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Abstract. We show the global-in-time well-posedness of the complex Ginzburg—Landau (CGL) equation with a space—time white
noise on the 3-dimensional torus. Our method is based on Mourrat and Weber (Global well-posedness of the dynamic <I>‘31 model

on the torus), where Mourrat and Weber showed the global well-posedness for the dynamical d>‘31 model. We prove a priori L2
estimate for the paracontrolled solution as in the deterministic case [Phys. D 71 (1994) 285-318].

Résumé. Nous montrons que 1’équation de Ginzburg—Landau complexe (CGL) sur le tore de dimension 3 avec un bruit blanc
en espace-temps est bien posée et admet une solution globale en temps. Notre méthode prend son origine dans Mourrat et Weber
(Global well-posedness of the dynamic '~’I>‘31 model on the torus), o Mourrat et Weber montrent ce caracteére bien posé global pour le

modele <I>‘3‘ dynamique. Nous établissons une estimée L2P g priori pour la solution paracontr6lée, comme dans le cas déterministe
[Phys. D 71 (1994) 285-318].
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1. Introduction

In this paper, we consider the following stochastic complex Ginzburg—Landau (CGL) equation on the three-
dimensional torus T> = (R/Z)3:

qu=G+WAu—vulu+iu+é >0, xeT, 0
u(0, ) = ug, '

where u >0, v e {ze€C; Nz >0}, A € C, and & is a complex space—time white noise, which is a centered Gaussian
random field with covariance structure

E[&(1, x)&(s, )] =0, E[£(1, )E(s, )] = 8(1 — 5)8(x — y).

The CGL equation appears as a generic amplitude equation near the threshold for an instability in fluid mechanics,
as well as in the theory of phase transition in superconductivity. Stochastic CGL equation has also been studied in
several settings. In [2,3], CGL equation on a bounded domain in R¢ with a smeared noise in the spatial variable
x or a multiplicative noise was studied, where the global well-posedness of the L? solutions and the existence and
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uniqueness of an invariant measure were shown, under some additional assumptions. In [6], CGL equation on the
one-dimensional torus with a space—time white noise was studied and similar results were shown. In [9], the authors
showed the inviscid limit of the CGL equation (1.1) with a noise /&, where & is a smeared noise in x, to the nonlinear
Schrodinger equation as p | 0. The solutions considered in these studies belong to the space of functions. However,
when d > 2 and £ is a space—time white noise, the solution is expected to have the negative regularity (%)_, ie.
# — k for every k > 0, so that the nonlinear term —v|u|?u of the CGL equation (1.1) is ill-defined.

Recent theories of regularity structures by Hairer [7] or paracontrolled calculus by Gubinelli, Imkeller and
Perkowski [5] made it possible to show the general local well-posedness results for several singular stochastic PDEs.
In particular, as well as the dynamical <I>3 model, we can apply these theories to the stochastic CGL equation (1.1)
with a space—time white noise when d < 3. For an application for d = 3, see [8].

The meaning of the local well-posedness for the equation (1.1) is as follows. Letn € S (R3) satisfy fR3 nx)dx =1
and set 7°(x) = e 3n(e~'x) for £ > 0. We consider the smeared noise £°(, x) = (£(r) * n°)(x) in x and the suitably
renormalized equation:

u® = + pn)Au® — v|u8|2u8 +Cut+£°, t>0,xeT?,

u®(0, ) = uo,

(1.2)

where C? is a constant depending only on ¢, u, v, A and n, which behaves as 0(%) as ¢ |, 0. For the precise definition
of C?¢, see [8, Sections 3.4 and 5.4]. Since u® is a continuous function in (¢, x), we can define the nonlinear term
—v|u?|?u® in usual sense. In [8], by using the theory of regularity structures and paracontrolled calculus, the authors
showed that the sequence {u®}.~( converges as ¢ | 0 in the space ¢35+ for every small k > 0, where C* = BY,
is the complex-valued Besov space on T3. However, they showed only the convergence up to some random time
T € (0, oo] and did not study whether 7' = oo or not.

The aim of this paper is to show the global-in-time well-posedness for the equation (1.1) using the paracontrolled
calculus. We use similar arguments to [11] and its revised version [12], where Mourrat and Weber showed the global
well-posedness for the dynamical <I>‘31 model:

AX=AX—-X>+mX+E t>0,xeT,

which is regarded as a real-valued version of the equation (1.1). However, in our setting we need to improve their
method as we will explain later. The main result of this paper is formulated as follows.

Theorem 1.1. Let u > ﬁ Choose sufficiently small k > 0 depending on (1. For every initial value ug € C_%'H(, the

sequence {u}¢~q of the solution of (1.2) has a limit u € C([0, 00), C_%"’K), that is, for every T > 0 we have

e
vl L] PUSORE

in probability. The limit u is independent of the choice of the mollifier 1).

We reformulate the above theorem more precisely in Theorem 3.6 below.
We briefly explain the outline of the proof of Theorem 1.1. If the noise £ is a continuous function in (¢, x), then the
solution u of the equation (1.1) would satisfy a priori L2? inequality:

SuPT””(t) ”LZp S ”u()”LZP + C

O=<t=<

when the condition

l<p<l+p(p+y14u?) (1.3)
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holds. See Proposition 5.2 below or [4, Section 4]. However, since u is distribution-valued in the present case, the L2
norm of u diverges. In order to overcome this difficulty, we use a similar method to [11]. Our method consists of the
following three steps.

(1) Following the general theory of the paracontrolled calculus, we divide the solution  into the sum

u=1—-vY¥+v+uw,

where | and Y are stochastic processes explicitly defined, v is the solution of the linear equation which contains w
as a coefficient, and w is the regular term and solves the nonlinear equation of the form

8,w=(i+,u)w—v|w|2w+---.

For the precise definition of (v, w), see the system (3.3) below.
(2) From the definition, a suitable norm of v is controlled by a suitable norm of w. Hence it is sufficient to control
only w in some suitable norms. Since w is sufficiently regular, we can apply the method of L2” inequality explained

above to w when the condition (1.3) holds. However, from the definition of the system (3.3), we also need the control

of w in the B %jff norm. The second goal is to show a priori L'[0, T'] estimate
=,

3

T 2p+2
Lol + w2 + ool g, Jar=c (1)
0 2217+2,oo B%,m

for every p > 1 and every small k¥ > 0, see Theorem 7.1 below. Note that the similar estimate to above was obtained
in [11, Theorem 6.1] for p =2, and in [12, Lemma 7.2] for sufficiently large p.
(3) The final step is to improve the above L'[0, T] estimate into a priori L°°[0, T] estimate

sup (”v(t)” Lye + ”w(l)H 32 )SC” (1.5
0<t<T 2p+2,00 2’{5—+2cx3

for every p as close to 1 as possible. We will see that the above estimate holds for every p > % in Theorems 8.1 and

8.2 below. As a result, we will obtain the global well-posedness for the equation (1.1) for every u > —L__ because the

2V2’
condition (1.3) is assumed.

Now we point out two differences in the proof of Theorem 1.1 from the arguments of [11,12]. One difference is
in the step (2). Since the condition (1.3) requires p to be large depending on the value of p, we need to prove the
L'[0, T'] estimate (1.4) for p as close to 1 as possible. For the dynamical <I>‘3L model, Mourrat and Weber [11] showed
the estimate (1.4) for p = 2, but it is not straightforward to rewrite their method for general p > 1, since the key
inequality (4.1) in [11] was rather complicated. Recently in the revised version [12], they changed their approach
somewhat and showed the estimate (1.4) for all p sufficiently large. However, we still need to modify their argument
for our problem, because now p has to be small. In this paper, we review their method and rewrite it into a simpler
form (Theorem 6.1), where the last two terms of the equality (4.1) in [11] disappear. As a result, we can show the
estimate (1.4) for every p > 1.

The other difference is in the step (3). In the revised version [12], instead of the estimate like (1.5), they showed
a priori estimates of [[v(z)|| B, and ||w(¢)|| 2, which are independent of initial values. (The L?P estimate of w is

3
also obtained in this paper for p > 1, see Theorems 5.1 and 7.1.) These estimates are sufficient for the global well-

posedness if p is large, but not so if p is small. Indeed, we will solve w in the space €27 for small k > 0, but L??
is contained in this space if p > 3. For that reason, we use the argument in the previous version [11], which allows us
to improve the L'[0, T'] estimate (1.4) into the L>°[0, T'] estimate (1.5) by using the Young’s inequality repeatedly,
see Section 8 for details. Although this iteration was done four times in [11, Table 2], we will see that we need more
iterations as p gets closer to % in our setting. Indeed, the number of the iterations diverges as p | % This argument
works due to the two estimates given in Lemma 8.4 below, which mean to what extent the cubic nonlinearity of the

equation (1.1) can be weakened. In the present case, the exponent of the nonlinearity is weakened from “3” to “17—2”.
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We do not know yet whether or not the condition & > ﬁ is necessary for the global well-posedness. As long as

we use the above method, we cannot make p in the L°°[0, T'] estimate (1.5) close to 1 for now. We believe that the
requirement p > % for (1.5) is optimal in our method.

This paper is organized as follows. In Section 2, we recall some basic notions and results of the paracontrolled
calculus. In Section 3, we reformulate the equation (1.1) as a system of equations of (v, w) and give the local well-
posedness result. In the rest of this paper, we prove the global well-posedness by the method explained above. In
Section 4, we control a norm of v by a norm of w. In Section 5, we apply the method of the L?” inequality to w for
every p > 1, which is completed in Section 6. In Section 7, we prove a priori L'[0, 7] estimate (1.4). In Section 8,
we finally obtain a priori L*°[0, T'] estimate (1.5).

2. Paracontrolled calculus

We recall some basic notions and results from [5,12]. In what follows, for two functions A = A(X) and B = B()\) of
a variable A, we write A < B if there exists a constant ¢ > 0 independent of A and one has A < c¢B. We write A S, B
if we want to emphasize that the constant ¢ depends on another parameter p.

2.1. Notations

First we recall the definition of the Besov spaces on T3 from [1, Section 2]. For f. g€ L? = L*(T3, C), we define the
bilinear functional

(frg) = / F)g(x) dx.
T3

Note that we do not take the complex conjugate. We write e (x) = e*™** ¢ L? for k € Z> and denote by

(k) = (u, e_g) the Fourier transform of u € L?. The Besov space BZ, q is defined via Littlewood—Paley theory. Let

{,Oj};.;71 C C8°(R3) be a dyadic partition of unity, i.e.

(1) p—1 and pg are radial smooth functions taking values in [0, 1].

2) supp(p_l) C B(0, g—‘) and supp(po) € B(0, %) \ B(, %), where B(x,r) is the open ball in R? of center x and
radiusr.

(3) pj =po(27/.) for every j > 0.

@) Z?o:—l pj=1.

Let A; be the operator on L? defined by Aju =73 pj(k)i(k)e,. For every € R and p, g € [1, 0c], we define
the B , norm of u € L? by

lllse, = (27N juell Lo rsy) | - 1yumy-

We define the space B}, , as the completion of C (T3, C) under the B}, , norm. This definition ensures that By ,

is separable and that the heat semigroup (e’C +“)A)t20 is strongly continuous on Bg’ q even if g = oo, see [10, Re-
mark 3.13]. We use the brief notation B = B} , when g = co.
We formally define the Bony’s paraproduct

uuv=vQu= Z Ajuljv
i<j-2
and the resonant

u@uv= Z Ajuljv.
li—jl=1

Note that we have u @ v=u© v and u © v =u © v since Aju = A ;u. These operators are well-defined under the
assumptions of Proposition 2.6 below.
We define several classes of functions from the time interval to the Besov space. Let « € R and § € (0, 1].
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e CrB% =C([0,T], BZ,), equipped with the supremum norm

”M”CTB&==02?£T”“U)”B&'

o C ngo =C%(0, T, B%,), equipped with the seminorm

llut) —uls)lse,

llullcs ge =
T 0<s<t<T |t — s

8 T
o L7°=CrB% NCB% % with the norm || - los = - llersz, + 11 lls o
It is useful to consider the norms which allow singularities at r = 0. Let n > 0.

o &/B% ={ueC(0,T],BL); lull gnga, < 00}, where
lullegpg, = sup " |u()] gy -
0<t<T o
° 5%56@‘0 ={ueC(0,T],B%); ”uHS}‘;Bg‘O < 00}, where

lu(e) — u(s) 152
lllgpopy = sup "=

0<s<t<T |t_5|(S
1,08 _ on pa o —21) 1,8 0 —28 s . . . .
o L =EBS NCrBs ™' NEFBLT = with the norm || IIE?a,s = ”8?8@‘0 + |l ”cTngZ" + IIgg,ngo,zg.

When we consider the functions on [0, c0), we denote by C B3, the Fréchet space defined by the norms {|| - |, 52, }7>0-
We define the spaces C°B% and £%? similarly.

2.2. Basic estimates
We give some basic results without proofs. They are used repeatedly in this paper.

Proposition 2.1. Let «, B € R and p, p1, p2,9,41, 92 €[1, 00].

(D) Ifx < B, then ||u||3a < ||u||B,e . Furthermore, ||u||3a < ||u||B,q ([10, Remark 3.4]).

(2) If p1 = p2, then ||M||Bgly < llu IIBa
() If q1 = qa, then |lullpg < llu ||B;q2
@) llullgy < luller < llullgo (110, Remark 3.5)).

Proposition 2.2 ([1, Theorem 2.80]). For every ag, a1 € R, po, p1,q0,q1 € [1,00] and v € [0, 1], we have

1- U

v
e lul

By,

lulle,, < llull .
P0-490 P1.d1

—(1— 1_1-v_ v 1_1-v_ v
where o = (1 v)ao—i—vozl,p po—l—pl,andq qo+q1'

Proposmon 3 ([1, Proposition 2.76] and [10, Proposition 3.23]). For every a € R and p, p’,q,q’ €[1, o0] such
that 1 = 1 +pi=—+%,wehave

[(f.e) ] SIfllse, gl -
' pq



1974 M. Hoshino

Proposition 2.4 ([1, Theorem 2.71]). Foreveryax € R, 1 < p; < pp <oo and q € [1, o0], we have

e, , S0l iyt
P14

Proposition 2.5 ([12, Proposition A.6]). For every a € (0, 1] and p € [1, o0], we have
lullge < Ml o UVullEp + lullzr,

P~

where Vu = (01u, dyu, d3u) is the gradient of u in the sense of distributions.
We summarize some important estimates of the paraproduct and the resonant.

Proposition 2.6 ([10, Theorem 3.171). Let p, p1, p2.q.q1. g2 € [1, 00] be such that % =+ andt=_1+L.

(1) Foreverya €R, |lu©vllsy, < lullLrlullsy, -
(2) Foreverya <0and BeR, |[u @ v gets S llullge Nvllzs -
Bnq P1-41 szqu
(3) Ifa+ B >0, then lu © vl gats S llullge  lvllge -
P.q P1-41 2.2

Proposition 2.7 ([12, Proposition A.9]). Let @ < 1, B,y € R and p, p1, p2, p3 € [1, 00] be such that § +y <0,
a+pB+y>0and % = % + é + %.LetR be the trilinear map

Ru,v,w)=uev)Ow—u(lvoOw)

defined for u,v, w € C*®°(T3, C). Then R is uniquely extended to a continuous trilinear map from By, x Bgz X BZ3
to BLHPTY
p .

We summarize the regularizing effects of the heat semigroup (e’(i+“)A),Zo generated by the operator (i + w)A.

Proposition 2.8 ([10, Propositions 3.11 and 3.12]). Leta € R, p,q €[1, 00] and u > 0.

(1) For every § >0, ||e’(i+“)Au||Ba+za <t u HBZ . uniformly over t > 0.
P.q ’

(2) Forevery § € [0, 1], [[(e"“HMA — T)u| ga-25 < t6||u||3gq uniformly over t > 0.
p.q >

Proposition 2.9 ([12, Proposition A.16]). Letra <1, € R, § >0, and p, p1, p2 € [1, 00] be such that % =14

1
N
Define
[et(H‘M)A, u@]v — et(i+ﬂ)A(u IS 'U) —ue et(i+M)Av.
Then we have
ti+p) A -5
I[e ,M@]UHB%MHM St ulls lIollge.

uniformly over t > 0.

3. Paracontrolled CGL equation

We reformulate the stochastic CGL equation (1.1) based on the paracontrolled calculus approach and give the local
well-posedness result. For details, see [8, Section 4].
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3.1. Definition of the solution

We explain how to give a meaning to the equation (1.1) based on the method in [12]. If the regularity is written as o~
or o, then it can be replaced by o — 8 or a + § for every small § > 0.
Let £, =9, — {(i + w)A — 1} and rewrite (1.1) as

Lu= —vi’i+ O+ Du+ €.

We think of the noise as the leading term and the nonlinear term as its perturbation. Let | be the stationary solution of
Ly1=§,

then [ has regularity (— %)’. Let [ = . Since we cannot define the products
v=m>  v=Ii, V=D

in usual sense, we now assume that the elements V, V with regularity (—1)~ and ¥ with regularity (—%)_ are given
a priori. If we set u = u; + 1, then we have the equation

Ly =—v +D2@+ 1D+ 04 D@ +1)

= —v(ufur +ufl +2uurl + 20V + iV + V) + O+ D@ + 1
=—vQ2u1V+urV+ V) + Puy),

where
P(uy) =—v(uiur +uil + 2uimr) + G+ D(uy + ).

We continue the decomposition. Let Y be the stationary solution of
L£,Y =WV,

then Y has regularity %_. Let ¥ = Y. If we set u; = u» — v, then we have
Ly =—v{22 — vV + @ -7V} + Pz —vY).

Here we can write P(up —vY) as
P(uz —v¥) = Po+ Pi(u2) + Pa(uz) — vusiz,

where
Po=—v(="0(¥)*Y + v (¥ 1+ 200 F1) + G+ D(—v Y + 1),
Pi(u2) = —v{ua v Y ¥ = 20Y 1 = 20F D+ (v*(Y)* =20 Y 1)} + (t + D,
Py(u2) = —v[ud (Y + 1) + 2usiin(—v Y + D).

Although we have the ill-defined terms Y i, Y1, Y1, (Y)%1 and YY1, they are well-defined if we assume that the
elements

Y=Yor, ¥Y¥=Yori
with regularity 0~ are given a priori. For example, ¥ I is defined by

YI=Y©@+o)1+ ¥,
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and so are ¥ 1 and ¥ 1. For (¥)?1, since it is formally decomposed as

Y’i=Y¥D=YYeoD+Y(E+YoD
=YehoVY+Yehe@+o)Y+Y¥+YoD
=2Y%+RY. .Y+ (Yeoeh@+o)Y+Y(Yoli),

we can regard the last expression as a definition of (¥)?{. We define ¥ ¥ I by a similar way.
For the terms (1 —vY)V and (uz — VY )V, however, since u is expected to have regularity 1, they are still
ill-defined. In order to overcome this problem, we introduce the decomposition u» = v 4+ w, which solve

Liv=—v20+w—r¥)oV+@W+w—-VF)0V}—cv, 3.1
Liw=—20+w—vY)O+)V+@+w -V @+)V}+Pu+w—v¥)+cv, (3.2)

where ¢ > 0 is a sufficiently large constant defined below. Since w is expected to have regularity %_, the resonant
terms w ® YV and w © V are well-defined. Although the resonant terms

¥=Yov. ¥=Yov

cannot be defined in usual sense, we assume that they are given a priori as elements with regularity (— %)_. In order
to define the resonant terms v ® V and v ® V, we define ¥ and Y as the stationary solutions of

AC;/,V:Va EMYZV,

respectively. Then Y and Y have regularity 1-. Let ¥ = ¥ and ¥ = Y. The resonant terms v ® V and T©® V are
well-defined if the resonants

¥=Yov, ¥=Yov, ¥=Y¥ov, =YooV
are given a priori as elements with regularity 0~ . Indeed, since we can show that the solution v of (3.1) has the form
v=—v{20+w—-vY)oY+@+w-vY)© Y} +com®v,w),
where com(v, w) has regularity 1T (see Lemma 3.1), we can write the resonants v ® ¥ and v ® V as
Vo V==vRv+w—V$+0+w-77)¥
+2Rw+w—vY, Y. V)+ R@+w-7Y,Y, V)} +com(v,w) © V
and
TOV=-""1R20+u -7 +v+w—rV)¥
+2RO+w—vY. Y. V)+ R +w—v¥. ¥, V)} +com@, w) O V.

We have completed the definitions of all terms appeared in the system (3.1)—(3.2).
Now we summarize the above argument. We have the well-defined system

Lyv=FQ,w)—cv,
(3.3)
Lyw=Gw,w)+cv

with initial values (v(0, -), w(0, -)) = (vo, wp), where

Fo,w)=—v20+w—¥)OV+@+w-7Y)0 V}
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and
8
G, w)=Y_ Gp(v,w),
i=1
G1y(v, w) = —v(v 4+ w)* (@ + W),
Go)(v,w)=P(v+w),
Ga(v,w)=Pw+w) —v{v+w)(—4$ —T%) + @+w)(-2v§ —2v¥)},
Gay=P —v[rY@® ¥+ +20FY0E +v¥) —20¥Y (@ +O)V
— VY @+O)V+4°R(Y. Y, V) +200R(Y. Y. V) + 20°R(Y. . V) +vWR(Y. V. W)},
G, w)=v{4RW+w, Y, V) +2R@+®, Y, V)} +vo[2R@+w, ¥, V) + R +w, ¥, V},
G6)(v, w) = —v{2com(v, w) ® V + com(v, w) ® V},
G, w)=—v2woV+woV),
Gy, w)=—{20+w)oV+@+w) oV}

We define the set of drivers which should be given a priori.

Definition 3.1. Let « > 0. We call a vector of distribution-valued functions on [0, co) of the form

X=(IL,Y. % % V.V.V. Y. 3. 3. 4.%.%. ¥

K 1 1 2

1 1
€ CBx2 ™" x L3733 5 (CB)” x (CB ™)X (CBL*) x (CBZ)* x (CBx2 ™ )%, (3.4)

which satisfies £, Y = V and £, Y = V a driving vector of the system (3.3). Let X, the set of all driving vectors.
For X e Xé‘GL and 7 > 0, we define

UKlher =00y YD g 0B s 1l + 1V e is 1V ey
o3 T

+ ”Y”CTB;K + ”Y”CTBéO_K + ||%||CT6070K + ”%”CTB&;K + ”%”CTB;K + ”&;”CTBO*O’(

+I¥l o Il .
crB2 " crB2 "

o0 00

We define the solutions of the system (3.3).

Definition 3.2. For T' > 0, we call the pair (v, w) of distribution-valued functions on the time interval [0, 7] which
satisfies

t
v(1) = e'Fryy + / P {F(v,w) — cv}(s)ds,
° (3.5)
w(t) = e'lrwg + f P {G(v, w) + cv}(s) ds,
0
where L, = (i + n)A — 1, the solution of the system (3.3) on [0, T'] with initial values (vg, wp).
3.2. Local well-posedness
We give the local well-posedness result of the system (3.3) in the space

’ Sy -k 1—K 1—k+k,3 =2k 1=k’
Y
T T T

s
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where 0 < k <k’ < %, for a short time T depending on (v, wp) and X. We omit the proof here. For details, see [8,

Section 4].
First we give the estimate of the commutator com(v, w).

Lemma 3.1 ([8, Lemma 4.21]). Let v be the mild solution of
L,0=F((,w)—cv

with initial value (0, -) = vo. We define
com(v,w) =0+ v2w+w—-—v¥)eV+@+uw-vY) 0V}

Forevery T >0, p €[1,00] and a < 1 + «’, we have the estimate

-]

Hcom(v,w)(t)HB})H/Sl—i—t’ o ||v0||3%+f“/(1+||v(t)||L,,+||w(r)||Lp)

+2i’
2

(s ds+ [ (-5 d
9T E o gt [T o s

t /
|kt
+f (t =)™ 5 (I8srvlle + I8swllze) ds,
0

uniformly over t € [0, T], where 3s; is the difference operator 85 f := f(t) — f(s). Here the implicit proportionality
constant depends only on p, v, c,k, &', p,o, T and || X«

We can obtain the local existence of the solution by a standard fixed point argument. The uniqueness and the
continuity on initial values and drivers are obtained by standard PDE arguments.

2, _1_
Theorem 3.2 ([8, Theorem 4.26]). For every (vo, wo) € Boy * x B2 and X € XEqp » there exists Ty € (0, 1]

continuously depending on (vo, wo, X) such that the system (3.3) has a unique solution (v, w) € D'};K and this solution
satisfies
W, W) || e S T4 Nvoll 2,0 +lwoll 1,
0]y el

3
o)

where the implicit constant depends only on w, v, A, ¢, i, k' and [|X|l.1-

Let Ty € (0, 00] be the supremum of times T such that the system (3.3) has a unique solution (v, w) € D'}’K/. If
Tsur < 00, then we have

lim ([lv]l 2+ Jwll |, ) = 00.
C C

—53+K —5—2K
T 1 Tsur T 003 T 002

Furthermore, this survival time Ty is lower semicontinuous with respect to (vg, wo, X), and if a sequence
(v(()g), w(()g), X®)) converge to (vy, wo, X) as € | 0, then for the corresponding solutions (v©, w®) and (v, w), re-
spectively, we have

LT(}” (v(e)7 w(s)) — (v, w)”D;‘“, =0

forevery T < Tyyr.

’ /17!(/

. 1—«',
, then we can obtain the local well-posedness on the space L ‘

) 3 K
Remark 3.3. If (vo, wo) € B'oX x BL 2

A E . o
L7 7 without explosions at t = 0 by a similar argument.
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3.3. Renormalization of the stochastic CGL equation

We briefly explain the relation between the deterministic system (3.3) and the renormalized stochastic CGL equation
(1.2). For details, see [8, Section 4.5].

As stated in Section 1, we replace the space—time white noise & by a smeared noise £° which is white in 7 but
smooth in x. Since the stationary solution 1° of £, 1® =& is also smooth in x, we can define all products appeared
in Section 3.1 in usual sense. However, in order to define the convergent driving vectors X¢ as ¢ | 0, we need to
introduce the renormalizations of the products.

Theorem 3.4 ([8, Theorem 5.9]). There exist constants Cf (i =1,2,3) such that, if we define X¢ as in Section 3.1
with the additional conditions

Ve=1°1° - Cy,
Ve = (1°)°1° - 2C51°,
@S — YS @ VS _ch’
¥ =Y 0oV -Cs
$s — Ya V- 2C§|8,
@5 — Y:s 10 Vs _ zcgle’
then there exists an X{g, -valued random variable X which is independent of the choice of n, and such that
p
E|x* - x|l - =0

forevery T > 0 and p € [1, 00). Furthermore, for the solution (v¢, w¥) of the system (3.3) with respect to the random
variable X¢, the process u® =15 —vY?® + v® + w® is a mild solution of the renormalized equation (1.2) with

C* =2C§ — 2vC5 — 4vCs.

2 ’
—3+t« . . .. .
Corollary 3.5. Forevery ug € Bss®  , there exists a process u which is independent of the choice of n, and such that
the solution u® of the renormalized equation (1.2) with initial value u satisfies

*%4»/(’ = 0

lim”us — u”
CrBo

€10

in probability for every T < Tgyr, where Ty, is the survival time with respect to the driving vector X¢ and initial values
v =ugy—1°(0) +vY¥*(0), wj;=0.

3.4. A priori estimate of (v, w)

From the above arguments, it is sufficient to show the following theorem in order to prove Theorem 1.1.

Theorem 3.6. Let 1 > 2%[2 Choose sufficiently small 0 < k < k' depending on .. For every T > 0 and X € X, .

there exists sufficiently large ¢ > 0 depending only on ., v, A, k, ', T and ||X||.7, such that, any solution (v, w) of

2., 1
the system (3.3) on [0, T with initial value (vg, wo) € Bso® T Bo? 2 satisfies

ol 20+ lwll 1, =C (3.6)

-y =
T Poo T Poo

for some finite constant C > 0 depending only on w, v, A, ¢, i, &', T, | X|lc. 7+ ||v0||Bf%H, and ”w0||87%72k.

o0 oo
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Although we consider the system (3.3) with different ¢ > O for each fixed final time 7 > 0, the renormalized
equation (1.2) is irrelevant to the choice of ¢. Theorem 3.6 implies that the solution u =1 — vY¥Y + v + w does not

24,
explode in the space By’ T until every fixed T > 0, so that the result of Corollary 3.5 holds for all 7 > 0.
We show Theorem 3.6 in the rest of this paper by the method explained in Section 1. Our goal is the a priori
L*[0, T'] estimate

ol e lwll 5 <C <00 37
Cr 2p+2 Cr 2p+2
3

for p > % instead of the estimate (3.6). If the estimate (3.7) is true, then the Besov embeddings

2., _2 3 ’ 1,7
—5+«k 3t 54K
Bo' " DBy, DBy,

1 1 9 3 ’
—5—2k — 545 —2K 5—2K
2 2 " 2p+2 2
BOO 62p+2 D) 82p+2
3 3

imply the a priori estimate (3.6). Additionally, since we already have

[T g + ||w(T*)||B§o_2K, STl g+ lwoll o

o0

3 ’
from Theorem 3.2, we assume that the initial value (vo, wg) belongs to Béo_ K x 620_2” in what follows without loss
of generality, by starting the argument from the time 7.
From now on, we fix T > 0 and X € X{; . In the inequalities shown below, we do not remark the dependences of
the proportionality constants on the parameters 1, v, A, &, &', p, T and || X7

4. A priori estimate of v

In this section, we will show that the Besov norms of v and com(v, w) are controlled by the L” norm of w. The
following theorem is obtained by the same arguments as [11, Theorem 3.1].

Theorem 4.1. Let p € [1,00) and ¢ > 0. Then for every0 <s <t <T,

t /
v, S e llvollze + /0 U@ — )T E (14 [w(s)] ) ds. 4.1
t 3
||v(t)||Bé+K,§||u0||Bé+K,+/O (t—s)" 37 (1+ |w(s)|,,)ds. 4.2)
t ’
18svllLr St —5) 7 uis) ”B%“' +f t =) (14w | ,,) dr, 4.3)
b s

where the implicit constants do not depend on ¢ > 0.

Proof. The definition (3.5) of the solution v is equivalent to
c t C
v(t) = e Ly + / e"OLUF (v, w)(s) ds,
0
where Lfl =@+ u)A—(c+1).Forevery @ € (0,1 — k), we have

leivo ] 5, < e llvollsg (4.4)
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and

t
/ eOLLE (v, w)(s) ds
0

Bj

t
g/ e (eHDE=3) (f _ o= | F. w)(6)] g1-x ds
0

t
< [ (1 a4 )] ) s
0 D

Hence by [11, Lemma 3.4], we have

at1l+k

t
[v@] 5, < llvolls + /0 e =) (14 |ws)| ) ds,

2
where ¢ = ¢ — [F(I*"Tf"‘)] T-«=« . Here we can replace ¢ by ¢ again because we ignore the factor depending only on

k,a and T. The second assertion (4.2) is obtained by setting o = % + «’ and using e~ < 1. The first assertion (4.1)
is obtained by setting @ = k¥’ — k and using

leivo| p S e D wllLr
instead of (4.4).

In order to show the third assertion (4.3), we need to estimate

. t c
Sy = (e~ — 1)u(s) + / P F (v, w)(r) dr.

S

For the first term, we have

("5 = )v(s)] , S [ ("5 = 1uis)|

1+2¢
Bz/fx S(l —S) 4 ||U(S)HB%+K"
P
For the second term, we have

t .
/ L (v, w)(r) dr

N

By«
< =P w e | g dr
t ’
S =TT O] g+ o] ) dn
P

/by

%Jr)(

We can bound the part involving ||v(r)||
Bl’

+i!

t
[e=n o] y.ar
t 1 t 1 r 3
[ ol g [e=nm e —0m 1wl ) ar
L t t i .
S@—s5)7 ||v(s)HB%+K/+/ (/ t—r"F (-0 dr)(1+||w<f>||”)df

—«’ ! +6k"
=9 F o] oot [ =07 1w ) ar

P
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In this paper, we repeatedly use the exchange of the order of integration like above. (]
As an application, we can control com(v, w) by w.

Corollary 4.2. Let p € [1,00) and ¢ > 0. Then for every t € [0, T],
_1 i e
Jeomw, w0 g % 14l w417 (4 ] ) 47 (007 (04 o] s
! EEE T ! Y
+ fo (0 =$)7 2 |w(s)| o ds + fo (t — )" " F 85wl Lo ds, 4.5)

where the implicit constant depends on c.

Proof. We use the estimate in Lemma 3.1, setting o = % + «’. We need to control the terms

t ’
o], /(r—S) ] g ds /Oa—sr“*ﬂwnmupds

by w. For the first term, we use (4.1) and have

t ’
]|, St Mvolle +17° /0 (t—s)_HT(l—i-Hw(s)HL,,)ds

For the second term, from (4.2)

! _ 3
/O(z—s) 4 o] .05

SIIvoIlB%H,Jr/ (r—s)**/ (s —r i (14w ,,) drds

P

—||U0|| /(/ (1 =)~ (s — ) )(1+||w<r>||u)dr

_ L
< ||v0||B%+K, +/ t—r)"2 (1+ |w)|,,)dr (4.6)
P 0
For the third term, from (4.3)

! 717¢K’ ! _ 342!
A (t—s) T ||8gsvllLr ds < O(t—s) i ||v(s)||8%+K,ds

/(t—s) - K/(t—r) —+—Hw(r)||Lp)drds.

Here the first integral is bounded by (4.6) again. The second integral is computed by

t r !
f/(t—s)_l_K/dS(l—”)_l%(l"'||w(r)||LP)dr

< [e=n s o))

These complete the proof. O
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5. A priori estimate of w
The goal of this section is to show the following theorem.

Theorem 5.1. Let p € (1,5 A {14+ u(w++/1+ p?)}) and assume %K/ < % — m For sufficiently large ¢ depending

on w,v, i, k' p, T and || X||.T, we have

lw]%, f w252 ds 1+ 100l + ol 2, + / Hw<s>|\31+zk
B2

2p+2
where the implicit constant depends only on w, v, A, ¢, k, ', p, T and ||X|le.7-
We start from the following L2 inequality. See also [4, Section 4].
Proposition 5.2. Let 1 < p <14 u(u 4+ /1 4+ u?). For every 8§ > 0 such that
p—1
—_—— <1-3§, 5.1
(e ++/1+ p?)

we have the following inequality.
t
sy WO, ~ 1ol o [ 19wl -2 1

+ ‘Rv/ w7555 < / (Jw[*P=2, R(WG.))(s) ds. (5.2)
Here G, (v,w) = G(v,w) 4+ cv + w2,

Proof. We compute the derivative of ||w(z) || at formal level. For every p > 1,

L2p
H 035, = %/W(ww)ﬂ dx = pr3 (ww)? ™ (wd,w + W, w) dx
= pr} ww)? " (—i + WWAW + (i + WwWAW} dx + P/1‘T3(ww)p_l(WG_c+ch)dx
=—p[(—i + 1) /W Viww)?'w} - Vwdx + (i + ) /w v{ww)?'w} - dexi|
—2p%v || w55 + p /3 lw|**~*(wGl. + wG.)dx, (5.3)

where G.(v, w) = G(v, w) + cv.
We can justify the above computations as follows. First, since w(¢) is not differentiable in #, we should interpret
(5.3) as the integration equality

t
)] = @[3, = [ s

Then 9, w and 9, w are defined by Young integrals:

t t
p/ ((ww)p_lw,85w>+p/ ((ww)P—lw, 85w>. (5.4)
0 0
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’ 3 9t
We can see that w € C%LOo for § < § — ' by the definition of the solution space D'}’K . (Since wp € B now,

32 1’ 1=k +u, 3 =2, 1— . . . . .
w belongs to L. “"7% rather than Ly e 21 .) Since the function w +— |w|*?~2w is locally Lipschitz

continuous because 2p —2) +1 > 1, the above Young integrals are well-defined. The last equality in (5.3) is justified
by classical PDE theory. By a similar argument to [10, Proposition 6.7], the mild solution w is also a weak solution,
in the sense that for every ¢ € Bl

t t
(w(®), ¢) — (wo., @) = —(i + ) ; (Vw(s),V<p>ds+/o (Ge(s), p)ds. (5.5)
Let ¢y = (W|w|*P~2)(s) for s € [0, t]. Since Vw € C7L* and
V{w@w)? '} = pww)”'Vw + (p — D(ww)? *w*Vw e Cr L™,

we have ¢; € Bcl,o by Proposition 2.5. Hence it is allowed to insert ¢ = ¢, into (5.5). We take a partition {0 =7y <
-+ <ty =t} of [0, t] and consider the sum

=

(Wi — Wy, @)

Il
o

lit1

(Vu(s), Vo, )ds + Z / (Ge(s). ¢1)d

t,+|

——(1+M)Z/

As sup; |ti+1 — t;| = 0, the left-hand side becomes Young integral as (5.4). The right-hand side also converges to
Riemann integrals

t
—(i+w) t(w, V{www)? ! })(s)ds +/ (Ge, W(ww)?~!)(s) ds.
0 0

Now we return to the first term of the last part of (5.3). Since
(V{ww)?'w}, vw) = ((ww)? !, Vo |?) + (p — D{(ww)” 2, wVw - V(ww))
= p(lw**~2, [Vw )+ (p — D{|w*~* w*(Vw)?)
we have

(—i + w(V{ww)?'w}, Vo) + (i + w(V{ww)’ v}, Vw)
=2pu{|w*?72, [Vw?) + (p — D™, (=i + ww* (VW)* + (i + ww*(Vw)?)
=2puflw? 7, [VwP) + (p = Du(w P~ (wVB - wVw)? + 2/w|*| Vul?)

—(p = Di(lw|*™*, (WVW - BVw) - (WVD +BVw))

=22p — Duf|wlP%, |Vwl?) = (p = Duf|w P, |wVw — wVw?)

—(p = D(lw*i(wVw —wVw) - Viw?).
Let § € (0, 1] and move the term —2p&u(|w|*>P~2, |Vw|?) into the left-hand side. Then the quantity

—p[22p — 1 =&)u(lwl* 72, IVw*) = (p — Dp{|w*P ™, JwVE — BV w|?)

—(p— D{w Y i(wVw —wVw) - Viw|*)]
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remains. By using the identity 4w|?|Vw|? = (VIw|?)2 + |lwVw —wVw|?, the above value turns into —p (|w|?P~*, f),
where

1 8 2\2 2 . —  — 1 s — 2
f= p_i_i M(V|w|) —(p—DV]w|*-i(wVw —wVw) + 373 ulwVw —wVwl~.

This quadratic form is nonnegative if the matrix
P—3-Pn —3(p=1
—(p=1  G-u

is nonnegative definite. Since this matrix has a nonnegative trace, it is sufficient to show that its determinant is non-
negative. By setting p = p — 1, we have

25+ 1 =8)1 = ou’ - p> = 0.
By solving this inequality for p, we get the condition (5.1). |

The right-hand side of (5.2) is written as

8

t
/0 (lwPP=2, RWGL))s)ds =Y L)),

i=1

where

t
Zay(0) = —v/ (w72, 8w (v*0 + v*W + 200w + 2vww + vw?) })(5) ds,
0
t
Ze) (1) = /0 (lwP=2, R {w(G @) + cv) })(s) ds,

'
Ty () = / (lw*P=2, R@G))(s)ds (i #1,3).
0
In Lemmas 5.3-5.6, we will show that each of Z;s are controlled by the following integrals.

! 2p+2
A= | asds, as =1+ ||w(®)| 22

t
B,:/ beds, by=1+[|Vwl[w** )],
0

t 2p+2
Ci= [ eds, comws)]
0

2p+2

Here we put the extra term 1 in the definitions of a, and by to ensure that a¥ < af and bY < bf for @ < B. Our main

tools are discrete Young’s inequality and Jensen’s inequality:

e Forevery o, ...,an > O suchthat Y «; =1 and ¢ > 0, there exists C, such that
l_[x:-x” < Cex1 —i—eri
i i#1

for every x; > 0.
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e Let f(z) be a nonnegative and integrable function on [0, T']. Then there exists a constant C 7 such that, for every
p > 1 and nonnegative function g(¢) on [0, T'], we have

T V4 T
(/0 f(t)g(t)dt) Scffo fg®)?Pdr.

In the following lemmas, we always write C. for a large constant depending only on &, u, v, A, ¢, k, k', p, T and
XM, 7-

Lemma 5.3. Let p > 1 and ¢ > 0. For sufficiently large ¢ depending only on ¢, u, v, A, k, k', p, T and ||X||¢.7, we
have
2p+2
Zay () < e(llvoll 5z + Ar).

Proof. By Young’s inequality, we easily have

t
Tay(t) <¢ fo |w(s)| 2555 ds + C. / o) |5 ds.

where the constant C, depends only on ¢ and v. From (4.1), we have
2p+2
[ 1ol
s T 2p+2
5 / { Y”v()”LZerZ +/ —C(ﬁ—r)(s r)——a2p+2 dr} dS
0
! /
- 2p+2 _ il
< /0 =GP |y |57 +/ / ~C6 (s —p) g, dr ds

1 2p42
< S luolP%E + K (@) / as ds, (5.6)
¢ 0

where K (¢) = fooo ¢S5~ ds. In the second inequality, we used Jensen’s inequality. Since % +K(c)l0asc— oo,
we have the required estimate by choosing sufficiently large ¢ > 0. |

Lemma 5.4. For every p > 1 and ¢ > 0, we have

2p+2
Iis) (1) < Ce + &(llvoll ™2, + A+ C),
2p+2

2p+2

Zs) (1) < Ce +e(lvoll ™", + Ar + B, + Cr).

2p+2

Proof. We focus on the second one since the first one is shown more easily. From Proposition 2.1, we have

(w2 WG )| < [wlw?] 1 IGel )
B%’o@ p+1,1
SlwwP?[ o Gl e,
pl—tl,oo p+1,00
St 4 (Il g+l g0)- (5.7)

pt+l p+1 p+1
P
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We apply Proposition 2.5 to w|w|*?~2 = w(ww)?~!. Since
V{w(wﬁ)p_l} = pwW)’"'Vuw + (p — D) 2w’ Vw

= [w|?~'Vw - plwP~ +w|P V- (p = Dw|Pw?,
by Holder’s inequality we have

[V@lwl )] eer S [l Vel a2 flwlP ] e

-1
< [l 2V wl| 2, w5, = a¥bb.

—1
Combining this with [[w]w |~ a1 < w25, — 457, we have
L P

[t 4 S fwho” 2H}THV(Wlwlz” Z)HZPH +[wlw? 7] oo

p*l 2p—1
bz +a2p+2 <a +ba

2p—%
where o = STERR

We consider the time integral of (5.7). For the term involving v, by Young’s inequality we have

[+ 1]y + o)

p+1

t
5c€+5/( —i—Hv(s)||2p+2)ds+8/ (ay + by) ds,
B2 0

2p+2

since 5 + o < 1. The second term is estimated by the similar computations to those in (5.6) as follows

t 242 t s s, 2p+2
[P ass [l s+ (6 =0 @ oo ) ar]as
0 By 0 B} 0

2p+2
2p+2

< P

< lol™)2 + A
2p+2

For the term involving w, we need the interpolation

1 3 I
lwll 10 S llw || 1o I ||Lz,,+2 <a“1’+26“”2 Sartl 4 cpH,
p+1 Bzi’jz

Since ﬁ + o < 1, by Young’s inequality we have

ro 1 . t
/ (asp+1 + el )(a¥ +b$)ds S C +8/ (as + bs +c;) ds.
0 0

These complete the proof.

Lemma 5.5. Let p € (1,5) and assume 3

5k’ < % — 2p+2 For every ¢ > 0, we have
2p+2
I (1) < CeCr+e(llvol ), + Ar).

2])+2
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Proof. Since

1wl =2, wG )| S 16w, 202 [wlwlP ] sz S eomco,w) HB% (e

we have

2p—1

7#&7 ! 2p+2
Ty < (/ |com(v, w)(s)HBHK ) (/ a ds)
2p§+2 0

<Ce / |com(v, w)(s)” T ds+eA,.

21)+2
3

We consider the time integral of each term in (4.5). The first term is trivial. Integrability of the second term

1
=4 ||voll Ly is easy because }LZP;FZ < 1 by assumption. For the third and fourth terms, because «’(p + 1) < 6«’ < 1

2p+2
3

we have

g 2042 o, N ([ : 3
/ {s (14 [w| wi2)} 3 ds S </ s ds) (/ as> <A,
0 L 3 0 0

and

2p+2

/{ /(s—r) (l+||w(r)|| z,,+z)dr}Tds
t( s ! L 2p+2 3 1
g(/ _K(p+1)ds> [/ {/ (s—r)_Tarz””dr} ds:| <A
0 0 0

For the fifth term, we have
t s 13! 3 2 ;+2
(=172 |w)| g0 dr ds < ||w(s) (I i 45 =Ci.
B
0 0 @ 2p+2
For the last term, we need the following estimate.
185wl 22 Sa—9*(1+ ||v0||2"+2 e+ A+ G W (5.8)
2p+2

Since the proof of this estimate requires many pages, we show it in the next section. Now we assume that (5.8) is true.
Let N;=1+ ||vo||2p+2 + A; + C;. Then for small § > 0, we have

2p+2
/{/ (s =1~ 185wl d} ds
0 UJs—s L3
2p+2
t s , 3 3
5/ {f (s_r)_H_K (Ns+cr)2p+2dr} ds
0 s—3§

2p+2

t s —3 t )
—1+«’ 2p42
,S/NS{/ (s —r) dr} ds—i—/ csds $873 Ny 4+ Cy.
0 s—8 0
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For the integral on [0, s — §], we have

2p+2

t s—8 , =5
/ / (s =) TS s wl| 2ps2 dr ds
0o LJo L3
2p+2

s 3 /
/S_M(Hx) /(Hw(s)” iz + o) me)drl | ds<sHR0HIC,,
0 0 L7 L

To sum up, we have

+
ds<||v0|| f +A3+8 “ N, + CsC,.

2p+2

/ ||com(v w)(s) ||

These complete the proof. O
The following lemma is obtained similarly to [11, Lemmas 5.6 and 5.7], so we omit the proof.

Lemma 5.6. For every p > 1 and ¢ > 0, we have

2p+2

Zoy(t) < Ce +e(lvoll ™), + Ar + Br),

2[)+2

2p+2

I3y (1) < Ce +e(llvoll ™ +Az+Bz)

2p+2
Zay(t) < Ce +&(Ar + By),
I(7)(t) <C.C;+¢eA;.
Now we can obtain Theorem 5.1 by combining these bounds and choosing small ¢ compared with §u and Rv

in (5.2).

6. A priori estimate of dw

In this section, we show (5.8) and complete the proof of Theorem 5.1. We can obtain a simpler result than [11,
Theorem 4.1].

Theorem 6.1. Let p > 1 be such that %K/ < % — 2—+2 ForO0<s <t <T,we have

||5stw|| w2 S <@ - s)2K (1 + ||Uo||2p+2 + ||w(s) HBHZK, + A +C, )2p+2

2p+2 3

where the implicit constant depends only on v, A, c,k, k', p, T and || X||x.7-
As discussed in [11, Section 4], since
3
|| (e(t—s)L;l _ )w(s)” 2 <(t-— S)ZK 21’+2 6.1)

it is sufficient to consider the estimate of

Sew = dgrw — (e(t_s)l‘“ —Dw(s) =w() — =9 uy (s).
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We can decompose it as

8 Lt 8
Spw=1 / e(TDUHIAG ) (v, w)(r) =1 > Wiy (5. 1). (6.2)
i=17%

i=1
For simplicity, we write

_2p+2
3

in what follows.

Lemma 6.2. For every g > %, we have

—1 1
IWay (.0 10 S ¢ =97 (Ilwoll 34, + Ar)7,

—1 1
Wiy 0 0 S =9 (ol +C0)1
B3,

-1 1
IWay (s, D)o St —9)'T €/

W
Q=

1
[Wesy (5.0 g S @ =9 (loll?,_, +Ci)7.
82

3q

Proof. These are obtained by similar arguments to [11, Lemmas 4.2 and 4.6]. Here we prove only the last two
assertions. For W7y, we have

t t
Way s, 0| 4 5/ | Gy () 1 dVS/ |G|, dr
S s

g—1

t o t % -1 1
s( / dr) (/ Hw(r)||21+zk/dr> ci—nSch
N 0 g

For Wg),

t t
[Wesy 5.0 5/ ||e(’_’)L“G(8>(r)||55’—~ drﬁf (f—r)_%||G(8>(r)||Bf%+KuK dr
s s g

t qq;‘ ; %
5(/ (t_r),%qu dr) {/ (lv®| 1+ w@)] 1+,(/)qdr} '
’ 0 h B?

3_1
The first factor is bounded by (t — )% ¢ because ¢ > %. We can show that the time integral of ||v|| Ly is bounded
Bq

by
ol +Cr,
Bj
as already discussed above. ]

Lemma 6.3. For every q > % such that % < % — %K’, we have

3 1,/
Wy (s 0l 0 £ =957 (lol™, .,
B

+A,+C,)5,
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Rl

1, 7
Wy (s. 0|, S @ _gyiTaTn (lvol®, , +Ci)7,
B

HW(4)(S’ 1 Hm S@- s)%—'f/'

Proof. We now focus on the first one. The others are obtained by similar arguments. We start with the estimate

IWay s, 0| 4 N/ et~ ”L“G(Z)(r)”BK _odr </ (t—r)" ”G(2>(r)|| dr
(o) [ )
0 B,?

L S|+ w? (r>||"

l] lI

We will show the bound

1G @) ||q ¥

1+/
3q

+ ||(v+w>(v+w)(r)||q o SOy +ar+e (6.3)
q

by estimating the terms involving (1) vZ,v7, (2) vw, v, vw and (3) w2, ww separately. For (1), we have

2|| o+ ||vv|| b SO, ST+

" 2q 3q

v

For (2), by Young’s inequality and the interpolation (Lemma 2.2) we have

llvw]] 1+K,+||vw|| gh Sl i Alwll it PSSl 1 IleleqllwllBHzK
‘1 (1 3q 3J 3q
2
3
S vl 1+,+||wIILaq+||w||B;+zK/-

3q
We have to treat the terms involving (3) more carefully. In fact, we cannot obtain the required bound from the inequal-
ities
1

2
i+ CShwl S (lwlls, IIwIIBMK) ,
‘1 Zq

lw?] 4

because the regularity “2 + 4« is too high. Instead, by using the Bony’s decomposition
2w OQw+2wew,

we have more strict bound

2
|w || Lo Sllwew] o HlwORI g, Shwlpselwl 1+ llwl? e
5; By Bj Biq B,,
2
% 1 ?T 1 2
< ||w||L3q(||w||m||w||8.+2k )+ (llwllpqllwllgw )

3
Slwizs, + 1wl g

Now we get the required bounds because

t
3 3
/0 o) ”Bi%q“’ dr < ||vo||;%ﬂ, + A

3q

by (4.2). These complete the proof. ([
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Lemma 6.4. For every q > % such that % <1—«', we have

= o=

~
B

Ll
[Wio(s.Dl 0 S =95 (1ol +C +llwll?,..C
Bq

where

18, wll La
lwlllgcre :== sup  ———==
1 O<u<r<t |r _M|2K/

Proof. Since

t t
P50l < [ 1600 gy < [ eom, wie)] g .
N S

we consider the time integral of each term in (4.5). For the first two terms, we have

t n s
/S(H’ ol o) dr S =931+ ol g0,

q q

For the next three terms, since ' qul < 4k’ < 1 we have

/ ( +Hw(r)HLq dr—i—/ /(r—u) ~|—||w(u)”Lq)dudr

b e qq;l é —1l_, %
§</r q—ldr) [(/ c,dr) (//(r—u) N cududr> i|§(t—s) " Cf

/ / (r—u)” ” w(u) ||Bl+zk/ dudr

- 1
t — t pr " 7 g-1 L
5(/ dr) ! (/ / (r—u)_lJr23 cududr>q S(t—s)qq c/.
s 0 JO

For the last term, we can replace 85w by 8}, w since the difference is estimated by
/ / r—u)~= |||au,w||Lq—||5;,w||”|dudr
/ p L
5/ / r—w) " —w* ¢! dudr
-1 1
,S(/ > <//(r—u) 1J“"c dudr) <(t—s)‘1Cq

For the contribution of 8}, w, since

and

1 1 1
[ wll o S [8uwlZe(lw 2o + [ww] £)

’ 1 1
<l oy = 0 (o) [0+ [wo] )



Global well-posedness of CGL equation with a space—time white noise 1993

we have

! r _l_K+I(/ ’
/f(r—u) 2 ||6urw||quudr
s JO
t r Wk
<|||w|||qK t[ fo (r—w) ™

t 2'17 topr LK i
<|||w|||q“(f dr) (/0 /0 - — ) +T(cr+cu)dudr)
s

S IIIwIII

1 1
w)| 2o+ [w|Zo) dudr

20q-1 L
(t—s) 2 CH. 0

q.k';t

Combining these estimates, we obtain the required result.

Proof of Theorem 6.1. By assumption of «’, all of the exponents of (¢ — s) appeared in the above estimates are
greater than 2«’. To sum them up, we have

1

85l 0 < =7 (U Tl A Gl C)
B2

3q

Q=

which yields

l

lwll? ., <1+ flvol™ o TA+C+ |||w|I|

B3q

q.k'3t ~ qu

From the fact that x < a + v/bx = x S a+ b, we have

3 1
lwllge:e < (1 + flvoll™ LA C)T,
B

3q
which implies Theorem 6.1. U
7. A priori L1[0, T] estimate of (v, w)

The goal of this section is the following theorem. From now on, we always assume

L<p<5A{l+p(u+1+u?)}

Theorem 7.1. Assume that k' < 5(— — —) A =. Let (v, w) be the solution of the system (3.3) with initial value

—2K .
(vo, wo) € 532(1 X B,; . Then there exists a constant C < 0o depending only on w, v, A, c, i, k', p, T, IX|l¢.7

and ”UO”B%H, + ”wOHB%ﬂ(, such that
3q q

T
/ (o + POL.o+ a0 ) dr <

First we will show the follwing result.
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Lemma 7.2. There exist T, > 0 and M < oo depending only on , v, A, c,k, k', p, T and ||X||¢.7 such that for every
0<s <t <T satisfyingt —s <2T,,

[ 1t <0+ L+ B 1)

3!1

To prove the above lemma, we use the decomposition (6.2) and write

t 8 '
[ w0 dr < 6 =) [fyn+ 3 [ Vo5 8y ar.
N q q i=1 N q

In Lemmas 7.3-7.5, we will show that the last eight terms are bounded by the terms of the form:

t — )7 (|Jv(s) ||3"%+K/ +V(s, 1)+ A(s, 1) +C(s,1)), 6€(0,1),
B

3q

where

t
ven= [ (1 ol
s B2

3q

A(s,t)_/ (14w [34,) dr,

C(s,t):/ ||w(r)||21+2k, dr.
N q

As discussed in [11, Section 6], our proof starts with Young’s convolution inequality. Fori =1, ..., 8, we have

t
/”W(i)(svr)“?ngk/d" /(/ (r—u)~ HG(,)(u)HBa, du) dr
N q
_1+2K/—Dll- q 1 q
5(/ (t—r)" " 2 dr) /HG(,-)(r)”Bgidr

al dr

where o; € (—1 4 2«’, 1 + 2«’). Thus we need to consider L4[s, t] estimates of G; in Bgi norm.

Lemma 7.3. Forevery0<s <t <T,we have
/ Wi Dy dr S =95 SOV (.0 + AG.0).
[ Wl dr 6 =99 (V.0 + 45,0+ C6.0),
/ W s Py dr < 0 =) 4V (s.0) + CGs. 1),
fs [Weo (5. )| gyacr dr < 0 - 5 f ar

Proof. Leta; =0, ap = a3 = —% —k and a4 = —% — 2k . The first one immediately follows from

[6w @ < @ + Tl
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The second one follows from the bound (6.3). The others are obtained more easily.

Lemma 7.4. Forevery0 <s <t <T, we have

[ ¥y dr £ @ =9 F 9 (o), + A0 +C6.0).

34

Proof. Let ag = 0. By the same argument as in the proof of Lemma 5.5, we have

t
/||G(6)(r)||" dr</ | com(v, w) ()| ,dr<||v(s)||*" +A(s, 1)+ C(s, 1),

1+« Lot
B, +x

taking care that the initial time is s.

Lemma 7.5. Forevery 0 <s <t <T,we have
/ [Wes6s.n|5, 2 dr<(t—s) 2 (V(s 1)+ C(s, 1),
/ Wy (s, r) ||Z,+2K, dr <(t — s)l%qu(s, 1),

/ W) (s, r)||Bn+2K, dr <(t—s) 3 (V(s 1)+ C(s,1)).

Proof. Letas =a7 =0and ag = —% + k" — k. The L7 estimates of Gs), G(7y and G g are easily obtained.

To sum them up, we can show Lemma 7.2.

Proof of Lemma 7.2. Combining above estimates, we have

C(s, t)<(t—s)||w(s)||"1+2K,+(r—s) (||v(s)|| 3 o TV D+ AG D) +Cs, D).

3q

For V, from (4.2) we have

V.S 1+ ||v(s)||3q1+ A, ).
B2

3q
For A, we already have
A, ST+ Hv(s)“3q w34, +Cs0)
3q

from Theorem 5.1. Thus we have

Cis.t) <Mt —s)|ws|?

1-8«’
b M= F (1 oo

3q

+ w4 +C6.0)

—8i’

for some constant M > 0. Therefore we obtain Lemma 7.2 by choosing 7 such that M (27}) = <

D=

We return to the proof of Theorem 7.1.

1995

(7.1)

(7.2)
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Proof of Theorem 7.1. Let

t
L= o+ o0+ @l a0 = [
‘q §

By Combining Lemma 7.2 with the estimates (7.1) and (7.2), we have that for every 0 <s <t < T satisfying r — s <
2T>k9

I(S, t) E M*(l + IS)’

where M, depends only on w, v, A,c,x,«’, p, T and [|X]|,r. Local well-posedness result (Theorem 3.2 and Re-
mark 3.3) shows that there exist suitable choices of smaller 7, and larger M., which depend on the initial value
(vg, wo), and such that we have

100, T,) < M,.

For every k € N, because I ((k + 1)T, (k +2)T,) < I(s, (k+2)Ty) for s € [kT, (k + 1)T,], we have

(k+1 T

1 (k+1)Ty
HEA DTk +2T) =0 [ 1. DT) ds < —/ (1 + 1) ds

kT

M
< M+ =1 (KT, (k+ DTL).
*

As aresult, for k =0, 1, ... we can prove that

k M i
I(KTy, (k+ DTy) < M, Z(—*) < 0.

T.
i=0 > F

This completes the proof. ]

8. A priori L*°[0, T'] estimate of (v, w)

3 2k

3¢ 5’3 . In the settings of Theorem 7.1, we show the

Let (v, w) be the solution with initial value (vg, wo) € B
following a priori L°°[0, T'] estimates of (v, w).

Theorem 8.1. Assume that 3k’ < i — —. There exists a constant C < oo depending only on w,v, A, c,k,x', p, T,

IXle,7s voll 1, and llwoll 3 5 Sch that
B3q Bq

t ’ < C.
S v )Hgéqﬂ <

< 1 in Theorem 7.1, from (4.2) we have

Proof. Since we already have a priori estimate fO lw(s) || 130 S

311

ol %
lv@| bt , < ol _+K,+</ (t — )" GOz lds) {/ (1+||w(s)“L3q)3qu}3
0

‘I 3q
<1.

since (%+K/)3;’—zl<l. O
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It remains to control |Jw|| ,. We decompose it as follows.

5 3 o
q

Hw(r)u 300 S llwol ,,ZK,+Z||W(,>0>H

i=1

As discussed above, all of ;) have the bound of the form

HW(,)(t)” 32w N/ (-9 HG(,)(s)”Ba, ds. (8.1)

By Young’s convolution inequality, we have

a2 i/ (T >
(/'nm«ﬂnwzz,dg <([[a—o = aa) " ([Mowol )",
0 4q

where 1 + i = l + i. This implies that if ||G(,-)(t)||Boc,- has the LP1[0, T'] estimate, then we immediately have the

LP2 estimate of ||W(,)(t)|| 3— 4K —2a;

,, where g; has to satisfy gi < 1. We ultimately aim to get p, = 0o, which

5 3 2

is interpreted as the L°°[0, T] estimate: sup, (o 7 [[w () || 350 <. Although this goal is not attained immediately,

q
we are able to get pp = oo by iterating Young’s convolution inequality several times.

Theorem 8.2. Assume that q > % and ' < % - 3‘];_2. There exists a constant C < 0o depending only on

M, v, )‘" ¢, K, K/, P, T7 |||X|”K,Ta ”U()” %Jr,(/ and ”w()” %72,(/ SMC]’[ that
B3, B;

, <C.
O;lgTHw(f)H RV

We start the proof by estimating each W; using a priori estimates

s 0]y S0

tel0 g

sup [|w(®)| 32 S 1.
t€l0,T]

T
J w0l i s

[ o <

We can improve the bounds of W;) as follows. Note that the proportional constants appearing above and in the
following inequalities depend on initial values (vg, wo).

Lemma 8.3. Assume that 3k’ < 4 — =, Foreveryt €[0,T],
[Way @) ”B%‘”’ <1 +f t—s5)" ||u)(s)||L3q ds, (8.2)

||W(2)(t)|| 3oae <1+/ (t—s5)"" (”w(s)“L;q—f-||w(s)||81+2,<)ds (8.3)
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||W(3)(t)||B%2 <1+/ (t—s)"> ||w(s)“ v ds, (8.4)
q
W@ 50 ST, 8.5)
B;
' !
WOl 3o £ 15 [0 =07 F o] s 86
q q
t L
W (1) ||Bgfzx/ <1 +f0 (t =) |w(s) | gre ds. 8.7)
q
Wor 0] g % [ € =577 o) g s, (838)
q
t a
W] 320 S 1+ /0 (=) w)]| g ds. (8.9)
q

where the implicit constants depend on ||vol 1 Ly + Jlwo | 3 e As a result, we have
B2 B
q q

T
/ o, dt <1 (8.10)
0 B2 "
Proof. These are obtained by estimating ||G ;) || g in (8.1) as before. (8.10) is obtained by applying Jensen’s inequal-
q
ity to (8.2)—(8.9). (]
We proceed to iterate Young’s convolution inequality until we get L°°[0, T'] estimate. For simplicity, we write

8
Wi (@) ZZW@')(I)-

i=2

Although G (1) and G2y contain higher order terms of w, we can weaken their influence with the help of L*°[0, T']
estimate of ||w(¢) || ;34—2.

Lemma 8.4. Assume that g > 3 2 and k' < 3 ql_z. For every t € [0, T],

||W(1)(t)|| __ZK <1+/ t—s)"" ||w(s)|| 73 o ds, (8.11)

‘1

IwW- 1)(t)|| 3o <1+[ (t—s5)"" ||w(s)|| Lo ds. (8.12)

If we assume that fOT ||u)(t)||p]3 ! ds <1 for some p) € [1, 00), then we have
B2 "

q

/ HW(l)(l)llpa Luds S (8.13)
for p1 > = such that — > % - % — k', and we have
W b3 ds <1 8.14
” @], ds < (8.14)
0 3‘12
1 L _ 1.7
for E > E — EK .
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Proof. For (8.11), we need to replace ||w|| 134 by [|lw]| 73 o . Indeed, for sufficiently small ¢ > 0,

f{

4 3
lwllzse < llwllsg, < llwll’ %gllwllzgqu,
: B

where r is determined by % = ‘7—‘% + %3%2 |lwll;34—2 is already bounded by 1
7 1 1
335 —5)

. Besov embedding shows
B,

c B} *, where by assumption

7+3l 1 7+1 5+ 9 7+5+3 9, 3 !
—¢ ———)=-t4+--"+——)<-e+—4+-—-k'<=-—2%
4 q r 4 4\q 3q-—-2 4 4q

for every ¢ < %K/ . Hence we have

4
7

lwiigse < lwl 3o

q

For (8.12), it is sufficient to consider the square terms of w. As in the proof of Lemma 6.3, by Bony’s decomposition

2
[w?] o STwOwI g F IO o STl ol 1+K,+||w||
q q B?q 2
4 }
Shwllpsealwl g+ (10l 5,2l poo) Sl - 2wl g
r

y r

where r is determined by ql = 3q%2 + % Boundedness of ||w||;3,-2 and Besov embedding

Il g Shol s oy Slwll g
B 34

show the required estimate.

The improvement results (8.13)—(8.14) are immediately obtained from Young’s inequality. If p; > 12

, we have
T Pl_z T 3—4«’ % %
</ HWU)(I)HPZLZK/ dt) <1+ </ (T —1)"73 ’dt) (/ ||w(t)||”‘g e ,dt) ,
0 B} 0 0 By
where 1 + é =14 12 Then (8.13) follows if =27 <1, thus - > % — 1 — . (8.14) is similar. O

By iterating this improvement result finite times (which depends on «”), we obtain the required a priori estimate

Proof of Theorem 8.2. First we show that we can replace the exponent ¢ in (8.10) by g1, which satisfies

11
=.-1

From (8.2), Young’s inequality yields

T

/ HW(l)(t) ||ql§_2k, dt <1
0 qu
because 1 + — =7 + . On the other hand, from Lemma 8.4 we have L”![0, T'] estimate of | W1)(®)| 3 -—zk/ with
q

% > [ll — —K To sum them up, we obtain LP![0, T] boundedness of ||lw ()| 3

_,- Now by applying Lemma 8.4
‘1
again, we obtain L”2[0, T'] estimate of [W_1,(#®)Il 3 ——2»(’ Wlth Lo 1L 1

o sk’ > é — &/, which implies LP2[0, T]
q
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boundedness of ||w(t)]| 3 5+ We can repeat this argument until py, which satisfies PLN <= — %. (Ny ~ %.) Hence
B 1

q

1
q
we have

T
q1 <
/0 Hw(t)HBq%*K’ dr < 1.

Next we show that we can again replace the exponent g; by g2, which satisfies qu = % - %. We note that qiz < ql—l
1 3 1_ 7 : .
because 7 <57 1= Lemma 8.4 implies

T
/ ”W(l)(t)”qz;izk, dt < 1.
0 qu

Then by the same argument as above, we can conclude that W1y is L%[0, T] bounded after performing N, (~

%(i — 1)) times Young’s inequalities, so lw(?)]| 3, also.
K2 q1 9 B2

q
We can replace the exponent g by g3 which satisfies q% = % - % by the same arguments. We can repeat this

argument until the sequence {ql} determined by

1 12 1

qn+1 B Tqn 4

achieves qLM < 0. (M has the order O(|log«k’|).) If qiM < 0, then we should replace it by gy = oo. In the end, after
performing M + Ny + --- 4+ Ny = O((k’)~") times improvements argument, we can complete the proof. (]

Proof of Theorem 3.6. By Theorems 8.1 and 8.2, we have a priori L*°[0, T] estimate of (v, w) if the conditions

3 11
5<p<5A{1+u(u+\/l+u2)}, K<z-5

2p
hold. Since
§<1+u(u+,/l+u2) & ou> L
2 22
the assumption p > ﬁ is satisfied if p is sufficiently close to % or equivalently «’ is sufficiently small. ]
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