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APPROXIMATION OF STABLE LAW IN WASSERSTEIN-1
DISTANCE BY STEIN’S METHOD!

By L1HU XU
University of Macau

Let n € N, let &, 1,...,¢n,n be a sequence of independent random
variables with Eg, ; = 0 and E|¢, ;| < oo for each i, and let 1 be an a-
stable distribution having characteristic function e M with o € (1, 2). De-
note Sy = ¢p,1 + -+ + {n,n and its distribution by £(S,), we bound the
Wasserstein-1 distance of £(Sy) and u essentially by an L discrepancy be-
tween two kernels. More precisely, we prove the following inequality:

dyw (LS, 1 <C[Z/ ‘

where dyy is the Wasserstein-1 distance of probability measures, Ky (¢, N) is
the kernel of a decomposition of the fractional Laplacian A%, Ki(t,N)isa
K function (Normal Approximation by Stein’s Method (2011) Springer) with
a truncation and Ry , is a small remainder. The integral term

>/

can be interpreted as an L! discrepancy.

As an application, we prove a general theorem of stable law convergence
rate when ¢, ; are i.i.d. and the distribution falls in the normal domain of at-
traction of u. To test our results, we compare our convergence rates with those
known in the literature for four given examples, among which the distribution
in the fourth example is not in the normal domain of attraction of .

Ko(t,N)  Ki(, N)‘d LRy }

'ICa(t N) K,-(t,N) d
o

1. Introduction. Letn € N and let ¢, 1, ..., ¢, be a sequence of indepen-
dent random variables with E¢, ; = O for each i, denote

Sn=§n,1+“‘+§n,n-

It is well known that S,, weakly converges to the standard normal distribution ® if
this sequence satisfies the Lindeberg condition and ES? — 1. If we further assume
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that E|g, ; |> < oo for each i, then the Berry—Esseen theorem follows

n
sup|P(Sy <x) — ()| < C D Elguil’,
xeR i=1

where C > 0 is some constant.

Stein’s method was put forward in the seminal work [45] to study normal ap-
proximations such as Berry—Esseen theorem, very soon thereafter Chen applied
this method to get the convergence rate of the Poisson approximation [14]. Nowa-
days, Stein’s method has been extended and refined by many authors and become
a very important tool for getting bounds of measure approximations; see [1, 5,
6, 9, 11-13, 21, 23-27, 31, 35, 37-41, 43, 44]. For more references, we refer
the reader to the webpages: https://sites.google.com/site/steinsmethod/home and
https://sites.google.com/site/malliavinstein/home.

The stable distribution is one of the most important distributions in probability
theory and has a lot of applications in economics, finance, physics and so on; see
the monographs [30, 47] and the references therein for details. If the above se-
quence {n.i}1<i<n are assumed to have a suitable heavy tail, S,, weakly converges
to a stable distribution [22], Theorem 3.7.2. However, it seems that there are not
many results about the rate of stable law convergence; see [7, 8, 10, 19, 20, 28, 34,
48]. Moreover, all these works are proved by the characteristics function method
in Kolmogorov distance.

The goal of this paper is to study the «-stable law approximation in Wassertein-
1 distance (it is often called W distance or L' distance for simplicity) by Stein’s
method for o € (1, 2). We prove two general theorems, one is a framework which
gives a general bound for the W; distance between S,, and u, the other is an ap-
plication of the framework when {¢, ;}1<i<, are i.i.d. and their distribution falls
in the normal domain of attraction of w. It should be stressed that some known
results can give the rate for o € (0, 1], while ours is only for « € (1, 2). The reason
is stable distributions do not have 1st moment for o € (0, 1], and the W; distance
is consequently not well defined in general. Therefore, our assumption « € (1, 2)
is essential.

We apply the two theorems to four examples which have been studied by several
authors [18, 20, 28, 34, 48] in Kolmogorov distance, and compare our convergence
rates with theirs. A big advantage of our theorems is that one can obtain an explicit
bound of convergence rather than only giving the order of rates as in the known
literatures.

Our first example is a sequence of i.i.d. random variables having a Pareto
distribution density p(x) = 2|x("‘—a+11{|x|>1}, whose sum scaled by n~1/% weakly

2—«

converges to a symmetric stable distribution. A convergence rate n~ « in Kol-

2—a
mogorov distance was obtained in [34], while [20] proved a rate n~ ¢+« for d di-
mensional stable law in total variation distance and conjectured that a better rate
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2=a . . . . ..
should be n~ " in the L! or total variation distance. Our result gives a positive

answer to their conjecture for the L' distance case when d = 1.
The second example is from [4, 34]. The distribution of i.i.d. random vari-
ables in [34] is a perturbed Pareto distribution with a density p(x) = (IX\%“ +

‘x|,3+1)1{IXI>a for some A >0, B >0, a >0 and 8 > «. We consider a more

general distribution such that the distribution function F satisfies 1 — F(x) =
ﬁ + lT;(lﬁ), F(—x) = ﬁ + IEE) for large x > 0, where B > o, A > 0 and
B1(x), B2(x) are bounded continuous functions. It seems that the technique in

[34] is not able to handle this general distribution case. In this paper, we ob-

tain a convergence rate n_ZTTa for B € (2, 00), while [34] gives the same rate for
B € (2a, 00). Note that the example in [4], Appendix B, is covered by this one by
taking B = o + 1.

The third example is a special case of [28] by Hall. When the limit distribution is
symmetric stable, we can get a rate n_Z?Ta in some situations, while Hall obtained
arate n~P for some 0 < g < =%

The fourth example is from [48], the i.i.d. random variables therein have a den-

. B . C o .
sity p(x) = Cﬁﬁ%lﬂxbc} with 8 € R and ¢, C > 0, which is not in the normal

domain of attraction of a stable law. A convergence rate (logn)~! in Kolmogorov
distance was proved by a very delicate analysis depending on the special form of

the distribution. Using our first general theorem, we can obtain a rate (log n)‘”é
in Wy distance, which is worse than (log n)~ 1. However, our theorem can be used
to study more examples which cannot be handled by the characteristics function
method in [48] directly. We defer to give the details of this example in the Ap-
pendix.

Let us now roughly explain the strategy of our method. In normal approxima-
tions, the K function approach [15] is to write

(1.1) E[S, £(S,)] Z/ E[K; (1) f/(S2() +1)] dt
where Sy, (i) = Sy — {u,i and K; (1) = K[, 1 {0<t<¢ni} — Cn,i l[gn,,«gtSO}], and bound
its difference with E[ f/(S,)].

To prove the convergence rate of stable law, we shall find a solution f of the
Stein equation, (4.9) below, and bound

E[af£(5) - ésnf/(s,»},

where A? is the fractional Laplacian defined by (4.2) below. Inspired by the above
observation of E[S,, f(S,)], we represent

noeN
(1.2) E[S, f (S»)] = Z/ NE[K,- (t, N) f"(Sp (i) +1)]dr + R,
i=1""
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where N > 0 is an arbitrary number to be chosen later, R is a remainder and

(1.3) Ki(t,N)=E[{, 1{0§t§§,,,,-§N} — Cnil{—N<g,;<t<0}].

Due to the heavy tail property of ¢, ;, we need to truncate ¢, ; and thus get a
remainder R. On the other hand, we decompose A3 f into a linear combination of
f” with a remainder R’ as the following:

N N
(1.4) Aff(x):/_NICa(t,N)f”(x+t)dt+R/,
where

da —a —a
Kao(t,N) = m(ml - N'79)

® 1—cosy -1
ith d, =/ 7d> .
i e <—oo e

(1.5)

Using (1.4) and (1.2), we see

B[ A7 (50 = 25,05

n N ,
=Zf E[(K“(I’N) — K’(t’N)>f”(Sn<i)+t)} dr + R,
i=1 7N

n o

(1.6)

where R” is another remainder. Hence,
o 1 7 " N
E[atrs)- s < (X[
o = J-N

where || f”|l = sup,cp | f”(x)|. Therefore, in order to obtain the convergence rate,
it suffices to bound || f”'|| and the remainder R”.

A recent result about stable convergence by Arras et al. [4], Appendix B, is as
the following: for « € (1, 2),

9’

Ko, N) K, N
a(rtz ) l(; )‘dt>||f”||+|72”

dol(L(Sy). 11) < Cn= 209

sup [B[A(5)] - [ heonn| < Camirto),

heHs
where L£(S,) is the distribution of S, dko denotes the Kolmogorov distance, u
is a stable distribution with characteristic function e, and 3 is the set of
all bounded third-order differentiable functions 4 such that |A®| < 1 for k =
0, 1, 2, 3. Their approach is by Stein—Tikhomirov method. Note that [4], Appendix
B, is a special case of Example 2 below, in which we show by our general result
that a rate n_%x in W1 distance can be achieved. By a standard argument, this W

. . _2—a L. B g 2
rate implies a Kolmogorov rate n~ 2 , which is better than n~2! 123
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More recently, Arras and Houdré found a nice characterization of infinitely di-
visible law with finite first moment [3], Theorem 3.1, and proved a general up-
per bound for dkei(in, ) by Fourier analysis as u, and p are both infinitely
divisible. This result was applied to study several examples such as compound
Poisson random variables, Pareto type random variables sum and so on, in par-
ticular, if pu, is the distribution of a sum of i.i.d. infinitely divisible Pareto-type

random variables, it converges to a stable distribution with a rate n_%x in Kol-
mogorov distance. They also derived a nice formulation of the related generators
for the self-decomposable distribution family [3], Proposition 5.1, which general-
ized the result in our Lemma 4.6 below. Furthermore, using a methodology very
similar to the one developed in our paper, the same authors proved a bound for
self-decomposable distribution approximation in a smooth Wasserstein distance
dw, by Stein’s method; see [3], Section 6. Applying [3], Theorems 6.1, 6.2, to
stable approximations, from the discrepancy terms in the bounds therein, we can

immediately see that the convergence rate is at most n~%" in dw, distance. Note
that dy, is smaller than W distance [3], (4.3).

Johnson and Samworth [32] also give a convergence rate for stable approxi-
mations in the Mallows distance d, with some r > 0, note that d, is the classi-
cal Wasserstein-r distance when r > 1. Let X1, ..., X,, be i.i.d. random variables

with mean O and a distribution function Fx such that Fx(x) = % forx <0

and 1 — Fx(x) = % for x > 0, where ¢, ¢ > 0 and by (x) = O(ﬁ) with

y > 0, [32], Theorem 1.2, claims that §, = n_é Y7, X; converges to a stable

11 .
distribution p with a rate n# ¢ in the distance dg for some B € («,2]. When
. . _2 . .
a« € (1,2), this rate is worse than the rate n =« ! in our paper, but dpg is larger than

W1 distance. Moreover, when o > 1 and y > 1, one can take 8 = 2 and thus gets
a convergence rate n2~w in the Wasserstein-2 distance, which is not accessible by
our Stein’s method. The theorem was proved by an idea from Lindeberg method
and a coupling. More precisely, take a sequence of i.i.d. p-distributed random vari-

ables Y, ..., Y,, since n_l/"‘(Yl + --- 4+ Y},) has the distribution u, it is easy to
see that
8 n n 8 n n
df(L(Sp). ) =n"ad) (Z X, ZY,) =n"adf (Z Vel Yﬁ)
i=1 i=1 i=1 i=1
5 |2 B
<n"<E|Y (X} -¥})| .
i=1

where (X7, Y) is a coupling of the distributions of X; and Y; [32], (3), which
enjoys the property E| X} — Yi*|ﬂ = dg(X,-, Y;) for each i, and {(X},Y)}1<i<n
are independent. The previous relation, together with an inequality by von Bahr
and Esseen [32], (11), (12), implies that dj (C(Sy). i) < 2n~F/* Y1 d(X;., Yy).
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Since dg(X;,Y;) < oo for some B > o [32], Lemma 5.1, one immediately gets

1 1
dg(L(Sp), ) = 0P =).

The organization of the paper is as follows. Section 2 introduces notation and
gives the two main theorems, while Section 3 applies them to study three examples.
The proofs of the two main theorems are given in Sections 4 and 5, respectively,
and the regularities of Stein’s equation are proved in Section 6. The last section is
an Appendix about the fourth example and some details of heat kernel estimates.

2. Main results. Recall that W; distance between two probability measures
w1 and o is defined by

2.1 d , = inf E|X —Y]|,
(2.1 wr, u2) ot | |

where C(u1, 2) is the set of all the coupling realizations of w1, 2. By a duality,

dw(ui, u2) = sup |pi(h) — pua(h)
heLip(1)

where Lip(1) = {h : R — R; |h(y) — h(x)]| < |y — x|} and
m(h)=/ h@uidy), =12,
R

Note that dyy is also called L' distance. The Kolmogorov distance of w1 and s is
defined by

’

dxol (L1, n2) == Suﬂg\m((—OO,X]) — p2((—o0, x])|.

xe
For a sequence of measures {v,},, we say they weakly converge to a measure
v, denoted by v, = v, if

Jim v (f) = v(f)

for f € Cp(R), all bounded continuous functions f : R — R. We use C), to denote

some number which depends on parameter p, the exact value of C,, may vary from

line to line. We denote £(X) the distribution of a given random variable X.
Recall (1.3) and (1.5) in the Introduction:

o - -
2.2 Ko, Ny=—(t| " “—N"79),
(2.2) a(t,N) a(a—l)(ll )
(2.3) Ki(t,N) =E[n,ilj0<i<¢, <Ny = Sni li-N<g,:<t<0}],
where dy = (% 1=5%24y)=1 and 1 <i < n. Note dy = @ T and
o = Voo Jyrre € == « = AT

limg 42 zd_“a =1, see [17], p. 2800. Recall the Gamma and Beta functions are re-

spectively defined by

o0
F(x):/ e ds, x> 0;
0

1
B(x,y)Z/O 1A =Y dr, x>0,y>0.
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Let us now state our first main result, which is a general theorem giving a rate
of stable law convergence in W distance.

THEOREM 2.1. Letn eNandlet ¢y 1, ..., tn.n be a sequence of independent
random variables with E¢, ; =0 and E|¢, ;| < 00 for 1 <i < n.2 Let u be an
a-stable distribution with characteristic function e~ for a € (1,2). Then we
have

Ko, N) Ki(t,N
€.N) _ K Wd-+RMn VN >0,

dw (L(Sw), 1) < D 2;/‘

where Ky (t, N) and K;(t, N) are defined as above, D, = 20’“ B(aa ) o,)
Rovn =2 (il R
N = Enil Mg s1=N) + 7

i=l

D n
+Z”ZEQW Vy € (0, 1),

dyp__16 +3 l6_ [latijp(loy yio
with Do,y = G lzay o + sy "o 1B )

REMARK 2.2. When o < 1, the stable distribution does not have its 1st mo-
ment, thus the corresponding W is not well defined; see (2.1). It is expected that
dw (S, ) — oo as « | 1, this can be seen from

lim D, = oo, lim D, , = oo.
all & all &Y
Moreover, limg42 Dy, = 2*/_B(l Y y+2) though there is a term ﬁ in Dy, .

Tables 1 and 2 give the Values of D and Dy, respectively. Although D, ), is

}’l

large, the term D" r
2 — o and large n

_1E[Z4,i1” can be negligible in applications by taking y >

REMARK 2.3. Due to the lack of concentration phenomena of heavy tailed
random variables sum, we can only observe the convergence after sampling a large

number of random variables; see [34], Section 5, and Example 1 below. In appli-
n

cations, we take y = 0.9 so that the term Da L3701 Elgn,i” will be small enough

to be negligible as n > 10°.

2Elton Hsu pointed out to the author that the condition “S;, = 1" in Theorem 2.1 of the first draft
can be removed.
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TABLE 1
The values of Dy

o 11 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9

Dy 22.14 11.45 8.04 6.42 5.51 4.94 4.57 4.32 4.15

REMARK 2.4. If X has a stable distribution @ with characteristic func-

tion e"”a, then o1/¢ X has a distribution v with characteristic function e~ 4%,
By (2.1),
(2.4) dw (L(c17%S,),v) = o *dw (L(Sy), 1).

On the other hand, it is easy to see from the definition of Kolmogorov distance that

diol(L(017% 8,), v) = diol (L(Sn), ).

Theorem 2.1 is a general theorem which bounds the W distance of £(S,) and
wu by a discrepancy and a small remainder. An application of this theorem is to
study the convergence rate of stable law. To this end, we first recall the classical
stable law convergence theorem.

THEOREM 2.5 (Theorem 3.7.2 of [22]). Leté&y,...,&,,... bei.id. witha dis-
tribution that satisfies
P 1
i dim — = L pg s x) =x L),
x=o P(1& | >x) 2
where a € (0,2) and L : [0, 00) — [0, 00) is a slowly varying function, that is,

nmﬁoo%z I forallt >0.Let T, =& +---+&,, A, = inf{x : P(|&| > x) <

TABLE 2
The values of Dy, y

a=1.1 1.2 1.3 14 1.5 1.6 1.7 1.8 1.9
y=0.1 33.13 19.01 14.40 12.17  10.89  10.09 9.55 9.18 8.91
0.2 35.17 20.33 15.50 13.17 11.83 11.00 1045 10.06 9.79
0.3 38.59 22.43 17.17 14.64 1320 1230 11.70 11.30 11.01
0.4 43.94 25.62 19.66 16.80 15.17 1416 1349 13.04 12.71
0.5 52.30 30.53 23.45 20.05 18.12 1692 16.13 1559 1521
0.6 65.91 38.43 29.49 2520 2276  21.24  20.24 19.55 19.07
0.7 90.04 52.33 40.06 3416 30.79 28.69 2731 2636  25.68
0.8 140.69 81.33 62.00 52.67 47.34 44.00 41.78 40.25 39.16

0.9 298.18 171.06  129.58 109.52 98.02 90.78 8595 82.58 80.16
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n~ '}, B, = nE[&11g1<a]- As n — oo, (T, — By) /A, = v, where v is a sym-
metric stable distribution with characteristic function exp(— azlsl‘" ). In particular,

it follows from the property of stable distribution (see Remark 2.4) that as n — oo,

25) (m)—éTn—Bn:>
' 2d, A, M

where [ is a symmetric stable distribution with characteristic function e~ .

In [22], Theorem 3.7.2, the limit of (i) is a general ¢ € (0, 1) rather than %
When ¢ # %, the limiting stable distribution v is not symmetric. From the remark
in [22], p. 138, we know that the conditions (i) and (ii) are also necessary for the
above weak convergence to stable law. Similar as studying a Berry—Esseen bound
for a central limit theorem, we need to strengthen (i) and (ii) to get a rate for the
convergence (2.5).

We assume that there exist some A > 0 and two continuous functions M :
Ry — Rand M> : Ry — R, with limy_, oo M;(x) =0 and limy_, oc M3(x) =0,
such that for all x > A,

P >x) 1+ M) . P51 >x)
i) —

® P(&]>x) 2 Ox—«

=14+ Mr(x),

where 6 > 0 is a constant. We note that (i’) and (ii") are equivalent to the condition
that £ lies in the normal domain of attraction of u, which is generally stated as
forall x > A,

(2.6) P& >x)=cix %(14+8(x)), P& < —x) =cax (1 + 82(x)),

where ¢y, cp > 0 with ¢; + ¢ > 0 and lim, _, o 61 (x) = 0 and lim, _, 5 62(x) = 0;
see [29], p. 350, or [32], Definition 5.1. If §; and &, both polynomially decay
to 0, then we call & in the strong normal domain of attraction of u; see [32],
Definition 5.2. In our case, ¢; = ¢» = %.

1
Denote ¢, = %n and b, = ¢;; t + E&; for t > 0 and
1 —a
2.7 Ry = Ebt (1 + M, (bt))(l + Mz(bt))Efl,

1
re= Eb,l_“[Ml + My + M M>1(b;)
2.8)

1 oo
+§/b sTY My + My + My M](s)ds.
t

Our second main theorem, which is essentially an application of Theorem 2.1, is
the following.
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THEOREM 2.6. Let o € (1,2), and let &, ...,&,, ... be i.i.d. with a distri-

_1
bution satisfying the conditions (') and (ii"). Write ¢,; = €, * (& — E§&;) and
Sn="%8n1+ -+ Cnon, then L(Sy) = p with characteristic function e M More-
over, we have

D N
dw (LS ) =~ [ [aKalt, N) = nKi(t, M| dt + Ry, YN >0,
o —N

where

_r
RN,n = Da,yen ctIEl‘i:l _ESIP/
1 1
4d, <1+3;;‘—1 L L MaiNsy) +/5<>o Ma(rtiN) )Nl_"‘

sa! A e

a—1 8, 8n
Vy €0, D),

_1
with 8, =1 — £, * N~V E&,|. In particular, if EE; = 0, we have

_Y
RN,n = Dtx,yE|Sl |yﬂn *

2.9)
1 © MLy N
+4da<L+M2(€ N +/ # )Nl_a,

It is worthy of stating the following corollary of Theorem 2.6, from which we
can fast determine the order of convergence rates.

COROLLARY 2.7. Assume that the same conditions as in Theorem 2.6 hold.
We have

2

dw(£(S,). 1) = Co (05

1
+n1‘a/ 1 |r,|dt).
A(A+IEE e, @ <|f|<N

We end this section with the following lemma, which will be used from time to
time later.

+ N Ny

LEMMA 2.8. Let X be a random variable, for any t > 0 we have

(2.10) E[X1ix>n]=tP(X > 1) + /OO P(X > r)dr.
t
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PROOF. Observe by Fubini’s theorem that

o0
E[X1{x-n)] = /0 El1j0<r<x1(x=n)]dr
@2.11)

t o0
- fo E[1(x-n]dr + /, E[1(x-p]dr,

from which we immediately obtain the inequality in the lemma, as desired. [J

3. Three examples. In this section, we shall use our results to study three
examples which have been considered [4, 20, 28, 34], the known literatures only
gave the order of convergence rates in Kolmogorov distance. In contrast, using our
Theorems 2.1 and 2.6, we can obtain explicit bounds for these examples in W
distance, and fast determine the order of the convergence rates by Corollary 2.7. In
the regime « € (1, 2), most of our results are as good as or better than the known
ones.

In the Appendix, we further consider the fourth example which is out of the
scope of normal domain of attraction of stable law. A related example was stud-
ied in [48] and the convergence rate in Kolmogorov distance is (logn)~'. By our
results, we obtain a rate (logn)™ 142 . Because the calculation is very complicated
and long, we will not give an explicit bound but only figure out its leading order in
the Appendix.

EXAMPLE 1 (Pareto distribution case [20, 34]). Assume that&q,...,&,,...be
1.1.d. with a Pareto distribution with « € (1, 2), that is,
1
P > = > 1, P < = =< _19
E1zx)= e F (G1=x) S X
that is, £; has a density function p(x):
o
px) =0, x| <1 P(X)=W, x| > L.

By Theorem 2.5, we have B, =0 and A, = n'/® Denote ¢, = ﬁn and

_1
Cni =4€n "6, i=1,...,n,
S, weakly converges to a stable distribution p with characteristic function e M.

We can directly apply Theorem 2.6 to get a convergence rate n_%x, but it is very
instructive to prove this rate by applying Theorem 2.1 directly.
It is straightforward to check that the terms in Ry, are

4d, _
2Z]E |§nl|1{|§nt|>N}) lNl a’
i=l1

D aD 2d, y
”ZElfn,V— yy( ) nt,
i=1
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thus

Y
R = o yiea WP (e
oa—1 a—y \ «

It remains to compute the integral term in the bound of Theorem 2.1. Recall (2.3),
when ¢t > 0,

Ki(t, N) =E[Zn,11{0<r<¢, 1 <N}]
1opel*N
3.1) =bn fl/at *plx)dr

o 1 —a+1 1
20, (a0 —1) o Ne—1

By the symmetry property of p(x), we have

o —a+1 1
3.2 Kit¢, Ny=——|| |t|] V — -, t<0.
0 k=gl ) -

Hence,

. /N‘Ka(t,N)_Ki(t,N)‘dt
1 —-N n o

_/N‘ dy ( 1 1 ) l’lKl(t,N)‘dt
“ Jonvla@ =1 \Jrje-T Nl o

i=

3.3)
dy N 1 1 —o+1
= / ‘ a—l_<|t|vm) dr
ala—1) J-nl|t] Oy
1 <2da>§ 2«
= e n a
2—a\ o
So, we have
2
8d, D 2dy\ @ —a
dy (L(Sy), 1) < — N1 4 ¢ (_“> .
a—1 2—a\ «o
3.4) .
P (e
a—y\ «

Since N is arbitrary, let N — 0o, we get

—a

2
D 2dy\ «
dw(£S ) = 50 (2 ) 0
2—a\ «o

Dy.y (2dy\ &
M 2 (—“) n"a  V¥ye(,1).
a—y \ o

(3.5)



470 L. XU

TABLE 3
Exact bounds of dy (L(Sp), 1) with n = 100

a=1.1 1.2 1.3 14 1.5 1.6 1.7 1.8 1.9
y=0.1 9.906 6.245  5.121 4.636 4.424 4399 4588 5114  6.174
0.2 3.176 2.213 1.975 1.925 1.970 2112 2418 3.030 4.154
0.3 1.066 0.818 0.792  0.833  0.921 1.087 1.407  2.032  3.177
0.4 0.377 0317 0333 0380 0462 0.617 0926 1.544  2.694
0.5 0.142 0.131 0.149  0.186  0.255 0396  0.692 1.300  2.451
0.6 0.059 0.058  0.073  0.101 0.160  0.289  0.576 1.177 2327
0.7 0.027 0.029  0.040 0.063 0.115 0238 0.518 1.114  2.263
0.8 0.016 0.018 0.026 0.046 0.095 0214 0.490 1.084 2232
0.9 0.014 0.015 0.023  0.042  0.091 0.210  0.487 1.081 2.230

Let us compare our result with the known results in literatures. The reference
[34] gave a convergence rate:

n~e, ae(,2),
d £ S}’l ’ SCOI
Kol( ( ) ,bL) :I’l_l, O[E(O, 1]’

where an exact value of C, was not given.

2—
When « € (1,2), the authors of [20] obtained a rate n~ar« for d dimensional
stable law in total variation distance and conjectured that the rate can be improved

ton" @ in L' or total variation distance. Our result gives a positive answer to
their conjecture for the L' distance case when d = 1.

Table 3 gives exact bounds of dw (L£(S,), u) as n = 100 according to (3.5),
which vary according to @ and y. Due to the lack of concentration phenomena in
heavy detailed random variables sum, in simulations one has to take large samples
(often more than 10°) to observe the convergence. [34], Section 5, only simulated
the limiting behavior of E|S,| for « = 1.5, the convergence can be well observed
only after the sample size reaches 109.

EXAMPLE 2 (Convergence rate of Pareto densities with modified tails [34], Sec-
tion 3, [4], Appendix B). In[34], Section 3, a sequence of i.i.d. random variables
(&1)n>1 with the following density were considered:

3.6) px)= + for |x| > a, px)=0 for |x| <a,

|x|1+a |x|1+/3

where 0 <o <2, ¢ < 8, A >0 and B > 0. When B > 2«, it was proved that
nle > 71 & converges to a stable distribution v in Kolmogorov distance with a
rate n_ZTTa for o € (1,2) and arate n~! for « € (0, 1]. When B € (a, 2a), the rate
is n~ MG =125 for 822 and n= e logn for B = 2; see [34], (3.6), Table 1.
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We now determine an explicit bound for dy (L(S,), W) by Theorem 2.6. With-
out loss of generality, we assume a = 1 (otherwise take & = a~'£;), and thus have
B
2|x| 1+8

3.7 px)= + for |x| > 1, px)=0 for |x| <1,

2|x|1+e
with g + % =1 and B € («, 00). We can easily determine 6 = En = 2d n and
Sy =6¢ YU & and

Mi(x)=0,  M(x)=(Ba)(AB) 'xF=®  x>1.

To use Theorem 2.6, we need to compute n/XC, (¢, N) and Ry , therein. By a
straightforward calculation, we have

_1
nKy(t, N) = “1((|t|vz,,“)“"‘—N1*a)
Bney L
ntn © —x\1-8 1-B
—" (1] v e —N'7F).
+2(ﬁ_1)((|| ) )

By a similar computation as in Example 1, when g # 2,

a=2

2dy by N 2Ad,
2 —« B(B—2)

N a=2 a—p
f |Ol’Ca(t,N)—nK1([,N)|dt= (Ena _Ena NZ—/B)’
-N

when g =2,

a—2
N 2dyln®  2Ad, @2 1

f lakCy(t, N) —nKi(t, N)|dt = 2"‘ L+ 2¢,° [1ogN+—1ogzn]
—N — o

By (2.9), we immediately obtain

A B -z
RN,n = Da,y( + —>£n

a_ J—
o o o—p
4d 0, N“—ﬂ]Nl—“.
+ “L—1+Aw—n”

Combining the previous relations, we immediately obtain an explicit bound for
dw (L(Sy), i), which has a leading term and a remainder R (n), both having ex-
plicit values. More precisely, (note £, = %n), we have

(1) When g > 2, take N — oo,

2dyDy [ 1 A o5
dw (L(Sn), p) < o (2—a+B(ﬁ—2)) + R(n)

with
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(2) When B =2, take N = ¢} with ¢ >

2d, D A(aq+ 1)
o?B

dW(E(Sn)»M) I o 1gZ + R(n)

with

2dy Dy 22 A B _r
R(n) = 7(2_0[) L, —|—Da,y<—_ +—2_y)ﬁn *

atl, ey
4d z @ )
+ “(a 1 A )

(3) When o < 8 <2, take N = £} with g =

(aﬁ 15 being arbitrary,

D 2o+ 1)7 — e
dw(asn),u)szda[ “ }

¢, “@rP
C—Ba ' a—1 RO

with
R(n) 2d< ! A )z‘ZTTaHJ ( A + B )z‘%
n)= — -
“\2—a @-pB)" Na—y  2—y)"
_38-a2
+ 4A0lda E;_2a+§?;()f1,35)
B(B—1)

Note that the case (1) covers the example considered in [4], Appendix B, in
which f =1 + «. By a standard argument, the bound in (1) implies

2
dKol(E(Sn)’ M) <Cn 2,

S _Llag_ey.
which is better than the rate n~2(1=2) in [4].
We can consider a more general distribution:

A B (x)
P == 9 9
(&1 >x) 2] 2x]P xX>a
(3.9)
P <x) = — 4 520
<X)=—— -, X < —a,
! 2xle " 2)x|P

where « € (1,2), @ < 8, a > 0, B1(x) and By(x) are both continuous functions
such that —L < Bi(x), Ba(x) < L for all x € R and some constant L > 0. Take
0 =Aand ¢, = Z%n, we have

Se=>un  with S, =20, ° Z(s, E&).
i=1

By Theorem 2.6, we can obtain an explicit bound for dw (L(S,), ) by a similar
but much more complicated calculation. Here, we would like to omit the detailed
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0.885
|

0.875
1

gamma

0.865
1

0.855
1

alpha

F1G. 1. The optimal choice of y withn = 100.

calculation but get the order of the rate. More precisely, by Corollary 2.7 we have
dw(L(Sy), 1) < C(n°T + N~ + N> Pul=8),  p#2,
dw (L(Sn), ) < C(an_2 + N7 4 nl=% logn + nl=% log N), B =2,
where C depends on «, 8,a, L, A, B. Hence,
(i) When 8 > 2, let N — o0, we get
_2-a
dw(L(S). p) < Cn~ e
2—a
(i) When B = 2, taking N = n«@-D_ we get
dw(L(Sp), 11) < Cn~ 3" logn.

B—a
(iii)) When a < B8 < 2, taking N = ne(+e=5 we have

_(e=D(B-a)
dW(ﬁ(S”)’ M) < Cn oU+e=p) |

As seen from the results in the previous two examples, the y in the bounds of
dw (L(Sy), ) may vary from 0O to 1; its optimal choice depends on « and n. When
n = 10°, we plot Figure 1 to demonstrate the optimal y as a function of o for
a=1+4 j/100 with j € {1,...,99} for the following four cases: (1) Example 1
(red line); (2) Example 2 with § =4and A =B = % (green line); (3) Example 2
with A = B and 8 = 2 (blue line); (4) Example 2 with A = B and § =« + 0.1
(black line).
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EXAMPLE 3 (An example of Hall [28]). Let Zy,..., Z,, ... be a sequence of
i.i.d. random variables such that Z; has a density function f(x) in the interval
—e < x < ¢ for some ¢ > 0. For further use, we denote f(x) =ag + h1(x) for
x €10,¢) and f(x) = bg + ha(|x|) for x € (—e, 0] where ag > 0, by > 0, hy, hz
are both continuous positive functions from [0, ) to RT. Let X; = sgn(Z;)|Z;|” «,
Hall studied the convergence rate of the following sum:

(3.10) n—é[z X; —kn(oz)],
i=1

where &, (o) is some number and 0 < @ < 2, he proved the following.

THEOREM 3.1 (Theorem 3 of [28]). Suppose 1 <o <2, f(x)=ao+ h1(x)
for x €10, ¢) and f(x) =bo+ ha(|x]|) for x € (—e, 0] where |h1(x)| + |h2(x)]| <
b|x|€ for some ¢ > O witha(c+ 1) <2, thatis,0 < c < 277“ then n_é(zlf’zl X; —
nlEX ) weakly converges to a stable distribution with the distribution function
A(x). Moreover,

(3.11) sup
xeR

=0(n"°).

P[n—i <Zn: X; — nEXl) < xi| —A(x)

i=1

As an application of the case (3.7) above, we can study a special case of (3.10)
and give an explicit bound of the convergence in W; distance. More precisely,
let « € (1,2), we assume ag = bg = a and hi(x) = hy(x) = bx€ for [0, 1], by a
straightforward calculation,

2b

2a ol :
]P)(X1>X)=2x—a+m, x>l,

2a 26
P(X; <x)= WEp— x < —1.

2|x|“ 2|x|a(c+1)’

We have the following theorem about explicit bound of convergence rate in W;
distance.

THEOREM 3.2. Let the above assumptions hold. Take A =2a, B = C+1 ,B=

1
alc+ 1), €, = A“n and Sy = €, * 3", &, we have Sy, = | with | a stable

distribution havmg characteristic function e~ ™% Moreover, dw (L(Sp), n) has an
explicit bound the same as the cases (1)—(3) in Example 2. More precisely,

. 2— . .
o If ,82_> 2, that is, ¢ > =%, the bound of the case (1) holds with leading order
noa .
. 2— . .
o If ,827: 2, that is, ¢ = =%, the bound of the case (2) holds with leading order
n~ « logn.
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o Ifoa < B <2, thatis, c € (0, 2 =%), the bound of the case (3) holds with leading
order n = .

We can give the exact values of coefficients in Theorem 3.2 and those of
dw (L(Sy), ib), the results are the same as those in Example 2, thus we omit them.
Similar as the case (3.9) in the previous example, we can apply Theorem 2.6
to more general distributions and get an explicit bound for the corresponding
dw (L(Sy), 1) by much more complicated calculations. Here, we only use Corol-
lary 2.7 to give the order of the convergence rate as the following.

THEOREM 3.3. Suppose 1 <o <2, a9 =by=a and |hi(x)| + |h2(x)] <
b|x|¢ for x € [0,&) with b > 0,& > 0,c > 0. Let ¢, = ‘:1—“11 then S, =

_1
0, (X" Xi — nEXy) weakly converges to a stable distribution p with char-
acteristic function e~ . Moreover,

_2-«a 2—«
n-a, c> ,
2— 2801
(3.12) dW(E(S”),u)fC n~ « logn, c= ,
_(@=De a2—a
n_ T-ac O<c<

4. Proof of Theorem 2.1: Stein’s method.

4.1. Stein’s equation and its regularity estimates. Let us first recall the def-
inition of fractional Laplacian A% with o € 0, 2); see, for instance, [36]. Let
f R — R be a measurable function, for any x € R, A2 f(x) is defined by

(4.1) A%f(x)zdo,<p.v. f(x+yf_f(x)d )
R |yl
provided the principal value p.v. [ %Wdy exists, where d, =
(% ll;ﬁ?fay dy)~! and
f(X+y)— @) 4y —1i Jx+y) —f®)
14+« =m 14« dy.
|yl 10 JR\(=r,r) |yl

The definition (4.1) with a principle value is not convenient for use, if some suit-
able regularity of f is further assumed, A%/? f (x) can be rewritten in a form with-
out limit.

When « > 1, if f/ and f” are both bounded, then A%/2 £ (x) is well defined for
all x € R and can be rewritten as

(4.2) A%f(x):da/Rf(X+y>—f(x)—yf’(x)d

|y|1+a
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Indeed, using Taylor’s expansions, we easily see that

/ fx+y) —f)—yf'(x)
R

|y|1+a

dy’

4.3)

</ %f”(x+91y)y2d‘
~ Wiyt |y [+

N / flx+62y)y — f'(x)y
[y[>1

|y|1+a

dy‘ < 00,

where 01, 6> € (0, 1). On the other hand,
/ fx4+y) = fx) = yf'(x) d
y
R

|y|1+a

(4.4) — lim FOrN = FO =30

0 JR\(=r,r) |y|1+e
5 Sx+y) —fx)

= lim o dy.
0 JR\(=r,r) |yl

In our paper, thanks to that the solution f of Stein’s equation has bounded first-
and second- otgder derivatives, we will use the form (4.2) to avoid the limit in (4.1).
Moreover, A2 f(x) can be rewritten as (4.20) and (4.21) below, these two new
formulations will play an important role in our analysis.

It is well known that A%/? is the infinitesimal generator of the standard 1d sym-
metric «-stable process (Z;);>0 [2] with Zy = 0, the distribution of Z; has a den-
sity p(t, x) satisfying

oo . o
4.5) / e p(t, x)dx = 1P
—00
it is well known that p(z, x) is uniquely determined by its characteristic function
[22], Section 3.3.1. Note that p(¢, x) is called Green’s function of symmetric pro-
cess and satisfies the differential equation:
(4.6) dip(t,x) =Ap(t,x),  p(0,x)=8(x),

where J8g(x) is Dirac function at 0, that is, dg(x) = O for all x # 0 and
ffooo So(x)dx = 1; see [33], (1.8), with A =0 and d = 1 therein.

Let us now consider the Orenstein—Uhlenbeck «-stable process as the follow-
ing:

1
(47) dX[:——Xtdl+ dZ[, XOZX,
o
we denote by X, (x) the solution to the SDE (4.7). Its infinitesimal generator is

o 1
Afx) =242 f(x) - EXf/(X) VfeSR,R),
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where S(R, R) is the Schwartz function space, the set of all smooth functions
whose derivatives are rapidly decreasing [46]. The domain D(A) of the operator
A is the closure of S(R, R) by a standard procedure depending on the underlying
function space that we consider [42], Chapter 2.

The following characterization theorem of stable distribution is well known; see
[2], Proposition 3.2, for instance.

THEOREM 4.1. Let Y be a random variable. If the following equation holds:
o 1
(4.8) E[A2 f(Y)] - —E[Yf(¥)]=0 VfeSR,R),
o

where a € (0, 2), then Y has a symmetric o-stable distribution p with the charac-
teristic function e "™*. Moreover, the distribution of Y is uniquely determined by
(4.8).

PROOF. By [2], Proposition 3.2, with a; = 0 and ay = ady in (3.6) therein
(note that the linear operator in [2] is L = «.A), we get w is the unique invariant
measure of A in the sense that

fR Af ()u(dx) = 0.

See [2], Definition 3.1. This means that Y has a distribution n and this distribution
is uniquely determined. [J

For any Lipschitz function 4 : R — R, Stein’s equation is

o 1
4.9) A2 f(x) — EXf/(X) = h(x) — u(h),
that is,
(4.10) Af(x) =h(x) — p(h).

It is also known that equation (4.10) is called a Poisson equation; we can represent
its solution by the stochastic process generated by .A. More precisely,

LEMMA 4.2. Equation (4.9) has a solution
0o o0 _ o
@i sm==[" [ pli—ey = i) () - uin)dyar,
—00
where p(-,-) is determined by its characteristic function (4.5).
We will leave the proof of Lemma 4.2 later. With the help of this lemma, we

shall prove the following regularity results of f, which plays a crucial role in the
proof of Theorem 2.1.
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PROPOSITION 4.3. Let f be the solution to equation (4.9) defined by (4.11).
We have the following estimates:

(4.12) £ < I,
4 2a+1 -1 2
@13 T e e I
o o
where || - || is the uniform norm, that is, ||g|| = sup,cg |g(x)| for any bounded

measurable function g.

PROPOSITION 4.4.  Forany y € (0, 1), we have

AT f(x) — AT f(y)]
sup
xF£y |X—)’|V

(4.14)
o+3 Za—l—l y Y+« 1w
71(2 a)V n(a —DYV ) '

4.2. Proof of Theorem 2.1. Recall that &, 1, ..., {,., are a sequence of inde-
pendent random variables with E¢, ; =0 and E|g, ;| < oo for 1 <i < n. Recall
the notation

Sn=Cia+ -+ lun;
Sn(i) =Sn — Cnis 1<i<n.

LEMMA 4.5. We have

noeN

(4.15) E[S,f'(Sp)] = Z/ NE[K,-(t, N)f"(Sp (i) +1)]dr + Ry VN >0,

i=1""
where K (t, N) = El[n,iljo<t<¢, <N} — Enil{-N<¢,<t<0}], and
(4.16) Ri= Y E{&u:[f'Sa) = [ (Sa@) gz, =0} YN >0.

i=1
PROOF. By the independence and E¢, ; = 0 for each i, we have
n
E[Snf'(Sw] =D _Eltni f'(Sn)]

4.17) =1

=Y E{gnil £/ (S0) = ' (Sa@)} =D_1G) + R,

i=1 i=1
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where

1) =E{gni[f/(S0) = f(Sa@)1q10,1=31 )

(4.18) n
=Y E{Gni[f/(S) = £ (Su@)]igu1>n1 }-
i=1

For (i), we have
1@ =E{¢n,i[f'(Sn) = £ (Sn@) N1z, 1=3y )

=E{§nl[ n’i F( Sn(l)+t)dt]1 cn,,-szv}}

= {g“n,[ " (Su(@) +1)( 0<r<¢,“}—1{;n,<r<0})df} |cn,l~|sN}}

E[f (Sn () + 1) (Ljo<r<g, 11 — Lz, <r<0D8n.i L, 1 <ny ] dt
—/ F" (80 @) + 1) E[(Ho<r<t, 1) — Ligyi<t<0D i Lz, 1<ny] de

:/NK,-(t, NYE[f" (S, (i) +1)] de

where the last second inequality is by the independence of S, (i) and ¢, ;.
Combining all the relations above, we immediately get the equality in the
lemma, as desired. [J

LEMMA 4.6. Forall x € R, we have

© fllx+2) - fx) dz

—00 sgn(z)|z|*

(4.20) A3 fx)=
Moreover, for all x € R,

N N
(4.21) A2 f(x) :/ Ko(t,N) f"(x +1)dt + Ra(x),
-N
where N > 0 is an arbitrary number and

dﬂf —a —a
Ko(t,N) = m(ml ~ N7,

Rz(x)Zd—a/ f(x—i—z)—f(x)dz

lz|>N sgn(z)|z|*
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PROOF. We observe

AS f(x) = / fa+y) |y|{f;> —3f'0)

dy
- /R |y|l+a/ (f'(x+2)— f'(x))dzdy

_/ 1+a/ flx+2) = f'(x))dzdy

dy, / /
+/—oo (—y)1+af0 (f'(x +2) — f'(x))dzdy.

It is easy to see that

© d,
/0 y1+a/ (f'(x+2)— f'(x))dzdy

_/O (f(XJrz)—f(x))/Z
© f(x+2z)— f'(x) 0

ZD{

dy
y1+05 dde

Similarly,

0 da y / / da 0 f/(x+Z)—f/(x)
/_oo (_y)1+a/0 (f (x-i-Z)_f(X))dzdy:_;/

(=2)®
Combining the previous two relations, we immediately obtain (4.20)
Now we write (4.20) as

A% f(x) =T (x) — To(x) + Ra(x),

with
N
T (x )__/ f<X+z>a f'@
0 Z
T (x )—_ Nf(xtzl)af(x)d
4.22) -
Rz(x)— < f (sz)a f@

__/Nf(x+z) f(x)dz
(—2)“
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Moreover,
N da z /!
Giw= [ 2 [ ndr:
[z dOt /7
=/ /0 @f (x +1)1j0<r<z<nydrdz
(4.23)
:/ / —1{0<1‘<Z<N de//(x+t)dt
_ Q(T‘il)/o (7 = N7 £ 4 1) dr
Similarly, we have

_dﬂt 0 —a+1 —a+17 g1
(4.24) jz(x):a(a—_l)/_N[(_t) atl _ o ]f (x +1)dr.

Combining the above relations of J1(x), J2(x) and R>(x), we immediately con-
clude the proof. [J

Combining Lemmas 4.5 and 4.6, we prove the following.
LEMMA 4.7. The following equality holds:

E[A%f(sn) - lSnf’(sn)]
N Ay P

1 1
——Ri+— ZE[RQ(Sn(i))] + R,
o n i=1

where R and Ry (x) are defined in Lemmas 4.5 and 4.6, respectively, and
1 n o o
=— D E[A2F(S) = A2 £(S5:(0)]
i=1

PROOF. Observe

B[A% £(50] ~ LE[S, £/(S0] = - D E[AT£(S,0)] ~ LE[S, £/(5)] + Rs.

i=1
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By Lemmas 4.5 and 4.6, we have

1
- ZE Sn(l) ] - &E[Snf/(sn)]
1 N
- ;ZE{/_N ICa(t,N)f”(Sn(i)+t)dt+R2(Sn(i))}
Ly NEK-tN "(8, (i) +t)]de IR
——Z/N [Ki(t, N) £ (Sa ) + )] de = Ry

- ﬁ:/_NEKK“(t’ M _ K"(;’ N)>f”(S,,(i) +t)]dt

n

n

1
+ - . > E[R2 (S ()] — —731
i=1

Hence, the lemma is proved. [
PROOF OF THEOREM 2.1. By equation (4.9), we have

@ 1
E[h(S,)] = p(h) = E[Mf(s,o - ;Snf’wn)]

To bound |E[A(S,,)] — n(h)|, by Lemma 4.7, it suffices to bound the four terms on
the right-hand side of (4.25). By (4.12), we have

n
Ri < 2a|8'| S E[16nil 1,153
i=1

1< 1
—ZEtRz(Snam5zda||h/||/ L I
L lz|>N |z]%
For the integral term, by (4.13) we have
Ko, N K;i(t,N
[( R l(a )>f”(Sn(i)+t)]dt

Ka(t,N) K(t N)‘

||f"||Z/ =
=y [

Ka(t, N) K(t N)'
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Finally, for R3, by Proposition 4.4, for all y € (0, 1) we have

1 n o o
R3] < 3 ZUE[Mf(Sn) — A2 £(S, ()]

A £(Sp) — A £(S, Dey & )
Z [I f( )|§ |,,2f( (l))||§n,i|y:| < T’VZEK"J'V”h .
mi i=1

Combining the above estimates, we immediately obtain the inequality in the theo-
rem, as desired. [J

S. Proofs of Theorem 2.6 and Corollary 2.7. Let us first prove Theorem 2.6
and then Corollary 2.7, and as stressed before, Corollary 2.7 can help us to fast
determine the leading order of convergence rates, while Theorem 2.6 can give us
an explicit bounds for dw (L(S,), ).

PROOF OF THEOREM 2.6. It suffices to prove the inequality in the theorem
by bounding the integral and the remainder Ry , in Theorem 2.1. For the integral
term, we have

(5.1) Z/‘

Let us first estimate Ry ,, in which we need to bound the two sums. Recall

_1
Cn1 =4y ¢ (&1 — E&), for the first sum, by Lemma 2.8,

Ko(t,N)  Ki(t, N)) |a;c (t, N) —nKi(t, N)|dr.

n
D E(1Zn.ilg,153))

i=1

=nd, "‘|:€ NP(|& — E§1|>Z N) —i—/ P(|& — ES]|>I")dl":|
1 o
< nNP(l&1| > £ N — [E& ) +ney * f oo BUET =)0
- 1
1 _1 prox
=nNP(|& | > L5 N8,) +nby, © /e%m P(& | > r)dr

_1
where 8, =1—4£, *N~! |E&;|. This and the assumption (ii") yields

9(1 +M2(£ Ndy)) 2da(1 +M2(£,§%N8n))

1
ANP(& | > L3 NS,) = K
e adeNe—1

("Z N&,)*
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and
1
_1 poo _1QUE NS, *t! _L oo M
nznafl P(|§1|>r)dr:n€n“%+nﬁn“‘/l 20) 4
El? Nsn (a - 1) Z,?Na,, rC{
1
2d, (8, N)1—2 2d,, © M, (rég N)
= + / dr.
(¢ — Da aNe—1 Js, re
Therefore,

n
Y E(lZnil Lz, 153))

i=1

1 1
2dy < 1 1 Mz(ZﬁN8n)+/‘°° My(rés; N)
)

T asd! regh—e

dr)NlO‘.
a—1 &, on

Moreover, the other sum can be bounded as follows: we immediately obtain
Dy,
n

n _Yr
Y Eltnil” = Da,ytn “El§ — E&]”.
i=1

Combining all the estimates with the inequality in Theorem (2.1), we immediately
obtain the estimate in the theorem, as desired. [

It is easy to verify that (i) and (ii") imply

P& >x) = w(l + M (x))0x™¢, x> A;
(5.2)
1-M
P& <x)=w(l+M2(|x|))9|x|_“, x < —A.

PROOF OF COROLLARY 2.7. By Theorem 2.6 and noticing £, = %n, we
have

R < Co[n™ & + N7,
It remains to bound the integral
N
/ |aKq(t, N) —nK;(t, N)|dt.
—N
Recall the definitions of K (¢, N), K1(¢, N) and ¢,,1, we have
/ _1|aKe(t, N) —nK (t, N)|dt
[t|<4(A+|E&1)L, ©

d,
< / 1 —_1dt+n/ _1 Ef&n,1]dt
a — 1 Jyj<aa+Eg e, @ |£]¢ |t|<4(A+|E& e,

_2—a

<Cyn « .
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Now let us estimate

/ 1 |aKy(t, N) —nK(t, N)|dr.
|t =4(A+IE& ), ©

_1
Fort > 4(A + |E& )€, ©, we have

aly(t, N) —nKi(t, N) =11 — D1,

1
where b; = £t + E£; and
do

a—1
d, _1
h= o j INI_O{ —nbn® [E(Sl Ligy=pyy) — P61 = bN)E?;']],

By Lemma 2.8 and (5.2), we have

_1
I = 17—y “[EE1 g, 2p,)) — P& = b)EE ],

ol
2(x — 1

)bl‘l_a+rtv

o0
Elé1 1612011 = bP(E = b) + [ P> )dr =
where r; is defined by (2.8). Therefore,

_1
afnl, “

d _ _ _1 _1
11=a_a1 : a—mb} *—nl, “r +nl, “P& > b)EE
d d _1 _ _1 _1
= ¢ gl L T e g T RBE) Y — ik, Y 4nby, © R,
oa—1 oa—1

where R; is defined by (2.7).
1

_1 _1
Ast > 4(A+|Eg )L, *, wehave |12, “E& | < %. By Taylor expansion |(1 +
)17 — 1] < 4x with |x| < % and the easy fact |R;| < Ct~*n~!, we get

1 1
|I1] < Co(t™%n @ +nl=a|r).
Similarly, we have

1 1
|| < Co(N"“n~a +n'"a|ry).

Hence,
dy 1 1
/ N —— —— ) —nKi(t, N)|dt
t>4(A+[E& e, @ la — L\ [7|* N¢
_2-«a l—o 1 -1 -1
<Cyln "o +N'"%1 o +n a/ _1|r|ldt +n "« Niry] ).
t>4(A+|EE )€, @
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By the same argument, we get

dy 1 1
_1 T — T ) —nKi(t, N)|dr
t<—4(A+[E& e, @ la — L\ [e|*=F No~
_ 2=« l—q —1 1—L1 1—L1
<Cqln o« +N %n"a+4+n vt/ 1 |r|dt+n " aNry| .
t<—4(A+|E& e, *

Combining the previous two inequalities, we get the inequality in the corollary.
O

6. Proofs of Lemma 4.2 and Propositions 4.3 and 4.4. Before proving the
lemma and propositions, we first list some well-known results about symmetric
a-stable process and A%/? that we shall use. It is easy to verify by the definition of
A%/2 that if 7 = x — v, then

(6.1) AP fx—y) =N fx—y) =AM f (),

where Aﬁ/ ? means that the operator A%/2 acts on the variable x. Similarly, for
z = cx for some constant ¢ € R, we have

(6.2) A2 f(ex) = le|* A% f(2).

Recall that p(t, x) is the transition probability density of standard symmetric o-
stable process Z;, it is well known that

(6.3) pt,x)=t"Yp(1,r7%),  1>0,xeR.

We have the following estimate.

LEMMA 6.1. Let p(1, x) be the transition probability density of Z1, we have

1 20+1 1
[dep(1,0)] < —,  [dp(,x)]< =
(0% 4 X
2 20+ 6 1
ipLol<—.  |o¥p(0)] < s

PROOF. The proof is based on the inverse Fourier transform and will be given
in the Appendix. [J

REMARK 6.2. A sharp heat kernel estimate of p(1,x) is as the following
([18], (1.3) and [18], (2.11)):

Ck,a

6.4 Fp,x) < —=%
(6.4) xp( x)—(1_|_|x|)a+l+k

k e NU {0},

but exact values of the above constants Cy , are often difficult to be found. See
[16] for more details about heat kernel estimates of stable-type processes.
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6.1. Proof of Lemma 4.2.

PROOF OF LEMMA 4.2. Note that u has a density p(1, x), by the property
p(t,x)= t_l/“p(l, ~1/%x) and a change of variable, we have

/ p(1—e™,y — e ax)(h(y) — p(h)) dy

—00

= [ p(1—e',y—e ax)h(»)dy — [ p(1, »h(y)dy
(6.5) R R

= 1—e ', y)h ~ax)dy — 1, y)h(y)d
/Rp( e y)h(y +e wx)dy /Rp( , Yh(y)dy

=pr<1,y>h((1 —e")5y+e‘éx)dy—pra,y)hw)dy.
This implies

V_o; p(l—ey—e ax)(h(y) — u(h)) dy'

scallh’ue‘%(m+/R|y|p<1,y>dy)

< Co||e”# (1x] + 1),

and hence f(x) is well defined for all x € R.
By the Fubini theorem, we have

o o o0 [ _ ot
66 Affeo=—[" [ alp(l=e iy —e ) (h) —ui)dy .
—00
On the other hand, denote s =1 —e¢ " andz =y — e_éx, we have

d _ _t
Sp(l =y =)

1
— e pl1 ety — )+ L Erap(i - ey o)
o
4 1
=e'AZp(l—e ', y—eax)+ —e wxd.p(l—e ',y —e ax)
o
% —t L X —t _r
=Aip(l—e,y—eax) = =dp(l—e',y—e ax),
o

where the second equality is by (4.6) and the third one is by (6.1) and (6.2). Sub-
stituting the previous relation into (6.6), we get

o oo roo d t
8Efe == [ [ Sp=ey =) (h) - ) dy
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6.7) [ e = ey = i) ) — ) dy

=_/0 /_wap(l—e ’y—e_‘*LX)(h(y)—u(h))dydt+§f’(x),

By (4.6), the Fubini theorem and a straightforward calculation, we get

6.8) f / Sp(l= ey — e Ex)(h(y) — u() dydr = h) = ().
Hence, f(x) solves equation (4.9). [J

6.2. Proof of Proposition 4.3. In this and the next subsections, we shall of-
ten exchange differential operators and integrals without detailed proofs, since the
exchangeability can be justified by a standard argument thanks to Lemma 6.1.

LEMMA 6.3. The density of X;(x) is p(1 —e™ !,y — e_éx) where p(t, x) is
the probability density function determined by equation (4.5).

PROOF. For f € S(R, R), define

o0

0, f(x) =f p(l—e™'y—e 5x)f()dy, 10,

—o0

‘We shall show that

1
69 %0 f(x)=AY2Q,f(x)— —X(Q) (), Qof ()= fx).

Note that equation (6.9) is the Kolmogorov backward equation associated to SDE
(4.7), which admits a unique solution with the form

Q. f () =E[f (X:(0))].

Since f € S(R, R) is arbitrary, the probability of X,(x) has a density function as
in the lemma.
It remains to prove equation (6.9). Q¢ f (x) = f(x) is obvious. Let us now show

the equation. Denote s =1 —e¢ " and z =y — e‘éx, we have
o0
00 =0 [ pls.2f0)dy
—00
o
(6.10) = [ are.armay
—00

00 1 , [00
_ / 0, p(5,2) f () dy + —xe /_ _0p(5.2) () dy.

—00
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On the one hand, by (4.6), we have
dsp(s,2)=AY2p(s,2)

B p(s,z+u) — p(s,z)
_d“/R

|u|1+°‘ du

_r _r
:da/ p(s,y—e ax+u)—p(s,y—e «x) du
R

6.11) Jue| 1

_ etda/ p(s,y — e_é(x +~1/~l)) — p(s,y — e_éx) di
R |M|1+Ot

= A2 p(s,y — e_éx)
=AY p(s, 2),

where the fourth equality is by taking i = —euu.
On the other hand, it is easy to check

_L
e wd;p(s,z) =—dp(s,2).

Combing the previous three relations, we immediately obtain

o0 1 o0
800 f (x) = / A p(s,2) f () dy — —x / 8. (s, 2) f () dy
—00 (07 —00
0 1 o0
6.12) =22 [~ pearmrdy——xa [ peasmay
—00 o —00
_ A@/2 1
= 8920, 1)~ ~x0,0,/ (). -

PROOF OF PROPOSITION 4.3. By Lemma 4.2, we have
00 o0 . L
613 f@=—[" [ pl—eymeEnho) —um)dyar
—0o0

Denotes=1—¢"andz=y — e‘éx, it is easy to check

_r
axp(svz):_e aaZp(s’Z)v ayp(svz):azP(S,Z)-
We have

£l = /O f_ 0ep(5,)(h(y) = (k) dydr
(6.14) :—fo /_Ooe—éayp(s,z)(h(y)—M(h))dydt

o oo,
- / f =& p(s, I (y)dydr.
0 —00



490 L. XU

Therefore,

<] [ et [T pes.ydyar
(6.15) /0 /‘°°

o0 ¢ o0
=Hh’||/0 e‘E/ p(s.2)dzdt =aH|.
—00
We further have
o o0 ¢
(616) f//(x) = —/0 / e_%azp(s, Z)h/(y) dy dr.
—00

Thanks to the property p(s,z) = s~ /% p(s™/%z) with p(x) = p(1,x) for x € R,
we have
1 2t

(6.17) L=l [ e [ s p i) dvar

—1/a

Setting u = s z and applying the two estimates of p’(x) in Lemma 6.1 to the

two integrals [, < /zazrn ad Ji,~ /a@as below, we have

© Pt oo ,
[ sTipTEldy= [ Iy de
—00

oo
I 20+ 1
(6.18) - —du+/ “
u|<a@aFT) QT ul>a@atT) U
4 [0 41
< — .
T o
Hence,

4 Ra+1 ° 1 =«
=== [ e ]

4 [2 1 -1 2
ot e Gt 1

where the last equality is by the change of variable u =e~'. [

(6.19)

’

6.3. Proof of Proposition 4.4.

LEMMA 6.4. Let f € CZ(R, R), the space of all second-order differentiable
functions with bounded zero, first-, second-order derivatives. For any differentiable
h such that limy_, 10 f(x)h(x) =0, we have

(6.20) /_ AT R dr = /_ TR @) dr.
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where

I(f)(x)z_%a/_oo fatw) —fo

sgn(w)|w|*
PROOF. Recalling (4.20),

Azf()—— © fl(x+2z)— f(x)dz,

—oo  sgn(z)|z]®
and using Fubini’s theorem two times and an integration by parts, we get

/ AZf(x)h(x)dx—d—foo FLEFD =@ deds

—o0 sgn(z)|z|*

(6.21)

___/ f fx+2)— f(x) dzh’ (x) dx.

sgn(z)[z|*
The proof is complete. [

PROOF OF PROPOSITION 4.4. Observe
A% f(x)— A% f(y)

(6.22) —f / Al p(1—e™, z— e wx)(h(z) — p(h))dzdr

B /0 /_oo A p(1—e 2 —e b y)(h() — ) dedr.

Denote s =1 — e~ " and p(x) = p(1, x), we have

(6.23) p(s,z—e_éx)zs_ép(s_c?(z—e_éx)).
By (6.1) and (6.2), we have

Hence, by Lemma 6.4,
o0 oo o f
/0 / Afp(s,z—e «x)(h(z) — u(h))dzds
—o0

[Tt [T adplst e m e ) ho) — ) deas
(6.24) °

o0

_ s_ge_t/_ T(p(s~a (- — e~ x))) (A (z) dz drt

0

o 1L -t o0 1 !
=, / I(p(-—s @e ax))(z)h'(s*z)dzdr,
o0

491
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where the last equality is by a change of variables on z and the w in Z. Similarly,

/O /_ Al p(s.z—e o y)(h(z) — u(h)) dzd

(6.25) o0 1 1
_/ —1+s —z/’ I(p(-— s we wy))(2)h' (s z)dz dt.
Observe
Ix_ly|y|I(p('—S‘16‘;)6))(Z)—Z(11’('—S‘l’e"t’Y))(Z)|
d_a

% 8, p(z — s weTux) — 8y p(z — s we i) dw'
—o0 sgn(w)|w|¥|x — y[¥
dy _y _yt fw Swp(z—%x) = 8yp(z—1Y)
=—g§ ae « — dw
—co  sgn(w)|w|*|x — y[¥

o

o

where 6, p(z) = p(z+w) — p(z), X = s~we wx and y= s‘ée_éy. Therefore,
for any x # y,

AT f(x) — AT f(y)

|x — y|V
(626) d ”h ”/ V+Ot 1 (y-éo-(a)t

-~ o .
Xf V Swp(z—X) —Sup(z—Y) dwldz dr.
—ool/—co  sgn(w)|w|*|x — y|¥

Let us bound the integral above. When |x — ¥| < 1, observe
N wory
Swp(z —X) —8uwpz —73) =/0 / p"(z+r —a)dadr,
X

7
Swp(z—%) —8up(z—7) =/~ (P z+w—a)—p'(z—a))da,
we have

VOO Swp(z—X) —8uwp(z—1Y)
sgn(w)|w|*|x — y|¥

R 1 w i /!
(6.27) 5/ / ﬁ/ / |p"(z4+r —a)|dadr
—oo Jjw|=1 [w]¥[x — y[" IJo Jx

o0 1
+f / L
—oo Jjwl>1 [w|*|X — F|¥

dw‘ dz

dwdz

y
/~ P/ (z4+w—a)— p'(z—a)|da|dwdz.
X
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Applying the two estimates of afp(l,x) in Lemma 6.1 to the two integrals
J21<va@rs and [~ Ja@s below respectively, we obtain

f_]p”(z+r—a)|dz=/_ |p"(2)|dz

200+ 6
(6.28) = f —dz + / ——dz
lz|=Va(a+3) XTT lz|>Veal(a+3) TTZ
8 Ja+3
Vo a
Applying the two estimates of d, p(1, x) in Lemma 6.1 similarly, we obtain
o0 e.¢]
/ P z+w—a)—p'(z—a)|dz < 2/ |p'(2)|dz
—00 —00
= 2(/ +f )!p'(z)!dz
|z|<vaQa+1) |z|>+/aRa+1)

8 2a+1
<—/ .
4 o

Hence, these two inequalities and (6.27), together with Fubini’s theorem, imply

VOO Swp(z—X) = 8up(z—1Y)
sgn(w)|w|*|x — y|¥

8 [2a+1
(6.29) ‘/“+ / pdwt = ot f dw
lwl<1 IwI“ lw|>1 IwI“
16 a+3 16 200+ 1 -
< + , |x —yl <L
T2 —a) o m(oe —1) o

When |x — y| > 1, observe

dw‘ dz

(6.30) %p(z—i)—swp(z—y):/o (P +r—3) —p'c+r—7F)dr

we have

‘/"O Swp(z—X) = up(z—7Y)
sgn(w)|w|*|x — y|¥

SN
—oo Jjwl<1 |w]*

o0 1 3 )
" /foo /|w|>1 Jw| [[8wp(z = D)+ [8uwp(z = 7)|]dw dz.

dw‘ dz

w
fo |p'(z+r—%) —p'(z+r—3y)|dr|dwdz
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By a similar argument as above and [ |8, p(z — ¢)| dz < 2 for any ¢ € R, we have

V"O Swp(z—X) = 8up(z—1Y) d
sgn(w)|w|*|x — y|¥

6.31) 2a+1/ w4
' )\ wl<1 le"‘ w1 jw|>1 le"‘
20+ 1 8
+ X —y| > 1.
71(2—0{) o a—1

Combining (6.26), (6.29) and (6.31), we immediately obtain
AT f(x) = A2 F()]

w‘dz

lx — y|”
+3 2 1 a— o
S— + o+ ]Hh”/ _ el (yz)rdt
o 71(2 —) 1)
d +3 200 + 1 1 - +«
__“ +— }B( r v >Hh||
o 7r(2 )\ «o JT(O! 1) o
APPENDIX
A.1. Example 4: An example in [48]. Let us assume that &;,...,&,,...be a

sequence of i.i.d. random variables. The authors of [48] considered the following
case: &1 has a density function as

(log |x )"
(Al) px)=Kp NET for |x| > xo, p(x)=0 for |x| < xo,
x

where Ko > 0, xo > 0, ¢ € (0,2) and 8 € R. It is easy to check that this example
is out of the scope of Theorem 2.6 because the conditions (i’) and (ii’) are not
satisfied.

By [48], Proposition 1, we have B, =0 and A, = nl/"‘h(n) with h(n) =

Clogt (Cna logh (n)) and as n — oo,
Tw/An = v,
where T, = &1+ - -+ &, and v is a symmetric stable distribution with characteristic

function exp(—=7 “M * ). The following bound was proved in [48], Proposition 1:

dgol(L(T/ An), v) = O((logn)™"),

whose proof heavily depends on the special form of (A.1). Recall S, = (2"‘70()_5 L’; ,
by Remark 2.4, we have

(A.2) dkol(L(Sn), 1) = O((logm)™h),
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where u is a symmetric stable distribution with characteristic function e~*I“. Ap-
plying Theorem 2.1, we can prove that if (A.1) is satisfied with o € (1, 2), a con-
vergence rate O ((log n)‘“’é) can be obtained in W, distance.

Here, we consider a new example which is more complicated than (A.1), more
precisely,

B
(A.3) P& > x) = M, X > X0.

xOl

Note that Ko and x¢ here may be different from those in (A.1). The corresponding
density function is

_ Kola(log|x])? — B(log|x)#~]
- 2| x|+l ’

px) =0, lx| < xo.

p(x)

|x| > xo;

It seems that the method in [48] cannot deal with this example directly. However,
by our first main result Theorem 2.1, we can prove

(A4) dw(L(Sy). 1) < Ca,plogn) 2.

It can be seen from the proof that (A.4) also holds under the condition (A.1) by a
similar but simpler argument. Because the proof of (A.4) under the condition (A.3)
is long, we only give the leading order of the convergence.

Let L, A be two quantities with A > 0, if there exist some C > 0 (which may
depend on some parameters) such that

IL| < CA,

we denote L = O(A).
By Theorem 2.5, A, = inf{x > 0 : P(|§(] > x) < %} can be determined by
Ko(lOgA,,)ﬁ —

%, which gives

n 1
A5 —_—
(A-3) A% Ko(logA,)P

n

It is easy to see Ca,lgné <A, < Co[,ﬁnal (log n)g. By the symmetry property, B, =
nE&1 g 1<a,)]1=0.
1
Now we apply Theorem 2.1 with N = (log A,)« and

1 . - o 1/a
Cni = A~_’§1 with A, = <g> Ap.

n o

Let us first estimate the remainder term Ry ,. Let y =2 — «, we get

1 & _ _
=2 BlG i < Cod
i=1
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By Lemma 2.8, we get

n
n
Y E(IGn,il g, 1= n) = A~—E(|$1|1{|gl|>AnN})

i=1 n

~ n 6o
:nNIP’(|§1|>A,,N)+~—/~ P(|&1] > r)dr.
A, JAN

n

By (A.5), N = (log A,)& and A, > Cy.pna,

nNP(|&|> A,N) =

2dy N1 <1og(AnN) p

< CupgN'™.
o logA ) = ~ap

Moreover, by (A.5) and a change of variable s =

—f P(&| > r)d

Nl-« % (logs + log(A,N))P s

A,ZN

B Ko(logfin)/g 1 s
5 logs
2d N1~ <10g(AnN))5f°° (d+ log(Anm)ﬂ d
= ——=" - ds
a Ky IOgAn 1 5%
< CayﬂNl_a,

where the inequality is by A, > C,, /3né and an easy observation that the above
integral is bounded. Hence,

n
Y E(1gn,il iz s1>n) < CapN' ™%,
i=1

Collecting all the above estimates, we immediately obtain

(A.6) RN < Caq, ,g(A;““ + > < C,, ,3(10gn)—‘+

Ne—1

Now let us estimate the integral term in the theorem, observe
i/N‘lCa(t,N) Ki(t,N)‘dt
i o

N
(A7) =/ ‘lCa(t,N)— zKl(r,N)‘dt
—N o

= (/ . +/x )‘Ka(t»N)— “Ki@ N)|dr.
|f|572 T‘;<\t|<N o
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It is easy to see that

/Itlsf"

An

Kyt N) — zKl(z,N)‘dz
o

(A.8) < ca(/ 7|1 dt—i—/ nA;1E|gl|dr)
Itls}—j lt\sg—g

(logn)P
Ot,/3 2_1 .
na

‘We shall show below that

n
(A.9) /{_0<|t|<N‘]Ca(ta N) — aKl(t, N)'dt <Cq,p

An

logA,

By N = (logn)é and A, > Ca,ﬂné, we have

[

Kot N) — 2Ky, N)‘ dr < ca,,g(logn)—“ai.
o

497

Combining this with that of Ry ,, we immediately obtain the estimate (A.4), as

desired.
It remains to prove (A.9). For ¢ > g—o, we have

n

1
nki(, N)= "E[A_Sll{ﬁntsélsfim}}
n

n
= AT[E(SI L= A, —EGil g o 4,n))]
n

(A.10) - ~
=ntP(& > Ayt) —nNP(E > A,N)

n AN
+ ~—/~ P > r)dr,

n JAnt

where the last equality is by Lemma 2.8. For the first term in the last line above,

by (A.3), (A.5) and a straightforward computation, we get
ntP(& > Ayt) — nNP(E > A,N)

_ [H“(wy _ N1a<w>ﬁ]

o log A, log A,

log N
— (= DKa(t, N) + o(i)ﬂ—“,
log A,
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where Ky (t, N) = a(g‘il) (t'7% — N'=). For the integral term in (A.10), as ¢ >

E—O, by (A.5), we have

n (AN
~—/~ P& > r)dr
Ay JAut

_ nKo AnN (1ogr)f3

24, re
nKo AN (1ogAn)/3 .4 Ko AN (logr)P — (log A,)P q
- = r
24, re 2A, JAut re
log N K AnN 1 B _ 1 A ﬂ
=ICa(t,N)+0( og )tl—“+" 0/ (logr)” — (log An)
log A, 24, re
From the previous estimate, it is easy to check
Kn1(t, N
Kar, Ny — LEXLEN)

(A.11)

K AN (logr)P — (log A,)P log N
_ Kon / (logr)” — (log Ap) dr+0( og )tl—a‘

200A, JAnt re log Ay
When ¢ > xo , we first observe

|(logr)P — (log A,,)P|

5 r\A 5
< ’<log A, + log A~—> — (log An)ﬂ’
n

(A.12)

log =\ 8
< (log A, )ﬂ‘<1+1 2) —1‘
og

< Cy p(log A,)P~!

lo - |,
gA”

log —
where the last inequality is by Taylor’s expansion and the easy fact | A” | <1

when 1 <r <N A . The previous two relations, (A.5) and a change of Varlable
s=r/Ay, yield

‘/ca(z, N) — gKl(t,N)'

n(log AP 1K, /N |logs| ds 4 log N tl_“]
2AY t s* log A,

N |logs| log N
= log A —1/ d zl—“].
a,B |:( 0gAy) ) o s+ log A,

(A.13) < Ca,ﬁ[
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It is easy to check when ¢ > 1,

N1
(A.14) / lHogsf o o Ca
t s (¢ —1)2

when 0 <t <1, we have

N1 L] N1
/ lOgS'dszf | OgSIds+/ | OgSIds
t s t s 1 s%

|logt|t!— 21—
a—1 (@ —1)2%
Collecting the above estimates, we get

(A.15)

Kot N) — zKl(t,N)‘
(A.16) “

SIA
N =
~ 1A
A=z

(log Ay) ™' (1+1'"“log N),
= Cap (log A) 1'% (1 4 |logt| + log N),

§>1|><_

Hence,

N
'/XO/An

N +N2_“10gN 1 )
log A, log A, log A,

Kat, N) — 2 K1 (1, N)]dr < Ca,,a(
o

< (C, N
- Ol”glog A,
By the same argument, we get
_XO/A~n N
[ e - fm(z,N)‘dzsca,ﬁ .
-N o log A,

Hence, (A.9) is proved.

A.2. Proof of Lemma 6.1. For notational simplicity, we write p(x) =
p(1, x). Due to the symmetry property p(x) = p(—x) for all x € R, it suffices
to consider p(x) for x > 0. We shall frequently use the easy relations

'z+1)=zI(2) Vz e R; 'z <1 Vze(l,2).

For 6 € (—1, 00), we denote
o o oo o
Ip(x) = / Ae™ cos(hx) di, Jo(x) = f 22e™" sin(Ax) da.
0 0

It is easy to verify by the easy estimate | cos(Ax)[, | sin(Ax)| < 1 and a change of
variable t = A% that

NGD) NGD)
|To(x)| < —&—=, |Jo(x)] < «
o o
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By the inverse of Fourier transform, we have

1 o o . 1 o o I
(A.17) P(x)=2—/ e M emivh ) = 2—/ e M cos(rx) di = O(X).
T J—o0 T J—co T
Hence,
1 1
(A.18) ooy < L@ _Td+a) 1
Tono T 4

For x > 0, using integration by parts two times, we get

al@ — DIy—2(x) — a’hy—2(x)

(A.19) I(x) = 3
X
Moreover,
_1 _1
(A.20) [ly—2(x)| < =g = re-g) < ! ,
o a—1 oa—1
re-14 1
(A21) |ha—2 ()] < ——2 <~
o o
Hence,
I 2
(A22) poo =20 < 2

Now we estimate p’(x). It is obvious that

Ij(x) = —J1(x),

and thus
ré) 1
)< & < 1
o o
Hence,
I 1
o= L
T To

For x > 0, using integration by parts, we have

(A.23) Io(x) = M,

which implies

aJy—1(x) + aly(x) .

(A.24) Ij(x) = ——

X X

It is easy to check
aty—1(x)
2

1
<

(A.25) =
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Using integration by parts, we have

(A.26) I () = Ol.]2¢x—l(X)x_OlJa_1(x)’

which gives

aly(x)| o <F(2) r(1)> 20
A.27 OV e (X Ty =T
( ) x |7 x2\ « + o x?2
Hence,
/
b4 X
For p”(x), we have
I
(A.28) Py = - 29
T
which immediately implies
re) 2
1 < o .
|p (x)|_ (% S o'% 4
Using integration by parts two times,
2 o’ 4 3a o?
(A.29) L(x)= _;IO(X) + Tlot(x) - x—zlza(X)-

By a similar computation, we get the second estimate of p”(x), as desired.
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