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Abstract: In this paper we consider a continuous almost periodically cor-
related process {X(t),t € R} that is observed at the jump moments of a
stationary Poisson point process {N(¢),¢ > 0}. The processes {X (¢),t € R}
and {N(t),t > 0} are assumed to be independent. We define the kernel esti-
mators of the Fourier coefficients of the autocovariance function of X (¢) and
investigate their asymptotic properties. Moreover, we propose a bootstrap
method that provides consistent pointwise and simultaneous confidence in-
tervals for the considered coefficients. Finally, to illustrate our results we
provide a simulated data example.
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1. Introduction

Periodicity and almost periodicity appear naturally in many real datasets. A
wide variety of examples from different fields can be found in [1], [14], [19], [28]
and [29]. Often this type of data has a structure of periodic or almost periodic
correlation. To be more precise, a stochastic process that has finite second order
moments is almost periodically correlated (APC) if its mean function and its
shifted covariance function are almost periodic in time [16]. The notion of an
almost periodic function was introduced in [3]. Recall that a function f : R — R
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is called almost periodic if for every € > 0, there exists a number [. such that for
any interval of length greater than I., there exists a number p. in this interval
such that

sup |f(t +pe) — f(t)] <e.
teR

Equivalently, the almost periodic functions can be defined as the uniform limits
of trigonometric polynomials (see [3]). Periodic functions are the only class of
almost periodic functions that have a period. In general, an almost periodic
function has no period. There is a large amount of papers concerning period-
ically correlated (PC) processes (see e.g. [19] and references therein), but still
relatively few on general APC processes. Thus, the analysis of APC processes
is challenging. It is usually performed using Fourier expansions of the mean
function and of the shifted autocovariance functions. The other important issue
is the fact that the considered processes cannot be observed continuously and
data are often sampled irregularly to avoid aliasing and folding phenomena (see
e.g. [26]).

In this paper we deal with an APC continuous process X = {X(¢),t € R}
that is observed at the jump moments T, k > 1, of a stationary Poisson point
process N = {N(t),t > 0} which is independent on X. This type of sam-
pling was considered e.g. in [5] (see also (7], [22], [23] and [30]). The estimation
problem of the Fourier coefficients of the mean function in this framework was
considered in [7] where the standard estimators have been used. In the following
we focus on the Fourier analysis of the shifted autocovariance function. In this
case, the Fourier coefficients are computed from products of the values of the
process where distance in time is equal to an arbitrary fixed lag 7 € R, i.e.
X(#)X(t+7), t € R (see relation (1)). However, using Poisson sampling we do
not have at our disposal the necessary information to perform some sampled
versions of these products, thus we cannot use the standard estimators. To deal
with this problem we are going to apply a kernel method. Similar ideas for
stationary processes can be found in [27] (see also [22]), and for harmonizable
APC processes in [9]. The second key issue is the construction of confidence
intervals for the Fourier coefficients which we are estimating. The asymptotic
covariance matrices are very complicated and depend on unknown parameters
(see Proposition 6.1). Hence in practice it is very difficult or even impossible to
estimate them. Thus to get confidence intervals, resampling methods are used.
In the literature the number of bootstrap and subsampling consistency results
for the Fourier coefficients of PC and APC processes is constantly growing. The
subsampling validity for the Fourier coefficients is established for PC time series
in [25], and for APC processes in [8]. Moreover, the consistency of the Moving
Block Bootstrap (MBB) for the Fourier coefficients of the shifted autocovariance
function for PC or APC time series was studied in [31] (see also [12]). Addi-
tionally, for PC time series the Generalized Seasonal Block Bootstrap (GSBB)
was considered in [13]. The GSBB in contrary to the MBB requires knowledge
of the period length and hence cannot be applied in the general case for APC
processes. Finally, the modification of the MBB method for the Poisson sampled
APC process was considered in [7] for the estimation problem of the cyclic mean.
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In this paper we provide a consistent estimator for the Fourier coefficients
of the shifted autocovariance function of a continuous time APC process from
a Poisson sampled observation. Moreover, we obtain the validity of some boot-
strap approach that is based on the MBB method. As a result construction of
bootstrap confidence intervals is possible.

The paper is organized as follows. In Section 2 the necessary notation is
introduced and the problem is formulated. Additionally, the kernel estimator of
the Fourier coefficients is introduced. In Section 3 the assumptions are discussed
and asymptotic properties of the considered estimator are derived. Moreover, the
bootstrap method is described and its consistency is shown. Section 4 contains
multidimensional results and the construction of the bootstrap simultaneous
confidence intervals. In Section 5 a simulated data example is presented. The
proofs of the results can be found in Section 6.

2. Problem formulation

Let X = {X(t),t € R} be a real-valued zero-mean APC process that is observed
at the jump moments Ty, £ > 1, of a stationary Poisson point process N =
{N(t),t > 0} with intensity 8 > 0. The processes X and N are assumed to be
independent. Moreover, let K x (¢, t+7) be the shifted autocovariance function of
the real-valued zero-mean process X, i.e. Kx(t,t+7) := cov{X(t), X(t+7)} =
E{X(¢t)X(t+7)}. Since the process X is APC, the function (¢,7) — K(¢t,t+7)
is uniformly continuous, and for each 7 the function ¢ — K(¢,t 4+ 7) is almost
periodic (see e.g. [16] and [18]). Then the cyclic covariance of the process X is
defined as Fourier-Bohr coeflicients

I :
ax(/\,T) = TIEI;OT/O Kx(t,t—i-T)e_l)\tdt

T

= lim l/ E{X()X(t+7)}e M dt (1)
T—oo T 0

for any A € R and any 7 € R. The set of cyclic frequencies A := {\ € R :

ax (A, 7) # 0 for some 7 € R} is known to be countable (see [18]).

The estimation of the cyclic covariance is based on the observations where
the time distance is equal to 7, and 7 € R is fixed. Let us recall that in the
considered problem the process X is not observed continuously and the time
distances between the observations in general are not even integer multiples of
7. To solve this problem we propose a kernel estimator of ax (\, 7).

Let T' > 0. Assume that the observation of the process X is performed during
the time interval [0, T']. This means that we observe the random sequence X (T%)
at the sampling moments 0 < Ty, < T, k=1,...,N(T).

Let us define wy, (t) := w(t/h)/h, where the window width A = hy > 0 tends
to 0 as T — oo and the weight function w : R — R is a non-negative symmetric
measurable function with support contained in [—1, 1]. Moreover assume that
JH w(t)dt = 1.
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Recall that E{X (¢)} = 0. Then for all fixed A and |7| < T — hr we define the
estimator of ax (A, 7) as follows
N(T)
G = @0\ 7)i= 5 3 O L s O (7 = T+ T X (L) X (T €T

ni,n2 =1

T pT
:@LT / / Wiy (T =t +8)X ()X (t) e AN (s,1),
0 Jo

where dN () (s,t) := {520y AN (s)dN(t). Hence

I ;
ar = 5= / / Why (T = )X ()X (s + 1) e NP (s + ds, s+t +dt),
BT J_p I(T,t)

where I(T,t) :={s:0< s <T,-t<s<T—t} =[0,T)N[-t, T —1].

In this paper we assume that the intensity 5 of the Poisson process {N(t),t >
0} is known. When f is unknown, in the definition of @r it may be replaced
by Br = N(T)/T. Then the consistency of this estimator of ax (A, 7) as well
as the consistency of the bootstrap method can be easily established. However,
this problem is beyond the scope of this paper.

3. Main results

In this section we present the asymptotic properties of the estimator ar and its

bootstrap version ak.. At first we discuss the assumptions that will allow us to

establish the results.

(AP3) For each t € R, E{X ()} = 0 and E{X (t)?} < oo; the function (¢,7) —
E{X ()X (¢t + 7)}} is uniformly continuous on R xR and is almost periodic
in ¢ uniformly with respect to 7 varying in R.

(AP4) ForeachteR, E{X (#)*} < oo; the function (t, 71, 72, 73) — E{X (t) X (t+
71)X (t + 72) X (t + 73)} is almost periodic in ¢ uniformly with respect to
Ty, Te, T3 varying in R.

(CS(\, 7)) Cycle separability: For fixed A, 7 € R

ax( )\ ,T)
Z | Vo < 00. (2)
N#X |

(Lip) Lipschitz property of the shifted covariance: There exists a constant L > 0
such that for all s,7 € R and u € [—1, 1] we have

[E{X(8)X(s+7—u)} —E{X(5)X(s+7)}| < Llul. (3)
(M) Mixing property of the processs X : X (t) is a-mixing and
(i) either {X(¢),t € R} is bounded and ax(-) € L'([0,0)),

(i) or there exists § > 0 such that sup, E {X(t)**°} < oo and ax() €
LAE+)([0, 00)).
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Assumptions (AP2) and (AP,) denote almost periodicity of the second and
fourth moments of the process X, respectively. Condition (CS(A, 7)) is a separa-
bility condition on the cyclic frequencies. It is satisfied for all A, 7 € R whenever
the set of cyclic frequencies A satisfies

Z I\ 72 < o0.

AeA\{0}

The last inequality is fulfilled when the cyclic frequencies are separated by at
least a positive constant because

2

ax (N, T _
Z | |))\(/(_ )\|)| < Z |ax()\l,7')|2 Z |/\/_)\| 2

NeA\{\} X eA\{A} X eA\{A}

and for any APC process we ave

Z lax (N, 7)) < oc.

NeA

Finally, the asymptotic results that we will present require some mixing as-
sumption (M). To be precise the process X is assumed to be a-mixing (strong
mixing) i.e. ax (k) — 0 as k — oo, where

ax(u)=sup  sup |P(An B) - P(A)P(B)|,
t  AeFx(—oo,t)
BeFx (t+u,)
and Fx(—oo,t) =0 ({X(s) : s <t}) and Fx(t+u,00) =0 ({X(s) : s >t + u}).
For more details and examples of other dependence measures that we could
considered we refer the reader to [10] and [6].

In the sequel we use the following symbols: O(-), o(:) and <. Let f(-) and
g(+) be real valued functions defined on (0,00) or on N. The notation f(T) =
O(g(T)) denotes that |f(T)/g(T)| remains bounded as T' — oco. The notation
f(I) = o(g(T)) stands for f(T)/g(T) — 0 as T — oo. We will also use the
notation f(T') <« g(T') when f(T)/g(T) — 0 as T — oo.

3.1. Properties of ar

This section is dedicated to some asymptotic properties of ar. From now on
whenever we consider a complex number z we treat it as the bidimensional
vector with coordinates equal to the real and the imaginary parts of z. At
first we study the bias, the convergence in quadratic mean and the almost sure
convergence of ar, as well as the rate of convergence. The last result states the
asymptotic normality of the considered estimator.

Proposition 3.1. Let {X(¢),t > 0} be an APC process which satisfies condi-
tion (APy). Then for all \,7 € R

Jim E{ar(\ 1)} = ax(A 7).
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Furthermore, if in addition conditions (CS(\, 7)) and (Lip) hold, and if hr <
T3, then

lim /Thr(E{ar(\,7)} —ax(\, 7)) =0.

T—o0

Proposition 3.2. Let {X (t),t > 0} be such that the APC condition (AP3) and
the mizing condition (M) are fulfilled. Assume also that T~' < hp < 1. Then
forall \,7 € R
. ~ 2
Thj};oE{|aT(>\,T) —ax(A\,7)] } =0.
If in addition conditions (CSy(\,7)) and (Lip) are fulfilled and hp < T—/3,
then for all \,7 € R

lim sup ThrE {!aT()\,T) - GX()\aT)|2} <o

T—o0

As a by-product of the rate of convergence in the quadratic mean, we state
the almost sure convergence of the estimator ar (A, 7).

Proposition 3.3. In addition to all the conditions of Proposition 3.2, assume
that the window width hp is non-increasing, T—" < hp < T-1/3 for some
1/3 < k < 1, there exists x > (1 — k)™ such that hps = h(,41)=(1 4 0(1)) as
n — 00, and the kernel function w(-) is non-increasing on (0,00). Then ar(A, T)
converges almost surely to ax (A, 1) as T — co.

Furthermore under the hypotheses of the previous proposition, we can es-
tablish some rate of almost sure convergence. For instance when hy =T, we
have

lim 7079 (@r(\,7) —ax(\, 7)) =0  as.
T—o0
for any 0 < € < min { (2z(1 — H)>_1, 1/2 — (2z(1 - Ii))_l}.
Next we state the asymptotic normality of the estimator.

Theorem 3.4. Let {X(t),t > 0} be an APC process and assume that conditions
(CS(A\, 7)), (Lip), (AP2) and (APy) as well as the mizing condition (M) are sat-
isfied. Then /Thy (ar (X, 7) —ax (X, 7)) converges to a bidimensional Gaussian
distribution provided T~' < hp < T~1/3,

The form of the asymptotic covariance matrix is very complicated (see Propo-
sition 6.1) and hence very difficult to estimate. Thus, in practice to construct
confidence intervals, resampling methods are used. In the sequel, we introduce
a bootstrap approach and provide results stating its consistency.

3.2. Bootstrap method and consistency results

In this section we present a bootstrap technique that can be used to construct
the consistence bootstrap confidence intervals for the cyclic covariances. The
idea of this approach was introduced in [7] for the cyclic means. Our bootstrap
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method is the modification of the usual Moving Block Bootstrap. Before we
describe the bootstrap algorithm let us introduce some additional notation.

Recall that we observe (X (T}),T)) at the sampling moments T}, in the time
interval [0,7]. In the sequel P*, E* and var* denote respectively conditional
probability, conditional expectation and conditional variance given the sample.

Let 0 < by < T be the block length, hr > 0 be the window width. Without
loss of generality we assume that the considered time interval [0, 7] can be split
into Ir disjoint subintervals of the length bp, i.e. T = lpby, where T, by, lr € N.
To simplify the notation we write h, b and [ for respectively hr, by and I except
when there is some risk of misunderstanding. Throughout the paper we assume
that h - 0,b— occ and | — o0 as T — oo.

BOOTSTRAP ALGORITHM:

1. Choose an integer number 0 < b < T.
2. For k =0,...T — b define the blocks of observations as following

By = Bk,b = {(X(Tz),TZ) k<T; Sk"i‘b,iGN*},

where N* = {1,2,...}.

3. Select randomly with replacement [ blocks from the set {By,..., Br_p}.
This corresponds to the random selection with replacement of [ numbers
from the set {0,...,7 — b}. More precisely let i},..., be ii.d. random
variables on the set {0,1,...,T — b}:

1
P (ii=k)= —— k=0,....,T—b, j=1,...,1.
(Z] ) T—b—|—1’ 07 ) y ) ) )
For simplicity of notation we write j* := 47, for j =0,...,01— 1.

4. Join the [ blocks (B§, By, ..., Bj_;) to obtain a bootstrap sample, where
B;:Bj*7 j:0,7l_1

Before we construct a bootstrap version of the estimator ar of ax (A, 7), we
introduce an estimator @y, which is the version of @y defined on the subinterval
(k,k+0b),for0<k <k+b<T.Let

ak,b = Ek,b(/\, 7')
N (k+b)

1 —1
= % Z Z H{m#nz}wh (TﬁTng +Tn1)X(Tn1 )X(Tn2> e m
n1,n2=N(k)+1

1 k+b pk+b .
= o7 / / wy (T —t+5) X ()X (t) e”** AN (s, 1)
B b k k
1 [t ,
= %// wi(T—t+5) X (k+5) X (k+t) e 76T N (k4 s4-ds, k+t+dt).
0J0

In [7] it is shown that in the case of cyclic mean estimation the original
estimator can be equivalently expressed as the sum of the estimators defined
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on subintervals. Unfortunately, for the cyclic covariance estimation case such
decomposition does not hold. In general

-1
—~ 1 —~
ar # 7 Z ajbb-
7=0
However, we consider the bootstrap version of the estimator ar defined as
ap =ap(A,T) =
where
Qe b = aje p(A,7)
1 I D ,
= ﬂ/ / Wi (7 — £+ 5) X ()X (£) e AN (s, )
J* J

| N@ND
= 5% Y > Tl <ty 1y <ie 0y 0n (7= Ty + Ty

n1:1 n2:1

o

X X (T, )X (T, )e” Az,

One can easily notice that @ (conditional on the observation) is a biased esti-
mator of ar.

1l—l 1 T—b 1 )
B fas) = = - ~ - - -~ .
ar} Z;T—b—kl;ak’b T—b+1;“’“”£“T

Moreover for each j =0,...,l — 1, we have
E*{ar} =E*"{a;-»} and var*{ar}=var*{G;;}.
Next proposition states the asymptotic unbiasedness of @.

Proposition 3.5. Assume that conditions (APs) and (M) are satisfied. Then
lim E*{a}7(\,7)} = ax(\,7) in g.m. 4)
T—ro00

Assume in addition that conditions (CS(A, 7)) and (Lip) are fulfilled, and that
T-' < h < min{T~1/3 b>T~1}, then

limsupThE{|E* {a*T(A,T)}faX(A,T)P} < . (5)
T—o0

Moreover, assume that the window width h = hr is non-increasing, T—" < hp <
T3 where 1/3 < k < 1, the block length by is non-decreasing, 1 < by < T
and there exists x > 0 such that x(1 — k) > 1, hpe = h(py1)=(1 +0(1)) and
bnt1) = bp=(1+0(1/n)) asn — oo. Assume also that the kernel function w(-)
is non-increasing on (0,00). Then

lim E* {a7(A\,7)} =ax(\,7) a.s.
T—o0
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Furthermore, under the assumptions of the last proposition, we can obtain
some rate of convergence. For instance when hp =T7"

lim TU=¢(E* {@5(\, 7)} —ax(\,7)) =0 as.

T—o0
for any 0 < € < min { (2z(1 — H))_l, 1/2 - (2z(1— /@))_1}.
Then we state the convergence in P-probability of the bootstrap variance.

Proposition 3.6. Let A and 7 be fized. Assume that conditions (APsy), (APy),
(CS(\, 7)) and (Lip) are fulfilled. Assume that

— either the process { X (t),t € R} is bounded and ax(-) € L*([0,00)),
~ orsup, E {|X()[¥T} < 0o and ax(-) € L%/ U4+9)(]0, c0)).

Let TV3 <b< T and b~ < h < min{T~/3 b=3/2T/2}. Then Thvar* {a%
converges in P-mean (i.e. in L*(P)) so in P-probability to the variance matriz
of the bidimension Gaussian limit distribution obtained in Theorem 3.4.

Finally, we present the consistency of the bootstrap method.
Theorem 3.7. Let A and 7 be fized. Assume that conditions (APy), (APy),
(CS(A\, ) and (Lip) are fulfilled. Assume also that
— either the process {X (t),t > 0} is bounded and / tax(t)dt < oo,
0

~ orsup, E {|X(¢)[¥} < o0 and/ tax(t)4F)dt < co.
0

Let0 < 0 < 2/9, TV? <b< T3 gnd max{b~1, 0T~/ (=30} « h< T~1/3,
Then

p (£{VTh@r(n7) = ax(, )} £ (VTR @0 7) — ar(A 7)) ) 250,
as T — oo, where p is a metric metricizing weak convergence in R2.

In theorem above by £ {\/Th (ar(A, 1) — aX()\,T))} we denote a probabil-

ity law of VT (ar(\, 7) — ax(A, 7)) and by £* {\/Th @5\ 7) — ar(\, T))} its
bootstrap counterpart.

4. Multidimensional results

In this section we provide the multidimensional versions of Theorems 3.4 and
3.7. Moreover, we discuss construction of the bootstrap simultaneous confidence
intervals. At first let us introduce some additional notation. Let r € N be fixed
and

A=, uN)  T= (1,1

be vectors of frequencies and lags, respectively. Moreover, let

Rax (A, 1) = Rax(A1,71),-.-, %aX(AT,TT))/,
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Sax (A, 7) = (Sax(A,71),...,Sax A\, 7)),
and
X(A,T) = (%ax()\l,Tl)7<\\9ax()\1,T1),...7§Rax()\r,7'»,‘),%ax()\r,7}))/.

Additionally, by ar (A, 7) and @k (A, 7) we denote the estimator of ax (X, T)
and its bootstrap version.

Theorem 4.1. Under the assumptions of Theorem 3.4,v/Th(ar(A7)—ax (A,T))
converges to a 2r-dimensional Gaussian distribution with mean zero.

The form of covariance matrix is presented in Proposition 6.1.

Theorem 4.2. Under the assumptions of Theorem 3.7
5 . ok ~ P
p (£{VTh @r A7) = ax A )}, £ {VTh @ (A7) ~ar (A7) }) 20,

where p is a metric metricizing weak convergence in R?".

Thanks to the continuous mapping theorem one can easily deduce the con-
sistency of the bootstrap approach for smooth functions of ax (X, 7). This is
a key result for obtaining the bootstrap consistent confidence intervals for the
parameters of interest, which are very important in real data applications. Be-
low we briefly recall the construction of the (1 — 2a)% bootstrap equal-tailed
percentile simultaneous confidence intervals. In the next section we use them to
detect significant frequencies of some simulated signal. Let

Koz () := P* (\/_hmax%(aT(/\Z,T) —ar(A, 1)) < J;)
Kpnin(@) = P* (VTR min® (@(\, 7) — ar(hi, 7)) < @)

for x € R, and we get the confidence region of the form

! « —1 o
(gﬁaT()‘h T) %7 §R&T()\,;, 7') — m)

fori=1,...,7, A1,..., A\ € Rand 7 € R. The confidence intervals for imaginary
case are defined correspondingly.

5. Simulated data example
In our study we consider the process X of the form
X(t) = 20sin (27t /5) OU(t),

where {OU(t),t € R} is a zero-mean Ornstein-Uhlenbeck process generated
with the following parameters: the time step is 0.01, the relaxation time 0.1, the
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Fia 1. Estimated values of |ax (X, 0)| for A € {0,0.01,...,3.14} and sample size T = 100,
b = 10. Results for h = 2077935 and h = 207937 in the left and the right column,
respectively. From top results for d = 0.5,0.4,0.2, respectively.

diffusion constant 1 and the initial value OU(0) = 0 (for more details please see
[15]). The intensity of the Poisson process {N(t),t > 0} is set to S = 5.

Our aim is to identify significant frequencies for the shifted autocovariance
function applying the methodology presented in the previous sections. In the
considered example in the interval [0, 7] there are two such frequencies 0 and
0.87. To detect them we construct 95% bootstrap pointwise and simultaneous
equal-tailed confidence intervals for ax (A, 7), more precisely for its real part
Rax (A, 7) and its imaginary part Sax (A, 7). We take two sample sizes T' €
{100, 400}, the number of bootstrap resamples B = 500 and the block length
b = [VT] € {10,20}. Thus T/? <« b < T°/° (Theorem 3.7). The kernel
function w(-) is of the form

t/d for t € [0, d]
wi(t) =4 1 fort e [d,1—d]
(1-¢t)/d forte[l—d,1].

with d = 0.5,0.4,0.2. Depending on the value of the constant d, we get a
trapezoidal (d < 0.5) or a triangular function (d = 0.5). Finally, the window
width h € {2079-35 20737}, The considered frequencies A belong to the set
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Fic 2. Estimated values of Rax (A, 0) for X € {0,0.01,...,3.14} and sample size T = 100,
b =10 (black line) together with the 95% bootstrap pointwise equal-tailed confidence intervals
(gray line) constructed with h = 20T~%3% (left column) and h = 20T~%37 (right column).
From top results for d = 0.5,0.4,0.2, respectively.

{0,0.01,...,3.14}. The lag is set 7 = 0. One should be aware that none of the
values in the considered set of frequencies is precisely equal to the true frequency
0.87 =~ 2.51327.

In Figure 1 we present the estimated values of |ax (), 0)| for different kernel
functions and 7' = 100. The number of jumps of the generated Poisson process
is 495. Independently on the values of d and h one may observe a high peak for
A = 0. There are also some other values that may be significant and they can
be observed not only around the true frequency A = 0.87.

Next we present the figures only for the real part Rax (A, 0) of ax(A,0), since
they are very similar for the imaginary part Sax(A,0). Figure 2 illustrates
the obtained 95% bootstrap pointwise equal-tailed confidence intervals. From
the pointwise confidence intervals we detect many significant frequencies. By
significant we mean \ for which the confidence interval constructed for Rax (), 0)
or Sax(A,0) does not contain 0. For example for triangular kernel function
(d = 0.5) and h = 207 %37 the following frequencies have been detected for the
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TABLE 1
Number of detected frequencies for sample size T'= 100, b = L\/Tj =10, hy = 2077935 and
ha = 20T~937, For each specified range of frequencies, each specified values of constant d
and window width h, first and second row contain the number of frequencies detected from
the 95% bootstrap pointwise equal-tailed confidence intervals for Rax (A, 0) and Sax (A, 0),

respectively.
d=0.5 d=0.4 d=0.2
A hl h2 hl h2 hl h2
[0,0.1] 3 3 3 3 3 3

4 4|4 3|3 3
[0.11,2:40] | 19 15 | 17 14 | 22 19
18 16 | 17 17 | 15 16
[241,261] | 4 4 | 4 4 | 4 4

6 7|7 7|7 7
262,314 | 3 3 | 3 3| 3 3
1 2112 1|1 3

TABLE 2
Number of detected frequencies for sample size T' = 400, b = L\/Tj =20, hy; = 207935 and
ha = 20T~937, For each specified range of frequencies, each specified values of constant d
and window width h, first and second row contain the number of frequencies detected from
the 95% bootstrap pointwise equal-tailed confidence intervals for Rax (A, 0) and Sax (A, 0),

respectively.
d=0.5 d=0.4 d=0.2
A h1 h2 hl hg h1 h2
[0,0.1] 1 1 1 1 1 1

1 1 1 1 1 1

[0.11,2.40] | 14 11 | 14 14 | 25 19
14 11 |17 15 | 22 26
241,261 | 1 1 | 1 1 | 1 2
3 3|3 3|3 4
262,314 | 1 1 | 2 1| 4 1
1 1|1 o |1 2

real and the imaginary part, respectively:

{0,0.01,0.02, 0.38,0.54, 0.55, 0.56,0.93,0.94,1.09, 1.2, 1.3, 1.31,
1.76,1.95,1.96,2.05,2.23,2.47, 2.5, 2.51,2.52, 2.98, 2.99, 3.0}

{0.01,0.02,0.03,0.04, 0.53,0.54,0.57,0.9,0.91,0.92,1.17, 1.28, 1.29, 1.73, 1.74,
1.97,1.98,1.99,2.21,2.22,2.48,2.49, 2.5, 2.53, 2.54, 2.59, 2.6, 2.96, 2.97} .

Some of the listed frequencies are equal to or close to the true frequencies,
but most of them are just incorrectly detected. In Table 1 we summarize the
results obtained for different parameters using the pointwise confidence intervals.
To make them more clear we aggregate detected frequencies into 4 intervals:
[0,0.1],[0.11,2.4], [2.41, 2.61], [2.62, 3.14]. The first and the third interval contain
frequencies equal or close to the true ones (0 and 0.87). One can easily notice
that independently of the choice of d and h the numbers of detected frequencies
are similar. Most of the detected frequencies are in the wide interval [0.11, 2.4].
One may obtain similar conclusions looking at the corresponding results for
T = 400 (see Table 2 and Figure 3). The number of jumps of the generated
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0002 0002

Fia 3. Estimated values of Rax (A, 0) for A € {0,0.01,...,3.14} and sample size T = 400,

= 20 (black line) together with the 95% bootstrap pointwise equal-tailed confidence intervals
(gray line) constructed with h = 20T~°35 (left column) and h = 20T~°37 (right column,).
From top results for d = 0.5,0.4,0.2, respectively.

TABLE 3
Frequencies detected from the 95% bootstrap simultaneous equal-tailed confidence intervals
for Rax (X, 0) and Sax (A, 0) for sample size T = 100, b = 10, hy = 207935,
ha = 207937 and specified values of constant d.

d=10.5 d=0.4 d=10.2
hl h2 hl h2 hl h2
0.00 0.00 | 0.00 0.00 | 0.00 0.00
0.01 0.01 | 0.01 0.01 | 0.01 0.01
0.02 0.02 | 0.02 0.02 | 0.02 0.02
0.03 0.03 | 0.03 0.03 | 0.03 0.03

Poisson process in this case is 2064. Figure 4, presenting the estimated values of
|ax (X, 0)], shows that for any set of parameters, two high peaks are observed.
Moreover, the true frequencies belong to the regions with local maxima. As for
T = 100, from bootstrap pointwise confidence intervals one detects too many
frequencies. Most of them belong to [0.11,2.5] and the amount decreases when
d is increasing.

In the second part of our study we constructed the 95% percentile simulta-
neous equal-tailed bootstrap confidence intervals for fax (A, 0) and Sax (A,0).
The results for 7' = 100 and T" = 400 can be found in Tables 3, 4 and Figures 5,
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Fig 4. Estimated values of |ax (X, 0)| for A € {0,0.01,...

,3.14} and sample size T = 400,

b = 20. Results for h = 207935 (left column) and h = 20T~°37 (right column). From top

results for d = 0.5,0.4,0.2, respectively.

TABLE 4

Frequencies detected from the 95% bootstrap simultaneous equal-tailed confidence intervals
for Rax (X, 0) and Sax (), 0) for sample size T = 400, b = 20, hy = 207~0-35,
ho = 207937 and specified values of constant d.

d=0.5 d=04 d=0.2
h1 ha h1 ha h1 ha
0.00 0.00 | 0.00 0.00 | 0.00 0.00
2.51 2.51

6, respectively. For T" = 100, independently on the values of d and h we detect
always frequency A = 0 and some frequencies that are in its neighbourhood. For
T = 400 in each considered case we detect A = 0 and additionally for d = 0.2
frequency A = 2.51. Hence, only in the last case we managed to detect correctly
both true frequencies. To be more precise, we detect frequency A = 2.51, which
is the closest one from the considered set of frequencies to the true frequency

equal to 0.87 =~ 2.51327.

Additionally, we checked how the presented bootstrap approach is working
for 7 = 1. The values of |ax (A, 1)| are definitely smaller than the corresponding
ones of |ax(A,0)|, which makes detection more difficult. Below we discuss the
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F1a 5. Estimated values of Rax (A, 0) for A € {0,0.01,...,3.14} and sample size T = 100, b =
10 (black line) together with the 95% bootstrap simultaneous equal-tailed confidence intervals
(gray line) constructed with h = 20T~%35 (left column) and h = 20T~%37 (right column).
From top results for d = 0.5,0.4,0.2, respectively.

results for d = 0.2 and h = 207~%37. The estimated values of |ax(\,1)| for
T = 100 and T = 400 are presented in Figure 7. The results are similar to
those obtained for 7 = 0. The main difference can be observed for T' = 400. In
this case from the simultaneous confidence intervals, additional frequencies were
detected. Many of them belong to the neighbourhoods of both true frequencies
(see Table 5) but some are incorrectly detected.

6. Appendix
6.1. Asymptotic results for ar
Proofs of Propositions 3.1 and 3.2

Proof. Propositions 3.1 and 3.2 are particular cases of Lemmas 6.2 and 6.3,
hence we refer the reader to the proofs of these lemmas which are below. O
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F1G 6. Estimated values of Rax (A, 0) for A € {0,0.01,...,3.1
20 (black line) together with the 95% bootstrap simultaneous equal-tailed confidence intervals
(gray line) constructed with h = 20T~9-3% (left column) and h = 20T~°37 (right column).
From top results for d = 0.5,0.4,0.2, respectively.

TABLE 5
Frequencies detected from 95% bootstrap simultaneous equal-tailed confidence intervals for
Rax (M 1) and Sax (A, 1) taking b= |VT), h =20T~937 and d = 0.2.

T =100

T =400

0.00
0.01
0.02
0.03

0.00
0.01
0.02
0.03
0.07
0.33
0.65
0.72
0.93
2.51
2.52
2.92
2.94

4} and sample size T = 400, b =
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Fic 7. Estimated values of |ax (A, 1)| for A € {0,0.01,...,3.14}, sample size T = 100 (left
panel) and T = 400 (right panel), b= |T*?|, h = 207937 and d = 0.2.
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Proof of Proposition 3.3

Proof. To establish the almost sure convergence of ar we apply the usual tech-
nique based on the Borel-Cantelli lemma and Markov inequality (Bienaymé-
Chebychev inequality) to prove the almost sure convergence for the sequence
{@n=} for some z > 1 as n — co. Then we establish the almost sure convergence
to 0 of sup{|ar — @pe| : n* < T < (n+1)%}.

Indeed, from the rate of convergence in quadratic mean obtained in Propo-
sition 3.2 we easily obtain that the sequence {a,=} converges almost surely to
ax (A, 7) as n — oo when z(1 — k) > 1. Next, for n® <T < (n+ 1)*, we have

B n® pn® - @
< = g | [ el XX @I N 50

1 (n+1)* p(n+1)" (n+1)* pn® )
+ 5 / / +/ / wy, . (T —t+5)| X ()X (t)| dNP (s, 1)
B n 0 ne ne 0

1 n+1)* p(n+1
+ —ﬁan / / |wh, . (T —t+8) — wh, (T —t+ 5)| |X(s)X(t)\dN(2)(s,t).
0 0

<5 (-G G ()

Then since || X[} := sup, E {X(¢)*} < oo, the independence between the APC
process X and the Poisson process N means that

E <
[n®] [n"]

_Wﬂzzﬂ

k1=0ko=0" /K

Moreover

1 1

n®  (n+1)°

1
n® n+1

2
wh, . (T —t 4 8)| X ()X (t)|dN<2>(s,t)>

// Wh,o (T — t1 4 $1)Wh,0 (T — t2 + S2)
Ky Ky
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E {CU\/'(2)(817 tl)dN(Q) (82, tg)}

where Ky, = (ki, ki +1] xR, i = 1,2. By Lemma 6.11 the right-hand side of the
last inequality is estimated by

[n*] [n*]

1
n2(1+x) Z Z <1+ ]I{\kl k2|<hn1+7|+1}>

k1=0ko=0
c 2 2 22+ 17)) 1
< (12 )1+ 24227 ().
~ n? ( * nx) ( * ne * N hye © n?

The last order of magnitude is due to the fact that n"h,= — oo as n — oco. Here
and in the following, ¢ denotes a positive constant whose value may differ from
one expression to another. We deduce the almost sure convergence to 0 of

e \// Why (7 — £+ )| X () X (D] N (s, ).

Following a similar method we easily get the almost sure convergence to 0 of

1 (n+1)* p(n+1)" (n+1)" pn”
e ¥ Y B L ) P O P )
ﬁ n 0 n® n® 0

Finally since the kernel function is symmetric on R, non-increasing on (0, 00),
and from the monotony properties of by and A, we have

(n+1)" p(n+1)*
/ / o (7 — £+ 8) — Wiy (7 — £ + )] | X (5) X (O)] AN® (s, 1)
0

x

(n+1)* p(n+1) 1 1 _t
<[ G ) e () rex@lan® e
0 0 hny1ye  hpe =

(n+1)7 p(nt1)7 ¢ Ly .y
+/ / — (w(;ﬂ) - w(Tiﬂ’)) X (s)X (£)| AN (s, 1).
0 0 hine hine h(nt1)e

As previously we readily obtain the almost sure convergence to 0 of the two
terms of the right-hand side of the last inequality. This achieves the proof of
Proposition 3.3.

In the proof we obtained the different rates of convergence and taking them
under consideration one may state rate of almost sure convergence of ap. O

Below we provide the limit covariances between the estimators a7 calculated
for different frequencies and lags. For simplicity of presentation we present the
limit covariances for the estimators considered as complex random variables. The
reader can readily deduce the covariance matrices for the estimators considered
as bidimensional random vectors.
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Proposition 6.1. Assume conditions (APs), (APy) and (M) are fulfilled.
If T =1 = +m, then

Tlim ThB* cov {ar (A, 7),ar(Ae, £7)} = T% (A1, Ao 7).
—00

If|7’1| 7& |T2|, then

lim Tﬂ4 Ccov {6T()\1,7'1),6T()\2,72)} = F()\l,)\Q;Tl,TQ).

T—o0

Here

I (M, A2s7) = aa(Ar — Ag;7,0,7) + a® (A = Ay 7, 7),
™ (A, Aoy 7) 1= <a4(>\1 — X5 7,0,7) + aP (A — Aa; T, T)) ethem
L(A1, A2s 71, 72) o= C'(A1; A2s 71, 72) + aa (A — Aos 71,0, 72) + a® (A —Xo; 71, 72)
+ (as(A\ —X2; 71,0, —7)+aP (A —Ag; 71, fTQ))(;iAm
+ (as(M\ = Ao; =710, 72) + a@ (A — Aoy =71, 72) ) "1
+ (a4()\1 — Ao; —71,0, —72)

+a@ (A — Aoy -1, —Tg))ei()‘lTl’)‘”?),

C (M A2 71, 72) = 2/ ag(M = Ao;7a, 5,8+ 71)e N0 ds
R

— 2/ a4()\1 — )\2;7'1,8,8 +7'2)6i)\28 dS,
R

1 /T ,
ag(A\; 71, T2, T3) 1= Tlgn T/ KX(u,u+Tl;u—l—Tg,u—&-Tg)e_“‘“du,
o0 0

Kx(Sl,tl; Sg,tg) = Cov {X(Sl)X(tl), X(SQ)X(tQ)}

and

I _
aP(\;71,7) == lim T/ Kx(t,t+ 1) Kx(t,t + 1) e M.
0

T—o0

Proof. See Lemma 6.4 O

6.2. Results for the estimators defined on the blocks of length b

In the next lemma we study the bias of the estimators constructed on the blocks
of length b, i.e. @y (see Section 3.2).

Lemma 6.2. Let {X(t),t > 0} be an APC process and suppose that condi-
tion (APy) is fulfilled, and h — 0 as b — oo. Then for all \,7 € R

blggo E{app} =ax(\,7)
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uniformly with respect to k € N. Furthermore, if in addition conditions (CS(\, 7))
and (Lip) hold, and h < b=/ as b — oo, then

Th—>H;o s%p \/@’E {arp(1)} —ax (N, T)‘ =0.
Proof. Let k > 0 be fixed. Notice that
E {N<2>(s Sds. s+t dt)} — B {Tgs0y N(s + ds)N(s + t +dt) } = B2dsdL.
Then
E{aks}

k+b pk+b
:%/k /k wh(T—t+s)E{X(s)X(t)}e””\SE{dN(z)(s,t)}

b
- %/./ wy (T —t)E {X(k+3)X(]g+s+t)}e—i)\(k+s)
B2 J w)rv,e)

X E{N<2>(k+s+ds,k+s+t+dt)}

b
= / wy (1T — 1) (% /I(b ) E{X(k+8)X(k+s+1t)} e 0+ ds> dt

—b

= /T+b wp, (u) (l / E{X(k+8)X(k+s+7—u)}e rFt+s) ds) du.

—b b (b,7—u)
Since the support of the weight function w(+) is contained in [—1, 1] we get

E{ars}

= /111)(11) (1 / E{X(k+s)Xk+s+71— uh)}e_M(k+s)ds> du
I(

b,7—uh)

! 1
= /_ w(u) (5 /I(b,‘r—uth {X(k+s)X(k+s+T1—uh)}

—E{X(k+s)X(k+s+71)} )e_i’\(k+s)ds>du+/lw(u) < I _bUh|)

-1

1 .
X | ————— E{X(k+s)X(k+s+7) e 0+ ds | du.
(b - |T - Uh’| I(b,7—uh)

Assumption (AP5) with the Lebesgue dominated convergence theorem implies
that )

blim E{ai,} = </ w(u) du> az;(\, 7)) =ax(\,T)

—00 _1
uniformly with respect to k& € R. Moreover, under (CS(A, 7)) and (Lip) we
obtain the rate of convergence uniform with respect to k. Indeed

E {Ek,b} — ax()\,’r)
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(b,7—uh)

= /1w(u) (%/I E{X(k+8)X(k +5s+7—uh)}e ¢+ ds —ax (A, 7')) du

_ /11 w(u) (% /I(bj_uh) (B{X(k+5)X(k+ 5+ 7~ uh)}

—E{X(k+3s)X(k+s+7)})e Mt ds>du+/_11w(u) (1 T —buh>

wl—1 E{X(k+8)X(k+s+7)}e ¢ +9ds —ax (A 7)|du
b— ‘T - U’h" I(b,T—uh)

- (/11 w(u)w du) ax (A 7).

From the almost periodicity of the shifted covariance function, we have

1
b— |T_“h| I(b,7—uh)

Z lax( )\ ,T)
- b—|T—’LLh| o |\ —

E{X(k+8)X(k+s+7)e ) ds —ax(\7)

Thus,
|E {ak’b} — ax()\7 7')‘

< sup/ w(u)|E{X(s)X(s +7—uh)} —E{X(s)X(s+ 1)} | du

-1

a ,T) !
Z | |))\(/)\ 5 (/1w(u)TUhdU) lax(\,7)| < e(h+b7").

/\’;é)\
Hence, if h < b~1/3 then vbhsupy, |E {ax s} — ax (N, 7)| = o(1). O

Below we present a few additional results concerning the consistency and the
rate of convergence of the estimators defined on the blocks.

Lemma 6.3. Let {X(t),t > 0} be an APC process which satisfies condi-
tions (APy) and (M). Assume also that b' < h < 1 as b — oo. Then for
all \,7 e R

blggosupE{‘akb (A7) —ax (A, T)’ } =0.
If, additionally, conditions (CS(\,7)) and (Lip) are fulfilled, and if h < b=1/3,
then for all \,7 € R

lim sup supbhE{’akb (A7) —ax (A, T)‘Q} < 0.

b—oo k
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Proof. The covariance mixing inequalities established in Lemma 6.10, means
that

b—
-} | < g (1 5 ) 0 )+ L2 gz )

when the process X is bounded. In the case when the process X is not bounded,
but sup, E {|X(t)]**°} < oo, in the relation above ax(s) will be replaced by
ax (5)%/4+9) Finally, to finish the proof Lemma 6.2 needs to be used. O

Similarly to ar case (Proposition 3.3) the almost sure convergence of ay, , can
be obtained. The technical details are left to the reader.

Next, we compute the limit covariances between the estimators ay (A, 7)
calculated for different frequencies A and lags 7.

Lemma 6.4. Assume that conditions (APy), (APy) and (M) are fulfilled, and
h—0 asb— oco.
If =1 =+m then

Jim sup |bhB* cov {Grp (A1, 7), Ak b (A2, £7)} — T (A1, Aos 7) | = 0.
— 00 k

If |71| # | 2] then

lim sup|bﬁ cov {arp(A1,71), Gk p( A2, T2)} — ].—‘()\17>\277'1,T2)| =0.
b—o0 k>0

Proof. From the independence of the process {X(t) : ¢ € R} and the Poisson
process {N(¢) : t > 0} we have that

bﬂ cov{akb )\1,7'1 ak b(/\27T2)}

//// wp(T1 — t1 + s1)wp (12 —t2 + s2) e ~iAu(kts1)Firz (kts2)

X COV{Z(kJ+81 +dsy, k + tq +dt1), (k+82 + dso, k + to —|—dt2)}, (7)

where
dZ(s,t) = Z(s +ds,t +dt) == X(s)X(t) AN (s,1).

Note that
cov{Z(k+s1 +ds1,k+t1+dt1), Z(k+ s+ dsa, k+ta + dta)}
= B*Kx(k+s1,k+t1;k+ s,k +to) dsydtydsadty
BN (ko 50) X (k)X (5 + 82) X (5 + )} x {59600, 20y (A1) dtr sl
+ B30 51=t,1 (ds1)dtrdsadts + B304, —s,y (dtr)ds1ds2dts
+ B384, =101 (dt1)ds1dsodts + B8 (s, —s,1 (ds1)ds26 (1, —1,) (dtr)dts
+ 826 1 —ta) (ds1)dtad (s, —ony (dtl)dSQ}.
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Since the reasoning for all summands on the right hand side of equality (7)
is quite similar and requires the same techniques, we study in detail only two
of them, which illustrate how we obtain the two parts of the proposition: the one
containing expression (5{31282}(dsl)dt1d32dt2 and the one containing
Ofs1=s,3(d81)0(4,—¢,3 (dt1)dsadty. In particular, analyzing the last term provides
the information why the factor h appears when 7 = 75. Recall that h — 0 as
b — o0.
(i) The summand containing g, —s,} (ds1)dt1dsadts is equal to

//// wi (11— 1 + 51)wp(7a — tg + s5) e M1 T TR (s)

X E{X k+$1)X(k+t1)X(k+82)X(k+t2)}§{él sZ}(dsl)dtldSthQ

/// Wp, Tl—tl-l-s)’wh(Tg—tQ-i-S) —i(Ar—A2)(k+s)

XKX k+s,k+tk+s, k’+t2)d8dt1dt2

/// wp(m —t1 + s)wp (2 —ta + 8)e —i(A1=A2) (kts)

XE{X k+s) (k‘—l—tl)}E{X(k‘—f—S) (k‘—l—tg)} dsdtdts.

Changing the variables to uj := t; — s1 and ug := t3 — So, the first term of the
right-hand side is equal to

/[ wp (1 — w1 )wp (T2 — ug)

X (6/ Kx(k+s,k+s+uik+s,k+s+u)e —i(A1—A2)(k+s) ds>du1duz
J(b,ul,uz)

and converges to ag(A — A2;71,0,72) as T — oo. Here J(b,uy,u2) := {s :
max{0, —uy, —us} < s < min{b,b — uy,b — ug}}. Additionally, the second term
coincides with

b b
1
/ / wp (11 — w1 )wp (T2 — ug) (b/ E{X(k+s)X(k+s+u)}
—b J—b J(b,ul,ug)
X B{X (k4 s)X (k+ s + ug)} e M 17A2)(k+s) ds) duidus,

which converges to

Zax()\,Tl)ax()\ — A\ + )\2,7’2) = Zax()\,Tl) ax()\l — Ay — )\,Tg).
A A

(ii) The summand of equality (7) containing d¢,,—s,}(ds1)dg¢, —¢,} (dt1)dsadts
is equal to

%//wh(ﬁ —t+s)wp(re — t + $)E{X (k + 8) X (k + t)2} e {17220 (k) gy
0J0
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Taking u :=t — s, we get

/b wp (11 — wwp (12 — u)

b

1 ,
X (5 / E{X(k+8)>X(k+s+u)?} e Cara)lbts) ds> du,
I(bu)

which converges to 0 when 7 # 75. Indeed it is null for 2h < |1, — 72| since the
support of w(-) is contained in [—1,1], and h — 0 as b — oco. When 7 = 71 = 7,
with the change of variable ¢ := (r — u)/h, the summand coincides with

1/(‘r+b)/h o
— w(t
h Jer—vy/n

1

x| = / E{X(k+ )X (k+s+7 —th)?} e M1 722)0F9) g5 ) .
b J1(br—th)

From conditions (AP2) and (AP,) this term multiplied by the factor h converges
to

-1

/1 w(t)?dt <a4()\1 —Ao;7,0,7) + Zax(/\,T) ax(A— X + )\2,7)>
A

—1

1
= / w(t)zdt <a4()\1 — Ao; 7,0, T)+, Zax(/\,Tl) ax(/\l — Ao — A, T)) .
A
This achieves the proof of Lemma 6.4. O

6.3. Proof of Theorems 3.4 and 4.1

The proof of Theorem 4.1 is a direct consequence of the Cramér-Wold device and
the reasoning presented in the proof of the one-dimensional case in Theorem 3.4.
Thus, we skip the technical details and we only present the proof for the one-
dimensional case. Moreover to get the desired convergence to the bidimensional
normal distribution in Theorem 3.4, it is enough to prove the corresponding
result for the estimator @y p.

Lemma 6.5. Under assumptions of Theorem 3.4, Vbh(ar (A, 7) — ax(A, 7))
converges to a bidimensional Gaussian distribution as b — oo provided that
bl < h < b5

The limit covariance matrix may be deduced from Lemma 6.4.
Proof. Note that
\/%(ak,b —ax(\ 7)) = Vbh(ars(t) — E{ars}) + \/%(E{Ek,b} —ax(\, 7).

Lemma 6.2 means that the second term of the right-hand side converges to 0.
The convergence in law of the first term is a consequence of Lemma 6.4 and the
following central limit result. O
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Proposition 6.6. Let {X (t),t > 0} be a real-valued APC process and {N(t),t >
0} be a Poisson point process with intensity 3, which is independent on {X (t) :
t >0} and g : R — R be an almost periodic function. Let 7 € R be fized. Denote

T T
o= /o /0 wi (T =+ 8)9(5) X (5)X (1) AN @) (s,1)

and o2 = var {Sr}. Assume that that the mizing condition (M) is satisfied.
Then limsup, T 'ho2 < oo as h — 0 and T — .
If additionally liminfr T~1h o2 > 0, then

o7 (57 — E{Sr}) < N(0,1)

as h — 0 and T — oo with Th — .

Proof. The idea of the proof is based on Stein’s Lemma (see relation (8)) applied
in a similar way to the central limit theorem in [4] (see also Theorem 3.2 in [17]).
To simplify the presentation we consider the following random variable

T
= wp (T — 5)g(s)X (s @) (s
Spim / / W(r — t+ 5)g() X ()X () ANP (s, 1)

and we establish its asymptotic equivalence with Sp. Note that

OV(—7+h) 0
Sp— Sy = / / wn (7 —t+ $)g() X ()X (£) AN (s, )
0

T+s—h
T T+s+h
+ / / wi (T —t 4 5)g(s) X (s) X (t) ANP (s,1).
TA(T—7—h) JT

From Lemma 6.11 we get

—7+h r0 N
E (/0 /T-s-s—h wp(T —t+5)g9(8) X (5) X (t) dN(Q)(S7 t))
< e XJ4(r] + WAL+ b7

for h > 7 and

T T+s5+h 9
E (/TTh/T wp(T —t+5)g(s) X (s) X (1) dN(2)(s,t)>
< el X[5(rl+h)* (1 +hr7t)

for T —7—h <T,ie h > —7. Here and thereafter || X||] := sup, E{X (¢)*}.
Hence
lim T7'hE{(Sr — Sr)*} =0

T—o0

and as a consequence

lim T7'A(E{Sr} —E{Sr})* and lim T 'h(o% — %) =0,
T—o00 T—o00
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where ¢2 := var{Sr}. Thus, to prove the convergence in law of o' (Sp—E{Sr})
we can replace St by Sr, thus we are going to study ¢ (Sy — E{Sr}).

For simplicity of notation, let T =n+1,0 < h =h,, <1 Ky :=]k, k+ 1] xR,
ke D, :={0,...,n}N[-7+1,n—7 —1]. The random variable ) is defined as

wi= [ /K Sy 14 $)g() X (9)X(0) AN (5,0,

To simplify the presentation put o (k) := ax(k — 2|7| — 3) when k > 2|7| + 3,
and o, (k) = ¢ when k < 2|7| + 3, for some ¢ > 1.

1) Boundedness of the variance 2. The covariance mixing inequalities in
Lemma 6.10 and the fact that the function g(-) is bounded means that

T-1
Th2 < %(h ) (h+ |7])? + e2l7] +3) +ch Y ax(s)

s=0
when the process X is bounded. When it is not bounded, we replace ax(s) by
ax(s)?/ (419 Then the mixing hypothesis (M) implies that

limsup T~ 'hc? < cc.
T—o0

2) Central limit theorem in the case of a bounded process. Here we assume
that the process {X(¢),t > 0} is bounded: || X ||oc := sup, esssup | X (¢)| < oo.

(i) Let (rn)n C N be such that 1 < 72 < n < ax(r,)”? as n — oo. Such
sequence (ry), exists. Indeed, since the function ax(-) is non-increasing and
integrable in [0, c0), we have that ax(t) < t~! as t — oo. Hence, we can define

rp=min{r e N:r <n < rozX(T)_l},

which has the required behaviour. Moreover we can assume that r, > 2|7| 4 3.
(ii) Let us define

Sk = Z Vi, Vr = Z cov{Vk, Skn},
€Dy, [l—K|<rn k€D,
Sn = 7}:1/23717 Sk,n = 7;1/2Sk,n~
Thus,
¢2 = var{S,} = Z cov {Vk, Sn}
k€D,

=Y+ Y cov{Ve,Sn — Skin}

keD,

Since 0 < h < 1 and r,, > 2|7|+3 > 2h+2|7|+ 1, from the mixing covariance
inequality (20) we get that

> oV, S = Skl <D D |cov{Vk,, Vi, }|

keD,, k1,ka €Dy, |k1—ka2|>1y
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<clXhn S (k).
k>ry,

We used the fact that the function g(-) is almost periodic, so bounded. Since
rn — 00 and Y, ar(k) < oo, this expression is o(n) as n — oo, and we have
§2 =, +o(n).

When 0 < liminf, n"the2 < limsup, n 'hs? < oo the previous compu-
tations imply that 0 < liminf, n=*hy, < limsup,n ‘hy, < oo and ¢2 =

V(1 +0(1)). _
(iii) Asymptotic normality of S,,. As 0 < liminf,, n=thy, < limsup, n=thy, <

o0, we have that sup,, var{S, } = sup,, E{ (S'n)2} < oo and the asymptotic nor-

mality will follow from the Stein Lemma. We show that

lim E{(iA - En)eifgn} — 0. (8)

n—>oo

For that purpose we use the following decomposition
(i\ — g’n)e”‘g" =A; — Ay — A3,
where
Ay = ideSr (1 Y 37k§k,n> :
k€D,

_1 G ~ ~ N
AQ = Yn 261)‘5" Z yk (1 — i/\Sk,n — 67”\5}“") 5
keD,,

. .
Az =y ? E Ve N En =),
keD,,

Below we present the reasoning only for A;. The two other cases, A> and As,
are similar thus we skip the technical details. We have that

B < 2 Y Y Y e Fudi}l
k1,k2,l1,12€ Doy, [y —11 |, | ko —l2| <7y,
Using the covariance inequality for bounded variables we deduce that:
—ifr:= |]€1 —k’g‘ —2h—2‘7’| —-1> 2Tn, ‘kl—ll‘ <r, and ‘k2—12| <r,
then by inequality (21) in Lemma 6.10,
V. VOV W 8 -1 —2).
Joov { P Viss iu s | | < e IX IS ar (r) (14 71+ B72);

— if r := min{ly, k2,l2} — k1 — 2h — 2|7| — 1 > 0 then by inequalities (18),
(20) and (22) in Lemma 6.10
|cov{ Vi Virs Vi iz }|
< |E{j7k13711} X E{j?kzjlz}‘ + |COV{j)vk173~)l1§k2§l2}’
<l X3 ar(r) x (L+ 21 +e|| X% ar(r) (1+ A~ +h72);
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— in any case, by Lemma 6.11
|cov{ IV, Vs Vi Vo } |
< X0 (1 (07 A2 o D) e, bbbty <h e 1) ) -

Finally, we obtain

oo 27y
E {|A1|2} < e My 2| X8, ( Z ar(r—2r,) + ZaT(r) + 1)

r=2r,+1 r=1
X (L4 A7+ 07%) + Xy 2h P XS (R + 7]+ 1)

< X2y 22 | X, ZaT(T)<1 Lhl h—2>
r=0

+e Ay 2 h XS (B [+ 1)
<eN2nrih T e Ay, 2R

Since v, ! = O(n~'h) and r,, = o(n'/?), we have v, ?nr2h=2 = O(n~'r2) = o(1
and 7, 2h™® = O(n"'h™1) = o(1). Moreover we know that > a,(r) < oo, so
we deduce that |E{A;}]* <E {43} =0(1) as n — oo.

The reasoning behind A, and Aj is similar. In the case of Ay the following
inequality is used: |1 — iz — ™| < 22 for any = € R. Finally, we get

E{|Aa|} < v, ¥ 2N X |50 (rn + rah ™t + R72),
E{43}] < v 21X |oon ar (7).

Then we easily state the convergence to 0 of E{|Az|} and E{A3} as n — oo.
Hence convergence (8) is proved. This achieves the proof of the theorem in the
case of a bounded APC process X.

3) In the last step of the proof we assume that the process {X (t),t > 0} is
not necessarily bounded and we show that the problem can be reduced to the
bounded case following the well-known truncation method (see e.g. [21]).

(i) Truncation. Let C > 0 be fixed. Define

)=z ifjz|<C, fOx):=0 otherwise.

Denote V(@) (s,t) := fO(X(s)) f{O(X(t)) and V() (s,t) := V(s,t) = V) (s,1)
and

U = [[ =t )9V O s, N s.),
Ky

y;icc) = // wi (T —t 4 5)g(s)V(s,t) AN (s, 1).
Ky

Notice that the process X(©) := {X(©)(t) : t > 0} is bounded by C. From
inequality (18) we deduce that

|eov{I, VY < eI XYL x (1+ B gty g <hp1+1))
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<O X (L B gk, k<t 1)
Moreover, note that

(V(C(s,8)] = |X(s)X(t) — XD (s)X O (1)
=X ()X ()] (1 = Iyxes)<orlixm=<cy)

X ()X ()"

< [X(s)X ()] x < C2X ()X (1)1 94,

= C5/2
Hence
[V s.0)ll; < oI X ()X 05555 < O IXIT
and finally
‘COV{ykl o y(Cc H <O NXN5Es % (L+h™ Tk, —kaj<ntiri+1) -
Here and thereafter ||X\|iig := sup, E {|X(¢)[**?}. Moreover, from inequal-

ity (20) we have that
|cov{ Vi MY < car(ky — kD IIX L < car(hr — ka)C*.

Additionally, from inequality (19),

c Cec _5
|cov{V ) VN < car (ki — ko) 77 || X |14,

fOI’ |k1 — kQ‘ > 2h+ 2‘7’| —+ ].
(ii) Since Yy, = y(c) + y,gcc), we can decompose S, as follows
Sn =5 +50) = 3y 3 pieo,
keD, jED,

Following the technique of truncation (see proof of Theorem 17.2.2 in [21]) we
get

var{s,gCC>}: Z COV{)’,EICC), (Cc)} Z Zcov{y,f‘) J(f;)}

k1,ka€Dy, JEZL KED, (5
Cc) Cc) Cc) (Ce
=3 Y ev{% Y+ Y ZCOV{J’( iy
|71 <A k€D (5) |7|>AkeD, (4)

where D, (j) :=={k € D, : k+j € D,} and A is any integer such that A >
2h+2|7| 4+ 1. Note that cardD,,(j) < n. Then, for any integer A > 2h+2|7|+1

var {S,(LCC)} < cZn||X||i(1 + h_lﬂ{\j|§h+\r|+1})+ cZnaT(|j|)6/(4+5) X345
lil<A l71=2A

hA+ (h+|7]+1)
<cn W

o0
CIXN5E5 +_ ar (DX
j=A
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Taking A = |C?], and since h = h,, < 1 we obtain

lim supn~hvar{S¢9} = 0.

C—oo p

On the other hand, we have that
1/2 1/2 1/2
|var {S,(LC) + S,(LCC)} — var {ST(LC)} | < var {S,(LCC)} .
Since sup,, n~thvar {S,(Lcc)} — 0 as C — oo we deduce that

lim supn~th ‘Var {5’7(10) + S,(LCC)} — var {S,(ZC)H = 0.

C—oo p

Thus, if in addition
52 :=liminf n 'h¢% = liminf n "' h var {S,(LC) + S,(LCC)} >0

then there exists C7 > 0 such that for any C' > C, we have

2

liminfnflhvar{sgc)} > % > 0.

(iii) Convergence of the sequence of characteristic functions. Let

¢2 = var {Sn}, (c{2 = var {S,(LC)} ) (cL€N?2 = var {Sflcc)} )

}

(©)

<E exp{gi%(%—l)ggc)}—l

+ gc,n (t)

exp {Z—tS,(LCC)} - 1|+E
Sn

L1 gco) o Lo
<] =[SC9] 4 + 1|2~ — 1B { =[S} + gon(®)
g/n/ g’!L g’n/
(Co) ©) ©)
Sn Sn Sn
< |¢] + |t -1 . + gon(t)

n
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for any C' > 0. The last two inequalities are due to the Cauchy-Schwarz in-
equality and to the fact that |e®* — 1| < |¢|. Hence it remains to prove that for

each ¢ it 42
seatt =8 o {550} } - e {1 |

converges to 0 as n — oo, i.e. (9(,0))71@(10) converges in law to N(0,1), but
this was already shown in the second part of the proof. Thus the proposition is
proved. O

6.4. Bootstrap consistency

For the sake of clarity of the proof of Theorem 3.7 at first we present a few
lemmas and we introduce some additional notation. Let ar be the average of
the estimators defined on the blocks:

- 1
R — 9
o T—b+1kz_0ak’b ©)

Notice that a7 = B* {a@}} (see Section 3.2).
The next lemma investigates the relationship between the estimator a7 and
the estimator based on the blocks of length b.

Lemma 6.7. Let 1 < b < T and h < min{1,v*T~1}. If sup, E{X (#)?} < oo,
then

-1

1
lim VThEX [ar(\,7) — =Y d@jpp(A,7)| p =0
T—o0 l i—0 '
and
1—2
g, VIR [0~ 5 3 a0 =0
When sup, E{X (t)*} < oo, then
2
=
Tlgréo ThEX ar(A,T) — 7 ZO @jp,p(A, T) =0
=

and

1—2
1
lim sup ThE ET()\,T)fl_—l E jprp (A, T) =0.
i=0

T—00 p=0,...b—1
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Proof. Since T' = b with [ € N, we have

-1

?iT ﬁzTZa]bb)\T

job+b

J1b+b ‘
BZT Z Z Lijistia} / / wy (T —t+5) e N dZ(s,1).

Ji, j2=0 jab

Moreover, one can note that

J1b+b pj2b+b
/ wy (T —t + 5) e dZ(s,t)
J1 J2b

J1b+b .
/ / wy (T —t + 5) e dZ(s,t),
J1 I(j2b,b,s+7,h)

where I(k,b,s+71,h) ={t:k<t<k+bands+7—-—h<t<s+7+h}
Remark that if —b<7—h <7+h <D, |jo—7j1| > 1and j1b < s < j1b+b then
the domain of integration I(j2b,b, s + 7, h) is empty, so the integral is null.

To simplify the computations from now on we assume that 7T is large enough
sothat 0 <h<1,l>2and -b<7—1<7+4+1<b. Then we get

1 -1 1 - jb+b jb+2b )
ar =g Z apn(T) + 7T Z/J / wi (T —t+5) e dZ (s, t)

=0 moJib Jjbb
1 L2220 pib+2b pibtd i
+ﬂ2—Tj_O/b+b / wp(r—t+s)e dZ(s,t). (10)
Moreover, for r =0,...,b — 1 we can also decompose ar as follows
T 12 b—r
ar Tam 7 Z Ujotrp(A, T) + - A(1—1)btrb—r (11)

T 7‘+b
52T// n(T —t+s)e N dZ(s,t)
r+b
+ Bz—T/ / wi (T —t + s) e dZ(s,t)

Jb+b+r pjb+r+2b
ﬂQT / / wy (T —t + 5) e dZ(s,t)

b+r jb+r+b
=3 [jbtrd2b pibtrtb
/ / wy (T —t + 5) e dZ(s,t)
jotrab Jibrr

(I-1)b+r )\
wp(T —t+5) e dZ(s,t)
ﬂ T /z 2)btr /z 1)b+r
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(I-1)b+r o
wp(T —t+s)e " dZ(s,t).
ﬂQT/ Dbtr /z 2)b+r

In the decomposition (10) of the estimator ar, the 2nd and the 3rd term are
negligible. In the second decomposition all the terms except the 2nd one are
negligible. For simplicity of presentation, we only study the first cross term in
decomposition (10) of ar taking r = 0.

Let j=0,...,l —2 and

jb+b b+2b '
Aj ::/ / wy, (T —t+ 5) e dZ(s,t).
ib  Jjb+b

Then
jb+b jb+2b
14| g/ / w7 — £+ 5) | X ()X ()| AN (s, ).
gb  Jjb+b

From the independence property of the increments of the Poisson process, and
since the intervals (jb, jb + b] and (jb + b, jb + 2b] are disjoint, we deduce that

Jbtb b+2b
E{|Aj|}§/ / wp(r =t + s) E{| X ()X (t)|} B> dsdt

jb jb+b

jbtb jb+2b
<ﬁzsupE{X }/ / n(T —t+ s)dsdt
b+b

:BQSupE{X(t)2}/ / wp (T —t+s)dt | ds,
t -b I1(0,b,s+7,h)

where I(0,b,s +7,h) ={t : 0 <t <b,s+7—h<t<s+7+h}.

We now investigate the last integral with respect to (s,t) for —b < s <0 <
t<band 7 —h <t—s < 7+ h. For that purpose we consider three cases:
i) b<7—h<74+h<0, (i) b<7—-—h<0<7+h <0 and (iii)
0<Tt—h<7t+h<O.

(i) In this case the integration domain in empty, so the integral is null.
(ii) Note that —h < 7 < h. The integration domain is {(s,t) : —71—h < s <0
and 0 <t < s+ 7+ h} and

0 s+T+h 0 1
/ / wp(T —t+ s)dt ds:/ / w(u)du|ds < ||+ h.
—7—h\JO0 —7—h\J -

h

(iii) Note that h < 7 < b — h. The integration domain can be split into two
parts: {(s,¢) : =1 —h<s< —-74+hand 0 <t < s+ 7+ h}and {(s,¢) :
—7+h<s<0and s+7—h <t <s+7+h}. For the first part we have

—7+h s+7+h —7+h 1
/ / wp(T —t+s)dt |ds = / / w(u)du |ds < 2h
—7—h 0 —7—h _ s«:'r
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and for the second part

0 s+7+h 0 1
/ (/ wh(T—t+s)dt>ds:/ (/ w(u)du)ds§|7'|—|—h.
—7—h s+1—h —7—h —1

Then we obtain that E{|A4;|} < B?sup, E{X(¢)?} (7| + 3h). The same tech-
nique applied to the other summands of the decomposition (11) of ar gives

_ ,Z 2?(|T|+3h)supE{X() } < %(|T|+3h)supE{X() }

and

VThE < |dr — 7; jbirp| p <€

—_

(I + h).

s
>

This entails the first part of the lemma. The proof of second part follows the
same way. O

The lemma below is a direct consequence of Lemma 6.7.

Lemma 6.8. Let 1 < b < T and h < min{1,b?>T~1}. If sup, E{X (t)?} < oo,
then N
i VIR {far —Gr} <o

If sup, E{X (t)*} < oo, then

lim ThE { ‘aT(T) - ET(T)‘Q} —0. (12)

T— o0

Proof of Proposition 3.5

Recall that ar = E* {@}. Then |E* {@}} — ax(\,7)| < + [ar —
ax (A, 7)|. The asymptotic unbiasedness (4) in the quadratic mean of @} and the
rate of convergence (5) are consequences of Propositions 3.1, 3.2 and Lemma 6.8.
Moreover, from Proposition 3.3 the estimator aT converges almost surely to

ax (A, 7). To state the almost sure convergence of ar we decompose @ aT —ar as
follows N A =

ar —ar = (a1 —@ne ) + (Gne — @ue ) + @ne — 1)

for n* < T < (n + 1)*. From the proof of Proposition 3.3 we know that
sup{[@ne — ar| : n® < T < n®1} converges almost surely to 0 as n — co. Ap-
plying again the Bienaymé-Chebychev inequality as well as the Borel-Cantelli
lemma with relation (12), we obtain that @, —a,= converges almost surely to 0.
Finally, the almost sure convergence to 0 of sup{|dr — @n=| : n* < T < n*+1}
as n — oo is deduced from the decomposition

nm—bnm

§ ak.b,=

k=0

1 1
n® —bp+1 T—bp+1

G _aT‘ <
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n®—bpe

T bT+ ZO po,be — b by

1 T—br
ey v INED DI

Then similar arguments to the last part of the proof of Proposition 3.3 achieve
the proof of the lemma. The details are left to the reader. Furthermore, taking
under consideration the different rates of convergence along with the previous
computations, it is easy to deduce some rate of almost sure convergence. O

Proof of Proposition 3.6
Since the random variables @;-p, 7 = 1,...,l are P*-independent and ET =
E* {@;« 1}, we have

1 1=t T—b
1

Ivar* {ah} = Zvar {a;-p} = Too 1l Z (A — 5;,1) (@, _ﬁT)’
k=0

Recall that we consider the complex numbers as bidimensional real vectors and
the notation (v)’ indicates the transpose of the column vector v. Thus var* {@%.}
is 2 x 2 square matrix. Define the random matrix

View := (ks — E{arp}) (@rp — E {ak,b})/-
Then we have

" }

T—b oy 1/2 172
< T b+1ZE{‘E{ak,b}_aT’ } XE{|ak,b_E{ak,b}| }
T—b

1 ~ N
F T o PR @) —ar ]

1 T—b
var' {a b} = oy > Ve
k=0

Since TY/3 < b« T and b~ <« h < T~'/3 < BT, by Proposition 3.1 and
Lemmas 6.2, 6.3 and 6.8, we deduce that

lim E{

T— 00

— lim bAE{ var* {a- ) LSy
e A Ty T 2 T

bh T—-b

Thvar* {a3} — R Z Vi
k=0

}:0
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Now we study the behaviour of V}, ;. First by Lemma 6.3

bh T—b
. — g—Ap+ o)
lim E{T—b+1k§_ovk’b} BATT(A N 7) = X

T—o00

Next, to state the convergence in P-probability of T_b—{fH Zfz_g Vi, we are
going to show that its covariance is converging to 0. From Lemma 6.10 we can
state that:

— Jeov {Vip, Vi }| < e[| X8, for [r| <b—2|7] —2;

— |cov {Vip, Virp}| < cax(r—b—2|7| —2)| X%, for |[r| > b—2|7| -2
when the process X is bounded (|| X ||cc < 00). Hence, in this case

{ —b+1zv’”’}‘ (T — b+1

ST—b112 (T b+1 Z Z lcov { Vb, Vigrp}|

r=—T+b kel(T—b,r)

B3R2|IX|E e (bh)? X3, =
cb’h?| II8Jr )|l HOOZ

S(T—b+1)  (T-b+1)

T—b T—b

Z Z Ccov {Vk1 b,sz b}

k1=0 k2=0

which converges to 0 since h < T'/2b=3/2. This achieves the proof of

the Lemma when the process X is bounded. Otherwise, when || X Hgig =

SuptE{\X(t)|8+5} < 00, we replace || Xl by || X|ls+s, and ax(r) by
ax(T’)é/(4+5). i

Finally, we state a Rosenthal-type inequality which will be useful for the
proof of the consistency of the bootstrap method (Theorems 3.7 and 4.2).

Lemma 6.9. Assume that

— either the process {X (t),t > 0} is bounded and / tax(t)dt < oo,
0
~ orsup, E{|X(¢)[¥T°} < o0 and/ tax ()4 dt < oo for some § > 0.
0
Then there exists K > 0 such that for allb > 1 and 0 < h < b=1/3,

o4
sup (bh)?E { @0 — Bar}] } < Kh".
k
Proof. By the inequality |z + y|* < 8|z|* + 8|y|* fo all # and y, we have
~ 4
(bh)’E { @ — Bfar})| }

< 8(bh)2E { (s — B (s} |4} + 8(bh)? ‘E {ans} — Bfar} ‘4 :
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From the proof of Lemma 6.2 we know that
(B0} — B{ar}| < [E @} — ax(0 0] +[B{ar} —ax (L 1)| < c(h+b7),

for some ¢ > 0 which does not depend on k, h,b and T. Since 0 < h < b3 < 1,
we deduce that

Voh ‘E{ak,b} - E{ET}‘ < ¢ (bh3)M? 4 cb™V/2p1/2 < 2c.
Thus, it remains to study

sup(bh {‘akb—E{ak b} | }

For this purpose we adapt to our framework the method developed in [11] (see
also [10] and [24]). By Lemma 6.11 we have

{95955}
4
< sng{|X ) }E{H

< e supB{X (P} (L (b7 4 0 4 ) e sl <nt i 11)

wp(T — —l—sl)dN (sl, )}

for some ¢ > 0 which does not depend on k, h, b and T'. Following the arguments
presented in [11] and applying mixing inequalities (21), (22) and (23) we obtain
that

k+b—1

VB { [ —Efana} '} =B Y (- E{})

j=k
b
< eb?supB{XOF} (1 +07%) [2n+ 217 +1+ Y jax () | .
t j=1

when the process {X(t),t > 0} is bounded. Otherwise, when {X(¢),t > 0} is
not bounded but sup, E{| X (t)|*} < oo, we get that

k+b—1

b4[38E{|ak,b —E{ak} ’4} =B Z (Vi —E{0})

=k

b
_4
<cb?supE{|X@)[F} T (1+h7%) [ 2n+ 27|+ 1+ ZjaX(j)m
¢ ,
j=1

Then we can readily complete the proof of the lemma. O
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Proof of Theorems 3.7 and 4.2

Since the proof of Theorem 4.2 is a direct consequence of the Cramér-Wold
device and the reasoning used in one-dimensional case, we skip the technical
details and we concentrate only on the proof of Theorem 3.7.

In the following we consider distribution functions defined on R%. We use the
following notation: for ¢ = (z1,22) and y = (y1,y2) in R? we write < y, when
z1 <y and zp < Y.

Moreover, it is worth keeping in mind that the condition 7/3 <« b< T0+1/3
for some 0 < 6 < 2/9, implies that T3 <« b < T%/9 T3 < p=3/2T"/2 and
T3 < p* T

Furthermore from Theorem 3.4 we know that vTh (a7 — ax (A, 7)) converges
in law to a bidimensional Gaussian distribution which is denoted by F'. To sim-
plify the presentation of the proof, we assume that this bidimensional Gaussian
distribution F' is non-degenerate, i.e. the determinant of its covariance matrix
is positive, thus its distribution function F(-) is uniformly continuous on R2.

1) At first we state that the bootstrap distribution P* {\/ Th(ah —ar) = :n}

can be equivalently replaced by P* {\/ Th (6*T — 5T> = w}, for € R2. Indeed
let € = (,¢)/Vv/2, € > 0 be fixed. Then we have

P {VTh @y —ar) <} <P {VTh(ar —ar) 2@+ e} + 1 ma, apon

and

Hence
‘P* {\/ﬁ(a*T —ar) < a:} - F(m)’

< ‘P* {\/T—h(a*T_ﬁT) =< :c—e} — F(z—¢)| + |F(z - ¢) — F(a)]

+ [P {VTh(@r ~ar) S+ e} — Fla+e)| + [F@+e)— F(a)
H TRar—ari>e)

Thus, for each n > 0

P {sup

<P {281;}) ’P* {\/T_h(ZiT —ﬁT) =< m} — F(m)‘ >

p* {\/ﬁ(a; ~ar) < m} fF(a:)’ > n}

1S

+P {H{\/ﬁﬁraﬂﬁé} ” Z}

+ Lsup,, [F(@—e)—F(2)[>3} T Lsup, |F(@+e)—F(@)> 2}
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Since VTh (ar —ax (X, 7)) converges in law to the same bidimensional Gaussian
distribution F', by Lemma 6.8 and by the uniform continuity of the distribution
function F'(-), to prove Theorem 3.7 it remains to show the convergence to 0 of
the first summand on the right-hand side of the last inequality.

2) To prove the convergence in P-probability of £* {\/ Th (6} — ET) } to the

bidimensional Gaussian distribution F', we are going to apply Corollary 2.4.8
from [2]. Let us define

Zypr = @ (ak b— E{GT}) % (ak b E{aT})

for k=0,1,...,T7 —b. Then

Zor =10 Tf (ks — B{ar}) Iy = @ (30— Efar}).

k=0

Note that the random variables Z;- 1 are conditionally independent. Moreover,
. - VTh (= -
E {Z] T} = Z (ak b — E{aT}) l (aT — E{aT})
and hence E{Z;« v} = E{E*{Z;- r}} = 0. Furthermore
VTh = N ~ o ~
ZOZJ-*)T = T Z; (aj*)b — E{GT}> =V Th (G'T — E{GT}> .

Corollary 2.4.8 in [2] requires the following three conditions, to ensure the desired
limit:

(i) for every e >0

-1
Th_r}nOo ZOP {|Zj«r| > €} =0 in P — probability;
=

(ii) for some n >0

-1
Jim ZE {22112, i<} VTR (ar =B {ar}) =0 in P—probability;

T— o0
(iii) for some n >0
-1
lim Var*{zj*j ]I{IZJ*’Tlgn}}: BT+ (\ A7) =% in P — probability.

T—00 4
Jj=0
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Convergence (). Let € > 0 be fixed and notice that

l T-b

-1
D P {|Z x| > e} = T i1 I;JH{\ZM\»}-

Jj=0

Let U]ﬁT = l]I{\Zk,T\>€} and AT > 0. Then

Upr =Upr +E {Uk iy p<cany ) + Urrliu, 2> a1 (13)

where ﬁk,T =Urrliy, r<ary — E {Uk7T]I{Uk,T<AT}}' For every v > 0, by the
Bienaymé-Chebychev inequality

1 T—b _ T—-b T-b
P U Upy, U
{T b+1Z T >7} (T—b+1)22 b+1 pY ZO;_:O COV{ ka1 sz}’

T—b T—b
< T—b1 152 7b+1 Z Z ‘COV{Ukl,TH{\Ukl,TKAT},Ukz,TH{Ukz,T|<AT}}‘-
1=0 k2=0

Then using the mixing covariance inequality (Lemma 6.12) for bounded random
variables we deduce that

1 T—b T—b T—b
P— ST S — (k1 —ka| —b—2
{Tb+1Z ’“T>7} (T— b+1 7w 2 D ox(ki—ka|—b=2fr|-8)47
k k1=0 k2=0
T—b
c|Ar[?
< BTy o 43 k)|
ST i +2|7] + +k§ax()

The right-hand side tends to 0 if Ay < [*/2. Moreover, we have
E {UkaTH{Uk,T<AT}} =[P {le,T| >ecand | < AT}

The right-hand side of the last equality is equal to 0 for 7" large enough when
A < 1M?. As for the third term of decomposition (13), the Markov inequality
means that

N

Remark that 0 < Uy r < |Z7|/e s0 0 < Lv, r>ar) < Uk r/Ar. Then for all

w,v >0 we get
1+;4
P{ >7} T— b+1'yA”ZE{ )
e T—b l“_y/Q T—b . .
< m ZE{HﬂZk T|>E}} > mkz:oE {ll+2 |Zk,T|2+ }

T—-b T-b

1
>7} (T—b+1)y ZOE {UktLiv,r> 47} -

1
T—b11 ZUk v, +>A0)

1 T—-b

T b1 Z Uk, r> A7y
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/2 =b

S T bt Dy AL %E{’M(&kvi{ﬁT})f“}. (14)

Using Lemma 6.9, for 0 < v < 2 we know that

24v

B[V (3 B{ar) ) 2 { |V (e - (30|} =%

Hence expression (14) tends to 0 when [#~V/2p=(2+0)/4 < AL

Consequently to state (i), choose A7 — oo such that [#—¥/2p=(+1)/4 «
Al < 1#/2. This is possible only when [2(#=") = (2+¥) « 1. Hence [2(#~¥)/(2+v) «
h. Thus, it suffices to take 0 < p < v < 2 such that (2 +v)/2(v — u) =2 — 36.
This ends the proof of ().

Convergence (ii). Remark that for each n > 0

liE* {ZJ‘*,T H{\Zj*,ﬂgn}} — Vbh (5T -E {%})
j=0
I T—b

-1
=) F {Zj*,T H{\Zj*,T|>n}} =T a1 > 2k iz, sn)
=0 k=0

The expectation of the norm of the last expression can be bounded by

I T-b I T-b

e e 2+p
(T— bt 1) ];)E{|Zk,T‘ H{|Zk,T|>n}} < (T bt 1)771+p kZ_OE{|Zk’T| }

/2 -0 . 240
<—(T_b+1)n1+pZE{’\/@(ak,b—E{aT}M }
k=0

From Lemma 6.9, for 0 < p < 2 we have
~ 2+p p
E{‘\/%(ak,b—E{aT})‘ }<K%h—2—13.

When [~7/2h~(+P)/4 « 1 as T — oo, we obtain (ii). Taking p = 2/3(1 — 26)
gives convergence (ii).

Convergence (4i1). The definition of the random variables Z;« 7, j =0,...,1—1,
and the fact that they are conditionally independent imply that

-1 -1
Zvar* {Zj« 1} = var* sz*’T = Thvar* {a}},
j=0 j=0

which converges in P-mean to ¥ by Proposition 3.6. Now let n > 0. Then

var* {2 11,0 o1<my } = var® {25 1)
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S ‘Var* {Zj*,TH{lzj*,Tbn}H +2 ‘COV* {Za‘*,%Zj*,TH{lzj*,Tbn}}‘ :

From the Bienaymé-Chebychev inequality

2
’COV* {Zj*,T; Zj*aTI[{‘Zj*,T‘>77}}‘ <c lvar* {Zj*,T}‘ X ’V&r* {Zj*,TH{|Zj*,T|>n}}’ .

On the one hand we know that [*var* {Z;« 7} = Thvar* {a%} converges in P-
mean. On the other hand

—1 -1
Z ’Var { .1l 2, T|>n}}’ <c) B {|Zj*,T|2 H{|zj*,T|>n}}
=0 =0
cl T—-b T—b
<Y Ed|Z 1|1 El|Zo 27
= T_b+1 kzzo {| k1T| {\Zk,T\>77}} ( bJr 1 77p ra {l k,T| }

cl—r/2 12 b

o S}

Lemma 6.9 implies for 0 < p < 2 that
~ 2+p
E{’\/%(akyb—E{aT})’ }<K—iﬁh—”

When [~#/2h~(+r)/4 <« 1, the right-hand side of inequality (15) converges to
0 as T — oo. Consequently we choose 0 < p < 2 such that [=2//(?+P) « h «
T—1/3. Tt suffices to take p = 2/3(1 — 26).

This ends the proof of (iii) and simultaneously the proof of the theorem. [

6.5. Covariance mizing inequalities

In this subsection we provide some covariance inequalities for the observation,
which are the consequence of the mixing property of the process X. For the sake
of simplicity and clarity we introduce some additional notation. Let

dZ(s,t) == X(s)X(t) dANP (s,1),
V(s,t) :=

X (t
V= / /K un(r 4 8)g(s) dZ (s, 1), (16)

where Ky, :=]k,k + 1] xR, k € Nand g : R — R is any bounded measurable
function. Recall that the kernel function w(-) is nonnegative, its support is

contained in [—1, 1] and f t)dt = 1.

Lemma 6.10. Assume that 0 < h < 1. Then the following inequalities are
valid.
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1) For all ky and ko

|E{Vk, Vo }| < el X3 % (1 + A Iy — ko <ht 7141} ) (17)

and
lcov{Vi, Vi }| < el XI5 % (L4 ™ Ty —ko | <hot|r]+1}) 5 (18)

where ¢ depends only on w(-) and 5.
2) Assume that there exists § >0 such that

X llaces e=sup E{|X (5“9} /6449) < oo,
t

Then for |k — ka| > 2h + 2|7| + 1, we have
|cov{Vn1s Vio }| < el X liys ax (k2 — kil = 20 —2|r| = 1)/EF 0 (19)
3) Assume that the process {X(t),t>0} is bounded:

| X ||oo :=sup esssup | X (t) < oo.
t

Then
(i) for |k1 — ka| > 2h + 2|7| + 1 we have

|cov{Vky, Vi }| < el XI5 ax ([k2 = ka| = 2k = 2|7] = 1); (20)
(ii) furthermore for min{ks, ks} — max{ki, ko} > 2h +2|7| + 1

|cov { Vi, Vews Vies Vi } |
<c ||XH§O ax(min{kg, ks} — max{ky, ko} — 2h — 2|7| — 1)
X (L D g —kal <t frpe1y) (U BT D g <n o eny)s - (21)
(ZZZ) f07" min{kg, ks, k‘4} — k1 > 2h+ 2|T‘ +1

|cov { Vs, Vies Vies Viea } |
<c|X|% ax(min{ks, ks, ka} — ki —2h —2|7| = 1) (L+ A~ +h72); (22)

(iv) for ky — max{ke, k3, ks} > 2h +2|7| +1

lcov {Vkys Vies Vi Ve } |
<c|X|% ax (ki —maz{ks, ks, ka}—2h—2|7|-1) (L +h~ " +h7%).  (23)

Proof. To establish these inequalities, we readily develop an expression for the
different covariances using the independence between the APC process X and
the Poisson process N (see the proof of Lemma 6.4). Then we apply the classical
mixing covariance inequalities to the process X (see e.g. [10], [20], [32]), and
Lemma 6.11 below. The details of the proof are left to the reader. O
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Lemma 6.11. For j € {1,2,3}

E{]zﬁ//& wh(T_ti+3i)dN(2)<5i,ti)}

<c+c (h_1 + 4 h_j)H{maXibiQ ko) —kiy | <h+|7|+1}-

Proof. The idea of the proof is to consider all possible relations between s1, ..., s4
and tq,...,t4. Since the reasoning in all cases is similar we present the details
for only one of them. Let s := 51 = 590 = s3 = s4 and t 1= t] =ty = t3 = 4.
Then we obtain

//1(1 //1(2 //1(3 /L(iuh(T_thLSl)wh(T —ta + s2)wp(T — t3 + s3)wn(T — s + s4)

X d6{54}(51)d6{t4}(t1) d6{84}(82)d5{t4}(t2) d6{84}(83)d§{t4}(t3) d84dt4

1 Rt T—t+s\4
= ﬁ/k /RQU(T) det]I{k1:k2:k3:k4}

1 1
=13 </1 w(u)* du) Liky=ka=ka=ta}-

Thus, one may understand how the terms h~2 appears in the final inequality. O

The following lemma provides another covariance mixing inequality that is
useful in the proof of the central limit proposition 6.6 as well in the proof of the
consistency of the bootstrap method (Theorem 3.7).

Lemma 6.12. Let j,1,b be nonzero fived integers, and let § and ¢ be two bounded
real valued random variables, & being F7())-measurable and ¢ being ]-‘;L”b(y)-
measurable where Y = {Vx} has been defined by (16). Then for | > 2h+2|7|+1
we have

|cov{€, (}| < cax (I —2h = 2|7] = D[[{]loo[C]co- (24)

Remark. Notice that the sequence {V }ren is not necessarily bounded even if
the process {X (¢),¢ > 0} is bounded. Thus, inequalities (20) and (21) are not
direct consequences of inequality (24).

Proof. Tt is well known that since £ is a real-valued random variable which is
measurable with respect to the real-valued random variables ),..., );, there
exists a measurable function f : R/T! — R such that £ = f(),...,Y;). Then
for £ > 0 we have

k+1 s+7+h
" :/ + </ +7+ wp (7 — t+ 8)g(5) X ()X ()L {apty N(t+dt)> N(s+ds).
k s

+7—h

Since {(s,t) : k< s<k+1,s+7—h<t<s+7+h} C[k—|r|—1,k+|7]|+2)%
(recalling that 0 < h < 1) we deduce that there exist a constant value 1 and
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some measurable functions 1, : R?* — R, k € N*, such that

€ = Yolyn(jtir|+2)=0y + Z Vi (X(T1)7 s X (T )i T,y - - 7Tk)]IN(j+|T\+2):k}~
keN*
(25)
Similarly there exist a constant value ¢y and some measurable functions ¢, :
R?* — R, x € N*, such that

C = GolyN(jtr+b+|7|+2)—N(j+r—|r|-1)=0} T Z om (X(TN(j+r7\T|fl)+l)7
KREN*
oy X(TNGgr— e =1 45); TN G — |7 = 1) 15 - - - aTN(j+r—|7—\—1)+n>
X LN Gartbt|r|42) = N(+r—|7|—1)=r}- (26)
For the sake of simplicity we denote
Uit ... tk) == wk(X(tl),...,X(tk);tl,...,tk)
and
@R(ul, .. ,u,ﬁ) = qﬁR(X(ul), coy X(ug)yug, - 7u,.€)>,
where 0 <t; <ty <---<tp,and 0 < wuy <ug < -+ < .
As a consequence, since |7| + 2 < r + b, we deduce that
E[¢|F(N)] =E|¢|FTHN)| = volng _
0 0N (j+|7|+2)=0}

+ ) E [‘I’k(Tlv o T ‘ LN G+ir+2)=ry T1s - ’Tk} LN Gt i 4+2) =1}
keN*

and

E [C | ]:-(N)] -F {C | ]_—g+r+b+|7|+2(N):| -F {C | F]Ji—:;l-ll:—-l‘-|771|+2(N)] _

= ¢ola, + Z E |:®f€ (TN (tr—tr1=1)+15 - - s TN (Gpr—|r|=1)45)
rEN*

LA, TN Gr—|r|=1) 415 - - > TN Gir— e = 1)+ ) LA

where
Ac = NG +r+b+|7[+2) = N(j+r—|7[ - 1) = x}.

Moreover,
./—"(N) = .F{N(t) t>0} :F{Tl,Tg,},
FIN):=F{N(t):0<t<j}
= F{lingr=oy} V F{lingys0p, NG Tp ri = 1,0 N ()}

and
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FITW)
=F{N{t):j+r<t<j+r+b}
= F{Ia} VF{ [[1a. NG +7), Ty q=NG+7r)+1,...,NG+r+b)}.
KEN*

Additionally,

cov{&, ¢} = cov {E [¢| F(N)],E[¢| F(N)]} + E {cov [¢,¢| F(N)]}.

Using properties of Poisson process and the independence between X (t) and
N(t) one can show that the random variables E [¢ | F(N)] and E [¢ | F(N)] are
not correlated, i.e.

cov{E[§|]-'(N)],E[C|]-'(N)]}:O. (27)

Finally, the covariance inequality for bounded random variables (see [20]), the
mixing hypothesis on the process {X (t),t > 0} and the independence between
{X(t),t > 0} and the Poisson point process {N(¢),t > 0} mean that

|E {cov [¢,¢| F(N)]}| < dax(l—2h =27 = D[|]lcllClloe- (28)
Indeed
E {cov [¢,¢| F(V)]}
SE XN [, vt 7 )

keN koeN keN

(T1,...,Tx,Us,... Uy) | B(k,ko,k) [th SEELLCSEEE ’uﬁ]

X P{N(j+2|7|+3) =k, N(r—2|7| —3) = ko, N(b+ 2|7| + 3) = k}.
(29)

Since the random variables £ and { are bounded, the functions ¢ and ¢, can
be chosen such that |V (t)| = |¢¥k(&,t)] < |€]loo and [P, (5 + 7+ w.)| < [|€]co-
Then from the definition of the functions 1, and ¢,;, the mixing property of the
process {X (¢) : t > 0} we obtain that

|cov {Wk(t.), Pr(j+7+u )} <dax (I—2h=2/7| = D)[[Wk(t) oo | ®n (G +7 +u.)l| oo
<dax (I =2[r| = 3)[[€llolI¢]loo-

Thus, using relation (29) one obtains inequality (28). Additionally, taking into
account equality (27), we deduce inequality (24). O
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