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Abstract. This paper is concerned with parametric inference for a stochastic differential equation driven by a pure-jump Lévy
process, based on high frequency observations on a fixed time period. Assuming that the Lévy measure of the driving process be-
haves like that of an «-stable process around zero, we propose an estimating functions based method which leads to asymptotically
efficient estimators for any value of « € (0, 2) and does not require any integrability assumptions on the process. The main limit
theorems are derived thanks to a control in total variation distance between the law of the normalized process, in small time, and the
a-stable distribution. This method is an alternative to the non Gaussian quasi-likelihood estimation method proposed by Masuda
(Stochastic Process. Appl. (2018) To appear) where the Blumenthal-Getoor index « is restricted to belong to the interval [1, 2).

Résumé. Dans cet article, nous étudions I’estimation des paramétres d’une équation différentielle stochastique dirigée par un pro-
cessus de saut pur, a partir d’observations hautes fréquences du processus sur un intervalle de temps fixe. En supposant que la
mesure de Lévy du processus de saut qui dirige 1’équation se comporte autour de zéro comme la mesure de Lévy d’un processus
a-stable, nous proposons une méthode d’estimation basée sur des fonctions estimantes qui conduit a des estimateurs asymptoti-
quement efficaces des parametres de tendance et d’échelle, pour toute valeur de « € (0, 2), et qui ne nécessite pas de conditions
d’intégrabilité du processus. Les principaux résultats asymptotiques sont obtenus grice a un contréle en variation totale entre la loi
du processus renormalisé, en temps petit, et la loi a-stable. Cette méthode est une alternative a la méthode de quasi-vraisemblance
non gaussienne proposée par Masuda (Stochastic Process. Appl. (2018) To appear), ou I’indice de Blumenthal-Getoor « appartient
alinterval [1, 2).
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1. Introduction

Pure-jump processes are widely used and appropriate in several fields such as traffic modeling, energy market model-
ing and estimation of such processes is a currently active topic. In this paper we are interested in parametric estimation
of the drift and scale coefficients for a one-dimensional stochastic differential equation

dX[ :b(X[,G)dt +a(le,O')st,

where L is a locally stable pure-jump Lévy process with Blumenthal-Getoor index « € (0, 2). This choice of L
encompasses stable processes and also many other interesting processes.

We study the estimation of (6, o) from discrete equidistant observations of X on a fixed time interval with time grid
mesh shrinking to zero. In this high-frequency observation context it is known that the estimation of 6 is impossible
if the driving process L contains a Brownian part (which corresponds to the case o = 2). However when o < 2,
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both parameters 6 and o can be estimated. This problem has been studied first when X is a Lévy process (which
corresponds to constant coefficients a and b) in several papers, see for example Ait-Sahalia and Jacod [1,2], Kawai and
Masuda [15,16], Masuda [20], Ivanenko, Kulik and Masuda [11]. In all these papers, the increments of the observed
process X are independent with an explicit characteristic function. However, contrarily to the jump-diffusion case,
for a general pure-jump driven SDE the literature is much smaller. It has been established recently in Clément and
Gloter [7], Clément, Gloter and Nguyen [8] that the Local Asymptotic Mixed Normality property holds when the
scale coefficient a is assumed to be constant and L is a truncated a-stable process. This result permits to identify
the Fisher information matrix for the parameters (6, ') and to show that the rate of convergence is n'/*~1/2 for the
estimation of @ and n!/? for the estimation of o . It is important to remark that the estimation rate for 6 is slower than
the usual rate n'/2 when « > 1 and faster when < 1. Concerning the estimation problem, this has been addressed
by Masuda [21] assuming that o € [1, 2) using a quasi-likelihood estimation method. Indeed, in that case, the drift
contribution is negligible compared to the jump part and the law of the normalized increment A~1/*(X,,, — X, —
hb(X;,0))/a(X;, o) is close to the a-stable distribution as & goes to zero. However, this method does not seem to be
extended to the case « € (0, 1) mainly because of the great contribution of the drift.

In this paper, we propose an estimating functions based method which applies to any value of « € (0, 2). Estimating
equation methods are useful alternative methods in situations where the likelihood function is not known in a tractable
form and have been widely used in estimating diffusion processes from discrete time observations (see for example
Bibby and Sgrensen [5], Kessler and Sgrensen [17]). We also refer to the papers by Barndorff-Nielsen and Sgrensen
[4], Sgrensen [23], Jacod and Sgrensen [14] for general asymptotic results on estimating equation methods. In this
work, we consider estimating equations derived by approximating the score function and by changing the above
normalized increment by =1/ (X, ), — S}f( "©))/a(X;, o), where (&7 (6)); solves the ordinary differential equation

t
s;‘<9>=x+f0 b(E5(6).6) ds.

The introduction of this ordinary differential equation is convenient for dealing with any value of « but we can also
replace it by a numerical approximation scheme whose order has to be high when « is small. Conditionally on X; the

density of h—e(x t+h — SZ{ '(0))/a(X;, o) converges when /h tends to zero to the density of the «-stable distribution.
This has been established by Kulik [18] when L is an «-stable process (and also in [9] when L is a truncated «-stable
process assuming that a is constant). However to prove consistency and asymptotic mixed normality of our estimators,
the convergence of the densities is not sufficient and we also need a rate of convergence. This is the most technical
part of the paper. For L a locally «-stable process, we prove that the total variation distance between the conditional
law of A~V (X, ), — S,f’ (0))/a(X;, o) and the «-stable distribution is bounded by &;, such that h=1/2¢), tends to zero.
This result is the key ingredient to derive some limit theorems (Law of Large Numbers, Central Limit Theorem) for
functionals of normalized discrete time observations of the process X.

At last, it should be noted that the estimation method proposed in this paper requires that the Blumenthal-Getoor
index o is known. This is also the case in Masuda [21]. A large literature is devoted to the estimation of the jump
activity of jump-diffusion processes from high frequency observations, based on truncated power variation or on
empirical characteristic function. We mention among others the papers by Ait-Sahalia and Jacod [3], Todorov [24],
Todorov and Tauchen [25].

This paper is organized as follows. Section 2 introduces the notations and assumptions. Section 3 is devoted to the
estimating function method and states consistency and asymptotic mixed normality of our estimators after establishing
some limit theorems. Section 4 is dedicated to some critical total variation distance estimates. Section 5 contains the
proof of limit theorems stated in Section 3.

2. Notation and setup

We consider the stochastic differential equation:

t

t
thxo—i—/ b(XS,Q)ds—I—/ a(Xs_,0)dLg, te]0,1], 2.1
0 0
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where a and b are known functions from R x R to R and (6, o) are real parameters. We assume that (L;);¢[o,1] 1S a
pure-jump Lévy process defined on a filtered space (2, F, (F;), P).
We introduce also the ordinary differential equation

t
;‘°(e)=xo+/ b(£°(0),60)ds, te[0,1]. (22)
0

It will be shown in Section 4 that if (L;);¢[0,1] 1S a locally «-stable process with « € (0, 2), then the distribution of
nYe (X — Slen(e))/a(xo, o) is close to the distribution of n'/% L /,,.

We observe the process on discrete times ¢; =i/n fori =1, ..., n for the value (89, 0¢) of the parameter and based
on these observations our aim is to estimate (6, 0g).

We make the following assumptions.

HI (Regularity): (a) Let Vy, x Vg, be a neighborhood of (6, 0p). We assume that x — a(x, op) is C?2onR,bisC?
on R x Vg, and

sup( sup |8xb(x, 9)| + |3xa(x, O’())’) <C,
X 3€V90

02b(x, 60)| + |82a(x, 00)| < C(1 + |x|?), for some p > 0,

VxeR,YVoeV,, a(x,0)>0 and sup _C(1+|x|p), for some p > 0.

0€Vy, a(x,o)
®)Vx €R, 0+ b(x,0) and o — a(x, o) are C3 and

sup max (‘Beb(x 0)| + ‘81 a(x,0)[) <C(1+x|?), forsome p >0,

(0.0)€Vgy x Vo 15123

sup |8x89b(x,0)’ < C(l + |x|”), for some p > 0.
QEVQO

Under the boundedness assumption on the derivative with respect to x, the coefficients a and b are globally Lipschitz
and equation (2.1) admits a unique strong solution.

H2 (Lévy measure): (a) The Lévy measure of (L;) satisfies v(dz) = g‘ﬁl 1R\{0)(z) dz, where € (0,2) and g :
R+ R is a continuous symmetric non negative bounded function with g(O) =1

(b) g is differentiable on {0 < |z| < n} for some 1 > 0 with continuous derivative such that SUPO<|z<n | |& | < 00.

This assumption is satisfied by a large class of processes: a-stable process (g = 1), truncated «- stable process
(g = T a truncation function), tempered stable process (g(z) = e |, 1 > 0).

H3 (Nondegeneracy): Almost surely, 3t1,1 € (0,1), such that d,a(X;,00) # 0, 9b(Xy,,60) # 0, where
(X1)te0,17 solves (2.1) for the value (6, op) of the parameter.

We will use the following notation. By ||-||, we denote a vector norm or a matrix norm, A7 is the transpose of a
matrix A, and for a bounded function f : R+ R, we set || f|loo = sup, | f(x)|. In the sequel, we denote by a’, b’
the derivative of a, b with respect to x, @, b the derivative with respect to the parameter and d, b the second order

derivative with respect to the parameter. We will also use the notation &;(9) =&, Xifn (@), fori =0ton.

Throughout the paper, C or C,, denote some constants whose value does not depend on n and may change from
line to line.

3. Estimating function method and main statistical results

To estimate (6, o), we will use the estimating function method (see for example [14] and [23]). To this end, we
consider the functions

G0, 0)
Gu @)= G35 o | G.1)
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withfork=1,2

n
Gy(0,0)=) ¢"(Xiz1,Xi,0,0),

i=1

where g will be specified below. An estimator of (6, o) is obtained by solving G, (6, o) = 0 and the properties of
this estimator depend on the choice of the functions g! and g?.

Denoting by pi/,(x, y) the transition density of the Markov chain (X;/,); solution of (2.1), we can prove the
convergence as n goes to infinity

atx, o) (x, %y +€f/n(9)) — @u(¥),

where ¢, is the density of LY, a stable random variable with characteristic function e~ C@lul® (see [9] assuming

that a is constant and (L;) is a truncated o-stable process or [18] for more %eneral assumptions on the coefficients
diios) 400.0)y + &9 (0)) is the density of n!/* x

assuming that (L;) is an «-stable process). Note that —a Pl/n (x0, 1/

(X1m—§ f?n (8))/a(xp, o) and that we also give in Section 4 a rate of convergence in total variation distance between
the law of n!/%(Xy/, — £17,(0))/a(xo, o) and the law of L§.

1/a (.V_“Elx/,,(@))

This observation suggests to approximate pi/,(x, y) by %(pa (n ) and then approximating the score

a(x,o)
function, a natural choice of estimating functions is
1/a b( 0) ’
n x,0) ¢
gl (x,y,0,0)= X (zn(x,y,6,0)), (3.2)
n ax,o) gy
alx,o) @,
g*(x.y.0,0) = (1+zn(x,y,e,a)—“(zm,y,e,a))), 3.3)
a(x,o) Do
where

o O =€)

o (3.4)

Zp(x,y,0,0)=n

For this choice of estimating functions, we prove below that solving G, (8, o) = 0 gives a consistent and asymptotic
mixed normal estimator of (6, o). This result is based on limit theorems for normalized sums

. Xi,0,0)),

n

n
%Zf(Xi_. 6, 0)h (20 (X iz
i=1

where z,, is defined by (3.4). We first establish a uniform Law of Large Numbers for (8, o) in V,,(n) (69, 00), where for
n>0

V" (69, 00) = {(0.0);

1
— 0
Uy = (n'/“o”2 X ) (3.6)
W1z

Theorem 3.1. We assume that H1 and H2 hold. Let h : R +— R be a continuous bounded function with bounded
derivative and let f R x R? — R be a continuous function with continuous partial derivative with respect to the
second variable such that

luy 10 — 60,0 —o0)" | <}, (3.5)

with

sup (|f(x,9,o)| + |89f(x,6,0)| + |80f(x,0,o)|) < C(l + |x|1’), for some p > 0.
(G,U)EVHOXV(,O
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Then we have the convergence in probability:

®

sup
©,6)eV,{ (00,00)

1 1
;Z l,e,a)h(zn(xﬂ,xi,e,a))—/ f(Xs, 60, 00) dsER(LY)| — 0.
— n n O

(ii) Moreover if ER(L) =0

l/ot Zf(X

i=1

sup i-1,0,0)h(za (X

G A

-1, Xi,0, o))‘ — 0 in probability.

Obviously (ii) is a consequence of (i) in the case o < 1 and only the case o > 1 requires a proof.
We also establish the stable convergence in law of functionals of the form

1/2 Z f(X 907 UO)h(Zn(X X’ ) 90’ 00))

Thanks to the control in total variation distance given in Section 4 between zn(X , X ,90, o09) and n'/* AL;, this
can be reduced to the stable convergence in law for

1/2 Zf( 90,0'0)h( YVeAL;).

This is established in the next theorem.

Theorem 3.2. We assume that Hl and H2 hold. Let hy,hy : R — R be bounded functions and let f1, f :
R be continuous functions. We assume that Ehy(LS) = Ehy(LS) = Eh(L)ha(LY) = 0. Then we have the stable
convergence in law with respect to o (Lg,s < 1):

AXim)h (AL, ))

12
e Z (fz<xm>hz<n1/“ALi> mON

where N is a standard Gaussian variable independent of ¥ and

o (RAwpamey o Y
0 Jo ng(Xs)dsEh%(Lﬁt)

From this theorem we deduce the following corollary.

Corollary 3.1. We assume that H1 and H2 hold. Let hy, hy : R — R be bounded functions with bounded derivative
and let f1, fo : R — R be continuous functions. We assume that Eh1(LY) = Eha(LY) = Ehy(L$)ha(LY) = 0. Then
we have the stable convergence in law with respect to o (Lg, s < 1):

fiXia l)hl(Zn(X% Xi,6p,00))
1/22 HXia l)hZ(Zn(X; i, 00, 00))

:

s12N,

where N is a standard Gaussian variable independent of ¥ and

iy FA(Xs) dSER3(LY) 0
X= 1 2 2070y |
0 I F2(X,) dSERR(LY)
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The proofs of Theorem 3.1, Theorem 3.2 and Corollary 3.1 are postponed to Section 5. They are mainly based on
the total variation distance estimates given in Section 4.
From these results, we can establish the asymptotic properties of our estimating functions based estimator.

Theorem 3.3. Let G, be defined by (3.1) with g' and g* given by (3.2) and (3.3). Under the assumptions H1, H2 and
H3, there exists an estimator (6, 6,,) solving the equation G, (0, o) = 0 with probability tending to 1, that converges
in probability to (6y, 00). Moreover we have the convergence in law

n'/* =12, — o)
n'2(8, — o0)

)=>1(eo,ao)—”2jv,

where N is a standard Gaussian variable independent of I (6y, 0¢) and

1 h(X;,0) ol ()2
fO a(Xs,0)? ds flRi @a (1) du 0

1 a(Xs,0)2 (o () Fugl, (u))?
0 0 s o? S Jr g du

10,0)=

Before proving Theorem 3.3, we make some remarks.

Remark 3.1. We observe that the estimation rate for the drift parameter 6 degenerates as o goes to 2. Indeed, the limit
case o = 2 corresponds to the situation where (L;) is a Brownian motion and where the estimation of 6 is impossible
from high frequency observations on a fixed time period. On the contrary, when o < 1, the estimation rate for 6 is
faster than the usual one n'/2.

Remark 3.2. The LAMN property with information / (6, o) has been established in [8] for this experiment, assuming
that a is constant and g is a truncation function. This result permits to deduce that our estimator is efficient.

If the solution to the ordinary differential equation (2.2) is not explicit, we can replace it in the expression of z,, by a
numerical scheme é)f /n(0). The next proposition gives sufficient conditions on the scheme to preserve the conclusion
of Theorem 3.3.

Proposition 3.1. Let Ef /n(0) be an approximation of Sf‘/n (0) such that

(i) sUppeyy, €17, (0) — 1/, (O)] < C(1+|x|P)/n* with k > 1/ +1/2,

(ii) suppey, 18651/, (0) — 2521 < C(1 + [x|?)/n?, for some p > 0.
Then under H1, H2 and H3 if we replace z,, by 7,(x,y,0,0) = nl/o‘%

exists an estimator (0,,0,) that solves G,(6,0) = 0 with probability tending to 1. This estimator has the same
asymptotic properties as the estimator defined in Theorem 3.3.

in equations (3.2) and (3.3), there

The proof of Proposition 3.1 is omitted since it follows the same arguments as the proof of Theorem 3.3 replacing
Zn by Zn.

Example 3.1. We assume that the function b is of class C* with k > 2 and that

1 1 p
eseuvgo 1Srln§akx_1(|8xb(x,9)| + |069:b(x, 0)]) < C(1 + |x|7).
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For f : R x Vg, > R of class C, we set A’ f = f, Af = bf’ and define recursively A/ f = A(A/~ f) for2 < j <k.
We have f(£(6),0) = f(x,6) + fot(Af)(ésx (0), 0) ds and consequently we obtain

t
gf(9)=x+f0 (Ab) (£2(0),0) ds
t t
:x+t(A0b)(x,9)+/ /I(Ab)(g;;(e),e)dhdn
0 JO

— rorn Tk—1
=gt(9)+/0/0 /O (A1) (£2©).0) dti - -1y,

with &, (6) = x +1(A%)(x,0) + 5 (Ab) (x,0) + -+ (=5 (AF=2b) (x, 6). We deduce that if k > 1 /o +1/2, (i) and

(ii) are satisfied and the result of Proposition 3.1 can be applied. If « > 2/3, the simple choice ?1( @) =x+ b(x,0)/n
is convenient.

Proof of Theorem 3.3. The proof is based on the results established in Sgrensen [23] to obtain the consistency and
asymptotic normality of estimators constructed from estimating functions. We first remark that from H3, we have
1(6p, 0p) > 0 almost surely.

We define the matrix J,, ((61, 01), (62, 02)) by

(98! (Xiz1. Xi.01.01) Bog! (Xiz1. X601, 01)
Jn((91701)7(92,02)) Z (aeg (X; X, .0, 07) adg (X; 0, 00)
l

:\‘* :I

We also recall that V,,(n) (6o, 00) and u,, are respectively defined by (3.5) and (3.6). With these notations, the result of
Theorem 3.3 is a consequence of the two following sufficient conditions:
C1: Vn > 0, we have the convergence in probability:

sup |n Jn (61, 01), (B2, 02))un — 1 (60, 00) | — 0.
(61,01),(62,00) V" (60,00)

C2: (u, G, (6o, 00)), stably converges in law to I (6, o0)/ 2N, where N is a standard Gaussian variable indepen-
dent of 1 (6y, 0¢) and the convergence is stable with respect to the o-field o (Lg, s < 1).

These conditions imply the ones given in [23] which are sufficient to prove consistency in the case of a random
information matrix. In [23] the Central Limit Theorem is established for a deterministic information only, however
the proof can be easily extended to the random case enhancing the convergence in law by the stable convergence in
law.

To check the conditions C/ and C2, we first recall that

nZ/UaGg (X’ L, Xl991101) l/a Ug (X; ﬁ191a01)>

n

J 9 ) ) 9 ) =

unJn((61,01), (62, 02))uyn X;( L g (X, Xl,ez,az) Lo, g2 (X1, X, 0. 00)
i=

l_
n

We compute explicitly the partial derivatives appearing in this matrix. Recalling that g' and g? are given by (3.2) and

nl/e ¢

— oyl and do 2, (x,y,0,0) = —Zg ‘;;zn(x, y,0,0) we get

(3.3) and observing that dpz, (x, y,0,0) =

nl/® b(x 0) ¢

noa(x,o) g

n?® b(x,0 '
aGgl(xvy’eva)— (Zn(x Vs ,O')) n (ixa))zsl/n( )< > (Zn(xvy’gva))a

/

( 9)|: (Z”l('x y,@ U))+Zn(x y, ,O')<Z—a

o

nV 4(x,0) -

) (Zn(x, y,0, a)):|,

aﬂgl(x?yagva)z_ n a(x 0)2

/

El/n( )[ a(Zn(x Y, 9 G))+Zn(x yve U)(z_a) (Zn(xvyseva))j|v

o a(x,0) .

9g*(x,y,0,0)=—n' i)
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. .2 /
aa —a
0,8°(x,y.0,0) = (T)Ocm[l +zn(x,y,9,a)2—“(zn<x, y,9,0))]

o

a2 @l o,
- (a_z)(xvo)zn(xvyieva)l:_(zn(xv y9970))+zn(x7 y,9,0)<_) (Zn(xvyaeva))j|-

o o

Proof of C1. We will use intensively the result of Theorem 3.1.
We first remark that the condition CI reduces to the uniform convergence of u, J,,((6, 0), (6, 0))u,. In the sequel

we use the notation h, = Z—;: and gy (z) = hy(2) + zh,,(z). The functions h, and g, are bounded with bounded
derivative (see [2]). We also set:

1,1 11,2
n n
uan((Q,U)a(Q,U))”n: 21 .22 ]
Ly Iy

With these notations we have using the above calculus

n_ 1o b(Xi-1,0) n l}(xf 160) Xiy

" 1/a-21:a(Xg,a)h"‘(z"(x";‘’X%’Q’U))_,-;a(x a)zgl/" O (e (Xt X, 0,0)).
1 1 a(Xi-1,0) |

I°=—— —r——b(Xi=1,0 X,,Q

- n;a(x[_wﬂ (Xi=1.0)8a (2n(X izt o).

21 n Cl(Xt 1, U) Xi

Iy =—stl/n ©)8a(2n(X i1, X1.6,0)),

22 1 " (ida — a?

I :;zl: 5 |Xz1,0 )1+ 2, (X izt 1. X1, 0,0)hg (zn(X I,X’%,@,a))]

1=
1 [ a?
_ ;Z(a_z) i=1,0)zn(X =1, X 1.6, O)ga(zn(X Xi.0, 0)).
i=1
From H1, obviously the functions b /a,ala, l;/a, d/a satisfy the assumptions of Theorem 3.1.
Since Ehy (LY) = 0, the first term in the expression of In1 o1 goes to zero (Theorem 3.1(ii)).
For the second term we observe that (£;(6)); solves
. [ . l .
5;‘(9):[0 b'(éf(@),@)gf(@)ds—l—/o b(&';‘(@),&)ds
and from H1 and Gronwall’s Lemma we can deduce (we omit the details of this standard proof)
. o2

sup |£},(6) — b(x,e) <C(1+1x|")/n*, (3.7)
0€V90

. ) ,
so from Theorem 3.1(i) we deduce the convergence of the second term of Inl’1 to — /01 b(Xs.00)° dsE(z—Z)’ (LY). Since

a(Xs»O'O)Z
[ @l (x)dx =0, we deduce JE(%) (LY = E(“’a) (L%) and finally

1 2 1\ 2
b(Xs, 0
sup I _f (370)2[15153(&1) (LY)| = 0.
0 a(Xy,00) (o

0,00V, (60,00)
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Using the symmetry of the function ¢, we have Eg,(L{) =0 and we deduce easily from Theorem 3.1(i) and (3.7)
that

sup |32 -0 and sup |12 — 0.
0,0)€V," (60.00) 0,0)€V," (69.00)

Turning to 132, we have by integrating by part [E(1 + L hy (L)) = 0. Consequently

1 /-2
a
13’24-/0 (a—2>(Xs,ao)dsEL‘fga(L‘f) -0,

sup
0.0)eV," (6,00)

o ay)2
and it remains to check EL gy (L) = —]EM+‘§§(L‘)). This is done by integrating by parts. This achieves the
proof of CI. (]

Proof of C2. We recall that

b(Xiz1,60) ,,
1 n a(Xz UO)W (Zn(XI L, Xl , 00, 00))
unGn(60.00) = — > ey
i=1 m[l+Zn(Xf;|,X’%,@o,ao)z—z(zn(X,;l,X’,l_',Go,ao))]
Applying Corollary 3.1 with f| =b/a, f» =a/a, h| = @, /9a, h2(z2) =14 zhi(z) (hy and hy are bounded func-
tions with bounded derivative, see for example [2]), we deduce immediately C2. U
O

4. Total variation distance estimates

This section is the most technical part of the paper and contains some crucial estimates to derive the asymptotic
properties of the estimating functions considered in the previous section. We consider here the process (X;):¢[0,1] that
solves (2.1) for the value (89, 0¢) of the parameter and to simplify the notation we omit the dependence on (6p, op) in
the expressions of the functions a, b and £*0.

We will prove that we can approximate n'/%(X 1 L= Sxo) by n!/ "‘a(xo)Ll and control this approximation. This is

done by estimating the total variation distance between n‘/ (X1 1= éxo) and n'/%a(xo)L 1 L. We also give a weak rate
of convergence of the rescaled Lévy process n'/%L, /n to the a- stable process L{ Wthh is estimated by the total

variation distance between n'/? L /n and L‘i‘.

Theorem 4.1. We assume H1(a) and H2. There exists a constant C such that for any measurable bounded function
h, we have:

|Eh(n'/* (X% —&°) - ]Eh(nl/“a(xo)L%H < C(1+1x0l)enllll o

where

L ifafl,VsE(O,l),E,,:F;
. ifoz>1,Vee(0,l/a),8n=n]/+_g.

12¢, — 0.

In particular, in both cases n
Theorem 4.2. Under H2, we have for any bounded function h:
|ER(n'/*L1/n) —ER(LY)| < Cllnllooen,

where &, is as in Theorem 4.1.
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Combining Theorem 4.1 and Theorem 4.2, we see that the total variation distance between the distribution of
a(l;:) (X1 — éi‘o) and the distribution of L‘i‘ is bounded by C(1 + |xg|)es.

To prove these results, it is convenient to introduce an adequate truncation function and to consider a rescaled pro-
cess. This is explained in the next subsections. Moreover, the proof of Theorems 4.1 and 4.2 requires some Malliavin
calculus and we recall in what follows all the technical tools to make easier the understanding of the paper.

Remark 4.1. In the statement of Theorem 4.1, we give a control for the distance in total variation between the laws of
the processes X and L, under a short time asymptotic 1/n — 0. If we assume that /2 admits a bounded derivative, it is
possible to get some related control from the study of the strong error [n'/*(X | 1= & xo) n'%a(xq) L1 1 |. In Lemma 4.2

below we state an upper bound, in probability, for this error. In the case o > 1 us1ng the controls in L”-norm given
in the proof of Lemma 4.2, we can show

[Bh(n'/*(X 1 = £1°)) = Eh(n'*atxo)Ly)| < C(1+ Ixol) (Wrlloo + [ 1] o) /n77*

Unfortunately, this proof does not work in the case « < 1 and we have not been able to give a simple proof of the
above result in that case. The Malliavin calculus, especially the integration by part formula and the Malliavin weights,
permit to compensate the lack of integrability of the process (L;) and additionally to weaken the assumptions on the
function 4.

4.1. Localization and rescaling

We first introduce a truncation function in order to suppress the big jumps of (L;). Let t : R — [0, 1] be a symmetric
function, continuous with continuous derivative, such that t = 1 on {|z| < K(a)/2}, Tt =0 on {|z| > K (a)} where

1 1
ko=3(r" i) @b

for n defined in H2(b).
On the same probability space (2, F, (F;),P), we consider the Lévy process (Lt)te[O 11 with Lévy measure v

and the truncated Lévy process (L; );c[0,1] With Lévy measure v* given by v (dz) = B |°‘ +1 7(2) 1R\ (0} (2) dz. This can

be done by setting L; = fo [ 2i(ds, dz), respectively L} = fo [r 27 (ds, dz), where [i, respectively i”, are the
compensated Poisson random measures associated respectively to

n(A) =/ / / 1a(t, 2)pf(dt,dz,du), ACIO,1] xR,
0,11 Jr Jio, 11

M’(A)=/ f/ La(ts D)l eroyi @1, dz.du), A CI0,1]x R
0,1 [0,1]

for u8 a Poisson random measure on [0, 1] x R x [0, 1] with compensator 8 (dt, dz, du) = tlﬁ‘(’z‘*l Ir\j0}(z) dz du.

By construction, the restrictions of the measures p and u* to [0, 1/n] x R coincide on the event
Q= o€ 2 u#([0, 1/n] x {z € R; 2] = K (a)/2} x [0, 11) =0} 42)

Since u8([0, 1/n] x {z € R; |z| > K(a)/2} x [0, 1]) has a Poisson distribution with parameter
1
Anz—/ g@)/1z1* T dz < C/n,
|z|>K (a)/2

we deduce that

P(Q) < C/n. 43)
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We consider now the truncated process

t t
X;=x0+/ b(Xj)ds+/ a(XT_)dLl, 1€[0,1]. (44)
0 0

Obviously (X;, Ly)tefo,1/a) = (X7, L] )ref0,1/n] O 2, and consequently since P(25) < C/n, the result of Theo-
rem 4.1 consists in proving

B (n'/ (XT ), = €17,)) = Bh(n'*a(xo)L],) | < C(1+ |xo])en -
To clarify the proofs, it will be useful to rescale the truncated process (X[ )/e[o,1/]- To this end we introduce an

auxiliary Lévy process (L})s¢fo,1] defined possibly on an other filtered space (Q, F, (F:),P) and admitting the de-
composition

t
L?:/ /z/l"(dt,dz), t€[0,1], (4.5)
0o JR

. . - . _ 1/a
where 1" is a compensated Poisson random measure, ji" = u" — ", with compensator " (dt, dz) = dt &4 (7/‘: = ) %

T(z/n"/ “)1r\{0}(z) dz. By construction, the process (L});e[0,1] is equal in law to the rescaled truncated process

(nl/e Ltr/n)tE[O, 1]- We now consider the rescaled stochastic differential equation

1 t 1 t
Y;l:xo—i——f b(Yf)ds—i-W/ a(Y)dLy, t€]0,1], (4.6)
n Jo n 0
and the rescaled ordinary differential equation

1 t
AT / b(E)ds. 1€[0, 1. @.7)
0
The equality in law

R law 1
(Ytn - érn ", L:l)te[o,]] = (Xtr/n o Etx/on’ /aLtt/n)re 0,1] (4.8)
is straightforward and consequently with these notations the result of Theorem 4.1 follows from
|E(n'/*(v]" — &) —Eh(a(xo)L})| < C(1+ Ix0l)enllhll -

It is worth to note that the jumps of (L}) are bounded by n'/*K (a), and then the processes (L?) and (Y/') admit
moments of all orders. More precisely, we have the following result.

Lemma 4.1. Assuming H1(a) and H2(a), we have

Vp>1, SupIE< sup |v7|” )ng(1+|x0|p), (4.9)
n 1€[0,1]
Vp>land p>a, E sup |Y"—xo|p<C 1—|—|xo|p) . (4.10)

t€l0,1]

The proof of both inequalities is based on Burkholder type inequalities (see 2.1.36 and 2.1.37 in Lemma 2.1.5 of
[13]) for purely discontinuous martingales and standard arguments (convexity inequality, Lipschitz assumption on the
coefficients and Gronwall’s lemma). We omit it.

We end this subsection with a control of SUP; </ lnl/e(x, — ,XO (69)) — n'/%a(x¢)L,| which can be established
using both the truncation and rescaling procedure.
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Lemma 4.2. Assuming H1(a) and H2(a), there exists p > 0 such that for any & > 0

C(e)(1+ |xo|?) 28" ifa <1,

B( sup [n"/*(X: = §" @) —n'ato)Li| > ) = [C(s)(1+|x0|p) Vs (0.1) a1
5’ — 9

t<1l/n
where C(€) is a positive constant.

Proof. Recalling that (X;, L;)re[0,1/n] = (X[, L] )te[0,1/n] ON 2, and that P(Q) < 1/n, it is sufficient to study the
convergence in probability of SUp; <1/, |nl/e (X; — £ (6p)) — nl/"‘a(xo)L,r |. Now using the rescaled process (L}) this
is equivalent to study the convergence in probability of sup, ¢ 1 |nl/e (Y — &%) —a(xo)L"|. We have the inequality
forr € [0, 1]

t
sup]nl/"‘(YS” — &) —a(xo)Ly| < n”OO/O sgp]nl/“(Y,f — &) —a(xo) Ll | ds
u=<s

s<t

b || o la(x
n 15"l oo la(x0)| sup |L?| + sup
n tel0,1] tel0,1]

t
| (ar) ~awoyas).

). 4.11)

In what follows, we will distinguish between the small jumps and the big jumps of L}. To this end we have

t t
_ / / 2 (dt, d2) + / / A1, dz) = L 4 L2, @.12)
0 J{o<|z|<1} 0 Jiz|>1}

Control of the small jumps part L.
Since Esup, (o1 IL™')2 < C we deduce P(Lsup, o1y 1L > &) < C/(n%e?). Tumning to the other term

and from Gronwall’s inequality we deduce

sup |n'/% (Y] — ") —a(xo)L}| < C(— sup L7+ sup
tel0,1] 1 ref0,1] t€l0,1]

[ (arz) et ar

Sup,cfo.17 | fot (a(Y!" ) —a(xo)) dL™"|, we have using Lemma 4.1

E( sup
tef0,1]

and we get P(sup, o 1] |f(§(a(YS”_) —a(xo)dL™!| > &) < C(e)(1 + |x0)?)/n.
Control of the big jumps part L™2.
We distinguish between the cases @ > 1 and @ < 1.
e >1.
Using inequality 2.1.36 in [13] with « < p < 2, the boundedness of g and the definition of 7, we obtain:

2
) < C]E( sup |/ —xo‘z) < C(1+1x0l?)/n,
1€[0,1]

t
| fatve) —ato) azz
0

n2|p |Z|p /o
E( sup |L | >§C 1 dz < CnP’®/n,
1e10.1] {1<lzl<K (@)n'/o} |2]*

and then from Markov inequality

1
IP’(— sup |L} 2| > 8) < C(e)nP/® /Pt < C(e)/n.
N tefo0,1]

Similarly we get using Lemma 4.1

t p/a
/ (a(YS” )—a(x())) L2” <CIE( sup |Y” xo}p)np/“/n<C( +|x0|p)

0 t€(0,1] I’l

E sup
t€l0,1]
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this gives choosing p = «(1 + §)

t
IP’( sup / (a(Y{) —a(xo)) dL*"
te[0,1]11J0

e <1.
Thanks to the symmetry of the compensator ", we have L?’z = fot f‘ =1 zu"(ds, dz). Then we can write

t o 1
/ / i dr.dz)| < f f 129 . d2),
0 J{lz|>1} 0 J{lz|>1}

consequently E(sup, (o 1 |L;"2|"‘) < Clogn, and then

> g> < C(e)(1+ Ixol?)/n' 2.

L2 =

1 1
IP’(— sup |L?’2| > 8) < C(s)ﬂ

T tef0,1] n*

Similarly, we have

t

[ ) - awo)arz?
0

Taking the expectation and using the Lipschitz assumption on a, this yields
t

E( sup / (a(Y) —a(xo))dL!>
ref0,111J0

where for the second inequality we used Holder’s inequality with p’ = 1/a > 1. From Lemma 4.1, we deduce
t

E( sup f (a(Y) —a(xo))dL!?
ref0,111J0

and we obtain P(sup, (o 1 |f6(a(Ys'L) —a(xp))dL}| > e) < C(e)(1 + |xpl|?)logn/n®.
Putting all these results together, Lemma 4.2 is proved. a

o 1
<[] ) el as. do
0 J{z|>1}

o o
> < C]E( sup ]Y," —xo|a)logn < C(E sup }Yt" —xo‘) logn,
1€[0,1] 1€[0,1]

P
>§C(1+|xo|”)logn/n"‘

4.2. Malliavin calculus

In this section, we recall some results on Malliavin calculus for jump processes. We refer to [6] for a complete
presentation and to [7] for the adaptation to our framework. We will work on the Poisson space associated to the
measure u” defining the process (L}) of Section 4.1, assuming that » is fixed. By construction, the support of ©”" is
contained in [0, 1] x E,,, where

E,={zeR;|z] < K(@n'/*}, (4.13)
and K (a) is defined by (4.1). We recall that the measure ©" has compensator

g(z/n'/®)

A1 d2) = dr =

t(z/n"*) g\ o) dz 1= dt F, (2) dz. (4.14)

p

In this section we assume that the truncation function t satisfies the additional assumption
T'(2)
7(z)dz <00, Vp=>1. (4.15)

A; 7(2)

We define the Malliavin operators L and I" (we omit the dependence in n) and their basic properties (see Bichteler,
Gravereaux, Jacod, [6] Chapter IV, Sections 8-9-10). For a test function f : [0,1] x R +— R (f is measurable,
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C? with respect to the second variable, with bounded derivatives, and f € N p>1 L?(F,(z)dz)), we set u"(f) =

fol fR f(t, )" (dt,dz) (in the sequel this notation is also used for f : R — R). As auxiliary function, we consider
p R [0, 00) such that p is symmetric, two times differentiable and such that p(z) = z* if z € [0, 1/2] and p(z) = z?
if z > 1. Note that thanks to the truncation t, we do not need that p vanishes at infinity. Assuming H2(b), we check

that p, o’ and pg—i belong to () p=1 L?(F,(z) dz). With these notations, we define the Malliavin operator L, on a
simple functional u” (f) as follows

L(u"(f))=%u”(p’f’+p%f’+pf”), (4.16)
where f’ and f” are the derivatives with respect to the second variable. This definition permits to construct a linear
operator on a space D C () P>l L? which is self-adjoint:

VO, Ve D, EOPLY=ELPV.

We associate to L, the symmetric bilinear operator I":

['(d,¥)=L(OV) — OLY — WL . 4.17)
If f and A are two test functions, we have:

C(u"(f), w" () =" (pf'h’), (4.18)
The operators L and I' satisfy the chain rule property:

LF(®) = F' ()LD + %F”(CD)F(@, D), (4.19)

[(F(®),¥)=F(®)'(D, V). (4.20)
These operators permit to establish the following integration by parts formula (see [6], Theorem 8-10, p. 103).

Theorem 4.3. Let ® and V be random variables in D, and f be a bounded function with bounded derivatives up to
order two. If T'(®, ®) is invertible and (o, o) e ﬂpzl L?, we have

Ef (@)W =Ef(®)Ho(V), 4.21)

with
Ho (W) = 20T (@, ®)LD — (P, I (D, D)). (4.22)
In the next section, we will apply this Malliavin calculus to the random variables L7 and Y|', which belong to the

domain of the operators L and I". From the preceding definitions, we compute easily L(L), I'(L, L7}) and H L (1.
We have

!
L(L}) = %M” (p”rpﬂ),

F,
T(LY.L7) = 1" (p), (4.23)
sont) < T T L)) LY pipp) WO+ P
HYT T o2 T L)~ 1 (p) w(p)

This leads to the expression

w(pp) W' — (a+ 1)%,0) 1
Hin(l) = — + R, 4.24
4= 1" (p) n'/e *29
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where R, is given by

gl .[l
3 wipgs)  w(p)
) W' (p)

=R\ + R,

with the additional notations g, (z) = g(z/n'/%), g3 (2) = g'(z/n'/*), 1,(z) =t (z/n"/%), 7} () = 7'(z/n'/¥).
From the choice of p we can prove that

This is obtained remarking that (see [7], p. 2324)

1 1
E <E =
w(p)? wH(plyz<121)?

o0
Cp/ up_l]E(e_”“n(pl”7‘51/2)))du.
0

rom the classical exponential formula for Poisson measures, we have
F the cl 1 tial f la for P h
_r _ —up(z)y _&n(2) _ ozt C
Re—tt" (0l <12 — i1y (1—e ™ air m @ dz <e Sz =7 e dz’

where we used that g is lower bounded by C > 0 in a neighborhood of zero (recall that g is continuous and g(0) = 1),
t=1and p(z) = z* on {|z| < 1/2}. We conclude observing that

1
liminf — dz =+o00.

Lo C
u=oo Inu Jyz<1py © 2V [zt

Moreover on E, we observe that |z|/n'/% < 7 and then assuming H2(b) we have the bound
IRl <cC. (4.26)
Turning to R,zl, and using the definition of T we have

1

1
1 (P12 K @nte j2 <z <K @) T
R2 < In < - 1 « o .
| n| = 0Lk @t ek @m) Mn( . {K (@)n'/* /2<|z|<K (a)n!/ })
Since w, = fin + I,, we deduce from inequalities 2.1.36 and 2.1.37 in [13], the change of variable u = z/n'/% and
assumption (4.15) that
E|R}|” <Cp/n, VYp=1. 4.27)
This permits to deduce the following useful inequalities.
Lemma 4.3. We have
supE[Hn(D|" <Cp, ¥p=1, (4.28)
n
1 p
sup & / / lzlu"(ds, d2)Hr ()| <Cp, Vp=1, (4.29)
n 0 J{lz|>1}

n

supE sup |L¢||HL7(1) <C. (4.30)
t€(0,1]
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Proof. Obviously (4.30) is a consequence of (4.28) and (4.29). From (4.26) and (4.27), to prove (4.28) we just have
to consider the first two terms in the right-hand side of (4.24). Distinguishing between the small jumps and the big
jumps of the Poisson measure we have for the first term

1 (pp") _ " (op <) | (00 Tzl=1))

wip? T pr(p)? wr(plyz=1)*
We conclude immediately using (4.25) that Vp > 1, sup, E| % |? < Cp. Moreover, recalling that p(z) = z2
for |z| > 1 we deduce that % <2 and this yields Vp > 1, sup, E| ’;’ :, (‘; ‘;/2) |P < Cp,. We proceed similarly for

neal_ 1
W and this achieves the proof of (4.28).

It remains to prove (4.29). We check immediately from (4.26) and (4.27) that

1 P
1
Izl (ds,dz)——R,| <C,.
/0 /{|z>1} ntfe " P

Turning to fol f{|z|>1} |z|n" (ds, dz) Z’;((’;’;;) , from the Cauchy—Schwarz inequality (and using p(z) = z2 if |z| > 1) we

get fol Sz 12107 s, dz) < tn (L= 2 1 (0 11z1>11) /2 and we deduce the bound

1 n / n /
w*(pp’l) 12" (pe"])
lzlw*(ds,dz)— ——== < pn(L{z1=1) /" ———575-

/o /{|z>1} pi(pyr — PR )32

E

Remarking that p,,(1{;)>1)) has a Poisson distribution with some parameter A}, bounded by A, independent of n we
get that

1/2Hn(|,0,0/|1{|z|<1}) P <C Vp>1.
PIORE

Considering the large jumps part, we have

tn(Lgz1=1y)

supE
n

12 1 (e [Lz12 1))
1 (p)3/?

and this permits to conclude that

1 n /
w'(pp")

lz|lu" (ds, dz)
/0 /{|z|>1} w(p)?

In the same way, we have for the last term

1
/ / |zl (ds, dz)
0 J{z=1)

We conclude as previously remarking that for the large jumps part we have, using once again the Cauchy—Schwarz
inequality,

12 1 Upp" [Lz121))

1/2
W (plyz=1))3? <2 (=)',
<=z

mn(1yz1>1y) < tn(lyz=1p)

P
<C,, Vp=1.

supE
n

W'p' = @+ Dip)
w(p)

1/2Mn(|/0/ +p/z)
w(p)t/?

< Cun(1yz>1y)

W (o' + p/zl1yz1=1)
- M”(p)l/z{lz‘z} =< 3pn(Ljjz=1})-

This ends the proof of (4.29). |

mn(1yz121))

With this background, we can proceed to the proof of Theorems 4.1 and 4.2.
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4.3. Proof of Theorem 4.1
From the the localization and rescaling procedure, we just have to prove
|En(n'/*(v]" — &) —Eh(a(xo)L})| < C(1+ |x0l)enllhll -

Now, considering a regularizing sequence (h,) converging to & in L'-norm, such that ¥p, h p admits a bounded
derivative and ||k, || < ||h]lo, Wwe may assume that & admits a bounded derivative.
Using the integration by part formula (4.21) and denoting by H any primitive function of &

Eh(a(xo)L}) =EH (a(x0)L}) Haxpyzr (1),

and then from the triangle inequality, we have to bound the two following terms:

Ty :=|Bh(n'/* (Y] — &) —EH (n'/* (Y] — &) Hagup)n (4.31)
T = [EH (n'/ (Y} = &) Hag 13 (D) = EH (@(x0) L}) Hageyyy (D] (4.32)
Bound for T,.
We have
Ty < | hllooB[n"/ (Y] = &) — a(x0) L} || Haxo 2
and from (4.11) we get
1 1 n ! n n
T < ||h||og—— E sup |L7||Hpr (D] +E sup (a(vyL) —atxo)) dLy||Hr (D] ),
la(xo)| 1€[0,1] lJo
where as a consequence of the linearity property of the operators I" and L, we have used H ()21 (1) = (XO>7-[ (D).

From (4.30), the first term in the right-hand side of the above inequality is bounded by C/n.

Turning to the second term Esup, (o 1| fé (a(Y]L) —a(xp))dL?| IHL»lz (1)|, we use once again the decomposition
(4.12). For the small jumps part, Holder’s inequality and inequality 2.1.36 in [13] with 1 < p <2, p > « and g such
that 1/p 4+ 1/q =1, lead to

t 1/
E sup / (a(¥) = ato)) L2 [Hiy (D] = Cp (B sup [a(v) —aGo)|”) " (B[ 1)]) 7.
tef0,111J0 t€0,1]
From the Lipschitz assumption on a, the result of Lemma 4.1 and (4.28), we conclude
! 1
E sup f (a(¥y") —a(xo))dLy! || Hpr (D) < Cp(1+ Ixol) =7
refo,111Jo n

This gives the bound

t
E sup /(a(X:‘_)—a(xo))dL?’l (M (D] < Cp(1+ Ixol)en,
te€[0,111J0

with g, given as in Theorem 4.1.
For the big jumps part, we remark first that

/( (Y1) —a(x0))dLy? = //I ; (Y]) — a(xo))zu” (dt, dz),

and then

E sup

IZIM"(dt,dz)‘HL';(l)}-
t€l0,1]

t
[ ar) - awo)arz?
0

t
[Hon (D) SE[ sup |a(Y,”_)—a(xo)|/ /
te[0,1] 0

{lzI>1}
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As for the small jumps part, we conclude applying successively Holder’s inequality, Lemma 4.1 and (4.29) and this
shows finally

T, < C(l + |x0|)8n

Bound for Tj.
It remains to consider (4.31).
From (4.22) and (4.17), we remark that

_ ! n__ L@Go)lf) a(xo)L}
H“““’)”f(l)_L(F(am)m,a(xo)L'b)“("O)Ll FlaGoL], ato) L)) L<r<a<xo>L",a<xo>L'f>>’

and using the self-adjoint property of the operator L for the first and third terms we obtain

EH (n'/ (Y] = &) Haupy 2 (1)

<L(1"1(i’tl/°’(Y{1 — &Y a(x) L) — Hn"* (Y — &) L(a(xo)L}) — L(H(n"/* (Y] — Ef’xo)))a(xo)L'f>
[(a(xo) L}, a(xo)L}) ’

Using again (4.17) and the chain rule we get

Ty — &), a(xo)L})
T(a(xo)L", a(xo)L")

EH (n'/ (V]! = &) Hageoyry (D =Eh(n /(Y] =€)

and so

Ty — &), a(xo)L}) 1‘

< ”h“ooE' m m
[C(a(xo) L], a(xo)LT)

From the linearity property of I' and since f;‘l" 0 js deterministic, we have F(n]/“(YI" — Eln’xo),a(xo)L’l’) =
n'/®a(xq)(Y], L) and T (a(xo) LY, a(xo) L) = a(x)*T'(LY, L}).
Setting U/' = nl/eryn, L?), t €0, 1], this leads to the simplification

‘r(nl/a(yln — "), a(xo) L") '_ LU —a(xo) fy [ p@u"(ds. dz)]
T(axo) L}, a(xo)L}) ja(xo) T p@unds. dz)
and
1 U —a(xo) fy [, p(u"(ds. d2)|
71 < |lhllo IE( 0 Ly ) (4.33)
la(xo)] fo JE, P(@u(ds, dz)
From Theorem 10-3 p.130 in [6], we can prove that the process (U;') solves
1 t
Ul = —/ b (YU ds
nJo
l ! / n n n
— a (Y U 'zt (ds, dz)+ Y p(z),u (ds,dz), te][0,]1]. (4.34)
n]/a o JE, =

Introducing the linear stochastic equation

1
Z,"=1+;/b/( Z"ds—i——// "(Y)Z'_zii"(ds,dz), 1€[0,1], (4.35)
0
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and using It6’s formula, we show that Z} admits an inverse, denoted by (Z ;1)_1, that solves

- L[ "y a'(Yi )z n =1~
(2) _1"/1’(Y J(Z5) ds - //Enl—i-a’(xvn—)Z/nl/Of(Zs_) A" (ds, d2)
(a@’ (YS”_)Z)2 =l
2/“//1; 1+a’(Y:‘_)z/n1/“(Zs_) i"(ds.dz), tel0,1]. (4.36)

Note thaton E,, 0 < W < 2 and the above integrals are well defined.

With these processes we can solve (4.34) and we obtain the explicit expression

__7n ! a(st—)P(Z) 2 =1 n
_Z’/o/En1+a’<Y;’_>z/n1/a(Zf—) wids,dz), €0, 1] (4.37)

Moreover we can prove the following bounds for the processes (Z"*) and (zm~1L.

Lemmad.4. Let p > 1 and p > «, then

E sup |Z] —1|" <Cp/n, (4.38)
t€[0,1]

E sup [(z7)"' = 1|" <Cp/n. (4.39)
tel0,1]

The result of Lemma 4.4 follows from convexity inequality, inequality 2.1.36 (or 2.1.37 if p > 2) in [13] and
Gronwall’s Lemma. We omit its standard proof.
Plugging (4.37) into (4.33), we split the right-hand side of (4.33) into four parts:
(a(¥Y5_)—a(x0)p(z)

1 _
('Z?’ Jo Je, Trarwyae (52 1“"("“11)')

I =E I
Jo J&, p@u"(ds, dz)

120 =Wy Jr, TS (22w s, d2)]
T\,= ( )
Jo [&, p@urds. dz)

Z
<|f0l Jr, Tt atwo) (o™ ds, dz>|>

I JE, p@u"(ds, dz)

T3 =FE

Y]
<|f0l [, Tt a(xo) (" ds, dz>|>

f()1 fE,, p()u"(ds, dz)

Considering first 77,1, we have

Ti4=E

-1
71, = 28(|Z}] sup |(z)"'] sup |a(¥}") ).
1€[0,1] 1€[0,1]
and from Holder’s inequality with conjugated p and g such that 1 < p <2 and p > o we obtain from Lemma 4.1
(with p) and Lemma 4.4 (with ¢q)
Ti1 < Cp(1+ Ix0l)en,
where ¢, is defined in Theorem 4.1. Turning to 77 >, we have

)

—1

712 =2fato)|B(|27 = 1] sup |(27)
tel0,1]



Estimating functions 1335
and as previously using Lemma 4.4, we deduce
Ti2 < Cp(1+ Ix0l)en.
The third term satisfies 77,3 < 2|a(xo)|IE(supt€[0,1] |(Z;’)_1 — 1)) and so
T3 < C,,(l + |X0|)8n-

Finally for the last term, we observe that

fol fEn (zl/nY*) p ()" (ds, dz))
Jo S, p@urds, dz)

+]E<fol fEnn{,z|>1}(|z|/n1/“>p(z)w(ds,dz)))_
fol fEnm{|z|>1} p(@Du"(ds,dz)

110 < 2ot o

SC(1+|xo|)<

nl/a

But remarking that

1 1/a n
z|/n /) p()u" (ds, dz !
fO fEn?{|Z|>1}(| |/ P ) Sf / (|z|/nl/“)u”(ds,dz)
Jo Jeanqpzi=1y P01 (ds. d2) 0 JEOlz>1)

and taking the expectation we deduce that if o 7 1

Efol Jeanqgz=1y(21/nY O p@u ds. dz) <
fo] fE,,ﬂ{\z|>1}p(Z)l/Ln(ds,dz) -

C/n,
andifa =1

Efo] fEnm{\z|>1}(|Z|/n1/a),0(z)un (ds,dz)
fol Je,nije1>1) L@ (ds, d2)

This yields to

<Clogn/n.

T4 <Cey.
Combining all these results we obtain
Ty < C(1 4 |xo0l)&n,
and the proof of Theorem 4.1 is finished.

4.4. Proof of Theorem 4.2

As in the proof of Theorem 4.1 we will use Malliavin calculus integration by part formula. The first step is
to construct on the same probability space two random variables whose laws are close to the laws of n'/*L; /n
and LY. We recall briefly the notations of Section 4.1: ©" is a Poisson random measure with compensator

w'(dt,dz) = dt%r(z/nl/“)lﬂg\{o} (z)dz, where 7 is a truncation function, and the process (L}); defined by

L} = fot Jr 2" (ds, dz), with i = " — " is such that (see (4.3), (4.8))
h
Bh(n" /e L0)] ~ BH(z)]| < 1. (@40)

We now construct a variable approximating the law of L{, and based on the Poisson measure p".
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For x > 0 we define

G(x)=/ Mdz, and H(x):/ *@ dz. (4.41)

ZH—ut Z1+ot

Recall that 7 is a truncation function equal to 1 on [—K(a)/2, K(a)/2] and equal to 0 on [—K (a), K(a)]°. We
assume for the sequel of the proof that 7(z) > 0, g(z) > 0, for |z| < K(a). Indeed, 7 is a truncation function that
can be chosen non vanishing on (—K (a), K (a)), and up to reducing the value of 1 in the Assumption H2(b) we can
assume that g does not vanish on [—K (a), K (a)]. Then, it is immediate to check that G and H are non increasing, one
to one, functions from (0, K (a)] to (0o, 0]. We define s, (z) = n'/*G~ (H (n~'/%z)) for z € (0, n'/*K (a)], 5,(0) = 0,
and s,,(z) = —sp(—2z) for z € [-n'/*K (a), 0). The function s, is increasing, odd and one to one, from the interval
[—n'/*K (a),n'/*K (a)] on itself and we let h, = s ' : [-n!/*K (a),n"/*K (a)] — [-n'/*K (a),n'/*K (a)] be its
inverse function. Let us admit temporarily the next lemma about the behaviour of the functions %, as n — co.

Lemma 4.5. (1) There exists ¢ > 0 such that, for |z| < en'/?,
Z2 |Z|Ot+]
|hn(@2) = 2| <C— +C , ifa#l,
n n

2
|ha(z) — 2| <X
n

10g(5—|>}, ifa=1.

(2) The function h, is C* on (—en'/®, en'/%) and for |z| < en'/,

@ -1 <2 e g 2

n(@ =C g L Jarl

|h () — 1] gcE 1og<@> , ifa=1.
n n

Using the previous lemma, we can define a process (L;"");c[0.1] by setting

t
LY = / / hn(2)ii" (ds, dz). (4.42)
0 J{lzl=n'/oK (@)}

We can compute the characteristic function of the random variable L‘f’". Indeed, using the exponential formula for

Poisson measure,

—1/a —1/a

- - ) g(zn )T(zn )

E[evL1"] = exp(/ (D _ 1 _juh ) dz
[ ] {IZ\SK(a)n”“}( ") |21+

) —1/a
= exp(/ (e’“w —-1- iuw) T(L])dw), (4.43)
{lw|<K (@)n'/*} [wll+

where in the second line we have used the change of variable w = A, (z) and the relation

g(saw)n ™) 2 (s, (w)n=)s) (w) T (wn= %)
s (w) |1+ e

, (4.44)

that can be derived for w > 0 from the differentiation of the relation G (n~/%s, (w)) = H(n~"*w), and is extended
to w < 0 by symmetry of g and t. From (4.43) we see that L{"" has the law of an a-stable process whose jumps are
truncated with the function t. Similarly to (4.40) (in the situation g = 1), we deduce

B[n(L9)] - B[a(zs")]| < 1. (4.45)

- n

Theorem 4.2 is a consequence of (4.40), (4.45) and of the following lemma.
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Lemma 4.6. Let h be as in Theorem 4.2, then we have,
[E[(LT")] = E[2(L])]] < Cenlihlo,
where &, is defined in the statement of Theorem 4.1.

Proof. The scheme of the proof follows the same lines as the proof of Theorem 4.1, and is based on the comparison
of the representation of the random variables (4.5) and (4.42). Since, in Lemma 4.5, the difference 4,,(z) — z is only
controlled for |z]| < enl/® with some ¢ > 0, we need to introduce an additional localization procedure consisting in
regularizing 1, 10, 1]x (zeR:|z|>en!/e})=0}- Lt Z be a smooth function defined on R, and with values in [0, 1], such that

Z(x)=1forx <1/2,and Z(x) =0 for x > 1. We denote by £ a smooth function on R, with values in [0, 1] and such
that £(z) =0 for |z| < 1/2 and &£(z) =1 for |z| > 1, and we set

1
n__ < n
Vv _/0 /Ré’&(snl/"‘)'u (ds,dz)
1 z 1
:/ /1 g(m>u”(ds,dz)+/ / u'(ds,dz), (4.46)
0 J{zenl/e<|z|<enl/¥} &n 0 J{|z|>enl/x}

W' =1Z(V"). (4.47)

From the construction, W" is a Malliavin differentiable random variable such that W" s 0 implies p"* ([0, 1] x {z €
R; |z| > en!/%}) = 0, and one can show that P(W” # 1) = O(n™'). From the latter, it is clear that the proof of the
lemma reduces in proving the upper bound

B (L") W] — E[H(L3) W"]| < Conllhl.

Using a regularizing sequence as in the proof of Theorem 4.1, we can assume that / is C! with bounded derivative.
Then by the integration by part formula (4.21), we can write E[A(L])W"] = IE[H(L’{)’HLT (W™)] where H is some
primitive function of # and the Malliavin weight can be written, using (4.22) and the chain rule property of the
operator I',

(W, L
Using the triangle inequality, we are now left to find upper bounds for the following two terms
Ty :=[E[h(LY")W"] = E[H (L") He (W")]]. (4.49)
Ty := [E[H (L") HL (W")] = E[H (L) He (W")]]. (4.50)
Bound for fz.
Using (4.48) and the Lipschitz property of the function H, we have
~ rw", LY)
T < hlloB[| LT = LY[[Hoy (D[ W"] + ||h||ooE[|L‘i"” — L\ sy } 51
(Ll ’ L 1 )

We focus on the first expectation appearing in the right-hand side of (4.51). Using (4.5) and (4.42), we have

E[|LY" = Li[[Hey ()| w"]

1
=1E[/ /(hn(z)—z)/l”(ds,dz)
0 JR

IHL7(1>|W"}
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1
SE[ f f (hn @) — 23" (ds, d2)
0 J{lzl=l}

1
+]E[/ f (hn(z) — 2)u" (ds, dz)
0 J{l<|z|<enl/®}

where we have used that /,, is an odd function with the symmetry of the compensator 1", and the fact that on W” #0
we have ([0, 1] x {z € R; |z| > en'/*}) = 0. The two terms in the right-hand side of (4.52) are controlled using
Lemma 4.5(1). For the sake of shortness, we only give the details of the proof in the case o # 1. In the case o =1,
one needs to modify this control with an additional logarithmic term. For the small jumps term, from inequality 2.1.37

in [13] and Lemma 4.5(1), we deduce E| fol f{|z|§1}(h”(1) — ) (dz,ds)|? < Cp(n’l/"‘ +n~1?, forany p >2 and
using 0 < W" <1 and (4.28) we get from Holder’s inequality

I
E[// (hn(2) —2) 1" (s, d2)
0 Hizl=1}

The large jumps term of (4.52) is upper bounded by

1 o |
E[// (ﬁJr )“"(dsidz)// IZIM”(ds,dz)|7-lL7(1)|W”],
0 J{l<|z|<enl/e}\ N 0 Ji1<pcl<ent/a)

where we have used Lemma 4.5(1), and the basic inequality,

1 ' 1
/ / <Hu . o 5/ f |Z|ﬁ71“n(ds’dZ)/ / j2lu" (ds, dz)
0 J{l<|z|<enl/®) 0 J{l<|z|<enl/®) 0 J{i<|z|<en!lo}
for 8 > 1. From u" = i + " and inequality 2.1.36 in [13], one can easily show that for g € (1, 2),
! q
E[/ / |Z|Mn(dS,dZ):| < C(1+n9*71),
o Ju<izizentie)

1 q
E[/ / IZI“M”(ds,dz)] <cni ™,
0 {1<|z|§sn1/°‘}

By Holder’s inequality and (4.29), we deduce that the large jumps term of (4.52) is eventually smaller than C (n =1/ +
n’l/‘f) for any g € (1,2), and in turn

\%L7(1)|W"}

|7-[L7(1)|W”}, (4.52)

|HL7(1)|W”} <cn Ve con .

|z]
nl/e

E[|LY" = Lt||Hypr (D[W"] < Cey.

Let us now study the second expectation in the right-hand side of (4.51), which can be rewritten, using (4.47) and
the chain rule property of the operator I'

r(v”, L")

| 118 = 241707 |

] (4.53)

Using (4.46), we get the explicit expression for I'(V", L) = fol Jp p(@E (=25 ) (ds, dz)n~*e~", from which

enl/e

we deduce |%| < CI|§’||oon_1/°‘. Hence, the term (4.53) is smaller than
1
Cn‘/“E[ / / (hn(2) — 2) " (ds, d2) |I’(V,,)|].
0 J{lzI<K(a)n'/}
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Remarking that 7'(x) = 0 for x > 1, we deduce that |Z’(V")| # 0 implies ©"([0, 1] x {z € R; |z| > en~1/*}) = 0.
Consequently, (4.53) is upper bounded by

1
/ f (hn(z) — 2) " (ds, dz)
0 J{jzlzen!/e)

where we used the symmetry of the compensator 7t"*. Using Lemma 4.5, one can show that

1
E[// (hn(2) — 2) " (ds, dz)
0 J{lz|<enl/®}

and deduce that (4.53) is smaller than C n~!. This finishes the proof that Tz < C|lhlloon-
Bound for T.
Using (4.17) and (4.22) we can write

2 (Wn)_—W”L(L’ll)+L w” oL LYW"
STy TR )T T Iray )

and with computations using that L is a self-adjoint operator, as in the proof of Theorem 4.1, we get that

S|

]Scnl/a—l’

o=l B M) W

T(L", L")

w

But I'(L} — LY", L") = fol f{lzlfK(a)nl/”} p(2)(1 — hl,(z))u"(ds, dz). Using Lemma 4.5(2), we deduce that on the
event W" #£0,

a,n
T —LY" L)

< ||h]| . E
= Wleo H (LY, LY

\F(L’E—L‘i"”,L’f)ISCfI/ p(z)( d +ﬁ>u"<ds,dz>
0 Jijz1<ent/ey nl/« " n

! 2l 12N
0 J{lz|=1} n n

: n : 2l 121"
+C/ / p(@)u (ds,dz)/ / e T |Juds.dz).
0 Jii<lzlzen!/a) 0 Ji<izlzen!/a) \ 1 n

From this equation, we deduce that

1 o
~ _ _ Z Z
T < Cllhllo(n™ 1 +n 1)+C||h||ooﬂ<:/ f ('l/'a+l>u"<ds,dz>
0 J{l<|z|<enl/ay\ I n

< Cllhlloo(n™"* +log(m)n™").

This is the required upper bound for Ti. (]

Proof of Lemma 4.5. As x — h,(x) is an odd function, it is sufficient to study this function on [0, 00). Recall that
for 0 < x < K(a)n'/%, h,(x) =s, ' (x) and s, (x) = n'/*G~1(H(n~'/*x)), where G and H are defined in (4.41). As
7(x) =1 for |x| < K(a)/2, we have H(x) =a 'x~® 4« for 0 < x < K (a)/2, where k| is some constant. Using
that g(x) =14 O(x) as x — 0, we get

G(x) = f KO g@1@  fox ™ tio+0a"), ifa#l,
N Zlte e x4+ O(llog(x))), ifao=1,
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where k7 is some constant. Then, by elementary computations we deduce that if u € (0, co) is large enough,

C —2/a C 7171/a’ if 1,
G () — oy V| < { C T C o7 (4.54)
Cu—~|log(u)|, ifa=1.
From the expression H(x) =a~'x™% + k1 and (4.54), it comes, for x/n'/% small enough,
c=x2 Cx , if 1,
|sn(x)—x| =|n1/°‘G*1(H(n71/°‘x))—x| X'/“ + l o7 (4.55)
Ccx |10g( )| ifa=1.

Now, the first part of the lemma follows from 4, = s, —1

For the second part we use (4.44) to get, if x /n/ 4

/( )_(Sn(x)>l+ol 1
W= Ty g (=15, (x))°

From (4.55) and

is small enough,

m =14 0(sp(x)/n'/*) =14 0(x/n'/?), we deduce the second part of the lemma. [J

S. Proof of Theorems 3.1 and 3.2
5.1. Proof of Theorem 3.1

Before proceeding to the proof of Theorem 3.1, we first recall the following useful result to prove convergence in
probability of triangular arrays (see [13]).
Let (/') be a triangular array such that ¢/ is F; -measurable then the two following conditions imply the conver-

gence in probability 7, ¢ — 0:

Z|E|]:l et |—> 0 in probability, 5.1
i=1

Z]Eu-, 1|§ | — 0 in probability. 5.2)
i=1

To prove Theorem 3.1, the idea is to replace z,, defined by (3.4), for (0,0) € V(”) (6o, 00), by the normalized
increment n'/¢AL; = nl/ @ (Ll —Li- 1) This approximation is justify by the next lemma which is an extension of

Lemma 4.2 given in Section 4. 1.
Lemma 5.1. Assuming H1 and H2(a), there exists p, q > 0 such that
Ve > 0, PFH( sup |za(X i1, Xi,60,0) —n'/* AL >s) <CE(1+|Xi1|P)/nf, (5.3)
T 0.00ev" 0,00 v !

where C(¢) is a positive constant and AL; =Li — Li-1.

n

Proof. We have the decomposition

a(Xi-1,00)(zn(X i1, X1, 60, 00) —n'*AL;)  a(Xi-1,00)
n + n nl/D(ALi

’é o) a(Xi-1,0)

Zn(X X,,@ o) =

1/a

n
- m(&‘—l(@o) —510)).
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From H1 we have for t € [0, 1/n] and 6 € V (6p)
t
OB ACHE Hb’Hmf 63 0) — &5 G| ds +16 = 60l(1+ sup &5 @0)]")/n,
0 1e[0,1/n]

moreover from Gronwall’s Lemma we check easily that

sup &7 (0p)| < C(1+ |x]).
tel0,1/n]

This leads to the bound (using once again Gronwall’s Lemma)
¢ p
[€i-10) = &i-10)] = —16 = 6ol (1 41X i1 17).

Now for (8,0) € Vn(”)(é’o, 00), we have |0 — 0| < n/n'/*=1/2 and |6 — 9| < n/n'/? so from H1 we get that

nl/a

m(&fl(@o) —&_100))

<C(1+1X1]?)/n'2

Using once again H1 and a Taylor expansion, we have for (6, 0) € Vn(") (60, 00),

a(Xi-1,0) "
—r 1| <C(1+|Xiz|?)/n"/".
Kooy [FCUHIXAN)
This gives the bound
sup |za(Xio1, Xi,0,0) —n'*AL;| < C(1+|Xi2117) [2a(Xi=1, X, 60, 00) —n'/* AL

©,0)€V," (60,00)

n'/%|AL;|

+C(1+1Xl”) Y

The Markov property and the result of Lemma 4.2 give for some p’, ¢ >0
Pz, (CO+1Xmi1?)|zn(X iz, X1 ,600,00) —n'/* ALi| > €) < C@)(1 + X izt |7') /.

Moreover from Theorem 2 in Luschgy-Pages [19], we have E[n'/*AL;|? < C, for ¢ < « and we deduce that

1/a .
n/%|AL
Pir, ((1 + |X%|p)% > s> < Ce)(1+ X1 P)/nl2,

This finally leads to the bound (5.3).

We can now proceed to the proof of Theorem 3.1.

1

1341

Proof of Theorem 3.1. (i) From the triangle inequality, it is sufficient to prove the four following convergences in

probability:

n

1
—Z(f(xi_l ,0,0) — f(X%,Qo,ao))h(zn(X;_l,X;_-,Q,a))

n n n
i=1

sup
0,0)€V," (60,00)

— 0,

sup
0,00V, (60,00)

n
! D F(Xim1.60.00) (h(zn(X =1, X 1,0, 0)) — h(nl/"‘AL,-))‘ -0,

n -
i=1

54

(5.5)
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Zf(x 00, 30) (h(n 1/"‘AL,-)—]Eh(L‘i‘))‘—>O, (5.6)

0. (5.7)

Zf(x 00, 00) — / £(Xq. 60, 00) ds

The last point (5.7) is the convergence of a Riemann sum since # — X, is cadlag and f is continuous.
Since A is bounded and SuP(f),a)evgoanOUa@f(x’ 0,0)|+ |05 f(x,0,0)]) <C(1+ |x|P), we get easily (5.4) from

a Taylor expansion and using |6 — 6p| < r;/nl/”‘_l/2 and |0 — og| < 77/nl/2 for (,0) € V(n)(Go, 09p).

To prove (5.5), we introduce the truncation 1y, o en (X i1 X 0.0)= _nl/aaL;|<¢) for & >0, and since h
6,00V, (6y.00) izl

and /' are bounded we get

sup Ih(zn (X i1
©,0)€V," (69,00) !

' 00 + 2||h||ool{§up

,Xi,0,0)) —h(n'*AL;)|

Xi1 x RLYN
(G.U)GV,(,n)(QO,U ) ‘Zn( .0, ‘7) n |>€}

This yields

1,00,00) (h(zn(Xiz1, X i ,0,0)) — h(n'/*AL;))

i=1

n
©.0)eV" @o,00)| =

n

1
< £C<1 + sup |XS|1’) 17+ Cllilloo= S (141X i 1P) g
s€[0,1] n n

|z,,(Xﬂ,XL',H,(T)nt/aAL,'|>€}'
i—=1 n n

©.0)eV" (@g.00)
For any & > 0, 137 (1 + X 1 17) L fsup "
©,0)eV," (6,00

check easily (5.1) and (5.2) from Lemma 5.1) and we deduce (5 5) letting € go to zero.
The proof of (5.6) is established by checking (5.1) and (5.2) with

jen(X i1 X 0.0)=nl/« AL |>e) goes to zero in probability (we

,00,00) (h(n"/*AL;) — ER(LY)).

1
Cl-n =—f(Xiz
n n

From Theorem 4.2 we get (5.1) and the boudedness of & implies immediately (5.2).
(ii) As mentioned before, only the case « > 1 requires a proof.
We first remark that we just have to prove the convergence in probability, for any K > 0 fixed

sup
©,0)eV\" (60,00)

1 n
sz(xf 0.0)lyx i 1|<1<}h(zn(X 2 X1,0,0))] = (5.8)

Indeed, 1{jx,_, |>K} < l{sup, (o1 1X:|>K} and since P(sup, o 171 X:| > K) goes to zero as K goes to infinity, we deduce

(i1) from (5.8) letting successwely n and K go to infinity.
The proof of (5.8) is obtained by establishing the three following convergences in probability:

1 n
swp | Y f(Xier,0,0)
©,0)€V," (60,00) i=1

X 1{\Xﬂ\51<}[h(zn(x Xi,0, o)) — (Zn(X X ,60,00))]| = (5.9)
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sup

n
0,00V, (60,00)

1 n
7w 2 (Xi1.0.0)
i=1

x 1{\Xﬂ\gk}[h(2n(x%, Xi, o, 00)) — EU:Eh(zn(X%, X, 60, 00))]‘ — 0, (5.10)
1 n
sup 1 Zf(Xﬂ’evU)l{lxi_l 1<k E 17 h(zn (X izt XL,QO,Uo))‘ — 0. (5.11)
) nie n En = n
0,00V, (69,00) i=1

Considering first (5.9), we have

a(Xi-1,00) nl/e
Zn(Xiz1, X i, 60, 00) +

Xi1,Xi,0, ="
X X100 = o o)

m@’”(@o) —&_1(0)).

Now, we have the bounds (this has been established in the proof of Lemma 5.1)

1/a

sup ﬁ(a_lwo) —E10)| = C(1+ X |P)/n' 2,

©.0)eV" p.00)| 5T "
a(Xi-1,00)
sup " — 1 =C(1+|Xi1|P)/n'/2.
s a(Xi-1,0) n
0.0)eV," (60,00) .
This leads to
» |Zn(Xi;17X£’90»0'0)| l

©,0)V," (6,00)
and finally adding and subtracting n'/* AL,

sup |za(X i1, Xi,0,0) — 2p(Xiz1, X, 60, 00)|
©,0)€V," (69,00 o o
lzn(Xiz1, Xi,00,00) —n/*AL;| +n"*|AL;| + 1
nl/2 :

<C(1+Xia|P)

Introducing the truncation 1 Uzn (X i1

n

sup if(Xﬂ,Q,G)l{\Xﬂ\SK}(h(zn(Xﬂ,XL, 970)) _h(Zn(Xﬂ, XL,90,00)))|
(9,0‘)6‘/,1(”)(60’0-0) " " n n n n

X 00.00)—n'/eaL;|<¢) fOr € >0, we deduce that
i <

(e + 1+n'*|AL;|)
SCK(H”HOO s Mooz, o,y don-nteaL e} )-

i—1
n

Observing that 1 /o + 1/2 > 1, to prove (5.9) it remains to check the two convergences in probability

1 < n'/®|AL;| -
nl/a Z nl/2 -0, nlja Z 1{|Zn(xﬂ»XL»QOyGO)*nl/uALi|>3} — 0.
i=1 i=1 o
Since o > 1, Theorem 2 in [19] gives En!/|AL;| < C and we deduce E[—= > 7_ M] — (. Moreover usin
g e 2ui=1 " 412 g

the result of Lemma 4.2, we deduce El{lZn(Xﬂ,XL,90,0'0)—n|/aALi‘>€} < CgC(g)/n'=? for any 8 € (0, 1) and this

permits to obtain the second convergence. This achieves the proof of (5.9).
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Turning to (5.11), since Ei(LY) = 0, we deduce from Theorem 4.2
B h(n"/*AL;)| < Cep,

moreover from Theorem 4.1, we get

[EyFy (h(en(X i1, X1 00, 00)) = h(n'AL))| < C(1+1X i )en,

with \/ne, — 0. This permits to conclude that (5.11) holds.
It remains to prove the uniform convergence of the martingale part (5.10). For any (6, 0) € Vg, x Vy, the conver-
gence in probability

l/aZf(X . x 1=k (B (an (X i1, X1 60.00)) = Eyry (2 (X iz, X1 60, 00)) =

is immediate (we check easily (5.2) since 2/ > 1). To prove the uniform convergence we use a tightness criteria (see
for example the Appendix of [10]). Denoting

M,0,0) = 1/me(X ,0,0)x,_ 1|<1<}( (zn(X Xl,eo,oo)) E‘;i (z,,(X X,,eo,ao)))

it is sufficient to check, for (6;,0;) € Vg, x Vg, i =1, 2,
4 4
SupE| My, (01, 01) — My(62,02)|" < C || (01,00 = (62,0 |
n

From Burkholder inequality for discrete martingale (see [22]):

2
E|M, 61, 01) — My(62,02)|" < 4/a (Z}m (61,01) —mi (62, 02)| )

i=1

where m;(0,0) = f(X, 1,0,0)1x,, 1|<K}(h(z,,(X X, ,00,00)) — E‘]: h(zn(X X, ,00,00))), and from

Cauchy—Schwarz mequahty

n

4 _C 4

E|M, (61, 01) — My(62, 02)| SW"EE |mi (61, 01) — m; (62, 02)|".
i=1

This gives from a first order Taylor expansion of f

4 _ Ck 4
E|My (01, 01) = My (02, 02)[" = —7on n?llhlls | @1 0T = (02,007 |
Since n?/n*® — 0, the result is established. (]

5.2. Proof of Theorem 3.2 and Corollary 3.1

Proof of Theorem 3.2. We will prove the stable convergence in law with respect to o (Lg, s < 1) of the process

nt] 1/
fi(Xic)hi(n/*ALj})
t I/ZZ(fZ(X”)hz(nl/aAL)>, t€[0,1],
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in D([0, 1], R?) equipped with the Skorokhod topology. To this end we introduce the processes

[nt]

Ly =) AL, 1€[0,1],
i=1
[n1]
. 1 hl(nl/aAL,')
i _/Z(hzm‘/“ALi) - relo

The process (Z?) ; converges in probability to (L;), for the Skorokhod topology and according to Lemma 2.8 in [12],
if (Z?, I'") converges in law to (L1, y’) where ¥ is a Gaussian variable independent of L with variance

, (ER3(LY) 0
2_( o Eh%(yf)), (5.12)

then there exists a two-dimensional standard Brownian motion (B;) = (Btl, Btz) independent of (L;) such that the
processes (L, T, T"") converge in law to (L, T, (£)/2B), where

[ X 0 ) n1/2
F"/()( 0 pxy) () dB

This result implies the stable convergence stated in Theorem 3.2. _
To study the convergence in law of (L’lq, Fi”), we denote by ®,, the characteristic function of (L?, F/I”), and by ¢,
the characteristic function of the (L1, nl]Thl (nl/"‘Ll/n), #hz(nl/"‘Ll/n)). Then we have

log ®, =nlogdy,
and we just have to study the asymptotic behavior of ¢,. By definition

. . 1 .
e”‘LI/n‘H ﬁhl(” /[xLl/n)"‘l #I’Q("l/al'l/n).

$n(u,v,w)=E
A Taylor expansion of the exponential function gives:

j v 1/a p_w 1/a
oM LyF T (U L) 1/2h (nl/"‘Ll/ﬂ)+l 1/2h2( /Ll/n)

h2( l/OtLl/n)__hz( ]/O[Ll/ )—_(hth)( Ll/ )
+0(1/”)’

where for any p > 0, o(1/n?) is a bounded term such that n”o(1/n”) — 0 as n goes to infinity. Consequently we
obtain

. v . Lw .
One, v, w) = B M0 i B Mnhy (1 L) i s By (0 L)

V2 L2 (1 w2 L2 1 VW iul 1
_ %Eelu l/nhl(n /OtLl/n) _ EEE’” 1/nh2(n /aLl/n) _ 7]Eelu 1/n (l’l]hz)(}’l /C{Ll/n)
+o(1/n).

From this expansion, we have to study the convergence of

1. EeiuLin,
2. EeLvnh(n'/®L;,,) for h a bounded function such that Eh(LY) =0,
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3. Ee“Linh?(n!/* Ly ;) for h a bounded function,
4. EeLin(hyhy)(n'/% Ly ) for hy, hy bounded and such that E(h1h2)(LY) = 0.

The terms 1., 3., and 4. are easy to study and only 2. requires some more work.
Term 1. We have Ee/*L1/n = 1 4 v (u)/n 4 o(1/n), where ¥ is the Lévy—Khintchine exponent of L.

Term 3. We decuce from Theorem 4.2 that Ee“Limp2(n/%L; ) = Eei“L‘lx/”l/ahz(L‘l") + o(1/n'/?). Moreover
from dominated convergence Theorem, we have

Ee L /m B2 (1Y) = ER(LY) + o(1),
we conclude that
Ee“Lnh?(n'/*Ly)y) = ER*(LY) + o(1).
Term 4. In the same way, we have
Ee'“H1in(hihy) (n'/*Lyn) = o(1).
Term 2. Theorem 4.2 yields
Ee“Lmp(n' /2Ly ) = Ee LM R (LY) 4 o(1/n'7?).

Now we observe that Eet“Li/ ”l/ah(lff) = E(e L1/ ntle 1)A(LY). To control this term, we consider separately the
casesa > land o < 1.
e o > 1. Since E|L{| < oo and £ is bounded, we immediately obtain

|]E(eiuL‘f’/nl/m _ l)h(L?)| < C|u|/n1/°‘ :0(1/’11/2).
e o < 1. From the Lévy-Itd representation, we have
L¢ =1 4 1%,

where

1 1
et = [ s 1= [ .
0 J{0<|z|<1} 0 J{lz|>1}

n® is a Poisson random measure with compensator dtw++1 dz and 1% is the compensated measure. With these
notations, we set

An={pe(10, 11 x {1z > n'/*}) = 0}.

Since 1% ([0, 1] x {|z| > n'/%}) has a Poisson distribution with parameter bounded by C/n, we deduce that
IP’(A;) <C/n.

Using the truncation 14,, this permits to get the bound
IE(e L5/ — 1)(LY)| < CE|e™i/m" — 1|14, + C/n < CE(|L%|14,)/n"/* + C/n.

Obviously we have IEIL‘;”1 | < C and for the big jumps component we get

|z] Clogn ifa=1
E|L%2|1 </ ——dz < L ’
L = {1<lz<nl/ey 2|9 “=lentem, ita <l
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This leads to

(e e < { € )

In both cases, we conclude for the term 2. that
Eei”L‘/"h(nl/o‘L1/n)‘ < o(l/nl/z).

Putting all these results together, we finally obtain the convergence

2 2
v w
log @, (u, v, w) = nlog @y (u, v, w) — V¥(u) — 7JEh%(L‘f) - 7Eh%(L‘;f),

and we get the convergence in law of the vector (Zrl', ') to (L1, y’) where y’ is a Gaussian variable independent of
L1 with variance ¥’ defined by (5.12).
This achieves the proof of Theorem 3.2. ]

Proof of Corollary 3.1. From Theorem 3.2, it is sufficient to prove that for f : R — R a continuous function and
h : R +— R abounded function with bounded derivative

i—1
n

n
—11/2 > f(Xiz1,60,00)(h(zn(X -1, X .60, 00)) — h(n'/* AL;)) — 0,  in probability.
n n n

i=1

For this we check the conditions (5.1) and (5.2) with

1
o= anf(X,'_l , 00, G())(h(zn (Xiz

n n

, X i,00,00)) — h(n'/*AL;)).
From Theorem 4.1

[EiFy h(en(X iz, X160, 00) =iz, h(n'/“AL)| < C(1+ X )enllAlloo.

1/2

where n'/“g, — 0 and (5.1) is immediate. Turning to (5.2) and using that z and &’ are bounded, we have for all ¢ > 0

2
EiF,y [h(zn(X izt X100, 00)) = h(n'/* ALi)[" < Ce? + CEF_, V00, .oy -nl/eaL|e)-

i1
n

From Lemma 4.2,Ve > 0, E\7,_, L, «x, | x: .60.00)-n/enL;=e} = C(O)A +[X i1 |”)niq for p, g > 0 and we deduce

i i
n n

. I ¢
hmsup;Zfz(X;I’QOvUO)El}—ﬂ1{|zn(X 1,Xi,90,00)—n1/°‘ALi\>8} =0 as.
n P 7 n
This yields
- 2
lim su Er. e < Ce? as.
n PZ \-7:% |€t | =

i=1

and we get (5.2) letting ¢ go to zero. ([
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