable equilibrium excludes the occurrence of these
critical situations.

Proof. We start with the proof of (i). Since Z(t) is in this case a subcritical irreducible

continuous-time branching process and E[Z;(t) In(Z;(t))|Z(0) = e;] < oo, we obtain by
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applying Satz 6.2.7 of [27] the existence of a constant C' > 0 such that

1 — 0.
lim i A2} (*)

N Ay = (3.50)

where ¢;(t) = P[Z(t) = 0| Z(0) = e;]. Moreover, we have a non-explosion condition. Thus,
for all € > 0, either T(6 K equals infinity or it converges to infinity as K 1 oco. Putting
both together, there exists a sequence sk with limgqo Sx = +00 such that

Jim P [Ty < tre A Trgep | £(0) = 1] = Jim P [Ty < sic | 2(0) = ed] = Jim gi(sx0) = 1.
(3.51)
The branching property implies that, for all x € IN*, P[Z(t) = 0| Z(0) = x] = Hle(qi(t))“"i
(cf. [26] p. 25). So, we get

k
N P <tx|2(0)=x]= inf P[Z(tx)=0]2(0)=x]=_inf L (¢:i(tx))
(3.52)
Foralli e {1,...,k}, 1> (q:(tx))* > (qi(tx)) ¥ and by (3.50) we have 1 — ¢;(tx) =

O(eMmx(A)tx) Moreover, for any sequence (wx ) x> such that lim o, wx = 0,

: wr\ K
Jim. (1 n 7) ~1. (3.53)

This implies that, for all ¢ x with tx > In(K) and C' > 0, since lim g1, Cermax (At [e K] = 0,

lim (1 — Cetmax(A)te)[eKT — (3.54)
K1oo
Thus, taking the limit K 1 oo in (3.52), we obtain the desired equation (3.45). To prove
the inequality (3.46) we use the fact that (Zle w; Z; (t))e*’\maxt is a martingale (cf. [1],
Prop. 2). By applying Doob’s stopping theorem to the stopping time 7.1 A To we obtain,
for all x € B2, that

k- —
E [(Zi:l UiZ'L(T[eK—‘ )) ™ Amax (M) TTercy ]l{qu <To}

Z(0) = x} =5* w. (3.55)

Therefore, since A\ypax(A) < 0 in the subcritical case,

. ] - .2
E Lglilgk wile Ky o3| Z(0) = x} < max u; [eK], forallx € Beg, (3.56)
which implies (3.46).
Let us continue by proving (ii). Since Z(t) is supercritical in this case, applying
Theorem 5.7.2 of [2] yields that

tliTm Z(t)(w)e =B = W (w)v,as., (3.57)
where W is a nonnegative random variable. Since we assume that, for alli € {1,...,k},

E[Z;(t)In(Z;(t))|Z(0) = e;] < oo, we get that

and W has an absolutely continuous distribution on (0,00). All components of v are
strictly positive and W > 0, a.s., on the event {w : Ty(w) = co}. Hence, we have

Z(t) =0 (M=) as. on {T, = oo}, (3.59)
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This implies that limg1eo P[Z(tx) < [eK],To = oo] = 0 and thus

1 = > — U. .
Jim P{Ty = o0, Trerey 2 tre] =0 (3.60)

Note that we used that tx > In(K). Since P [Ty = o0|Z(0) = ;] = 1 — ¢;, we deduce
(3.48). On the other hand, there exist two sequences s}( and sf(, which converge to
infinity as K 1 oo, such that, limgqoo P[s < tx A Tjex) < s%] = 1. This yields (3.47),
because, foralli € {1,...k} and | = 1,2, we have that limgx1 P[Tp < s&|Z0 = e;] = ¢:.
Note that equation (3.49) is a simple consequence of (3.57). O

Using these properties about multi-type branching processes we can now prove the
theorem about the three steps of invasion.

Proof of Theorem 3.11. The first invasion step. Let us introduce the following stopping
times

M _ {t >0 | = e, folg P)ellv > Me} (3.61)
6K = inf{tz(): v (g) 26} (3.62)
gl = inf{t >0: vE(g) = 0} (3.63)

Until 55 the mutant population v/<(§) influences only the death and switching rates of
the resident population and this perturbation is uniformly bounded by (¢ + Sinq.)e. Thus,
by applying Theorem 3.8 (ii), we obtain

lim P 055" < XV A T, ABE] =0, (3.64)
Ktoo
On the time interval [0, HeKlew AT, /\0 ], the resident population can be approximated by

Yo Xgm) fi,(g, p)d, and no further mutant appears. This allows us to approximate v/ (g)
by multi-type branching processes.

Let k = |[p];|. We construct two (INp)*- valued processes X <(¢) and X>(¢), using the
pathwise definition in terms of Poisson point measures of v/¢, which control the mutant
population vf€(g). To this aim let us denote the elements of [p|; by pi, ..., pr (W.l.0.g.
P = p1). Then, we define X! by

Xbet) = X5<(0) (3.65)

k t
b1rth

_ e; N (ds di, do
Z/ / /m ISX](57), 0ABIHE (g pyey c(pj,mn(qp)(gp)mwe} iNig.2)( )

+ | .
;/0 /]NO/]R+/[Z3]§ {ZSXJ" (S_)’”é]}

x [ 1 _ - €
< {egsga[.(i)j’i)l)+z(91p)€‘x’(gwp) S{(i,d_(f’jaf’l)(p)ﬁ(g,p)(gyp)*gind.]\fﬁ}

sw1tch
_ _ e (ds,di,dd,dpy),
- L ~ j
{Ggsgat.(pjﬂpl)+2(g,p)e)c‘(g,p) Sﬂld,(m7101)(:0)"(9,;3)(g,p)JrSind.ME} ) (@:55)

and similar X% by
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X2(t) = X2(0) (3.66)

k t
blrth
+Z/O /}N/R n{igxf,e(s_%egb@i)ﬂ}ej (b (ds, di, dO)

death
B e; ds, di,do
E // /]R+ 1<X2€( =), 0<d(B;)+3,, PEX (g p C(p] P)ii(g.p) (8:P)— CME} J gp)( )

+ 1y . L
]Z_:l/o ~/11\10/1R+/[;3}§ {ZSX;' (S*)ﬂ#]}

x| 1 . €
( {egsnat (p77i7l)+2(g,p)e)((g p) Sﬁ.d_(i)j Vi)l)(p)ﬁ(g.p) (g’p)+§ind-ME}

-1 NEWieh (qe di df, dp,),

{0<em (B B+ gy gy S (B350 (). (8P) —Sin Me} ) @7:) P)

where e; is the j-th unit vector in R* and NPrth, ydeath apd [vswitch gre the collections

of Poisson point measures defined in Subsection 2.1. Note that X!¢(¢) and X%¢(t) are

k-type branching processes with the following dynamics: For each 1 < i < k, each
individual in X1:¢(¢), respectively X2¢(t), with trait (g, ;) undergoes

(i) birth (without mutation) with rate b(p;) — €, respectively b(p;) + € + 2(k — 1)5ing. Me,
* death with rate D g ,)(p;) + cMe 4 2(k — 1)5inq. Me, respectively D g 1) (p:) — cMe,
where D(g7p) (pi) =d(p:) + Z(g,p)GX(g,p) C(ﬁiap)ﬁ(g,p) (g, p)
(ii) switch to p; with rate Sg p)(Pi, P;) — 5ina. Me, for all j # i (for both processes),
where S(g,p) (ﬁlﬂﬁ]) = Sgat. (ﬁ“lﬁj) + Z(g,p)eX(g’p) S?nd.(ﬁiaﬁj)(p)ﬁ(g,p)-

Moreover, the processes X 1:¢(t) and X2<(t) have the following property: There exists a
Ky > 1 such that, for all j; € [p|; and for all K > K,

VO <t <OS AT AOK XD < vE (g, B K < X2(1). (3.67)
Hence, if 5 < 65:¢ A7, then
inf {t >0: X>(t) = [eK]} <0F <inf{t >0: X"(t) = [eK]}. (3.68)

On the other hand, if inf{t > 0 : X>¢(t) = 0} < inf{t > 0: X2(t) = [eK|} AOKI A Toe»
then }
0 <inf{t >0: X>(t) = 0}. (3.69)
Next, let us identify the infinitesimal generator of the control processes X ¢ and X 2.
Therefore, define, fori =1,...,k,

f(g,p)(gvﬁi) = b(ﬁz) - D(g,p)(ﬁi) - Zj;éi S(g,p) (f)uﬁj) (3.70)

(fe,p) (g, p;) would be the invasion fitness of phenotype p; if there was no switch back
from the other phenotypes to p;.) Then, by Equation (3.40), the infinitesimal generators
are given by the following matrixes

f(l’geﬁp) (9,P1) S(g,p) (P1,P2) —Sma. Me ... S(gp) (B1, Pr) — 5ina. Me
S(g,p) (ﬁ2’ﬁ1)_§ind.M6 f(l ,€ )(g ﬁ )
A.(Xl76) = .
’ g : l,e -
Henpep e o S0y (95 Pr)
(3.71)
EJP 23 (2018), paper 72. http://www.imstat.org/ejp/
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for ! € {1,2}, where [ (5,5:) = fg.p) (3, 5i) —e(1+EM +(k—1)5ima M) and 3 (3. 5:) =
fie.p) (3, Pi) + €(1 + M + 3(k — 1)5ina. M).

We prove in the following that the number of mutant individuals grow with positive
probability to eK before dying out if and only if Apay of A(j 5) = limc 0 A(X L.€) is strictly
positive. Thus, )\max(A(g’@)) is an appropriate generalisation of the invasion fitness of the
class [pl;:

Fipl, (8, P) = Amax(Ag.5))- (3.72)
Since the birth and death rates of X and X2 are positive and since Assumption 3.1
implies that M(X1€) and M(X?¢) are irreducible, we obtain that the processes X ¢
and X2 are non-singular and irreducible. Thus, X1 and X satisfy the conditions of
Lemma 3.12. For [ € {1,2}, let q(X'€) denote the extinction probability vector of X<,
ie.

a(X") = (@ (X"),. ., au(X5)),
where ¢;(X") =P [X"“(t) = 0, for some ¢ | X"<(0) = e;] .

Observe that q(X"€) = (1,...,1) if X"< is not supercritical. To characterise q(X"¢) in
the supercritical case, let us introduce the following functions

u' : [0,1]% x (—n,1) — R*, where 7 is some small enough constant and [ € {1, 2},
(3.73)
defined, for all 1 <i < k, by

l.l;‘L (y, E) = (b(;ﬁz) — 6) yZQ + Z (S(g,p) (]3“]5]) — §-md.Me) Yj
J#i
+ Dg.p)(Di) + eMe+ 2(k — 1)Sina. Me

— (v6) + Y- Stap) (B 55) + Digpy (Bs) + (1= M + (k = 1)sina. M) ) . (3.74)
JFi

and

ul(y,e) =

/N

b(pi) + €+ 2(k — 1>§md.Me) v+ (Sg.p) (BirBj) — Sina. Me) y;
J#i
+ Digp)(pi) — cMe
- (b(ﬁi) + Y Sigp) (BisD5) + Digp) (Bi) + (1 — @M + (k — 1)8ina. M) e) y;. (3.75)
J#u

Observe that u'(y,¢) and u?(y,e¢) are the infinitesimal generating functions of X<
and X?¢ and that u'(y,0) = u?(y,0). Moreover, the extinction vector of a multi-type
branching process is given as the unique root of the generating function in the unit cube

(cf. [2] p. 205 or [27] Chap. 5). Thus, in the supercritical case q(X!¢) is the unique
solution of

ul(y,e)=0 foryc[0,1)F (3.76)
and q(X?¢) is the unique solution of
W (y,e)=0 fory e [0,1)k (3.77)

These solutions are in general not analytic. Applying Lemma 3.12 to X ¢ and X2 we
obtain that there exists C; > 0 such that, for all n > 0, ¢ > 0 sufficiently small and K
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large enough,

v

P |05 e < T At AT, AOK| = P [inf{t 2 0: X24(1) = 0} < £l

K’U.K:|
q1(X?*€) — Cye (3.78)

%

and

K exit Kug

IP[9~€K<ﬁ/\0K’ME/\Tmut./\0~é(} > ]P[inf{tZO:X1=€(t):0}< ”}

\%

1—q (X)) - Cre. (3.79)

If X%¢ is sub- or critical for e small enough, then lim.j ¢ (X?*¢) = lim.0 ¢ (X"¢) = 1.
In the supercritical case, let q € [0,1)* be the solution of u'(y,0) = u?(y,0) = 0. Then,
by applying the implicit function theorem, there exist open sets U! ¢ R and U2 Cc R
containing 0, open sets V! € R* and V? C R* containing q, and two unique continuously
differentiable functions ¢g' : U! — V! and g% : U2 — V2 such that

{(e.g'(e)e € U} ={(e.y) €U x V'|u'(y,€) = 0}. (3.80)

and

{(e,g%(e))|e € U} = {(e,y) € U? x Vu?(y,¢€) = 0}. (3.81)

By definition, ¢'(0) = ¢>(0) = q and ¢1 = ¢(g,p)(,P). We can linearise and obtain that
there exists a constant Cy > 0 such that

@1 (X5) < qep) (3,D) + C2e and  q1(X*) > qg p)(3,5) — Cae (3.82)
Therefore,
Jim P Oxia Jomp N OF < = AOSGE A Ty | 21— 2(C1 + Cy)e (3.83)

Conditionally on survival, the proportions of the different phenotypes in X converge
almost surely, as t T oo, to the corresponding ratios of the components of the eigenvector,
which are all strictly positive (cf. Lem. 3.12, Eq. (3.49)). Moreover, there exists a constant
C3 > 0 such that, for all e small enough,

lim P [{(55 < 2 A OEMe /\Tmut_} N {inf{t >0: XV(t) = 0} < ooH < Cse (3.84)

Koo exit

and éf{ converges to infinity as K 1 oco. Thus, conditionally on {éeK < KZK /\GGKXitM ATt

there exists a (small) constant Cy > 0 such that the probability that the densities of the
phenotypes {p1, ..., px}, are all larger than Cye at time éf convergences to one as first
K 1 oo and then € — 0. More precisely, there exists constants C; > 0 and C5 > 0 such
that, for all ¢ small enough,

. 5 K,Me , . -
Jim P [95 < e NS A T B € {1, R} VA () < 046} < Cse.  (3.85)

The second invasion step. By Assumption 3.4, any solution of LV .S(d+1, ((g,p), (¢,9)))
with initial state in the compact set

A= {:E e R*en! |z —a(g,p)| < Me} x [Cye, €]* (3.86)

converge, as t T oo, to the unique locally strictly stable equilibrium n*((g, p)), (¢,5)).
Therefore, for all € > 0 there exists T'(¢) € R such that any of these trajectories do not
leave the set

{o e RMer ™ o — (g p). (7.5))] < /2} (3.87)
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after time 7T'(¢). Back to the stochastic system, let us introduce on the event {#¥ <

R A 05:M A 7. } the following stopping time

K

Onie e = inf {2 05 2| = T o ma((8:0), (3,9))6

near n*

< 62}. (3.88)
TV

Then, we conclude by using the strong Markov property at éeK and Theorem 3.8 (i) on
[0,T'(e)] that there exists a constant Cs > 0 such that, for all e small enough,

lim P [éEK < Tmut. A KLMK and sup ‘
Koo S€[BX K 4T (¢)]

< 62}
(3.89)
> 1 - qg,p)(9,P) — Cee,

K
VE =S e, a5 ),

which implies

: GK K, ~o.
II(I&IP |:96 < eneaer n* < Tmut. A KLuK] > L- q(%:P) (g’p) - 066' (390)
We used that, at time #X, the stochastic process ¥ (considered as element of R/¥e.» |++)
lies in the compact set A, where A is defined in (3.86).

The third invasion step. After time Grﬁ;fr .+ We use again comparisons with multi-type
branching processes to show that all individuals carrying a trait which is not present in

the new equilibrium n* die out. To this aim let us define

*

Xer;(tinct = {(gap) € X((g,p),(@,f))) : n?g,p)((g7p)7 (§>ﬁ)) = 0} (3.91)

For proving that the populations with traits in A, . stay small after Gﬁgfr »~ and that

ex
the populations with traits not in &, .. stay close to its equilibrium value after Grﬁ; axs

let us define

F)lﬁ’fsmall = inf {t > Grﬁ’;r o 2 3(g,p) € X;:tinct such that v~ (g,p) > e} (3.92)
and
K,Me __ . K,e . * ~ o~
O =it {62 008 || = Taenn oy (D), (3:9)6 L, > Mef. (3.93)

By using first the strong Markov property at GI{ZQ:I. n+, We can apply Theorem 3.8 (ii) and

obtain that there exist constants M > 0 and C'7 > 0 such that, for all ¢ small enough,
. 5 K K,M K,
Il(l%rolo P |:061< < anegr n* < Tmut. A KLuK and eexit ni < eKV/\ Tmut. A Hnotesmall:| < C76 (394)

This is obtained in a similar way as Equation (3.64) in the first step. Note that (g,p) €

AR o implies that (g, p;) € A%, ., forall p; € [p],, which is a consequence of Assumption

ex| extinct’
3.1.
Using the same arguments as in the first step, we can construct, for all (g,p) € X, o

extinct’
a |[ply|-type continuous-time branching process Y<(9P)(s) with initial condition

Yo0P) () = vice (9.pi)K, for all p; € [p], (3.95)

?
near n

0K,e GKJVIE

such that, for all K large enough and, for all ¢ € [0 . 62M A9 A ],

vl (g, p) K < YU (- 085 ), forall p; € [pl,. (3.96)

near nx

Moreover, Y (9P)(t) is characterised as follows: For each p; € [p],, each individual in
Y©(9P)(t) with trait (g, p;) undergoes
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(i) birth (without mutation) with rate b(p;) + 2(|[ply| — 1)Sina. (M + | X ginet] )€

X
¢ death with rate d(pz) + Z(g@)ex(g,p)’(g’ﬁ) C(pia ﬁ)nz},f]) ((g7 p)7 (g7ﬁ)) - E(M+ |X;(tinct|) €
(ii) for all j # %, switch to p; with rate
Spat. (Pis Dj) + Z(g,@)ex(g,p”“ﬂ Sﬁ]d.(pi7pj)(ﬁ>n>(kgyi)) ((8:P), (9:D)) = Sina. (M + [Xincel € -

Let A(Y=(?) denote the infinitesimal generator of the process Y<(9). Since the
equilibrium n*((g, p), (¢,p)) is locally strictly stable (cf. Ass. 3.4), the eigenvalues of the
Jacobian matrix of the dynamical system at n*((g, p), (g, p)) are all strictly negative. If € is
small enough, this implies that all eigenvalues of {A (Y<(9P)), (g,p) € A%, .} are strictly
negative. (There exists an order of the elements of X, ) (5,5 such that the Jacobian
matrix is an upper-block-triangular matrix and {A(Y%?) (g, p) € X%, .} are on the
diagonal.) Thus, for all e small enough, the branching processes {Y9?) (g,p) € A%, 1
are all subcritical. Moreover, we can apply Lemma 3.12 and get, for all ¢ small enough
and (g,p) € X,

extinct

lim P |inf{t >0: Y@ () =0} < 1| =1, 3.97
fim @ i (0)=0p< 2= (3.97)

and there exists a constant Cg such that, for all € small enough and (g,p) € X2,

Jim P {inf{t >0: Y0P (t) = [eK]} < inf{t > 0: V@) (1) = 0}] < Cge.  (3.98)

Hence, there exists a constant M > 0 and Cy > 0 such that, for all > 0 and ¢ small
enough,

: GK K,Me n K,e L
Il(l%loloIP {95 < elump < Tmut. A m A Onot sman | =1 — 4(g,p) (9,p) — Co, (3.99)
which finishes the proof of the theorem. O

Combining all the previous results, we can prove similar as in [9] that for, all € >
0,t>0and I C X,

Il{l%n P Supp(yt[fKuK) =T, all traits of I" coexist in LV S(|T'[,T"), (3.100)

and [, — > (Db, < e] — P[Supp(A;) = T
zel’

where A is the PES with phenotypic plasticity defined in Theorem 3.6. Finally, generalis-
ing this to any sequence of times 0 < t; < ... < t,, implies that (VtI;KuK)tZO converges in
the sense of finite dimensional distributions to (A;):>o (cf. [9], Cor. 1 and Lem. 1), which

ends the proof of Theorem 3.6.

3.4 Examples

Figure 3 shows two examples where in a population consisting only of type (g, p) and
being close to n(g,p) a mutation to genotype g occurs. In these example, g is associated
with two possible phenotypes p; and ps.

In example (A), we start with a single mutant carrying trait (g, p;) and which can
switch to ps but the back-switch is relative weak (cf. Tab. 2). According to definition
(3.70) we have f,.)(g,P1) < 0 and f(,,)(g,p2) > 0. However, the global fitness of
the genotype g is positive. More precisely, it is given by the largest eigenvalue of
(a g f ) which equals approximatively 1.280. Therefore, the multi-type branching pro-
cess approximating the mutant population in the first step is supercritical. This does
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Figure 3: Simulations of the invasion phase with K = 1000. (A) The mutant phenotype p1
has a negative initial growth rate but can switch to p» which has a positive one. The fitness of
the genotype g is positive. (B) The fitness of the mutant genotype g is positive, although each
phenotype has a negative initial growth rate. This is possible because an outgoing switch is a loss
of a cell for a phenotype, but not for the whole genotype.

not depend on the phenotype of the first mutant, i.e. we would have the same if we
had started with a single mutant carrying trait (g,p2). However, the probability of
invasion depends on this. In this example, the invasion probability is given by the
solution of

22 4 20 +3—Ty, = 0, (3.101)
4y2 +0.6y; +2.4— Ty, = 0. (3.102)

Thus, if we start with the trait (g, p;), the invasion probability is approximately 0.199.
Whereas it is 0.338 if the first one has trait (g, p2). In Figure 3 (A), the mutant population
with genotype g survives and the stochastic process is attracted to the new equilibrium
w*((g,p), (§,P1), (G,P2)) =~ (0,0.543,2.554), which is a strictly stable.

Table 2: Parameters of Figure 3 (A)

b(p)=3 [dp)=1 [clp,p) =1 [clp,pr) =1 [clp,p2) =0.7 [s;9.(.,)) =0]v&(g,p) =2
b(p1) =2[d(p1) =1]c(B1,p) =1 |c(B1,p1) =1 |c(B1,p2) =05]s9(p1,p2) =2 |vf(3,p1) =K1
b(p2) = 4] d(p2) = 1| c(p2,p) = 0.7] c(p2, 1) = 0.5 c(Pa, p2) =1 |s9(p2,p1) = 0.6 || v{ (g, 52) =0

In example (B), f(,,)(9,p1) and f, (g, p2) are both negative. Nevertheless, the
fitness of the genotype is positive and thus the mutant invades with positive probability.
(It is given by the largest eigenvalue of (33 _(2)4 4 ) which equals approximatively 0.685.)
However, the invasion probability is smaller in this example. It is approximately 0.127
if we start with the trait (§,p;) and 0.207 else. In Figure 3 (B), the mutant population
survives and the process is attracted to the stable fixed point n*((g, p), (§,01), (§,D=2)) =
(0,1.153,1.745). Hence, this examples illustrate that the usual definition of invasion
fitness fails for populations with phenotypic plasticity.

Table 3: Parameters of Figure 3 (B)

b(p) =3 [d(p) =1 [clp,p) =1 J[elp,pr) =1 Jec(p,p2) =0.7 [spa(5-)() =0][vf(g,p) =2
b(p1) =2[d(p1) =1]c(F1,p) =1 [c(p1,p1) =1 |c(Br,p2) =0.5]s9(p1,p2) =2 || v&(3,51) =1/K
b(p2) = 4| d(p2) = 1] c(p2,p) = 0.7| c(P2,p1) = 0.5 | c(p2, p2) =1 |s9(po,p1) =2 || v&(3,52) =0
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