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The log-concave maximum likelihood estimator of a density on the real
line based on a sample of size n is known to attain the minimax optimal rate
of convergence of O(n —4/5) with respect to, for example, squared Hellinger
distance. In this paper, we show that it also enjoys attractive adaptation prop-
erties, in the sense that it achieves a faster rate of convergence when the loga-
rithm of the true density is k-affine (i.e., made up of k affine pieces), or close
to k-affine, provided in each case that k is not too large. Our results use two
different techniques: the first relies on a new Marshall’s inequality for log-
concave density estimation, and reveals that when the true density is close to
log-linear on its support, the log-concave maximum likelihood estimator can
achieve the parametric rate of convergence in total variation distance. Our
second approach depends on local bracketing entropy methods, and allows
us to prove a sharp oracle inequality, which implies in particular a risk bound
with respect to various global loss functions, including Kullback-Leibler di-
vergence, of 0(% logs/ 4(en/k)) when the true density is log-concave and its
logarithm is close to k-affine.

1. Introduction. It is well known that nonparametric shape constraints such
as monotonicity, convexity or log-concavity have the potential to offer the practi-
tioner the best of both the nonparametric and parametric worlds: on the one hand,
the infinite-dimensional classes allow considerable modelling flexibility, while
on the other one can often obtain estimation procedures that do not require the
choice of tuning parameters. Examples include isotonic regression [Barlow et al.
(1972), Van Eeden (1956)], convex regression [Hildreth (1954), Lim and Glynn
(2012), Seijo and Sen (2011)], generalised additive models [Chen and Samworth
(2016)], the Grenander estimator [Grenander (1956)], convex density estimation
[Groeneboom, Jongbloed and Wellner (2001)], independent component analysis
[Samworth and Yuan (2012)] and many others. See Groeneboom and Jongbloed
(2014) for a recent book-length treatment of the field.
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These attractive properties have led to intensive efforts in recent years, to try
to understand the theoretical properties of shape-constrained estimators. In some
cases, for instance, it is now known that these estimators can achieve minimax
optimal rates of convergence; see, for example, Birgé (1987) for the Grenander
estimator, Baraud and Birgé (2016) for p-estimators, Kim and Samworth (2016)
for the log-concave maximum likelihood estimator and Han and Wellner (2016) for
convex regression estimators. However, the fact that these estimators are tuning-
free raises the prospect of an additional allure, namely that they might adapt to
certain types of data generating mechanisms in the sense of attaining a faster rate
of convergence than that predicted by the “worst-case” minimax theory.

The purpose of this paper is to explore this adaptation phenomenon in the con-
text of log-concave density estimation. Recall that a density f on the real line
is said to be log-concave if it is of the form exp(¢) for some concave function
¢ : R — [—00,00). We write F for the set of all upper semi-continuous log-
concave densities. The class JF serves as a particularly attractive nonparametric
surrogate for the class of Gaussian densities, because it is closed under linear trans-
formations, marginalisation, conditioning and convolution, and because it contains
many commonly encountered parametric families of unimodal densities with ex-
ponentially decaying tails. For this reason, the log-concave maximum likelihood
estimator of f, first introduced by Walther (2002), has been studied in great detail
in recent years; see, for example, Cule and Samworth (2010), Cule, Samworth and
Stewart (2010), Diimbgen and Rufibach (2009), Diimbgen, Samworth and Schuh-
macher (2011), Pal, Woodroofe and Meyer (2007), Schuhmacher and Diimbgen
(2010), Seregin and Wellner (2010).

Very recently, Kim and Samworth (2016) proved that if X, ..., X, are an in-
dependent sample from fy € F, then*

(1) inf sup E f,diy(fu, fo) <n~*?,
In foeF

and moreover that the log-concave maximum likelihood estimator fn based on
X1,...,X,, defined by fu = argmax r r > ;log f(X;), attains this minimax
optimal rate. Here, the infimum is taken over all estimators f, of fy, and
dﬁ( f8) = [ (f 1/2 _ ¢1/2)2 denotes the squared Hellinger distance. In fact,
there are various other choices of global loss function that one can study, including
the total variation distance and Kullback—Leibler divergence, defined respectively
by

f

Py

where we set d12<L( f, g) := oo if the support of f is not contained in the support
of g. We recall the standard inequalities d2y (f, g) < dj(f, g) < dg, (f,g) that

1 o0 o0
drv(f )= /W If —gl and di (f.g) = fm flog

4Helre, we write a, < by, to mean that 0 < liminf, |a, /bp| < limsup,,_, o lan/by| < 0.
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relate these loss functions. In fact, in this work, we will also be interested in another

notion of divergence: by an application of Remark 2.3 of Diimbgen, Samworth and
Schuhmacher (2011) to the function x — log j;o 8, we have that

: Lgn,  fa(XD) :
2 <L _. 2
di (s fo) =~ ;mg ok = Ax U fo).

Thus, an upper bound on the risk of the log-concave maximum likelihood estimator
in the d}z{ divergence immediately yields bounds in each of the other global loss
functions mentioned above.

Writing X (1) := min; X; and X,) := max; X;, the log-concave maximum like-
lihood estimator can be expressed as

exp{min(blx — ,31, ey bmx — ,Bm)} ifx e [X(]), X(n)],
0 otherwise,

falx) =

for some m € N and by, ..., by, B1, ..., Bm € R. This motivates the thought that
if log fo is itself composed of a relatively small number of affine pieces (e.g., the
logarithm of a Laplace density comprises two affine pieces), then we might expect
fn to converge to fp at an especially fast rate.

To this end, for k € N, we define F* to be the class of log-concave densities f
for which log f is k-affine in the sense that there exist intervals I, ..., I; such that
f is supported on I1 U---U Ii, and log f is affine on each /;. We then study adap-
tation in log-concave density estimation via two different approaches. The first,
presented in Section 2, establishes risk bounds in total variation distance for true
densities that are close to 7!, showing in some cases (such as when the true density
is uniform on a compact interval), that the log-concave maximum likelihood esti-
mator achieves the parametric rate of convergence. Our key tool for this approach
is an analegue of Marshall’s inequality [Marshall (1970)], which we use to relate
sup,cg | Fn(x) — Fo(x)| to sup, g |Fn(x) — Fo(x)|, where I, Fy and F,, denote
the empirical distribution function and the distribution functions corresponding to
fo and fn respectively. An attraction of this strategy is that the true density need
not be assumed to be log-concave.

Our second approach, developed in Section 3, studies more general adaptation
of the log-concave maximum likelihood estimator to densities in F* via local
bracketing entropy methods. More precisely, we provide risk bounds in the d)2(
divergence when the true density is log-concave and close to F*, which reveal
that a rate of % log®/*(en/ k) can be attained. Thus, when & is relatively small, we
obtain a significant improvement over the minimax rate.

There has been considerable interest in adaptation in shape-constrained estima-
tion, especially in recent years, on problems including decreasing density estima-
tion [Birgé (1987)], isotonic regression [Chatterjee, Guntuboyina and Sen (2014),
Zhang (2002)], matrix estimation under shape constraints [Chatterjee, Guntuboy-
ina and Sen (2017)] and convex regression [Chen and Wellner (2016), Han and
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Wellner (2016)]. However, all of these works consider the least squares estimator,
which has a more explicit expression as a projection onto a convex set. The class of
log-concave densities is not convex, and the maximum likelihood estimator does
not have such a simple characterisation, so we have to develop new techniques.
We finally mention the work of Baraud and Birgé (2016), who study a procedure
called a p-estimator in various shape-constrained density estimation problems. We
discuss their results in the context of log-concave density estimation in Section 3.

Proofs of our main results are given in Sections 4 and 4.2. These rely on sev-
eral auxiliary results that are presented in the Appendix, which appears as the
Supplementary Material [Kim, Guntuboyina and Samworth (2018)]. We conclude
this Introduction with some notation used throughout the paper. Given a function
g :R— R, we write [|glloo := sup,cg |g(x)|. For f,g € F, we write Dy := {x :
f(x) >0} ={x:log f(x) > —oo} for the domain of log f, and write f < g if
Dy C D,. Alsofor f € F,let uy:= [ o, xf(x)dx, oJ% = [ (x — ) f(x)dx
and FOl:={f e F: nwy =0, cr% = 1}. We use C to denote a generic universal
positive constant, whose value may be different at different instances, and also
write a < b to mean that there exists a universal constant C > 0 such that a < Cb.

2. Rates for densities that are close to log-affine on their support. This
section concerns settings where the true density is close to F!, the class of
densities that are log-affine on their support, but not necessarily log-concave.
It will be convenient to have an explicit parameterisation of such densities. Let
To:={(s1,52) € R?: 51 < 55} and

T:= @R x To) U((0, 00) x {—o0} x R) U ((—00,0) x R x {o0}).
Now, for («, s1, 52) € T, let
1

fa,sl,sz(x) =152 _gll

ews2 _ p0s]

]l{xe[sl,sz]} ifaa=0,
e“xll{xe[sl 52]) if @ #£0.

Then we can write
‘Fl = {fOl,Sl,Sz : (O{, sl,SZ) S T}

Thus the class F! consists of uniform and (possibly truncated) exponential den-
sities. It is also convenient to define a continuous, strictly increasing function
qg:R—[0,1] by

x—24+e " (x+2)
2) g(x):= Fll =+ D)

— forx =0,
3

for x £ 0,
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and to set p(x) := }fgg ; As a preliminary calculation, we note that for x > 2,
) =1 2 4 X - 1
x)=l——4+—— - -,

q x ef—(04+x) X

so that p(x) < max{p(2), p(x)} <max(3, 2x) for all x € R.

THEOREM 1. Let fy be any density on the real line, let X1, ..., X, tid fo
for some n > 5, and let f, denote the corresponding log-concave maximum
likelihood estimator. Fix an arbitrary fys, s, € FL write k* = o(sy — 1), let
drv = dTv(fasy.so» fo) and let digg == |FL, o — Flllloo + II(1 — Fasy.5)" —
(1 = Fo)"|loo, where Fy g, s, and Fy are the distribution functions corresponding
10 fu.s,.5, and fo, respectively. Then, for t > 0, the following two bounds hold:

nt2

B3) Ppldrv(fur fo) =t + (14 2p(jc*|) }drv] < 2¢ 220D +dy,

;l(i:zn + L _|_d(")
nl/2 KS»

4) PfO{dTV(fnv foy=t+ 1+ 610gn)dTV} <2¢ 18

where we interpret (3) as uninformative if |k*| = co. Moreover,

Cn
2

(n)

) Efodry(fu, fo) < inf + (1 + ca)dry + 2di ¢

Ja,s1,5,€ !

where ¢, = cp(fa.s,,5,) :=min{2p(|«*]), 6logn}.

To aid with the interpretation of the last part of Theorem 1, first consider the
case where fo = fo5.50 € F 1 so that dry = dl((’g = 0. In that case, provided
|k*| = || (s2 — s1) is not too large, the first term in the minimum in the defini-
tion of ¢, guarantees that the log-concave maximum likelihood estimator attains
the parametric rate of convergence. In particular, if fy € F' is a uniform density
on a compact interval, then we may take &« = 0 = «*, and find that

A 4
E fodrv(fu, fo) < 2

On the other hand, if fo = fu .5 €F I where |«*| is large (e.g., if it is infinite)
then the second term in the minimum in the definition of ¢, may give a better
bound, and guarantees that we attain the parametric rate up to a logarithmic factor.
More generally, there exist universal constants ¢ > 0 and ng € N such thatif n > ng
and fy is any density with

inf  (dpv + dé"s)) <en"*Plog7'n,
fa,sl,sze}—l
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then the bound provided by (5) is better than that given by the worst-case minimax
theory.5 In fact, there is a special class F, € F such that when fy € F, we can
prove an alternative bound on the total variation distance between fn and fp that
slightly improves and simplifies the bounds provided in Theorem 1. To define this
class, for f € F,let Dy :={x: f(x) > 0}, and let

Fo:={feF:f(x)=e""h(x) forall x € Dy, for some y € R,
(6)

and i : Dy — [0, co) concave}.

As examples, if f € F is concave on its (necessarily bounded) support D s, then
f € Fi since we can take y =0 and h(x) = f(x) for x € D . Moreover, FlcF,
and the family of I" («, ) densities with o € [1, 2], 8 > 0 also belongs to F,. When
fo € Fx, the factors of 1 +2p(|«c*|), 1 + 6logn and 1 4 ¢, in (3), (4) and (5),
respectively, can be replaced simply with 3. See Proposition 6 in Section 4.1 for
details.

Another setting where we can provide an alternative version of Theorem 1 oc-
curs when fj is a (not necessarily log-concave) density that is both close to F'
and has tails that are lighter than those of an exponential distribution. We refer the
reader to Proposition 7 in Section 4.1 for further details and discussion.

The proof of Theorem 1 is crucially based on the following analogue of the clas-
sical Marshall’s inequality for decreasing density estimation [Marshall (1970)].

LEMMA 2. Letn >2,let X1,..., X, be real numbers that are not all equal,
with empirical distribution function F,,, and let fn denote the corresponding log-
concave maximum likelihood estimator. Let X 1y := min; X; and X ) := max; X;.
Let fo be a density such that fo(x) = e**ho(x) for x € [X (1), X(n)], where ap € R
and hg : [X 1), X(n)] = R is concave, and let k := ao(X ) — X(1)). Writing Fy
and F, for the distribution functions corresponding to fo and fn respectively, we
have

(7) 1 — Folloo < p (k) IIFn — Folloo-

REMARK. Diimbgen and Rufibach (2009) found that in all of their simula-
tions,

(8) 1Ey — Folloo < IIFw — Folloos

provided Fp has a log-concave density. However, since p(x) — 0o as x — 00,
it is worth noting that Lemma 2 is in line with their observation that ... one can
construct counterexamples showing that (8) may be violated, even if the right-hand
side is multiplied with any fixed constant C > 1”.

5The fact that we work with the risk in total variation distance rather than squared total variation
distance is not significant. However, it is worth recalling that Theorem 1 does not control the (larger)
Hellinger risk.
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Although Lemma 2 is stated as a deterministic result, the main case of inter-
est is where X1, ..., X, are independent and identically distributed, and we apply
the result to some density fp € F (not necessarily the true density). The origi-
nal Marshall’s inequality applies to the integrated Grenander estimator when Fo
is concave; in that case, the multiplicative factor p(|x|) can be replaced with 1.
Diimbgen, Rufibach and Wellner (2007) proved a similar result for the integrated
version of the least squares estimator of a convex density on [0, 00); there, a mul-
tiplicative constant 2 is needed. In the special case where fj is concave on the
convex hull of the data, we can take «g = 0 = «, and the multiplicative constant in
Lemma 2 can also be taken to be 2. A limitation of Lemma 2 is the fact that not all
log-concave densities are of the form required for our result to hold. Indeed, our
proof crucially relies on the fact that if a and b are consecutive knots of fn and
x € [a, b], then we can write

~ X
F,(x) — Fp(x) =c +/ e g (1) dt,

for some constant ¢ € R, where g is convex; cf. Lemma 1 in the Supplementary
Material [Kim, Guntuboyina and Samworth (2018)]. It is an interesting open ques-
tion as to whether the restriction on f in Lemma 2 can be removed.

3. Rates for densities whose logarithms are close to k-affine. In this sec-
tion, we extend significantly the class of densities for which we can prove adap-
tation of the log-concave maximum likelihood estimator. Recall that, for k € N,
the class F* denotes the set of log-concave densities f € F for which log f is
k-affine. The following is the main theorem of this section.

THEOREM 3. There exists a universal constant C > 0 such that for every n >
2 and every fy € F, we have

~ Ck en
9 E ;. d> inf!—1 5/4(—> inf d2 }
O EddCe fo = o { S0 (F) 4 int dRi (. £

One consequence of Theorem 3 is that when log fj is k-affine for some k, then
the log-concave MLE f,, converges to fy at nearly the parametric rate when k is
small. In particular, there exist universal constants ¢ > 0 and ng € N such that if
n > ng and k < en'/Slog™>/*n, then the bound provided by Theorem 3 is bet-
ter than the minimax bound over all log-concave densities [Kim and Samworth
(2016)].

6Although Theorem 5 of Kim and Samworth (2016) is stated for the squared Hellinger risk, it can
easily be extended to a bound for the d)z( risk by appealing to Corollary 7.5 of van de Geer (2000).
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A result similar to (9) was recently proved by Baraud and Birgé (2016) for
their p-estimator. More precisely, they proved that there exists a universal constant
C > 0 such that

en

A .|k :
A0 B =€ jnif g (F) 4 inf @i o).

where fp denotes the p-estimator based on a sample of size n, defined in Baraud
and Birgé (2016). The differences between Theorem 3 and (10) are as follows:

1. Theorem 3 deals with the log-concave MLE while (10) deals with the p-
estimator. While the p-estimator is very interesting and general, at the moment,
we are not aware of algorithms for computing it. On the other hand, the log-
concave MLE can be easily computed via active set methods for convex optimisa-
tion [Diimbgen and Rufibach (2011)].

2. Theorem 3 is a sharp oracle inequality in the sense that the approximation
term inf feeFk d12<L( fo, fx) in (9) has leading constant 1.

3. Theorem 3 bounds the risk of the log-concave MLE with respect to the loss
function d)z(, which is larger than its squared Hellinger risk. On the other hand, the
right-hand side of (10) involves inffke Fk dlz{( fos fr), which may be smaller than

the term inf feeFk d12<L( fo, fx) that appears on the right-hand side of (9).

4. Inequality (9) has a log>/*(en/ k) term on the right-hand side while inequal-
ity (10) has a (larger) 10g3 (en/k) term.

Our proof of Theorem 3 proceeds by first studying the special case where the infi-
mum in the right-hand side of (9) is replaced by & = 1. That case can be handled
using empirical process theory techniques [e.g., van de Geer (2000)] together with
a local bracketing entropy result for log-concave densities (cf. Theorem 4 below).
Before stating this result, we first recall the following definition of bracketing en-

tropy.

DEFINITION 1. Let S C R, and let G be a class of nonnegative functions
whose domains include S. For ¢ > 0, let Njj(e, G, dn, S) denote the smallest
M € N for which there exist pairs of functions {[g. ;. gu, jl:j=1,..., M} such
that

R -e =2 forevery j= 1.

and such that for every g € G, there exists j* € {1,..., M} with g; j*(x) < g(x) <
gu, j*(x) for every x € S. We also define the ¢-bracketing entropy of G over § with
respect to the Hellinger distance by Hjj(e, G, du. S) :=log Npj(¢e, G, du. S) and
write Hyj(e, G, dn) := Hyj(e, G, du, R) when S =R.

For fo € F and § > 0, we also define F(fo,8) :={f € F: f < fo,du(f, fo) <
8}. We are now in a position to state our main local bracketing entropy bound for
log-concave densities.
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THEOREM 4. There exist universal constants C,k > 0 such that for every
fo € Fwithv:=inf{ldyg(fo, f1): f1 € Fl, fo < f1}, and every € > 0,

1 ) 1/2
(1 Hy(2"%e, F(fo. 8). dn) < C]og5/4<g> (%)

provided § + v < k.

It is instructive to compare Theorem 4 with other recent global bracketing en-
tropy results for log-concave densities on the real line. The class F is not totally
bounded with respect to Hellinger distance, but since this metric is invariant to
affine transformations, one can consider subclasses of / with mean and variance
restrictions. More precisely, for £ > 0 and n € (0, 1), let

FEn={feF:lusl <& |of—1]<n}
Kim and Samworth [(2016), Theorem 4] proved that
(12) Hy(e, FU1/2 dy) < ce™1/2;

see also Doss and Wellner [(2016), Theorem 3.1] for a closely related result with
different but similar restrictions on the class F. Thus, Theorem 4 reveals that when
fo € Fis close to some f| € F I with fo < f1, and when § > 0 is small, the local
bracketing entropy is much smaller than the global bracketing entropy described
by (12).

The proof of Theorem 4 is lengthy, but the main ideas are as follows. By a
triangle inequality, one can show that it suffices to prove the result for fy € F'.In
fact, by an affine transformation, it is enough to consider fj belonging to one of
three canonical forms within the class F'. When foe F ! we have v = 0, and we
can exploit natural boundedness properties enjoyed by f € F(fo,8) when f < fo
and § > O is sufficiently small. For example, when fy is the uniform density on
[0, 1], itis possible to show (see Lemma 5 in the Supplementary Material) that such
f satisfy log f(x) < C§ for all x € [0, 1] and log f(x) > —CSmax{x~!/2, (1 —
x)~1/2) whenever min(x, 1 — x) > 452. These boundedness properties allow us to
apply bracketing entropy bounds for bounded log-concave functions developed in
Propositions 7 and 8 in the Supplementary Material to deduce the result.

Theorem 4 enables us to prove the following risk bound for the log-concave
maximum likelihood estimator when the true density is close to F!, a key step in
proving Theorem 3.

THEOREM 5. There exists a universal constant C > 0 such that for every n >
2 and fo € F, we have

N C .
(13) Ed%(fu, fo) < —log*n+  inf  di(fo, f1)-
n fieFl ok fi

Since d3(fo. f1) < dy (fo. f1) and since dg; (fo, f1) = 0o unless fo < fi. the
inequality given in (13) is stronger than the inequality obtained by replacing the

infimum on the right-hand side of (9) by k = 1.



2288 A. K. H. KIM, A. GUNTUBOYINA AND R. J. SAMWORTH

4. Proofs of main results.

4.1. Proofs from Section 2 and alternative total variation bounds. We first
present the proof of Theorem 1, and then give the proof of Lemma 2, on which it
relies.

PROOF OF THEOREM 1. Let I:",, and Fy denote the distribution functions of
fn and fo, respectively, and let [F,, denote the empirical distribution function of
Xi,..., X FiX fo 5.5 € F' with (o, s1,82) € T, and let Fy g, 5, denote its cor-
responding distribution function. Then {x : ﬁ,(x) > fas1.5 (X))} ={x :log fn(x) >
log fu,s,.5,(x)} is an interval. It follows that

drv(For Fasyoss) = / ) {/n() = fas1.5 (0} dx
xifn(x)Zfa,sl,xz(x)

AN
=sup [ {fu(x) = fo.s.50(0)} dx

(14) s<t i A
= Sup[Fn(t) - Fa,sl,sz(t) - {Fn(s) - Fa,sl,sz(s)}]

s<t

= 2||Fn - Fa,sl,szlloo-
Hence, writing dtv := d1v(fa.s;.52> f0)>

drv (fus f0) < d1v(Fus fursi.sn) +d1v

=< 2”FA‘n - Fa,sl,sz”oo +dTV
(15)
=< 2;0(|K|)||Fn - Foc,sl,s2||oo +dtv

< 20(Ik)IFs — Folloo + {1 +20(I ) }drv.

where « := a(X) — X(1)). Here, the penultimate inequality follows from
Lemma 2, and the final one follows by the triangle inequality and the fact
that |F — Gllco < drv(f, g) for any densities f and g with corresponding dis-
tribution functions F and G, respectively. It is now convenient to introduce
Yi,..., Y, b fa.s1,50» With Y(1y := min; ¥; and Y(,) := max; ¥;. Then, writing
it = alsy — 1) and digg == |2, o — Fg oo + (1 = Fasy )" — (1= Fo) lloc

Py (licl > |ic*]) <P gy (Xny > 52) + Py (X1y < 51)

=P Xy >s2) +Pp o Yy <sp)+ dd = dyy.

Since p is strictly increasing, we can therefore apply the Dvoretzky—Kiefer—
Wolfowitz inequality [Dvoretzky, Kiefer and Wolfowitz (1956)] with the sharp
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constant of Massart (1990) to conclude that for any ¢ > 0,

P foldrv(fus f0) = 1+ {1+ 2p(|c*|) }drv]
<P {20(|c*)IFs — Folleo = 1} + Py (Iic| > [i*])

<2 ( e ) +d
<2exp| ———— .
202 (i) 7K
This proves (3). For the other bound (4), note first that if B > 2 and « < 0, then
51 > —00, SO

B
IP’f0<|K| > Elogn>

Blogn

S]P’fo(X<n) > 51— )+]P’fo(X(1) <s1)

Blogn

=P (Y (n) > S1— ) + P Yy <s)+ ds

1 —5n=B/2 \n
1 ()
=1 (1 — ed(é‘z-ﬂ)) +dgs

<1-— (1 _n—B/Z)n +d1(<ns) < n—(B/2=1) +dl((nS)’

where the final inequality follows because 1 — x < (1 — x/n)" for x € [0, 1) (this
can be proved by taking logarithms and examining the Taylor series). A very
similar calculation yields the same bound when « > 0. Recalling that p(x) <
max (3, 2x), it follows that if # > 0 and («, 51, s2) € T with a # 0, then provided
B>?2and Blogn >3,

P jo{drv(fus fo) = 1 + (14 2Blogn)drv}

<Ps{p(l«l) > Blogn} + Py {2Blogn||F, — Fylloo > 1}

nt? )
2B2log’n)’
where the final inequality follows by another application of the Dvoretzky—Kiefer—
Wolfowitz inequality. Taking B = 3 and n > 3 therefore yields (4).

Now, writing s* := (21og2)!/2p (|« *|)/n'/? and using the fact that the total vari-
ation distance is bounded above by 1, we have

E r,dtv(fa, fo)
=E r,{drv(fur fOLggei=icrn} + Efo {drv (s f0) L (et oy}
< By ([drv(fu. fo) — {1+ 2p(* ) Jdrv]L e <jes)
+ {1+ 2p(k[) Jrv + dis

<p~(B/2-D +d1((ns) —|—2exp<—
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<s* +2/°°exp<—”7sz) ds + {1 +2p(|c*|) }drv + 2432
5* 2p2(|ic*])
2p (k™))
< pnl—/Z +{1+2p(|c*])}dry + 242

On the other hand, writing s" := 3(2log 2)1/211_1/2 logn, we also have

E fyd1v(fu- fo) < 1/2+s +2/ e ~Tee ds + (1 + 6logn)dry + 2dy

6logn

()
< —r + (1 + 6logn)dry + 2dy.,

for n > 5. Since these inequalities hold for any fy 5,5, € F I, the conclusion fol-
lows. [

PROOF OF LEMMA 2. This proof has some similarities with the proof of
Diimbgen, Rufibach and Wellner (2007), Lemma 1. We define the set of knots

of fn by
S:={reXay, Xw): fit—) # frtH)} UIX 1), Xl

where X (1) and X, denote the smallest and largest order statistics of the data

X1,..., X,. By, for example, Diimbgen and Rufibach [(2009), Theorem 2.1], S C
{X1,..., Xy}, and we therefore write S = {ry, ..., t} forsome k € {1,...,n — 1}
where X (1) =10 < --- < tx = X (). We first write the left-hand side of (7) as
max{sup|ﬁ,,(x) — Fo(x)|,  max sup |ﬁn(x) —
x<to 1€{0.Lsk=B xe[ry,1i41)

sup| () = Fo()] .

Observe now that ﬁn (x) =0=T,(x) for x < 9 and I:”n(x) =1=TF,(x) for x > 1.
It therefore follows that in order to establish (7), we need only establish the two
statements

sup | Fp(x) — Fo(x)} < p(k ) IFy — Folloo

x€lti,tiv1)
(16)
fori =0,1,...,k—1,
inf  {F(x) — Fo(x)} = —p(k)IIFy — Folloo
x€lti tiv1)
(17)
fori =0,1,...,k—1,
where . := max(k, 0) and k_ := max(—«, 0). It is convenient to prove the sec-

ond statement first. We may assume that the infimum of E, (x) — Fp(x) over
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x € [X1), X)) is attained at r € [#;,t;41), say, forsome i € {0,1, ...,k — 1} and
let a :=t¢; and b := t; 1. By hypothesis, there exist «g € R and a concave function
ho : [a, b] — [0, 00) suchAthat fo(x) = e**ho(x) for x € [a, b]. Moreover, there
exist «, B € R such that f,,(x) = exp(ax + B) for x € [a, b]. It follows that if we
define

g(x) 1= TP — g (x) = e f,(x) — fo(x)},

then g is convex on [a, b] and g(r) = 0. Moreover, defining G(x) := I:"n (x) —
Fo(x), we have

X
G(x) =c+/ e g(t) dt for x € [a, b],

where ¢ := [ fn (t) — fo(t) dt. We may therefore apply either inequality (4) or
inequality (2) in Lemma 1 in the Supplementary Material (depending on whether
or not og = 0) to obtain that for every x € [r, b],
2
6+ " G6w) - 6] if o9 = 0,
G(x) < (b — r)2
= 14 e Nag(x —r) — 1}

G(r) + —

1 4+ ex0&="go(b —r) — 1)}

Integrating from x = r to x = b, writing A := ao(b —r) and recalling the definition
of the function ¢ in (2), we deduce that

([Gb)—G(r)}  ifag#0.

I I b q(—A)

Now Diimbgen and Rufibach [(2009), Theorem 2.4] yields that

(19) /too I:"n(x)dxg/toan(x)dx and /joo I:"n(x)dx:/joan(x)dx

for every t € R and s € S. Moreover, Diimbgen, Samworth and Schuhmacher
[(2011), Remark 2.8] gives that

1 .
(20) F,(x)——<F,(x) <F,(x) for every x € S.
n

It follows from (18), (19) and (20) that
1 1 b, roo b
G(@r)> b—r1—q(—A) {/_OO F,(x)dx — /_OO F,(x)dx —/r Fo(x)dx}
_q(=A)G()
1 —g(=4A)
1 1
>
“b—rl—q(-A)
> —p(=AIFy — Follo = —p (k) IFn — Folloo-

_q(=A){F. () — Fo(b)}
I —g(—A)

b
/ {Fn(x) — Fo(x)}dx
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This establishes (17). For (16), let Y; := —X;, let ﬁn denote the log-concave
maximum likelihood estimator based on Yi,...,Y,, and let I:In denote its cor-
responding distribution function, so that by affine equivariance of the log-concave
maximum likelihood estimator [Diimbgen, Samworth and Schuhmacher (2011),
Remark 2.4], we have h,(y) = fy(—y) and H,(y) =1 — F,(—y). Similarly,
let ho(y) := fo(—y) (so hg is concave on the convex hull of Yi,...,Y},), and
let Hy denote the distribution function corresponding to the density hg, so that
Hy(y) =1 — Fy(—y). Finally, let H,, denote the empirical distribution function
corresponding to Y1, ..., Y,, so H,(y) = n-! Y Liyi<yy =1 =limy, Fr(—2).
Then for any two consecutive knots a and b of fn,

sup {F,(x) — Fo(x)} = sup —{H,(—x) — Ho(~x)}

xe(a,b] x€e(a,b]

- —ye[i}gﬂ){Hﬂ (y) — Ho(»)}

< p(k)IH, — Holloo
= p(k)IF, — Folloo,

as required, where the inequality follows from an application of (17) to the trans-
formed data Y1, ..., ¥, noting that —ao(Y(n) — Y(1)) = —ao(X () — X(1)) = —«.
O

Recall the definition of F, in (6). We now provide a result which improves the
bounds given in Theorem 1 in the special case where the true density belongs to
the class F..

- )

PROPOSITION 6. Letn > 5, let Xy,..., X, R fo € Fi, and let f, denote
the corresponding log-concave maximum likelihood estimator. Fix an arbitrary
Jas1,5 € F write k* := a(sy — s1), let dpy := drv(fu.s,.s,» fo) and let dl(("s) =
1E2 sy = Flloo + (1 = Fasy.5)" = (1 = Fo)" oo, where Fus,.s, and Fy are
the distribution functions corresponding to fy s, s, and fo respectively. Then, for
>0,

P o{drv (fu, fo) = t + 3drv)

Vl12 ntz
; T 20206 1 2e 18logn aw
< min{2e 207 ,1—/2+ e + dkg-

n
Moreover,
A : min{2p(|«*|), 6logn}
Eydry(fo, fo) < inf { Y + 3drv + 2d1(<”§}.

fa,sl ) eF!
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PROOF. Forany fy 5, € F U with (e, 51, 52) € T and corresponding distribu-
tion function Fy 4, 5,, we have by (14) that

dtv (fus f0) < d1v(Fus fusi.sy) +d1v
<2||Fy — Fasy.5llo0 + d1v
<2/ Fy — Folloo + 21 Fo — Fays,.5,lloc + drv
<2p(Ik1)IFn — Follso + 3drv,

where k := o (X ) — X(1)), and where the last line follows again from Lemma 2.
The proof now follows that of Theorem 1, mutatis mutandis, so we omit the details
for brevity. [J

As mentioned in Section 2, we can also give an alternative version of Theorem 1
that is particularly applicable in settings where f; is both close to F! and has light
tails.

PROPOSITION 7. Let fy be any density on the real line, let X1, ..., X, Lid fo
for some n > 2, and let fn denote the log-concave maximum likelihood estimator.
Fix an arbitrary fy, s, € Fb let dpy = drv(fa,s,.s5> Jo) and let ik := oz{Fo_l(l —
n=3/2) — FO_l (n=3/%)}, where FO_l denotes the quantile function corresponding to
fo- Then, for t > 0,

nt2

~ 5 — 2
IF)fo[dTV(fm fo) =1+ {1 +2/0(|K|)}dTV] <2e 2°(KD 4 m

Moreover,

; . ¢ N 4
Eqdrv(fu, fo) = inf {nl%—'_(l-i_cn)dw}—i_m’

fa,sl.xze !

where ¢, = En(fa,sl,sz) = 2,0(|IZ|)

PROOF. We follow the proof of Theorem 1 up to (15). Now, writing xo :=
Fo_l(n_3/2) and x; := Fo_l(l —n—3/2), we have

P (k] > 18]) <P g (Xm > x1) +Pg(Xay < x0)

=1-F(x)+1—{1—-Fxp)}" < 7

The proof now again follows that of Theorem 1, mutatis mutandis, so we omit the
details for brevity. [

A nice aspect of Proposition 7 is that the dl(gls) term in Theorem 1 (and Propo-
sition 6) no longer appears. To illustrate Proposition 7, for 8 > 1, let xj :=
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(3/2)/B10g!/P n, let x, = —log(1 + e~ — n=3/2) and consider the density

_ 1 _xB
fO(x):f()(n)(x):e x]l{xe[x*,xl]}+,8x'3 le * ]]-{x>x1}~

Then Fo_l(n_3/2) = —log(e™ — n=3/2) = —log(l + e — 2n~3/2) and
Fy'(1 —n=3/?) = x|. Defining fy., 5, € F' by

e—x

—Xx — p—X1

fa,sl,sz(x) = IL{xe[x*,xl]}’

we deduce that |¢| = x1 +log(1 +e™*1 —2n73/2) < 2x1 and dpy =n—3/?, so from
Proposition 7,

. 8x; 1+8x 4 3\ /B log!/ n
E fodry (fa Jo) <~ + =73 +n1/2<17<§) e

In other words, a continuum of logarithmic powers in the rates is achievable.
4.2. Proofs from Section 3.

PROOF OF THEOREM 3. Fix adensity fo € F. Also fix k € N and an arbitrary
density f € F* such that d12<L( fo, f) < oco. Note that this implies that fo < f.
Suppose that Iy, ..., Iy is a partition of the support of f into maximal intervals
such that log f is affine on each /;. Since fj is absolutely continuous with respect
to f, it follows that Z’;Zl pj=1,where p; := f,j fo-For j=1,...,k,wealso let
Nj .= Y ]l{X,»elj}, Ji:={j:Nj>2}and J :={j: N; < 1}. Observe that the
sets J; and J, as well as the integers Ny, ..., Ny are random. We initially assume
that k < min(nl/s, n/65/4). We write

2 z nXi
B =3 log oK)

i=1 fO(Xl)
fn<X ) fn<x,->
@ ! L1
jgf:] i: XXE:I f (Xi) ngl XXE:] fO(Xl)
oy fn(X) Ful(X)
_ 1 ’
o jgl:lz )21 Jo(Xi ) n 15?5)(” o8 Jo(X;)

where the final inequality follows because |J>| < k and |[N;| < 1 whenever j € J>.

To handle the first term, let ﬂ, denote the maximum likelihood estimator based on
the data {X; : X; € ey, I;} over the class of all densities f for which log f is

concave on each of the intervals {/; : j € Ji}. Since log fn is concave on each /;
and since %3 fu () Lixey;., 1;ydx < 1, it follows that

(22) SN log X< Y. D log fu(X).

jeJl iIX[GI_/' jGJliZXiGIj
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Writing M := Zjejl Nj, we claim that
; Nj 70 th i
(23) fulx) = ﬁlf (x)  forxel; with j € J,

where f (/) denotes the log-concave maximum likelihood estimator based on {X; :
X; € 1;}. To see this, let ® denote the class of functions ¢ : R — [—00, 00) that
are concave on each /; for j € J; and that satisfy ¢ (x) — —o0 as [x| — 00. Now,
log f, maximises

L() = —Z Z¢<X>—Z/ ¢

jGJ]l Xi€lj jeJi

=2 {N ) ¢(X)—/_ ¢+1°g<M1/Nj>}

jedy M, Jixiel;

over ¢ € d. For j € Jy, let D denote the set of functions ¢ : I; — [—00, 00) that
are restrictions of functions in @ to /;. Then, on each interval I; with j € J;, we
have

Y H(X) - / ¢+log(M1/N)}

log f, = argmax{

ped; NViiXer
M
_argmax{ Z ¢(X)—/ } log—1
ged; Niixer, Nj

A M
=log ) —log N—l
j

which establishes the claim (23). Let féj)(x) = pijfo(x)ll{xaj}. We deduce
from (22) and (23) that

_Efo{z 2. log fo )}

Jjehi:X;el;
Nf(f)(x‘)/Ml
Eﬁ){z 2 lo DX, }
JeJii:X;iel; ( )

(24)

Efolz > o f (l)}+Eﬂ)<Z %Mg&,)

()
jehiX;el; f jen npj

1 n
Eqs|—1log— ).
+ fo(n OgM1)
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Now let f(j)(x) = %f(x)l{xelj}, where g; ;= f]j f, and note both that f(j) €
J

Fland fo(j )« ). To evaluate the first expectation on the right-hand side of (24),
we condition on the set of random variables {N; : j = 1,..., k}. After this condi-
tioning, and since N; > 2 for every j € Ji, we can apply the risk bound in Theo-

rem 5 for each f () to deduce that

Ly 3 )

jedii:Xel, f(J)(X )

C

<lg, 3 Nj{—log5/4 Nj+ inf  di(fY, fl)}.
no g TN fieF: f‘”<<f1

Now the function x — log>/*(x) is concave on [e!/4, 00), so by Jensen’s inequal-

ity, together with the fact that the function x — xlog>*(n/x) is increasing for

x € (0,n/ed,

ey 3wl

()
jenixel;  Jo (Xi)

(25) <CIE{|J1|10g5/4<|;Z|>}+Zp,d2 £y

Ck
<= log™*(n/k) + dgy (fo, ),

where the second inequality follows because

k .
Zl’jdrzl(fo(j)’f(j) ZP iy (f; (j) fY9)

Jj=1

k
Z f(]) f(]) + ij log —dIZ(L(fO’ f)

j=1
To handle the second term on the right-hand side of (24), we use the facts that
logx <x —1forx >0, N; ~Bin(n, pj) and NjlogN; =0 for j € J;, to obtain

(g i) <l - )5 e

jel, nAPj jen M TP

1
(26) = —Dl -+ Zp, log(np;)
j=1 j=1
- 2_+10g(n/k)‘

n n
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Finally, for the third term on the right-hand side of (24), we note that M| =n —
> jen Nj =n—k>n/2, soin particular E(M;/n) > 1 — k/n. Using the fact that
x — —xlogx is decreasing on [1/2, 1] and the fact that —log(1 — x) < x + x? for
x € (0, 1/2], we deduce that

el o) 2 =015 et 5) == vs(1 )
o\, Ong = » 0g L) = 0g "

k k> 2k
— —_ <
n n* " n

To handle the second term on the right-hand side of (21), we apply Lemma 2 in
the Supplementary Material and use the fact that k < n'/> to find that

27

P oy

(28) Efo{max log I l)}ﬁlogn§10g5/4<ﬁ>.
I<i<n Jo(Xi) k

Thus, in the case k < min(nl/S, n/65/4), the desired conclusion follows from (21),

(24), (25), (26), (27) and (28). When k > min(n'/>, n/e>/*), we can argue as in the

final paragraph of the proof of Theorem 5 below that E 4 d% (fu, fo) Sn~*° <

(k/n)log>*(en/ k). The result follows. [J

PROOF OF THEOREM 4. We consider first the case where v =0, so that fj €
F'. In that case, recalling the parameterisation F F= Sas;s ¢ (@, 81,82) € T}
used in Section 2, the affine invariance of the Hellinger distance, together with
Lemma 4 in the Supplementary Material, shows that we may assume without loss
of generality that fj is of one of the following three forms:

L. fo= fo.0.13
2. fo= f—a.0,1 forsome a € (0, 18);
3. fo= f-1,0,q for some a € [18, oo].

LR ENT3

We refer to these three forms as “uniform”, “exponential conditioned on [0, 1]”
and “truncated exponential”, respectively, and treat the three cases separately. The
choice of splitting these cases at the constant 18 is convenient rather than essential;
for instance, it guarantees that the infinite sum in (35) below converges.

The case where fy is uniform: Fix é € (0, 273/2]. Observe first that for every
& > 0, we have

Hy(2"%e, F(fo.8). du. 0, 1])
< Hy(e, F(fo.8).dn. [0,1/2]) + Hy(e, F(fo. 8), du, [1/2,1])
(29) = 2Hy (e, F(fo,98), du, [0, 1/2])
<2Hp(e/2'%, F(fo,5), du, [0, 457])
+2Hp(e/2Y%, F(fo, 8), du, [462,1/2]).
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We bound the two terms on the right-hand side of (29) separately. For the first
term, we use inequality (12) in Lemma 5 in the Supplementary Material, which
gives that sup, .o 1jlog f(x) < 213/25 < 16 for every f € F(fo,8). From this,
Proposition 8 in the Supplementary Material and the fact that § € (0,27>/%], we
therefore obtain

404521174 1/2
e*@sHl/ 9 /

(30) Hy)(e/2'2, F(fo,8),dn, [0,48°]) S — 77— S 5,

which takes care of the first term in (29). For the second term, let n; := 48227
for j =0, 1,...,] where [ is the largest integer for which 4522/ < 1/2. Also let
Ni+1 := 1/2. By Lemma 5 in the Supplementary Material, for every f € F(fo, )
and j =0,1,...,[/, we have that

48
——5 <log f(x) < 21325 <16 forevery x € [nj, nj+1].
J
Setej:=¢/Q2l+2) 172 Then by Proposition 7 in the Supplementary Material,

[
Hyy(2/2'%, F(fo, 8). du, [48%,1/2])) < 3" Hyy(e;. F(fo. 8). du. [nj. nj+11)

20
48 1/284(n, _ .)1/4
13/2 jH1 Ny
<Z(2 125 + 1/2> 172
Jj=0 N €j

)
<51/QZ 1 <77j+1_7]j> 4
~ 172 i ’

j=0 8]- J

where we have used the fact that ; < 1 in the final inequality. Observe now that by
our choice of n; = 48%2/ for j =0, 1,...,1 and 41 = 1/2 < 4822+ it follows
that nj; 1 —n; <n; forevery j =0,1,...,l. We therefore obtain

1
Hy(e/2'2, F(fo, 8), du, [482,1/2]) S 612 (z+ 1y5/4

as required, where the final inequality follows because 46%2! < 1/2, so
—log(48? 1

I+1< —log®o%) §10g<—).

log2 )

The exponential conditioned on [0, 1] case: Now suppose fo = f—q,0,1 for some
a € (0,18), let Cy :=a(l —e~®)~! and again fix § € (0,27>/2]. For every f =
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e? e F(fo,6), we have

1
52_/' (P02 _ 2, f(xx/Z)de

2
—C, f ( Pl +ax}/2 ) dx

—a ! 1 {¢(x)+0tx}/2 2
= Cae / ( ) dx.
cy

o

Write § := 860‘/2/C01/2, so that

_ el8 1\ 1/2
8<8<( ) J.
- 18

Thus, arguing as for the uniform case, given § € (0, ( 188 y1/2273/2] and ¢ > 0,

we can find an S/Ca —Helhnger bracketing set {[gr, ;. gu,jl.j =1,..., N} for
the class {x — C, LF(x)e™ 1 f e F(fo,8)} with

1/2C1/4 1\ §1/2
< log /4 2 Y oA )
log N < log (8) Y < log (8)81/2'

Now let fr j(x) := Cogr,j(x)e™®" and fy j(x) := Cogu,j(x)e”** for j =
1,..., N. Then

1
f (=157 = o [ e el = g f 0

1/2 1/2\2
<C/ (s~ 81/) <€

so{[fL,j» fu,jl. j =1,..., N} form an e-Hellinger bracketing set for F( fo, 8), as
required.

The case where [y is truncated exponential:

Now suppose that fo = f_1,0,, for some a € [18, co]. Given a function ¢ : R —
[—00, 00), we define q;a R — [—00, 00) by

31) $a(x) = (x) +x +log(l —e ™).

Let xo be defined as in the statement of Lemma 6 in the Supplementary Material
and assume that § < x := e_9/8, so that xg > 17. Also let [ = |[x¢] and J :=
sup{j e N:xg+ j — 1 — 1 < a}. We define subintervals of [0, a] (or [0, a) when
a = 00) by

Sy :=1[0, 1],
Sj:=[j— 1, min(j, xo)] for j=2,...,1+1,
Si=[xo+j—1—2min(xo+j—1—1,0a)] for j=1+2,...,J +1.
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Also let
2(1%8_18)82 for j =1,

3 e={2 —e HelTle for j=2,... 1+1,
2(1%_18)&%1—1—282”3 for j=1+2,...,J+1,

J+1
j=1+2

Lemma 9 in the Supplementary Material with G := {exp(qga) cexp(e) € F(fo, )},
we obtain

where (u;) is a sequence with ) u? <1 to be specified later. Applying

J+1
=1

We now break the right-hand side of (33) into the three parts:

Hy := Hj(e1,G, du, S1),

I+1
H2 = Z H[](gja g7 dH’ S})7
j=2

J+1

H3 = Z H[](gj’gadH9SJ)a
j=1+2

and bound each of them below separately. For H, we have for every f =e? e
F(fo, ) that

1 1 -
2 e
= (12 P = [Py

—X

o dx

1 .
>_¢ / (ePa)/2 _ 1)2dx.
0

T 1—e@

Thus, arguing as for the uniform case, since Se!/?(1 — e=®)1/%2 < kel/? <275/

1/2 1/2
Hy <log>/* ! 8 <log>/* 1\9 )
~ 561/2(1 _ e—u)l/z el/2 ~ §/)ell2

We next bound H;. Note that Ul]”:z §; € [1, xo]. We can therefore apply Lemma 6
in the Supplementary Material to deduce that whenever e? € F(fy,8) and x € S,

1/2

|G ()| < Ce/2(1 — =) /25 < Ceils.
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An application of Proposition 7 in the Supplementary Material therefore gives, for
j=2,...,141, that

Cell4sl/2 . s1/2 .
Hpj(gj, G, du, Sj) < Texp(Ce“zS) < Cll/4m exp(Ce’/?8)
J
1/2
<48
~E L2
where the final inequality follows because
. 1 1/2
ol/2 <el/2ex0/2<{ } 5L
- ~126(1 — e 18)
We therefore obtain
I+1 s1/2
Hy =3 Hy(e), G du, S)) < CPF s

=2
1/2 1 s1/? 1\8'/2
514877 5/4 <log”* < )=
<Cxg 81/2§C10g (26682(1_6_18))81/2N10g s)el/2

We next turn to H3, where we consider two cases. First, suppose that xo =a — 1 so
that / =1+ 2 and ;42 = [a — 1, a]. This means that H3 = Nyj(¢/42, G, du, [a —
1, a]). We take u; 7 = 1 in the definition of &4, in (32). From the definition of xg
in (15) in the Supplementary Material, we find that

1

(34) a:1+XO§1+10g W

I
-
26002(1 —e—ay %

For every f = = F(fo, ), we can write

“ 22 _ Y 8 2 €
2= [ (PP = [ ey

-1 1—e @

—X

dx

—a ~
— /a (e%/2 —1)*.
1—e % Ja-1

Now 8¢%/2(1 — e=*)1/2 < 275/2 from (34), and it follows again by the same argu-
ment as in the uniform case that

1 )81/2661/4(1 _ €_a)1/4

36“/2(1 _e—a)l/Z 1/2

Hz < log5/4<
€142

12
Slogs/“(%)aw-
&

Now suppose that xg < a — 1, so that

Y0 =108 26es2(1 — e—9)
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Forevery je{l+2,...,J + 1}, every x € §; and every f =¢e? € F(fy,d), it
follows from Lemma 6 in the Supplementary Material that

8(x — xp) 7 8(j—1—1) +7<8(J—X0)

ba(x) < +7.

xo— 1 xo— 1 xo— 1

Let uj := ce~J=%)/8 in (32), where the universal constant ¢ > 0 is chosen such
that Zﬁl 12 u? < 1. Then by Proposition 8 in the Supplementary Material, for
j=l+2,...,J+1,
e2(i—=x0)/(xo—1)

1/2

&

< 1 {2(]—x0)_)€0+]—l—2+]—x0}
~ ol/2

Hp(ej,G,du, Sj) <C

xo—1 4 16
1 2(j—x0) j—2 j—xo}
< _
Nslﬁex{ Xo—1 2 T 16 |
Hence,
1 2(j—x0) j—x0o+x0—2 j—x0
He < — _
3N81/2j§+2“p{ Xo—1 4 HT: }
(35)

—xp/4 o0 —x0/4 1/2
< S ep| (2o 2 )0
S o 16 xo—1)]~ 2 ~en
r=

This completes the proof of Theorem 4 in the case where v = 0. We can now treat
the case of general v € [0, 21/2] as follows. Fix foeF,e>0,let k be as above
andlet§ € (0, k —v). Alsolet n € (0, k —v —38) and f; € F' be such that fy < fi
and
(36) du(fo, /1) Sv+n<k—34.
Then by the triangle inequality, F( fo, 8) € F(f1, dua(fo, f1)+98), so that the result
in the case v =0 and (36) give

1\ {8 + du(fo, f)}'72
Hy)(2'%e, F(fo.8), du) 5C1°g5/4<§){ : Hilf/oz £

12
< Clogm(l)M.

) el/2

Since n € (0, k — v — §) was arbitrary, the result follows. [

PROOF OF THEOREM 5. For & >0and n € (0, 1), let
Foli=(feF:|lusl<¢&,

o7 — 1] <n}.
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Since the log-concave maximum likelihood estimator is affine equivariant
[Diimbgen, Samworth and Schuhmacher (2011), Remark 2.4] and since the
Hellinger distance between densities is affine invariant, we may assume without
loss of generality that fy € Fol, By Kim and Samworth [(2016), Lemma 6] there
exist universal constants 1 € (0, 1), C” > 0 such that

R . C//
(37) sup Pr(fn ¢ F'7) < —.
foeF0! n
For notational convenience, we write
U= inf  du(fo, f1),
fieFL fok fi

and initially consider the case v < k /2, where « is taken from Theorem 4. From
Theorem 4, we find that

8 ~
| HY e F o) NF, d) de < €545 + ) 10”5 (1/5),
0

provided § <k — v. For § > k — v, we have

- 3 s \1/2
H[](E, F(fo,8) N }_1"7, dH) < H[](E, ./."1’77, dH) < Ce~1/? < C(—) g~ 1/2

K—v
2120 s5\1/2
<o (5)
where the second inequality follows by Kim and Samworth (2016), Theorem 4.
Thus, in this case,

5 5
/ Hy/* (e, F(fo. ) N F, dy) de < Cic™ /.
0

We can therefore define
C*s+v)/*10g781/8)  ifs<k—w,
V) =4 ., —1/4 .
C'k ) ifé >k —v,
where the universal constants C, C’ > 0 are chosen such that
8 ~
() > max{/ HY? (26, F(fo. 45) N F10, dy) de, 5},
0

and such that § — 8§ 2W () is decreasing on (0, o0). Moreover, we can define
8y :=(cn™! logS/4 n 4+ v?%)1/2 for some universal constant ¢ > 0, so that

o nl22  pl2g? nl/2s,
inf > > =73 .
526, W(8) — W(8x) ~ max(2!/4C, C'k—"/4)ymax({1, log>/8(1/85)}

By choosing the universal constant ¢ > 0 sufficiently large, we can ensure that this
ratio exceeds the universal constant required to apply the empirical process bound
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of van de Geer [(2000), Corollary 7.5] (restated as Theorem 10 in the Supplemen-
tary Material for convenience). We deduce from this and (37) that

~ 10logn . R ~
Efod)zi(fn»fo)f /0 P[{d%(fn,fo)it}ﬂ{fn E]:l’n}]dt
+ 10lognP(fu ¢ F') + /Oo Pldx(fu, fo) = t}dt
10logn

18 2 [™ LAY 10C" logn
(38) <&+ /82 exp( — 7 )+ ————

o0 F X
+/ Pfo{max logfn( ) Zt}dt
10logn 1<izn — fo(X;)

"o 5/4

n

for some universal constant C” > 0, where the final inequality follows from (10)
in the proof of Lemma 2 in the Supplementary Material.

Now suppose that v > «/2. In that case, a slightly simpler version of the cal-
culation above, which relies only on the global entropy bound Hjj(e, F L dy) <
e~ 1/2, yields that supfbe]_-Ede)z((fn, fo) < Cn=*5 < k274 < v? for large n; see
also Kim and Samworth (2016), Theorem 5. By increasing the universal constant
to deal with smaller values of n if necessary, the result follows. [J

Acknowledgements. The authors are very grateful to the anonymous review-
ers for their constructive feedback, which helped to improve the paper.
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