Electron. Commun. Probab. 23 (2018), no. 24, 1-14. ELECTRONIC

ISSN: 1083-589X in PROBABILITY

A moment-generating formula for
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Abstract

We derive a simple formula characterizing the distribution of the size of the connected
component of a fixed vertex in the Erdés-Rényi random graph which allows us to
give elementary proofs of some results of [9] and [12] about the susceptibility in
the subcritical graph and the CLT [17] for the size of the giant component in the
supercritical graph.
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1 Introduction

The Erdés-Rényi graph G, ,, introduced in [8], is the random graph on n vertices
where each pair of vertices is connected with probability p, independently from each
other. For an introduction to this fundamental mathematical model of large networks,
see [6, 13, 111].

We denote by P, , the law of G, , and I, ,, the corresponding expectation.

We assume that the vertex set of G,, , is [n] = {1,...,n} and we denote by C the
connected component in G, ,, of the vertex indexed by 1. We denote by |C| the number of
vertices of C.

Foranyn € IN, p € [0,1], j € ZN (—n,+0), and k € [n] we define

. — i+
gnp(i k) =1 —p ”H . (1.1)

n—1

The central result of this short note is the following formula:
Proposition 1.1. Foranyn € IN, j € ZN (—n,+o0) and p € [0, 1] we have

Enp [ 9000 C) ] =

B (1= Prg,licl > n)). (1.2)

Note that if 7 < 0 then the r.h.s. is simply "T“ We prove Proposition 1.1 in Section 2.
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Remark 1.2. (i) Define the n x n matrix M by M;; = ¢, ,(j,k) for j € Z N (—n,0]
and k € [n]. The matrix M is triangular with non-zero diagonal entries, hence it is
invertible. Therefore, Proposition 1.1 uniquely characterizes the distribution of |C|
under P, .

(ii) A generalization of Proposition 1.1 appears in Proposition 1.6 of the recent preprint
[14], see also [14, Remark 1.7]. The random graph process studied in [14] can
be informally defined as follows: starting from the empty graph on the vertex set
[n], cliques are added with a rate that only depends on their size (the dynamical
Erdds-Rényi graph is the special case when only cliques of size two are added).

Proposition 1.1 allows us to give short and self-contained proofs of some delicate
results about the sizes of connected components of the Erdds-Rényi graph in the subcrit-
ical (see Theorem 1.4) as well as the supercritical (see Theorem 1.6) cases. First, we
give a short non-rigorous demonstration of how our formula is used in Remark 1.3.

When we study the phase transition of the Erdés-Rényi graph, it is natural to introduce
a parameter ¢t € R, and to study G, , for

p=p(t,n) =1—e"t/" (1.3)

We will fix this relation between p and ¢ throughout this paper.
Foranyn € IN, A € R, and k € [n] we define

k—1 \
FadOk) =[] e ™ <1+ . ) (1.4)

*
i=0 n

i k) = gnp(j, k) if j € Z N (—n, +00) and thus

so that we have f,, ;(Z
(1.2) z
Enp [ faeNICD] = (L4 X) (1= PaaampllC] >n]), e gﬁ(—l,+o<>). (1.5)

Remark 1.3. If we fix ¢ < 1 and (non-rigorously) denote G;(2) = lim,, o0 IE;, (1) E
for any z € [0,1], then for A = z — 1 we (non-rigorously) obtain

2= 142 tim By s 1CD] S G (67 (14 0) = G (¢07972) . (1.6)

Thus G(2) = —W(—e"tz)/t, where W is the Lambert-W function. Now it is known that if
p=1—e"t/"andn — oo then |C| converges in distribution to the total number of offspring
in a subcritical Galton-Watson branching process with POI(¢) offspring distribution (see
[4, Theorem 11.6.1]), i.e., |C| has Borel distribution with parameter ¢ (see [2, Section 2.2]
or [12, Section 7]). The generating function G; of the Borel distribution with parameter
t is known to be characterized by the identity G;(z) = 2e(Gt(2)=1)t (gee [3, Section 10.4]),
which is in turn equivalent to G;(z) = —W (—e~*tz)/t, therefore a more rigorous version
of (1.6) can be used to show that the distribution |C| weakly converges to the Borel
distribution with parameter ¢ as n — .

Now we state our rigorous results. We will use the Bachmann-Landau big O notation:
we write f(n,t) = O(g(n,t)) if there exists a universal constant C' such that f(n,t) <
Cg(n,t) for any n € IN and any ¢ in an explicitly specified domain. We write f(n) =
O (g(n)) if there exists a constant C (that may depend on ¢) such that f(n) < Cg(n) for
any n € IN.

We will give a short and self-contained proof of some results of [9] and [12]:
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Theorem 1.4. Foranyt € [0,1 — n~'/3] we have

1 2t 11
Enpl(C) = 125 + e + O (o) 1.7)
1 1 1
B, (ICF) = g +© <(1 — t)%) : (1.8)

We will prove Theorem 1.4 in Section 3.

Remark 1.5. E,, ,(|C]) is often called the susceptibility of the Erdés-Rényi graph.

(i) Equation (1.15) of [9, Theorem 1.2] states that if p = -5 and 0 < y < 1 then

1 2u? — ut 1 1
D - - - =), 1.
n(ICD) 1—p 2(1—,u)4n+0 n2 (1.9)

Now (1.9) follows from (1.7) if we take into account that . = (n — 1)(1 — e~ /™).
The proof of (1.9) in [9, Section 2] uses a coupling of the breadth-first exploration
process of C and a process related to a branching random walk. Our proof of (1.7)
is completely different as it only uses Proposition 1.1.

(ii) Equation (1.3) of [12, Theorem 1.1] follows from our (1.7). In fact it already follows
from our short Lemma 3.2, see (3.9). Our (1.8) is equivalent to one of the statements
about S3 in [12, Theorem 3.4]. The proofs of these results in [12, Section 3] use
differential equations (in the variable ¢) and are completely different from ours.

(iii) Both statements of Theorem 1.4 give something meaningful in the whole subcritical
regime outside the critical window, e.g., the first term of the r.h.s. of (1.7) is much
bigger than the second one, which is much bigger than the third one if (1 —¢)3n > 1.

We also give a short and self-contained proof of the central limit theorem proved in
[17] for the size of the giant connected component of G,, , (see also [5], [11] and [15]
for alternative proofs). Our proof only uses Proposition 1.1, see Theorem 1.6 below. We
begin with some notation.

Given some t > 1 let us define the function ¢ : [0,1) — R by

p(z) = —xt —In(1 — z). (1.10)

Then ¢ is a convex function satisfying ¢(0) =0, ¢'(0) < 0 and ¢(1_) = +oo.
Given ¢t > 1 define 6 = 6(¢) € (0, 1) to be unique number for which

©(f) =0, or equivalently e?(1—6)=1. (1.11)

Note that 6(¢) is the survival probability of a branching process with POI(¢) offspring
distribution (however, our proof of Theorem 1.6 below does not make use of this fact).
We also note that it follows from ¢(0) = 0, ¢’(0) < 0 and ¢"(z) > 0, x € [0,1) that

1
0 "(0) = -t + ——. 1.12
< ¢'(0) t1 g (1.12)
Recall the notion of p = p(t,n) = 1 — e~¥/" from (1.3).

Theorem 1.6. Let us denote by |Cp..| the size of the largest connected component of
Gn,p. For anyt > 1 we have

lim P, ,tpn) | ————— < z| = ®(x), where 0= ———= (1.13)
n—00 p(tn) l: U\/ﬁ ( ) @I(e)m

and ®(z) is the c.d.f. of the standard normal distribution.
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We prove Theorem 1.6 in Section 4. Our proof is different from earlier proofs,
which use the joint CLT for tree components of various sizes [17], stochastic differential
equations which arise in the context of epidemics [15], and exploration processes [5, 11].

Remark 1.7. We believe that Proposition 1.1 can also be used to give elementary
alternative proofs of some results of [1] on the sizes of connected components in the
critical Erdés-Rényi graph. In particular, let pf denote the sigma-finite excursion length
measure of the “first” excursion of the Brownian motion with parabolic drift which
encodes the block sizes of the standard multiplicative coalescent process at time u € R
(see [1, (64)]). We believe that if ¢ := 1 + un~'/3 and X,, := |C|/n?/? then the formula

lim n'*P, )X > 2] = pi(2,+00),  a € (0, +00) (1.14)

n—o0

can be proved using the methods of this paper, as we now argue. If we fix some § € R
and plug A := LBnQ/ 3|/n into (1.5) then we obtain (after some calculation) the formula

1 1
lim n'/3E, pn) [exp (—6an — §ﬁ2Xn + 25X,%) — 1} =3, PBeR. (1.15)

n—o0

Now one can use stochastic calculus to show
& 1 1
/ (exp (—ﬂum — 55% + 2ﬁx2) — 1> dpg(z) =p forany peR. (1.16)
0

We conjecture that (1.14) can be derived from (1.15) and (1.16).

We discuss the origins of (1.2) in Remark 2.2(i) and an extension of (1.2) to the
stochastic block model in Remark 2.2(ii).

2 Proof of Proposition 1.1

The proof of Proposition 1.1 will easily follow from the change of measure formula
(2.1). An idea similar to (2.1) has already been used in the proof of [4, Theorem 11.6.1].

Lemma 2.1. Forany M,N € N, p € [0,1], and k € {1,..., N} we have

M

a1 11 (1 N(M=N)k -
Parpl[C] = k] =Pny[[C] = k] (1—p) 1:[1N_Z.. (2.1)

Proof. If k > M then both sides of (2.1) are zero. Thus w.l.o.g. we can assume k£ < M AN.
Now we observe that if we prove (2.1) for some M < N, then we also obtain (2.1) for
M’ = N and N’ = M by rearranging the formula (2.1), thus we may assume w.l.o.g. that
k < M < N. In order to prove (2.1) it is enough to show

M—1\"" _ N-1\"'
(h2)) pasller=r1-a-pr=0 = (V70 ealiei=k. @2
Now if we denote by V(C) the vertex set of C then
N -1
Pslicl = k1= (3 ) JPralve) = 1] @3)

since Py, is invariant under the permutation of vertices and there are (],5:11) subsets of

[N] with cardinality k that contain the vertex indexed by 1. Using (2.3) for Py , as well
as Pys p, the formula (2.2) reduces to showing

Purp[V(C) = [K]]- (1= p)P V=M =Py, [V(C) = [K]]. (2.4)

Now (2.4) holds since V(C) = [k] in Gy, if and only if V(C) = [k] in G, and there are
no edges in Gy, between [k] and [N] \ [M]. This completes the proof of Lemma 2.1. O
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Proof of Proposition 1.1. Foranyn € N, j € ZN (—n,+o0) and p € [0, 1] we have

.n k—1 . .
. Ly N+ ; n+j—1
Enp [gnn(G:1CD) = =2 3 Pl jC] = k] (1= pP* [ =

k=1 i=1
®n+j

ZIP7L+j7P[|C| = k] = (1 - ]Pn"rj»l)[ |C| > TLD , (2.5)

n+j
n

where in (x) we used (2.1) with n = N and M = n + j. The proof of (1.2) is complete. O

Remark 2.2. (i) Our original proof of Proposition 1.1 used the so-called rigid repre-

(ii)

sentation of the time evolution of the component size structure of the Erd6s-Rényi
graph, see [16, Section 6.1.1, Case 1]. In a nutshell, if Y, = ¢t — X, k € [n],
where X, X, ..., X, denote independent exponentially distributed random vari-
ables X, ~ EXP (1—%), then 7 = min{k : Y; +---+ Y, < 0} has the same
distribution as |C| under P, ,, p = 1 — e~*/". We chose to include an elementary
proof instead in order to keep the paper self—contained.

It is possible to extend Proposition 1.1 to the stochastic block model, as we now
briefly explain. Consider a random graph in which each vertex has a label, where
the set of labels is {1,...,¢}. Letn = (ny,...,n¢) and n = ny + --- + ny. We
uniformly choose a labelling of the vertex set [n] from the set of labellings where the
number of vertices with label j is n; for each j = 1,...,£. Given the labels, we add
edges independently: a vertex with label ¢+ and a vertex with label j is connected
with probability p; ;. Let p = (pi,j)ﬁj:l. Denote by P, , the law of the resulting
random graph G, , and I, , the corresponding expectation. This random graph
model is often called the stochastic block model and it is also a special case of the
inhomogeneous random graph model of [7].

Denote by K(n) the set of vectors k = (k1,...,k¢) for which 0 < k; < n; and
ki +---+ k¢ > 1. Denote by J(n) the set of vectors J = (Ji,...,Jy) for which
—n; < Jjand —n < J; + -+ + J;. Denote by J=°(n) the subset of J(n) which

consists of vectors J = (Ji,...,J;) for which J; < 0forany j = 1,...,{. Let us
define
‘ ;-
Inp(L k) = ] @ —piy)* H H B Jedm), keKm). 2.6
i,j=1 j=1 =0

Let C denote the connected component of the vertex indexed by 1 in G, ,. Denote

by [C|; the number of vertices with label j in C and let |C| = ([C]4,..., \:C|g) The
generalization of the formula (1.2) to the stochastic block model is

S (ny+ Jj)

Euy | np(L1C]) | = PusspICh <1, [Cle <], J € T ().

2.7)
In order to prove (2.7), one needs the following analogue of (2.1), valid for k € K(N):

a1 =] =P 18] [ 0o a2 17 2

i,7=1 Z] 1 Jj 1 +=0

(2.8)

M Also note that

Note that if J € 7<°(n) then the r.h.s. of (2.7) is simply >

the analogue of the property stated in Remark 1.2(i) holds: the system of equations
(2.7) indexed by J € J=%(n) uniquely characterizes the distribution of |C| under
P

n,p+
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3 Proof of Theorem 1.4

The basic idea is to treat E,, , [gn. (4, [C])]

, we
have to “differentiate” with respect to the variable j twice. Since j can only take integer
values, we have to consider the first order discrete differences g, ,(J,[C|) — gn.,(0,|C])
for j = —1 and 5 = —2 in the proof of Lemmas 3.2 and 3.4, and the second order discrete
difference (i.e., the difference of the first order differences) in the proof of Lemma 3.5.

The statement of Lemma 3.1 is equivalent to [12, Lemma 3.2] (which is proved
using differential equations), moreover it also classically follows from the fact that |C| is
stochastically dominated by a subcritical branching process if ¢ < 1. Despite of this, we
chose to include a proof of Lemma 3.1 which only uses Proposition 1.1 in order to keep
the paper self-contained.

Recall our convention p =1 — et/ from (1.3).

Lemma 3.1. Ift € (0,1) then

Proof. Wl.o.g. we assume ¢ € [1,1) and 1%, < n. For any j > 0 we have

, AR ) ' (1.5) '
(e_f’]/" (1—&-3)) ] < Enp |:fn,t (Ja|c|):| <1+l (3.2)
n n n

Note that if we let \ := % — 1 then we have

E

n,p

X ~ 1 (%)
m)z\ixe_M(l + N =eM1+N)= ;et_l e2(1-0° ¢ ¢ (0,1), (3.3)
where (x) follows from —In(¢) + (t — 1) — 3(t — 1)? = ftl fsl (Z5 — 1) duds > 0.
Next we show that if we choose j* := [nA] = [n- (1 —1)| then we have

e~ti"/n (1 T j) > e1(1-1)* (3.4)
n

Indeed, if we let f(z) := —tz + In(1 + z), then we have f/()) = 0 and thus

. Y A Y .
J* 7 Y ]*/TL Ce) 1 (e 1 2
A — — | = — dydz = = dy < — < 1—t 3.5

where (xx) follows from 0 < j* and 0 < X — j*/n < 1/n, and (x * %) follows from {2; <n
Now (3.4) follows from (3.3) and (3.5). We are now ready to prove (3.1):

i ilft m)}

=0

. N\ €1 62 1
(ew/n(HJ)) 1 el <2 ien, @36
n n t

from which (3.1) follows if ¢ € [1,1). O

1+ 5@(1 — )" Enp (IC]") < Enp

> En,p

=E,, [640 t) |c|] G

Lemma 3.2. For any t € [0,1) we have

1= (- (- & ) Bl (80 Enall 0 (L) )
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Before we prove Lemma 3.2, let us state an immediate corollary.
Corollary 3.3. Applying (3.1) to ]En,p(|C|3) in (3.7) we obtain

1
-1

= tE,,(CP) 1
IE = 2 n,p 1— —-1/3 . .
wlle) =+ D o (s ) te-n AL e
Applying (3.1) to E,, ,(|C|?) in (3.8) we obtain

1
(1—1t)*n

Enp(IC]) = 1it+0( ) tef0,1-n""3. (3.9)

Proof of Lemma 3.2. Let k € [n]. We begin by observing that (1.1) is a telescopic product
if 7 = —1 and then we apply Taylor expansion:

3 . .
1.1,13) th/m k 1tk k4 k
gnp(=1,k) =T e <1_R)Z<Zi!ni o)\t
=0

k 12 k2 B3 2\ k3 E*
—1+(t1)n+<2t>nQ+(62>n3+0<n4>. (3.10)

Combining (3.10) with Proposition 1.1 we obtain

S SRS 91 <)
n n

n <t2 _t) Enp(CP) | (753 B 752) Enp(C1°) | o <En,p(|C4)> (3.1

2 n2 6 2 n3 nt

Subtracting one from both sides of (3.11), multiplying the result by —n and applying
(3.1) to E, ,(|C|*), we obtain (3.7). O

Lemma 3.4. For anyt € [0,1 — n~ /3] we have

—2= (2t = 2)BE,p[[C[] + (1 — 4t + QtQ)E"’pECm _ Eup[iC]]

n

2 s EnplICP 1
+ (2t = 4% 4 o)== 1+ O T ) (3.12)

Proof. Let k € [n]. We begin with a calculation similar to (3.10):

| k k
Gnp(—2,k) T g2ek/n (1 - n) (1 R 1)

Z 120k k4 k k Z 1 1
(i—O il nt +O<n4)> (1 n> n = nJ +O(n3>

2 4 3 2 4
:1+(2t—2)%+(1—4t+2t2)k %4—(27&—47&2—&-43)]{ —|—(1—2t)k k3+0<k>.

n2 n 3" 'n3 n3 n nt
(3.13)
From (3.13) and Proposition 1.1 we obtain
2 E, E,,[C]?] E,
1—=—=1+(2t— 2)7*”HC” + (1 — 4t 4 2t?) _,p[2|C| I ,p£|C\]
n n n n
4 5 Epp[IC)°] EopllCP]  EuplCl] E,p[C["]
o — 42 4 —3) LT 4 (1 — 2t) 2P - P o2 . (3.14
+ ( +3 ) 3 + ( ) 3 3 + - ( )
Subtracting one from both sides of (3.14), multiplying the result by n and applying (3.1)
to the last three terms of (3.14), we obtain (3.12). O
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Lemma 3.5. Foranyt € [0,1 — n~'/3] we have

EnmﬂCQ)::%;ng? +c9((1_}06n)_ (3.15)

Proof. Adding (3.12) to twice (3.7) we obtain

Enp(C1?)  Enp(C) | 15 a2 o Enp(ICF) 1
p . +(t° —3t°+2t) 2 +0 DT . (3.16)

Rearranging (3.16) and multiplying by n we obtain

0= (1-2t+1?)

Enpl(C) = (1= 7B, () + it~ e - 222 Lo () @)

Dividing both sides of (3.17) by (1 — t)? we use (3.1) to obtain (3.15). O

Proof of Theorem 1.4. From (3.9) and (3.15) we obtain (1.8).
Plugging (1.8) into (3.8) we obtain (1.7). O

4 Proof of Theorem 1.6

We will deduce Theorem 1.6 (i.e., the CLT for |C,q.|) from Lemma 4.1 (i.e., the CLT
for |C|) using the idea of [10, Lemma 2.1]. We deduce Lemma 4.1 from Lemmas 4.2 and
4.3 using that convergence of moment generating functions implies weak convergence
of probability distributions. We prove Lemmas 4.2 and 4.3 by viewing (1.5) as a moment
generating function identity. The crux of the proof of Lemma 4.2 is (4.19) and the crux
of the proof of Lemma 4.3 is (4.33).

Throughout this section we fix ¢ > 1. Recall the notion of ¢ : [0,1) — R from (1.10)
and 6 = A(t) € (0,1) from (1.11). Recall the notion of p = p(t,n) = 1 — e~*/" from (1.3).

We will often use the shorthand P for P, ,; ,,) and E for E,, ;1 n)-

If X is a random variable and A is an event, we will denote E(X; A) := E(X14).

Lemma 4.1. Let us define ¢ as in (1.13). For any x € R we have
IC| — On
ovn

Before we prove Lemma 4.1, we use it to prove Theorem 1.6.

Sx] =(1-0)+ 6(x). 4.1)

nh—{I;o P pt,m)

Proof of Theorem 1.6. Denote by [C1],|C2|,... the non-increasing rearrangement of the
sequence of component sizes of the graph G, ,. Thus |C;| = |Cpqz| and |Cz| is the size of
the second largest component. Note that |C;]| = |Cz]| is possible, but we will show that
|C2] < |C1] with high probability.

For any a € R let us denote

kno=0n+a-oyvn]. (4.2)
We will show that for a < b € R we have
1
0

Now by Lemma 4.1 the right-hand side of (4.3) is ® (b) — ® (a). This equation readily
implies liminf,, o Py, pn) [[C2| < kna] > @ (b) — @ (a) for any a < b € R, which in turn
implies limy, 00 Py, p(t,n) [|C2| < kn,o ] = 1 for any a € R. Combining this with Lemma 4.1
and (4.3) we obtain that Theorem 1.6 indeed holds.

nh—?go Pn,p(t,n) [|Cl| S [kn,aa kn,b]» |CQ| < kn,a] = nh—>nolo IPn,p(t,n) [IC‘ S [kn,a7 kn,b} ] . (43)
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In order to prove (4.3) we observe that if k € [k, 4, ky ], then

n

7 PaslICl=k]. (4.4)
Equation (4.4) is essentially a special case of [10, Lemma 2.1], but we include the proof
of (4.4) here for completeness: if v € [n] and C(v) denotes the connected component of

vin G, , and [C*(v)| denotes the size of the largest connected component of G, , \ C(v)
then

P, [ICi] =k, |Ca| < kn,a] =P, kp [C1] < k’n,a]

1 n
Py [1C1] = K, [Ca| < hna] = ;;Pw [1C1] = k, v € Cy, [Caf < K]
1 - * n *
= 2D Pup[ICO) =k, [C*(0)] < Fna] = £ Pup [[C)] = &, [C*(1)] < Kna]
v=1
n
= EIP”,I, [1Cl = k] Pr—kp [|C1] < knal-
This proves (4.4). Next we show that
lim min -~ Py, 00 [C1] < Enal =1 (4.5)

n—00 ke[kn,avk'n,b]

Let us denote n = n — ky, o. For any & € [k, q, knp] we have

n—k n nEzx , [IC]]
P, > knal < P3 > knal < —
kn,a k,p [|C| = ) ] —= kn,n, L,P [|C| = ) ] — (kn,a)2

(4.6)

IPnfk,p [|Cl| Z kn,a] S

Now we observe that Gy ,(+,,) is a subcritical Erdés-Rényi graph, since

(1.3),(4.2) (1.12)

lim 72 - p(t,n) lim (n—|[fn+a-ovn])-(1 —etMy=(1-0t < 1.

n—r oo n—oo

Note that Ej , [|C|] remains bounded as n — oo by (3.1), hence (4.5) follows from (4.6).
We are now ready to prove (4.3):

lim IPn,p(t,n) Hcl‘ S [kmaakn,b]a ‘CQ‘ < kma]

n—oo
kn.b
44) .. n
= nhﬁnolo Z IPn—k,p(t,n) [|Cl| < kma] EIPn,p(t,n) HC| = k]
k=kn,a
2,45 1
= g nh—>nolo Pn,p(t,n) [ ‘C| S [kn,av kn,b] ] . 4.7

This completes the proof of Theorem 1.6 given Lemma 4.1. O

We will deduce Lemma 4.1 from Lemmas 4.2 and 4.3 below.
Let us subdivide the interval [n] into five disjoint sub-intervals:

I, = [1,n'%), J, =Y 03Y, K, =[n%*on—n"?%), (4.8)
I, = [0n —n®/% 0n+n°/®), K, = [0n +n°/% n). (4.9)

Note that the choice of the exponents %, % and % above is somewhat arbitrary. Also

note that I,, and fn are the important intervals, while .J,,, K,, and IN{n are insignificant,
i.e., we will see that |C| € I, U fn with high probability. The only reason behind the
distinction between J,, and K, is that we will use different methods to show that .J,, and
K,, are insignificant.
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Lemma 4.2. We have
ILm P, p(t,n) (IClel,)=1-6. (4.10)

Lemma 4.3. For any a € R we have

IC|—6n o 0
Jn 21-0

lim <]Pn,p(t,n) (|C| € In) + En,p(t,n) (exp (O“P/(G)

n—oo

lCl e fn)> =1.
(4.11)

Before we prove Lemmas 4.2 and 4.3, let us deduce Lemma 4.1 from them.

Proof of Lemma 4.1. First note that lim,, . Py, ,(¢,n) (\C| el,U fn) = 1 follows from the
a = 0 case of (4.11). Combining this with (4.10) we obtain

7g&Pw%quEiJ:0. (4.12)

Denote by p,, the conditional distribution of W\#Qn given |C| € I,,. We have

29
lim [ exp (g’ (0)z) dpy, () S (a) ,  a€ekR. (4.13)
n—o0 2 ]. - 0

0
’1-6

follows from (4.13) that u,, weakly converges to N (0,02) as n — oo, where o appears in
(1.13). Together with (4.10) and (4.12) this implies Lemma 4.1, given Lemmas 4.2 and
4.3. O

The r.h.s. of (4.13) is the moment generating function of A/ (0 ) thus it classically

We will prove Lemma 4.2 in Section 4.1 and Lemma 4.3 in Section 4.2. The proofs
will make excessive use of (1.5). Let us now introduce some notation that will be used
throughout.

For any A € (—1,+00) and any n € IN let us define

«_ 1
X = = LnA). (4.14)

Now A} € Z N (—1,400), which is required if we want to use (1.5).
Having fixed ¢ > 1, we note that A\ approximates A well, i.e., we have

. g (L) k 4 et
fotOr B) =" fai(ME)exp (O =] ], e"=1<A<1, 1<k< - (4.15)
n
We will often implicitly use that for any A > —1 we have
fag(An, k) =0 if n+|nA] <k<n and fn,.( A\, k) >0 if ke [n]. (4.16)

Having fixed ¢ > 1, we note that if we let
3 1 ~ —At —Xt 5y L, 1@
)\::E—l then we have T := maxe 1+X)=e (1+)\):Ee > 1, (4.17)

where (x) follows from the inequality e* > 1 + z applied to z = ¢ — 1.

In Sections 4.1 and 4.2 we will dominate f, (A, k) by fmt(xz, k) for k € J, (defined in
(4.8)) in order to show that “nothing interesting happens” in the interval .J,.

We will write f(n) = Q (g(n)) if there exists a constant ¢ > 0 (that may depend on ?)
such that f(n) > cg(n) for any n € IN.
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4.1 Proof of Lemma 4.2

Before we outline the strategy of the proof of Lemma 4.2 in the paragraph below
(4.18), we need to introduce some notation. Let us abbreviate

« (4.14) "
X = fau(=0,C) and X" =" fo i ((—0)5. [C]).
Recalling the definition of the intervals I,, and .J,, from (4.8), we have
gy (LD) *, *, *, 3/4
1+(-0); = E[X*|IClel,)]+E[X"|Cle J.]+E| X" n* <|C]||. (4.18)

We will estimate the three terms on the r.h.s. of (4.18). We will show that the first term
approximates PP (|C| € I,,) as n — oo, while the second and third terms vanish as n — cc.

Proof of Lemma 4.2. Before we start estimating the three terms of (4.18), we observe

k—1 4
(1.4),(1.11) 0 L
- = 1—— 2 . 4.1
frt (=0, k) J:Io < e ;) ., keln] (4.19)

Note that (—6)F > e~ — 1 for large enough n, since § < 1 —e~¢ by (1.10) and (1.11),
so we can apply (4.15) in (4.20) and (4.24) below. Now we bound the three terms of
(4.18).

First term:

- 1
E[X*; [C| e ) “P& 0 [Xeo(“ Y 5e) € In] @OEI b el e )+ 0 (\/ﬁ)

(4.20)
Second term (E [ X*; |C| € J,]):

. —0)* \ (1.11),(4.14),(4.17) ~ ANt Y *
o= (=0t (1 + ( 9)n> < (1 +x) ot (1 + A% ' ) 7 1<i<nd/

1— i = 2 1- 1
(4.21)
i} (1.4),(4.8),(4.21) 147\ -
E[xlele ) g (25)  haGichsicie g,
“8) (147 —nl!/t ~ 14+7 —nt/t ~ \ (4.14),4.17) 1/4
C(5T) Bl () (1 m) T emen,
(4.22)
Third term (E [ X*; n3/* < |C|]):
e~ (=0t <1+(1_9)y> <e®(1-60)"2"1 forany i> [n/4, (4.23)
. (1.4),(4.23) N . n—l/4
E| X0 < (] P ((=6)5 T 1) U2 £r,0(=6, /47”0 )

@.19) ’—‘IL3/4.‘—1 .
: v ) o(n4 —Q(v/n)
< exp | -7 ; ~ e (n") < e . (4.24)

The statement of Lemma 4.2 follows from (4.18), (4.20), (4.22) and (4.24). O
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4.2 Proof of Lemma 4.3

Before we outline the strategy of the proof of Lemma 4.3 in the paragraph below
(4.26), we need to introduce some notation. If we define

art = Lvnal then Q) @l e
Vi Vi), ~ Vn

Let us abbreviate

and | —al < (4.25)

Bl

et e)

Recall the definitions of the five intervals from (4.8) and (4.9). We have

(15)

a:;* * *
(1+ \/ﬁ) (1= Py magllC] > n)) B [Cl € 1] + BIY*; [C] € ]

+E[Y*;|C| € K, )+ E[Y*;|C| € I,] + E[Y*;|C| € K,)]. (4.26)

We will estimate the ﬁve~ terms on the rh.s. of (4.26). We will show that the terms
corresponding to I, and I, in (4.26) approximate the terms corresponding to /,, and I,
in (4.11) as n — oo, while the terms corresponding to J,, K, and K, in (4.26) vanish as
n — oo.

Proof of Lemma 4.3. 13efore we start estimating the five terms of (4.26), we note that
ifk eI, UJ,UK,UI, then we can use Taylor expansion of In(1 + x) to obtain for any
o € R the formula

k—1 o
Tt (\;%,k) (1_4)exp< fk;t—l—Zln <1+ 1f;>>

2
(1.10) k o? E 1
=" exp | avnp ST TE +0 =) (4.27)

Now we can estimate the five terms on the r.h.s. of (4.26).

First term:

(1.10),(4.8),(4.27)
] = (

E[Y*;|C| € I, P(Clel,)+0O (n_1/4) . (4.28)

Second term: The bound
E[Y*;[C| € J,] < e 2" (4.29)

can be deduced analogously to (4.22) using that for large enough n we have

ay” w1
ot (4.14),(4.17) /1 - /\*
e~ wnt 1—5—41\/5_ < < +$> Xz <1+ )7 1<i<n®t (4.30)

- 2

—_ 2
n n

Third term (E[Y™*;|C| € K,]): We note

fn t (L;*7 k) k (1.10),(1.11),(4.8) 1
“27 exp (ﬁw <n> + 0(1)) < e ke K, (4.31)

fnt ((a 1) x k)
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4.31) — 1) (1.5)
E[Y*;[C] € K] "2 e p [f ((a)"wcl);ae&l 2 90" (4.32)

Vvn
Fourth term (E[Y*; |C| € L,)): If z € [-n!/® n'/%), i.e., if k = |§n+ z/n| € I, then
2
« (1.11),(4.27) , a® 0 —1/4
R = _—_—— 4.
fn,t(\/ﬁ,k> exp (agp (0)x 5 179—&—(’)( )), (4.33)

* % 2 * %
o (Z0) 4259 o (e - £ 2 v (1 (S.8)) . s

_ 2 "
[Y* |C‘ c I } (1.5), (4 9),(4.34) E |:€Xp <OZ(P/(0) |C|\/ﬁen o %1 ﬁ 9) ; |C| S In:| + O (n_1/4) .
(4.35)

Fifth term (E[Y*;|C| € K,]): We observe that

Fu (G Lo+ 05 VA)) g
F ( a+1)** L9n+”1/8\/1) a

(1.12) L
exp (—w’(G)nl/SJrO(l)) < et nh (4.36)

al (at1)y”
k% - (1'12) 1 ko 777, )
exp <—C\k/"ﬁ > 1+1‘_Fi < exp( (O[—'\_/gt) 14 1\51 , LHn—i—nl/S\/ﬁJgu
(4.37)
*k (1.4),(4.36),(4.37) 1 + 1 okl
fot (%k) < ey (Wk) ., on+n'/8Vn] <k, (4.38)
~  (4.9),(4.38) 1)** ~ | 5)
Blyijel e Kl 5 e g g, (U ) el € B, | € 200,
(4.39)

Finally, the proof of the fact that the error term P, | /nq) ,[IC| > n] that appears on
the L.h.s. of (4.26) goes to zero as n — oo is analogous to the a = 0 case of (4.39). The
statement of Lemma 4.3 follows from (4.26), (4.28), (4.29), (4.32), (4.35) and (4.39). O
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