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The classical Skorokhod embedding problem for a Brownian motion W
asks to find a stopping time t so that Wy is distributed according to a pre-
scribed probability distribution ©. Many solutions have been proposed dur-
ing the past 50 years and applications in different fields emerged. This article
deals with a generalized Skorokhod embedding problem (SEP): Let X be a
Markov process with initial marginal distribution p¢ and let | be a probabil-
ity measure. The task is to find a stopping time t such that X; is distributed
according to p1. More precisely, we study the question of deciding if a finite
mean solution to the SEP can exist for given g, 1 and the task of giving a
solution which is as explicit as possible.

If g and pq have positive densities ¢ and k| and the generator A of X
has a formal adjoint operator .4*, then we propose necessary and sufficient
conditions for the existence of an embedding in terms of the Poisson equation
A*H = h| — hg and give a fairly explicit construction of the stopping time
using the solution of the Poisson equation. For the class of Lévy processes,
we carry out the procedure and extend a result of Bertoin and Le Jan to Lévy
processes without local times.

1. Introduction and main results. The Skorokhod embedding problem was
originally formulated and solved by Skorokhod [30, 31] for a one-dimensional
Brownian motion W started from O and a given probability measure u:

(CLASSICAL SEP). Find a stopping time 7 such that W; ~ u and E[7] < oo.

The additional requirement on 7 to satisfy E[r] < oo is commonly posed
to exclude nonmeaningful solutions. As observed by Doob (see [23], Re-
mark 51.7), without this condition a trivial solution would be T =inf{t > 2: B; =
F " 1(®(By))}, where ® is the distribution function of a standard normal vari-

able and F, I'is the right-inverse of the distribution function F, of . There is a
great ongoing effort to obtain solutions with different properties to the Skorokhod

Received December 2017; revised July 2018.
lSupported by ETH Ziirich, where a major part of this work was completed.
2Supported by Swiss National Foundation Grant No. 200021_163014.
MSC2010 subject classifications. 60G40, 60J75.
Key words and phrases. Fokker—Planck equation, Lévy process, Markov process, Skorokhod em-
bedding problem, random time-change.

2302


http://www.imstat.org/aap/
https://doi.org/10.1214/18-AAP1454
http://www.imstat.org
http://www.ams.org/mathscinet/msc/msc2010.html

ON SKOROKHOD EMBEDDINGS AND POISSON EQUATIONS 2303

embedding problem in different generalizations. For a survey paper on classical
results, we refer to [20] and references therein.

Recent motivation to deal with various versions of the classical Skorokhod em-
bedding problem stems from its applications in mathematical finance starting with
the seminal work of Hobson [17], where model-independent pricing bounds and
hedging techniques for lookback options were studied by means of Skorokhod em-
bedding. The link between robust financial mathematics and the classical SEP was
utilized by many authors to determine robust price bounds for exotic options; see
[16] for a more detailed introduction to this area. More recently, additional inter-
est in the Skorokhod embedding problem was also caused by new applications in
game theory (e.g., [13, 29]) and in numerical analysis (e.g., [1, 14]).

There are two direct extensions of the Skorokhod embedding problem: gen-
eralizing the process and generalizing the deterministic initial condition &g to an
arbitrary distribution z¢0. A natural motivation for the latter is the interest of con-
structing multi-marginal Skorokhod embeddings.

The version of the Skorokhod embedding problem we deal with allows for a
general process and a general initial distribution. Let po and @1 be two given
probability distributions. On a complete probability space (2, F, P*?), we con-
sider a stochastic process L with Lo ~ po under P*° and denote by (F;);>¢ the
P*0-augmented natural filtration of L. This setting leads to the following formula-
tion of the Skorokhod embedding problem:

(SEP). Find an (F;);>0-stopping time t such that L; ~ 1 and E*0[7] < oo.

The first natural question is under which conditions an embedding t exists. For
a Brownian motion starting from an initial law po with finite second moment, this
is a classical result: There is a finite mean embedding for w if and only if pp and
w1 have the same first moment, finite second moments and pq is smaller than |
in convex order, that is,

/(p(x)uo(dx)S/ @(x)u1(dx) for all ¢ convex.
R R

Sufficiency follows, for example, by [3], necessity by the optional sampling the-
orem and Jensen’s inequality. To give the right generalization of this property for
more general Markov processes is the main purpose of this article. Using general
Markov process theory, we find an abstract formulation in terms of Poisson equa-
tions which becomes explicit for Lévy processes but we believe to hold much more
generally.

Recall that a continuous-time process (L;);>0 with values in R is called the
Lévy process if it has almost surely RCLL sample paths, is almost surely issued
from 0, is stochastically continuous and has stationary and independent incre-
ments. Due to the Lévy—Khintchine representation, there exist @ > 0, y € R and a
measure v on R with v({0}) = 0 and fR(x2 A 1)v(dx) < oo such that

(1.1) E[eE] =™, ueR,t>0,
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with the characteristic exponent
1 .
(].2) n(u) = —50121/!2 + iuy + /]R\{O}(emy —1- iuy]l{|y|51})v(dy), ueR.

The triplet (o2, y, v) is called a Lévy triplet and fully characterizes L. We ex-
clude the trivial case of a constant Lévy process, that is, « = y = v = 0. For more
background information, we refer for instance to the introductory texts of Bertoin
[4] and Kyprianou [18]. A Lévy process with initial distribution p¢ is defined as
L = L+ Xo, where X( ~ 1 is independent from the Lévy process L. Throughout
the article, L will be a Lévy process with initial distribution 1o under IP*0, For the
special case puo = 8o, we always abbreviate P = P,

To the best of our knowledge, there is only one article that deals with sufficient
and necessary conditions for the existence of finite mean Skorokhod embeddings
for Lévy processes, for the particular case, ;g = 8g. For symmetric and recurrent
Lévy processes that possess jointly continuous local times (e.g., «-stable processes
with o € (1,2]), Bertoin and Le Jan [5] give the following necessary and suffi-
cient condition for the Skorokhod embedding problem: If {7 denotes the Fourier
transform of the measure (1, then the necessary and sufficient condition for the
existence of a finite mean Skorokhod embedding is

(1.3) ?eL‘(R), H>0 and HelL'(R),
where

Lm0
(1.4) H(x):= 271/]1%777(3;‘) e dé, xeR.

We should mention that the results of [5] hold not only for Lévy processes
but also for Hunt processes with local times. Since their proofs were based on
excursion theory, we had to develop a completely different approach to deal with
processes that do not have local times (e.g., the Cauchy process).

The main result of the present article shows that the obvious generalization of
(1.3) and (1.4) to nontrivial ug (i.e., replacing 1 by fip) is the necessary and suffi-
cient condition also for a wide class of measures and Lévy processes without local
times. Allowing the Lévy process to be more general forces us on the other hand to
assume a priori regularity on wo, 1. We will always assume that (1o, ;1 have posi-
tive densities with respect to the Lebesgue measure. Additional smoothness will be
imposed (e.g., ho, h1 € Co(R) for the Brownian motion). Assumptions on the den-
sities are different for different Lévy processes; we state the precise assumptions
in Section 1.1 below.

THEOREM 1.1. Suppose L is a Lévy process with initial distribution o and
characteristic exponent 1. Suppose g, 1 have strictly positive densities hg, hy
which are “sufficiently smooth” (specified below in Assumption 1.6):
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(i) The necessary and sufficient condition for the existence of a finite mean
Skorokhod embedding is

(1.5) M7 YRy, H>0 and Hel'(R),
n
where
1 TE) — I .
(1.6) H(x):= —f @) = o) —iveye R,
2m Jr n)
(i) If (1.5) is satisfied, then an explicit solution under P*0 is given as follows:
. b _emmi(Ly)
T :=infit € [0, :/eG(’)idrzl}/\ ,
et [y g

where, fort > 0,
Chi(Ly) — ho(Ly)
H(L;)

dr

p:=inf{r €[0,00): H(L;) =0} and G(1) ::/O

with the usual convention inf @ := oo.
(iii) With t from (ii), it holds that E*o[t] = [ H (x) dx.

The conditions might look complicated at first sight but they are explicit since
they only involve the given densities and the given characteristic exponent of the
Lévy process. Also the stopping time is fairly explicit: It only involves the process
and explicit functions but no further stochastic quantities (e.g., local times).

Even though the three conditions in (1.5) cannot be considered separately from
each other, each of them has an interpretation in analogy to the Brownian case
mentioned above: Since 1(0) = 0, the integrability at zero of (fjt; — f1p)/n forces a
decay of f1] — [tg in relation to the behavior of 7 at zero. Since the behavior at zero
of a characteristic function relates to the moments, the integrability of (fx] — jx0)/n
is an abstract condition for equal first moments of (o, ;1. Nonnegativity of H is a
generalization of the convex order condition for Brownian motion and integrability
of H corresponds to finite second moments.

REMARK 1.2. Note that for lattice type Lévy processes there exist ug 7= 0
with 7(ug) = 0. For such uq the condition (717 — fZp)/n € L'(R) in (1.5) thus
requires a decay of ft1(u) — fio(u) as u — uy.

While Bertoin and Le Jan [5] deal with necessary and sufficient conditions for
the solvability of the Skorokhod embedding problem for, in particular, certain Lévy
processes and o = do (see above), sufficient conditions for different types of Lévy
processes and g = §p were also obtained in [19] and [21]. Namely, Monroe [19]
addresses symmetric «-stable Lévy processes with « € (1, 2] and Obl¢;j and Pisto-
rius [21] the case of spectrally negative Lévy processes. In a more abstract setting,
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Falkner and Fitzsimmons [12] provide even necessary and sufficient conditions
for general but transient Markov processes, which cover only partially the class of
Lévy processes. For a relaxed version of the SEP (allowing for randomized stop-
ping times, i.e., allowing for stopping times which are measurable w.r.t. a larger
filtration than the natural filtration generated by the underlying Markov process)
Rost [25] shows necessary and sufficient conditions for general Markov processes.
A discussion about differences between randomized and non-randomized solutions
to the SEP can be found for instance in [12].

REMARK 1.3. All results about the Skorokhod embedding problem are pre-
sented for Lévy processes for the sake of clarity. However, we believe that most ar-
guments can be extended to more general Markov processes under rather unhandy
conditions. The main finding of this article reveals a direct connection between
the Skorokhod embedding problem and the existence and positivity/integrability
of solutions to the Poisson equation

(1.7) A*H = hy — h,

where A* denotes (if it exists) the formal adjoint operator of the generator A of
the given Markov process L. A sketch is given in Section 1.2 to explain why the
existence of a positive and integrable solution to the Poisson equation contains
exactly the information needed for the finite mean Skorokhod embedding problem
with densities &g and /7.

In contrast to Remark 1.3, the statement of Theorem 1.1 involves explicit quan-
tities instead of solutions to Poisson equations. This, indeed, is a speciality for
Lévy processes for which the Poisson equation can be solved in Fourier space: To
see this, we recall the Fourier representation ,@ (u) = n(u)ﬁ (u) of A*, where
A* is the generator of the dual Lévy process —L. To solve (1.7), one takes Fourier
transforms of both sides, solves as H= (fz} — 71.6) /n and takes the inverse Fourier
transform. This gives exactly the form of H given in Theorem 1.1. Taking the
inverse Fourier transform is valid thanks to the property H = (h| — ho) /nelLl.
This analysis in the context of Lévy processes is carried out in Section 3.1.1; see,
in particular, Proposition 3.1.

REMARK 1.4. Let us compare our results to those of [24] in more detail.
Define the measures ;U by

wiU(A) :=EH |:/OOO lA(Lt)dt:|, A € BR).

Under the assumption that uoU is a o-finite measure (which is a transience hy-
pothesis; see [12]), [24] proves that a (randomized) stopping time T such that
Lz ~ w1 under P*0 exists if and only if poU > p1U. Since a solution to (SEP) is in
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particular also a randomized stopping time, the necessary and sufficient condition
(1.5) in Theorem 1.1 implies poU > w1 U. This property appears to correspond to
nonnegativity of H, whereas the other two conditions in (1.5) seem to correspond
to the additional restrictions posed on the stopping time in (SEP), namely that it
should be nonrandomized (which is implicit in our formulation) and have finite
expected value.

1.1. Regularity assumptions. For different Lévy processes, the necessary and
sufficient conditions for the solvability of the Skorokhod embedding problem
(SEP) provided in Theorem 1.1 require different regularity assumptions on the
initial density &g and the target density /1. In order to state these assumptions, we
distinguish between the following types of Lévy processes.

DEFINITION 1.5. We say a Lévy process with characteristic exponent 7 is of
type
S if it is symmetric and [} 5

0 if liminf,_ o |7(ut)] € (0, 00],
D if liminfy_ oo |7 ()| = 0.

du < o0,

Notice that these three types cover all Lévy processes as in particular any Lévy
process is either of type O or of type D. Based on this classification, we make the
following regularity assumptions on the densities hq, /1.

ASSUMPTION 1.6 (Regularity assumptions).
e If L is of type S, then hg, h; € Co(R).
o If L is of type 0, then ; € C3(R) with 2" € L'(R) fork =1,2,i =0, 1, where

h") is the kth derivative of h;.
o If L is of type D, then h| — hg € C.(R).

The Lévy processes considered by Bertoin and Le Jan are of type 0 as we will
see in the next remark. The subclass of processes considered in the Appendix of
[5] (for which conditions (1.3) were proved) are even of type S.

REMARK 1.7. In[5], the Lévy processes are assumed to be recurrent and sat-

isfy that 0 is regular for 0. Excluding the compound Poisson case, the last condition
is equivalent to condition (i) of Lemma 1.9 below and

62>0 or / (Ix] A 1)v(dx) = oo;
R
see [22], Section 1.30. Hence, these processes are of type 0 by Lemma 1.9.

Let us give further examples.
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EXAMPLE 1.8. Type S: Symmetric a-stable Lévy processes with index « €
(1, 2] are of type S. Indeed, for such processes one has n (1) = —c|u|* for some ¢ >
0 and so f1°° |r;(u)|_1 du = (¢ — 1)/c < oo is satisfied. In particular, a Brownian
motion is of type S and so for a Brownian motion Theorem 1.1 provides a solution
to the SEP for any positive, continuous densities /g, 21 € Co(R) which have the
same first moment, finite second moments and which are in convex order.

Type 0: Symmetric «-stable Lévy processes with index o € (0, 1] are of type 0,
but not of type S.

Type D: Lattice-type compound Poisson processes are of type D. Other exam-
ples of processes of type D can be found in [4], Exercise 1.7, and [28], Exam-
ple 41.23.

In fact, Lévy processes of type O form a large class as demonstrated by the
sufficient conditions presented in the next lemma.

LEMMA 1.9. Suppose that either:

(i) [z Re(%)dg <00 or
(i1) for some t > 0, the distribution of L; — Lo has a nontrivial absolutely con-
tinuous part.

Then L is of type 0.

PROOF. We argue by contraposition. Suppose there exists {uy}reny C R such
that limy_, o0 |ux| = 00 and limg_, oo (1) = 0. Then condition (ACP) in [28] can-
not be satisfied by the argument used in [28], Example 41.23, which we reproduce
here for convenience: Denoting for g > 0 by V4 the ¢g-potential measure

[e.e]
V4(B) = }E[/ e 1"1p(Ly) dt], B € B(R),
0
one may use [28], Proposition 37.4, to obtain

lim ¢V4(u) = lim — 2
k—o00

— 1 —1=gVI®).
k—o00 g — n(uk) 1

Since limg_, o |ug| = 00, this shows that q/\7q does not vanish at infinity and so by
the Riemann-Lebesgue theorem ¢ V7 does not have an absolutely continuous part.
Thus, condition (ACP) in [28] is indeed not satisfied. Combining this with [28],
Theorem 43.3, and [28], Remark 43.6, condition (i) does not hold. Similarly, for
any t > 0, limg_, oo E#0[¢/*(Li=L0)] = 1 and by the Riemann-Lebesgue theorem
it follows that the law of L; — Ly does not have an absolutely continuous part.
Hence, (ii) does not hold either. [
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1.2. Sketch of the proof. For the convenience of the reader, we give a brief
sketch of the arguments to explain why the existence of a finite mean Skorokhod
embedding for a Markov process is related to the existence of a nonnegative and
integrable solution to the Poisson equation A*H = h| — hq. The link to the the-
orem then comes from explicit solvability of the Poisson equation in the case of
Lévy processes as explained below Remark 1.3.

1.2.1. Necessity of the conditions. Suppose there is a finite mean Skorokhod
embedding t for a Markov process with generator .A and adjoint .4* for the mea-
sures u; (dx) = h;(x) dx. Since 7 has finite mean, Dynkin’s formula yields?

EMO[‘/(;TA]“(LS)C[S] :E“O[f(Lr)] —Euo[f(Lo)], feDA.

Let us assume for the moment there is a solution H to the Poisson equation A*H =
h1 — hop. Integrating out the assumed distributions L, ~ u1 and Lo ~ o and then
switching to the adjoint operator gives

E“O[/()TAf(Ls)ds} =/Rf(x)(h1(x)—ho(x))dxszf(x)A*H(x)dx

= /R.Af(x)H(x) dx.

Now suppose the range of A is rich enough to approximate any positive test func-
tion with compact support and constant functions, then one obtains integrability
and nonnegativity for H: The first as Af =1 gives [p H(x)dx =E*[r] < oo
and the second since the left-hand side is nonnegative whenever A f > 0. Hence,
if the existence of a finite mean Skorokhod embedding also implies solvability of
the Poisson equation, then the solution H is necessarily positive and integrable.
For the existence of H, properties of A* need to be studied in detail. In the
case of a Lévy process, we prove (under regularity assumptions on hg, /11) that the
existence of a finite mean Skorokhod embedding implies (it7 — fx9)/n € L'(R),
from which it then follows (see the discussion below Remark 1.3) that a solution
H to the Poisson equation exists and is given by the inverse Fourier transform of

(i1 — f20)/n.

REMARK 1.10. The heart of the argument is the use of Dynkin’s formula
which does not assume the underlying process to be Lévy. For the existence of
the solution H to the Poisson equation, our argument does not extend to more
general Markov processes. Nonetheless, we do believe the Poisson equation for
more general processes is solvable as soon as there is a finite mean solution to the
Skorokhod embedding problem.

3See Section 2.2 for the definition of D(A) C Cy(R) and note, for example, CC2 (R) Cc D(A).
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1.2.2. Sufficiency of the conditions. Assume there is a solution H to the Pois-
son equation (1.7) which is nonnegative and integrable. The approach presented
in this article is inspired by Bass’ solution [2] to the classical Skorokhod embed-
ding problem for Brownian motion. While the construction of Bass is short and
elegant due to particular properties of Brownian motion, our variant requires more
machinery.

To start with, let us first recall Bass’ strategy. Let W be a Brownian motion
and pu be a centered probability measure on R with finite second moment. Bass’
construction, slightly reinterpreted, can be split into two steps.

Step 1: The first observation is that there is a function g: R — R such that
g(W1) ~ p and thus Y; := E[g(W})|F:], t € [0, 1], gives a martingale with Yy =0
and Y1 ~ w. Based on the strong Markov property, the knowledge of the marginal
distributions of the Brownian motion and It6’s formula, Bass showed that there
exists a function o : [0, 1] x R — [0, oo) such that Y is a weak solution to the
stochastic differential equation

(1.8) dZ, = o (t, Z,)dW, with Zo~ 8o and Z; ~ L.

Step 2: A time-change 7 is constructed as the unique solution of the random
ordinary differential equation

() =0 (t, We)) witht(0)=0

and it is shown that (7 (¢));¢[0,1] is a family of stopping times with respect to the
filtration generated by W. By general time-change arguments (or Dubins—Schwarz
theorem in the Brownian case), (W;()):e[0,1] turns out to be a weak solution of
(1.8), and thus (W¢1)):¢[0,1] has the same distribution as (Y;),¢[0,1] if o has enough
regularity to ensure weak uniqueness to the stochastic differential equation (1.8).
As Y1 ~ u by Step 1, 7(1) is a solution to the classical Skorokhod embedding
problem for Brownian motion.

From an analytical point of view, Bass solved in Step 1 an inverse problem for
a second- order partial differential equation. Indeed, given the two marginal distri-
butions 8o and u, Bass first writes down a process Y with some marginal distribu-
tions p(¢, ), t € [0, 1], that match the prescribed marginals at times 0 and 1. He
then finds a o such that the Fokker—Planck equation for the time-inhomogeneous

o 92
generator 5 =

/ F)p(t,dx) — / F(0)80(dx)
R R

t 1 92
(1.9) 2/0 A‘ga(s,x)iﬁf(x)p(s,dx)ds, t e[0,1],

is solved by the family of marginal distributions. To circumvent the probabilistic
derivation of o through the clever choice of Y in Step 1 of Bass (which does not
extend to Lévy processes) we directly solve the Fokker—Planck equation (1.9) for
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o with a carefully chosen Ansatz for the marginals p(¢, -), t € [0, 1]. A priori, our
Ansatz is not related to a stochastic process Y and we need to work hard to justify
the existence of a process Y with the prescribed marginals. For the special case of
a Brownian motion, our marginals differ from Bass’ marginals so also o differs
and, as a consequence, our stopping time t differs from Bass’ stopping time.

REMARK 1.11. The idea we implement stems from implied volatility theory
and goes back to Dupire [9]. The original idea goes as follows: Suppose that in a
Brownian market model dS; = o (¢, S;) dB; all European call prices

C(T,K)=E[max{Sr — K,0}] = /Rmax{x — K,0}¢(T, x)dx

at time O for strike K and maturity 7 are known but o is only known to exist but not
explicit. Here, ¢ (¢, -) denotes the marginal density of S at time ¢. Differentiating
the known call prices C twice with respect to the strike prices gives the key formula
¢(T,K)=Cgk (T, K). This shows that from the knowledge of all option prices
one can deduce the entire solution ¢ to the Fokker-Planck equation. In order to
identify the model that implied the observed option prices (i.e., recover o from the
Fokker—Planck equation) Dupire suggested a formula for o that we recall below.
A generalization of this idea was carried out in [6] for jump diffusion models.

REMARK 1.12. Similar ideas have been used,for example, in [10, 15] and [7]
to construct (martingale) diffusions that match prescribed marginal distributions at
given (random) times. This provides alternative constructions of Y in Step 1. By
repeating Step 2, such processes could potentially be used to construct alternative
solutions to the classical Skorokhod embedding problem for Brownian motion.
Note that as in the case of Bass [2] these constructions are specific to the case of
Brownian motion and, as we are interested in general Lévy processes, we had to
develop new ideas.

Here, and in what follows, we say o is the (possibly time-dependent) local speed
function of a process Y, if ¥ has generator oA for a time-homogeneous generator
A of another (given) Markov process. The corresponding Fokker—Planck equation
satisfied by the densities ¢ (if they exist) of Y is

/ FO(t,x)dx — / FO0mo(dx)
R R

t
(1.10) =/ /o(s,x)Af(x)qﬁ(s,x)dxds, >0,
0 JR

for the starting distribution pig.

Our approach to the Skorokhod embedding problem takes up the ideas from
implied volatility but is fundamentally different from option pricing at the same
time: Dupire assumes a priori that the solution to the Fokker—Planck equation
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(equivalently all option prices) is implied by some ¢ and then recovers o from
the option prices through the Fokker-Planck equation. In particular, the Fokker—
Planck equation is a priori assumed to be well-posed. We proceed differently: We
suggest a family (¢ (¢, -))s¢[0,1] of densities and hope to find a o so that the cor-
responding Fokker—Planck equation has the unique solution ¢. Of course, a priori
there is no reason to believe this o exists and it strongly depends on assumptions
posed upon ¢! Comparing with Bass’ approach, instead of deriving ¢ as densities
of Y; :=E[g(Wy)|F;] we write down an Ansatz for ¢:

(1.11) ¢, )=th+ (1 —1t)hg, te][0,1],

where hg, h1 are the densities from the Skorokhod embedding problem. The
Ansatz for ¢ looks arbitrary (it is arbitrary, indeed) but below it turns out to work
very nicely. In order to derive a formula for o in terms of ¢, we follow the idea
of Dupire: Assuming such a o exists, the transition densities ¢ have to solve the
Fokker—Planck equation (1.10) for nice test functions f. Taking derivatives with
respect to ¢ yields

/f(x)B,d)(t,x)dx:/ ox,))Af(x)o(t, x)dx
R R

= [ Ao 10 ) d.
where A* is the adjoint operator. Hence, o needs to satisfy the equation

dp(t,x) = Ao (t, ) (t, )](x)

which, solving for o, gives the “generalized Dupire formula”

_((AH 1992, ) )
(1. x) '

Plugging-in the choice (1.11) of ¢ and then using the assumption that there is a
solution H to the Poisson equation A*H = h| — h¢ yields the formula

_ H(x)
p(t,x)

If now for this o there is a unique Markov process Y with generator o A, then this
is the analogue to the solution to (1.8) in the approach of Bass.

Finally, we obtain from Y the stopping time 7 in the same way Bass did in
his Step 2: Solve the random ODE t’(¢) = o (¢, ¥;) and define 7 := t(1). This
is where the positivity assumption on H enters the proof: A time-change should
be an increasing function. Since by construction Y| has marginal distribution
¢(1,x)dx = h1(x)dx and L)~ Y1, T is a solution to the Skorokhod embed-
ding problem.

o(t,x)

(1.12) o(t,x)
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It only remains to show that 7 has finite mean, but this is immediate from the
definitions above (integrating out the law Y; ~ ¢ (¢, x) dx) and the assumed inte-
grability of H:

1 1
E[r(l)]:E[/O a(t,Lt(t))dt}zE[fo a(t,Yt)dt]

=/(;1/Ra(t,x)¢(t,x)dxdt=A;H(x)dx.

Here is a summary of our strategy:

Ansatz Dupire formula martingale problem

Lo, U1 ¢ o o A Markov

replacing Step 1 of Bass

time-change
process ¥ ——— t=1(1)

extending Step 2 of Bass

REMARK 1.13. The arguments rely on classical time-change techniques for
Markov processes and existence/uniqueness results for Fokker—Planck equations
with time-inhomogeneous coefficients. In the time-homogeneous case, many of
the results needed can be found in [11]. Results under minimal conditions for the
time-inhomogeneous case are developed in the accompanying article [8]. For con-
venience of the reader, those results from [8] which are required in the proof here
are stated in the next section.

2. Preliminaries. This section starts by stating the notation and definitions
used throughout the article. In the subsequent subsections, we then introduce the
necessary preliminaries about Lévy processes, time-changes and the associated
Fokker—Planck equations.

2.1. Notation and definitions. Cy(R) denotes the space of all continuous func-
tions f: R — R satisfying lim|y|— o0 f(x) =0 and Cp(R) is the space of bounded
continuous functions on R. For n € N, let Cj(IR) be the subset of functions f €
Co(R) such that f is n-times differentiable and all derivatives of order less or equal
to n belong to Co(R) and we set C°(R) :=(),cn Cg (R). The spaces of functions
with compact support C.(R), C!(R) and C2°(R) are defined analogously. The
space Dr[0, co) stands for all maps w: [0, o0) — R which are right-continuous
and have a left-limit at each point ¢ € [0, co) (short: RCLL paths). For x € R and
e>0,set B;(x) :={yeR:|x —y| <e}. P(R) (resp., P(Dr[0, 00))) denotes the
set of probability measures on (R, B(R)) (resp., on (Dgr[0, 00), B(Dg[0, 00))).
B(R) denotes the space of real-valued, bounded, measurable functions on R and
|| - |l is the sup-norm. For f € Co(R) and a sequence (f;),en With f;, € Co(R),
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we say that f, converges to f in Co(R) (and write f, — f in Co(R), etc.), if
lim, o | fu — fll =0, that is, f,, converges to f uniformly.

Moreover, we denote by Z the coordinate process on Dr[0, co) and make the
following definition (analogous to [11], Chapter 6, Theorem 1.1):

D.1 A measurable map H: R — [0, 00) is called regular for P € P(Dr[0, 00))
if P-a.s.

inf{se[O,oo):fSH(Zu)_ldu=oo}=,o and H(Z,)=0 on {p < o0}
0

where p :=inf{s € [0, c0) : H(Z,) = 0}.

Let D C Cp(R), A: D — Cp(R) linear and u € P(R). A solution to the RCLL-
martingale problem for (A, 1) is an R-valued process (X;);>0 with RCLL sample
paths defined on some probability space (2, F,P) such that for each & € D, the
process

h(Xt)—h(Xo)—/OtAh(Xs)ds, (>0,

isa (]-"ZX )r>0-martingale and Po Xy - J, where (]-"ZX )r>0 denotes the filtration
generated by X. The RCLL-martingale problem for (A, w) is said to be well-posed
if there exists a solution and uniqueness holds, that is, if any two solutions X and
X to the RCLL-martingale problem for (A, i) have the same finite-dimensional
distributions.

2.2. Lévy processes. Recall from the introduction that (2, y, v) denotes the
Lévy triplet and

1 .
n(u) = ——au’ +iuy —1—/ (e —1—iuylyy<iy)v(dy), ucR,
2 R\{0)

is the characteristic exponent, that is, E[e/“Li] = @ for y € R and 7 > 0. In
what follows, we collect the machinery that we need to study the Poisson equation
for Lévy processes in the next section.

Fort >0 and f € Co(R), define the transition semigroup P; f(x) :=E[f(L; +
x)], x e R, and, for g > 0, f € Co(R) the resolvent operators

Ul f(x) :=‘/Oooe_th,f(x)dt, x eR.

By dominated convergence, f € Co(R) implies P; f € Co(R) for any ¢ > 0, and
thus

D(A) = {f € Co(R) : tli_r)r%)t_l(P,f — f) exists in CO(R)}
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is well-defined. For f € D(A), define Af :=lim;_ot~'(P; f — f). Then (see
[28], Theorem 31.5) the generator A: D(A) — Co(R) is linear, Cg (R) € D(A)
and for u € C3(R) it holds that

Au(x) = %azu”(X) + yu'(x)

2.1 + A;\{O}[u(x +y) —ulx) — yu/(x)ll{MS]}]v(dy), x eR.

Furthermore, C2°(R) is a core for A. This means by definition that for any f €
D(A), there exists a sequence { f},eny C C°(R) such that lim, . f, = f and
lim,— o0 A fy = Af in Co(R). In particular, we note the following.

LEMMA 2.1. Suppose L is a Lévy process with Lévy triplet («?,y,v) and
initial distribution . Set D := C°(R) and define A: D — Co(R) as (2.1) for
u € D. Then the following hold:

(i) D is dense in Co(R) and an algebra in Co(R),
(ii) there exists {¢pn}nen C D such that sup,, ||| < oo, sup,, || Ag, | < oo and

nli)ngoqﬁ(x) =1 and nli)ngo App(x) =0 forx e R,

(iii) for any u € P(R), the RCLL-martingale problem for (A, ) is well-posed,
(iv) L is a solution to the RCLL-martingale problem for (A, o).

Note that the properties (1)—(iii) imply that Assumption 2.7 in [8] is satisfied.

PROOF. This follows by general theory (as explained in Example 2.8 of [8])
since the transition semigroup is a positive, strongly continuous contraction semi-
group on Co(R) by [28], Theorem 31.5, and since D is a core (see above) for
the infinitesimal generator of (P;);>¢. One could also verify (ii) by hand by tak-
ing ¢ € C°(R) with ¢(x) =1 for x € [—1, 1] and ¢ (x) =0 for x ¢ [—2, 2] and
setting ¢, (x) :=¢(x/n) forx eR,neN. O

Two objects which are less popular in the study of Lévy processes, but central
for our purposes, are the potential operator and the adjoint, both of which we intro-
duce next. From [28], Remark 31.10, or [27], Theorem 4.1, it follows that the Lévy
process admits a potential operator. By definition,* this means that A is injective,
the domain D(V) := {Af : f € D(A)} of the potential operator V := —A~! is
dense in Co(R) and, for f, g € Co(R),

22) geD(V) and Vg=f <<= Uig— f inCoR)asqg— 0.

4More precisely, if (Pt);>¢ admits a potential operator, then V = —A~! and D(V) is dense in
Co(R) by [27], Theorem 2.3, and (2.2) holds by definition of V (cf. equation (1.3) in [27]). In [27],
Theorem 4.1, it is proved that the semigroup (Pr);>( associated to L indeed admits a potential
operator.
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Furthermore, for ¢t > 0, set Ly := —L,. Then L* is also a Lévy process, called
the dual Lévy process, and its Lévy triplet is given by (a2, —y, v*) where v*(A) :=
v({—x :x € A}) for A € B(R). In other words, the characteristic exponent n* of
L* is given for u € R as n*(u) = n(—u) where 5 is the characteristic exponent
(1.2) of L. Since L* is also a Lévy process, the transition semigroup, resolvent
operator, infinitesimal generator and potential operator have been defined above.
We will denote them by P*, (U%)*, A* and V*, respectively.

For example, we denote by A* the infinitesimal generator associated to the
dual Lévy process L* and refer to it as the dual of A. Recall from the above that
C}(R) C D(A*) and for u € C5(R),

A*M(_x) = %Otzu”(x) _ VM,()C)
2. o / ) | .
@ * /R\{O}[u(x y) —u(x) + yu' )1y <y]vldy), xe

REMARK 2.2. The semigroup (P;);>o and the operator A are defined on (a
subset of) Co(R) in the present context. We define .A* also on Co(R) (and not on
the dual space of Co(R) as in [27]). The next lemma justifies the x-notation.

The following lemma is immediate; it identifies the dual generator .A* as the
adjoint operator of .A. For the proof of Theorem 1.1, we will not need all the cases,
but we have included the other ones for completeness.

LEMMA 2.3. Suppose L is a Lévy process with Lévy triplet (a2, y,v) and
denote by A its infinitesimal generator A: D(A) — Co(R) and A*: D(A*) —
Co(R) the infinitesimal generator of —L. Then

2.4) /R Af (0)g () dx = /R FA*g () dx,

forany f € D(A), g € D(A*) such that either f,g € L'(R) or f, Af € L'(R) or
g. A*ge L'(R) or Af, A*g € L'(R).

PROOF. Case 1, f,g € L! (R): for ¢t > 0 and x € R, denote by P* the tran-
sition semigroup of —L, that is, P"g(x) = E[g(x — L,)]. By Fubini’s theorem,
g € L'(R) implies Prg e L'(R) for any ¢ > 0. By [4], Chapter II, Proposition 1,
for any ¢ > 0 it holds that

2.5) fR P f(x)g(x)dx = /R F)PFg(x)dx.

To be precise, in [4], Chapter II, Proposition 1, f and g are assumed nonnega-
tive, but by considering positive and negative parts separately and using g € L' (R)
and Pfg e L! (R), [4], Chapter II, Proposition 1, implies (2.5).
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Using the definition of A, f € D(A) and g € L' (R) to apply dominated conver-
gence in the first step and g € D(A*) and f € L'(R) in the last step, one obtains

1
]R Af (g dx = lim /R (P f(x) — £())g(x) dx

5. 1 X
Dtim = [ (Ps00 - ) dx

- fR £ A*g(x) d

and so (2.4) has been established under the assumption f, g € L' (R).

Case 2, f, Af e L'(R) or g, A*g € L'(R): Suppose g, A*g € L' (R), the other
case can be treated by the same argument. Since C2°(R) is a core for A, there exists
{fulneny C CX(R) with lim,—, fr = f and lim, oo Afy = Af in Co(R), that
is, uniformly. But f,, g € L'(R) and so (2.4) holds for f, and g for any n € N.
Furthermore, the assumptions g, A*g € L'(R) allow us to apply dominated con-
vergence and so (2.4) also holds for f and g, as desired.

Case 3, Af, A*g € L' (R): For the proof of the last part, denote by V and V*
the potential operators associated to .4 and A*, respectively. We claim that for any
feD(V), e D(V*) with f, g € L'(R) it holds that

2.6) /R VF()g() dy = /R F Vg (o) dx.

Once this is established, we may set f := Af, g := A*g and apply (2.6) to deduce
2.4).

So assume f € D(V), § € D(V*) and f,§ € L' (R). For g >0 and x € R,
denote by (U?)* the resolvent operator of —L, that is, (U9)*g(x) = f0°° e 9" x
Prg(x)dt where P* is the transition semigroup of —L as above. By Fubini’s
theorem, g € LY(R) implies (U%)*g € L' (R) for any g > 0. By [4], Chapter II,
Proposition 1, for any g > 0 it holds that

27) /R U4 F (03 (x) dx = /R F (U930 dx.

By the same argument as in Case 2, [4], Chapter II, Proposition 1, implies (2.7).
Using (2.2), f € D(V) and g € L' (R) one may let ¢ — 0 and apply dominated
convergence to obtain that the left-hand side of (2.7) converges to the left-hand side
of (2.6) and analogously for the right-hand side. Thus (2.6) is indeed established.
O

2.3. Fokker—Planck equations with time-dependent coefficients. The proof of
Theorem 1.1 relies on time-change arguments and uniqueness results for time-
inhomogeneous Fokker—Planck equations as developed in the accompanying paper
[8]. To facilitate the reading of the present article, we now collect the results that
we need, but we refer the reader to [8] for the proofs.
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Recall that A is the generator of a one-dimensional Lévy process L defined
on a probability space (€2, F,[P*0) and L is adapted to the complete and right-
continuous filtration (F;). As outlined in Section 1.2, we aim at constructing a
time-change § characterized by the random Carathéodory differential equation

2.8) 8(s):/so*(r, Lsp)dr, sel0,1],
0

such that the marginal distributions of the time-changed process X := Ls() are
given by the linear interpolation (1.11). We will write ¢ in the form o (¢, x) =
Hx)/¢p(t,x) = H(x)o(t, x) as in (1.12), where H is the solution to the Poisson
equation (1.7), ¢ is defined as in (1.11) and 6 (¢, x) := 1/¢ (¢, x). In this factoriza-
tion form, we can distinguish assumptions on the Lévy process (captured in H)
and assumptions on the densities &g, /1 (captured in &).

In the following assumptions on the involved objects are formulated, which
guarantee the solvability of equation (2.8) and which are sufficient to prove ex-
istence and uniqueness results for the Fokker—Planck equation associated to the
operator 0 4. Lemma 2.1 above shows that L, D := C°(R) and A defined by
(2.1) indeed fall within the framework of [8]. We divide the assumptions in such
a way that allows to distinguish as good as possible between assumptions on the
Lévy process L and the ingredients coming form the densities &g, h1:

A.1 Regularity of o: Let o: [0,00) x R — [0, 00) be of the form o(t, x) :=
H(x)o (¢, x) for (¢, x) € [0, 00) x R with 6 (¢, x) =0 for ¢ > 1 and such that

(i) H: R — [0, c0) is measurable,
(i) o: [0, 1] x R — (0, 00) is measurable and satisfies the following: For
each compact set K C R, there exists C, Ca, C3 > 0 such that

6(t,x) =G (s,x)| < Cilt —=s| and C2<5(1,x) =< Cj,
forall 5,7 €[0, 1] and for all x € K.

A.2 Boundedness of o: o : [0, 00) x R — [0, 00) is bounded.

A.3 Regularity of H: Let H: R — [0, co) measurable. Assume that for any x € R,
H is regular for P in the sense of Definition D.1, where P is the law on
DR|[0, c0) of L under P,

2.3.1. Time-inhomogeneous random time-changes. The next proposition en-
sures that the random Carathéodory differential equation (2.8) indeed provides a
suitable time-change § under regularity assumption of o and H. Moreover, it ver-
ifies that (§(s))sefo,17 are stopping times with respect to the filtration generated by
the Lévy process L.

PROPOSITION 2.4. Assume that:

e 0 = Ha is given as in Assumption A.1,
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e H is regular for P in the sense of Definition D.1, where P the law on Dg[0, 00)
of L under PH0,
e Assumption A.2 holds.

Then the family of random times (§(s))se[0,1] given by
2.9) 8(s):=inf{r €[0,p): At) = s} Ap, s€][0,1],

is well-defined, where A is the unique solution to the Carathéodory differential
equation

(2.10) A(t):/tcf(A(r),Lr)_ldr, 1 €10,8(1))
0
and
(2.11) 0 :=inf{s € [0, 00) : /SH(LM)_ldu =oo}.
0
Furthermore:

(i) 6: [0, 1] — [0, 00) is nondecreasing and absolutely continuous, P*0-a.s.,
(ii) §(1) is finite, P*0-q.s.,
(iii) & solves the Carathéodory differential equation (2.8),
(iv) For any s € [0, 1], 8(s) is an (F;)-stopping time.

Additionally, we present a useful condition for verifying the regularity of H (cf.
Definition D.1) as required in order to apply Proposition 2.4.

PROPOSITION 2.5. Let o € P(R), denote by P the law on Dr[0, 00) of L
under P*0 and let H € D(A) with H > 0. Then H is regular for P.

2.3.2. Existence and uniqueness for the Fokker—Planck equation associated to
o A. The nondecreasing stopping times constructed in Proposition 2.4 can be
used to define the time-changed process X := Ls(s), s € [0, 1]. The next result
shows that the marginal distributions of X satisfy the Fokker—Planck equation as-
sociated to the operator o A.

PROPOSITION 2.6. Let g € P(R) and let 0, § be given as in Proposition 2.4.
For s > 0, denote by p(s, ) the law of Xy = Ls(s), where 5(s) := (1) for s > 1.
Then one has:

(i) for any g € B(]0, 00) x R) the function

(2.12) sn—>f g(s, x)p(s,dx) is measurable.
E
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(i1) (p(s,dx))sefo,1] satisfies the Fokker—Planck equation, that is, for any f €
CX M),

/ Fp(t, dx) — / £ po(dx)

R R

(2.13) =/l/ o (s, X)Af(x)p(s,dx)ds, 10, 1].
0 JR

Finally, we provide a uniqueness result for the Fokker—Planck equation (2.13)
associated to the operator o . A. In other words, the sufficient conditions provided
in Theorem 2.7 below guarantee that the one-dimensional marginal laws of X. =
Ls(.y, (which satisfy (2.13) by Proposition 2.6) are the only family of probability
measures that satisfy (2.13) for all f € C°(R).

THEOREM 2.7. Suppose 0 = H& satisfies Assumptions A.1, A.2 and A.3.
Then uniqueness holds for (2.13): If (q(¢, -))o<i<1 and (p(t, -))o<i<1 are two fam-
ilies of probability measures on R which both satisfy (2.12) and (2.13) for all
feCPMR) and q(0,-) = o = p(0,-), then q(s,-) = p(s,-) for all s € [0, 1],
where o € P(R).

3. Proofs. In this section, we prove Theorem 1.1. The exposition is structured
as follows: First, in Section 3.1 preliminary results on Lévy processes and the
associated Poisson equation are presented. Second, in Section 3.2 it is proved that
(1.5) is indeed necessary for the existence of a finite mean Skorokhod embedding.
Finally, in Section 3.3 it is proved that 7 in Theorem 1.1 is a finite mean solution
to the Skorokhod embedding problem (SEP), thereby also proving sufficiency of
(1.5).

3.1. The Poisson equation for Lévy processes. In this section, we lay the foun-
dation for the proof of Theorem 1.1. As sketched in Section 1.2, it is crucial to
understand the solvability of the Poisson equation A*H = h| — hg and properties
of the solution H. As sketched below Remark 1.3, the Poisson equation for Lévy
processes can be tackled with Fourier transforms. Throughout this section, we take
1o := &g and set IP := P10,

3.1.1. Solving the Poisson equation using the Fourier transform. By definition
of the potential operator V* = —(A*)~! in the Section 2.2, for g € D(V*) the
function H = —V*g is the unique solution to the Poisson equation

3.1) A*H=g

in Co(R). In this section, we study the solvability of (3.1) and further properties of
solutions.
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The first proposition justifies the heuristic given in the introduction below Re-
mark 1.3 and, hence, the occurrence of the function H in Theorem 1.1. Note that
the appearing assumption g € L!(R) will not pose any restriction as in our appli-
cations g = h| — ho and hg, h| are probability densities.

PROPOSITION 3.1. Ifg € Co(R) N L'(R) and & +> é’g € L'(R), then there

is a unique solution H € D(A*) C Co(R) to the Poisson equation A*H = g and

8®) —ixtqe v eR.

(3.2) Hx) = —/ e

PROOF. We start with some preliminary facts that do not use the assumption
of the proposition. Note that g € Co(R) N L!(R) implies g € L*°(R) N L1(R).
Hence, one can use Fubini’s theorem to see that for any ¢ > 0, (U9)*g(x) =
f0°° e 1" PFrg(x)dt is in LY(R). Taking the Fourier transform, we obtain (see, e.g.,
[4], Chapter I, Proposition 9) for any ¢ > 0

(3.3) (U1 g®) = (q - n®)'2€), EeR.
By (1.1), it holds that |¢"®)| = |E[¢/¢L1]| < 1, and thus
(3.4) Re(n(§)) <0 forany & € R,

where Re(z) denotes the real part of z € C. In particular, the right-hand side of
(3.3) is indeed well-defined and

3.5) VEER,g>0: [n®]|=<|qg—nE)|

By assumption, the inverse Fourier transform of & > £ g; given by H in (3.2), is
well-defined. Furthermore, by (3.5) and our assumptlon for any g > O the right-
hand side of (3.3) is integrable and so, as (U?)*g € Co(R) N L'(R) and (U)*g €

L' (R), by Fourier inversion and (3.3), (U?)*g can be represented as

g(é)e ix§
. = R.
(3.6) (UT) g(x) = ey 22 de, xe

5 L (‘f)e_ix€(n<ls> - —ln@)) |

S%A@‘g(‘ﬁ)"néﬁ n(%‘)‘ a.

However, by (3.5) the last integrand is bounded from above by & +— 2g(&)/n (&),
which is integrable by assumption, and so we can let ¢ — 0 and apply dominated
convergence to conclude (U%)*g — —H as ¢ — 0 in Co(R). By (2.2) (for the

Thus, one has

sup|—H (x) — (U?)"g(x)| = sup
xeR xeR
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dual Lévy process L*), this implies g € D(V*) and V*g = —H or, in other words,
A*H=g. O

In the next proposition, we show that under the assumptions of Theorem 1.1, it
holds that H € D(A*) N D(A). This property will be crucial to guarantee unique-
ness for the time-change in the proof of sufficiency of Theorem 1.1 and forces us
to assume that the densities hg, i1 are “sufficiently smooth” in the next sections.

PROPOSITION 3.2.  Suppose hg, h are as in Theorem 1.1 and (1.5) holds with
H as in (1.6). Then H € D(A) N D(A*).

PROOF. Set g := h| — hg. By Proposition 3.1, H € D(A*) and so we only
need to verify H € D(A). If L is of type S, then it is symmetric. In particular, A =
A*, and hence the claim. If L is of type 0 or D, then (as established in the proof of
Lemma 3.6 below), g € L' (R) and we now show that this implies H € D(A).

Since the complex conjugate of n(£) is given by n(—£) for all £ € R and since
g € L' (R), the function

FON ey
2n/ n(E) d. xek,

is well-defined and, by the Riemann-Lebesgue theorem, f € Co(R). Inserting
(3.2) in the definition, applying Fubini’s theorem and using (1.1) and the definition
of f yields

1
;(PzH(X) —H®X) - f(x)

sup
xeR
1
= sup| - (B[H(Li +0)] = H@) = ()
L L BO) o ity in g
e 4 ZmIRn(g)(E[e ]=1e™dg — f(x)
18(8)] M5 — 1 ‘
i eole
=21 Jr n(®)] : n(=§)|d&

which tends to 0 as ¢ | 0, by dominated convergence. By definition, this implies
H € D(A) and AH = f. To see that dominated convergence can be applied, recall
(34)andsoforallé eR, ¢ >0,

HOIC .
In(é)l 1

— (=) <218, -

The rest of this section may be skipped on first reading, all following proposi-
tions are not needed for the proof of Theorem 1.1.
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We give conditions on g and 7 so that Proposition 3.1 implies the existence of
the solution H, conditions that imply H € L'(R) and that H is Lipschitz con-
tinuous. For future applications, those might be useful to verify the conditions of
Theorem 1.1.

PROPOSITION 3.3. Assume the nondegeneracy condition n(u) # 0 for all u #
0 (i.e., L is nonlattice) and either v # 0 or o # 0. If g € Co(R) N L'(R), x
xig(x) e L'(R) fori=1,2,

3.7) / gx dx =0, j=0,1,
R
and there exists R > 0 such that
181
(3.8) / dt <
lEl>R [n(§)]

1G]
then & — 1@ € LY(R).

PROOF. First, note that in the present one-dimensional setup, the law of L is
degenerate (in the sense of [28], Definition 24.16) if and only if there exists a € R
with L1 = a, P-a.s. Since we have assumed « # 0 or v £ 0, this is not the case here
(see [28], Theorem 24.3). In particular, we may apply [28], Proposition 24.19, and
obtain that there exist ¢’ > 0 and ¢ > 0 such that

(3.9) [E[e/*51]] < 1 —clg]* for |g] <&

By (1.1), the left-hand side of (3.9) is greater or equal than eRet(®) “and thus there
exist C > 0 and ¢ > 0 such that

(3.10) —Re(n(§)) = —log(1 —cl5 ) = CI§
for all £ € B.(0).

On the other hand, for g # 0 (if g = 0, then the claim trivially holds), we may
decompose g = g™ — g~ with g+ >0, g~ > 0. Setting co := [ g (x)dx, (3.7)
with i =0 implies ¢) = [ g~ (x) dx, and thus ¢o > 0. Setting A := gt /co and
ho := g~ /co, both hg and h; are probability densities and so we may apply [28],
Proposition 2.5 (ix), to g and & to obtain that, by our moment assumptions, g €
C2(R) and, by (3.7), §(0) = §’(0) = 0. Taylor expanding around 0, we therefore
obtain

(3.11) 85)| < CoE?
for some Cp > 0 and all £ € B,(0). Combining (3.10) and (3.11) yields

C C
18(8)] < Cog? < —Re(n(&))?" < ?O\n@)}

for all £ € B.(0), and thus & — % is locally bounded at zero. Since n(u) # 0

for u # 0 and g and 7 are continuous, it follows that & > & (S) is bounded on any
compact subset of R. Combining this with (3.8) yields the clalm U
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PROPOSITION 3.4. Suppose g and H are as in Proposition 3.1. If in addition
for some R > 0,

IE118(6)]
3.12 —— - d ;
G12) /|s|>R @) %=

then H is Lipschitz continuous.

PROOF. By assumption,

/ EIEE] 4 _p [ 1EO] G
<R

1n(&)] R [7(8)]
and combining this with (3.12) yields

Lo [FIF{63]
R [n()l

On the other hand, precisely as in the proof of Proposition 3.1 we may apply
Fourier inversion to write, for any ¢ > 0, (U9)* as (3.6). Using |¢'* —e'?| < |u —v|
for u, v € R yields

|(U9)*g(x) — (UT)*g(»)|

(3.13) d& < 00

@L} g(é)(e—ixé—e—iyf)d‘ 1 GHGIN
‘2n/R q—nE) = g — e ®
335 1 0 L
WL RO ey L

2 R @) 2

for any ¢ > 0 and x, y € R. Letting ¢ — 0 and using that (U?)*g — V*g point-
wise (even in Co(R)) by (2.2), this last estimate implies the result. [

The next result shows that if a solution of the Poisson equation exists (e.g., if the
conditions of Proposition 3.1 hold, but here we impose a slightly weaker assump-
tion), then H > 0 implies H € L'(R). This is useful for verifying the conditions
of Theorem 1.1.

PROPOSITION 3.5. If g € Co(R) N LY(R), & — % is locally bounded at

zero, there is a solution H € Co(R) to the Poisson equation A*H = g and H > 0,
then H € L'(R).

PROOF. Using (3.3) which did not rely on the stronger assumptions of Propo-
sition 3.1 and the local boundedness of & — 8E) i the first and (3.5) in the second

n&)
inequality, there is some ¢ > 0 and C > 0 with

(3.14) (U9)72®)] = Clg — n@)| 0| < C for € B.(0).
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Let us take a function ¢ such that
(3.15) ¢eL'(R) satisfiesgp=00nR\ B.(0),¢>0,¢ e L' (R) and ¢ > 0.

Since ¢, ¢, (U?)*g € L' (R), see the beginning of the proof of Proposition 3.1,
Fubini’s theorem gives

/R(Uq)*g(x)@(x)dx=fR/R(Uq)*g(x)ei§x(p(§)d§ dx

(3.16) — /R (U9) g (&)p(E) d&.

Furthermore, Hp > 0 and Hy € L'(R) since H € Cy(R) and we have assumed
H >0 and (3.15). Thus, recalling H = —V*g, we may estimate

05/RH(x)¢(x)dx (iz)—;iirb/R(U‘f)*g(x)ﬂx)dx

.14)

3.16) .. TranE @
(3.17) 29— tim [ @0 s@p@a "< c [ p@ar,

where the first equality uses dominated convergence and the last step relies on our
assumption (3.15) that ¢ = 0 outside B, (0).

We now claim that there exists {¢,},en C L'(R) and I € (0, 00) such that for
each n, ¢, satisfies (3.15) and lim,_, o ¢, (x) = I for any x € R. Assuming that
such a sequence can indeed be constructed, the following argument will complete
the proof: Inserting ¢, in (3.17), letting n — oo and using Fatou’s lemma yields

1
Off H(x)dx:—/ liminf H (x)@, (x) dx
R I R n—o0
1

fliminf—/ H(x)g,(x)dx

n—>oo | Jr
<1"fC dx =liminf —¢,(0) =C
=liminf — R‘/’n(x) x = limin 7%( )=C <00

and, therefore, indeed H € L' (R).

Thus, the remainder of the proof will be devoted to construct a sequence
{@n}nen C L1 (R) with the desired properties. Take xo € C °(R) \ {0} with o >0,
xo(—=x) = xo(x) for all x € R and xo(x) =0 for x ¢ B./3(0). Set x(y) :=
Jr x0(y — X)x0(x)dx = xo * xo(y). Then x(y) =0 for y ¢ B(0) and since
the Fourier transform turns convolution into products, (&) = (xo(£))? for all
& € R. In particular, ¥ > 0. Furthermore, xo # 0 implies that [ := [ x (§)d& =
Jr(Xo(& ))? d¢ satisfies I > 0. Since the Fourier transform maps the space S of
rapidly decreasing functions into itself, o € C2°(R) C S implies 5o € S C L*(R).
Thus § = (¥o)? is integrable and we obtain I € (0, c0). Finally, since § € L'(R),
Fourier inversion gives x(x) = )~ )%(—x) for all x € R (see [28], Proposi-
tion 37.2).
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For n € N, define

1
On(x) :=2mnyx(—x) exp(—inzxz), x eR,

and note that ¢, (x) = x (X)n, (x), where ¥, (x) := Nlﬂ exp(—x2/(2n?)) is the

density of a normal with mean zero and variance n. In particular, ¢, = n(}x * ¥,,)
and using f(x) = f(—x) for f € L'(R) with f € L' (R), as above we obtain

L —

Gn(E) = n(F * Yn)(E) = 1R+ Yn(—E)
(3.18) - 2<y>exp(—i<s+y)2)dy
. V27 Jr 2n? '

Thus, for any n € N, ¢, indeed satisfies (3.15) and applying dominated conver-
gence (and noting that the integrand on the right-hand side converges pointwise to
x)in (3.18) gives for any & € R, lim,,_, o0 ¢, (§) = I as desired. [

3.2. Necessity of conditions. In this section, we assume that t is a finite
mean solution for the Skorokhod embedding problem corresponding to u;(dx) =
h;(x) dx and study the associated Poisson equation A*H = h| — hg. We show that:

e there is a solution H. Using Proposition 3.1 we need to show (hy — ho) /n €
L'(R). Integrability at infinity is only a consequence of the smoothness as-
sumption on hg, 1 (Lemma 3.6) without using 7. Integrability at zero is a
consequence of Dynkin’s formula and the existence of t (Lemma 3.7).

e H>0and H € L'(R). This is a consequence of Dynkin’s formula and the
Riesz representation theorem.

The first lemma is the source of our assumptions on the regularity for 2o and /1.

LEMMA 3.6. Under Assumption 1.6 on hy and hy (as in Theorem 1.1), we

have
/|u|>R

Ry () — ho(u)
n(u)

du < o0

for some R > 0.

PROOF.  We consider all cases listed in Assumption 1.6 separately.
Type S: Since |h;i(u)] <1fori =0, 1, for R > 1 one can use symmetry and the
integrability assumption for 1/7 to estimate

/ —hl(u)_h()(u) uf/ 2 du§4foo : du < o0.
lu|> R n(u) lu|>R |1 (u)] R [n(u)]
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Type 0: By assumption, there exists R > 0, C > 0 with
(3.19) Inw)|>C for |u|>R.
On the other hand, the regularity assumptions for type 0 guarantee that hl@) €
L'(R) and so standard Fourier analysis gives

(3.20) W2 (5 @) — Fo)| = 1P ) — hQ )| < €

forall u € R, where € := [ [h{? (x)] + h§” ()] dx.
Using (3.19) in the first and (3.20) in the second step yields
/ iy (u) — ho(u)
lul>R n(u)

1 — —
du < —/ |h1(u) — ho(u)|du
C Jlu>R

C
< — —zdu < 00.
C Jlu|>r |ul

Type D: By assumption, there exists R > 0 such that hAl(u) — %(u) =0 for all
|u| > R and so the integral is 0. [J

Lemma 3.6 was independent of the Skorokhod embedding problem whereas
the integrability around the origin indeed is a consequence of the SEP. The crucial
ingredient of the proof is the use of Dynkin’s formula for the complex exponential

function.

LEMMA 3.7. Suppose t is a finite mean solution to the Skorokhod embedding
problem for w;(dx) = h;(x)dx. Then

(3.21) 1 (u)E#o [ [ " uts ds] — () — Tro()

forallu e R and
Jo

PROOF. Let f, g € Cp(R) be such that

Iy () — ho(u)
n(u)

du < o0

forany R > 0.

t
M = f(L) — f(Lo) — fo g(Ly)ds, 120,

is a martingale. The optional sampling theorem implies that also (M,J‘/'\T),Zo is a
martingale. In particular, for any # > 0,

TNt
Ero [ [ e ds} — EMO[F(Lop)] = B[ £ (Lo)].
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Since P*0(t < o0) = 1 and L is quasi-left continuous, it holds that

PHo(lim;— oo Lo = L¢) = 1. Using dominated convergence, E*°[t] < co and
f, g € Cp(R), one may let + — oo to obtain Dynkin’s formula,

T
(3.22) EHo I:‘/(; g(Ly) ds] = E“O[f(LT)] — ]E“"[f(Lo)].
For u e R, set
, . r,
M = el — giulo _ n(u)/ erdr, 1>0.
0

Then M" is (F;);>0-adapted and for any ¢ > 0, M}" is a bounded random variable.
Furthermore,

EH0 [Mt” — M;'4|Fs] — oiuLs o [eiu(Lr—Ls) —1—n) /t e U(Lr=Ly) 4,
N

ALY iuLg( (1—s)n(u) =)

= |e T _—1—n) | e gy
S

=0

and, therefore, M" is a complex—valued (F1)r=0-martingale. Thus Dynkin’s for-
mula (3.22) can be applied to f(x) :=e'**, g(x) :=n(u) f(x) and so

n(u)EH0 [ [ "t dr] _ R [ [ "e(L)) dr} _BM[f(L)] - E[£(Lo)]
= [EHo [ei“LT] — [EHo [ei“LO].

This proves the first claim of the lemma. We can now deduce that (le — fzo) /n is
integrable in compact sets. By the above, we obtain

’E(u) - %(u)’ = ‘n(u)E“o |:/0 UL dr:|

< [n(u)[E*°[],

and this implies

R () — ho(u)
n(u)

du <2REM[7] < o0. 0

/IMI<R
Combining the previous lemmas we proved that a finite mean solution to the
Skorokhod embedding problem for “sufficiently smooth” densities implies (h) —
ﬁa) /n € L'(R) which, solving in Fourier domain, implies there is a solution H to
the Poisson equation A*H = h| — hy.
Now we can complete the proof by showing that existence of a finite mean
solution to the Skorokhod embedding problem implies H > 0 and H € L' (R).
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PROOF OF THEOREM 1.1 (NECESSITY). We showed that (h, — ho)/n €
L' (R) so the Poisson equation .A* H = h{ — hq can be solved using Proposition 3.1
as

_ 1 f h1(§) = ho(®)
2r e n(E)

It remains to prove H >0 and H € L'(R):
Define the functional A: C.(R) — R by

H (x) e ¥ dg, xeR.

Alg) = IE’*O[ fo g(Ls)ds]

Then A(g) >0 for g >0, A is linear and |A(g)| < ||gllccE#?[7]. By the Riesz
representation theorem (e.g., [26], Theorem 2.14), there exists a measure v on
B(R) such that for all g € C.(R),

(3.23) E’*O[ /0 g(Ls)ds}=A<g>= /R g(x)v(dx).

Choosing {gn}nen C C:(R), increasing monotonically to 1 with g, > 0 and
applying monotone convergence gives

v®) = fim [ g oo = tim 29[ [ g (20 ds | =BHir) <

Thus v is a finite measure and by dominated convergence, (3.23) holds for all
g € Cp(R). Inserting g(x) := €'** for u € R in (3.23) and using (3.21) yields

) _ . 71 () = Tro(u)
_ iux TR iuLg _
v(u)—/Re v(dx) =E ’[/(; e ds}— ) ,

which is integrable by Lemma 3.6 and Lemma 3.7. Hence, for example, by [28],
Proposition 2.5(xii), v is absolutely continuous with respect to the Lebesgue mea-
sure and has a (nonnegative) bounded continuous density given by

) —ho() i
XI—>27T/R n® e d¢, xeR.

But this function is identical to H, and thus v(dx) = H (x) dx. In particular, H > 0
and H e LY(R). O

3.3. Sufficiency of conditions. Under the assumptions of Theorem 1.1, we now
construct a finite mean stopping time with L, ~ h1(x) dx under the initial condi-
tion Lo ~ ho(x)dx. We refer the reader to the sketch in Section 1.2.2 to follow
more easily the construction of t. During the proof, we refer to the time-change
arguments and uniqueness results for Fokker—Planck equations from Section 2.3.
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Let D := CZ°(R) and define the action of the Lévy generator A: D — Co(R)
for u € D via (2.1). Furthermore, taking into account the definitions from Theo-
rem 1.1, let

(3.24) ¢, x) =1 —1t)ho(x) +1thi(x),

(3.25) o(t.x) = H) (t.x)€[0,1] x R
' T A S hhe) + i), SR ’

and, under P#0,

(3.26) 8(s):=inf{r €[0,p): A(t) = s} Ap, s€[0,1],
where

! _ hi(Ly)
3.27 A(t :=1—eG(’)+/ OCO=CN2"T7 4. 1 €0, p),
(3.27) () A H(L,) [0, p)
with

p:=inf{r €[0,00) : H(L;) =0} and
(3'28) L ! hl(Lr) - hO(Lr)
G() ._/ H(L,)

The proof is split in two main steps: First, we assume in addition that ¢ and /1
are such that o is bounded and argue as in Section 1.2.2. Then, for o unbounded,

we approximate h; by hl@ with associated o ®) bounded and deduce Theorem 1.1.

dr.

PROOF OF THEOREM 1.1 (SUFFICIENCY if ¢ is bounded). For the proof, the
following statements are established:

(1) (8(s))se[o,1] constitutes a family of (F;);>0-stopping times satisfying P#0-
a.s.,

(3.29) 8(5):/()S0(u,L5(u))du, se[0,1],

(ii) for any s € [0, 1], the law of Ls(y) under P#0 is ¢ (s, x) dx,
(iii) EFo[8(1)] = Jp H(x)dx < oo.

Theorem 1.1 can then be deduced from (i)—(iii) by setting 7 := §(1) because
¢(1,-) = hy by construction. Note that the stopping time looks slightly different
here than in the statement of Theorem 1.1. Both representations are equal because
from (3.27) one obtains

! — hl(Lr)
ANzl —eG(’>+/ e CO-GIN T 4, >
H(Ly)

_ hl(L)
corhdn)
f HL,) =t
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and hence, the claimed representation of 7 = §(1) as generalized inverse in Theo-
rem 1.1 and in (3.26) are equal.

The proof of (i)—(iii) proceeds roughly as follows: Having verified in Lemma 2.1
that L, D and A fall within the framework of [8], one may rely on the results
from Section 2.3. Then, first, it is proved that L and o satisfy the assumptions of
Proposition 2.4 and that (3.27) is the solution to the differential equation (2.10),
so Proposition 2.4 implies (i). Based on Proposition 2.6, one then verifies that
(¢ (s, x)dx)sep0,1] and the marginals of L. are solutions to the Fokker—Planck
equation (2.13). Then from the uniqueness result Theorem 2.7 it follows that L)
indeed has the law ¢ (s, x) dx, that is, (ii). Combining the representation of §(1)
established in (i) with (ii) and the fact that o (¢, x)¢ (¢, x) = H(x) for all ¢ € [0, 1]
and x € R one easily obtains (iii).

Verification of (i): The claim is a consequence of Proposition 2.4 (compare
(2.10) and (2.9) for the formula of § in terms of A). We only need to verify the con-
ditions of Proposition 2.4 and then solve (2.10) for our choice of o from (3.25). It
is the particular form of the denominator which allows us to solve (2.10) explicitly
and get the formula for A as in (3.27).

By Proposition 3.1, H € D(A*) C Co(R), where A*: D(A*) — Co(R) denotes
the adjoint (see Section 2.2 and (2.3)). Since also H € D(A) by Proposition 3.2,
H is regular for (the law of) L by Proposition 2.5. Since kg and h; are assumed
positive and continuous, for any K C R compact, there exist Co, C1 > O such that

(3.30) Co<hix)<C;, xe€K,i=0,1.
Set 6(t,x) := 1/¢(t,x) for (¢,x) € [0,1] x K. Then (3.30) implies 1/C; <
o(t,x) <1/Cpand

6(t,x) —6(s,x)| =

)|¢(S,.X) —¢(I,X)|

d(s, x)p(t, x
< ZC—C;%IIt —s|, (,x)el0,1]x K.

This is precisely what Assumption A.1(ii) asks for our o written as 0 = H&. Since
o is also assumed to be bounded in this first part of the proof, Proposition 2.4 can
be applied. The lemma implies that the random times defined by (2.9) are stopping
times and that (2.8) holds. As the definitions (2.9) and (3.26) coincide, in order
to show (i), it thus suffices to show that p and A in (3.26) coincide P*0-a.s. with
(2.11) and (2.10).

Since H is regular for the law of L (as argued above), p in (3.26) (resp., (3.28))
is equal to (2.11) (see Definition D.1). Furthermore, as shown in Proposition 2.4,
the solution to the Carathéodory differential equation (2.10) is P*0-a.s. unique.
Thus it suffices to show that P#0-a.s., A defined by (3.27) is a solution to (2.10),
that is, that P*0-a.s.

3.31) A1) :/ta(A(r), L) 'dr, 1e[0,8(1)),
0
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holds. Inserting (3.25) in (3.31) yields

"A)(hi(Ly) = ho(Lr)) dr + " ho(Ly)
H(Ly) o H(L,)

(3.32) A1) :‘/(; dr, te€[0,6(1)).

On the other hand, §(1) < p and P*%-a.s. the candidate solution A in (3.27) is
absolutely continuous on every closed subinterval of [0, p) and

L) (L)
H(L) H(L)

. . . t
At) = =G (1)e D + G(t)/ e GH=60)
0

hi(Ly)

H(L;)

hi(Li) —ho(Ly) | ho(Lt)
H(L;) H(L)’

=G()(A@r) = 1)+

— A1)

for almost every t € [0, p). This is equivalent to (3.27) being a solution to (3.32)
on [0, p) as desired.

Verification of (ii): First, in (i) it has been verified that Assumption A.1 holds.
Second, Assumption A.2 holds and, as argued above, Assumption A.3 is sat-
isfied. Thus, Proposition 2.6 and Theorem 2.7 can be applied. This shows that
(p(s, -))sefo.1] is the unique solution to the Fokker—Planck equation (2.13), where
p(s,-) is the law of L) under P#0. Thus, in order to establish (ii), it suffices
to verify that (p(s, -))se0,1] With p(s, dx) = ¢ (s, x) dx also satisfies the Fokker—
Planck equation (2.13).

Inserting p(s,dx) = ¢ (s, x)dx with ¢ from (3.24) into the left-hand side of
(2.13), using H € D(A*), A*H = h| — hg (by (1.6) and Proposition 3.1) and
HeL'(R), hy —hye L'(R) (by assumption), Lemma 2.3 gives

/ F)p(t, dx) — / F@)po(dx) 2V f F1(h1 — ho)(x) dx
R R R
:/t/ A*H(x) f (x) dx ds
0 JR
4 (!
24 /O /RH(x)Af(x)dxds

:/t/ o(s,x)Af(x)p(s,dx)ds,
0 JR

where the last step is just the definition (3.25) and (3.24). Hence, by Theorem 2.7
and our argument above we may indeed conclude (ii).

Verification of (iii): Having verified that the marginals of Ls.) are given as in
(3.24), we may apply the representation of § as solution to an integral equation
(established in (i)), Tonelli’s theorem and the definition of ¢ and ¢ to see, us-
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ing (3.29),
1 1
EXO[8(1)] =E#0 |:/0 o (u, Lsw)) dui| :‘/0 E*[o (u, Lsq)]du

:/01/Ro(u,x)mu,x)dxdu:/RH(x)dx.

The right-hand side is finite by assumption and so T = §(1) has finite mean. [J

PROOF OF THEOREM 1.1 (SUFFICIENCY). To complete the proof of suffi-
ciency, we need to remove the assumption that g and 4 are such that o0 = H /¢ is
bounded using a truncation procedure. For this sake, we shift the densities in order
to shift down ¢.

Approximate stopping times 8©: Since H € L'(R) by assumption, C :=
Jr H(x)dx is well-defined and p := H/C is a probability density on R. For any
e €(0,1), we define

h(x) = (1 —e)hi(x) +ep(x), i=0,1,
(3.33) ¢ t,x) = (1 —)hf (x) + th' (x),
H®((x):=(1—¢)H(x),

for (¢, x) € [0, 1] x R, and the approximation to o by o® — g(f)). Then, for any

ee€(0,1),¢® > ep and so, for any ¢ € [0, 1] and x € R with H(x) # 0,

H®(x) (1-#C

@, x) < =
ep(x) e

Thus, for any ¢ € (0, 1), o © is bounded. Furthermore, hl@ € Co(R), hge)(x) >0
and

(3.34) h () = b () = (1 = &) (1 (x) — ho(x))

for any x e R, i = 0,1 and ¢ € [0, 1). In particular, H® satisfies the Poisson
equation A*H®) = hgg) — h(()g). Since H®) = (1 — &) H, the following properties
are inherited from H: H® is nonnegative, H® ¢ L'(R) and H® € D(A) by
Proposition 3.2.

Thus, Step (i) of the bounded case applied with h((f) , hge) instead of kg, h1 shows
that, for any € € (0, 1),

(3.35) 8@ (s):=inf{r €[0,p) : A® (1) = s} Ap, s€I0,1],
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constitutes a family of (F;);>0-stopping times, where

p® :=inf{r € [0, 00) : H®(L,) =0},

(&)
© () e | — 000 1 [ g GO0-6O ey M1 (Lr)
(3.36) A®@):=1-e 1/ e ar.
0 HE(L,)

dr,

GO ) i /t W (L) = b (Ly)
HE(L,)
for t € [0, p) and we note that p = p©, since H® = (1 — ¢)H.
Some simplifications: The choice of 8®) is very convenient as the mean and A®)
simplify in a neat way. By Step (i1) of the bounded case, for any ¢ € (0, 1), L)y
has law ¢'©) (s, x) dx under P*0, for any s € [0, 1] and by (iii),

(3.37) E[5@)(1)] :/RH@(x)dxz(l —s)[RH(x)dx.

Next, (3.34) and H® = (1 — ¢)H imply that G®® = G, and thus from (3.36)
one obtains, for any ¢ € [0, p), a simple formula for INQE

R (L)
AO @) =1 — G(r)+/ G- G(r))(1 18)H(L Jar
- r
(33 | _ 60 f Go-GernMLr) 4
H(L,)

+ LEGU) /t e 90 gr
(I-¢)C 0

t
3.38 = A(t 7(;(’)/ —G0) gr,
(3.38) ()+(1_)C ¢ r

Limiting stopping time §: Set A := A and §© := § (from (3.26)). We need to
show that 8(?) is a stopping time and we need to compute the distribution of Ls.

Since f:[0,1) - R, f(x) :=x/(1 — x), is increasing and f(0) = O the last
decomposition of A®) shows that P“0-as. forany 0 <& < & < l and all € [0, p),
A® (1) < A®(¢), and hence, from (3.35), 8§ (s) > 8@ (s) for all s € [0, 1]. In
particular, for any s € [0, 1], (8(5)(s))neN is a sequence of stopping times with
5G) (s) < 8 (5) < 8(s) for any n € N. Thus, 3(s) := limy_, 00 8& (5) € [0, 00]
exists PH0-a.s. and § (s) < é(s). Since (F;);=0 is right-continuous, S (s) i1s an
(F1)r=0-stopping time. By (3.37) and monotone convergence,

(3.39) EX[S()] = lim EX[sG)(1)] :/RH(x)dx < 0.

In particular, 5(s) < §(1) < oo, PH0-as.
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If 5(s) > p, then 8(s) < p and 5(s) < 8(s) imply 8(s) = 8(s). Otherwise, 5(s) <
p and thus
5s) 1
o H(Ly)

Using continuity and the decomposition (3.38), one obtains

(3.40) ds < o0.

A(B(s) = lim AW (s))

o LGEMEN L 50 )
(3.41) :nliII(;lO<A(n)((S(n)(s)) — (171);/ =G dr) >,
- — = 0
n

where thg last inequality follows from A(%)((S(%)(s)) > (by~deﬁniti0n), the fact
that on {§(s) < p}, G is bounded on the compact interval [0, §(s)] (which follows

directly from (3.40)) and 5G)(s) < 8(s) for all n € N. The definition (3.26) and
inequality (3.41) imply 6(s) > &(s) also on {§(s) < p}. We conclude that P*0-a s,
s (s) = &8(s) and the sequence of stopping times {5(%)(s)}n€N increases monotoni-
cally to 8(s). Hence, (¥ = § is a stopping time and by quasi-left continuity of L,
[11], Chapter 4, Theorem 3.12, implies

lim L )=L3(S), PHO_a s,

n—00 8(5)(s

In particular, for any f € Co(R),

B[S (Loc)] = Jim EPLF(Ly, 1= lim [ £0g0 6,0 ds

s)
=/ FO (s x)dr,
R

which implies that (ii) (and (iii), as seen from (3.39)) has been established also
without the assumption that ¢ is bounded. [J
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