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Abstract

We show that under a low complexity condition on the gradient of a Hamiltonian, Gibbs
distributions on the Boolean hypercube are approximate mixtures of product measures
whose probability vectors are critical points of an associated mean-field functional.
This extends a previous work by the first author. As an application, we demonstrate
how this framework helps characterize both Ising models satisfying a mean-field
condition and the conditional distributions which arise in the emerging theory of
nonlinear large deviations, both in the dense case and in the polynomially-sparse case.
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1 Introduction

Letn > 0andlet f: {—1,1}" — R be a function. A probability measure v on {—1,1}"
is called a Gibbs distribution with Hamiltonian f if for X ~ v,

PrlX = 1] = exp (f (1)) /7,

where Z is a normalizing constant. We denote such a distribution by X;. Gibbs distribu-
tions are central to statistical physics, and appear in applications in computer science,
statistics, and economics. However, many important Hamiltonians are far from being
analytically tractable.

One method to tackle the difficulties entrenched in such Hamiltonians is via mean-
field approximations. This method goes back to Curie and Weiss and has long been
widely used by physicists. More recently, such approximations were established in rigor,
see for example [1].

For the case of Gibbs distributions on the Boolean hypercube, [4] showed that if
the image of the gradient of the Hamiltonian f has small enough Gaussian-width and
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Decomposition of mean-field Gibbs distributions into product measures

Lipschitz constants, then the partition function can be approximated by applying the
mean-field variant of the Gibbs variational principle. Further, under the same conditions,
er can be approximated by a mixture of product measures. This improves an earlier
result by Chatterjee and Dembo [2] who consider a slightly different notion of complexity.

In this paper, we extend the framework introduced in [4] by showing that if the
discrete gradient V f also has a small enough Lipschitz constant, then the product mea-
sures described above are close to critical points of an associated variational functional
which corresponds to the so-called mean-field equations. This gives a more precise
characterization of the mixture.

An interesting feature of our framework is that it allows us to effectively bypass the
need to obtain an accurate approximation of the normalizing constant in the route to
understanding the Gibbs distribution. Even though the approximations to the normalizing
constant obtained by the framework are far from sharp (they miss by a factor of (™) as
seen in the examples in [4]), our results still manage to give information about the set
where most of the mass resides.

The following is an overview of our results.

e In Theorem 3.1, we show that if the Hamiltonian f has low complexity and satisfies
a Lipschitz condition, the corresponding Gibbs distribution behaves like a mixture
of densities of vectors whose entries are i.i.d Bernoulli random variables, and
whose expectations X satisfy

[ X — tanh (V£ (X))[l; = o(n),

where the tanh is applied entrywise.

¢ As an example of using this bound, we demonstrate in Corollaries 3.4 and 3.5
that Ising models satisfying a mean-field assumption can be decomposed into
product measures.

* Theorem 3.6 concerns compositions: If a function # : R — R has small enough
derivatives, then the function h o f also satisfies Theorem 3.1.

¢ As an example of this composition, we demonstrate in Theorem 3.8 that the
conditional distribution Pr[Y =y | f (Y) > ¢n] arising in large deviation theory can
be approximated by a smoothed-cutoff distribution that can be decomposed into
product measures, each satisfying an equation which arises from the Lagrange
multiplier problem associated with the rate function.

In the sequel work [5], we apply Theorem 3.1 to exponential random graphs, improving
a previously known characterization.
2 Background and notation

We denote the Boolean hypercube by C,, = {—1,1}" and the continuous hypercube
by C,, = [0,1]". The uniform measure on C, is denoted by . The space of all product
measures on C, is denoted PM,,. For a vector z € R", we denote its one-norm by

n
lzlly = Jail.
i=1

2.1 Two motivating examples of Hamiltonians
2.1.1 The Ising model
An Ising model on n sites can be described as follows: Let = € C,, represent n interacting

sites that can be in one of two states. Let A € R"™*" be a real symmetric matrix with 0

EJP 23 (2018), paper 35. http://www.imstat.org/ejp/
Page 2/24


http://dx.doi.org/10.1214/18-EJP159
http://www.imstat.org/ejp/

Decomposition of mean-field Gibbs distributions into product measures

on the diagonal representing the intensity of interaction between the sites, so that the
interaction between site  and site j is 4;;. Let 1 € R™ be a vector representing magnetic
field strengths, so that site i feels a magnetic field y;. The Hamiltonian for the system is
then defined as

f (@) = (&, Az) + (u,z) .

If TrA%? = 0 (n), we say that the model satisfies the mean-field assumption [1]. We also
assume that both pimax and maxiepn) 3 jcp, |4i;] are O (1), which amounts to the force
acting on a single site being bounded.

2.1.2 Nonlinear large deviations

Let f : C,, — R be a Hamiltonian. For 0 < p < 1, define p, to be the measure on C,, where
every entry is an i.i.d Bernoulli random variable with success probability p. Let t € R be
a real number. The two central questions in the field of large deviation theory are:

1. For Y ~ pu,, what is the probability Pr(f (Y') > tn]?
2. ForY ~ p,, what is the conditional distribution Pr[Y =y | f (Y) > ¢n]?

One line of approach to answering these questions is to approximate Pr[f (V) > tn]
and Pr[Y =y | f (Y) > tn] by using Gibbs distributions. For example, observe that the
conditional distribution Pr[Y =y | f (y) > tn] may be obtained from a Gibbs distribution

with a “cutoff Hamiltonian” f, defined by

)= {m—l log (5 (1= s +2p9)) [ (y) > tn o

—00 f(y) <tn.

All y with f (y) > tn are thus weighted according to p,, and all y with f (y) < tn have
probability 0. Unfortunately, f is not smooth enough in order to be applicable for the
existing large deviation frameworks. However, it is possible to get approximations of
X/ by using Hamiltonians which approximate f . Such a “smooth-cutoff” Hamiltonian
should give a large mass to “good” vectors y such that f (y) > ¢tn and a small mass to
“bad” vectors y such that f (y) < ¢tn. Both [4] and [2] follow this approach in order to
tackle item (1).

2.2 Boolean functions

Definition 2.1 (Discrete gradient, Lipschitz constant). Let f : C,, — R be a real function
on the Boolean hypercube. The derivative of f at coordinate ¢ is defined as

1

82f(y) = 5(f(yla"'7yi71715y+1a'~-yn) _f(y17~-~>yi717_17y+13-"yn))'

With this we define both the the discrete gradient:

Vi) =01f (), -, 0uf(y),

and the Lipschitz constant of f:

Lip(f) = max 10i f (y)]-

i€n],ye{—-1,1}"

Every Boolean function f : C,, — R has a unique Fourier decomposition into monomi-

als [7]: R
F@=> FS)]]w
]

SCln €S
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This defines an extension of f from the discrete hypercube C,, into the continuous
hypercube C,, = [-1,1]" by computing the value of the polynomial > sCn] f(9) [Tics i
for « € C,,. It can be shown that this is the same extension as the harmonic extension
defined in [4, Section 3.1.1]. By Fact 14 in [4], the extension of 0, f agrees with the i-th
partial derivative (in the real-differentiable sense) of the extension of f. Throughout this
text, we will always assume that f, and therefore V f as well, are extended to C,.

Definition 2.2 (Gaussian width, gradient complexity). The Gaussian-width of a set
K C R"™ is defined as

GW (K) =T [;2}2 (x, r>]

where T ~ N (0, Id) is a standard Gaussian vector in R™. For a function f : C, — R, the
gradient complexity of f is defined as

D(f)=GW({Vf(y):yeCu}U{0}).

For a measure v on C,,, by slight abuse of notation, we define its complexity as

D)= (5 ).

2.3 Mixture models
Definition 2.3 (p-mixtures). For z € [—1,1]", denote by X (z) the unique random vector

in C,, whose coordinates are independent and whose expectation is EX (z) = z. Let p be
a measure on [—1,1]". We define the random vector X (p) by

PriX (p)=1z] = /Pr[X (z) =2a]dp(2). (2.2)

Definition 2.4 (Approximate mixture decomposition). Let § > 0 and let p be a measure
on [-1,1]". A random variable X is called a (p,d)-mixture if there exists a coupling
between X (p) and X such that

E|X (p) - X|, < on.

A result of [4] roughly states that low complexity Gibbs distributions are (p,d)-
mixtures for 6 = o(1) and where p is such that most of the entropy comes from the
individual X (z) rather than from the mixture.

Definition 2.5 (Wasserstein distance). For two distributions v, and v», the Wasserstein
mass-transportation distance, denoted W71, is defined as

1
W- , = inf <=E|X-Y|,
1(v1,12) (X}llf/l)s't D) | ||1
X~vy,Y ~vg

where the infimum is taken over all joint distributions whose marginals have the laws 1
and vy respectively.

Definition 2.6 (Tilt of a distribution). For a vector 6 € R", the tilt 7yv of the distribution
v is a distribution defined by

d(Tgl/)( ) = el0v)
v Jo e®=dv’

With the notion of p-mixture and tilt, we define what it means for a random variable
to break up into small tilts:
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Definition 2.7 (Tilt decomposition). Let §,¢ > 0 and let p be a measure on [—1,1]". A

random variable X with distribution v is called a (p, d, €)-tilt-mixture if there exists a

probability measure m on R™ supported on B (0,ey/n) N [—%,1]" such that:

1. Forevery ¢ :C, — R,

/cn iy = / . ( /C wd (TW)) dm (6).

2. For all but a d-portion of the measure m, the tilt 7yv is dn-close to a product measure
in Wasserstein distance:

m({0 € R": 3 € PM,, st Wy (mpv,§) < dn}) >1—4.

3. The measure p is the push-forward of the measure m under the map 6 — Ex ., [X].
Fact 2.8. Every (p, §,¢)-tilt-mixture is also a (p, 40)-mixture.

Proof. Define © = {f# € R™ : 3¢ € PM,, s.t Wy (191, &) < dn}, and denote the distribution
of X and of X (p) by v and o respectively. Using item 1 in the definition of a tilt-mixture,
we have

Wi (v,0) < Wi (€0, Tov) dm ()
R

< / Wi (€9, 7o) dim (0) +m ([=1/4,1/4"\O) n.
©

By item 2 in the definition of a tilt-mixture, there exists a coupling between X and X (p)
such that each term on the right hand side is bounded by én. This gives a 4§ bound on
the expectation E || X — X (p)||,. O

A tilt-mixture decomposition provides more information than generalp-mixtures: It
tells us something about the structure of the elements of the mixture, with the parameter
¢ in Definition 2.7 bounding the support of the tilts to a ball of radius £/n. Some of our
results will rely on the existence of tilt decompositions with small ¢.

3 Results

Our main technical contribution is a characterization of the measure p described
above: With high probability with respect to p, the vector z in equation (2.2) is nearly a
critical point of a certain functional associated with f.

Theorem 3.1 (Main Structural Theorem). Letn > 0, let f : C,, — R be a function and

denote
D =D(f) (3.1)
Ly = max{1,Lip(f)} (3.2)
Ly = max{l, max VF@) =Vl } (3.3)
hvee.  Jle—yl,
Denote by Xy the set
X = {X €T, ¢ ||X — tanh (Vf (X))]|, < 5000L1L§/4D1/4n3/4} : (3.4)
EJP 23 (2018), paper 35. http://www.imstat.org/ejp/
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where Vf (X) is calculated by harmonically extending Vf to C,, and with the tanh
applied entrywise to the entries of Vf (X). Then X/ is a <p, 37?11/24 , Li“%) -tilt-mixture

such that

3D1/4

In particular, if D = o(n), then X}/ is a (p,0(1))-mixture with p (X;) =1 — o (1).

In other words, almost all the mass of the mixture resides on random vectors X which
almost satisfy the fixed point equation

X = tanh (Vf (X)). (3.6)

Remark 3.2. One can check that the solutions of the fixed point equation are exactly
the critical points of the functional f (X) + H (X) where H (X) = >, ; Xj;log X;; +
(1 — X;;)log (1 — X;;) is the entropy of X. This is a variant of the functional that arises
in the variational problem in [3].
Remark 3.3. The following is an example application of Theorem 3.1 to Ising models, to
be compared with the main result of [1].
Corollary 3.4 (Ising models). Let f be an Ising model Hamiltonian as described in
Section 2.1.1, with interaction matrix A € R™*" and a magnetic moment vector p € R".
Denote

X = {X €C, : | X — tanh (AX + )|, < 5000L1L§/4D1/4n3/4} ,

where

D = VnTrA2? 4+ \/npimay

L1 = max ¢ 1, fimax + max A
1 Hma ietn] jez:[n]| j‘

Ly = max < 1, max |A;]
i€[n] ;

Then X/ is a (p, 3511/24 L34 gf//f)-tﬂt—mixture such that
3D1/4

p(Xp) 21— —.

In particular, if L = O (1) and Tr (A?) = o(n) (the “mean-field assumption”), then Xy is
(p,0(1))-mixture with p (X;) =1—o0(1).

The simplest example of an Ising model is the Curie-Weiss ferromagnet, for which we
can use our framework as a toy example and rederive well-known properties about its
distribution.

Corollary 3.5. Let 3 > 0 and let f : C,, — R be the Curie-Weiss Hamiltonian, f (z) =
g >_ix; Tiz;. Denote

X = {X €Cy: HX — tanh ('BJX>

n

< 5001 (14 B)* n7/8} ,
1

where J is the n x n all-l matrix. Then X[ is a (p,3n~Y/%, 3n~1/8)-tilt-mixture, and
p(Xs) >1—3n~1/8. Further, if 3 < 1, then every X € X satisfies

1 2
I1X]), < 5001%75/8.

EJP 23 (2018), paper 35. http://www.imstat.org/ejp/
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For a more detailed application of Theorem 3.1 for the case of exponential random
graphs, see [5].

The following theorem finds sufficient conditions under which composing f with a
real-valued function produces a Hamiltonian with ap-mixture approximation:

Theorem 3.6 (Composition Theorem). Let h : R — R be a twice differentiable function
satisfying

|h (z)] < By VrxeR

|h' ()| < Bo Vz € R.

Letf:C, — R 1~)e a fu~nct1'on Yvith parameters D, L., and Ly as described in Theorem
3.1. Denote by D, L1, L, and L3 the real numbers

D =B,D + B;L?n
l~/1 = Imax {1, BlLl}
.Z/Q = max {1, BlLQ + 3B2L%’n}
Ls = 2B, L?n3/?
and denote by )Ehof the set

Fpoy = {X €Ty + | X — tanh (1 (f (X)) V£ (X))|], < 5000Ly L34 D/ 4n3/4 4 ig} . (3.7)

where Vf (X) is calculated by harmonically extending Vf to C,, and with the tanh
e

ni/d P2 174

applied entrywise to the entries of Vf (X). Then X,};Of is a (p,
mixture such that

3D1/4

nl/4 "

Remark 3.7. Theorem 3.6 bounds the norm ||X — tanh (b’ (f (X)) Vf (X))||, rather than
| X —tanh (V (ho f)(X))||; (which is the analogue of the quantity arising in the main
Theorem 3.1). This is a matter of practicality: For many known Hamiltonians f it is easy to
compute V f and its extension to C,,, but it is not straightforward to compute V (h o f) (X)
and its extension to C, for arbitrary h. In these cases, calculating /' (f (X)) Vf (X) is
a much simpler task. Further, as will be shown in Lemma 5.1, the two quantities
R (f(X))Vf(X)and V (ho f)(X) are close to each other.

As an example application of Theorem 3.6, we show that the conditional distribution
Pr[Y =y| f (y) > tn] described in item (2) in Section 2.1.2 can be approximated by a
“smoothed-out” distribution, which gives equal mass to vectors y satisfying f (y) > nt
and no mass to vectors y satisfying f (y) < (¢t — §) n. This “smoothed-out” distribution is
obtained from a “smoothed-cutoff” approximation to the f described in Section 2.1.2.
Our framework can be applied to this “smoothed-cutoff” function, yielding an equation
corresponding to the Lagrange multiplier problem associated with the rate function.

p(Xhof) > 1-

Theorem 3.8 (Large deviations). Lett > 0. Let f : C,, —+ R be a Hamiltonian with
parameters D, L and Ly as described in Theorem 3.1, and assume that there exists
z € Cy, such that f (z) > tn. Let § > 0. There exists a monotone function h : R — R, such
that for ¢ = ho f, we have that ¢ (y) =0if f (y) < (t —20)n, p(y) = 1if f (y) > tn and
such that the following holds. Denote by o the measure defined by

do — wdp
Je, wdp’

EJP 23 (2018), paper 35. http://www.imstat.org/ejp/
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and let X, be a random variable whose law is . Denote

X, = {X €Cp:INERs.L ||X — tanh (AV [ (X)), < 5000L, L3/ * DY/ 4n?/* + Ly
and f (X) € [(t — 66) n, tn]}

where
~ 2 2 5
~ 2
L1 = max {1, (SLl}
- 2 2
Ly = max {1, ng + 352L§}

. 2
L= 2§L§n1/2.

Then X, is a (p, 80121;//;1 +8- 2’”)—m1‘xture such that

p(Xy) =1

165L, D/4 L -1
_ 1654 ( ! 2") ) (3.8)

n1/424 ©20y/n

Note that the expression X — tanh (AV f (X)) in the definition of the set X}, is closely
related to the rate function: Consider the variational problem

minimize H (Y)
subjectto Ef (Y) > tn

where Y is a random vector in C,, whose entries are independent. By monotonicity, the
minimum is attained on the boundary of the constraint. Denoting IEY = y and using the
method of Lagrange multipliers, we obtain the equations

V,H (Y)= AV (y) (3.9)
f(y) =tn.

Applying the fact that V, H (V) = tanh ™! (y) on equation (3.9) gives exactly the equation
X —tanh (AVf (X)) = 0.

Example 3.9 (Large deviations for triangle counts). Let N > 0 be an integer representing
the number of vertices of a graph, and let n = (];7 ) be the number of possible edges in
the graph. We treat each vector v € C,, as a simple graph, with v. = 1 if and only if
the edge e appears in the graph. This in turns gives an adjacency matrix (xij)?,]jﬂ with
z;; = 1 if and only if vy;;; = 1. In this setting, let f be a triangle-counting function,

f(z) = % Z TijZjkLhi
i#iFk
for some real 3. It is shown in [4] that D (f) is O (n**) and in [5] that L; and L, are
bounded by 200|3|. Thus we can apply Theorem 3.8 to f, concluding that for a fixed
t > 0 there exists some ¢ = 0(1) and a smoothed cutoff function » with h (z) = 1 for
x > tn and h (z) = 0 for z < (t — 0)n and such that the random graph G whose density is
proportional to i o f is a (p, 0 (1))-mixture such that p (X,;) =1 — o(1), where

X, ={X €Cp:IN€Rs.t || X —tanh (AX?)||, < en
and f (X) € [(t — 66) n,tn]}

EJP 23 (2018), paper 35. http://www.imstat.org/ejp/
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for some € = 0(1). Here X € C, is treated as an n x n symmetric matrix with zeros on
the diagonal, and we understand the expression X? as the usual matrix multiplication,
with zeros on the diagonal as well. We conjecture that all of the points of the set X, are
close to the solutions obtained by Lubetzky and Zhao in [6].

Our results extend to triangle counts on sparse graphs as well. In this case, expected
value of f is of order np?, which decays to 0 as p — 0. We should therefore take both
t to be proportional to p* and 4 to be o (p?). Since the bound on the vectors in X, in
Theorem 3.8 is polynomial in §, we can consider large deviations for graphs whose edge
probabilities are proportional to p ~ n~¢ for some constant ¢ (for example, if we wish ¢
to be of order p, we can take p ~ n~1/160),

The rest of this paper is organized as follows. Theorem 3.1 is proved in Section 4,
while Theorem 3.6 is proved in Section 5. Corollaries 3.4 and 3.5 are proved in Section
6.1 and 3.8 is proved in Section 6.2.

4 Proof of main theorem

4.1 Notation and review

We use the notation from [4], and rely on the proofs therein. Here is a brief review of
the required terms and bounds.

For a probability measure v on C,, we define f, = log(dv/du), so that the Gibbs
distribution with Hamiltonian f, is exactly v. For every distribution v on the hypercube
(exponential or otherwise), we define

H(v) = /C tanh (V, (3) o~ ( /C tanh (Y, () dv) -

n

which should be thought of as the covariance matrix of the random variable Vf, (X)
with X ~ v. We will use the following three results from [4].

Proposition 4.1 (Proposition 17 in [4]). Let v be a probability distribution on C,,. Then
there exists a product measure £ = £ () such that

Wy (7,€) < /nTr(H (7). (4.1)
Moreover, one may take £ to be the unique product measure whose center of mass lies
at [, tanh(Vf; (y)) dv (y) where the tanh is applied entrywise.
Proposition 4.2 (Proposition 18 together with Lemma 16 in [4]). Define D = D (f,). Let
€€ (O, 1/44/log (4n/D)). Let v be a probability measure on C,, and define f = log g—z.
Then there exists a measure m on B (0,ey/n) N [~1/4,1/4]", such that v admits the

decomposition
/ pdv = / </ wdTy (V)) dm (0) (4.2)
Cn B(0,ev/n) \JC,

for every test function ¢ : C,, — R, and which satisfies

n1/3D2/3> 3D1/3

m <9 : TF(H (7’91/)) S 256 62/3 - W (43)

Lemma 4.3 (Lemma 24 in [4]). Let § € R™ and let v, U be probability measures on C,,.

Define 02
A:/ tanh (Vf, (y))%* dv — (/ tanh (V £, (y))dﬂ)
C’Vl Cn
and
®2
B:/ tanh (V fr,y ()% dir — (/ tanh(VfW(y))da) .
Cn Cn
EJP 23 (2018), paper 35. http://www.imstat.org/ejp/
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Then

We can now describe the general plan of our proof. Fix € > 0, and let m be the
measure obtained from Proposition 4.2. Denote by © the set

n1/3D2/3}

0= {9 €R": Tr(H (rpv)) < 256~ (4.4)

For every # € R", denote by &y the unique product measure with the same marginals as
Tov, and by A (0) the vector
A(0) = Exmrp [X].

Denote by p the push-forward of the measure m under the map 6 — A () and define
X ={A(9);60 € ©}.

In order to prove Theorem 3.1, all we have to do is that show that for each 6 € ©, the
corresponding A () is close in the one-norm to tanh (Vf (A4 (#))); this will show equation
(3.5). In other words, we need the following proposition:

Proposition 4.4. Let 0 € © and letY ~ &y. Then for everye > 0,

n2/31)1/3

Relying on the above, we can prove of Theorem 3.1.

1/473/4
Proof of Theorem 3.1. Define the measure p and the set X as above. Set ¢ = Dnliff

Items (1)-(3) in Definition 2.7 follow immediately from Proposition 4.1 and 4.2 by choice
of €, § and p. By Proposition 4.4 for all § € ©, we have

[tanh (Vf (EY)) — EY |, < 41L, (113L§/4D1/4n3/4)
< 5000Ly LY/ * DV/4n3/4,

This implies that X C &}, and together with Proposition 4.2 and by choice of ¢, this
shows that p (Xf) >1-— %, satisfying equation (3.5). O

The rest of this section is devoted to proving Proposition 4.4.

4.2 Approximate fixed point

Let 0 € O be a tilt and let £ be the product measure whose center of mass lies at
Jo tanh (V fr,, (y)) drgv (y). Throughout the proof we will assume X ~ 7yv and ¥ ~ &.
A direct calculation shows that under this notation, EY = E tanh (Vf (X) + 0):

EY = /c tanh (V fr,, (y)) drov ()

n

- /C tanh (v (log (Cgiy) + log (ZZ)) (y)) drov (y)

= / tanh (0 + V£, (y)) drov (y)

Cn

=Etanh (Vf(X) +0).

EJP 23 (2018), paper 35. http://www.imstat.org/ejp/
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This gives
[EY — Etanh (Vf (X))||; < |[[Etanh (Vf (X)) — Etanh (Vf(X) +6)||,
<6l

(61, < evn) <en. (4.5)

where in the second inequality we use the fact that
[tanh (x) — tanh (y)| < |z —y| . (4.6)
Proposition 4.5. Let Y ~ &. Then
n2/3D1/3

Proof. For X ~ myv, consider the random variable Z = |[tanh (V (X)) — E tanh (V f(X)) ||§
A short calculation shows that the expectation of Z is roughly TrH (rov):

EZ = E |tanh (Vf (X)) — Etanh (V£ (X))

n

= Z]E {tanh (Vf (X))ﬂ — Z (IEtanh (V f (X))z)2

i=1
<3 <Z E [tanh (VF(X)+ e)ﬂ — Y (Etanh (Vf (X) + 9)92)
i=1 =1
= 3Tr (H (1ov))
where the inequality is by Lemma 4.3 with v and 7 = 7y and the fact that |6, < 1/4.
Thus by equation (4.3),
nl/3D2/3
22/3 7
and together with the Cauchy-Schwarz inequality, we have that
E [[tanh (V£ (X)) — Etanh (V£ (X))|l, < VAE |[tanh (V] (X)) — Etanh (V/ (X))]l
n2/3p1/3
< SZT' 4.7)
By Proposition 4.1, there exists a coupling between 1y and &y such that
E||X —Y|; <2y/nTrH (ryv)
n2/3p1/3
21/3

E [[tanh (V£ (X)) — Etanh (V£ (X))|2 < 3- 256

(by equation (4.3)) < 32
Thus, since by equations (3.3) and (4.6),

E [tanh (V£ (X)) — tanh (Vf (V))II, < B[V (X) — Y/ (V)]
<LE|X =Y,
n2/3p1/3
/3
Combining equations (4.7), (4.5) and (4.8) together with the triangle inequality finally
gives

< 32L, (4.8)

n2/3D1/3
E [tanh (Vf (V) = EY]), < 32(1+ Lo) " 5— +=n
n2/3p1/3
S 64L2T +en
as needed. -
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Lemma 4.6. Let Z be an almost-surely bounded random variable,
Then

Z| < LwithL > 1.

ltanh (EZ) — E tanh (Z)| < 20L - E [tanh (Z) — Etanh (Z)] .

The proof is postponed to the appendix.

Claim 4.7. Let £ be a product measure on C,, letY ~ &, and let f : C,, — R be a function
on the hypercube. Then
Ef(Y)=f(EY) (4.9)

and
EVf(Y)=Vf(EY). (4.10)

Proof. The extension of f to C, is defined by the Fourier decomposition

W)= F) v
SC[n] icS
Thus, since € is a product measure,
EfV)=E Y f[[vi=Y F&]]EY:=7sEY).
SC[n] i€S SC[n] €S
Equation 4.10 is then obtained by applying equation 4.9 to every component of Vf. O
Proof Proposition 4.4. By the triangle inequality,
[tanh (V£ (EY)) — EY,
< ||tanh (V£ (EY)) — Etanh (V. (Y))], + [E tanh (V/ () — EY |,
(by Claim 4.7 ) = |tanh (EV f (Y)) — Etanh (Vf (Y))||; + ||[Etanh (Vf (Y)) — EY |,
(EVf(Y

(by convexity) < |tanh (EV f (Y)) — Etanh (Vf (Y))||; + E|[tanh (Vf (Y)) — EY|, .
(4.11)

Proposition 4.5 gives a bound on the second term in the right hand side.
For the first term, note that by equation (3.2), for every index j € [n],

VI, < L

We can therefore invoke Lemma 4.6 on every index, giving that

[tanh (EVS (1) ~ Etanh (VF (V)] = ‘tanh (EV/ (Y)), - Etanh (V f (Y))j‘

(by Lemma 4.6) < 20, zn: E ‘tanh (Vf(Y)); - Etanh (Vf (Y)j)’

j=1
= 20L,E [[tanh (V f (Y)) — Etanh (V£ (Y))]; .
(4.12)

For this last term, we again use the triangle inequality and equation (4.5), giving

E [tanh (V£ (Y)) — Etanh (V£ (V) < E [tanh (V/ (V) — E tanh (7 (X)), +
+ E|Etanh (Vf (X)) —Etanh (Vf (Y))|,
<en+E|tanh (Vf(Y)) - EY|, +
+ E |[tanh (Vf (X)) — tanh (V£ (Y))]|,
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which, by Proposition 4.5 and equation (4.8), gives

n2/3D1/3
E|tanh (Vf(Y)) —Etanh (Vf (Y))|l; < en+ 64LQT

n2/3D1/3

n2/3p1/3

< 96Ly 5 + 2em.

+en

Putting this into equation (4.12), we have

n2/3p1/3
|[tanh (EV £ (Y)) — Etanh (Vf (Y))||; < 40L, <48L261/3 + 5n> .

And finally, plugging in the bounds into equation (4.11), we get

-1/3

n2/3D1/3
+ 64L2T +en

7’L2/3D1/3
[tanh (V£ (EY)) — EY |, < 40L, (48L2 1 5n)

n2/3pl/3
<41L4 (112L21 + €n> . O
el/3

5 Proof of composition theorem

We will use two lemmas concerning the relation between f and h o f. The first is a
discrete chain rule which will be central to our calculations:

Lemma 5.1 (Chain rule for discrete gradient). Let f : C,, — R with Lip(f) = L and let
h:R — R with |h” (z)| < B. Then

1. Forevery € C,,

IV (ho f)(y) = (f () VWl < BL*n (5.1)
and
IV (ho f)(y) =B (f () VI (y)ll, < BL*V/n. (5.2)
2. For every x € C,,,
IV (ho f) (@) =1 (f () V] ()], <2BL*n?/>. (5.3)

The second lemma concerns the parameters of the function A o f:
Lemma 5.2 (Composition parameters). Let h : R — R be a twice differentiable function
satisfying

|W ()| < By

1" (2)| < By

forallz € R. Let f : C,, — R be a function with parameters D, L, Lo as described in
Theorem 3.1. Then

D(hof) < BiD + ByL3n (5.4)
h —Vi(h
S AEC, eyl
EJP 23 (2018), paper 35. http://www.imstat.org/ejp/
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The proofs of both lemmas are postponed to the appendix.

Proof of Theorem 3.6. Denote by &), the set
Koy = {X €[~1,1]" : | X — tanh (V (ho ) (X))], < 5000E1E§/4D1/4n3/4} .
Note that for every X € &)y,

|X — tanh (7' (X) Vf (X))|l; < [|X — tanh (V (ko f) (X)),
+  ltanh (V (ko f) (X)) — tanh (1’ (X) V£ (X))l
(by equation (5.3)) < 5000L; L3/*DV/4n3/4 + 2B, L2n?/

and so o t € Xnoy. Applying Theorem 3.1 for the function i o f with the bounds given
by Lemma 5.2 gives the required results. O

Remark 5.3. The bound for compositions h o f with domain C.,, given in (5.3), is worse
by a factor of \/n than that of compositions with domain C,,, given in (5.1). This disparity
is in fact tight. For example, consider the function

%x3—im5 x| <1
h(z) = 3a? x>1
— 12 < -1

2

applied to the “counting” function

f(x)= Zwl

The function h has a bounded second derivative and satisfies 4’ (0) = 0. For z = 0, we
have f(z) = 0 and so A/ (f (z)) Vf () = 0 as well. However, a calculation shows that
IV (ho ) (@)l ~ 7?2, and so [V (ho f) (x) = ' (f (x)) V[ (2)]]; ~n*/* as well,

6 Example applications

6.1 The Ising model

Proof of Corollary 3.4. A short calculation shows that Vf (z) = Az + u. The corollary
will follow immediately from Theorem 3.1 once we have obtained the parameters D, L,
and L, for f. The calculations for D (f) and Lip (f) are also found in [4, Section 1.3] but
we repeat them here for completeness.

Denote fimax = MaxX;c[, |(:|. We then have

1. The Gaussian-width is bounded by:
D(f) =E sup (Az + p,I')
z€Cy,

< B sup (Az,T) + B|(sT)
z€Cy,

<VnE sup (Az,T)+|pl,
z€B(0,1)

= VnB AT, + [|ull,

2
< \/nE[AL]; + el

SV nTrA? + \/Eﬂmax-
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2. The Lipschitz constant is bounded by

Llp (f) < HMmax + max <A$, €Z'>
i€[n],z€Cy

< ,Ufmmx + max Z |A7J|
i€[n]
i€ln]

3. Regarding the Lipschitz constant of the gradient, note that ||V f (z) — Vf (y)|; =
|A(z —y)|l,. Suppose that « and y differ only in the i-th coordinate. Then A (|z — y|)
is just 2 times the i-th column of A. By the triangle inequality, we then have

\Y -V
V5 @) = VE @l o S (4

|z —yll, et

j€ln]

Proof of Corollary 3.5. The interactions described in Corollary 3.5 can be represented
by an interaction matrix A = ﬁ L where 1 is the n x n matrix whose off-diagonal entries
are 1 and whose diagonal is 0 and B is interpreted as the inverse temperature. Note
that for every =,y € C,,

IVf(@) =Vl =A@ -y, <Bllz—yl, (6.1)
so that Ly < 1+ (8. A simple calculation also shows that D < 8y/n and L; < 1+ 5.

Denoting
_ 51
X=¢Xel,:||X —tanh | —X
n 1

by Corollary 3.4 we have that X is a (p,3n"1/8,3n~1/8)-tilt-mixture with p(X) > 1 —
3n~1/8. Denote by J = 1+ Id the n x n matrix whose every entry is 1. Then every X € X

also satisfies
HX — tanh <6J ) — tanh (ﬂlX) + tanh (BIX)
n n 1

X — tanh <ﬂJ )
tanh (ﬁ]'X) — tanh (MX>
n n

7/8+ @X
n

< 5000 (1 + ) n7/8} ,

< 5000 (1 + 8)*n"/® +

1

<5000 (1+3)>(1+ 8)n

1
<5001 (1+ 3)>n7/3,

Thus X C X, and the first part of Corollary 3.5 is proved. The fixed point equation

X = tanh (%X ) is easier to work with, since all of its exact solutions are constant:

Indeed, every entry X; of a solution satisfies X; = tanh (Z;l 1 2 X; ) every solution X is

then of the form X = (x,z,...,z), and the exact fixed point vector equation reduces to
the scalar equation
x = tanh (Sz) .

The value zy = 0 is always a solution, corresponding to the case where the typical
configuration is completely disordered.
For 8 <1, this is also the only solution. In this case, for every X € X%,

X1, = HX — tanh <ﬁJ ) + tanh (WX>
n n

tanh (WX>
n

<5001 (1+8)*n"® + 1 X], -

1

<5001 (1 + 8)*n"/® 4

1
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Rearranging, we get that every X € & is close to 0:

(1+8) 7/
Tog

This represents the fact that for high temperatures, the system is always disordered.
For § > 1, there are two other solutions, x; = —z5. These satisfy |z1], |z2] — 1 as
B — oo, and correspond to the symmetry-broken phase where all spins tend to point
in the same direction. Showing that every X € X is close to either (z1,1,...,21) or
(z2,%2,...,22) can then be done by a standard counting argument, which we choose to
omit. O

1 X1, < 5001

Adding a constant magnetic field © = (o, o -- -, fto) forces a non-zero constant
solution for every 5 > 0, while shifting the values of x; and x5.

6.2 Large deviations

In order to prove Theorem 3.8, we follow the approach mentioned in Section 2.1.2,
and try to approximate function f in equation (2.1) by a well-behaved Hamiltonian g.
Lett€ Rand é > 0. Let A: R — R and ¥ : R — R be defined as

2e4+1 < -1

h(z)=4 -2 —-1<z<0
0 x> 0.
and
w(x):n-h<(%—t>/6>.

Note that |A/ (x)| < 2 and |h” ()] < 2 for all z € R. Thus

o (5-1) )3

9" ()] =

IN
SN

and

@l (1) 1)

IN
|

Let g : C,, — R be defined as
gy)=v(f ().

Denote by v the measure defined by XJ. The function g is an approximation for f , in the
sense that almost of all the mass of v is supported on vectors on which f attains a large
value.

Proposition 6.1. Let §' = %6 and define
B={yeCn: f(y) < (t—0)n}.
If there exists a z € C,, such that f (z) > tn, then

v(B)<27".
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Proof. Let y € B. By definition of g,

s =n-n (12 ) jo)

(h is increasing) < n-h ((ML - t) /5)

n

n-h(=8/9)

!
(since &' > §) =n (1 — 2%)

= — (log4) n.

Let z € C,, be such that f(z) > ¢tn. Then under v the probability for obtaining z is
proportional to e9(*) = ¢ = 1. On the other hand, for every y € B, the probability for
obtaining y is proportional to a value smaller than e~ 1°84" = 4—" = 2727 Since there
are no more than 2" possible vectors in C,,, we thus obtain

v(B)
v(z)

Proposition 6.1 allows us to approximate v with a distribution that does not give any
mass at all to vectors y € C,, with f (y) < (¢ — §') n. Define the function ¢ : C,, — R by

v(B) < AR U O

0 fly) <(t=5)n
ely) =4edW) (t—6n< fy) <tn
1 f(y) > tn,

and observe that ¢ (y) agrees with ¢9(%) for all y such that f (y) > (¢t — §') n. Denote by o

the measure defined by do = T “"%M and by X, a random variable whose law is o.
C7I,

Proposition 6.2. Assume that there exists a z € C,, such that f (z) > tn. Then there
exists a coupling between XJ and X, such that

E||XI - Xll, <2n-27"
We postpone the proof to the appendix.

Proof of Theorem 3.8. Applying Theorem 3.6 to g, there exists a p-mixture and a coupling
between X (p) and X¢ such that

80D1/4

and
E X (p) — X, < 80n%/*DV4,

Therefore by Proposition 6.2 there exists a coupling between X (p) and X, such that

E|X (p) — X, |, <80n¥4DYV* 42277

n

Vy=1{X€eX,;: f(X)<(t—3¢)n}, and let X € ),. Denote by {x the product measure

This shows that X, is a (p, 80% +8- 2‘">-mixture. To obtain equation (3.8), denote
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on C, such that if Yx ~ £x then EYy = X. We then have

Pr(f (Yx) > (t — 20')n] < Pr[f (Yx) > f (EYx) + &'n]
< Pr[|f(Yx)— f(EYx)| > d'n]
E|f(Yx)— f(EYx)|

(by Markov’s inequality) <

'n
(by Proposition A.1 ) < 6’[\/}5' (6.3)
Denote by Ax the event
Ax ={f(Yx) <(t=28")n} 0 {f (X]) > (t - d")n}.
Equation (6.3) and Proposition 6.1 together imply that
Pridx]> 1 5,@15 _gn
Under Ax we have that
O'n < f(X7) = f(Vx) < Ly [[Yx = X{|I;
yielding
v - X3, = 20 6.4
1

Since E || X (p) — XZ||, is small, this inequality sets a constraint on the measure of ).
Letting Z be a random variables with law p, coupled with X (p) so that X (p) | Z ~ Y7,
one has

E[X (p) - X3l = /7]E[||Yz = X3l [ Z]dp(Z)

n

z/ E (Y7 — X9, | Z)dp(2)

Vg

z/ E[|Y, — X¢|, | Z A Az] PrAz] dp(2)

Vg

NG
I R - an
(1= 5= rO0

80Ly DY/4 Ly -1
nl/4s N '

(by equation (6.4)) > (1 _ D 2”> / Mdp(Z)
Vg

We thus obtain
P (yg) <

Together with equation (6.2), this gives

161L, D'/ Ly -
a4y U dn

as needed. O

P (Xg\yg) >1

Remark 6.3. A particular type of Hamiltonian that has been of considerable interest in
the field of large deviations that of subgraph-counting functions. It was recently shown
in [5] that for these types of Hamiltonians, V f (X) is close to a stochastic block matrix.

Since A’/ ((@ — t) /6) is a scalar, this implies that every X € X is also close to a
stochastic block matrix.
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Remark 6.4. Theorem 3.8 corresponds to the unconditioned distribution y, with p =1/2.
To deal with the case p # 1/2, define g (y) as

1
9 =07 )+ [Tioe (5 (0w + 200
Analogues of Propositions 6.1 and 6.2 can then be proved following the same line.

A Appendix

Proof of Lemma 4.6. Denote Y = tanh Z, and denote the bound of Y by a = tanh L >
tanh (1). Under this notation, we wish to show that

tanh (Etanh™'Y) — EY| < 20tanh™" (o) - E|Y — EY. (A1)

We will prove this inequality by considering it as a variational problem on the distribution
p of Y. Specifically, we will show that for every a € [—a, o], every distribution p of Y
satisfies

|tanh (Etanh™'Y) —a| < 20tanh™" (o) - E|Y —a]. (A.2)

Setting a = EY then gives the desired result.

Suppose that E |Y — q| is fixed. Then the left hand side of (A.2) is maximized by the
Y that gives tanh (Etanh™'Y) an extremal value, conditioned on b := E|Y — a| being
constant. Since tanh is monotone, this is equivalent to finding the extremal value of the
integral

/tanh_1 (z)du (x) (A.3)

while maintaining the constraint
b=E|Y —q. (A.4)

The constraint (A.4) is of the form [ f (z) du = b, where f (z) = |« — a|. By Theorems 2.1
and 3.2 and Proposition 3.1 in [8], the extremal distributions which solve a system of
n constraints of the form [ f; (x) du = ¢; are linear combinations of no more than n + 1
singletons, i.e delta distributions. We can therefore write the extremal p as

p=pd(x)+(1-p)d(y) (A.5)

for some two real numbers —a < z,y < « and p € [0,1]. Now, using the triangle
inequality, we have that

|tanh (Etanh™"Y) — a| < [tanh (Etanh™"Y) — EY |+ E|Y —a
so it is in fact enough to show that
|tanh (IE)tath_1 Y)-EY| < 19tanh ™ (a) - E|Y —al,
and since E|Y — EY| < 2E|Y — q] for every q, it actually suffices to show that
|tanh (Etanh™'Y) — EY| < 9tanh ™" (a) - E|Y — EY]|. (A.6)

Plugging the decomposition (A.5) into (A.6), we need to prove that for every such x and
Y,
’tanh (ptanh71 () + (1 —p) tanh~* (y)) — (px 4+ (1—p) y)’

- <.
2p (1 —p) |z —y|tanh™" (@)
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Assume without loss of generality that > 0 and = > |y|. We will now show that inequality
is correct for 0 < p < % We omit the similar proof for % < p < 1. For these values of p, it
suffices to show that

|tanh (ptanhd (z)+ (1 —p)tanh™* (y)) — (pr + (1 —-p) y)|

= <9 (A7)
ptanh ! (a) (z — y)

For every fixed value of y, we treat the expression on the left hand side as a function of
p for p € (0,1). This expression may attain its supremum either at p — 0%, p = % or at
values of p such that the derivative of the left hand side with respect to p is 0. We’ll now
consider each of these three cases.

Taking the derivative
Comparing the derivative to 0, one obtains the relation
tanh (ptanh71 (z) + (1 —p)tanh ™! (y)) —(pr+(1—-p)y) =

tanh~" (z) — tanh~" (3)
<h (pranh () + (= ptann 1 () y)> "

Plugging this back into (A.7) and using the triangle inequality, it is enough to show that

tanh~!(z)—tanh~!(y) _
coshQ(ptanh’l(w)-&-(l_p) tanh*l(y)) + (‘T y)

tanh ™' (a) (z — y)

<9. (A.8)

. -1 ; (z—y)
Since tanh™" («) > 1, the expression = T(0) 7 7)

that

is bounded by 1, so it remains to show

tanh ™" (z) — tanh™* (y)

= 5 — — <s. (A.9)
tanh™" (&) cosh® (ptanh™" () + (1 — p) tanh ™" (y)) (z — )
Ify <0andz > 1, then z —y > 1/2 and we trivially have
tanh™' (z) — tanh™! (y) 1 < 2 4
tanh ™! (a) cosh® (ptanh™" (z) + (1 — p)tanh ™' (y)) (x —y) ~ % -
Ify <Oandz < § then
tanh™ (2) — tanh ™" (y) < —— (z—y) < = (z— )
n T n y) < 1— 2 T—Y)s 3 r—y
and so
tanh™' (z) — tanh ™" 2
anh™" (x) — tanh™" (y) <s

tanh ™! (a) cosh? (ptanh_1 (z) + (1 —p)tanh™* ¥) (x —y) = tanh ™' (a)

For y > 0, the maximal w.r.t p value of the left hand side of (A.9) is attained when
the argument of cosh” is minimal, i.e at p = 0. Using the fact that cosh (tanh™' (y)) =

1/y/1—y2>1/y/2(1 —y) and that tanh~" () = 4 log 32, it suffices to show that

(log 2 45%) (1 - w)
tanh™* (a) (z — y)

(A.10)

We consider two cases. Suppose that t—z > 2. For any z > 2, it holds that log 2z < 2log 2,
and since z,y < 1, it is enough to show that

, (log L;Z) (1—vy)

. A1l
tanh ™' (a) (z — y) =8 ( )
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Denotel —x=e¢®and 1 —y = e~b, with @ > b > 0; under this notation, the left hand

. (a—b) -1 _ 1 1+a 1 1 1
side becomes Qtanhfl(a)(l_ef(afb)). Note that tanh™" () = 5log ;7% > Slog 1— = 3a.

If e (a=b) < 1, then 2 (a—b) <2 (“ ll’) < 8. Otherwise, if e~ (=) > 1, then

tanh_l(oz)(l—e*(“*b)) a(g)
a—b< %. By Taylor’s theorem, the 1 — e~ (¢=%) in the denominator can be bounded from

below by % (a — b), bounding the expression by m < 8.
Now suppose that L;Z < 2. Since logz < z — 1 for all z, we may then write the left

hand side of (A.10) as

<logjfh+k<)i> (x);l)y) < T () ()

1 1-— 1-—
< — < Y y)
tanh™ (o) \1+y 1-=
_ 3
tanh ™" (a)

IN

< 8.

The case p =10
Using L’Hopital’s rule, the value of the left hand side of (A.7) attained as p — 07 is

tanh~!(z)—tanh ! (y) _ _
cosh? (tanh_l(y)) (l’ y)

tanh ™' (a) (z — y)

For y > 0, this is the same expression obtained by setting p = 0 in (A.8). The case y <0
is handled similarly as above.

The case p =1/2

In this case we must show that

|tanh (4 tanh~" () + §tanh ™" (y)) = (32 + 3y)|
tanh™' (a) (z — y)

<

l\D\@

This bound can be shown by differentiating with respect to y to the find the maximum of
the left hand side. O

Proposition A.1. Let f : C,, — R, let £ be a product measure over C,, and letY ~ &.
Then

E|f(Y) - f(EY)| < vnLip(f).
Proof. Let M; =E[f (Y) | Y3,...,Y;]. Then the variance of f can be bounded by

n

Var [f (V)] = > B (M; — M;) ? < Lip?( ZVar ] < nLip? (f).

i=1

By Jensen’s inequality,

E|f(Y) - f(BY)| = By/(F (V) — £ (BY))’ < JE(f (V) - £ (EY))? = Nar[f (V)] O

Proof of the chain rule Lemma 5.1. For y € C, in the discrete hypercube, denote by
S; (y) the vector which is equal to y everywhere, except for the i-th entry, so that

i# ]
i=j

(S (), = {yj
—Yj
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Using this notation, we have that

0, (ho 1) () — W () 0f W) = |- "L EWDZITGD ) 5.5 ).

(A.12)
Using Taylor’s theorem for h around f (y) with the Lagrange remainder, there exists a

z € [f(y),f(Si(y)) such that
1

h(F(Si () = (f () = (f(Si (@) = F DR (f W)+ 5 (f(Si(y) - f ()* A" (2).
Putting this into equation (A.12), we get
Iah( W A(f () oif (y)| =

S < PO @)+ 5 (S ) = £ )1 ) ) -
W (F () 0f ()
- aif W)W (F () = 2 (F (Si ) = F @) (2) = ' (F (1) 0 ()|
=% 75 0) - T ) ()
)

Iaf(y\ W (2)]
< BL?.

Equations (5.1) and (5.2) then follow immediately.

For equation (5.3), let z € C,, and let ¢ be the product measure on C,, such that for
Y ~ ¢, EY = z. Applying equation (4.10) on Vf and V (h o f), we have

B (f (BY)) Vf (EY) —EV (ho f) (Y)|l; = [ (f (BY)) EVf (Y) —EV (ho f) (V)|
<ER (f(BY)VEY) =K (f V)V,
HIER (f X)) V)=V (ho f) V), -
By equation (5.1), the second term on the right hand side is bounded by BL?n. AS for
the first term,
[0 (f (BY)) = W (£ (¥))) VF (V)] < BE|f (EY) — £ (V)| V£ (V)]
< BE|f(EY) — f(Y)|nL
(by Proposition A.1) < BL*n3/2.

Thus ||/ (f (EY)) V. (EY) — V (ho f) (EY)|, < 2BL*n®/2. O

Proof of Lemma 5.2. For a vector y € C, and an index i = 1,...,n, denote by y;r the vec-
tor y;' = (y1,Y2,- -, Yi-1, 1, ¥it1,...,Yn), and by y; the vector y; = (y1,y2,...,¥i—1,—1,
Yit1s--- 7yn)

¢ The gradient complexity: Denote

Ar={Vf(y):yelu}, An={V(hof)(y):yeCln}.

By equation (5.2), we have that for every vector v € R",

ueAp UEAf

sup (u,v) < max <0,31 sup (u,v>> +v/nBa L ||, .

Since the expected norm of a Gaussian random vector I' satisfies IE ||I'||, < \/n, we
get that

D(hof)=E sup (u,T) < BiD(f) + ByL?n.
u€Ap,
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* The Lipschitz constant: forevery y € C,, and everyi =1,...,n,

h(f(yf))—h(f(yz-))|

2

|0i (ho f) (y)] =

fwh)—F )

< B; 5

< BlLl

Thus Lip (ho f) < B1L;.
* The Lipschitz constant of the gradient: Let x # y € C,,. By Lemma 5.1:

IV (ho f) () =V (ho f) Wl
= IV (ho f) () =1 (f (@) VI (x) + b (f (2)) V] (z)
=V (hof)(y) =W (f W) V) +h () VWl
< 2By L3 + W (f () V(@) = b (f () V. W)l -

The last term on the right hand side can be bounded by

18" (f @)V f (2) = B (f W) V.f W)
<P (f @) VI (@) =1 (f (@) VW)l
+ IR (f () f( ) =W (f W) VW,
S BV (@) =V Wl + B2 f (&) = F IV ()l

< BiLy ||z —ylly + B2Ly ||z — yl|; Lin.

Putting the terms together, we get

[V (hof)(x) =V (hof)(y)
|z —yll,

I < B1Ly + 3By Lin. O

Proof of Proposition 6.2. We will show that the total variation distance between X¢ and
X, satisfies
TV (v,0) <2-277

the proof of the proposition then follows immediately. Denote by Z, and Z, the normaliz-
ing constants of v and ¢, respectively. Then

Zy=2Z,+ Z eI
ys.tf(y)<(t—d)n

and by the proof of Proposition 6.1, this implies that

=|Zy—Z,| <277,
The total variation distance is then given by
1 edW (v)
vV (Va 0’) o Z -
2 v Zyg Zy
1 9(y) 1 9(y)
S e 7@(y)+7 3 eV o]

2 Zg Zy 2 Zg Zy

Fy)<@—=d")n fW)=(t—=8")n

By definition of ¢ and by Proposition 6.1, the first term on the right hand side is bounded
by
e9()

edW o (y) 1
Z, — 2

Zy  Z,

.9

%2

Fy)<(t=d")n

DS

fy)<(t=6")n
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Decomposition of mean-field Gibbs distributions into product measures

The second term is bounded by

1 e oy 1 ‘ 1 1
> - == v - =
2 jsaonm Za Zel 2 Zote Zo
1 1
_iy ¢ (y) 1
2T (e 7)
<1 Z ply)|e [ 1&
=2 Zy |2, 222
Il ey |2 —n
<5 Z 7| <7 O
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