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Abstract

Let &1, &, ... be independent identically distributed random variables and F : R® —
SLa(R) be a Borel measurable matrix-valued function. Set X,, = F(&;, (n), &g (n)s -+
&4,(n)) Where 0 < g1 < g2 < ... < q¢ are increasing functions taking on integer values
on integers. We study the asymptotic behavior as N — oo of the singular values of
the random matrix product I[Ixy = Xx --- X2X1 and show, in particular, that (under
certain conditions) + log [|IIv|| converges with probability one as N — co. We also
obtain similar results for such products when &; form a Markov chain. The essential
difference from the usual setting appears since the sequence (X,, n > 1) is long-range
dependent and nonstationary.
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1 Introduction

Products IIy = Xy --- X2 X; of random matrices Xi, X, ... are extensively studied
for more than half a century now. In the pioneering work [7], it was shown that
when X, X,, ... form a stationary sequence with Eln™ || X;|| < oo then the limit y; =
limy o0 + In [TLy|| exists with probability one. Later, the more general Kingman’s
subadditive ergodic theorem became available and it yielded the above result as a
corollary. Applying it to actions on the exterior products, the result was extended to all
the singular values of I, thus leading to the Oseledets multiplicative ergodic theorem.

In this paper we study similar questions for products of certain nonstationary se-
quences of random matrices. Namely, we start with a sequence of i.i.d. random vari-
ables &1, &, ... and a Borel measurable matrix valued function F : R — SL4(R) along
with integer valued functions 0 < ¢; < ¢2 < ... < ¢, and form the random matri-
ces X, = F(&g,(n)sEqa(n)s -+ &qe(n))- In particular, we allow arithmetic progressions
gi(n) = in,i = 1,...,¢. The sequence X1, X, ... is long range dependent and is not
stationary, and so the study of the asymptotic behavior as N — oo of the product
IIy = Xy --- X2X; is not described by the standard results mentioned above. Still, we
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Random matrix products

show that limy_, % In [|TIv|| exists with probability one and applying this to exterior
products we will obtain corresponding results for all the singular values of Il ;. Similar
results are obtained also for such products when &; form a Markov chain satisfying
certain conditions of the type of uniform geometric ergodicity.

The motivation for this paper is twofold. On one hand, it comes from the vast body of
research on products of random matrices mentioned above (see [4] and [3]). In particular,
our results provide a non-trivial family of random discrete Schrodinger equations ¢, 11 =
(A=V,)¥n, — 1,1 which are not metrically transitive and yet the asymptotics of solutions
can be described. Here, as usual, Ay(n) = —(¢(n+1) +¢(n —1)) is viewed as a discrete
counterpart of the Laplacian. In our case, V, = ©(&;,(n)> g2 (n)> -+ $qe(n)) @and &1, &2, ... are,
say, i.i.d. random variables.

On the other hand, our motivation stems from the series of papers, originating in
Furstenberg’s proof of the Szemerédi theorem, on nonconventional ergodic and limit
theorems which dealt with the sums of the form 25:1 ©(€q1(n)>Eaa(n)> -+ Equ(n)) (see, for
instance, [10] and references therein). Our results can be viewed as a counterpart of the
nonconventional strong law of large numbers in the multiplicative setting.

2 Preliminaries and main results

2.1 Il.i.d. case

Let&1,&o, ... beii.d. random variables, and let F' : Rf — SL4(R) be a Borel measurable
matrix valued function where ¢ > 1 (since for / = 1 the results of this paper are
well known). Our setup also includes an /-tuple of strictly increasing nonnegative
functions ¢; < ¢2 < ... < ¢ taking on integer values on integers with ¢;(1) > 1. Set
Xn = F (&) €g2(n)> -+ €qo(n)) @nd observe that each X, n > 1 has the same distribution,
since each (-tuple &g, (n); go(n)s -+ §qo(n) has the same distribution as &1, &», ..., §¢. Denote
by p the distribution of X; and by G, the support of . We will need the following

Assumption 2.1.

(i) G, is strongly irreducible, i.e. there does not exist a finite union of proper subspaces
of R? that is preserved as a set by all matrices from G, (see [4]).

(ii) For some o > 0,
E||X1]|* < 0. (2.1)

(iii) for any o > 0 there exists ng(c) such that for all n > ny(o),

giv1(n) > gi(n+[clan)), i=1,..,0—1. (2.2)

Clearly, (2.2) is satisfied, for instance, in the arithmetic progression case ¢;(n) =
in,i=1,..,0

Recall that the singular values s1(g) > s2(g) > ... > s4(g) > 0 of a d x d matrix g are
the square roots of the eigenvalues s?(g) of g*g. The first singular value s(g) is the
Euclidean operator norm of g,

gl
= ma. = .
s1(9) Lo Tl gl

If X € SLy(R)then 1 = s1(X)s2(X) - 54(X) < s§7H(X)sa(X), and so | X | = s, (X) <
s71(X) = | X||*"'. Hence, (2.1) implies also that

E|X7Y* < oo with o = ,d > 1.

e
d—1
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Since F' =1 if d = 1 and the problems discussed here become trivial then, we assume
without loss of generality that d > 1.

Let Y1,Y5, ... be an i.i.d. sequence of random matrices having the distribution x, and
so satisfying (i) and (ii) of Assumption 2.1 with Y; in place of X;. Hence (cf. [4, 3]), the
limits

~v; = lim %lnsi(YN - YoYh), i =1,...,d, (2.3)

exist with probability one; in particular, v, = limy_, o % In||Yy - Y2Y1||. The following
theorem asserts that the similar result holds true for IlIy = Xy - - - X0 X].

Theorem 2.2. Suppose that Assumption 2.1 holds true. Then with probability one

1
lim N Ins;(Mly) =, i =1,...,d, (2.4)

N—o0

where 1, ..., 4 are the same as in (2.3). In particular, Nlim +In |y = 7.
—00

Observe that it suffices to prove Theorem 2.2 only for the largest singular value, i.e.
for + = 1. Indeed, note that (i) and (ii) of Assumption 2.1 remain valid for the exterior
powers /\il_[]\[7 1 =1, ,d of Il (defined by /\iHN(xl AL A xl) = IIyz1 A ... ANIyx;) if
these were true for Il itself (see [4]). Hence, proving Theorem 2.2 for each si(/\iHN)
we will obtain that

N—o0

lim % sy (A'Tly) = lim % In H1 5;(Ty) = Zlyj (2.5)
J= J=
which yields (2.4).

The proof of Theorem 2.2, presented in Sections 3 and 4, is based on two main
ingredients. The first one is a large deviations bound for products of random matrices
which was first proved by Le Page under the additional contraction assumption. We
rely on a version of this result from Theorem 14.19 in [3] which does not require the
contraction condition. In fact, the upper bound of large deviations from Theorem 6.2
on p.131 of [4] suffices for our purposes, as well. The second ingredient playing a
decisive role in our proof of the lower bound below is the avalanche principle proved
originally for two dimensional matrices in [8] and extended (in a strengthened form)
to the multidimensional case in [6]. It is not difficult to see that the convergence in
Theorem 2.2 holds true also in mean which does not require large deviations estimates
but only a subadditivity argument together with the avalanche principle.

2.2 Markov case

Next, we discuss the case when &g, &1, &, ... form a Markov chain on a Polish space £
(to conform with the standard notation, we start the indices from 0), F: £/ — S L4(R)
is a Borel measurable matrix function and X,, = F'(&;, (n), g2 (n)> -+ $qe(n)) With gi(n), i =
1, ..., ¢ satisfying Assumption 2.1(iii). Let P(n,z,-), x € £ be the n-step transition prob-
ability of the Markov chain above, P(z,-) = P(1,z,-) and assume that there exists a
probability measure v on £ such that for some R, p > 0, all n > 1 and any bounded Borel
function f on &,

sup| [ Pln,a,dy)f(y) - [ fav] < Be " supf (o), 2.6)
zel zel

This assumption will be satisfied for an aperiodic Markov chain if, for instance, a version
of the Doeblin condition holds true (see, for instance, [5], Section 21.23). It follows
that v is the unique invariant measure of this Markov chain, i.e. the only measure v
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satisfying [ dv(z)P(z,T) = v(I') for any Borel set I' C &, and so v is ergodic. Taking v
as the initial distribution of the Markov chain, i.e. as the distribution of £;, makes it a
stationary ergodic process. Still, the condition (2.6) will enable us to obtain stronger
results for the Markov chain starting at any initial point z € £.

Let {fr(f), n >0}, i =1,...,¢ be £ independent copies of the Markov chain {{,,, n > 0}

which produces an /-component Markov chain =,, = (féizn), §(§fzn), . fl(lf)(n)), n > 0 with
the transition probabilities Pz(z,I'y X'y x--- xI'y) = Hle P(z;,T;) where z = (z1, ..., ¢).
SetY, = F(éﬁzn), féiny e 555)(“))7 n > 0 and assume that for some a > 0,
sup Ez||Y1||* < o0 (2.7)
zeet

where E;, T = (x1,...,x¢) is the expectation with respect to the probability P; of the
Markov chain =,,, n > 0 starting at .
Set H, =Y, ---Y5Y;. It follows from [2] (see also Section 5) that the limits

1
lim —Ins;(Hy) =", i =1,... 2.
NgnooN nsl( N) Vi, 3 7d ( 8)
exist Pg-almost surely (a.s.) for each # € £° where, again, s;(g) is the i-th singular
value of a matrix g. Viewing (2.8) as a definition of v;’s we assume also that, for some
1<k <d,

> > > Y (2.9)

sufficient conditions for this can be found in [1] and [12]. In addition, following [2] we
assume quasi-irreducibility which means that the subspaces

1
V(@) ={ucR?: lim —In|Hyu| <7 P;—as.}
N—oo N

are trivial for almost all Z = (1, ..., z¢) with respect to the product measure 7 = v x - - - X v.
Denote by P, the path space probability of the Markov chain &,, n > 0 provided that
50 =X.

Theorem 2.3. Assume the above conditions (2.6), (2.7), (2.8), (2.9) and quasi-irreducibil-
ity. The singular values s;(Ily), i =1,....k — 1 of Iy = X - - - X2 X satisfy

1
lim = Insi(ly) = P —as. (2.10)

N—o00

foreachx € €.

The proof of this result will be given in Section 5 relying on the large deviations
theorem for products of Markov dependent random matrices from [2] and an additional
argument enabling us to compare large deviations estimates for the products H,, and
for I1,, ., I1;;* in spite of the fact that the latter is not a product of Markov dependent
random matrices.

3 Upper bound

There are two cases in the proof of Theorem 2.2: y; = 0 and ~; > 0. The first case
requires only the upper bound since In [|A|| > 0 for any A € SLq(R). The second case will
require both a lower and an upper bound so we will start with the latter which will serve
in both cases. In fact, by Furstenberg’s theorem (see Theorem 6.3 on p.66 in [4]) under
the strong irreducibility condition, v; = 0 if and only if G, is contained in a compact
subgroup; then each X,, belongs to this subgroup too and Theorem 2.2 follows in this
case directly.
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It follows from the large deviations theorem for products of i.i.d. random matrices
(see [4, p.131, Theorem 6.2] and [3, Theorem 14.19]) that for any ¢ > 0 there exists
k(e) > 0 and nq(g) > 1 such that

1
P{=In Y- YoV > m +e} < e~ r(Em (3.1)
for all n > ny(e). Without loss of generality we assume that «(e) < 1. Fix ¢ > 0 and
set r(n) = r.(n) = [%lnn}. Observe that if r(n) > 1 and ¢;(n + r(n)) < ¢;+1(n) for

i=1,..,0—1then X,,, Xy, 11, ..., X4 r(n)—1 is @an i.i.d. tuple having the same distribution
as (Y1, Yz, ..., Yy(n))- Setna(e) = min{m > no(7) : r(m) > ni(e)} where ny comes from
Assumption 2.1(iii). Then for all n > na(e),

1
P{m In (| Xy rmy—1 Xnt1 Xn| > 7 +e} < e=rEr(n), (3.2)

This together with (2.2) and the Borel-Cantelli lemma yields existence of a finite with
probability one random variable M; () = M (¢, w) such that for any n > M; (),

In ||Xn+r(n)71 s Xn-i-anH < T(?’l)(’}/l + 5). (33)

Set m; = na(e) and recursively m; 1 = m; + r(m;). Then m; < ms < ms < ... and

m, — oo as n — oo. Hence, X,,,,, Xpn, 41, -, X, ,—1 1S @ tuple of i.i.d. random matrices

for each ¢ > 1. In particular, when m; > M;(e) we have by (3.3) that
In ”sz‘+1*1 T Xmi+1Xmi ” < (miJrl - mz)('y + 5)' (34)
By the submultiplicative property of the Euclidean operator matrix norm,

[ Xy XXl < Y Xy

NZ>j>mp Ny

+ Z In ||Xm71+1—1 e erHXmL' ” (3.5)
i My (e)<m;<k(N)

+ > I [}

1<j<max(nz(e),M1(e)+r(Mi(e))

where k(N) = k.(N) = max{i : m; < N}. Since the last sum is a fixed random variable
(depending on ¢) which is finite with probability one then

. 1
Jim > In||X;|| =0 almost surely. (3.6)
1<j<max(ns(e),My(e)+r(Mi(e))

Next, we observe that by the Chebyshev inequality
2
P{ln | X,|| > =Inn} = P{||X1||* > n?} < Dn~? (3.7)
@

where D = FE||X;]|* < oo by (2.1). Hence, by the Borel-Cantelli lemma there exists a
finite with probability one random variable M; = Ms(w) such that for all n > Mo,

2
In || X,] < —Inn. (3.8)
«
Observe that 5
N—mk(N) <r(mk(N))§r(N):[@lnN], (3.9)
ECP 23 (2018), paper 37. http://www.imstat.org/ecp/
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and so, in particular, My(N) — 00 as N — oo. Thus, it suffices to estimate the first
expression in the right hand side of (3.5) on the events I'y = {w : Ms(w) < myn)}. By
(3.8) and (3.9) on the event 'y,

. 1 . 2
hmsupﬁ Z In || X5 < lljlvnjllop MT(N) Inn =0. (3.10)

N—oo NZ>j52>mp(N)

Finally, collecting (3.4)-(3.6) and (3.8)-(3.10) we see that with probability one

1
limsupN1n||XN-~-X2X1|| <m +e.

N—oc0

Since € > 0 is arbitrary we obtain the required upper bound

1 1

limsup — In [Ty = limsup — In || Xn - - Xo X1|| <7 (3.11)
N—o00 N N—oo N

with probability one. If v; = 0 this already implies (2.4) while in the case v; > 0 we shall

also need the corresponding lower bound.

4 Lower bound

First, observe that without loss of generality we can assume here that y; > 2 where
the ~;’s were defined in (2.3). Indeed, either v; = 75 = ... = 74 and then v; = 0 for all i’s
since all the matrices here have determinant equal one, orv; = ... =y > Vg1 = .- > Va
for some 1 < k£ < d. Then we can prove the result for the first singular value of the k-th
exterior power AFIIy of Iy obtaining that with probability one,

k
. 1 ) 1
lim Nln sl(AkHN) = lim N Zln si(lly) = k.

N—o0 N—o0 .
=1

Since s1(Iy) > s2(Ily) > ... > sq¢(Ily) and limy o 1 51(Iy) < 71 with probability one
by the upper bound we obtain that, in fact, the last inequality is the equality. Thus, we
obtain Theorem 2.2 for s; (IIy) which is sufficient for its full statement as explained in
Section 2.

Hence, we can and will assume here that y; > v2, 11 > 0 and start with another
bound of large deviations for products of i.i.d. random matrices (see [3]) which in the
same notation as in Section 3 says that for any ¢ > 0 there exists x(¢) > 0 and nq(e) > 1
such that

1
P{=In|Y, - YoVi|| <y —¢e} < e " (4.1)
n

for all n > ny(g). Let r(n) and na(e) be the same as in Section 3. Then, for all n > ny(e)
we obtain L
r(n)

Since there exists no inequality similar to (3.5) to employ for a proof of the lower
bound we will need a more advanced argument in order to make use of the splitting of
the product Xy --- X2 X, into appropriate products of i.i.d. matrices. Namely, we will
rely on the avalanche principle which appears for products of multidimensional matrices
in [6]. Following [6] for each g € GL;(R) we set

Pl——I|Xpirmy1 Xnr1Xa|| <y — e} < e "), (4.2)

s1(g)
s2(g)

which is called the gap of g € GL;(R). Now we have (see [6, §2.4]),

gr(g) =

ECP 23 (2018), paper 37. http://www.imstat.org/ecp/
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Theorem 4.1. (Avalanche Principle). There exist universal constants ¢, C > 0 such that
whenever a > ¢b > c and g; € GL4(R), j = 1,...,1 satisfy

@) gr(g;) >a,j=1,...,1 and
(i) n[lgjr19;] —nllgja] —Inllg;]| > —5nb

then
-1 -1 b
nlge- gag1ll + D _Inllgsll = > Wnllgjeagsll = Cloy j=1,..0 = 1. (4.3)
j=2 j=1

Observe that from (ii) and (4.3) we obtain

l
1 b
Inlg; - gogu | Z;mngjl\ — 5lnb—Ci-. (4.4)
Let us take
95 = X1 Xy Xomy (4.5)

where m; < ms < ... < My () are as in Section 3. This together with (4.4) will yield the
required lower bound of the form

lwgof%ln\\XN~~X2X1H >y —€ (4.6)
provided that we can obtain appropriate bounds on parameters a and b in the avalanche
principle above.

Now, (4.2) together with the definition of (n) = r-.(n) and the Borel-Cantelli lemma
yield that there exists a finite with probability one random variable M; (&) such that for
any n > M (e),

In (| Xy r(n)—1 - Xng1 Xl > 7(n) (71 —€). (4.7)

In particular, for each ¢ < k() such that m; > M;(¢) we have

In || X5, Xmi+1Xm,

> (mip1 —mg)(n —e). (4.8)

i1

Next, set jy = min{j : m; > +/N}. By the submultiplicative property of the Euclidean

matrix norm,
I | XN - XoXa || = In ([ Xy =1 Xy 1 Xm, ||
—In|[(Xy-- X Kongewy) " = In[(X

Mk (N)

(4.9)
1 -X2X1)_1||.

ME(N)+1 min—

As explained in Section 2 the condition (2.1) implies also that D’ = E[|X;![* < oo

where o = ﬁ. Thus, in the same way as in (3.7) we have

2
P{ln| X" > =Inn} < D'n"?, (4.10)
o

and so by the Borel-Cantelli lemma there exists a finite with probability one random
variable M} = M} (w) such that for all n > M},

2
In| X' <= Inn. (4.11)
a
Thus, similarly to (3.10) we obtain that on the event I'y = {w : Mj(w) < myny},

) 1 _ . 1 _
hmsupﬁlnH(X]\p--ka(NHlek(N)) N < hmsupﬁ Z In [|.X; =0 (4.12)

N—o0 N — o0 N>j>miy)
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On the other hand,

1
limsupNInH(X X X))

m]-Nfl
N—o00 (4 13)
1 1 )
< limsup N E |\Xj_1|| + h]{znjip N E ||XJ_1|| =0.

N=oo IV iy My<j<my,

Indeed, the first limit in the right hand side of (4.13) is zero since the sum there is a
fixed random variable which is finite with probability one. The second limit there is zero
in view of (4.12) and the estimate m;, < VN + r([v/N]).

Applying the avalanche principle we will show that in the above case with probability
one

lim inf y oo & I | Xy ey =1 Koy 1 X, | (4.14)

= lminfy oo 4 I |gk(v)—1 - Gin 11950 | = 71 — Te.

First, we estimate the avalanche principle parameters a = a(e, N) and b = b(e, N) which
will depend on ¢ and N. Set g(n) = X, ;)1 Xny1X, so that g; = g(m;), and let
s1(g(n)) > sa(g(n)) > ... > sa(g(n)) > 0 be the singular values of g(n). The second
exterior power A%g(n) of g(n) acting on the second exterior power A2R? of R? has the
biggest singular value equal to s1(g(n))s2(g(n)). Hence

ol = S19) _ silg(m) g
9 = lgm) ~ silam)salgl) A% g(a] (@19
where || - || is the Euclidean operator norm.

Now, set H, =Y, ---Y2Y; with Y7, Y5, ... introduced in Section 2. Under our conditions
with probability one

1 1
lim —In||H,||=v and lim —In|A? H,|| = + 72 (4.16)
n—oo N

n—o00 N

and, recall that y2 < 7;. Applying the large deviations bounds to || H,|| and to || A? H,, ||
we obtain that for any ¢ > 0 there exists «(¢) > 0 (which could be different from before
but we denote it by the same letter) and ns(c) > 1 such that

1
P{=In|| A2 Hy|| >y + 72 + e} <e e 4.17)
n

for all n > n3(c). Hence, if (n) > n3(c) and n > ng(%;) then
1 2 —k(e)r(n)
P{Wlnﬂ/\ gn)|| >m+12+el<e ) (4.18)
This together with (4.2) and (4.15) yields that

P{gr(g(n)) < 6(71—72—25)“”)} < Qe—K(E)T(n). (4.19)

Taking into account that r(n) = [% Inn] we conclude from (4.19) and the Borel-Cantelli
lemma that there exists a finite with probability one random variable Mj3(¢) such that for
any n > Ms(e),

gr(g(n)) > eln=r2=2e)r(n) (4.20)

Next, we use that by our choice of 7(n) there exists n4(e) > 1 such that if n > ny(e)
then Xy, Xy t1, s Xogr(n)4r(ntr(ntr(n)))—1 is an i.i.d. tuple having the same distribution
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as Y1, Y2, ..., Yo(n) 4r(ntr(ntr(n)))- Thus, similarly to the above, relying on the large devia-
tions bound (4.1) together with the Borel-Cantelli lemma we conclude that there exists a
finite with probability one random variable My(¢) such that for any n > My(e),

|‘Xn+r(n)+r(n+r(n+r(n)))71 . Xan+1 ” 4.21)
= |lg(n +7(n))g(n)|| > eOn=e)r()trntr(n)),

Applying the large deviations estimate (3.3) to ||g(n)|| and to ||g(n + r(n))|| together with
the Borel-Cantelli lemma we obtain that there exists a finite with probability one random
variable M5(e) such that for any n > Ms(e),

lg(n)]| < ™97 and |lg(n + r(n))|| < e HITEr), (4.22)

Let n5(e) be such that % In(1 + #) < 1 for any n > ns(¢). Then, by (2.2), (4.21) and
(4.22) for any n > max(ns(e), Ms(e)),

lg(n +r(n))g(n)|| > = 3e(r(m)Fr(ntr(n) > —6e(r(n)+1) (4.23)
lg(r)lllg(n + r(n))|l

Observe that for n > /N the numbers k(N) = max{i : m; < N} and jy = min{j :
m; > v/ N} satisfy

. N N
FN) = v < SNy ~ T N (4.24)

When n > /N then (4.20) and (4.23) hold true for

w e Ny = {w: max(Ms(e,w), My(e,w), My(e,w)(w), ns(c)) < VN}.

Clearly, Q. vy 1 Q with P(Q) = 1. Thus we can estimate the parameters of the avalanche
principle for w € €}, x and each fixed N large enough and then let V — oc.

It follows from (4.20), (4.23) and (4.24) that applying the avalanche principle to
Jin> Gin+1s -+ Je(N)—1 We can take in (4.4),

I=1(N)=k(N) - jn, a =a(e, N) = en—2-2)r([VN])
and b = b(e, N) = eSs(r(N)+1),
Choosing € much smaller than %(fyl —2) we let N — oo to obtain from (4.4), (4.8), (4.20),

(4.23) and (4.24) together with the avalanche principle that (4.14) holds true. These
together with (4.9), (4.12) and (4.13) yield that

1

N—o0

Now we let ¢ — 0 and obtain
o1
liminf = || Xy - X2 X0 =
which together with (3.11) yields (2.4) and completes the proof of Theorem 2.2. O

5 Products with Markov dependence

As in the case of Theorem 2.2 it suffices to prove Theorem 2.3 only for the biggest
singular value s;(Ily). It is easy to see that the condition of the form (2.6) remains
true also for the product Markov chain =,, n > 0. Hence, it follows by the large
deviations result of Theorem 4.3 in [2] applied to the products Hy = Yy ---Y5Y; of
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Markov dependent random matrices that for any € > 0 there exists x(¢) > 0 and n(¢) > 1
such that

1
Po{|—In[|H, | = m|> e} < e~n(em (5.1)

for any n > n(e) and Z = (z1, ..., 7¢) € E* where, recall, P; is the probability conditioned
on =y = Z. Note that (5.1) together with the Borel-Cantelli lemma yields (2.7).

Next, we observe that (2.6) implies ¢-mixing of the Markov chain &, &1, &2, ... with the
¢-dependence coefficient satisfying ¢(n) < 2Re~?" (see [5]). This seems to be well known
(see p.p.365-366 in [11] for the case of finite Markov chains and Theorem 21.1 in [5]
for a general stationary Markov chain) but we claim this for each probability P,, x € &,
and so for readers’ convenience we will elaborate this here. For any 0 < m < n let F,,,
be the o-algebra generated by &,,,,&mt1, .-+, €n- Then the ¢,-dependence coefficient for
x € £ is defined by

fuln) = sup sz(r NA)

2B p (AT € Foms A€ Frninoes Po(T) >0 5.2

where, recall, P, is the probability corresponding to the initial condition £, = x. In order
to show that
¢z(n) < 2Re” " (5.3)

when (2.6) holds true observe that it suffices to consider I' and A of the form

r= ﬂ{{mleG}and A= ﬂ {&m, € G5}

= j=k+1

where m; < mg < ... <mg <Mk +n1n < M1 < Mo < ... <my. Set

f(y) = ]IGk_H (y) ka+2 P(mk:+2 — Mk+1,Y, dyl) ka'Jr?’ P(mk+3 — MEk+2,Y1, dy?)

“Ja,, Plru—mu_q, yi—k—2, Gu),
where I is the indicator of G, and observe that P,(A) = [, f . Then

(D NA) = [, P(mi, @, dy1) P(m2 —ml,yl,dyg)fG2 P(ms —ma,y2,dys) [,
- P(me = me—1,ye—1,dyk) [, P(mrsr = miye, dyesr) Jo, | f(Ues)

= P,(IP:(A) +@Q
where by (2.6),
|Q| S Pm(r) Supy |fg P(mk+1 - mkayadz)f(z) - ff,‘ P(mk+1axvdz)f(z)’

< Py(T) sup, |fg P(mpq1 —mp,y,dz) f(z) — ff(z)dz/(z)‘
D) | [ P(misr,@,d2) f(z) — [ f(2)dv(z)] < 2Re=P"Py(T)

yielding (5.3).
Next, set 7(n) = r.(n) = [5{y Inn], where d(¢) = min(x(e), p), and observe that for
large n,

gi+1(n) > qi(n+2r(n)) > gi(n+r(n)) +r(n) foralli=1,..,¢—1. (5.4)

Consider vectors z() = (xg ),xé )7 ‘..7:57(7?), xy) € €&,i=1,....,¢ and view products

m

1 —é 1 (2) (0)
Q(() a" () H aja'awj)

J=1
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as functions of vectors z(*), ; = 1, ..., £. Introduce another function
—(1 —(¢
om (@D, 79) =T 110 g, 5O >}

which takes on the values 0 and 1 only. We are going to plug in place of (¥ in ¢,,
with m = r(n) the vectors £®) = (€4:n)» € (n+1)» -+ €qi (n4+r(n)—1)) Observing that £ is
Fai(n),ai (n+r(n)—1)-measurable and that by (5.4) there is a gap of at least r(n) between
the intervals [g;(n), ¢;(n + r(n) — 1)] for different i = 1, ..., £.

To use the above observation we will need the following result which is a particular
case of Corollary 1.3.11 in [10] (see also Corollary 3.3 in [9]).
Lemma 5.1. Let Z; be p;-dimensional £¥'-valued random vectors with a distribution
ki, it = 1,....,k defined on the same probability space (Q,F,P) and such that Z; is
Fm;n;-measurable where n;_1 < m; < n; < mit1,%=1,....k, no =0, mgy1 = oo. Then
for any bounded Borel function h = h(xy, ..., xy), x; € £,

|\EN(Z1, Za, ... Zi) — [ W(@1, 22, ..., 2k )dpn (x1)dpo (x2)...dp(xy)| (5.5)
< dsupy, g, [A(@1, )| 0 G(mi — i)
with the ¢-dependence coefficient defined in (5.2). In particular, if Zfl), Z§2), . Z,ik)

are independent copies of Z1, Zs, ..., Zi, respectively, then taking h = I for a Borel set
I’ C Eprteztter jt follows that

k
\P{(Z1, Z2,.., Z4) €T} = PUZ", 257 ... 27y e T} <43 ¢(mi —nimy). (5.6)
=2
Now, applying (5.6) to Z; = €@, i =1,...,¢ and
b
r(n)

and taking into account (5.1), (5.3) and (5.4) we obtain that for each x € &,

I'= {(E(l)vv‘%([)) : | 1n||QT(n)(:E(1)7 7‘%(6)”‘ _71‘ > E}

1

r(n)

whenever r(n) > n(e).

The remaining part of the proof of Theorem 2.3 proceeds in the same way as in
the i.i.d. case of Theorem 2.2 except for the arguments leading to (3.10), (4.12) and
(4.13). Namely, we cannot use the Chebyshev inequality in order to obtain (3.7) and
(4.10) since, in general, in the present situation £, || X, ||* and E, || X !||*" may be not
equal to B, || X, |* and E, || X;}||*, respectively, and the latter expectations may be not
equal to E,||Y1||* and E;|Y; }||* where E, and E, are the expectations corresponding
to the path space probabilities P, and P; of the Markov chains &, and =,, having initial
distributions v and ¥ = v x - - - v, respectively. But applying Lemma 5.1 in the same way
as in (5.7) we obtain by the Chebyshev inequality that

P 0 | X pr(n)1 - Xn1 Xn|| — 71| > e} < e M) 4 8RIn~2 (5.7)

Po{ln|X,] > 2Inn} < Pp{ln||Y,| > 2Inn} + 8R¢n 2
<n 2Bz ||V, ||® + 8Rin™2 < n~%(sup; E:||Y1]|* +8Rl) Vx €&

since

BVl = [ Pen.2.ag) |P@)” <sup [ Po(z.d0)[F@)]" = sup B )1 < oc.
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Similarly, for any z € &,
2
Po{ln[| X' > = Inn} < (D' +8Rl)n ">
e

where D' = E||Y; | < o0 and o/ = %7 Now, the corresponding versions of (3.10),
(4.12) and (4.13) follow in the same way as in Section 3 and 4 while the arguments
related to the avalanche principle remain the same. O

Remark 5.2. Since Lemma 5.1 is quite general the Markov dependence in the sequence
&n, n > 0 is needed only to rely on large deviations result from [2], and so our method
will go through whenever large deviations estimates (actually, only upper bounds in the
form (5.1)) for products of stationary sufficiently fast ¢-mixing sequences of random
matrices become available.
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