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ON THE POLYNOMIAL CONVERGENCE RATE
TO NONEQUILIBRIUM STEADY STATES

By Yao LI
University of Massachusetts, Amherst

We consider a stochastic energy exchange model that models the 1-D
microscopic heat conduction in the nonequilibrium setting. In this paper,
we prove the existence and uniqueness of the nonequilibrium steady state
(NESS) and, furthermore, the polynomial speed of convergence to the NESS.
Our result shows that the asymptotic properties of this model and its deter-
ministic dynamical system origin are consistent. The proof uses a new tech-
nique called the induced chain method. We partition the state space and work
on both the Markov chain induced by an “active set” and the tail of return
time to this “active set.”

1. Introduction. As a ubiquitous process, heat conduction has been studied
for over two hundred years. However, from a mathematical point of view, many
microscopic aspects of heat conduction in solids and gas are still unclear. For
example, the derivation of macroscopic heat conduction laws like Fourier’s law
from microscopic Hamiltonian dynamics is a well-known challenge in statistical
mechanics for the past over a century. Over the last several decades, numerous
mathematical models of 1-D microscopic heat conduction have been proposed and
studied. Some of these models have purely deterministic dynamics [10, 12, 20,
35], while others are defined by stochastic differential equations [3, 11, 27, 32—
34] or Markov jump processes [15, 23, 24, 36]. These models give mathematical
frameworks for studying nonequilibrium phenomena including basic properties of
nonequilibrium steady states (NESS), thermal conductivity, local thermodynamic
equilibrium (LTE), fluctuation theorems, and eventually Fourier’s law.

This paper focuses on fundamental properties of nonequilibrium phenom-
ena including the existence and uniqueness of the NESS and, furthermore, the
polynomial-speed convergence to the NESS, for a class of 1-D microscopic heat
conduction models. The model we study is a stochastic energy exchange model
that is inspired by the KMP model introduced in [19], in which a chain of N sites
are coupled with two heat baths. Each site carries a certain amount of energy. An
exponential clock is associated with each pair of adjacent sites. When the clock
rings, these two sites exchange energy in a “random halves” fashion. The energy
exchange with the bath follows a similar rule. Different from the model in [19], the
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F1G. 1. Locally confined particle system.

rate of an exponential clock here is energy-dependent. In this paper, the clock rate
between two adjacent sites, called the stochastic energy exchange rate, depends on
the square root of the minimum of two site energies. We refer Section 2.2 for the
precise description of the model.

The motivation of letting the stochastic energy exchange rate depend on the
minimum of site energy comes from the study of a deterministic dynamical sys-
tem heat conduction model, called the locally confined particle system. Introduced
in [4], the locally confined particle system is a chain of locally confining cells in
RR? like in Figure 1. An identical rigid disk-shaped moving particle is contained in
each cell. A particle cannot pass through the “bottleneck™ between adjacent cells
but can collide with its neighbors. Therefore, kinetic energy can be exchanged by
particle-particle collisions. Studying such a purely deterministic dynamical sys-
tem, especially in the nonequilibrium setting, is very challenging. Only very lim-
ited rigorous results are known. On the other hand, it is well known that chaotic
billiard systems like the Lorentz gas have many stochastic properties due to the
quick decay of correlation [1, 5-7]. Hence a natural approach is to only record
the kinetic energy of each particle and approximate this model by the stochastic
energy exchange model described above. Let E; and E;1; be kinetic energies of
adjacent particles. Assume the geometry of the cell allows a particle to be able to
completely “hide” from its neighbors, that is, neighboring particles cannot collide
with a particle when it is located at some area of its cell. Our numerical simulations
in [21] show that when starting from a fixed energy configuration (E;, E; 1), the
first particle-particle collision time is well approximated by an exponential distri-
bution. Heuristically, this is an expected result because for a sufficiently chaotic
dynamical system, the rescaled “return time” and “hitting time” to asymptotically
small set both converge to the same exponential distribution [17]. The numerical
simulation in [21] further shows that the rate of the exponential distribution for
the first collision time can be approximated by ~ /min{FE;, E;4 |} when one of E;
and E;y; is sufficiently small. The heuristic reason of this rate is that when one
particle is sufficiently slow and out the reach of its neighbors, the next particle-
particle collision time should be primarily determined by the kinetic energy of the
slow particle.

We remark that at a certain time rescaling limit, the locally confined particle sys-
tem may have a different stochastic energy exchange rate. In a nonrigorous study
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of the locally confined particle system [13, 14], a rate function ~ /E; + E; 4+
is obtained at a certain rare interaction limit and time rescaling limit. Assuming
this rate of interaction, the mixing rate is known to be exponential [15, 23, 36].
Without any time rescaling limit, it is a simple mathematical fact that the speed of
mixing in the locally confined particle system cannot be faster than 2, provided
particles can “hide” from their neighbors. (See Lemma 3.1 of [21].) This ~ 12
speed of mixing is also one of the main result of this paper. Therefore, the approx-
imate interaction rate ~ /min{E;, E;;1} computed in [21] is consistent with the
asymptotical dynamics of the locally confined particle system at its original time
scale.

In this paper, among other results, we proved that when the stochastic rate of
energy exchange between two sites are ~ /min{E;, E; 1}, the Markov chain gen-
erated by our model has ~ 2 rate of mixing and ~ ¢~ rate of contraction. These
results completely match our analytical and numerical results about the locally
confined particle system in [21]. As shown in the proof later in this paper, the
main source of the slow-speed mixing comes from the rate ~ /min{E;, E;;1}.
When one site acquires a very low amount of energy from an energy exchange,
the rates of two corresponding clocks become very low and cannot be “rescued”
by other “faster clocks.” Hence the next energy exchange at this site will not hap-
pen within a long time period, which obviously slows down the speed of mixing
and convergence. We remark that this is also consistent with the mechanism of
slow-speed mixing phenomenon of the locally confined particle system.

In addition to the ergodicity, the quantitative property of the NESS is also of
great interest. Our result shows the absolute continuity of the NESS with respect
to the Lebesgue measure. In addition, we obtain the tail of the first passage time to
a certain uniform reference set. This helps us to show that the tail of the marginal
distribution of NESS with respect to each site is >E~!/? when E « 1. Since the
explicit formulation of the NESS usually cannot be given, a detailed study on the
properties of the NESS will rely heavily on numerical simulations. We will write a
separate paper to numerically study the NESS, the long-range correlation, and the
thermal conductivity of the generalized KMP model studied in this paper.

Despite the straightforward heuristic argument, a rigorous proof of the slow-
speed mixing of a Markov process is known to be difficult. To the best of our
knowledge, our result is the first polynomial convergence result in nonequilibrium
settings. We prove that the Markov process generated by the generalized KMP
model has a mixing rate ~ =2 and a convergence rate ~ ¢! to the NESS. The
closest related results we know are the slower-than-exponential convergence to the
NESS in [8, 9, 37, 38] and the polynomial convergence to the equilibrium in [25].
In addition to the upper bound of convergence, we also showed that the speed
of convergence to NESS has a lower bound t~'~7 for any y > 0. This further
confirms the polynomial ergodicity.

The method of proving the polynomial-speed convergence to the steady-state is
called the induced chain method. Since the source of slow convergence is the low-
energy site, we partition the phase into two parts: the “active” set and the “inactive”
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set, where the “active” set means all site energies are above a certain threshold.
Then we work on the Markov chain induced by the “active” set. Different from the
model in [25], where the “active” set satisfies a Doeblin-type condition, in this pa-
per we need some extra work to show the stochastic stability of the induced chain.
The induced chain method consists of three steps. We first show that the induced
chain admits a uniform reference set, on which trajectories can be coupled with
strictly positive probability. Then we control the first passage time to this uniform
reference set for the induced chain, this is done by constructing a Lyapunov func-
tion as we have done in [25]. Last, we show that the time duration of one step of
the induced chain has a polynomial tail by a technical construction of Lyapunov
functions. A global Lyapunov function is obtained from a “tower construction” of
local Lyapunov functions with respect to nearest neighbor interactions. The three
steps above imply that the first passage time of the full system to the uniform ref-
erence set has a polynomial tail. Then we can apply results from discrete renewal
theory and prove the polynomial-speed convergence and mixing.

We remark that a common way of proving polynomial-speed convergence is to
construct a Lyapunov function [16, 25]. However, in this model such a construction
is too complicated to be practical. One needs to consider both the lack of tightness
and the possible inactive clocks in the construction of a Lyapunov function. By
using the induced chain method, we can treat these two problems separately, and
eventually give the tail of the first passage time to a uniform reference set. This
method is useful in proving the polynomial (or subexponential) convergence of
other models. In addition, we believe the induced chain technique can be extended
into a hierarchy of finitely many induced chains and be applied to a wider range of
problems.

The paper is organized in the following way: Section 2 introduces the model
and states the main result. The main strategy of proof, that is, the induced chain
method, is introduced in Section 3. Estimations for the time duration of one step
of the induced chain are given in Section 4. The first entry time to the uniform
reference set of the induced chain is done in Section 5. Finally, we complete the
whole proof in Section 6.

2. Model and result.

2.1. Stochastic approximation of deterministic dynamics. We start with a
short review of the locally confined particle system and its stochastic approxi-
mation. Consider a chain of cells in R? that are formed by finitely many piecewise
C? curves. A rigid disk-shaped moving particle is confined in each cell, as shown
in Figure 1. Two adjacent cells are connected by a “bottleneck™ opening such that
particles cannot pass the opening but can collide with each other. A particle moves
freely until it collides with the cell boundary or its neighbor particles. In addition,
we assume each cell forms a strongly chaotic billiard table. In the absence of other
particles, the billiard map of one particle is exponentially mixing. We refer to [4]
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for the ergodicity of the locally confined particle system under suitable conditions
and [6] for major results of dynamic billiards.

In the locally confined particle system, a particle has a quick decay of corre-
lation due to frequent collisions with the cell boundary. Therefore, it is natural to
simplify the model by assuming that the geometry within a cell is forgotten by the
particle. More precisely, we only record the kinetic energy carried by a particle and
assume that the time to the next energy exchange is exponentially distributed. The
rate of this exponential distribution is called the stochastic energy exchange rate,
denoted by R(E;, E;+1), where E; and E; are kinetic energies of particles. If in
addition, we assign a suitable rule for the energy redistribution in a particle-particle
collision, a Markov jump process is obtained.

In [21], we numerically showed that the time to the next particle-particle col-
lision always has an exponential tail that depends on the energy configuration
of particles. This further supports the idea of approximating the locally con-
fined particle system by a Markov jump process. The rate R(E;, E;4+1) can be
computed numerically as the slope of the exponential tail of the waiting time
to the next particle-particle collision. Our numerical result in [21] showed that
R(E;, Eiy1) ~ /min{E;, E; 11} when at least one of E; or E;1; is sufficiently
small.

As stated in the Introduction, the slow convergence phenomenon comes from
the slow clock rate when one of E; or E;y; is very small. To preserve this
qualitative property of the model, it is sufficient to let the stochastic energy ex-
change rate be o/min{E;, E;;} for all small min{E;, E;;}. Hence we assume
R(E;, Eiy+1) = min{K, /min(E;, E; 1)} in this paper for the sake of simplicity.
We idealize the energy exchange in a particle-particle collision by choosing it as a
“random halves” energy redistribution. Our numerical simulation shows that this
is a reasonable choice, as the amount of redistributed energy has a strictly positive
probability density function. In addition, the system is coupled with two heat baths
and we prescribe a similar rule for the energy exchange with the heat bath. This
gives rise to the stochastic energy exchange model as will be described in the next
subsection.

2.2. Description of the stochastic energy exchange model. Now we give a pre-
cise description of the stochastic energy exchange model. Consider a chain of N
lattice sites connected to two heat baths at the ends. The energy at each site is de-
noted by E, ..., En, respectively. The temperature of heat baths are 77, and Tk.
An exponential clock is associated with each pair of adjacent sites. The rate of
the clock depends on the energy at both sites, denoted by R(E;, Ej+1). When the
clock rings, the energy at two sites are pooled together and redistributed randomly
as

(2.1) (E{,E{ 1) = (p(Ei + Eix1), (1 — p)(E; + Ei41)),
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where p is a uniform random variable distributed on (0, 1) that is independent
of everything else. In addition, an exponential clock is associated with the first
(resp., last) site and the left (resp., right) heat bath, whose rate is R(Tr, E1) [resp.,
R(Ey, Tg)] for the same rate function used above. When the clock rings, the en-
ergy at the first (resp., last) site exchanges energy with an exponential random
variable:

=p(E1+X1) (resp. Ey = p(Ey + XR)),

where p is a uniform random variable on (0, 1) that is independent of everything
else, X (resp., Xg) is an exponential random variable with mean 7y, (resp., Tg).
All exponential clocks are assumed to be mutually independent. We remark that
the uniform random variable p is chosen to simplify the proof. Our method works
for other choices of p with uniformly positive and bounded density on (0, 1).

The rate R(E;, E;+1), called the stochastic energy exchange rate between sites
i and i + 1, has the following form:

R(E;, Ei+1) = min{K, /min(E;, Ei11)},

where K >> 1 is a sufficiently large constant. As explained above, the stochastic
energy exchange rate is assumed to be the square root of the minimum of site
energies when either of the site energies is sufficiently small. The maximum of
stochastic energy exchange rate is set as K < oo for technical reasons. Without
such an assumption, the Lyapunov function is not in the domain of the infinitesimal
generator of the Markov chain, which imposes certain technical complexity [28].
As the aim of this paper is to show that the property of the rate function at low
energy leads to polynomial rate of convergence to NESS, we choose to cap the
energy exchange rate by K. K is assumed to be sufficiently large so that it will not
significantly affect the dynamics at any “normal configuration.” In particular, we
assume K > T, Tg.

It is easy to see from the description that this model generates a Markov jump

process E; = (E((¢), ..., En(t)) on Ri’. For any measurable function f, the in-
finitesimal generator of E, is
Lf(E1,...,EN)
N—1
=Y R(Ei, Eiy1)

i=1
1
x /0 {F(E1.... Eity p(Ei + Eis1). (1 — pY(E: + Eiy1), Eisan ... EN).

—f(El,...,EN)}dp
+ R(T, Ev)

/ / { —S/Tpr(E1+s) E2,...,EN)—f(EI’-'-*EN)}dpds
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+ R(En, TR)
o) 1 1 /T
xfo /0 {T—e s/ Rf(El,...,ENfl,p<EN+s))—f(El,...,EN)}dpds.
R

We denote the transition kernel of E, by P'(E, ), where E € ]Rﬁ. The left and
right operator generated by P’ are

(PO)®) = [ | P'E.a0c 0
RY
for a measurable function ¢ (E) on RY, and

t _ t
(uP')B) = [ y P B B)(dE)

for a probability measure @ on Rﬁ. We also use the notation P and Eg for condi-
tional probability and conditional expectation with respect to the initial condition
Ey=E.

In this paper, we will use energy exchange events frequently. The event that
the exponential clock between E;_; and E; rings at a time ¢ (resp., at a stopping
time 7) is denoted by C; (¢) [resp., Ci(r)] foralli =1,..., N + 1. In addition, for
the sake of simplicity we denote Eg = Tr and Ey41 = Tg.

2.3. Main result. To state our main result precisely, the following functions
and measure classes are necessary. Let

N
W(E) =) E;.
i=1

Forany 0 < n « 1, let

N N—-—m+1 /m—1 amn—1
VE)=V,EB)=Y ) (ZE,-+,-> ,

m=1 i=1 \j=0

where a,, =1 — (2" ' —1)/2N — 1) form =1,...,N. Note that 0 < a,, < 1
for each m, hence all powers a,,n — 1 are negative. Let M, be the collection of
probability measure p on Ri’ such that

/RN(W(E) + V(E))n(dE) < oo.

¥

M,, covers a large class of probability measures. For example, if X is a random
energy configuration that has finite expectation and its density at the neighborhood
of the “boundary” {E = (Ey, ..., Ey) | E; =0 for some i = 1 ~ N} is uniformly
bounded, then the probability measure induced by X belongs to M, for any suffi-
ciently small n > 0.

We have the following results regarding the stochastic stability of E;.
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THEOREM 1 (Polynomial contraction of the Markov operator). Forany y > 0,
there exists n > 0 such that

lim 277 |uP" = vP' |y =0

t—00

forany w, v e M,, where | - |ITv is the total variation norm.

THEOREM 2 (Properties of the invariant measure). There exists a unique in-
variant measure 1 that is absolutely continuous with respect to the Lebesgue mea-
sure. In addition, for any y > 0 there exists n > 0 such that

. 1—y t_ —
lim 7 Pt = 7|y =0
forany p e M,,.
Note that 7 may not be in M,,, which leads to a different rate in Theorem 2.

A corollary of polynomial contraction of Markov operator is the rate of corre-
lation decay.

THEOREM 3 (Polynomial correlation decay). Let functions & and ¢ be in
LOO(RZ). For any y > 0, there exists n > 0 such that for any u € M,

! . t
‘ /R (PO B () ) /R NEIOHED /R ﬁs(Em(dE)‘

1
<00 sl lehi (5 )

as t — 0o, where the O(1) term depends on y, N, and |.
Finally, the following proposition gives the lower bound of convergence speed.

PROPOSITION 4 (Lower bound of convergence). There exists a probability
measure v satisfying dv < dm such that

[vP' — 7|y =t + )7

for any sufficiently small y > 0.

3. Approach toward polynomial ergodicity. The purpose of this section is
to introduce a general approach, called the induced chain method, toward the
polynomial ergodicity of a Markov process. We introduce this method under the
generic setting, as it can be potentially applied to other models. Our aim is to make
this section self-contained. When citing results from references, we will explain
how statements of those theorems are rephrased.

Throughout this section, we let W,, be a discrete-time Markov chain on a mea-
surable space (X, B). The transition kernel of ¥, is P(x, ).
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For A € B, we let t4 be the first passage time to A:
tp=inf{n >0 | V¥, € A}.

A set A € B is said to be accessible if P, [t4 < co] =1 for every x € X.

We say a Markov chain is irreducible with respect to a measure ¢ on B if for
any A € B with ¢ (A) > 0 and any x € X, there exists n such that P"(x, A) > 0.
In other word, every set with positive ¢-measure is accessible. We refer readers to
Chapter 4 of [29] for the well-definedness of irreducibility. In fact, if W, is irre-
ducible with respect to some measure ¢, then there exists a “maximal irreducible
measure” i that is unique up to equivalence class.

3.1. Splitting, coupling and moments of return times. By the polynomial er-
godicity of ¥, we mean the polynomial rate of contraction of the Markov opera-
tor P, the polynomial rate of convergence to the invariant measure of W,, and the
polynomial rate of correlation decay of W,. To prove the polynomial ergodicity,
the bound on return times to a certain uniform reference set € € B is crucial.

DEFINITION 3.1. A set € € B is said to be a uniform reference set if it satisfies
inf P(x, ) = 486(),
xe€
where 0 is a probability measure on (X, B) and § is a strictly positive real number.

A uniform reference set is a special case of small set or petite set defined in
[29].

We call € a uniform reference set because processes starting from ¢ have some
uniform “common future.” If such a uniform reference set € exists, ¥, can be
converted to a new process \iln on a modified state space X=XU &, where € is
an identical copy of € := €. B can be extended to Bon X accordingly. Then we
can split a probability measure @ on (X, B5) to a probability measure p* on (}N( , Z’S’):

w¥lx = (1 =8 ule, + mlx\e,
wle, =dule,, ¢p = ¢ via the natural identification.

Then we can “lift” W, to a new Markov process lfln on X with a transition kernel

75(x, )

Plx, ) =(P(x,))", xe€X\ <,
Px, ) =[(P(x,))" =86*)]/(1-8),  xe&,
P(x,) =0%(), x €.

It is straightforward to check that WU, has an atom « := € 1s that is, 75(x, -) is the
same for all x € . In addition, if the initial distribution of W, is split from some
w on (X, B) as described above, W, projects to W, through the natural projection
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from X to X. This transformation is called the Nummelin splitting [30]. We refer
to [29, 30] for the details.

If W, admits an accessible uniform reference set, many results about the
stochastic stability of W, can be implied by estimates about 7g. To state the re-
sults, we need the aperiodicity of W,,.

Let € be a uniform reference set. Define Ex C Z* be the set of integers such
that M € E¢ if and only if

in’éPM(x, D> 860(), 6(¢) >0
xe

for a probability measure 6 and a strictly positive number §. The greatest common
divisor of E¢ is called the period of W, with respect to €.

DEFINITION 3.2. An irreducible Markov process ¥, is said to be aperiodic
if the period of W,, with respect to any uniform reference set € is 1.

DEFINITION 3.3. An irreducible Markov process W, is said to be strongly
aperiodic if V,, admits a uniform reference set € such that 6(¢) > 0.

If W, is strongly aperiodic, W, must be aperiodic such that no cyclic decompo-
sition is possible. We refer to Theorem 5.4.4 of [29] for the precise result about the
cyclic decomposition for Markov processes on measurable state spaces.

DEFINITION 3.4. A probability measure 7 is said to be invariant if

ﬂ(A):/;(n(dx)P(x,A)

for any A € B.

THEOREM 3.5. Let WV, be an irreducible Markov chain on (X, B) with tran-
sition kernel P. If € € B is an accessible uniform reference set such that

supE,[7e] < 00,
xe€

then there exists an invariant probability measure .
PROOF. Define

L(x,A) =P,[t4 < o0].

Then obviously L(x, €) =1 for every x € €. By Theorem 8.3.6 of [29], ¥, is
recurrent. The theorem then follows from Theorem 10.0.1 of [29]. [

The polynomial ergodicity of W, follows from the finiteness of moments of 7¢.
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THEOREM 3.6 (Theorem 2.6 and 2.7 in [31]). Let \V,, be an aperiodic Markov
chain on (X, B) with transition kernel P. Let w be an invariant probability mea-
sure of W,,. If € € B is an accessible uniform reference set and

supIEx[rg] <00
xel

for some B > 0, then for any probability measures |1, v on X that satisfy
Eu[rg] <oo and Ev[fg] < 00,
we have
; B n _ ,pn —
im0 |y P" — vy =0,
In addition, if 8 > 1, then
. B—1 n __ .
nlggon |uP" — |y =0
for any u which satisfies

Eu[rg] < 00.

REMARK 3.7. We rephrased statements of Theorem 2.6 and 2.7 in [31] to
make the notation consistent. Functions 1 (n) and v(n) defined in [31] corre-
spond to n#~! and n?. Then by Theorem 2.7(i) of [31],

supIEx[t/g] <00
xe€

implies that W,, is ergodic of order yr. By Theorem 2.6, we have
IE,,[I’S _1] < 00.

The rest of the results follows from Theorem 2.7(iii) of [31].

Below we give a short self-contained proof for Theorem 3.6 based on the dis-
crete renewal theory in [26]. We refer to [25, 31] for the full details, and [16] for a
modern treatment of continuous time Feller processes.

PROOF OF THEOREM 3.6. We first apply the Nummelin splitting to ¥,, to
obtain \il,, on X. \II,, possesses an accessible atom o.

Let \IJ,{ and \i',% be two independent copies of W, starting from p* and v*, re-
spectively. Let Y, Yll, Yzl, ...and Yoz, Y12, Y22, ... be the passage times to « for the
two independent processes, respectively. Since « is an atom, {Y,-I}?il and {Yiz};?il
are i.i.d. random variables. Therefore,

n n
S} = Z Y} and S2:= Z Y7
i=0 i=0
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form two delayed renewal processes. YO1 and YO2 are called the delay distributions
of the renewal processes. Let 7' be the first simultaneous renewal time

T =inf{m > 0| S}, = S§, = m for some k1, k2}.

Since W, (and W,,) is aperiodic, the renewal processes S,% and S,% are aperiodic.
Then it is easy to see that after 7, U} and W2 become indistinguishable. T is
called the coupling time of W) and W?2. It is well known that

1P = VP Ly < |B” = "B |y = 2Py T > )

Therefore, it is sufficient to show the polynomial tail of P[T > n]. Instead of the
polynomial tail, we first prove the finiteness of moments of 7' by using the delayed
renewal processes constructed above and the following two lemmas.

LEMMA 3.8. Let V,, be an aperiodic Markov chain on (X, B) with transition
kernel P. If € € B is an accessible uniform reference set and

supE, [‘L’ég] <00
xe€

for some B > 0, then for any probability measure u such that
B
Ep[re] < oo,
there exists a constant C < 0o, such that

B [tf] < CE,[rg] < oo.

PROOF.  Apply Nummelin splitting to U, with respect to €. Define the stop-
ping time T = Tg,ue for W,. Let {"}°2, be the sequence of iterates of z, that

is,

n
Y=o, h=1, "l =" 41007,

where © is the usual shift operator. Further let Z,, be a sequence of {0, 1} random
variables such that Z, = 1 if and only if W;» € . According to the definition of
W, the probability of W,n = « is at least § whenever the split chain W,, jumps to
¢o U« at the step t"*. Hence Z,, is F, = a{‘flo, e \if,n} measurable and

P[Z, = 1| Fy_1]1>8> 0.

Let ¢ =inf{n > 0| Z, = 1}. Then 7, = t%. The lemma then follows from
Lemma 3.1(iii) of [31]. From the proof of Lemma 3.1 of [31], we can see that
there exists a constant C < 00, such that

E,+[tf] < CE,[tf] < co. O



POLYNOMIAL CONVERGENCE RATE TO NESS 3777

LEMMA 3.9. Let Sn1 and S,% be the delayed renewal processes as above. If
there exists B > 1 such that IE[(YOI)'B], IE[(Yoz)ﬁ], and E[(Yll)ﬁ] are all finite, then

there exists a constant C < oo depending on E[(Y 11)*[j 1, such that
E[77] < C(E[(¥3)"] +E[(¥5)"]) < oo

In addition, there exists a delay distribution Y§ with E[(Yy VA1 < 00 such that
n
Se=Ys+> YS, n>1
i=1

is a stationary renewal process, where {Y{}!_, are independent random variables
that have the same distribution as Yll.

PROOF. This lemma follows from Section II of [26]. The finiteness of E[T#]
follows from Theorem 4.2 of [26]. Tracking the proof, we can see that E[T#] is
actually bounded by a constant times IE[(Yol)ﬂ] + E[(Yoz)ﬂ].

Let px = IP[YI1 = k]. Choose a suitable normalizer A such that

o0
Ck=A Z Di» k>0
i=k+1
is a probability distribution. Then the delay distribution Y with P[Yj = k] = ¢
gives a stationary renewal process (Section I1.2 of [26]). Further, it is easy to see
that E[(Y§)# 1] < oo (Section IL5 of [26]). O

Bounds of E[(Y})?], E[(Y2)P], and E[(Y})P], that is, E,«[tf], E,+[zf], and
Ea[to’? ], are given in Lemma 3.8. Bounds of E[T#] when starting from p and v
follow from Lemma 3.9. When starting from m, passage times to « form a (de-
layed) stationary renewal process. The delay distribution of the corresponding re-
newal process must be Y, as the delay distribution that lead to a stationary renewal
process is unique ([2], Chapter 2). Therefore, bounds of E[T#] when starting from
« and 7 also follow from Lemma 3.9.

Theorem 3.6 is then implied by the following simple probability fact (see
Lemma 3.12). Let Z be any nonnegative integer-valued random variable. For any
B >0,

E[Zzf] <00 = lim nfP[Z>n]=0. 0
n— oo

We remark that the bounds in Lemma 3.8 and Lemma 3.9 now depend on the
corresponding initial conditions. One needs to track the proof of theorems in [26]
and [31] to see such dependence. The dependence on initial conditions implies the
following corollary, which is used in the proof of Theorem 3.
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COROLLARY 3.10. Let \V,, and € be as in Theorem 3.6, then for any proba-
bility measures (., v on X that satisfy

Eu[rf] <oo and Ev[rg] < 00,
there exists a constant C depending on ., v, and € such that

Slrllp”ﬂH“Pn — VP |y < C(Eu[fg] + Ev[fg])

PROOF. We have
sgpn’3 |uP" —vP"| 1y < ZSlipl’lﬁ]P)[T > n] <2E,x v* [Tﬁ].

The corollary then follows immediately from Lemma 3.8 and Lemma 3.9. [

3.2. Induced chain method. As discussed above, a crucial step toward poly-
nomial ergodicity is to estimate the moments of t¢, that is, the first passage time
to a certain uniform reference set. In some simple cases, such as the model in [25],
this can be done by constructing a Lyapunov function. However, in our model and
many other problems, it is extremely difficult to find a single Lyapunov function to
complete this task. Here, we introduce a method, called the induced chain method,
that can be used to estimate the moments of t¢ under more general settings.

Let X = G U B be a partition of the state space of V,,, where G is the “good
set” on which W, is sufficiently “active”, while B is the “bad set” on which ¥,
may hover for a long time. Define 0 =Ty < T < --- < T, < --- to be return times
to G such that

Tpir = inflk > T, | Wy € G}

and let \iln = Wr,. Then it is easy to check that \iln is a Markov chain induced
by G.

Assume € C G. The tail of t¢ can be estimated by the following two assump-
tions:

(i) T,4+1 — T, has a polynomial tail for each 7. There exists a constant @ > 0
such that

PlTht1 — Tp > k | Wr,] <EW7,)k™,

where 1 < &(Wr,) < oo is a constant depending on Wr,. Furthermore, &£(Wr,) is
uniformly bounded by &; < oo for ¥, € G.

(ii) T¢ =inf{n > 0 | U, € ¢} has an exponential tail. There exist constants w,
n =n(¥o) > 0 such that

Py, [te > k] < n(Wo)e ¥,

where 1(Wo) depends on Wy.
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THEOREM 3.11. Assuming (i) and (ii) above, for any € > 0, there exists a
constant ¢ such that

Pyylte > nl < ¢(n(Po) + &(Wo))n =@~

forany Vg € X.

PROOF. For any small § > 0, we have

LK)
[te > k') c {fe > K°) U{Tws1 — Ty > k, T > n}.
n=0

This implies
P\po[t@ > kH—a] < P\yo[f¢ > ka]

L
+ ZIP%[T,,H —T,>k|Te>nl.
n=0

By assumption (i) and the Markov property, we have
Py, [T1 — To > k | T¢ > 0] < E(Wp)k ™
for n =0 and
Py [Thq1 — Tp > k | T¢ > 1]

=f PlTys1 — Ty > k| V7, =x, Te > n]Py,[V7, =dx | T¢ > n]
G

<&k

forn>1.
By assumption (ii), we have

Py, [2e > K°] < n(Wo)e k.
Therefore,
Py, [1e > k']
< n(Wo)e ™ + max{& (W), & K0k
< c(8)(n(Wo) + & (Wp))k~*~?

for some c(§) > 0 that depends on 4§, as ek decays faster than k=% when k —
00.

Letk=n IIW The theorem then follows by making § > 0 sufficiently small and
letting ¢ = c(§) for the § we choose. [J
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The finiteness of moments of a random variable is closely related to its polyno-
mial tails. We finish this subsection by proving two simple probabilistic facts that
will be used frequently in this paper.

Let Z be a random variable that takes nonnegative integer values, and let 8 > 1.

LEMMA 3.12. Forany B > 0, E[ZP] < 00 = lim, o nPP[Z > n] =0.

PROOF. First,

Znﬁ_IIP’[Z >n]= Znﬁ_l Z P[Z =m]
n=0 n=0 m=n-+1
oo /m—1
= (Z nﬂ—l)P[z =m]
m=1 \n=0

< constant - E[Zﬁ].

Then, letting a, = P[Z > n] so that ay > a; > -- -, we claim that
o0
if 2:(/1,1;15_1 <00 then annﬁ -0 asn — oo.
n=0

To see that, write

Y+ D (ay —any1) =Y [+ 1P —nPla,.
n=0 n=0

Since a; is monotone, our hypothesis implies the sum on the left-hand side con-
verges. Since

Y 4+ DPan—an)=an(N+DP + Y ay((n+1)F —nP),
n>N n>N—+1

it follows that both terms on the right tend to 0 as N — oco. [J

LEMMA 3.13. IfP[Z>n]<Cn+ 1) for B > 1, then for any p — 1 >
e > 0, there exists a constant K that depends on B and ¢, such that E[ZP~¢] <
KC.

PROOF. There exists a constant K¢ that only depends on € and 8, such that

E[ZF~]= nP~*P[Z =n]
n=0

&) n
<KoY Y ml ' P[Z =n]

n=0m=0
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o
=KoY (n+ DP I P[Z > n]
n=0

o
<KoY (n+DF ' Cc+ D77
n=0

Hence there exists a constant K that depends on § and €, such that the last
quantity is less than KC. [

We remark that the induced chain method can be extended to a hierarchical set-
ting. Let X = BUG be the same partition as above. If we have € := G,,, C G;,,—1 C
-++ C Go:= G for m > 1, and the first return time to G;+| for the G;-induced
chain has exponential tail for each i =0 ~ m — 1, then the similar argument in
Theorem 3.11 still follows.

3.3. Lyapunov function and moments of the return time. In the induced chain
argument above, it remains to find sufficient conditions to estimate tails of 7¢ and
T+1 — Ty,. This can be done by constructing Lyapunov-type functions. We intro-
duce the following two theorems that will be used later.

THEOREM 3.14 (Theorem 15.2.5 of [29]). Let ¥, be a Markov chain on
(X, B) with transition kernel P. We assume that there exist a function W : X —
[1,00], aset A € B, constants b > 0 and 0 < B < 1 such that

PW —W < —BW +bly.
Then for any r € (1, (1 — B)~1), there exists € > 0 such that
Ta—1
E, [ > W(\Ilk)rk:| <e rT'wx) + e blg.
k=0

THEOREM 3.15 (Modified from Theorem 3.6 of [18]). Let \V,, be a Markov
chain on (X, B) with transition kernel P. We assume that there exist a function
W:X —[1,00],aset Ae€B,constants b,c >0 and 0 < 8 < 1 such that

PW —W < —cWP +b14.
Then there exists a constant ¢ such that

Ta—1 R
Ex[ > (k+ 1)*3—‘} <W, p=0-p"

k=0

foranyx € X
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REMARK 3.16. This theorem follows from equation (37) in the proof of The-
orem 3.6 of [18]. It is actually a special case of equation (37) when B = C. In this
special case, the quantity

TB—1 _

3 k4 D (W)

k=0
in the proof of Theorem 3.2 of [18] is 1¢ (Wp). Therefore, we only need to estimate
the first passage time to A by using Proposition 11.3.3 of [29]. (See the proof of
Theorem 3.2 of [18] for details.) The original theorem in [18] estimates

3—1 .
Ex[ 3k + 1)‘3‘}

k=0
for any set B, hence more assumptions are needed than in our case.

4. Excursion time on low energy set. It is obvious that for E;, the “bad set”
B (see Section 3.2) should consist of energy configurations at which at least one
of E; is sufficiently small. It remains to estimate the excursion time on this “bad
set.” To do so, we define the following sequence and function. Let 0 < n < 1 be

a parameter that will be determined later. Let ay,...,ay be the sequence as in
Section 2.3:
271
aj=1———.
’ 2N —1

Then it is easy to see that 1 =a; >ap > --- > ay > 0 and 2a;_; — a; > a; for
each2 <i <N.
Define functions

n—1 apn—1
Vo = (Z Ek+j> )
j=0

N N
Vi®) =Y vi;=Y E",
i=1 i=1

N-1 N-1
VaB)= Y Vai= Y (Ei+Eiy)™",
i=1

i=1

N—n+1 N—-n+1 /n—1 apn—1
ViB)= > V= Y (ZEk—i—j) :
k=1

k=1 \j=0
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N ayn—1
VNnE)=Vn1= (Z Ei) :

i=1

and
N
V(E)=) Vi(E).
i=1

The motivation of constructing V is to control the entire chain through nearest
neighbor interactions. Vi ;(E) is the “first level Lyapunov function” with respect
to E;, whose value decreases when E; increases. V3 ; is the “second level,” which
is dominantly larger than the “first level” functions Vj ; and Vi ;41, such that its
decrease can compensate the possible increase of Vi ; and Vi ;1. Higher levels
can be constructed analogously. This tower construction of Lyapunov functions
stops at the Nth level that covers the entire chain.

Our aim is to show that V(E) is a Lyapunov function when the value of V (E)
is sufficiently large. The excursion time on low energy set then follows from The-
orem 3.15.

The main theorem in this section is as follows.

THEOREM 4.1. For any n > 0 and h > 0 small enough, there exist co > 0,
My > 1 depending on n, N and h, such that

(P")V(E) — V(E) < —coV*(E)

for every E € {V > My}, where a =1 — 2(+—n)

Let E=(Eq,..., Eyn) be the initial condition. For the sake of simplicity, we let
Ri=R(E;i_1,E;) foralli=1,...,N + 1. E; is given by the following equiva-
lent description: Starting from ¢ = 0, a clock rings at an exponentially distributed
random time 77 with rate Z,N=0 R;. When the clock rings, one and only one energy
exchange occurs between site i and i 4+ 1 with probability

R.
K kR
Yimo Ri
In other words, Pg[C;(t1)] = R;/R.
Let Er]+ be the energy configuration immediately after the first energy exchange

occurs at 1. We use V(Erl+) to estimate P"V (E). The strategy of proving The-
orem 4.1 is as follows. In Lemma 4.2 and Lemma 4.3, we show that an energy
exchange event can increase a V, x by at most multiplying with a constant. How-
ever, if V,  is sufficiently large and the energy stored at its “boundary site,” that
is, Ex_1 or Ep4y, is sufficiently large, then in Lemma 4.4 we prove that the cor-
responding energy exchange event will reduce the value of such a V,, ; by at least
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one-half. Then in Lemma 4.5 we manage to prove that if V,, x is sufficiently large,
the “expected jump” of V,, x at t; can be compensated by the “expected drop”
of V1 /4N 2 for some Vv k. This can always be achieved because V,,/ s is sig-
nificantly greater than V,, x when V,/ ;s “covers” V,, . Finally, in Lemma 4.6 we
prove that the “expected drop” of V at 7 is proportional to V* fora =1 — Tl—n)

The heuristics of Lemma 4.6 is that for every sufficiently large V,, x, the “expected
jump” is compensated by 1/4N? of the “expect drop” of some V,, ;» (Lemma 4.5).
Therefore, at 7 the total “expected jump” of those large V,, xs is compensated by
1/4 of the largest “expected drops” on the left and right side, denoted by V,, k.
and Vj,, x, , respectively. Because the “expected drop” of at least one V,, i is pro-
portional to V¥, we know that the “expected drop” contributed by V., ., and
Vi, .k, minus the total “expected jump” of all large V,, s, is also proportional to
V*. On the other hand, Lemma 4.2 implies the “expected jump” of small V,, xs at
71 can be controlled by a constant.

LEMMA 4.2. ForanyEeRﬂY,l§n§N,1§k§N—n+l,and0<n<%,
we have

C ann—75
B[ Vs (B )l ] < ﬁ<2 Ekﬂ)

and

anpN—»
Eg[ Vi (E +)1ck+n(r1) (Z Ek-i—z)

for some C > 0 depending on N and 1.

PROOF. At the first energy exchange, if k # 1 and k +n % N + 1, we have
Ee[Vak (B )1e ] = Eg[Vaik(Ers) | Ce(t)]PE[Cr(Tr)]

_ min{K, /min{E;_1, E}}
o R

1
X '/(; [p(Ek—l + Ek) —+ Ek+1 4.+ Ek+n_l]“n’7—1 dp
=1.
Notice that a,n is small so a,n — % <0.If E > %er}:—ll Ejsi, then

dnﬂ—%
(Z Ek+1) .

E1/2

1
I . Eunﬂ—lf ann—ld <
1 = R k 0 p P =

annR
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Otherwise,

1/2
I < "7 (Egg1 + -+ Eggn_y)®n™!

1/2
<2(Ek+ + Exgn—1)
- R

2 n—1 “n’]—%
<= (Y Ersi .
= R(g k+1>

The same argument holds for

. (Ek 4+ 4 Ek—H’l—l)a”n_l

EE[Vn,k(Err)lckJrn(fl)]

_ min{K’ \/min{Ek-i-n—la Ek-‘rn}}
B R

1
an—1
/0 [Ex+ -+ p(Exint + Exs)]™" " dp

by discussing cases Exi,—1 > % Z;’:—lz Eiyiand Epqy—1 < % Zl'.’:_lz Eiyi.
If Vi, involves the boundary, say k = 1, then

Ee [V B )1e, )]
/min{Ty, E o rl ] -1 —
=Mf / —[px+E)+Ex+--+ E,|"" le YT dp dx.
R o Jo T
It is easy to check that the same argument above still holds. The case of k +n =
N + 1 can be estimated analogously.
i i =2 > 2
The proof is completed by letting C = ann = ann U
The calculation in the proof of Lemma 4.2 gives the following lemma.
LEMMA 4.3. ForanyEeRN,n>O, l1<n<N,and1<k<N-n+1,
EE[Vn,k(ETlJr) | Ck(t1)] < CV, ik (E)
and

EE[Vn,k(Efl‘*‘) | Crn(t1)] < CVi i (E),

where C > 0 is the same as that in Lemma 4.2.
PROOF. We have

1
EE[Vn,k(Et;r) | Ck(71)] 2/0 [p(Ek—1+ Ex) + Exq1 + -+ Ek+n71]a”"_1 dp.
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It follows from the same argument as in the proof of Lemma 4.2 that

1
A [p(Ek—l + Ek) + Ek+1 4. 4+ Ek+n_]]an’7—1 dp

2
,4wrw~+mM4W“V=Cme.

< max{
n

The proof of
EE[Vn,k(ETIJr) | Chgn(t1)] < CVy i (E)
is similar. [

LEMMA 4.4. Forany E € Ri’ and any 0 < n < 1, there exists a constant C’
depending on N, Ty, Tg and n, such that whenever Ej 1, > C'(Ex+-- -+ Ej1n_1)
[resp. Ex—1 > C'(Ex + -+ + Ex4n—1)], we have

1
Ee[Vak (B ) | Con(T1)] < EVn,k(E)
1
<F€SP- IElz[Vn,lc(I*lfl+) | Cr(t1)] < EVn,k(E)>-
PROOF. First, assume k + n # N + 1, then we have
Ee[Vak(Et) [ Con(T1)]
1
= '/(‘) (Ek 4 Ek+n—2 + p(Ek+n—1 + Ek—&-n))ann_l dp
apn—1 ! -1
< E/, / p“dp.
0

If Ex4p > C'(Ex + -+ + Efyn—1), we have

| 1 | rapn—1
anpn— o —
Bt [ prap < V4 (E).
0 n
To make
C/ann_l 1
=< ~°
ayn T 2
one needs
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Ifk+n=N +1, then
Ee[Vak () | Crn(T1)]

I poo 1 —
= / / 7Bkt oot Bz + p(Egn—t + )" le/ Tk dp dx
R

o ]
x@n=1, X/TRdx/ pann ldp
0 TR
_ Ta,,n—l I'(ann)
k ann

where I'(-) is the Gamma function. Therefore, to make

1
EE[Vn,k(Erf’) | Ckn(T1)] < EVn,k(E)7

we need
apn—1 I (an 77)

dap

Vn,k(E)=(Ek+'--—|—Ek+n_l)an7l 1 2T
Since En 1 = Tk, this is equivalent to

[ (ann)

Enii > TR[zT,‘;"”“ o
n

anl
] " (B + - “+ Epqn—1)

<2F(an n)
ann

The case for Ci is symmetric and can be calculated in the same way. By combining
all cases, it is easy to check that if

O — max la T 2T (a,n) — T
==~ |[\2 nl ’ ann ’

we have the desired property for all n and k. [J

1
ann—1
) (Ex+ -+ Exyn—1).

LEMMA 4.5. For any E € Rﬁ and any 0 < n K 1, there exists a M < oo
depending on n, Ty, Tr and N, such that for any V, (E) > M, if

Eg[VakBe)le,, ] = Vak B)PE[Crpn(t1)]
(resp. Eg[Vax (E +)lck(z1)] > Vo k(E)Pg[Ci(T1)]),
then there exists k' and n’, such that

EE[Vn,k(ETI‘F)IC;{H(rl)] — Vi k (E)Pg[Chan (1]

< 4N2{ w ik (B)PE[Crs (T1)] — Ee[Vir i (Br)1ey o]}
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(FBSP- EE[Vn,k(ET;r)lckm)] — Vak(B)Pg[Cr(11)]
1
< s [Vorse P[] ~ B[ Vi B )Ty )] ):

PROOF. By symmetry, it is sufficient to consider the case of
Ee[Vai(E)1ep o] = Vak E)PE[Crin(T)].
Let k' = k and n’ be the first n’ > n — 1 such that
Egyw > C'(Ex+ -+ Eqw-1),

where C’ is the constant defined in Lemma 4.4. When M is large, the sum Ej +
-+ 4 Ep4p—1 1s small. Note that Ey 41 = Tr. Hence when M is sufficiently large,
for any V,, x(Eg) > M, one can always find such an n’.
By Lemma 4.4, if n’ = n, the energy exchange event Cy,(t1) will only bring
the expected value of V,, x down. Therefore, it is sufficient to consider the case of
n’ > n + 1. The lemma follows if one can prove either

EE[Vn,k(E,r)ch(m] — Vi k (E)Pg[Chan (1) ]

1
< W{Vn/,k(E)PE[Ck+n/(TI)] — B[V xBr)le,, o]}

1

=

or

EE[Vn,k(Etf)lcm(n)] — Vo k (B)PE[Chgn(T1)]

1

W{Vl ktn'—1 B)PE[Chp (T1)] — ]EE[VI,k—f—n/—l(Erif)lck+,1/(rl)]}
! —1I.

~aN??

Letx =Ex+ - -+ Exyn—2, Yy = Exynw—1, and z = Ey,. Since a,y < ay, if x
is sufficiently small, by Lemma 4.2,

Cc

_1
EE[Va k(B m)] < o5 (B 4 Exgn-)™" 2

&

IA

1 anll—7n
(NC’N T(Eg+ -+ Ek+n/72))

Xl —11=7 (C- C/Ganm(N=1) | pr5—ann - x(@n—aym)

IA

e ﬁlﬁ

1
a,_nN—x
x“n 1 2’

IA
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where C is the constant in Lemma 4.2. The second inequality above follows from
Ejym <C'(Ex+ -+ Exgm-1)

foreachn <m <n'.
The requirement of small x can be satisfied by making M = M () sufficiently
large, because

1
x <NCVN"YWEr+ - + Eggn_1) < NC'N"IMaT,

Similarly, we can make M = M (n) sufficiently large such that
y < NCV-IManT < K.

Notice that y < z because C” in Lemma 4.4 is greater than 1 [C" > (%ann)(“"”_l)_l,
a, < 1, n < 1]. Therefore, we have R(Ex 1, Exyn) = |/y. Hence we have

1
I = {(x + )=t — /0 [x+p(y+ 2] dp}g

and

1
L= {y‘”"_l - /O [P+ 2] dp}g-

Since z > C'(y +x) > C'y and y < C'x, by Lemma 4.4, we have

a,m—1
vy Ly
R —20+C) R

1
L > E(x + )’)a",n_l

and

| VAY
L> —yan=1¥2
2=357 R

We claim that

1 am—l 1 a,m—1 } 2 —1
— 2, — x40 AN“xW' 1177
max{zy ,2(1+C/)x Sy > X

It is easy to see that the lemma follows from this claim.

PROOF OF THE CLAIM. Let € = %. The proof is split to two cases.
Case I: y < x'T2@—1=a)n=€ thep
%yam—% - lx(aln—%)[1+2(an/,1—an/)n—e]'
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Note that 2a,/_; — a,y > a; and n < 1, we have

<am - %)[1 + 21 —aw)n — €]

1
_5 +ay_1n—e+ (a1 +ay —2ay-1)n

1
+€e+ 6(5 - am) + 2ay (a1 — ap)n*

1
< —5 +a,y_1n—¢€

if
3 2
(zan’—] —ay — al)n > 56 + 2a1(an/_1 — an/)n ,
which can be achieved by making 7 sufficiently small (because € = 1)
Therefore,
lyam—z > —y € -_xan’fln_% - 4N2x“n/71’7—%’
2 2

when x is sufficiently small, which can be made by letting M large enough
Case 2: y > x'T2@/-1=@&)n=¢ Recall that we have € = 52, we have

xan/nflﬁ - 1 an/nfl .x%+an/_1nfan/nf§
2C’ - 2C/

1
= X173 xS
2C7
1
> 4AN2x W' -1172

if x is sufficiently small. Again, this can be achieved by letting M sufficiently
large. OO O

LEMMA 4.6. Forany E € Rﬁ and any 0 < n <K 1, there exist constants ¢ =
1-— 2(1—1_7]), C1 and M’ depending on N and n, such that

C
Eg[V (E )] < V(B) — = V*(E)
forall V(E) > M'.

PROOF. Step 1. First, we show that there exists ﬁ,lz such that the “expected

drop” of V; i at 7y is proportional to V¥(E). Let V. ;(E) be the maximum of

1{1‘/i ,j (E)}. Therefore, V. k(E) > N(N+1) V(E). Since Vﬁ’,;(E) is the maximum, we
ave

(Ep+o Epyq ) > (Bp_y o+ B )"0
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and
(Ep4 4 Eg o) > (Ep 4 + Eg ) L
Since a;; 41 < aj, when M’ is sufficiently large, we have
Ep > Cl(Eg+- -+ Eg ;.
and

e > C' B+ + By ),

where C’ is as in Lemma 4.4. In addition, we have
1 o
EP" < (Ep+-+Ep ;)%

and

ain—1

n 1
k+7 1_(E +- +Ek+n l)un

Since M’ is assumed to be sufficiently large, we have min{K, min{ E i Eill =

Ep and min{K, min{E;_;_,, E;_;}} = Ej;_,. Therefore,

Ee[V; i (B )] = V; ¢ (E)

| E; 1
k o —
Z—R{/o [P(E; | +ED)+-+E; ;" 'dp

an—1
bt B

E; - 1
V Bt -1
) B P E )
=1+ .

It follows from the same calculation as in Lemma 4.4 that

_ aﬂnfl 1
h= _E(E ot By )T (B By ) D ‘R
4.1) 1
= ——V~ E
2R ( )

fori =1, 2, where
1
2(1 —an)’
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Step 2. Let M be as in Lemma 4.5. Let {(n;, k;)}/_, be indices for which
Vi, k; (E) > M. The aim of this step is to prove that the total “expected jump” of
these Vy, x; at 71 is dominated by the “expected drop” of some V, i and Vy, &,
from left-hand and right-hand side, respectively.

By Lemma 4.5, we can construct sequences { (7’ )}m , and {(n!, kl” )}, such

i 1

that if
Ee[Va ks )1y, ] 2 Vi ks E)PE[Chy o, (T1) ],
then
Ee[Vii ki B )1y, o] = Vi ks E)PE[Cly o, (11)]
= v Vi ®Pe[Cy i (0] = B[V o By, o]}
and if
Eg[ Vi, &, (E.)1e, )] = Vi ki E)PE[C, (1) ],

then

Ee[Va ks )y, )] = Vi ik BYPE[Cr; (71)]

= 4N2 {V ” k// (E)]P)E[C //('L'l)] EE[Vﬁ;/,IEl//(ETr)ICQl”(TI)]}

When condition
Eg[ Vi, &, (E.Dle, ., )] = Vi ks B)PE[Chi4n; (T1)]
(resp. Eg[Vy, &, (ET+)1cki )] = Vaiks B)PE[Cr, (T1)])
is not satisfied, we 51mply let 1} =n;, k =k; (resp., n =n;, k” k;). Therefore,
the “expected jump” of V,, i, at 71 18 domlnated by the right and left “expected
drop” of V., + and V., ¢, respectively.

Let (n R,lkR) be the index for which V;,, . (E) has biggest “right drop” at 7,
that is,

Vi k B)PE[Crotn (t1)] = BE[Vak (B )1y o)
< Vagkx EVPE[Chp-tng (7] — EE[Vig g B) Loy s ()]

for all n, k, and (ny, k;) be the index for which V,, , (E) has the biggest “left
drop,” that is,

Vi k B)PE[Ci(t))] — BE[Vak (B ) 1ey o))
< Vi ik, B)PE[Cr, (t1)] = Eg[ Vi, k(B ley, ()]
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for all n, k. Both terms should be positive when M’ is sufficiently large because of
the argument about V7 ; in Step 1.
Since there is only %N(N +1) Vyi’s, we have m < %N(N + 1). Hence

m

> AEE[Vai ks (Bp)] = Vi, ki (B)]

i=1

m
Z Vit By 1 o] = Vi ks B)PE[Chin, (71)]

Eg[ Vi k(B ey, @] = Vo ki B)PE[C, (11)]}

m

< > {max({ (Vi iy ®PE[Cy o (t)] — e[V 1 B )1ey, )] O}
l 1 4 1

—

maX{ VA;/’]%{/ (E)]PE [Clzl// (Tl)] — EE [Vﬁ:/vlgz// (Efr)lclzl”(rl)] , 0} }

1
< Z{VnR,kR E)PE[Crg+ng (11)] — EE[Vig kr (E,;)lckRJrnR(n)]

+ Vo ke (E)PE[CkL (771)] - EE[VankL (Err)ICkL (fl)]}'
Step 3. Then we can finalize the entire proof. We have
EE(V(Erﬁ)) - V(E)

= Z{EE[Vn,k(Err)lcm(m] = Vak(B)PE[Chan(11)]
n.k

+ Ee[Vaxk B )] = Var E)PE[Cr(r)]}

(Law of total expectation)
Z IEE Vn, ki (E +)1Ck +n; (‘[1)] I’L,‘,k,‘ (E)]P)E[Ck,‘-f—n,' (Tl)]

+ EE[ n;,k; (Erﬁ)lcki (‘L’l)] - Vni,k,’ (E)PE[C/{, (Tl)]}

+ ) {Be[Vak®E )] - Vax(®)}  (by Lemma4.5)
k.n Vi <M

3
= Z{]EE[V”RJCR (Erf)ICnRJrkR (Tl)] — Vag.ke (E)PE[CHR+/<R (Tl)]
+ Eg[ Vi, ks (Er+)ICkL(r1)] — Vo ki, B)PE[Cr, ()]}

+ Z {Eg[Vik(E +)] Vi (E)} (by Step 2)
k,n Vy k<M

[98]

<=3+ 1) + Is,

4;
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where
13 = EE[VI’LR,kR (E'[]-F)IC”R‘H‘R(TI)] - VI’LR,kR (E)PE[CI’!R-i-kR (Tl)]’
14 =Eg[Va, i, (E e, @] = Vap i E)PE[Cr, (21)],

and

Is= ) (Eg[VarE )] = Var(®)}.
k.n V<M

It follows from Lemma 4.3 that

Is= Y {Be[Vak(E ) leemn] = Vik B)PE[Chin(r)]
k.n Vy <M

+ BE[Vak o). 1oy )] — VarB)PE[Ci ()]}

< > {EE[Vak (Brt) | Copn (t) JPE[Cropn (T1)]
k.n Vi <M

+ EE[Vn,k(Etﬁ) | Ck(71) ]PE[Ck (z1)]}

2K
< > {EE[Vik (BErt) | Con(tD)] + BE[Vak B o) | Cr(z)]} - =
k.n Vi <M

1
SN(N—{—I)CMK-E.

In addition, by the definition of ng, kg and ny, kr, we have
Vi i ®PE[Cr 5 (t0)] — Be[V; ;B )1ep, )]
< Vagkx EVPE[Ciptng (7] — EE[Vig i B) ey ()]
and
Vi i E)PE[Cr ()] = EE[Vﬁ,;(Efr)lcE(rl)]
< Varky BYPE[Cr (t0)] = BE[Vay b, (B ) ey o],

where 7 and k are from Step 1.
By inequality (4.1) in Step 1, we have

L+1; < (EE[V;,’,;(E,;)IC,;M(TI)] — Vi i (B)PE[Cr 5 (T1)])
+ (Ee[V; i Bl ] = Vi g B)PE[Cp(1)])
=Be[V; i (E.)] = V; ¢ ()

1. 1 1 @
<vi® =z (yaos) v®
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One can then further choose M’ > M such that

1 1 @
_(7> M > Is.
4R \N(N+1)
Therefore, for every E such that V(E) > M’', we have
1 1 1 o Cq
Eg(V(E VE)y<——= = ————) V¥E) :=——V*E).
e(VED) —VE) = -7 2<N(N+1)> B =— V' ®
This completes the proof. [

PROOF OF THEOREM 4.1. Let0=1y <11 < 17 < --- be the times of clock
rings. Let B = {E | V(E) > M’} where M’ is the constant in Lemma 4.6. By the
Markov property and Lemma 4.6, for any E € Rﬁ we have

G
4.2) EE[V(ETJH) | Ern*] = EEr,;L [V(Ezﬁ)] =V(E.+) - EV(EJ)OZ
if E_+ € By. Otherwise, for each E_+ ¢ Bo, by the Markov property we have the
uniform bound
Ep[V(E+ ) IE;]

N N-m+l1

=Y Z {EE o+ [Vin k() | Cr(z) [Pe +[Ck(fl)]
m=1

+ EETJ [Vm,k(ErlJr) | Ck—i—m (‘El)]IEDEr;r [Ck+m (TI)]}

4.3) N N-m+l
<> Z CVnk(Be)(Pe_ [Ce(e1)] + PEy [Cim (71)])
m=1 k=1

(by Lemma 4.3)

N N—-m+1

<C Z Z Vm,k(Er,j') = CM/7

m=1 k=1

where C is the constant in Lemma 4.2.
Let S =inf{n | 7, > h}, and define T, = min{t,, ts_1}. Then

P'V(E) = lim Eg[V(E;0)1is<nin] < limsupEe[V (Eep)].
We will prove a uniform bound for Eg[V (E;+)]. Equation (4.2) implies the expec-

tation of V drops when starting from By. Equation (4.3) means the expectation of
V can grow with C M’ at most. By assuming the worse of (4.2) and (4.3), we have

EE[V(Ef;—H) | The1 < h] < EE[V(Ef’j—) | The1 < h] +CM
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for every n > 0. Notice that for given E_+, E_+ 1 is independent of 7,41 — T,.

Therefore conditioning on 7,41 < h does not affgct the bounds in (4.2) and (4.3).
Since R < (N + 1)K, for each Efn+, we have

Pltys1 <AE 1,7y <h] < (1—e"VK).
Therefore, inductively we have
Pelti+1 <hl<(1-— e_hNK)n+1
for all n > 0. This implies
Eg[V(E¢r )]
= EE[V(E%) | Tat1 > h] - Peltat1 > k)
+Eg[V(E;+ )| tas1 <h]-Pe[tag1 <Al
(4.4) i
<Eg[V(E;+) | tat1 > h] - PEltas1 > h]
+ (EE[V(E;r) | Tag1 <h]+ CM') - Pgltyt1 < h]
<Eg[V(E;)]+CM'(1 — VK
Adding up from n =1 to oo, this gives
P"V(E) < }EE[V(Efr)] + %.
Let 4 > 0 be small enough so that
Plti <h]=1- e MR~ %R

This is the only condition we impose on /. There exists such an /4 independently
of E because of the bound R < NK.

Notice that the energy exchange at 71 is independent of 7. We have, by
Lemma 4.6,

EE[V(Ef;)] = IEE[V(Et;) | 71 <h]-Pglti <hl+ V(E) - Pglt; > h]
< (V<E> - %V(E)“) Pglri < h]+ V(E) - Pyl > 4]
< V(E) —ClgV(E)"‘.
This gives

h
P"V(E)<V(E) — CIEV(E)“ + CM'"NK

for any E € By.
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To complete the proof of Theorem 4.1, it suffices to replace M’ by a large
enough number My > 1 so that for E € {V(E) > My}, the constant CM'"NK
is absorbed into ¢V (E)* for ¢g := C; %. O

The same calculation in the proof of Theorem 4.1 also yields the following.

LEMMA 4.7.

sup P'VE)<M+CM MK <0
{E:V(B)<M)

for any M > 0.

PROOF. The calculation in (4.4) gives
—hNK\n+1
Eg[V(E;+ )] <Be[V(Ezn)]+CM'(1—e )
Adding up from n = 0 to oo, this gives

P"VE) <VE)+CM K <y + cMm'eVEK. O

5. Excursion time for the induced chain. For sufficiently small given pa-
rameters 2 > 0 and n > 0, let My be the constant defined in Theorem 4.1 and
B :={E| V(E) > My}. Define G = Rﬁ \ B. The previous section together with
Theorem 3.11 gives bounds on the excursion time in B. As introduced in Sec-
tion 3.2, now one should work on the G-induced chain. G is not a compact set as
the energy at each site can be arbitrarily high. A common way to show the tight-
ness of a Markov process on noncompact state space is to construct a Lyapunov
function, as we do in this section for the G-induced chain.

Let 2 > 0 be the given size of a time step (defined in Theorem 4.1). We consider
the time-h sampling chain {E,;};2, of E;. For the sake of simplicity, we use the
notation E, to represent E,;;, when it does not lead to a confusion.

Let0=Typ < Ty < T» < --- be discrete stopping times such that

T =inf{k > 0 | E; € G}
and
Th+1 =inf{k > T, | E; € G}
forn=1,2,.... We define

E,=E7,

forn=1,2,... as the G-induced chain. It is easy to see that l:ln is also a Markov
chain. We denote the transition kernel of E, by P.
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As in [25], a natural Lyapunov function is the total energy in the system. Let

N
W(E) = Z E,.
n=1
The main theorem of this section reads the following.

THEOREM 5.1. There exist constants M > 1 and § > 0, such that
PW(E) < (1-8)W(E)

for every E € G with W(E) > M.

To prove Theorem 5.1, the first task is to bound the length of the time step for
E,. Such estimate follows from Theorem 4.1 and Theorem 3.15 immediately.

PROPOSITION 5.2. There exists a constant Cs such that

E[(Th1 — T)® | B, ] < C5V (Ey)
for any E, and any n > 0, where & =(1—a)~! =2 —2n for the constant a given
in Theorem 4.1, and V (E) = max{V (E), 1}. In particular, if n > 1, then
E[(TnJrl - Tn)& I 1::n] =< CsMo,

where My is as in Theorem 4.1.

PROOF. By the definition of E, E, = E7, is the energy configuration at the
stopping time 7},. Notice that

g—1
E[(Tht1 — T)* | E,] <2 Eg,, [ > (k+ 1)“—1}
k=0

for the constant « we use. The proposition follows immediately by applying The-
orem 3.15 to E,,. Since My > 1, let

V(E) =max{1, V(E)}.
Then since V <V +1, it follows from Theorem 4.1 and Lemma 4.7 that
PV(E) — V(E) < —coVE) + (1 + Mo + CM'e"NK)15.
The proposition then follows from Theorem 3.15. [
The following definitions regarding the energy flux in the system are necessary

for the proof of Theorem 5.1. Let 1, 15, . .. be the times at which either clock 1 or
clock N 4 1 rings. The energy in-flow and out-flow on [0, 7") are denoted by

Fil0.1)= Y (WE:+) —WE))"

0<t;<T
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and

Fo([0.T))= Y (WE,) - WEH)",

0<t;<T

respectively. Next, we need to estimate the energy flux with respect to E.

LEMMA 5.3. There exists a constant Cy such that
Eg[Fi([0,T))] < CoT
forany E € Rﬁ and any T > 0. In addition,
Xn := Fi([0, nh)) — C2hn

is a supermartingale relative to F,, where F, is the o field generated by
{Eo, ..., En}.

PROOF. Itis easy to see that for any E(¢) € Rﬁ we have
EE(,)[F[ ([l‘, 4+ dt))]

oo rl T +
< TL{/ /—p(x—l—El(t))e ¥ dedp—El} dr
o Jo Tr

oo rl 1 +
+\/TR{f / T—p(x—i—EN(t))ex/TRdxdp—EN} dr
0 0 IR

oo rl
< TL{/ /—pxe_x/Tdedp}dt
o Jo TL

oo rl 1
+\/TR{/ /—pxe_x/TRdxdp}dt
o Jo Tr

1
= E(TS/Z + Tg/z) dr := C, dt.

This estimate is independent of E(¢). Therefore,
Eg[F;([0,T))] < C2T
for any E and T'. In addition,
ElXnt1 = Xu | Ful = E[Fi([nh, ( + D)) | ] = C2h <0

for any E,,. This completes the proof. [J

By the definition of 77, T} is a stopping time relative to J,,. We have the fol-
lowing.
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PROPOSITION 5.4.
Eg[F;([0, T1))] < C2hEg[Th],
where C, is the constant in Lemma 5.3.
PROOF. By Proposition 5.2, Eg[T7] < oo for any E € Rﬁ . In addition, by
Lemma 5.3,
Eg[|Xn41 — Xnl | Fu] <2Coh < 00,

where the supermartingale X, is defined in Lemma 5.3. It then follows from the
optional stopping theorem that

Eg[X7,]1 < Eg[Xo]=0.
Therefore,
Eg[F(([0, T1))] < C2hEg[T1]. O

The following estimate about the energy influx with respect to the G-induced
chain follows easily.

LEMMA 5.5. There exist constants C3 < 00 and Cé < 00 such that

Eg[Fi([0, T1))] < C3
ifEe€ G and
Eg[F1([0, T1))] < C3V (E)

ifE¢G.

PROOF. By Proposition 5.2,
Eg[71] < Eg[(TD] < CsV (B).
It then follows from Proposition 5.4 that
Eg[F1([0, T)] < C2h - CsV (B).
Let
C3 :=Cah - CsMy.
If Eg € G, the lemma follows immediately. If Eg ¢ G, by letting
Cs = C2hCs,
we will have
Eg[F ([0, T1))] < C4V (E).
This completes the proof. [

The following lemma controls the out flow of the energy.
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LEMMA 5.6. Assume E € G. There exist constants o, M" > 0, such that
Eg[Fo([0,T1))] = o W(E)
whenever W(E) > M".

PROOF. Since

Eg[Fo([0, T1))] = Eg[Fo ([0, h))],
it is sufficient to construct an event within the time interval [0, /) such that when-
ever E € G, a certain proportion of energy can be dumped out of the system.
Let E,, be the site that holds the largest amount of energy. Let £ denote the
following event:

h  2h
1 _),--~7

e Clocksny,n; —1,...,2,and 1 ring in the time interval [0, ’fl_l)’ [nl’ o

[("lni, h), respectively.

e At the ith ring, E, ;41 gives at least half of its energy to E,,_; for i =
1,...,n1— 1.

e Atthe nithring, £1 dumps 1/3 of its energy to the left heat bath.

e Besides what described above, all other clocks do not ring during the time
period [0, &).

If W(E) > 3N -2V~1T;, we have E, (0) >3 -2V~ .7, and El(W) > 3T}
conditioning with event £. Note that all clock rates are bounded above by K. In
addition, since Ej,, holds the largest amount of energy, right before the ith ring
(fori <ny)wehave E, _jy1 > 2_(i_l)En1_i. Hence the probability that E,,, _; 1
gives at least half of its energy to E,, _; is at least 271 /(1 +27G=D)_ Therefore, it
is a straightforward exercise to check that there exists a constant cp > 0 such that

PlE]l>=¢cy>0
for every E € G. The proof is completed by letting
o= p-(N-1)
3
and
M"=3N -2, O

PROOF OF THEOREM 5.1. By the definition of W (E), we have
PW(E) — W(E) = Eg[F; ([0, T1))] — Eg[Fo ([0, T1))].

Since E € G, by Lemma 5.5, we have Eg[F; ([0, T1))] < C3. On the other hand,
by Lemma 5.6, if W(E) > M”, we have

EE[FO ([0, Tl))] >oW(E).
Therefore, let § = %a and M| = max{2C3 /o, M"}, we have
PW(E) < (1 -8W(E).
This completes the proof. [



3802 Y. LI
6. Proof of the theorems.

6.1. Existence of a uniform reference set €. Define
¢={E|V(E) < Mo, W(E) < My}.

The aim of this subsection is to prove that € is a uniform reference set. This
follows immediate from the theorem below.

THEOREM 6.1. For any t > 0, there exists a constant n > 0 such that
P'(E,-) > nUg() forall E € €,

where Ug is the uniform probability measure on €.

PROOF. Let e = inf{min(Ey,...,Eyx) | E = (Eq,..., Ey) € €}. Clearly
e>0.

Note that € is compact due to the condition involving W. Then we cover € by
finitely many disks D = D(E, &) = {E | |E — E| < &} for & < ¢/2. It is sufficient
to show that for any 7 > 0, there exists 7 > 0 independent of E € €, such that for
any E € €, P'(E, ) > nUp(-) for all D in this cover.

Let E and D be fixed. We prescribe the following sequence of events:

(i) On the time intervals [(iz_]\]/)’, Zf—fv) foreachi=1,...,N — 1, site i ex-
changes energy with site i + 1. After the energy exchange, the remaining energy
at site i is between e¢/2 and e. Other clocks do not ring during this time period.

(i1) On the time interval [(szvl)’ , %), site N exchanges energy with the right

heat bath. After the energy exchange, Ey is greater than supg_ va: | (E; +&).
Other clocks do not ring during this time period.

(iii) On the time intervals [{Y5=D0 VD) for each i = 1,..., N, site N — i
exchanges energy with site N + 1 —i. (Note that site O is the left heat bath.) After
each energy exchange, the energy left at site N 4+ 1 — i is uniformly distributed in
Enti1-i € [EN+1_,~ — £, EN+1_,~ + &]. Other clocks do not ring during this time
period.

It is then easy to check that the event above occurs with probability at least 7,
where n > 0 is independent of E provided E € €. [J

Since P'(E, -) now has positive density everywhere in RY, the strong aperiod-
icity and irreducibility of E, follows immediately.

COROLLARY 6.2. E, is a strongly aperiodic Markov chain.

PROOF. By Theorem 6.1, € is a uniform reference set. In addition, Ug (&) > 0.
The strong aperiodicity follows from its definition. [J

Therefore, E,, is aperiodic.
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COROLLARY 6.3. E,; is A-irreducible, where )\ is the Lebesgue measure on
RN
e

PROOF. Let A C Rﬁ be a set with strictly positive Lebesgue measure. Then
there exists a set O that has the form

O={E|0<c<E<C<o0,i=1,...,N}

such that A(O N A) > 0.

For any Eg € Rﬁ and the time step & as in Theorem 4.1, the same construc-
tion as in Theorem 6.1 implies that Ph(Eo, ) > nUp(-) for some n > 0. Hence
P"(Eg, A) > nUp(A) > 0. O

6.2. Absolute continuity of the invariant measure. This subsection aims to
prove the absolute continuity of the invariant probability measure with respect to
the Lebesgue measure. For the sake of simplicity, we denote the Lebesgue measure
on Rﬁ by A.

PROPOSITION 6.4. If w is an invariant measure of E,, then mw is absolutely
continuous with respect to A with a strictly positive density.

The proof is similar to that of Proposition 6.1 of [24]. For E e Ri’ and ¢t > 0,
we have decomposition

Pt(E’ )=Vl + Vaps,

where v,ps and v are absolutely continuous and singular component with respect
to A, respectively. We need to show that an absolutely continuous component can-
not revert back to singularity as time evolves.

LEMMA 6.5. For any probability measure p < A, uP' < A for any t > 0.

PROOF. This proof is similar to that of Lemma 6.3 of [24]. We include it here
for the sake of completeness of this paper.

Let t > 0O be fixed. We define [ = (cy, ..., c,) be the sequence of energy ex-
changes, where ¢; = k means site k exchanges energy with site k + 1. (As before,
heat baths are sites 0 and N + 1.) Let S(/) be the event that energy exchanges
(c1, ..., cp) occur during the time period [0, ¢) in the order specified, and no other
energy exchanges occur. If zero (resp., infinite many) energy exchange occurs
on [0, ¢), we denote the corresponding event by S(&) [resp., S(oc0)]. Obviously,
Pg[S(00)] =0.

For S = S(I) or S(), we define the conditional Markov operator

(uPs)(A) = A@N PIE; € A|Eo=E | S]u(dE)
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and the measure
duo dp
—(E) :=Pg|S —(E
m (E) El (Q)]dx( )
for O =1 or @. Then by the law of total probability,

pP' = pg+ ZMZPS(I)-
l
Therefore, it is sufficient to show that each term above is absolutely continuous
with respect to A. Since for each [ = (cy, ..., ¢,), we have the decomposition
Psay = Ps(c,) - Pscen)-
Hence the proof is reduced to proving the absolute continuity of wu P, for each

i =0~ N + 1, which is a straightforward exercise. Let £ and ék be the density of
w and p Ps(,), respectively. Then if 0 < k < N, we have

E(E1, Ea, ..., EN)

1
=/0 E(Er,.... Ex—1, p(Ex + Exy1), (1 = p)(Ex + Ex 1), Exy2, ..., En)dp.
For k =0 and N, we have

E0(E1, Ea, ..., EN)

o0 [ A 1 1 o
:/ / A §(E13E27'3EN) A _e_E/TL dEdEl
0 J(EI-EDT E1+ETL

and

EN(EL, Ea, ..., EN)

00 oo . 1 1 .
2/ / . &(E1,Ea,....,EN)—= — ¢ E/TR4EdEY.
0 JEy-En* Enx+ETr U

PROOF OF PROPOSITION 6.4. Let m = w4, + 7 be an invariant measure.
Assume 7| # 0. Fort > 0, s P' < A by Lemma 6.5. By Theorem 6.1, for any
E € ¢, P/2(E,-) has a nonzero absolutely continuous component with respect
to the Lebesgue measure, which has a strictly positive density on €. Since € is
accessible within finitely many energy exchanges, P'/?(E, @) > 0 for all E € Rﬂ\r’ .
Hence for all E € Rﬁ , P'(E, ) has a nonzero absolutely continuous component
with respect to the Lebesgue measure, which has a strictly positive density on €.

If 71 # 0, there must exist M, M3 < oo such that

71 ({E| V(E) < My, W(E) < M3}) > 0.

Therefore, Theorem 6.1 implies that 77| P! must have an absolutely continuous
component. The absolutely continuous component of 7 P’ is strictly larger than
that of 7. This contradicts to the invariance of w. [
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6.3. Excursion time before entering €. Now we are ready to estimate the tail
of tg. Let V= max{1, V} and W= max{1l, W}.

THEOREM 6.6. For any € > 0, there exists a constant C¢ < 00 such that
Pg[te > n] < Co(W(E) + V (E))n~@~9
for any E € RY , where & =2 — 2.

PROOF. Note that € C G, therefore, one can define ¢ as the first passage time

to € for the induced chain fﬂn .

Note that My, M| > 1. Apply Theorem 3.14 to W = max{1, W(E)}. It follows
from Theorem 3.14 and Theorem 5.1 that there exist constants C7 > 0 and r > 1
such that, for every E € G,

Te—1

Eg[rfe] < EE[ > W(I??k)rki| < W(E)C.
k=0

Applying Markov’s inequality to i, we have
6.1) Pglte > n] < CiW(E)e ",
where ¢ = logr. For any given initial condition E € RY, we have

Pg[Te > n]

= /R , Plie > n |Er; = EJPg[E7, =dE]
+

< f C1W(E)e "Pg[Er, = E]
RN

= C7e “"Eg[W (E7,)]

< Cre™" - (W(B) +Eg[F/ (10, T))])

< C7e™" - (W(E) + max{C3, C;V (E)})
< C7e™" . (W(E) + max{C3, C}}V (E)),

where the third line follows from equation (6.1) and the second to last line follows
from Lemma 5.5, constants C3 and Cg are as in Lemma 5.5.
By Proposition 5.2, we have

E[(Tps1 — T)¥ | En] < CsV (E,),

where Cs is from Proposition 5.2. Without loss of generality, we let Cs > 1.
Applying Markov’s inequality to (7;,+1 — T,)%, we have

P[Ty41 — T > k| Er,]1 < CsV (Eg)k™%.

If n>1, since E7, = En € G, we have a uniform bound V(EH) < M.
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Therefore, assumptions of Theorem 3.11 are satisfied for § = V and n= 8
For each given € > 0, notice that V > 1 and W > 1, we have

Pelte > n] < ¢(CsV (E) + W (E) + max{C3, C;}V (E))n =@~
< Co(W(E) + V(E)n~ "9,
where Cg is a constant depending on € and 7. This completes the proof. [
PROOFS OF THEOREMS 1 AND 2. We first prove Theorems 1 and 2 for E,,.
It follows from Theorem 6.6 that
Pg[te > nl < Co(W(E) + V(E))n =@,

where Cg is a constant that depends on both 1 and €. Since Pg[t¢ > n] is at most
1, we have

Pg[te > n] < max{1,2Cs}(W(E) + V(E))(n + 1)~ ¢~9.

Therefore, by Lemma 3.13, there exists a constant Cg that depends on n and €,
such that

Eg[td %] < Cs(W(E) + V(E)).
Note that @ =2 — 2n. Lete =np and n = %y, we have

2— A A
(6.2) Egylte '] < C3(W(E) + V(E)).
By the compactness of €, it is easy to see that

sup EE[té_y] < 00.
Ee€

Note that W <=W+1 and V <V + 1. Therefore, for any probability measure
neM,, Csg(W(E)+ V(E)) is integrable and

(6.3) [t "] < oo.

Theorem 1 for E, is then proved by applying Theorem 3.6 to i, v € M,,.
It follows from Corollaries 6.2 and 6.3 that E,, is a strongly aperiodic irreducible
Markov chain. The existence of an invariant measure 7 then follows from

sup Eg[t¢] < sup EE[ré_y] < 00

Ee¢ EeC

and Theorem 3.5. The absolute continuity of = comes from Proposition 6.4. The

n~(=7) speed of convergence to 7 is given by the existence of 7 and Theorem 3.6.
It remains to prove the uniqueness of 7. We prove the uniqueness of 7 for any

E; instead of E,,.
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Recall the proof of Proposition 6.4, for any ¢ > 0 and E € RY, P!(E,-) has a
strictly positive density on €. This implies € belongs to the support of any invari-
ant probability measure. However, any two distinct ergodic invariant probability
measures must be mutually singular. In addition, every invariant probability mea-
sure must be a convex combination of ergodic invariant measures. Hence E; has at
most one invariant probability measure, which must be 7 (see, e.g., Theorem 1.7
of [16]).

This completes the proof of Theorem 2 for E,. U

The return time argument for E, also help us to obtain the tail of a marginal
distribution of 7. Since 7 is absolutely continuous with respect to the Lebesgue
measure, any marginal distribution of 7 also has absolute continuity. Let p; (E) be
the density of the marginal distribution of r with respect to site i. Let

E A A
a(B)= [ pi(E)AE = PAlE; < E]
be the marginal distribution function. The following lemma holds.
LEMMA 6.7. Foranyi =1,..., N and any sufficiently small y > 0, there
exists 0 < § < 1 such that
qi(E) = E'**Y
if0< E <3.
PROOF. Define sets A = {(Ey,...,En) |1 < E; <2foralli} and B;(E) =

{(Ey,...,EN)| E;i < E}. Itis then well known that ¢; (E) = w(B;(E)) is equal to
the expected occupation time for E,, on B;(E), that is,

Ta—1
7 (Bi(E)) Z/Aﬂ(d)’)Ey[Z l{EkeBxE)}}

k=0

(Theorem 10.4.9 of [29]). Let h be the time step size when defining E,, in Theo-
rem 4.1. We have

7(Bi(E)) > /A 7 (dy)Py[S11P[S2 | S11P[S | S1, S21E /2,

where S1, S2, S3 are the following three events:

S1 = {clock i rings exactly once at fy < h, all other clocks are silent},

S, ={E; (tar) € (0, E) after S; occurs},
and

S3 = {after # = h, no energy exchange involves E; before t = h + | E~1/?|}.
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Then it is easy to see that Py[S1] is uniformly positive for y € A, P[S> | S1] > E/4
is independent of the initial condition, and P[S3 | S, S2] > e~ for any initial con-
dition because E;(h) < E. In addition, we have w(A) > 0. Hence for all suffi-
ciently small £ > 0, we have

qi(E) > cE'/?

for some constant ¢ > 0 that is independent of E and i. This completes the proof.
g

Theorems 1 and 2 for E;. The last step is to pass results from E, to E;. The
contraction of the Markov operator is easy to pass because we have

|wP' =Py =] (MPL%M - VPL%M)P(I_L%M ey = “MPL%M - VPL'%Jh”Tv-

It remains to show that m, the invariant probability measure of E,, is invariant
for any E;, t > 0.

LEMMA 6.8. 7P’ =g foranyt > 0.

PROOF. Note that the argument in Sections 4 and 5 works for all sufficiently
small time steps. Let /& be the time step we have chosen for E,,. For any r < h,
P7" also admits an invariant measure 7,. It is then sufficient to show that 7, = 7

because any ¢ can be written as
t
t=|—|-h+r
i)
for some r < h.

In addition, we have the “continuity at zero,”
|7, PO = 70, |y — O as 8 — 0

because all clock rates are less than K.

Without loss of generality, assume r/ h ¢ Q. By the density of orbits in irrational
rotations, there exist sequences i,, j, € Z", such that 8, :==h — %r — 0 from
right. Then

in
rr,Ph :n,Pf'an‘s" :mP‘S" — 7T,

by the “continuity at zero.”
Hence 7, is invariant with respect to P”. By uniqueness, 7, = 7. [

Therefore, Theorems 1 and 2 also hold for E;.
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REMARK. We expect Theorem 1 to be close to optimal. Let € be a uniform
reference set. Then it is easy to see that there exists an € > 0 such that B, = {E |
E; <eforsomei=1,..., N}is disjoint with €. Let D ={E | E; < L} for some
large L. Then it is easy to see that for any u and v that have uniformly positive
density on B, N D, we have j(B,—2) ~ O(t~2) and v(B,—2) ~ O(t~2) for t > 1.
When E; < =2, the probability that no energy exchange occurs between site i — 1
and i, or between site i and i + 1, before time 7 is O(1). Therefore, we have the
lower bound on tails P, [t¢ > ] > O(1) - t=2 (and Py[t¢ > t] > O(1) - t—2). This
implies the coupling time 7 has the tail

Puu[T > 11> 0(1) 172

This is consistent with our numerical result in [22] that the tail of P[tg¢ > £] is
~ t~2. Similar argument leads to the proof of Proposition 4.

PROOF OF THEOREM 3. The following calculation is straightforward:

‘ [ (PO ®s@E) - [(Po) @) [ é(E)u(dE)|
= \ / 5<E>((P’;)<E) -/ (P’C)(Z)u(dZ)>u(dE)‘

< lele= 1l [ 6P = P! frynE).
It then follows from Corollary 3.10 and equation (6.2) that
[P = 1P| py < C(WE) + V(E) + Cp) (1))

for some C, C;, < oo thatis independent of E. Since W(E) + V(E) is p-integrable,
we have

‘ / (P'¢)(B)& (B)u(dE) — f (P'¢)(E)(dE) / s(Em«iE)‘

<O - lIg Nz l¢lzoer” 2,
where the O (1) term depends on y, N and p. [
PROOF OF PROPOSITION 4. Let v be a probability measure that satisfies the
following properties:

e v is absolutely continuous with respect to .
o let Bo={E=(Ey,...,EN) € Rﬁ | E1 < €} for some fixed small € > O.
v satisfies dv/dm =4 on Be.

Such v must exist because  is absolutely continuous with respect the Lebesgue
measure. Hence we can always find a small € > 0 such that 7 (B,) < %.
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Then for t > 0, we have
[vP" = |y = |(vP')(B2) = (Bi-2) | py = (vP')(B,-2) — 7 (B;-2)
> [Py[clock 1 does not ring before ¢, Eg € B,—2] — 7 (B,-2)

= v(B,—2)Py, . [clock 0 and 1 does not ring before ] — 7 (B,-2)

> v(B,2)e ! — 1(B,—2) = (4! — 1) (B,-2),

where v|p _, is the restricted probability measure v on B;—2. Let y > 0 be a suf-
ficiently small number. Apply Lemma 6.7 to the marginal distribution function
q1(E) and small parameter y /2. There should exist a 7 < oo such that

7(B2)=qi(17?) =17
for any r > T. Hence
[P — 7| py = (e =)0 +0)""Y,  t>T.
In addition, we can always find ¢ > 0 such that
[P — 7|y =l +1)~17

forall 0 <t < T. The proof is completed by combining the two estimates. [

REMARK. The result of Lemma 6.7 implies that the invariant probability mea-
sure 7 may not belong to M,, for sufficiently small > 0. As a result, the initial
probability distribution v constructed in the proof of Proposition 4 may not be in
M,, either. Our numerical simulation shows that the lower bound of convergence
holds for many initial probability distributions within the measure class M, as
well. But a rigorous proof requires many detailed properties of 7, which turns out
to be very difficult due to the nonequilibrium nature of the system.
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