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Abstract. Swendsen—Wang dynamics for the Potts model was proposed in the late 1980’s as an alternative to single-site heat-bath
dynamics, in which global updates allow this MCMC sampler to switch between metastable states and ideally mix faster. Gore and
Jerrum (J. Stat. Phys. 97 (1999) 67-86) found that this dynamics may in fact exhibit slow mixing: they showed that, for the Potts model
with ¢ > 3 colors on the complete graph on n vertices at the critical point B+(g), Swendsen—-Wang dynamics has tyx > exp(ca/n).
Galanis et al. (In Proc. of the 19th International Workshop on Randomization and Computation (RANDOM 2015) (2015) 815-828)
showed that fyx > exp(cnl/ 3) throughout the critical window (Bs, B5) around B., and Blanca and Sinclair (In Proc. of the 19th
International Workshop on Randomization and Computation (RANDOM 2015) (2015) 528-543) established that tyx > exp(c/n)
in the critical window for the corresponding mean-field FK model, which implied the same bound for Swendsen—Wang via known
comparison estimates. In both cases, an upper bound of fyx < exp(c’n) was known. Here we show that the mixing time is truly
exponential in n: namely, f;x > exp(cn) for Swendsen—Wang dynamics when ¢ > 3 and 8 € (Bs, Bs), and the same bound holds for
the related MCMC samplers for the mean-field FK model when g > 2.

Résumé. La dynamique de Swendsen—Wang a été proposée a la fin des années 1980 comme une alternative a la dynamique du bain-de-
chaleur a un site, dans laquelle des mises a jour globales permettent a cet algorithme MCMC de passer plus vite d’un état métastable a un
état de mélange idéal. Gore et Jerrum (J. Stat. Phys. 97 (1999) 67-86) ont trouvé que cette dynamique peut en fait montrer un mélange
lent: ils ont montré, pour le modele de Potts a ¢ > 3 couleurs sur le graphe complet sur n sommets au point critique B.(q), que la
dynamique de Swendsen—Wang vérifie tyx > exp(c+/n). Galanis et al. (In Proc. of the 19th International Workshop on Randomization
and Computation (RANDOM 2015) (2015) 815-828) a montré que fy1x > exp(cnl/ 3) dans toute la fenétre critique (85, B5) autour de
Be, et Blanca et Sinclair (In Proc. of the 19th International Workshop on Randomization and Computation (RANDOM 2015) (2015)
528-543) ont établit que fyx > exp(c+/n) dans la fenétre critique pour le modele de champs moyen FK, ce qui implique la méme
borne pour Swendsen—-Wang grice des estimées de comparaison connues. Dans les deux cas, une borne supérieure de fyx < exp(c’n)
était connue. Dans cet article, nous montrons que le temps de mélange est vraiment exponentiel en n: plus précisément, fyx > exp(cn)
pour la dynamique de Swendsen—Wang quand g > 3 et 8 € (Bs, Bs), et la méme borne est vraie pour 1’algorithme MCMC associé pour
le modele de champs moyen FK quand g > 2.
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1. Introduction

The mean-field g-state Potts model is a canonical statistical physics model extending the Curie—Weiss Ising model (g = 2)
to g € N possible states; for g > 3, it is one of the simplest models to exhibit a discontinuous (first-order) phase transition.
Formally, the mean-field g-state Potts model with parameter f is a probability distribution w, g 4 over {1,..., g}", given
by tn,pg,q(0) x exp(gH(a)), where H (o) = ij 1{o; = o}. The model exhibits a phase transition at 8 = B.(g) from
a disordered phase (8 < B.), where the sizes of all g color classes concentrate around n /g, to an ordered phase (8 > B.),
where there is typically one color class of size agn for ag > 1/g (see §2).

As a means of overcoming low-temperature bottlenecks in the energy landscape (dominant color classes), Swend-
sen and Wang [20] introduced a non-local reversible Markov chain, relying on the random cluster (FK) representa-
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tion of the Potts model. The mean-field FK model is the generalization of G(n, p) — the Erd6s—Rényi random graph —
parametrized by (p = %, ¢), in which the probability of a graph G = (V, E), identified with » € Qgc := {0, 1)), is given

by 74, p,q (@) p|E| (11— p)(;)_‘E‘qk(G), where k(G) is the number of connected components of G (clusters of w).

Via the Edwards—Sokal coupling [9] of the g-state Potts model at inverse temperature 8/n and the FK model with
parameters (p, q) with p = 1 —e™#/"_the mean-field Swendsen-Wang dynamics can be formulated as follows: consider
a mean-field Potts configuration o with V1, ..., V, being the sets of vertices V; = {x : o, = i}. An update of the dynamics,
started from o, first samples, independently for every i =1, ..., ¢, a configuration G; ~ G(|V;|, p) on the subgraph of
V;, forming an FK configuration w as the union of the G;’s; then, it assigns an i.i.d. color X¢ ~ Uni({1, ..., g}) to each
cluster C in w, and for every x € C, sets cr; = X in the new state ¢’ of the Markov chain.

As apparent from the second (coloring) stage of the Swendsen—Wang algorithm, it can seamlessly jump between the
q ordered low-temperature metastable states where one color is dominant. It was thus expected that this MCMC sampler
would converge quickly to equilibrium at all temperatures; e.g., its total variation mixing time #y;x, formally defined in
§2, would be at most polynomial in the system size for all 8 > 0.

Indeed, at g = 2 (the Ising model) Cooper, Dyer, Frieze and Rue [7] proved that, on the complete graph, Swendsen—
Wang has fyx = O(/n) at all B (it was later shown in [18] that fy;x =< nl/* at B while tyx = O (logn) at B # B.), and
Guo and Jerrum [15] recently showed that for any n-vertex graph and all 8, Swendsen—Wang has fy;x = n® (this is in
contrast to single-site dynamics, where tfyx > exp(cn) at low temperature [8]).

Countering this intuition, however, Gore and Jerrum [14] found in 1999 that, for any g > 3, the Swendsen—Wang
dynamics for the mean-field g-state Potts model has fy;x > exp(ca/n) for some c(g) > 0 at its critical point 8.(g). This
is a consequence of the discontinuity of the phase transition of the mean-field Potts model for ¢ > 3, where at 5.(q), both
the ¢ ordered phases (with one dominant color class) and the disordered phase (with all color classes having roughly n /g
sites) are metastable.

On the lattice (Z/nZ)“, the Potts model exhibits a discontinuous phase transition for some choices of ¢ (depending
on d); there it was shown in [5], following [4], that Swendsen—Wang dynamics in fact has tyx > exp(cnd _1) for all ¢
sufficiently large, suggesting that an exponential lower bound in n should also hold in mean-field, believed to approximate
high-dimensional tori. (The matching upper bound of [5] applies to general graphs and translates to f;x < exp(c’'n) on
the complete graph.) On 72, this lower bound was extended [12] to q where the phase transition is first-order (all g > 4).

For the Glauber dynamics of the mean-field Potts model, when g > 3, the mixing time for all 8 was characterized in [8],
where it was shown that, in discrete-time, fy;x has order n logn at B < B, order n*/3 at B = Bs, and finally ty;x > exp(cn)
at B > By, where B is the spinodal point corresponding to the onset of g ordered metastable phases. Recently, Galanis,
Stefankovic and Vigoda [10] analyzed the mixing time of the analogous mean-field Swendsen-Wang dynamics, finding
it to mix in polynomial time' both at high temperature and — unlike Glauber dynamics — at low temperatures, for all
outside a critical window (B, Bs) around B., where the critical point Bg (mirroring the spinodal point B;) marks the
disappearance of metastability of the disordered phase.

For B € (Bs, Bs), Swendsen—Wang was shown in [10] to slow down to fyx > exp(cnl/ 3). The related Glauber dynam-
ics for the mean-field FK model (see precise definitions in §2) with g > 2 was shown by Blanca and Sinclair [1] to have
tuix > exp(ca/n) whenever A = np is in the critical window (Ag, As); this implied, via comparison results of Ullrich [21],
that Swendsen—Wang has fyx > exp(c./n) throughout 8 € (Bs, Bs) (extending the lower bound at 8 = 8. due to Gore
and Jerrum).

The fact that three significant papers, over a period of almost twenty years, all presented a lower bound no better than
exp(c+/n), left open the possibility that this is the true order of the mixing time inside the critical window.

We show that the mixing time of the mean-field Swendsen—Wang dynamics is truly exponential in n at criticality,
similar to the single-site Glauber dynamics (see Figure 1).

Theorem 1. Let g > 3 be a fixed integer, and consider the Swendsen—Wang dynamics for the q-state mean-field Potts
model on n vertices at inverse temperature € (Bs, Bs). There exists some c(B, q) > 0 such that, for all n large enough,
tix = exp(cn).

The case of non-integer ¢ (the mean-field FK model) is more delicate: the analogue of Swendsen—Wang in this setting
is Chayes—Machta dynamics [6]; we nonetheless are able to obtain an analogous, exponential in n, lower bound on the
mixing time. As in [1], comparison results of [21] extend the result to heat-bath Glauber dynamics.

Theorem 2. Fix q > 2, and consider Glauber dynamics for the mean-field FK model on n vertices with parameters

(p= %, q) where A € (Ag, As). There exists c(\, q) > 0 such that tyqx > exp(cn) for large enough n. The same holds for
Chayes—Machta dynamics.

11t was shown in that work that tmix = O(logn) for B ¢ [Bs, Bs), whereas fyx < nl/3 at B=Bs.
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Fig. 1. Mixing times of continuous—time mean-field Potts Glauber (green) and Swendsen—Wang (blue) dynamics when ¢ > 2; the dashed line represents
the previous lower bound [1,10,14] for 8 € (Bs, Bs).

To outline our approach for proving Theorems 1-2, we first sketch the argument of [14], thereafter adapted to B €
[Bs, Bs) in [10] and to the FK model in [1]. Starting from a Potts configuration where each color class has 2 + ¢en
vertices, since B < Bg, for small enough ¢, this corresponds to subcritical Erd6s-Rényi random graphs in the first stage
of the Swendsen—Wang dynamics. The exponential tail of component sizes in this regime shows that, for a sequence
k = k(n), with probability at least 1 — nexp(—ck), no cluster in the edge configuration we obtain is larger than k; on
this event, the component sizes .Z; satisfy ), .,?j.z < kY % = nk, thus by Hoeffding’s inequality, with probability
1 — O(exp[—&2n/(2k)]), every new color class will have n/q & en vertices, and in particular no dominant color class
would emerge. In this argument, choosing k = /n balances the two probability estimates to 1 — exp(—c+/n). However,
at § > B, the Potts model does admit a dominant color class with positive (uniformly bounded away from 0) probability;
thus the mixing time is at least exp(c/n).

This argument extends to 8 € (B;, B¢): there, one bounds the probability that the largest color class is smaller by en
than its mean, or one of the other color classes is larger by en than its mean; these probabilities are then bounded using
concentration of the giant component in a supercritical random graph and the discrete duality principle.

In order to improve this lower bound into exp(cn) per Theorem 1, instead of looking at the size of the largest component
after the G(n, p) stage of the dynamics, we consider Sy, the set of vertices in connected components of size larger than
M. We show that, whenever the G(n, p) stage is subcritical and M is sufficiently large, the probability that |Sys| > pn
is at most exp(—cpn). Moreover, given |Sy/| < pn, Hoeffding’s inequality implies, following the second stage of the
dynamics, all the new color classes will have g + en vertices except with probability exp[— (e — p)?n/(2M)], yielding
hix > exp(cn).

The proof of Theorem 2 also relies on this random graph estimate, but is more involved. Since a step of Chayes—Machta
dynamics only resamples a random proper subset of the configuration in each step, we cannot define an analogous set of
configurations which is hard to escape uniformly over all initial states in the set. Instead, we use a spectral approach and
bound the conductance of an analogous set of FK configurations, showing that it has an exponentially decaying bottleneck
ratio under 7, 4. In order to obtain such equilibrium estimates under 7, p 4, we recursively apply a fundamental lemma
of Bollobds, Grimmett and Janson [3] to reduce equilibrium estimates under 7, , 4 to random graph estimates for G(m, p)
for appropriately chosen m.

2. Preliminaries
Notation

Throughout this paper, we use the notation f < g for two sequences f(n), g(n) to denote f = O(g), and let f < g denote
f < g < f. We will consider these models on the complete graph on n vertices, G = (V, E) = ({1, ..., n}, {ijh<i<j<n)-

Denote by 7, 4 the FK measure on the complete graph on n vertices with parameters p, g, and by w,, p 4, the Potts
measure with 8 such that p = 1 — e=#/". The FK model with ¢ = 1 corresponds precisely to the Erdés—Rényi random
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Fig. 2. The free energy landscape of the 3-state Potts model in the metastability window Bs < B < 5. The three outer peaks correspond to the ordered
phases; middle peak corresponds to the disordered phase.

graph G(n, p) and we use the shortened notation m,, , = 7, , 1. We occasionally use G(n, p, g) to denote the mean-field
FK model given by 7, , 4. Finally, we use the notation [ to denote the restriction to some subset F' C E, e.g., T, p (- [(,})
is the marginal of ;_ , on {e}.

For any FK configuration w € {0, l}E , enumerate the clusters of w in decreasing size Cy, Cp, ... and let .%; = |C;|. For
a vertex x let, C, denote the cluster to which x belongs.

We re-parametrize the FK and Potts models by A instead of p and g via the relations p =A/n and A/n =1 — e P/",
as this is the scaling at which G(n, p, ¢) undergoes a phase transition. For ¢ <2, let A; = A, = A5 = ¢, and for g > 2, let

qz - 2(¢g —Dlog(g — 1)
et —1] o qg-—2

kszmin{z—l- , rs=4q,

z>0

so that for ¢ > 2, we have A; < A, < Ag (see e.g., [1,10]). The critical points Ay, Ag correspond to the emergence and
disappearance of metastability of the ordered phase and disordered phase, respectively; namely, above X, the free energy
has a local maximum corresponding to the ordered phase (where there is a giant component in the FK configuration),
and below Ag, it has a local maximum corresponding to the disordered phase (where there is no giant component). At the
critical A = A., the ordered and disordered phases have the same free energy (see Figure 2). These two critical points can
also have the following alternative interpreation [10]: A corresponds to the first uniqueness/non-uniqueness threshold of
the A-regular infinite tree, and Ag should correspond to a second uniqueness/non-uniqueness threshold of the A-regular
tree with periodic boundary conditions.

The FK and Potts phase transitions

The following give a description of the static phase transition undergone by the mean -field FK and Potts models respec-
tively. Let ®, = ©,(A, ¢g) be the largest solution of e™** =1 — m S0 ®, = 1 2 when A = Ae.

Proposition 2.1 ([3, Thms. 2.1-2.2], [19, Thm. 19]). Consider the n-vertex mean-field FK model with parameters (p, q)
with p = A/n; if L < Ac(q), for every e > 0, we have limy,_, o 70y p o () < en) = 1 whereas if & > L:(q), for every
e >0, we have lim,_, oo 7y, p ¢ (L1 = (O, — &)n) = 1. If A = Ac(q), there exists y(q) € (0,1) so that for all ¢ > 0,
lim;, _, ”n,p,q(gl <eén) >y and lim, ”n,p,q(gl >©,—en)=1-y

Corollary 2.2. Consider the mean-field Potts model parametrized by q and p =A/n=1—e P/"_If . < A.(q), for any

>0,
<8)—l

such that for sufficiently small ¢ > 0,

Z 1o, =r)—

i<n

Zl{a,_r}——

i<n

n—oo

lim un,p,q< : max

and if A > Ac(q), then there exists m;.(q) > g~

Zl{a,_l}—mk

i<n

.....
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If g > 2 and » = A.(q), there exists m.(q) > q_l

121{@:@—1
n q

i<n

. 1
nll)ﬂgo Mn,p.q (rféa"q”; Zl{ai =1} —m,

,,,,, .
i<n

and y (q) € (0, 1) so that for all sufficiently small ¢ > 0,

lim fty, pq| max <e|>y, and
n—00 r:],,,,q

1 1 —me
A= Noi=r) -
n -1

i<n 9

1_
}<8)Z_f
q

Cluster dynamics

Swendsen—Wang dynamics for the g-state Potts model on G = (V, E) with parameter f, such that p = 1 — e=#/7 is the
following discrete-time reversible Markov chain. From a Potts configuration o on G, generate a new state o’ as follows.

(1) Introduce auxiliary edge variables w € {0, 1}E as follows: for every e = xy € E, set w(e) =0 if 0, # o) and inde-
pendently sample w(e) ~ Ber(p) if o, =0,.

(2) For every connected component of the resulting w, reassign the cluster, collectively, an i.i.d. colorin 1,...,q, to
obtain the new configuration o’.

Chayes—Machta dynamics for the FK model on G = (V, E) with parameters (p, g), for ¢ > 1 and p = A/n, is the
following discrete-time reversible Markov chain: From an FK configuration w € Qg on G, generate a new state o’ € Q¢
as follows.

(1) Assign each cluster C of w an auxiliary i.i.d. variable X¢ ~ Bernoulli(1/q).
(2) For every e = xy, if x and y belong to active clusters (X¢ = 1), independently sample «’(e) ~ Ber(A/n), and
otherwise, set @’ (e) = w(e).

Variants of Chayes—Machta dynamics with 1 < k < |g] “active colors” have also been studied, with numerical evi-
dence for k = | g being the most efficient choice; see [11].

Glauber dynamics for the FK model

Swendsen—Wang dynamics is closely related to the FK model; much of the analysis of Swendsen—Wang dynamics on
general graphs has been via the Glauber dynamics for the corresponding FK model. Discrete-time Glauber dynamics [13]
for the FK model on G = (V, E) with p = A /n is as follows: select an edge e = xy in E uniformly at random and update
w(e) according t0 7w, p 4 (-[(ey | @I G_(e})-

Size of largest component and drift functions

—AXx

For A > 1, let 8, be the unique positive root of e~** =1 — x. Recall the following tail estimates for .£; in G(n, p).

Fact 2.3 (e.g., cf. [16, p. 109]). Consider G(n, p) with pn = X < 1. Then for any x,

(=02
nn,p(|cx| > k) <e 2

In particular, 7w, 1 (L1 > k) < nexp(—(1 —1)%k/2).

Proposition 2.4 ([18, Lemma 5.4]). Consider G(n, p) with np = A > 1. There exists c(A) > 0 such that for every ¢ > 0,

2
T p1 (|41 — Orn| = en) S e,

For the proof of Theorem 1, following [10,14] define the drift function for the average size of the largest color class of
the Swendsen—Wang dynamics

£ — z@kz+%(1—zelz) forz > 1/A
W= ! forz<1/a [

(The expression for F;(z) when z > 1/A is as such since in the G(n, p) step of the largest color class—of size zn—there
will be a macroscopic component of size z6,, contributing to the largest color class at the next time step, in addition to 5
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of the remaining vertices). The function F; (z) has, for some values of A a second fixed point besides %, which we denote
by a; > 1/q, which solves (for a short explanation see [10, Eq. (4)-(5)])

(q — Day 1 —ay
log——=Ala) — .
1—a, qg—1

Proposition 2.5 ([10, Lemma 5]). If A > Ay, the fixed point ay, is such that la) > 1 and if b, = 1(11”]* , we have \b; < 1.
Moreover, if ¢ > 2 and ) > A, a;, is a Jacobian attractive fixed point of F5(z) so that |F'(ay)| < 1.

Similarly to the above, we can define the function f given by

f0)=06,31+G4-10)/9-

which governs the mean drift of the size of the giant component in Chayes—Machta dynamics. We can also define ®, to

be the largest solution to eM=1- H—(lq]—)il)x' Following [1], let ®nin (A, g) = max{0, (g — A)/(A(g — 1))}, observe that

if A <Ag, AM(Ompin + q_l(l — Onin)) = 1, and define the drift function g(0) = f(6) — 6.

Proposition 2.6 ([1, Lemma 2.14]). When q > 2 and \ > A, the drift function g has two roots, ®* < @, in (Opip, 1];
moreover, g is strictly positive on (0%, ®,).

Mixing time and spectral gap
In this section, we introduce the quantities of interest regarding the time for the Swendsen—Wang and Glauber dynamics

to reach equilibrium. Consider a Markov chain with finite state space €2 and transition matrix P reversible with respect
to . For two measures v, m, define their total variation distance by

1
v =7 llry = sup |v(A) — (A)| = Sy =xllgr.
ACQ

Then the mixing time of P is defined as
— 1 . t
fuix _1nf{t : }}3‘;"5”1’ (Xo,) =7y < 1/(2e)}.

A related quantity that is sometimes easier to work with is the spectral gap of P; Since P is reversible with respect
to 7r, we can enumerate its spectrum from largest to smallest as 1 = A; > A > --- > A|q|; then the spectral gap of P is
defined as gap = 1 — max{A,, —A|q|}. The following is a standard comparison between the spectral gap and the mixing
time of a Markov chain with transition matrix P (see e.g., [17]):

gap ™!

— 1 < fyix < log(2¢/mmin)gap ™. 2.1
Spectral gap comparisons

The following comparison inequalities between the aforementioned Markov chains are due to Ullrich.

Proposition 2.7 ([21]). Let g > 2 be integer. Let gapg be the spectral gap of Glauber dynamics FK model on a graph
G = (V, E) and let gapgy be the spectral gap of Swendsen—Wang. Then

(1= p+ p/q)gaprc < gapsw < 8gaprc|E|log|E|. (2.2)
The proof of (2.2) further extends to all real g > 1, whence

gapgrc S gabem S gaprel E|log|E|, (2.3)

as was observed (and further generalized) by Blanca and Sinclair [1, §5], where gapcy is the spectral gap of Chayes—
Machta dynamics.
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3. Slow mixing of Swendsen—Wang dynamics

Towards the proof of Theorem 1, we first establish some preliminary estimates. For w € Qgc, we will frequently be
interested in bounding the following quantity:

Su=Su(@)={xeV:|C>M].
The bottlenecks in the proofs of Theorems 1-2 both rely on the following estimate.

Lemma 3.1. Consider o ~ G(n, p) with np = X < 1. There exists c(A) > 0 such that for every p > 0, there exists
Mo (A, p) such that for every M > M,

nn,p(|SM| = ,Ol’l) 5 e,

Proof. Recall that by Fact 2.3, there exists c{ (1) > 0 such that 7, ,(|Cx| > k) < e~ 1% for all k. Moreover, conditioned
on other clusters, the remaining graph is distributed as G(m, A/n) for m < n, so that for any ¢ vertices yi, ..., y¢,

)2
nn’p(|cx| >k )cyl, ey Cypy G N (Ucyl) =@> <e ik, (3.1)

i=1

Let Y, be the number of clusters with at least M vertices. Then by revealing clusters sequentially, e.g., beginning with
revealing Cy, then C,, for some y ¢ C, and so on, we see from (3.1), that Y); < Bin(n, e~ M) Thus, by Azuma—Hoeffding
inequality,

Tn p (Y = ne™ M 1) < o12/m)
Now let
K=(eM+m
plugging into the Azuma—Hoeffding bound, we obtain

K
_ 2
7n,p(ISm| = pn) S?Tn,p(Zi”i an> /M), (3.2)

i=1

In order to bound the right-hand side above, fix vertices x1, ..., xg; by (3.1), the law of | U,K:1 Cy, | is dominated by the
sum of K 1i.i.d. random variables Zi, ..., Zg, where, for some a(A), b(A), v(1) > 0 (independent of M and n), Z; is
sub-exponential with parameters (v, b) and mean a. This domination is evident if one exposes the clusters C,; and sums
|Cy; | sequentially, noting that if x; € C,, for some i < j, the additional contribution to the sum is zero, and otherwise the
exponential tail of (3.1) applies.

By the definition of K, for any sufficiently large M (depending on p), KE[Z;] = Ka < pn/2. By a union bound and

symmetry, we have
U Cx,- Z IO n)

K
Ttn,p (ZZ > ,0’1) < <In()77n,p(
i=1 i=1
en K K
< <?> Ton.p (; Z; > KE[Z;]+ pn/2).

Moreover, Z,K: 1 Z; is also sub-exponential with parameters (Kv, b). Therefore, there exists c2(A) > 0 so that for all
p > 0, there exists My(X, p) such that for all M > M,

K
e
ﬂw(Zfi = P”) = (W

i=1

K

(e~ MM~y .
- —capn
) e B <e .

Plugging this bound in to (3.2) concludes the proof. |
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In the coloring stage of the Swendsen—Wang dynamics, the following simple application of a Chernoff—-Hoeffding
inequality proves useful.

Lemma 3.2. Consider an FK realization w on n vertices and suppose |Sy(w)| < en for some M > 0. Independently
color each cluster of w collectively red with probability r € [0, 1], and let R be the set of all red vertices. For all § > 0,

8%n
P(|IRI = rn| > (e + 8)n) < 26xp(—w>'

Proof. We consider P(|R| > (r + & +8)n) and P(|R| < (r — ¢ — §)n) separately. To bound the former, it suffices to prove
an upper bound on

P(IRUSH|=(r+e+8)n)=P(IR — Sul = (r + &+ 8)n — [Sul)
<P(|R—Su|= (r +&)n),

which by Hoeffding’s inequality satisfies

_ GntriSyD*
P(|R — Syl — r(n _ |SM|) > 8n +r|SM|) <e Ma-TSyD < efazn/(ZM).

Similarly bounding P(|R| < (r — e — 8)n) <P(|R — Sy| < (r — §)n) by Hoeftding’s inequality and combining the two
via a union bound concludes the proof. a

We prove Theorem 1 for g > 2 separately for A that is below, above and at A..
3.1. The supercritical regime: Proof of Theorem 1 for np = A € (A, As)

To prove Theorem 1 for A € (A, Ag), let p > 0, and define the set of configurations,

Y loi=r} -2

< pn}.
i=1 4

Now consider the Markov chain (X;),>¢ given by the Swendsen—Wang dynamics and let v; = (vtl, R v;’) be the corre-
sponding vector counting the number of sites in each state in X;. We need the following claim.

Ay = :a ef{l,...,q}": max
r=1,...q

Claim 3.3. Consider Swendsen—Wang dynamics with p = A/n = 1 — e P/" for L, < Ag; there exists po(h,q),
c(p,r,q), C(\,q) > 0 such that that for every p < pg

max Px, (X1 ¢ A,) <Ce . (3.3)
Xo€A,

Proof. Consider a fixed Xg € A,. In the G(n, p) step of the Swendsen—Wang dynamics, we consider the color compo-
nents separately. For each of the g colored components a new edge configuration is sampled according to G (v, A/n)

where i = 1,...,q; call the edge configuration we obtain a)’l and note that by definition of Swendsen—Wang dy-
namics, the clusters of {a)li }?:1 will all be disconnected. Then since |vy — (g, e, g)”oo < pn and A < Ag =gq, if
p <1l — g~ =: po, every colored component is sub-critical in the G(n, p) step. Thus, for all i = 1,...,q, by

Lemma 3.1, for some c(A) > 0, if p < Al — q_l, for every M > My (A, p) and every § > 0,
' —cb
P (1S (o) = 8n) = (15w 1 = dn) < e~

Union bounding over the g different such components, we obtain

e (Ullsute] =) <.

i=1
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In that case, if § = zﬁ and w is the edge configuration induced on the whole graph after the G(n, p) step of the dynamics,
there exists c(X, g) > 0 so that for M > My (A, p),

Pxo<|SM(w1)| > '07") Se .

We can then split up

n n
Px, (X1 ¢ Ap) st0(|SM(w1)| > %) +IP’XO<X1 ¢A, ‘ |Su (1) < %)

and consider the coloring step of the Swendsen—Wang dynamics. Then we obtain

q
PXO<X1 ¢4, | [Swon)] < %”) st0<U{

i=1

i n
vl__
q

zpn}]|sM(w1)|<%”).

By an application of Lemma 3.2 with e =§ = % and a union bound, the above is, for every p < A~! —¢~! and M >
My (A, p), bounded above by

2q exp(—p*n/(8M)).

Since all the above estimates were uniform in X € A,, we obtain the desired. O

By Corollary 2.2, since B is such that np = A > A, for every small p > 0, we have p, p 4 (Af)) > % If X is such that
vy = (3’ e g), clearly Xg € A, and by Claim 3.3 and a union bound, since A < Ag, there exists c¢(p, A, g) > 0 such
that for every p < po,

PX0< U {XIGAZ}>§e_C"/2.

t<ecn/2

cn/2

The definition of total variation mixing time then implies #yx > e as desired.

3.2. The subcritical regime: Proof of Theorem 1 for np = A € (Ag, )
We first prove the following consequence of Lemma 3.1.

Lemma 3.4. Consider G(n, p) with np = A > 1. There exist c(1), c’(\) > 0 such that for every p > 0 and ¢ > 0 suffi-
ciently small and for every M > My(X, p), we have

([ = n63] = en) } U 1Sy — C1| = pn}) S e e,

Proof. By a union bound, rewrite the left-hand side above as

JTn,p({|«>2ﬂl —nb, | ZEVZ} U {|SM —C| 2,01’1})
Sﬂn,p(|SM —Cil=pn || —nb| < en) +7Tn,p(|«>2ﬂ] —nby| > sn).

Since A > 1, by Proposition 2.4, we have that 7, ,(|.Z1 — 6,| > en) < ¢~ for some c(A) > 0. We now suppose that
A > (6, — e)n and appeal to a precise form of the discrete duality principle (see, e.g.,[2, §6.3] and [16, §5.6]). Observe
that conditioning on C; (if there are multiple largest clusters of the same size, pick the one with the smallest vertex label),
the remaining graph is distributed as G(n — .2}, p) conditional on the event that its largest component has size at most
A and has no component of size exactly .7 with smaller vertex label than Cj.

Since n — £ < (1 — 65 + &)n, the random graph G(n — %, p) is subcritical for all small ¢ (this is the essence of
the duality principle for branching processes; we again refer the reader to [2, §6.3] and [16, §5.6] for further details on
this). Thus the probability of it having a cluster of size at least (6, — e)n < % is at most ne¢=&n (see Fact 2.3).
The conditioning on the largest cluster size of G(n — £, p) is negligible, and it suffices to compute probabilities under
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G(n — A, p). In that case, given n — £} < (1 — 0, + &)n and therefore subcriticality of G(n — .24}, p), by Lemma 3.1,
there exists c(A) > 0 such that for every p > 0, there exists My(X, p) > 0 so that for M > M, we have

TL’n—iﬂ],p(|SM| > pn) <e P,
combined with the union bound, this implies the desired. O

The proof of Theorem 1 for A € (Ay, A.) is a slight modification of the proof for A € (1., Ls). Recall the definitions of

0y, a;, and b, from §2. Fix A > A;. In decreasing order, let the number of vertices in each color class of o be vl
and let
14 1 2 n— 1)1
A, = Ue{l,...,q}":|v —am|§pn,v < ] +pnt.
q—

By Corollary 2.2, since A < A, for sufficiently small p, we have ;. p,q(Afo) < % Therefore, it suffices by definition of
total variation mixing to prove the following.

Claim 3.5. Consider Swendsen—Wang dynamics with p = A/n = (1 — e P/") for A > Ay; there exist po(h,q),
c(p,r,q), C(\, q) > 0 such that for every p < po,

max Py (X ¢ A") < Ce™"; 3.4
g, Frola e a5 ce ey
Proof. Fix any X € A;) and let (v(l), ...,vg ) be its corresponding color class vector. By definition of a;, for some

o' (A, q) > 0 there exists y € (F'(a;), 1) such that if |v(1) —ayn| < p'n, we have |F(v(1)/n) —ay| < y|vé/n — ay|. From
now on we take p < p’.

Consider the G(n, p) step of the Swendsen—Wang dynamics. Since A > Ay, Aay > 1 and Ab, < 1, so that for p > 0
sufficiently small, the first colored class of Xg will be supercritical in the G(n, p) step and the other ¢ — 1 will all be
subcritical; call the ¢ random graph configurations we obtain in this step a)’i fori=1,...,q. Now fix such a p > 0 and

_ (=
lete = BT,

qj;)l‘)) . By Proposition 2.4, we obtain that for some c(1) > 0,

Py, (|Z1(e1) = U(l)e)\vé/n’ >en) S eeen,

Moreover, by Lemma 3.4, we also have for some c(}) > 0, for every M > My(A, €),
q

e 1401~ gl =) U)o 220 5 .

i=1

On the complement of the above event, w' has a single giant component of size 6n for 6n € (vé@m L/ €N, vé 0,4 1/n +en),

and |Sy; — C1| < gen. By Lemma 3.2, with probability 1 — e %", the largest color class of X will be the one containing
Ci (a)i) so without loss of generality, we also assume that is the case.

At that stage, observe that E[v% |0l =6n+ é(l — 6)n and E[vi |0] = é(l — 0)n for i # 1. Then, we can see that for
some c(M, 1) > 0, for every M > My (X, €),

2
]P’Xo(lvll - nF(vé/n)’ >qen—+en+dn) S e 4 pmeen,
In particular, this follows from a union bound over the aforementioned events that

(1) the size of the giant component |C;| is within en of vé@kvé/n and | Sy — Cy| < gen,

(2) the largest color class of X contains C; (a)} ),
(3) the fluctuations of the number of vertices outside Cj, sharing the color of Ci, are at most dn (this probability is
bounded by Lemma 3.2).

By a similar bound on the other ¢ — 1 coloring steps, the choice § = (1 — y)p/2, and the relationship between ¢ and
p, there exists c(g, M, A, y) > 0 such that for small p,

pxo< (v{,...v;f)_n(F(vg/n),

1—F@}/n) 1—F}/n)
T

)H >(1-— y)pn) Semeen,
o0
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By the choice of y and the triangle inequality, this implies

2

Pxy(X1 ¢ AL) <Px, (| (vf.-...v]) = (@n.ban, ... .ban)|| = pn) Se ",

which by uniformity of the estimates over X¢ € A;), concludes the proof. |
3.3. The critical point. Proof of Theorem 1 for np = A = A,

In Corollary 2.2, for every g > 2, either y(q) > % in which case Claim 3.5 concludes the proof, or 1 — y(q) > % in which
case Claim 3.3 concludes the proof.

4. Slow mixing of Glauber dynamics for the FK model

Since for ¢ noninteger, Chayes—Machta dynamics activates a strict subset of the vertices at a time, we will need to use a
modified argument to prove Theorem 2. We instead construct a bottleneck set S and bound its bottleneck ratio.

We first recall the important relationship between bottlenecks and the spectral gap. For a Markov chain with stationary
distribution 7 and kernel P on state space €2, for any A, B C 2, define the edge measure

Q(A,B)=) m(@)P(@, B)=)Y () Y Ploo),

w€eA w€eA w'€B

Then, the Cheeger constant of 2 is given by

(S, 59

® =min ———,
ScQ mw(S)m(S°)

and satisfies 2® > gap > ¢>2/2. 4.1

In order to prove the lower bound of Theorem 2, we prove such a lower bound on the inverse spectral gap of the Chayes—
Machta dynamics, then using Proposition 2.7 and a standard comparison between the spectral gap and mixing time (2.1),
we obtain the desired for the Glauber dynamics. Before the proof of Theorem 2, we prove some preliminary equilibrium
bottleneck estimates for the mean-field FK model.

The following lemma that was fundamental to the understanding of the distribution 7, 4, in [3] is very useful for the
proof of Theorem 2.

Lemma 4.1 ([3, Lemma 3.1]). Fixr € [0, 1]; consider a mean-field FK realization o ~ 1, p 4. Independently color each
cluster of w red with probability r and let R be the collection of all red vertices. Conditional on R, the subgraph w|p is
distributed as G(|R|, p, rq) and the subgraph wly _p is distributed as G(|V — R|, p, (1 —r)q).

The following corollary follows from iterating the process of Lemma 4.1 |g ] times.

Corollary 4.2. Consider a mean-field FK realization w ~ m,_p 4. Independently color each cluster of w colorry, ..., 1|4
with probability q~' each and ro otherwise. Then letting Ro, Ri, ..., Ry be the sets of vertices colored each of
o, ..., Vg, the subgraph restricted to R; for i =1, ..., |q] is distributed as G(|R;|, p). The subgraph restricted to

Ry:=V — U}ZJI R; is distributed according to G(|Ry|, p,q — Lq]). Moreover, the distributions of the [q] color classes
are (conditionally on Ry, . .., R\4)) independent.

Proof. Begin by independently coloring clusters of @ color r; with probability g~!. By Lemma 4.1, conditional on Ry,
the subgraph w/[g, is distributed as G(|R1|, p) and the subgraph w[y _p, is conditionally independent and distributed as
G(IV — Ril, p,q — 1). Now on V — Ry, the distributions of the colors is ry, ..., r 4 with probability (g — 1)_1 and
ro otherwise. Coloring vertices in V — R; color r, with probability (¢ — 1)’1, we see that conditional on R, the sub-
graph w[p, is conditionally independent of w[g, and distributed as G(|Rz|, p); moreover, the remainder is conditionally
independent and distributed as G(|V — R; — Rz|, p, g — 2) since (1 — (¢ — 1)_1)(q —1)=q—-2.

Repeating |g | times we obtain |g] conditionally independent subgraphs |, distributed as G(|R;|, p) and a remain-
ing subgraph |, also distributed as desired. ]

(Note that when ¢ is an integer, the set Rg is deterministically empty.) Via Lemma 4.1, we prove the following
analogues of Lemmas 3.1 and 3.4 when g < 1.
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Lemma 4.3. Consider the mean-field FK model on n vertices with parameters (p,q) withq <1 andnp =, <A.=q.
There exists c(r, q) > 0 such that for all p > 0 sufficiently small, there exists My(A, p) > O such that for all M > My,

ﬂn,p,q(|SM| = ,on) 5 e .

Proof. We prove the desired using Lemma 4.1. Consider the random graph G(m, p) with the choice of m = [¢~'n7;

applying Lemma 4.1 to G(m, p) with r = ¢, by [3, Lemma 9.1], for all X # ¢, we have P(|R| = n) > -&, for some

m
C()) > 0. Then, we can write for any event A C Qgc,

m
ZPCOI,m,A(|R| :l)nm,p(er € A|R,|R| :l) :Ecol,m,k[ﬂm,p(er €A R)]v 4.2)
=1

where Peol .5 is the distribution over colorings of w, averaged over realizations of @ ~ 7y, ,. Letting A = A, y =
{ISm| = pn}, for every R the probability on the right-hand side is bounded above by 7, , (A, ») which, by Lemma 3.1,
satisfies

nm,p(Ap,M) 5 efcpn,

for some c(X) > 0 and for every p > 0 and every M > My(A, p). But by Lemma 4.1,

d
7Tm,p(er €-|R,|R| =l) an,p,q(w €),

which combined with Peo) .5 (|R| =n) > C//m implies

ﬂn,p,l](|SM| = pn) < \/q—;lnefcpn. )

Lemma 4.4. Consider the mean-field FK model on n vertices with parameters (p,q) withq <1 and np =X > A, =q.
There exists c(r, q) > 0 such that for all p > 0 sufficiently small, there exists My(A, p) > 0 such that for all M > My,

nn,p,q(lsM —Cil = pn) S e P,
Proof. As before, consider G(m, p) with m = (q’lnl; by Lemma 4.1 with r = ¢ and [3, Lemma 9.1], P(|R| =n) >
C/ym. Let A=A,y ={|Su — Ci| = pn} in (4.2). Then observe that 7, ,(w[g € Ap.m) < 7Tm,p(Ap,») and by

Lemma 3.4, 7y, p(Ap M) S e” . Altogether, plugging the above bounds in to (4.2) implies that there exists c(1) > 0
such that for all p > 0 and all M > My(A, p),

T p.g (IS — Ci1 = pn) S /g~ 'ne™". O
4.1. The supercritical/critical regime, np = A € [A¢, A§)
We first prove the desired mixing time lower bound for A € [A., A5s), using the following bottleneck estimate.

Lemma 4.5. Consider the mean-field FK model on n vertices with parameters (p,q) where q¢ > 2 and np = A < Ag;
there exists c(p, M, ), q) > 0 such that for all sufficiently small p > 0, there exists My(X, p) such that for every M > My,

on _
nn,p,q(? <|Sml<pnl|lSul< pn) 56 .

Proof. For p, M > 0, define the events

Apm = {a) € Qgre : }SM(a))‘ < pn},

pn 4.3)
By y= 1w € Qpc: > < |SM(a))| <png.

In order to bound 7y, 4 (By m | Ap,m), use the coloring scheme described in Corollary 4.2. Let P be the set of all
possible partitions of {1,...,n} into [g] sets, i.e., the set of all possible colorings of FK configurations. Denote by P
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the probability measure over colorings (Ro, ..., R|4|) averaged over m, p 4, and Peo) (- | F) the probability measure over
such colorings, averaged over 7, p 4 (- | F). For every R € P,

e AL onR; fori =1,. LqJ
B g
TRl pg—lg) OonV —U;Z Ri =

Then we can write, by Corollary 4.2,

Tnpg(Bowt | Ap) =Y Peol(R| Ay s)TR(Byaa | Ap. ).
ReP

By Lemma 3.2, since A, p implies |Sy/| < pn, foreveryi =1,..., |q],

n
IEDcol<‘|Ri| -
q

>2pn ‘ AP,M> < 2e=Pn/CM).
If ||R;| — $| <2pnforalli=1,..., |q], we are left with a remainder set satisfying

|R0|€<<1—@—2 LJ) < —@-FzPLC]J) )
q q

Define the event I, over colorings of the mean-field FK model as

n
Fp:{RG”P:‘|Ri|——
q

<2,0nf0ralli:1,...,LqJ},

so that the above conclusion can be written as
. _ 52
Peol(T5 | Ap.a) < Lgle™ /M.
Combined with the expression for 7y, p 4 (Bp,m | Ap,m), this implies that

R(Bp,Mm) .
b4 B A <max —-—> +P.q(T¢ | A
v Bon | o) = o G Ben(T  Ap)

< max ar(|Su| = pn/2) +e—p2n/(2M).
Rel, 1 — R (|Sy| > pn)

By a union bound, the first term on the right-hand side is bounded above by

TRl prg—1g) ISm | = F2) + D7 TRt (IS | = 55)
i T Rolpa—la) 3tg7) T 2i=t....1q) TIRil.p 37 @)

Rely 1= 701Rol.p.g—1q) ISM| = ) = Xici1g) TIRA1p1 (SM] = £57)°

We lower bound the numerator and upper bound the denominator simultaneously as they entail similar estimates.
Since A < Ag = ¢, there exists po(X, g) such that for all p < pg, the random graph Q(" + 2|g]pn, p) is subcritical

and the FK model G((1 — LqJ +2plgn, p,g — Lg]) is also subcritical. In other words, if p < po(%, g), for every
R €T, the distributions R ,p fori=1,...,1q| and m|Ry|,p.g—|q) are all subcritical. As such, by Lemma 3.1, there
exists c(X, g) > 0 such that for every M > MO(A 0),

pn _ 2
ma T Syl> 42— ) <e /2 and
RErX Z |Rpl<| M|_2|_.|> e

pn —cpn
max TR, |, p, 1 |SM|2—>§e o,

Similar bounds under m|gy|, p,q—|q) follow immediately for a different c¢(X, q) > O from Lemma 4.3. Altogether, this
implies that for every p < pg and every M > M (A, p), there exists c(p, M, A, g) > 0 such that

nn,p,q(Bp‘M | Ap m) S e . U
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Proof of Theorem 2: the case np = X € [A¢, As). For p, M >0, let A, y and B, s be as in (4.3). By Proposition 2.1,
for A € [A¢, Ag), for sufficiently small p > 0 and large M, there exists c(A, g) > 0 such that nn,p,q(A;,M) > c. Then by
(4.1) it suffices to prove an exponentially decaying upper bound on

O(Apat, AS 1))
-~ < max P(Xy, A€ + Bo.m | Ap. M), 4.5)
nn,p’q(Ap,M) XOGAp,M*BﬂM ( ,O,M) n,p,q P, P,

where P, Q are the transition matrix and edge measure, respectively, of the Chayes—Machta dynamics. We first bound
the first term in the right-hand side of (4.5).

Consider some X € A, » — By m. In the activation stage of the Chayes—Machta dynamics, clusters are activated
with probability %; denote by A; the set of activated vertices in this stage of the dynamics. Since Xo € A, » — By, m, by
Lemma 3.2 with the choice of e =6 = p/2,

n
PX0<‘|A1| -
q

= pn) =20 PN

Since A < Ag =g, for p < A~ —¢~!, the random graph g((% + p)n, p) is subcritical. In that case, by Lemma 3.1, there
exists c(X, p) > 0 such that for every M > My(X, p),

n
PXO<X1 ¢ Ao | ‘|A1| -

<pn) spxo(isM(xlrm > 2| '|A1| -2

< pn)
q

Union bounding over the event ||A;| —n/q| > pn and its complement, there exists c(p, M, A, g) > 0 such that for every
p < Al — q_l, for every M > My (A, p),

< e—c,on/2

max  P(Xo, Af 4) Se” "
Xo€Ap,Mm—Bp.m ’

Lemma 4.5 yields a similar exponentially decaying upper bound on the second term on the right-hand side of (4.5),
concluding the proof. (]

4.2. The subcritical/critical regime, np = A € (Ags, Ac]
Recall the definitions of ®*(1, ¢) and ©, (A, q) corresponding to the drift function g from Proposition 2.6. When A €
(As, Ac], we will need the following intermediate lemma, before proceeding to the analogue of Lemma 4.5. This is a

straightforward adaptation of an argument of [1].

Lemma 4.6. Consider the mean-field FK model on n vertices with parameters (p, q) with np = A € (Ag, As); let wp €
Ap e, M Where

A,o,&,M = {U) A > (®* +£)}’l, ISy —Ci] < P”}-
Color Cy red and independently color each cluster in wy — Cy red with probability %; let R be the set of all red vertices.

Resample wol g ~ 7|R|,p,1 and let wy be the resulting configuration on n vertices. Then there exists c(p, &, M, 1) > 0 so
that for sufficiently small p, e > 0, for every M > My(A, p), uniformly in wo € Ay ¢ M,

P(L (1) < (@* + e)n) <e

Proof. Fix any wp € A, ¢ » and let ny = £ (wp) for 6y > ©* 4 ¢. Then
B{IRI] =6+ (1 = 60)n = o

so that by Lemma 3.2, for all p > 0,

P(|IRI - o] > pn) < 2¢=7 /M),



82 R. Gheissari, E. Lubetzky and Y. Peres

Therefore, we can write for every § > 0,
P(|-Z1(w1) — nf 60)| = én)

< max 7w p(| L4 —nf6o) zgn)_}_ze—pzn/(SM).

azla—pol<pn

For all 6y > ©* + ¢, for sufficiently small p > 0, using 6y > ©* > Oy, since A < Ag,the random graph G(g — pn, p)
is supercritical. By continuity of f, for any 6 > 0, there exists p > 0 sufficiently small such that max,:|q—yuq|<pn | f (60) —
Ora/n| < §; moreover, by Proposition 2.4, for every § > 0

0
max 74 p (1L — Orasnnl =n) Se o
azla—pol<pn

for some c(X, p) > 0. Thus, for sufficiently small p > 0, we have, for some c(p, M, A) > 0,
]P)(|gj (601) _ nf(90)| > 287’1) 5 67682)’! + e*pzn/(SM).

It remains to argue that for ¢ > 0 sufficiently small, there exists § > O such that for all 6y > ®@* + ¢, we have nf (6y) —
286n > (O©* +¢e)n. If 69 > ©, — ¢, then by [1, Lemma 2.14], f(6y) > O, — ¢ > @* + ¢ and for small enough ¢ letting
d= %(@r — ©* — 2¢) > 0 yields the desired. If 8y < ®, — ¢, since g is positive on (©*, ®,), for £ small, f(6y) > 6y >
®* + ¢. By continuity of f, for & < %(@r — ©%), letting § = % min[e+*+¢ 0, —¢] §> We obtain

f(6o) —28>60+g@) — min g>6y>0O"+e¢.
[®*+e,0,—¢]

Together, for ¢ > 0 sufficiently small, there exists c(p, €, M, A) > 0 such that
P(fl (w1) < (@* + 8)1’1) <e . ]
The following is the analogue of Lemma 4.5 in the presence of a giant component.

Lemma 4.7. Consider the mean-field FK model on n vertices with parameters (p, q) with ¢ > 2 and np = A € (Ag, As);
forevery p,e, M > 0 let

Epem= {Df] = (®* +8)l’l, ,0711 <|Sy—C| < ,on}.
There exists c(p, M, A, q) > 0 such that for sufficiently small p, & > 0, for M > My(X, p),
Tnpq(Epest | 1= (0 +&)n, 1Sy —Ci| < pn) S e

Proof. Fix np =A > A and for p, e, M > 0, define the sets

Ap et = {21 = (0" +&)n, Sy — Ci| < pn},
n
By m = {% <|Sy—C] < pn}.

We prove the lemma similarly to Lemma 4.5, after treating the giant component separately. Using the coloring scheme
of Corollary 4.2, with P.,; and g defined as before, by considering the color class to which C; belongs, and using
symmetry, we obtain

q
nn,p,q(Ep,e,M | Ap,s,M) = Z P.oi(R|Cy C Ry, Ap,s,M)T[R(Ep,s,M |C1 C Ry, A,o,e,M)
g ReP
q
7— L] Z Peot(R [ C1 C Ro, Ap e, )TR(Ep e, m | C1 C Ro, Ap o m).

ReP

Call the two sums on the right hand side I and II respectively and consider them separately. Conditional on A, ¢ » and
Ci C Ry, if pur = (O* + &)n + 5(1 —®* —&)n,

Peot (|R1| = 1 — 20n | C1 C Ry, Ay epr) < e ?/CM),
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where we used Lemma 3.2 with € = § = p. Following the proof of Lemma 4.5, let

|R;| —

I ) n—|Ry|
'y = R:Ri| = pur —2pn, V-1

<2pnforalli:2,...,LqJ}.

By Lemma 3.2 and a union bound, ]P’COl((I‘}))C [Ct C R, Apem) < 2[q]e""2"/(2M).
Using the fact that for every ¢ > 0, E, ¢ » C By u, We can write

I<Peo((Th)1CL CRI Apen) + max 7R(Epem | Ap e, Ci CRY)
)

<‘]|—‘I—| —ptnjem | 4 max aR(By m | L1 = (©F +¢)n,C1 C Ry)

lg] lg] Rerl TR(Ap e | L1 > (©F +6)n,C1 C Ry)

IfRe F/I), for sufficiently small p > 0, the definition of ®* and A > Ay implies G(|R;|, p) is supercritical, and both

G (% + 2pn, p) and G(|Ro|, p, g — Lgq]) are subcritical. By a union bound we can expand the numerator above as at
most

. pn
lgr;zlr)i(nR,|,p<lSM C1|Zmlﬁ_(® +¢) ) Z 7T|R|p<|SM|Zﬁ>

+ T\ Rol. pog— (|SM|_ ))+e—C®*",
[Rol,p.g—1q] 2|- '|

and analogously, the denominator as at least

min (1 —7T|R1,p<|SM Ci| = — |$1 (®* +8)I’l> — T|Rol, p.g—14q] <|SM| = T _|)

Rer'l - f 1

Z jTRAlP<|SM|_ |_ —|>>—€_C®*n_

i=2,..., lg]

(In both of the above, we paid a cost of ¢~“®"" for the assumption %} () = % (w| r,).) By Lemma 3.4, (for every
A= (O +e)nand ReTL, G(|R|| — A, p) is subcritical) there exists ¢(A, g) > 0 such that for sufficiently small
p,&>0andevery M > My(A, p),

max 7R, |.p.1| IS C|>— | L4 >(0"+¢ n)ge—fp”ﬂ, and
Rert P ('M 2557 42 (0 +9)

P

max 7TR1|,p,1(|SM —-Ci|l > pn | % > (@* +8)n> Seﬂp"
Rer] [q1

Moreover, as in the proof of Lemma 4.5, by Lemmas 3.1 and 4.3, we also have that fori =2, ..., | g that there exists
c(A, g) > 0 such that for every M > My(A, p),

n .
max g p.1( [Sm| > L Se ", and
IR;|,p,
Rel“ﬁ [q]

max 7T|Ry|, p.g—lq| <|SM| > _) < «/_e_‘p"

Rerl A

Clearly, analogous bounds hold for the above when replacing ﬁj—"] with %. Combining all of the above bounds and

plugging them in to the right-hand side of

aR(By m | 41 > (©F +¢e)n,C1 C Ry)
I < max

4 e Pn/CM)
Rel'l TR(Ap e m | 21 = (©* +6)n, C1 C Ry)
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yields an exponentially decaying upper bound on the sum I. The bound on the sum II is very similar. Letting puy =
(O* + &)n + ‘1‘%(1 — ®* — &)n, we define

n— |Ro|

IR;| —
lg]

F},I={|R0|2MII—2P”: <2pnf0ra]1i=1,...,LqJ}.

As before, by Lemma 3.2, we can write

< e Pn/CM) o e TRBpm |21 2 (O +6)n,Ci C Ro)
~ RerXt TR(Ap e, m | 2 > (O*+¢e)n,C1 C Ry)

and observe that for every R € I'll, since A € (A, A5), for sufficiently small p > 0, the FK model 7|g|. p.g—|q) 1S SU-

percritical and the random graphs G(|R;|, A) are subcritical foralli =1, ..., |[g]. By Lemmas 3.1 and 4.4, there exists
c(X, g) > 0 such that for every p > 0 sufficiently small and every M > My(X, p),

on
max 7T|Ry|. p.q— ISy —Ci| > — |4 > @*—i—en)
s IR g LqJ< ] ( )

n .
< max 7\Ry|,p.q—lq] <|SM—Cl|Zp—>§e_6pn, and

Rer'll A
pn —epn .
maxn|Ri|,p,1(|SM|z—>§e foralli=1,..., q],
Rer'll [q]
and by the same reasoning, analogous bounds hold when replacing % with Z’F—"]. Then expanding the fraction in the

upper bound on II as done in the bound on I implies there exists c(A, g) > 0 such that for sufficiently small p, & > 0 and
every M > My(A, p),

T[n,p,q (Ep,S,M | Ap,s,M) 5 I+1I S e—cpn 4 e—L‘(~)*n + e_p2n/(2M). O

We are now in position to complete the proof of Theorem 2.
Proof of Theorem 2: the case np = A € (Ag, Ac]. The proof when X € (Ag, A.] is similar to the extension of slow mixing
for the Swendsen—Wang dynamics when A € [A., Ag) to A € (&g, Ac]. Recall that for fixed A > A, the two zeros of

g(0) = f(0) — 6 were denoted ©®* < ©, so that g is positive on (@*, ®,). We again use a conductance estimate to lower
bound the inverse gap of the Chayes—Machta dynamics. Define for every p, &, M > 0,

Apem ={Z1 = (0" +&)n, |Sy — Ci| < pn},
* pn
Epem= {‘,2”1 > (@ +8)n, > <|Sy —Ci| < pn}.
Asin (4.5), by (4.1) it suffices to show an exponentially decaying upper bound on

Q(Ap &M, AC )
6 p.e,M ¢

max P(Xo, A + 70 pg(Epem | Apem)
JTn,p,q(Ap,s,M) ™ Xo€Apem—Epem ( ' p,s,M) Patep ’ ’

for sufficiently small p,e > 0 and large M this is because by Proposition 2.1, for all small enough ¢, p, we have
TTp, p,q(Af)’ . ) = ¢ > 0. We bound the two terms above separately as in the proof for A € [A., Ag). First of all, note by
Lemma 4.7 that the second term on the right-hand side is bounded above by e¢~“" for some c(p, M, X, g) > 0 for every
sufficiently small €, p > 0 and every M > My(%, p).

Now consider any Xo € Ay ¢ i — Ep,e,y and bound P (Xo, A;‘;, ear) under the Chayes—Machta dynamics. We split the
transition probability of the Chayes—Machta dynamics into the case when C; (X() is activated and C; (Xg) is not activated,;
let A; denote the set of activated vertices. If C1(Xg) ¢ A;, we have E[|A;] |C1 ¢ A1] < [ll(l — ®* — ¢)n and since
Xo € Apem, by Lemma 3.2,if ¢ > p, then

1
Px, <|A1| > —(1-0"—¢)n+en|Ci(Xo) ¢ Al) <2¢7E/CM),
q



Exponentially slow mixing in mean-field Swendsen—Wang dynamics 85

If |A;] < %(1 — ©* — g)n + ¢en, for sufficiently small & > 0, since A < Ag = ¢, the random graph G(|.A;|, p) is subcritical,

in which case with probability at least 1 — O ¢ (X1) =C1(Xp). By Lemma 3.1, there exists c(p, M, A, q) > 0 such
that for 0 < p < ¢ sufficiently small and every M > My (A, p),

Px,(|Sn(X1) —Ci(XD| = pn | C1(Xo) ¢ A1)

pn —en/2M) | ,—cO*
S;]qu(l—e)*+(q—l)s)n,p,l ('SM| = 7) +e " +e

< g—cpn +e—82n/(2M) +e—c@*n.

Thus, for some c(p, e, M, A, q) > 0, for small enough 0 < p < ¢, and every M > My(X, p),

max Px, (Xl ¢ Apem|Ci(Xo) & A]) Se .

XOEAp,s.M*Ep,s,M

Now suppose that C;(Xo) C Aj; then one step of Chayes—Machta dynamics is described precisely by the set up of
Lemma 4.6, with p replaced by p/2, yielding

max Px, (.,?1 < (@* + s)n | Ci(Xg) C Al) < ecn

XOEAp,s,M_Ep,E,M

for some ¢’(g, p, M, A, g) > 0 for all sufficiently small ¢, p > 0 and M > My(A, p). On the complement of that event,
deterministically Cy (X1) = C1(X1[ 4,). By Lemma 3.4, for some c(4, g) > 0, for small ¢, p > 0 and large M > My (%, p),

P(|Su(X114,) — Ci(X11.4))| = pn/2 | C1(Xo) C Ay) S e P2,

Combining the above, we deduce that there exists c(p, &, M, A, g) > 0 such that for all sufficiently small 0 < p < ¢, for
every M > My (X, p), we have P (X, A;’E,M) < e~ ", concluding the proof of Theorem 2 when A € (A, Ac]. O
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