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In the first part of the paper, we study reflected backward stochastic dif-
ferential equations (RBSDEs) with lower obstacle which is assumed to be
right upper-semicontinuous but not necessarily right-continuous. We prove
existence and uniqueness of the solutions to such RBSDEs in appropriate
Banach spaces. The result is established by using some results from opti-
mal stopping theory, some tools from the general theory of processes such
as Mertens’ decomposition of optional strong supermartingales, as well as an
appropriate generalization of Itd’s formula due to Gal’chouk and Lenglart.
In the second part of the paper, we provide some links between the RBSDE
studied in the first part and an optimal stopping problem in which the risk of a
financial position & is assessed by an f-conditional expectation £ F () (where
f is a Lipschitz driver). We characterize the “value function” of the problem
in terms of the solution to our RBSDE. Under an additional assumption of
left upper-semicontinuity along stopping times on &, we show the existence
of an optimal stopping time. We also provide a generalization of Mertens’
decomposition to the case of strong £ f -supermartingales.

1. Introduction. Backward stochastic differential equations (BSDEs) have
been introduced by Bismut ([4]) in the case of a linear driver. The general theory
of existence and uniqueness of solutions to BSDEs has been developed by Pardoux
and Peng [30]. Through a result of Feynman—Kac-type, these authors have linked
the theory of BSDEs to that of quasilinear parabolic partial differential equations
(cf. [29]). BSDEs have found number of applications in finance, among which
pricing and hedging of European options and recursive utilities (cf., for instance,
[13, 14]). Also, a useful family of operators, the family of so-called f-conditional
expectations, has been defined through the notion of BSDEs and used in the liter-
ature on dynamic risk measures (cf., for instance, [2, 3, 32, 33, 35] among others).
We recall that the f-conditional expectation at time ¢ € [0, T] (where T > 0 is a
fixed final horizon) is the operator which maps a given square-integrable terminal
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condition &7 to the position at time ¢ of (the first component of) the solution to the

BSDE with parameters ( f, £7). The operator is denoted 8{ 7).

Reflected backward stochastic differential equations (RBSDESs) can be seen as
a variant of BSDEs in which the (first component of the) solution is constrained to
remain greater than or equal to a given process called the obstacle. Compared to
the case of (nonreflected) BSDEs, there is an additional nondecreasing predictable
process which keeps the (first component of the) solution above the obstacle.

RBSDE:s have been introduced by El Karoui et al. [12] in the case of a Brownian
filtration and a continuous obstacle. In [14], El Karoui and Quenez also study their
links with the (nonlinear) pricing of American options. There have been several
extensions of these works to the case of a discontinuous obstacle and/or a larger
stochastic basis than the Brownian one (cf. [6, 15, 18-20, 28, 34]). In all these
extensions, an assumption of right-continuity on the obstacle is made. In the first
part of the present paper, we consider a further extension of the theory of RBSDEs
to the case where the obstacle is not necessarily right-continuous. Compared to
the right-continuous case, the additional nondecreasing process, which “pushes”
the (first component of the) solution to stay above the obstacle, is no longer right-
continuous. To prove our results, we use some tools from the optimal stopping
theory (cf. [11, 21, 22, 27]), some tools from the general theory of processes (cf.
[9]) such as Mertens’ decomposition of strong optional (but not necessarily right-
continuous) supermartingales (generalizing Doob—Meyer decomposition), a result
from the potential theory (cf. [9]), and a generalization of Itd’s formula to the case
of strong optional semimartingales in the vocabulary of [16] (but not necessarily
right-continuous) due to Gal’chouk and Lenglart (cf. [26]).

In the second part of the paper, we make some links between the RBSDEs stud-
ied in the first part and optimal stopping with f-conditional expectations. More
precisely, we are interested in the following optimization problem: we are given a
process £ modelling a dynamic financial position. The risk of £ is assessed by a
dynamic risk measure which (up to a minus sign) is given by an f-conditional ex-
pectation. The process & is assumed to be right upper-semicontinuous, but not nec-
essarily right-continuous. We aim at stopping the process £ in such a way that the
risk be minimal. We characterize the value of the problem in terms of the unique
solution to the RBSDE associated with obstacle & and driver f studied in the first
part. We show the existence of an optimal stopping time for the problem under an
additional assumption of left upper-semicontinuity along stopping times on &, and
the existence of an e-optimal stopping time in the more general case where this
assumption is not made. We provide an optimality criterion characterizing the op-
timal stopping times for the problem in terms of properties of the “value process”.
We thus extend some results of [34] to the case where the optimized process & is
not cadlag. We also establish a comparison principle for the RBSDEs studied in
the first part of our paper, as well as a generalization of Mertens’ decomposition to
the case of £/ -strong supermartingales.
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The remainder of the paper is organized as follows.

In Section 2, we give some preliminary definitions and properties. In Section 3,
we define our RBSDE and we prove existence and uniqueness of the solution.
Section 4 is dedicated to our optimal stopping problem with f-conditional expec-
tations. In Section 4.1, we formulate and motivate the problem. In Section 4.2,
we characterize the value function of the problem in terms of the solution of the
RBSDE studied in Section 3; we also give an optimality criterion and address the
question of existence of e-optimal and optimal stopping times. In Section 5, we
derive some useful additional results: comparison principle for our RBSDEs (Sec-
tion 5.2) and “generalized” Mertens’ decomposition for £/ -strong supermartin-
gales (Section 5.1). In Section 6, we briefly present some further extensions of our
work. In the Appendix, we recall some useful results (“classical” Mertens’ decom-
position, a result from potential theory, Gal’chouk—Lenglart’s change of variables
formula), we give the proofs of three results (Proposition 2.1, Proposition A.2 and
Proposition A.1) used in the main part of the paper, and we also give some exam-
ples.

2. Preliminaries. Let 7 > 0 be a fixed positive real number. Let (E, &) be
a measurable space equipped with a o -finite positive measure v. Let (2, F, P)
be a probability space equipped with a one-dimensional Brownian motion W
and with an independent Poisson random measure N (df,de) with compen-
sator dt ® v(de). We denote by N (dt,de) the compensated process, that is,
N(dt, de):= N(dt,de) —dt @ v(de). Let F = {F;: t € [0, T]} be the (complete)
natural filtration associated with W and N. For ¢ € [0, T'], we denote by 7; 7 the
set of stopping times 7 such that P(+ <t < T) = 1. More generally, for a given
stopping time v € Ty 7, we denote by 7, 7 the set of stopping times t such that
Phv<t<T)=1.

We use the following notation:

‘P is the predictable o-algebra on 2 x [0, T].

Prog is the progressive o -algebra on © x [0, T'].

B(R) [resp., B(R?)] is the Borel o-algebra on R (resp., R?).

L?(Fr) is the set of random variables which are Fr-measurable and square-

integrable.

° L% is the set of (&, B(R))-measurable functions ¢ : E — R such that
€112 := [ |€(e)|*v(de) < oo. For € € L2, k € L2, we define (¢,k), :=
Jpte)k(e)v(de).

e B(L2) is the Borel o-algebra on L2.

e H?> is the set of R-valued predictable processes ¢ with ||(1)||]%12 =

ELf] |¢?dt] < 0.
° ]HI% is the set of R-valued processes [ : (w,t,e) € (2 x [0, T] X E) — l;(w, e)
which are predictable, that is (P ® &, B(R))-measurable, and such that ||/ ”112&12 =

ELJJ 112 dt] < oo.
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We introduce the vector space S? defined as the space of R-valued optional (not
necessarily cadlag) processes ¢ such that |”¢'”?¢ = Elesssup ey, , 191 2] < 00.!

PROPOSITION 2.1.  The map || - |l s2 is a norm on S2. In particular, if ¢ € S?
is such that |||<,z§|||‘292 =0, then ¢ is indistinguishable from the null process, that is,

¢ =0,0<t<T a.s. Moreover, the space S* endowed with the norm || - lls2 is a
Banach space.

The proof is given in the Appendix.
We will also use the following notation: Let 8 > 0. For ¢ € H?, ||¢||/23 =

E[fOT eﬁsq&sz ds]. We note that on the space H? the norms | - lg and || - [l
are equivalent. For [ € ]HI,Z), ||l||12}’ﬂ = E[fOT eﬂ5||lsl|‘2)ds]. On the space H%, the
norms || - |[,,g and || - ||H% are equivalent. For ¢ € S%, we define |||¢|||/23 =

Elesssup,c7; , eﬁfd)g]. We note that || - || s is a norm on S? equivalent to the norm
Il Ills2- '

REMARK 2.1. By aslight abuse of notation, we shall also write ||<;5||]12%12 (resp.,

||¢||}23) for E[fOT | |2 d1t] (resp., E[fOT eP!|¢;|? dt]) in the case of a progressively
measurable real-valued process ¢ (cf., e.g., Remark 2.1 in [6] for the same nota-
tion).

DEFINITION 2.1 (Driver, Lipschitz driver). A function f is said to be a driver
if:
o f:2x[0,T] xR x Ly — R, (@,1,y,2,k) + f(w,1,y,2,k) is Prog ®
B(R?) ® B(L%)—measurable,
e E[fy f(1,0,0,0)2dr] < +oo0.

A driver f is called a Lipschitz driver if moreover there exists a constant K > 0
such that d P ® dt-a.e., for each (y1, 21, K1) € R? x L%, (n, 22, k) € R? x L%,
|fw, 1, 31,21, k1) = f(@,1,y2, 22, k)| < K(Iy1 = y2l + |21 — 22| + [ ki — &2llv)-

A Lipschitz driver f is called predictable if moreover f is P ® B(R?) ® B(L‘%)—
measurable.

For real-valued random variables X and X,,, n € N, the notation “X, 1 X will
stand for “the sequence (X,,) is nondecreasing and converges to X a.s.”.

For a ladlag process ¢, we denote by ¢, and ¢;_ the right-hand and left-hand
limit of ¢ at 7. We denote by A ¢, := ¢, — ¢, the size of the right jump of ¢ at
t, and by A¢; := ¢y — ¢;— the size of the left jump of ¢ at .

INote that when ¢ is right-continuous, |||¢>|||?S2 = E[sup;cjo,77 16:|*] (cf., Remark A.1).
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DEFINITION 2.2. Let t € Ty 7. An optional process (¢;) is said to be right
upper-semicontinuous (r.u.s.c.) [resp., left upper-semicontinuous (l.u.s.c.)] along
stopping times at the stopping time t if for all nonincreasing (resp., nonde-
creasing) sequence of stopping times (t,) such that " | t (resp., " 1 1) a.s,,
¢ > limsup,,_, o, ¢,a.s. The process (¢, ) is said to be r.u.s.c. (resp., L.u.s.c.) along
stopping times if it is r.u.s.c. (resp., L.u.s.c.) along stopping times at each T € Ty 7.
The right- (resp., left-) continuity property of an optional process (¢;) along stop-
ping times at a stopping time t is defined similarly.

REMARK 2.2. Note that if (¢,) is an optional process and t is a totally inac-
cessible stopping time, then (¢;) is left-continuous along stopping times at 7.

If the process (¢;) has left limits, (¢;) is l.u.s.c. (resp., left-continuous) along
stopping times if and only if for each predictable stopping time 7 € To.7, ¢r— < ¢+
(resp., pr— = ¢;) as.

Note, moreover, that if an optional process (¢;) is right upper-semicontinuous
(r.u.s.c.), then it is r.u.s.c. along stopping times. The converse also holds true; it
is a difficult result of the general theory of processes proved in [7], Proposition 2,
page 300.

3. Reflected BSDE whose obstacle is not cadlag. Let 7 > 0 be a fixed ter-
minal time. Let f be a driver. Let & = (&;);¢[0,7] be a left-limited process in S 2 We
suppose moreover that the process £ is r.u.s.c. A process & satisfying the previous
properties will be called a barrier, or an obstacle.

REMARK 3.1. Let us note that in the following definitions and results we can
relax the assumption of existence of left limits for the obstacle &. All the results still
hold true provided we replace the process (§;—):cjo,7] by the process (§t)te]0,T]
defined by £, :=limsup,,, (&, forall 7 €]0, T']. We recall that £ is a predictable
process (cf., [8], Theorem 90, page 225). We call the process & the left upper-
semicontinuous envelope of &. Bl

DEFINITION 3.1. A process (Y, Z,k, A, C) is said to be a solution to the re-

flected BSDE with parameters (f, £), where f is a driver and £ is an obstacle,
if

Bl (Y.Z,k,A,C)eS? xH? x H2 x S xS§?  andas. forallz € [0, T],
T T
V=gt [ £ Zokods — [ Zoaw,
t t

T -
(3-2) - / f k()N (ds, de) + Ap — A + Cr— — Ci_,
t E

Y, > & forallr € [0, T] a.s.,
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A is a nondecreasing right-continuous predictable process
T
(3.3) withAp=0 and such that / lyy,~¢)dA; =0 a.s. and
0

(Yo— — éf_)(Af — A?_) =0 a.s. for all predictable 7 € 7,7,
C is a nondecreasing right-continuous adapted purely

(3.4) discontinuous process with Co— =0 and such that

(Y; —&)(Cr —C,_)=0  as.forallt €Ty 7.

Here, A€ denotes the continuous part of the process A and A its discontinuous
part.

Equations (3.3) and (3.4) are referred to as minimality conditions or Sko-
rokhod conditions. We note that, by a classical result of the general theory of
processes ([8], Theorem 1V.84), a process (Y, Z,k, A,C) € S? x H? x ]1-]1‘2) X
S§?% x S§? satisfies equation (3.1) in the above definition if and only if Y; =
&+ J] f@. Y, Zkyde — [T Zoaw, — [T [pki(e)N(dt,de) + Ar — A, +
Cr— — C,_, where the equality holds a.s.forall t € 7y 7. Let us also empha-
size thatif (Y, Z, k, A, C) satisfies the above definition, then the process Y has left
and right limits.

REMARK 3.2. If (Y, Z,k, A, C) is a solution to the RBSDE defined above,
then AC;(w) = Y (w) — Y4 (w) for all (w, 1) € Q x [0, T) outside an evanescent
set. This observation is a consequence of equation (3.1). It follows that Y¥; > ¥; .,
for all ¢ € [0, T'), which implies that Y is necessarily r.u.s.c.

Moreover, since in our framework the filtration is quasi-left-continuous, mar-
tingales have only totally inaccessible jumps. Hence, if 7 is a predictable stopping
time, we have Y; — Y;_ = —(A; — A;_) a.s. From this, together with Remark 2.2,
it follows that the process Y is left-continuous along stopping times at a stopping
time t if and only if AA; =0 a.s.

We also note that equality (3.1) still holds with f (¢, Y:, Z;, k;) replaced by
f@,Y—, Z;, k). Furthermore, the process (Y; + f(; f (s, Y, Zg, kg)ds)icpo,1) 18
a strong supermartingale (cf. Definition A.1).

REMARK 3.3 (The particular case of a right-continuous obstacle). In the par-
ticular case of a right-continuous obstacle £, we have that Y is right-continuous.
Indeed, observe that Y; > Y;4 > & = &; [due to the right upper semicontinuity of
Y and to inequality (3.2)]. Hence, if ¢ is such that Y; =&, then Y¥; =Y, =& If
t is such that ¥; > &, then Y; — Y;+ = C; — C;— = 0 [due to Remark 3.2 and to
(3.4)]. Thus, in both cases, Y; = Y;; so, Y is right-continuous.

Moreover, the right-continuity of ¥ combined with Remark 3.2 give C; = C;_,
for all . As C is right-continuous, purely discontinuous and such that Cop_ =0,
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we deduce C = 0. Thus, we recover the usual formulation of RBSDE with right-
continuous obstacle.

A simple introductory example where a solution to our RBSDE (from Defi-
nition 3.1) can be explicitly computed is presented in the Appendix (cf. Exam-
ple A.1).

Let us now investigate the question of existence and uniqueness of the solution
to the RBSDE defined above in the case where the driver f does not depend on y,
z and k. To this purpose, we first state a lemma which will be used in the sequel.

LEMMA 3.1 (A priori estimates). Let (Y', Z!, k', A, C1) € S? x H? x H2 x
S% x §? [resp., (Y2, Z%, k2, A%, C?) e 82 x H? x ]HI,% x 82 x 82%] be a solution to
the RBSDE associated with driver f'(w,t) [resp., f>(w, )] and with obstacle &.
There exists ¢ > 0 such that for all ¢ > 0, for all § > 8% we have

45) L L A o P FAR A PR VAR A v
Iy =¥l <de*(1+6c%) | = £2]5.

PROOF. Let,B>0and8>0besuchthatﬂz;—Z.Weset)?: yl—y?2 7.=
Z' =722, A=A - A2, C:=C' - ClLk:==k' =K and f(w.1) := fl(w,1) —
fz(a), t). We note that Y7 = &7 — &7 = 0; moreover,

- T . T . T 0.

fo= [ fwar— [ zaw - [ [ ke~ de
T T T E
+Ar—A;+Cr_—C,_ a.s. forall T € 7o r.

Thus, we see that Y is an optional strong semimartingale in the vocabulary of
[16] (cf. Theorem A.3 for the definition) with decomposition ¥ = Yo+ M + A+ B,
where M, := [} Z;dWs + [§ [ ks(e)N(ds,de), A; := — [} f(s)ds — A, and
B; := —C;_ (the notation is that of Theorem A.3 and Corollary A.2 from the Ap-
pendix). Applying Gal’chouk-Lenglart’s formula (more precisely Corollary A.2)
to eft 17,2 gives: almost surely, for all # € [0, T'],

PTYE =efly? +/ BePs (Yo)?ds — 2/ P Y, f(s)ds
16,T] 1t,T1

-2 P Y,_dA; +2 ePSY,_Z,dW,
1¢,T1] 1¢,T]

+2/ eﬂs/ ?s_iés(e)ﬁ(ds,de)Jr/ e 72 ds
1¢,7T] E 16,T]

DDAl AR ARCE P TS AR I S AR

t<s<T [t,TT t<s<T
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Thus, we get (recall that Y T = 0): almost surely, for all ¢ € [0, T'],

P Y2 4 eP 72 ds
16,T]

:—/ ,Beﬁ“(?s)zds+2/ BV, F(s) ds
16,T] 1¢,T]

t

+2 e Y,_dA; —2 ePSY,_Z, dW,

(3'6) 1¢,T] 1¢,T]
—2/ eﬂS/ Yo_ks(e)N(ds,de) — Y e/ (¥s—¥,)*
16,71 E

t<s<T

+2 Y dCy — Y P (Vg — Y%
.71 t<s<T

We give hereafter an upper bound for some of the terms appearing on the right-
hand side (RHS for short) of the above equality.

Let us first consider the sum of the first and the second term on the RHS of
equality (3.6). By applying the inequality 2ab < (%) + £2b?, valid for all (a, b) €
R2, we get: a.s. for all t € [0, T'],

—f] . ﬂeﬂS(?s)dez/]t T]eﬁS?sf(s)ds

t

~ 1
<—| B ¥)ds+

eﬂsfszds + 82/ P F2(s)ds
16,T] &= J1t,T]

11,71
1 8 3

= <_2 _ ﬁ)/ ePS(¥5)2 ds + 82/ P F2(s) ds.
& 1¢,T] 1¢,T]

As B = &, we have (& — B) [y, e (¥s)?ds < 0, for all 1 € [0,T] as. For

the third term on the RHS of (3.6) it can be shown that, a.s. for all ¢ € [0, T'],
2 f]t’T] ePsY,_dA, < 0. The proof uses property (3.3) of the definition of the RB-

SDE and the property Y > £, for i = 1, 2; the details are similar to those in the
case of a cadlag obstacle and are left to the reader (cf., for instance, [34], proof of
Proposition A.1).

For the the last but one term on the RHS of (3.6) we show that, a.s. for all
1 €[0,T],2 [, 71 P YsdCy < 0. Indeed, as. for all # € [0, T, i, eV dCs =
Y <1 PV, AC,. Now, as. forall s € [0, T], Y;AC, = (Y] —YHAC) — (¥ —
Y SZ)ACSZ. We use property (3.4), the nondecreasingness of (almost all trajectories
of) C!, and the fact that Y2> & to obtain: a.s. for all s € [0, T'],

(Y = YD)ACT = (¥ = &)AC; — (V] = &)AC; = —(¥] —&)AC <0.
Similarly, we obtain: a.s. for all s € [0, T], (Y} — Y2)AC? = (Y — &)AC? > 0.
We conclude that, a.s. for all ¢ € [0, T'], 2f[t’T[eﬂs Y, dCy < 0. The above obser-
vations, together with equation (3.6), lead to the following inequality: a.s., for all
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1€[0,T],
Py 4 P72 ds
16,T]
(3.7) 582/ P fAs)ds—2 | PV, Z,dW,
: 1t.7] 16,T]

— 2/ eﬂS/ Yo—ks(e)N(ds,de) — Y e (¥ —¥,_)%
16,71 E t<s<T
From the above inequality, we derive first an estimate for || Z ||/23 and ||I€||‘2)7 8 and

then an estimate for |||f’ |||%.

Estimate for | Z|3 and ||k||2 4. Note first that we have

/] D D A
t,

t<s<T

=f eﬂ5||1€s||§ds—/ eﬂs/ kX(e)N(ds,de) — > eP (AA)?
1¢,T1] 1¢,T] E

t<s<T

S Z eﬁsAfi?—/ eﬂs/ lzsz(e)lgf(ds,de),
1,71 E

t<s<T ]
where, in order to obtain the first equality, we have used the fact that the processes
A. and N (-, de) “do not have jumps in common” (recall that the process A jumps
only at predictable stopping times, while the process N (-, de) does not jump at
predictable stopping times).
By adding the term f]t’T] ePs |1k, 2 ds on both sides of inequality (3.7) and by
using the above computation, we derive that almost surely, for all ¢ € [0, T'],

ePY? 4 e 72ds + / P \lky |12 ds
1¢,T] 1¢,T]

(3.8) < 82/ eP* f2(s)ds — 2/ PV, _Z, dW,
1¢,T] 1¢,T]

— f e f (2Y,_ks(e) + k2(e)) N (ds, de).
1¢,T] E

Let us show that the stochastic integral “with respect to d W, has zero expectation.
Note first that

3.9 sup 17,2_ = sup f’tz_ < esssup )73 a.s.,
t€l0,T] teQnN]0,7T] t€To,r

where we have used the left-continuity of the process (Ys_) to obtain the
equality. From this property together with Cauchy—Schwarz inequality, we get
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E[\/fOT e2fs¥2 72ds] < ||Y |l 521l Z|lap < oo. By standard arguments, we deduce

E[ fOT efsy, S_Z s dW,] = 0. By similar arguments, the last term on the RHS of in-
equality (3.8) has also zero expectation.

By applying (3.8) with # =0, and by taking expectations on both sides of the
resulting inequality, we obtain Y2 + ||Z||/g + ||k||v g = 2||f||ﬂ We deduce the
desired estimates:

(3.10) 1ZIg <&l flz and (kI35 <& £1I3.
Estimate for || ?l”%. From inequality (3.7), we derive that a.s., forall ¢ € [0, T],

P2 < 82/ P F2(s)ds —2 ePSY,_Z, dW,
1¢,T] 1¢,T]
(3.11)

—2/ eﬁS/ Y,_ks(e)N(ds,de).
1¢,T] E

From this, together with Chasles’ relation for stochastic integrals, we get, for all
teTor,

efTY? < 82/ e f2(s)ds — 2/ P Y, Z, dW,
10,T] 10,7

+2 ePSY_ZodW, —2 /Y _ks(e)N(ds, de)
10,7] 10, T]

+2/ eﬁ“/ Y,_ks(e)N(ds,de)  as.
10,7] E

By taking first the essential supremum over t € 7o 7 and then the expectation
on both sides of the above inequality, we obtain
E[esssupefTY?] < &? ||f||/3+2E|:esssup :|
teTor t€To,r

/Or] /Y ()N (ds, de):|

Let us consider the last term in (3.12). By using Remark A.l applied to the
right-continuous process (f]o’t] ehs Jg Ys—ks(e)N(ds, de))c[o,7) and Burkholder—
Davis—Gundy inequalities, we get

fref“f Y,_ks(e)N(ds, de)
0 E
T
2Bs 2 72
SZCE[\//O e /Ys_ky(e)N(ds,de)],

T ~ ~
/ ey, Z,dW,

(3.12)
+ 2E|:ess sup

‘L’E76_T

ZE[ess sup

teTo,r

(3.13)
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where ¢ > 0 is a positive “universal” constant (which does not depend on the other
parameters). Inequality (3.9) and the trivial inequality ab < 5 a’ + b2 lead to

T
2cE|:\/ /0 e2Bs / f&_iég(e)zv(ds,de)]
E
Eu —esssupe/ngz\/Scz/ eﬁV/ k2(e)N (ds, de)]
teTor

1 T .
< —E[esssupefTV?] +4c? E[ / efs / ksz(e)N(ds,de)]
4 e 0 E

IA

1 -~ ~
PG+ 4RI .

Here, the equality has been obtained by adding and subtracting 4¢? ||l€||‘2j’ g (on the

left-hand side) and by using the fact that E| fOT ehs [5 123@)1\7 (ds,de)] = 0. By
using similar arguments, we obtain that the last but one term in (3.12) satisfies

(3.14) 2E[esssup Py, 7, dW} —|||Y|||ﬂ+2c 1Z113,
‘L'G'ﬁ) T

where ¢ is the same universal constant as above. By (3.12), we thus derive that

PIY N5 < 21 F115 + 221 Z115 4 4c2 k|12 4. This inequality, together with the es-

timates from (3.10), gives |||17|||§ <4e2(1+6cH)|| f I3, which is the desired result.

O

In the following lemma, we prove existence and uniqueness of the solution to
the RBSDE from Definition 3.1 (in the case where the driver f does not depend on
v, z and k) and we characterize the first component of the solution as the “value
process” of an optimal stopping problem.

LEMMA 3.2. Suppose that f does not depend on y, z, k, that is, f(w,t,y,
z, k) = f(w,t), where f is a progressive process with E[fOT f(t)2 dt] < 400. Let
(&) be an obstacle. Then the RBSDE from Definition 3.1 admits a unique solution
(Y,Z,k,A,C) € S? x H? x H‘Zj x S? x 8%, and for each S € To.7, we have

T
(3.15) Ys = ess supE[St i / f(t)dt ( ]-"5] as.
‘[673"7 S

Moreover, the following property holds:
(3.16) Ys=E&sV Yt a.s.

We also have Ys =esssup,_ ¢ E[&; + fSr f)ydt| Fsla.s., forall S €Tor.
If, furthermore, the obstacle (&) is l.u.s.c. along stopping times, then (A;) is
CONtinuous.
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The proof of the lemma is divided in several steps. First, we exhibit a “natural
candidate” Y to be the first component of the solution to the RBSDE with param-
eters (f,£); we prove that Y belongs to the space S* and we give an estimate
of |||Y|||‘252 in terms of |||§|||‘292 and || f ||12H12. In the second step, we exhibit “natural
candidates” for the processes A and C, and a “natural candidate” M for the mar-
tingale part of the solution to the RBSDE with parameters (f, £). In the third step,
we prove that the processes A and C belong to S? and we give an estimate of
A+ C— |||§2. In the fourth step, we apply the martingale representation theorem
to M, which gives the second component Z € H? and the third component k € H%
of the solution. In the fifth step, we show the uniqueness of the solution. Finally,
we prove property (3.16) and the last two assertions of the lemma.

PROOF. For S € Ty 1, we define Y (S) by

(3.17) Y(S):= esssupE[Er + /: fu)du ‘ ]-'5}.

Te'rgqr

By Proposition A.2 in the Appendix, there exists a ladlag optional process
(Y )tefo,7) which aggregates the family (Y (S))se7; ;» that is,

(3.18) Ys=Y(S) as.foralSeTyr.

Step 1. By using Jensen’s inequality and the triangular inequality, we get

Tl zessswp gl + | [ s au] | 7]

teTs. T
T
< E|:esssup|.§t| +/(; | f(w)|du ‘ fs} = E[X|Fs],

7.’673’7"

(3.19)

a.s., for all S € 7y r, where we have set

(3.20) X := 0T|f(u)|du + esssup |€;].

‘17676,7"
We apply the Cauchy—Schwarz inequality to obtain
(3.21) E[X?*] <cT | f 3 + cllE Nz,
where ¢ > 0 is a positive constant, which, in the sequel, is allowed to differ from
line to line. From (3.19), we get esssupg.7; . |Ys|> <ess SUPSeTs £ |E[X|Fs]|? =

sup, o7 1 ELX | F:1|?, where the equality follows from the right-continuity of the
process (E[X|F:]o<i<T, together with Remark A.1. By using this and Doob’s
martingale inequalities in L2, we obtain

E[GSSSHP |75|2] =< E[ sup |E[X|]—‘t]|2] < cE[X?]
(3.22) SeTo.r 1€[0,T1

<cT|Iflige + cllElZ
where the last inequality follows from (3.21).
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Step 2. By Proposition A.2, the process (Y, + fé f(u)du)iecio,1] s a strong su-
permartingale. Due to the previous step and to the assumption f € H?, it is of
class (D). Applying Mertens’ decomposition (cf. Theorem A.1) gives the follow-
ing:

. t
(3.23) Y, =— / fu)du+M, — A, —C,  forallt €[0,T] as.,
0

where M is a cadlag uniformly integrable martingale, A is a nondecreasing right-
continuous predictable process such that Ag =0, E(Ar) < 00, and C is a nonde-
creasing right-continuous adapted purely discontinuous process such that Co— =0,
E(Cr) <oo.Lett € 7o, r. By Remark A4, ALY, = ly ¢ A+Y: as. Now, by
(3.23), AC; = —AJF?T a.s. It follows that AC; = I{YIng}ACf a.s. In other terms,

the process C satisfies the minimality condition (3.4) (with Y replaced by Y).
Moreover, thanks to a result from optimal stopping theory due to El Karoui (cf.
[11], Proposition 2.34; cf. also [22]), for each predictable stopping time t, we
have AA; =1y _¢ AA; as. For the continuous part A° of A, again by a re-

sult from optimal stopping theory (cf. [23]), we have fOT Ly _gyd Af =0a.s. The

process A thus satisfies the minimality condition (3.3) (with Y replaced by Y).
We have Y7 = Y(T) = &7 a.s. [due to (3.17) and (3.18)]. Also, from (3.17) and
(3.18), we have Yg =Y (S) > &g a.s. forall S € To,T, which, along with a classi-
cal result of the general theory of processes (cf. [8], Theorem IV.84) implies that
Y;>&,0<t<T,as.

Step 3. Let us consider the Mertens’ process associated with the strong su-
permartingale Y. + Jo f(u)du, that is the process (A; + C;_), where the pro-
cesses (A;) and (C;_) are given by (3.23). We show that A7 + Cr_ € L2
By arguments similar to those used in the proof of (3.19), we see that [Yg +
fOS fu)du| < E[X|Fs], where X is the random variable defined in (3.20). This
observation, together with a result from potential theory (cf. Corollary A.1), gives
E[(A7 4+ C7_)*] < cE[X?], where ¢ > 0. By combining this inequality with in-
equality (3.21), we obtain

(3.24) E[(Ar +Cr)Y] < T £ + cllE N,

where we have again allowed the positive constant ¢ to vary from line to line.
We conclude that A7 + Cr_ € L?. Hence, A7 and Cr_(= Cr) are square inte-
grable, which due to the nondecreasingness of A and C, is equivalent to A € S?
and C € S2.

Step 4. The martingale M from the decomposition (3.23) belongs to S?; this is a
consequence of Step 1, Step 3 and the fact that the process ( fé fu)du)ieo,ry1s in
S? (since f € H?). By the martingale representation theorem (cf., e.g., Lemma 2.3
in [37]), there exists a unique predictable process Z € H? and a unique predictable
k e H% such that dM; = Z; dW; + [ kt(e)N(dt, de). Combining this step with
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the previous ones gives that (Y,Z,k, A, C) is a solution to the RBSDE with pa-
rameters f and &.

Step 5. Let us now prove the uniqueness of the solution. Let Y be the first com-
ponent of a solution to the RBSDE with driver f and obstacle £. Then, by the
previous Lemma 3.1 (applied with f' = f2 = f), we obtain ¥ =Y in S?, where
Y is given by (3.17). The uniqueness of the other components follows from the
uniqueness of Mertens’ decomposition of strong optional supermartingales and
from the uniqueness of the martingale representation. (We note that the unique-
ness of the second and the third component can be obtained also by applying the
previous Lemma 3.1.)

Step 6. Property (3.16) and the characterization of Ys, as the value function of
an optimal stopping problem follow from Proposition A.2 parts (ii) and (iii). The
last assertion of Lemma 3.2 follows from classical results (cf., for instance, the last
statement in Theorem 20 of [9], page 429, or [22]). O

With the help of the previous two lemmas, we now prove the existence and
uniqueness of the solution to the RBSDE from Definition 3.1 in the case of a
general Lipschitz driver.

THEOREM 3.1 (Existence and uniqueness of the solution). Let & be a left-
limited and r.u.s.c. process in S and let f be a Lipschitz driver. The RBSDE with
parameters (f, &) from Definition 3.1 admits a unique solution (Y,Z,k,A,C) €
S? x H? x H2 x §? x 82

Moreover, for all S € To.T, we have

(3.25) Ys=E&gV Ysi a.s.

Furthermore, if (&) is assumed l.u.s.c. along stopping times, then (A;) is continu-
ous [or equivalently, the process (Y;) is l.u.s.c. along stopping times].

REMARK 3.4. We will see that, as in the right-continuous case, the existence
and uniqueness result follows from a fixed-point theorem applied in an appropriate
Banach space. In the right-continuous case, the Banach space is classically the
product space H? x H? x H% equipped with the norm ||Y||% + ||Z||% + ||k||12) B
(cf., e.g., [12, 20, 34]). However, this Banach space does not suit our purposé.
Indeed, let us make the following observation. Let Y be an optional process such
that ||Y|g = 0. We then have ¥; =0,0 <7 <T dP ® dt-a.e. When Y is right-
continuous, this implies the indistinguishability of ¥ from the null process 0, that
is, the property Y; =0, 0 <t < T a.s. However, if Y is not right-continuous, the
implication is not necessarily true.> Hence, applying a fixed point theorem in this

2However, the property holds for the “triple bar” map || - [|g on S 2 More precisely, if Y € S? with
IYllg =0, then ¥; =0,0 <t < T as. because || - [|g is a norm on &2, Note that Il -l is only a
semi-norm on S2.
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space cannot give us uniqueness of the solution of our reflected BSDE in the sense
of processes, that is, up to indistinguishability.

PROOF. For each B8 > 0, we denote by Bé the space S? x H? x H2 which
we equip with the norm ||(-, -, ) g3 defined by [|(¥, Z, k)||§32 =YIZ+ 1215+

]

Ikl1Z 4, for (Y, Z, k) € 8* x H? x HZ. Since (H?, || - 4) and (H2, || - [l,.p) are
Banach spaces, and since by Proposition 2.1, S0 g) is a Banach space, it
follows that (B%, Il - l55) is a Banach space.

We define a mapping ¢ from B% into itself as follows: for a given (y, z,/) €

B%, we set ®(y,z,0) := (Y, Z, k), where Y, Z, k are the first three components
of the solution (Y, Z,k, A, C) to the RBSDE associated with driver f(s) :=
f(s, s, 25, L) and with obstacle &. The mapping ® is well defined by Lemma 3.2.

Let (y',7/,1") and (y”,z”,1”) be two elements of B/%. We set (Y',Z' k') =
®(y, 7, I') and (Y", 2", k") = ®(y",2",1"). We also set ¥ :=Y' —Y", Z :=
7/ _ Z//, b=k — k//’ y — y/ . y//’ 7= Z/ _ ZU, I=1—1".

Let us prove that for a suitable choice of the parameter § > 0 the mapping & is
a contraction from the Banach space B% into itself. By applying Lemma 3.1, we
get

2

IV IE + 1 ZI15 + KIS 5 < 66> (1+4c2) | £ (Y 2 1) = £ 2717

for all & > 0, for all 8 > Siz By using the Lipschitz property of f and the fact that
(a+b+c)? <3@®+b*>+c?) for all (a,b,c) € R, we obtain || f(y', 2/, I') —
FO" NG < CrdIFNg + 12115 + 1113 g), where Ck is a positive constant
depending on the Lipschitz constant K only. Thus, for all ¢ > 0, for all 8 > giz,
we have [|Y[I2 + | ZI|3 + 12 5 < 662Ci (1+4cH) (1313 + 1213 + 17112 5)- Now,

using Fubini’s theorem, we get ||§||123 < T|||§|||%. Hence, we have
WY NG -+ 1Z1G + k15 g < 66°Cx (1+4¢*)(T + D(IFIG + 1Z115 + 17115 5)-

Thus, for £ > 0 such that 66Cx (1 +4c*)(T + 1) < I and B > 0 such that >
the mapping & is a contraction. By the Banach fixed-point theorem, we get that ¢
has a unique fixed point in BI%, denoted by (Y, Z, k), that is, such that (Y, Z, k) =
® (Y, Z, k). By definition of the mapping &, the process (Y, Z, k) is thus equal
to the first three components of the solution (Y, Z, k, A, C) to the reflected BSDE
associated with the driver process g(w, t) := f(w, t, Yi(w), Z;(w), k: (w)) and with
obstacle &. It follows that (Y, Z, k, A, C) is the unique solution to the RBSDE with
parameters (f, §).

Property (3.25) follows from equation (3.16) of Lemma 3.2 and from the fact
that (Y, Z, k, A, C) is equal to the solution of the reflected BSDE associated with
the driver process g(w, t) := f(w, t, Yi(w), Z; (), ki (w)).
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The last assertion of the theorem follows from Lemma 3.2 (fourth assertion)
applied with the process g(w, t) := f(w,t, Y}(w), Z;(w), ki (w)). U

4. Optimal stopping with f-conditional expectations.

4.1. Formulation of the problem. Let T > 0 be the terminal time and f be a
predictable Lipschitz driver. Let (&§;,,0 <t < T) be a left-limited r.u.s.c. process in
S? modelling a dynamic financial position. The risk of & is assessed by a dynamic
risk measure equal, up to a minus sign, to the f-conditional expectation of £. More
precisely: let T’ € [0, T] be a fixed (for the present) instant before the terminal
time T'; the gain of the position at 7’ is equal to &7+ and the risk at time 7, where
t €0, T'], is assessed by —EI{T,(ST/). Here, we use the usual notation SG,(&T/)
for the first component of the BSDE with driver f, terminal time 7’ and terminal
condition &7/; the random variable St{ 7(&77) 1s referred to as the f-conditional
expectation of &7 at time 7. The modelling is similar when 7’ € [0, T'] is replaced
by a more general stopping time 7 € 7o 7.3

We are now interested in stopping the process & in such a way that the risk be
minimal. We are thus led to formulating the following optimal stopping problem
(at time 0):

(4.1) v(0) = —esssup &Y , (&)

teTo,r
We recall that in our framework (as opposed to the simpler case of a Brownian
filtration) the monotonicity property of f-conditional expectations is not automat-
ically satisfied. From now on, we make the following assumption on the driver f,
which ensures the nondecreasing property of £/ (-) by the comparison theorem for
BSDEs with jumps (cf. [33], Theorem 4.2).

ASSUMPTION 4.1. Assume that d P ® dt-a.e. for each (y, z, k1, k2) € R2 x
(L2)%,
@y, 2, k) — ft,y, 2, k) 260700 & — k).,
with
6:10,T] x @ x R? x (L2)* > L2 (w, 1, y, 2, ki, &) > 6] R (@, )

P ® B(R?) ® B((L?)?)-measurable, satisfying |16 ()|l, < ¢ for all (y,z,
ki, k) € R? x (L,z))z, dP ® dt-a.e., where c¢ is a positive constant, and such

3Recall that a process Y is the solution to the BSDE associated with driver f, terminal time 7 and
terminal condition ¢ (where ¢ is an Fr-measurable square-integrable random variable) if for almost
all w € Q, for all 7 € [0, T, Y;(w) = Y;(w), where Y denotes the solution to the BSDE associated
with driver f1;<, terminal time 7" and terminal condition ¢. The process Y is also denoted E:T (2).
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that
4.2) 670 (0) = -1,
for all (y, z, k1, k) € R? x (L2)?, dP ® dt ® dv(e)-a.e.

The above assumption is satisfied if, for example, f is of class C! with respect
to k such that Vi f is bounded (in L%) and Vi f > —1 (see Proposition A.2. in

[10]).

REMARK 4.1. The strict comparison theorem for BSDEs with jumps (cf. The-
orem 4.4 in [33]) ensures that if the inequality (4.2) is strict, then £ ) is strictly
monotonous in the following sense: for v € 7y 7, for gl € 2 e L*(F;) such that
g! <£?as.,andfor S € 7o 7 such that S < 7 a.s., the property Egr(é )= Egr(é )
a.s., implies &' = £2 a.s.

A counter-example to the strict monotonicity of £ F(-) in the case where the
strict inequality in (4.2) is not assumed is given in [33] (cf. also Example A.2 in
the Appendix).

As is usual in optimal control, we embed the above problem (4.1) in a larger
class of problems. We thus consider for each S € 7y 7, the random variable

4.3) v(S) = —ess supES (&),

teTs,T
which corresponds to the minimal risk measure at time S. Our aim is to charac-
terize v(S) for each S € 7,7, and to study the existence of an S-optimal stopping
time t* € Ty r, that is, a stopping time t* € Tg r such that v(S) = —5_{,* (&%)
a.s.

4.2. Characterization of the value function as the solution of an RBSDE. In
this section, we show that the minimal risk measure v defined by (4.3) coincides
with —Y, where Y is (the first component of) the solution to the reflected BSDE
associated with driver f and obstacle £. We also investigate the question of the
existence of an g-optimal stopping time, and that of the existence of an optimal
stopping time (under suitable assumptions on the process &).

The following terminology will be used in the sequel. Let ¥ be a process in S.
Let f be a predictable Lipschitz driver satisfying Assumption 4.1:

e The process (Y;) is said to be a strong £/-supermartingale (resp., E-
submartingale), if 5£,(Yr) < Yg [resp., 8£T(YT) > Yg] as. on S < 1, for all
S , T € 76,T-
The process (Y;) is said to be a strong £/ -martingale if it is both a strong
&/ -super and £/ -submartingale.
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e Let S, 7 € 7o r be such that S < t a.s. The process Y is said to be a strong Er-
supermartingale (resp., a strong £/ -submartingale) on [S, 7] if for all o, u €

To,7 such that S <o < u <7 as., we have Y, > EJ,M(YH) a.s. [resp., Yo <
Eg,li,L(Yu) a.s.] We say that Y is a strong Sf—martingale on [S, ] if it is both a
strong £/ -super and submartingale on [S, 7].

REMARK 4.2. We note that a process Y € S? is a strong £/ -martingale on
[S, t] (where S, t € 7p,r are such that § <t a.s.) if and only if, on [S, 7], ¥ is
indistinguishable from the solution to the BSDE associated with driver f, terminal
time 7 and terminal condition Y. It follows that for a process Y € S? to be a strong

Sf—martingale on [S, t], it is sufficient to have: Y, = S(f,f(Yt) a.s., forallo € To 1
such that S <o <t a.s.

PROPERTY 4.1. Let f be a predictable Lipschitz driver satisfying Assump-
tion4.1. Let S, 7 € To,7 with S < 7 a.s. Let Y be a strong £/ -supermartingale on
[S, t]. We introduce the following two assertions:

(i) The process Y is a strong £ /-martingale on [, t].
(i) Ys=EL (Vo) as.

Assertion (i) implies Assertion (ii).
If, in Assumption 4.1, we further assume the strict inequality 6; Rk -1,
then Assertion (ii) implies Assertion (i).

PROOF. The implication (i) = (ii) is due to the definition. Let us show the
converse implication. Let o € 7.7 be such that S < o < 7 a.s. By using (ii) and

the consistency property of f-expectations, we obtain Yg = & g U(Ef, :(Y7)) as.
By using the strong £/ -supermartingale property of ¥ and the monotonicity of
f-expectations, we obtain £ Sf 0(&{ (Y)) <€ g o (Ys) < Yg a.s. From the previous
two equations, we get Yg = Eg,a (&{T(Yf)) = 8£;G (Ys) a.s. In particular,

(4.4) &L, Yo)=EL (L. (YD)  as.

Since 6, wkike —1, E7() is strictly monotonous (cf. Remark 4.1). From this,

together with equality (4.4) and the inequality Y, > a{ r(Yp)as., we get Y, =
&;r(Yt) a.s. The process Y is thus a strong £/ -martingale on [S, ]. O

We next show a lemma which will be used in the proof of the main result of this
section.

LEMMA 4.1. Let f be a predictable Lipschitz; driver satisfying Assump-
tion 4.1 and & be a left-limited r.u.s.c. process in S2. Let (Y,Z,k,A,C) be the
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solution to the reflected BSDE with parameters (f, &) as in Definition 3.1. Let
e>0and S €Ty 7. Let T5 be defined by

4.5) to:=inf{r > S: ¥, <& +¢}.
The following two statements hold:

@) Yre < §T§ + € a.s.

(ii) The process Y is a strong E' -martingale on S, 5]

We note that 75 defined in (4.5) is a stopping time as the début after S of a
progressive set. Note also that f§ is valued in [0, T] as Y7 = &7 a.s.

PROOF. We first prove statement (i). By way of contradiction, we suppose
P(Yrs > &2 +¢) > 0. We have ACrs = Crg — C(z5)— = 0 on the set {Yrz >
§z¢ +¢}. On the other hand, due to Remark 3.2, ACrg = Yr¢ — Y(z5)4. Thus,
Y,§ = Y(,§)+ on the set {Y,; > .§T§ + ¢}. Hence,

4.6) Yiety4 > §I§ + ¢ on the set {YI§ > Srg + ¢e}.

We will obtain a contradiction with this statement. Let us fix w € Q2. By def-
inition of 7§(w), there exists a nonincreasing sequence (#,) = (fn(w)) | T5(w)
such that Y; () < &, (w) + ¢, for all n € N. Hence, limsup,_, Y (w) <
limsup,,_, o &, (w) + €. As the process £ is r.u.s.c., we have limsup,_, . &, (w) <
5r§ (w). On the other hand, as (t,(w)) | t5(w), we have limsup,_, ., Vs, (w) =
Y(,§)+(a)). Thus, Y(,§)+(a)) < §r§ (w) 4+ &, which is in contradiction with (4.6). We
conclude that Y;¢ <&:: + ¢ as.

Let us now prove statement (ii). By definition of 7§, we have: for a.e. w € , for
all t € [S(w), t5(w)[, Yi(w) > & (w) + €. Hence, for a.e. w € 2, the function ¢ —
Af(w) is constant on [S(w), T5(w)[; by continuity of almost every trajectory of
the process A, A°(w) is constant on the closed interval [S(w), T5(w)], for a.e. w.
Furthermore, for a.e. w € 2, the function ¢ — Af(w) is constant on [S(w), T5(w)[.
Moreover, Y(,§)f > S(r_é)* + & a.s., which implies that AA‘Z§ = 0 a.s. Finally, for
ae we Q,forall t € [S(w), 15 (), ACi(w) = C;(w) — C;—(w) = 0; therefore,
for a.e. w € @, for all ¢ € [S(w), T5(w)[, AL Ci—(w) = Ci(w) — C—(w) =0,
which implies that, for a.e. w € 2, the function ¢t — C;_(w) is constant on
[S(w), T (w)[. By left-continuity of almost every trajectory of the process (C;-),
we get that for a.e. w € 2, the function ¢t — C;_(w) is constant on the closed
interval [S(w), T5(w)]. Thus, for a.e. w € 2, the map ¢ — A;(w) + C;—(w) is con-
stant on [S(w), Tg(w)]. Hence, Y is the solution on [S, t§] of the BSDE associated
with driver f, terminal time 7g and terminal condition Y. z¢. We conclude by using
Remark 4.2. [

With the help of the previous lemma, we derive the main result of this section.
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THEOREM 4.1 (Characterization theorem). Let T > 0 be the terminal time.
Let (&,,0 <t < T) be a left-limited r.u.s.c. process in S* and let f be a predictable
Lipschitz driver satisfying Assumption 4.1. Let (Y, Z,k, A, C) be the solution to
the reflected BSDE with parameters (f, &) as in Definition 3.1.

(i) For each stopping time S € To, we have

(4.7) Ys=esssup&f (&)  as.

t€Ts, T
(ii) For each S € To,r and each & > 0, the stopping time t5 defined by (4.5) is
(Le)-optimal for problem (4.7), that is,
(4.8) Ys <& cED+Le  as,

where L is a constant which only depends on T and the Lipschitz constant K of f.

REMARK 4.3. This result still holds when the assumption of existence of left
limits for the process £ is relaxed (cf. also Remark 3.1).

In the case where £ is right-continuous, we recover Theorem 3.2 of [34].

PROOF. Let e > 0 and let T € Tg 7. By Proposition A.1 in the Appendix, the
process (Y;) is a strong £/ -supermartingale. Hence, for each 7 € Ts.T, we have
Ys> €l (Y= €&l (6  as.,

where the second inequality follows from the inequality ¥ > £ and the monotonic-
ity property of £/ (-) (with respect to terminal condition). By taking the supremum
over T € Tg.1, we get

4.9) Y5 > esssup Sgr(éf) a.s.

TER_T ’
It remains to show the converse inequality. Due to part (ii) of the previous
Lemma 4.1, we have Yg = 5_{ TE(Y’§) a.s. From this equality, together with part

(i) of Lemma 4.1 and the monotonicity property of £/(-), we derive
(4.10) Ys = 5§’T§(YT§) <& g +o) < gsf,,é (Eg)+Le  as.,

where the last inequality follows from the estimates on BSDEs (cf. Proposi-
tion A.4 in [33]). Inequality (4.8) thus holds. From (4.10) we also deduce Yg <

esssup, ey - €5 . (67) + Le as. As ¢ is an arbitrary positive number, we get

Yg <esssup e, 5_{,7 (&) a.s. By (4.9), this inequality is an equality. [J

We now investigate the question of the existence of optimal stopping times for
the optimal stopping problem (4.7). We first provide an optimality criterion for the
problem (4.7).
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PROPOSITION 4.1 (Optimality criterion). Let (&,0 <t < T) be a left-limited
ru.s.c. process in S* and let f be a predictable Lipschitz driver satisfying Assump-
tion4.1. Let S € To.r and t € Ts.r. If Y is a strong £/ -martingale on S, £] with
Y: = &; a.s., then the stopping time T is S-optimal [i.e., Ys = S;{f(éf) a.s.]. The
converse statement also holds true, if, in addition, the inequality from Assump-
tion 4.1 is strict (i.e., Q,y’z’kl’kz > —1).

PROOF. The first claim is immediate. Let us prove the second (and last) claim.
Assume the strict inequality in Assumption 4.1. Let T be S-optimal, that is, Y5 =
é’g’f(éf) a.s. Since by Theorem 4.1 and by Proposition A.1, Y is a strong £7-
supermartingale, we have

Yozl o= &l . =vs as,

where the last inequality holds because Y > &. It follows that Yg = & g ;(¥Yz) as.

Since 6;" whek 1, Property 4.1 can be applied, which yields that Y is a strong

£/ -martingale on [S, 7]. Moreover, since ESff(Yf) = 5§f($f) a.s. with Y; > &;
a.s., the strict monotonicity of £/ implies that Y; = &; a.s. [

We note that, even in the case where £ is right-continuous, the large inequality
6; 2kl > —1 from Assumption 4.1 is not sufficient for the last statement of the
above proposition to hold true; a counter-example is given in the Appendix (cf.
Example A.2).

In Theorem 4.1(ii), we have shown the existence of an Le-optimal stopping time
for problem (4.1). Under an additional assumption of left upper-semicontinuity
along stopping times of the process &, we will show the existence of an optimal
stopping time. To this purpose, we first give a lemma which is to be compared with
Lemma 4.1.

LEMMA 4.2. Let f be a predictable Lipschitz driver satisfying Assump-
tion4.1. Let (&,0 <t < T) be a left-limited r.u.s.c. process in S* which we assume
also to be l.u.s.c. along stopping times. Let (Y, Z,k, A, C) be the solution to the
reflected BSDE with parameters (f,&). Let S € To, 1. We define t§ by

4.11) 15 :=influ > S: Y, =&,}.
The following assertions hold.
() Yr; = ST; a.s.

(ii) The process Y is a strong E' -martingale on [, 5]

PROOF. To prove the first statement, we note that YT; > 5,; a.s., since Y is
(the first component of) the solution to the RBSDE with barrier £. We show that
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Yie <&rpas. by using the assumption of right-upper semicontinuity on the process
&; the arguments are similar to those used in the proof of part (i) of Lemma 4.1
and are left to the reader.

Let us prove the second statement. By definition of r;k, we have that for a.e.
w e Q, Yi(w) > &(w) on [S(w), T5(w)[; hence, for a.e. w, the trajectory A¢(w)
is constant on [S(w), 75 (w)[ and even on the closed interval [S(w), T$(w)] due
to the continuity. On the other hand, due to the assumption of lL.u.s.c. along stop-
ping times on the process &, we have A(w) = A°(w) for a.e. w (see Theorem 3.1).
Thus, for a.e. w, A(w) is constant on [S(w), 75 (w)]. We show that C;_(w) is con-
stant on [S(w), 75 (w)] by the same arguments as those of the proof of part (ii) of
Lemma 4.1. We conclude by using Remark 4.2. [

REMARK 4.4. We see from the above proof that the assumption of L.u.s.c. of
& in Lemma 4.2 can be replaced by the assumption AAr = 0. The assumption
AAr = 0 is weaker than the assumption of L.u.s.c. of & as illustrated in Exam-
ple A.3 of the Appendix.

By the previous lemma and the first statement (“the optimality criterion”) from
Proposition 4.1, we derive the following existence result.

PROPOSITION 4.2. Let f be a predictable Lipschitz driver satisfying Assump-
tion4.1. Let (§&,0 <t <T) be a left-limited r.u.s.c. process in 82 which we assume
also to be l.u.s.c. along stopping times. Let S € o 1. The stopping time t§ de-

fined in (4.11) is optimal for problem (4.7), that is, Ys = ess SUP;eTs ;- 5{1(51) =
S§T§ (§rp) as.

REMARK 4.5. We note that, due to Remark 4.4 and to the optimality criterion,
the optimality of ¢ in the above proposition still holds if we relax the assumption
of lLu.s.c. of £ to the (weaker) assumption AA,; = 0 a.s. We recall that, by Re-
mark 3.2, the condition AA;; =0 a.s. is equivalent to Y being left-continuous
along stopping times at 7. If the condition AAz; =0a.s. is violated, the stopping
time 7§ might not be optimal (cf. Example A.3 from the Appendix).

We show the following property.

PROPOSITION 4.3. Let T > 0 be the terminal time. Let (§,0 <t <T) be
a left-limited ru.s.c. process in S* and let f be a predictable Lipschitz driver
satisfying Assumption 4.1. Let (Y, Z, k, A, C) be the solution to the reflected BSDE
with parameters (&, f) as in Definition 3.1. The process Y is the £ /-Snell envelope
of &, that is, the smallest strong £/ -supermartingale greater than or equal to £.

REMARK 4.6. This result still holds when £ is not left-limited (cf. Remarks
3.1 and 4.3).
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From Proposition 4.3 and Theorem 4.1, we deduce that the “value process” of
the optimal stopping problem (4.3) is characterized as the £/-Snell envelope of
the reward process &. In the particular case of a classical (linear) expectation (i.e.,
when f = 0), we recover a characterization from the classical optimal stopping
theory stating that the “value process” of the “classical” linear optimal stopping
problem coincides with the Snell envelope of &, which is smallest strong super-
martingale greater than or equal to & (cf,, e.g., [1]).

PROOF OF PROPOSITION 4.3. By Proposition A.1 in the Appendix, the pro-
cess Y is a strong £/ -supermartingale. Moreover, since Y is (the first component
of) the solution to the reflected BSDE with parameters (f, £), it is greater than or
equal to & (cf. Definition 3.1).

It remains to show the minimality property. Let ¥’ be another £/-super-
martingale greater than or equal to &. Let S € Ty 7. For each 7 € Tg 7, we
have Y > €£ (YD) > 5_{, . (&7) as., where the second inequality follows from
the inequality Y’ > £ and the monotonicity property of £/ with respect to
the terminal condition. By taking the supremum over 7 € Ts 7, we get Y >
eSS SuUP, g 1 & g :(&2) =Yy a.s., where the last equality follows from Theorem 4.1.
The desired result follows. [

5. Additional results.

5.1. £/ -Mertens’ decomposition of E'-strong supermartingales. We now
show an £/-Mertens’ decomposition for £/ -strong supermartingales, which gen-
eralizes Mertens’ decomposition to the case of f-expectations. We first show the
following lemma.

LEMMA 5.1. Let (Y;) € 8% be a strong £/ -supermartingale (resp., £ -
submartingale). Then (Y;) is right upper-semicontinuous (resp., right lower-
Semicontinuous).

PROOF. Suppose that (Y;) is a strong £/ -supermartingale. Let 7 € 7,7 and
let (t,) be a nonincreasing sequence of stopping times with lim,_, 57, =T
a.s. and for all n € N, 7, > 7 a.s. on {r < T}. Suppose that lim,_, ;» Y7, ex-
ists a.s. The random variable lim,_, y Y7, is F;-measurable as the filtration is
right-continuous. Let us show that

Y;> lim Y, a.s.
T =St ™

Since (Y;) is a strong £/ -supermartingale and the sequence (7,) is nonincreas-
ing, we have, for all n € N, é}f,f" (Yz,) < Erf,fnﬂ (Yz,,,) < Y. We deduce that the
sequence of random variables (S‘T)f 7, (Yz,))nen 1s nondecreasing (hence, converges
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a.s.) and its limit (in the a.s. sense) satisfies Y7 > lim;,_, 4 o0 1 Sff,-fn (Yz,) a.s. This
observation, combined with the continuity property of BSDEs with respect to ter-
minal time and terminal condition (cf. [33], Proposition A.6) gives

Yr = nlll—lf—loo g‘gfr” (

Y.,) =&/ (nlir—il:loo an> = lim Y,  as.

T n—~+00

This result, together with a result of the general theory of processes (cf. [7], Propo-
sition 2, page 300), ensures that the optional process (Y;) is right-upper semicon-
tinuous. [

THEOREM 5.1 (§/-Mertens’ decomposition). Let (Y;) be a process in S2. Let
f be a predictable Lipschitz driver satisfying Assumption 4.1. The process (Y;) is
a strong £ -supermartingale (resp., £/ -submartingale) if and only if there ex-
ists a nondecreasing (resp., nonincreasing) right-continuous predictable process
A in 8% with Ag = 0 and a nondecreasing (resp., nonincreasing) right-continuous
adapted purely discontinuous process C in S* with Co_ = 0, as well as two pro-
cesses Z e H? and k € H%, such that a.s. forall t € [0, T],

T
Y, =Yr +/ F(s. Vs, Zyoky)ds + Ar — Ay + Cr— — Cr_
t

_/,T ZSdW;—/tT/Eks(e)N(a’s,de).

This decomposition is unique.

PROOF. The “if part” has been shown in Proposition A.1 of the Appendix.
Let us show the “only if” part. Suppose that (Y;) is a strong £/ -supermartingale.
Hence, (Y;) is clearly the £ f_Snell envelope of (Y;), that is the smallest strong
£/ -supermartingale greater or equal to (Y;). By the characterization of the so-
lution of a reflected BSDE as the £/-Snell envelope of the obstacle process (cf.
Proposition 4.3 and Remark 4.6), we derive that the process (¥;) coincides with the
solution of the reflected BSDE associated with the obstacle (Y;) (which is r.u.s.c.
by Lemma 5.1). The desired conclusion follows.

The uniqueness of the processes Z, k, A, C of the decomposition follows from
the uniqueness of the solution of the reflected BSDE. [

When Y is right-continuous, the process C of the £/-Mertens’ decomposition
is equal to 0. In this case, the previous theorem reduces to the so-called £/ -Doob—
Meyer decomposition (cf. Proposition A.6 in [10]; cf. also [36] and [31]).

Through different techniques, a similar result to the above Theorem 5.1 has been
established in the recent paper [5] (in the Brownian framework).

REMARK 5.1. It follows from the previous theorem that strong £7-super-
martingales and strong £/ -submartingales have left and right limits.
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5.2. Comparison theorem for RBSDEs.

THEOREM 5.2 (Comparison).  Let &', £2 be two obstacles. Let f'and f* be
predictable Lipschitz drivers satisfying Assumption 4.1. Let (Y', Z', k', A", C") be
the solution of the RBSDE associated with (§', f'),i =1, 2. Suppose that 5,2 < Sll,
0<t<T as.andthat f>(t,Y?, Z2,k*) < f'(t,Y?, Z>,k*),0<t < T dP ®dt-
a.s.

Then Y} <Y!,Vt €0, T] a.s.

PROOF. Step I: Let us first consider the case where, along with the assump-
tions of the theorem, the following additional assumption holds: f2(z, y, z, k) <
fl(t, v,z,k) for all (y,z,k) € R? x L% dP ®dt-as. Let S € 7o, 7. By the com-

parison theorem for BSDEs, for each 7 in 75 7 we have 8£ 2r (Stz) <€& { lr (Stl) a.s.
By taking the essential supremum over 7 € T 7 and by using Theorem 4.1, we get
Y § < YS1 a.s.

Step 2: Let us now place ourselves under the assumptions of the theorem
(without the additional assumption on f! and f2 from Step 1). Let §f be
the process defined by 8f; := f2(t, Y2, Z2,k?) — f'(t,Y?, Z?, k?). Note that
(Y2, Z2,k?) is the solution of the reflected BSDE associated with obstacle &2
and driver fl(t,y,z,k) + §f;. Now, by assumption, we have fl(t,y,z,k) +
8f; < fUt,y,z,k) for all (y,z,k). By Step 1 applied to the drivers f' and
fl(t, v,z,k) 4+ 8f; (instead of fz), we get v2<vl O

6. Further developments. In our ongoing work (cf. [17]), we study the case
of doubly reflected BSDEs where the barriers are not right-continuous.

APPENDIX

The following observation is given for the convenience of the reader.

REMARK A.1. LetY be a right-continuous (or left-continuous) adapted pro-
cess. Then, sup, ¢ 71 Y+ = Sup;¢jo, 710 ¥+ @.s., which implies that sup, g 71 ¥r is
a random variable. Moreover, due to the definition of the essential supremum, we
have sup;cjo, 71 Yi = esssup;co, 71 Y1 = esssup 7, Yr as.

DEFINITION A.1. Let (Y)s¢[0,7] be an optional process. We say that Y is a
strong (optional) supermartingale if Y; is integrable for all T € 7o 7 and Y5 >
E[Y; | Fslas., forall S, v € 7o 7 suchthat § <7 as.

We recall a decomposition of strong optional supermartingales, known as
Mertens’ decomposition (see, e.g., [9], Theorem 20, page 429, combined with Re-
mark 3(b), page 205, and [9], Appendix 1, Theorem 20, equalities (20.2)).
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THEOREM A.1 (Mertens’ decomposition). Let Y be a strong optional super-
martingale of class (D). There exists a unique right-continuous left-limited uni-
formly integrable martingale (M;), a unique predictable right-continuous non-
decreasing process (A;) with Ag = 0 and E[AT] < o0, and a unique right-
continuous adapted nondecreasing process (C;), which is purely discontinuous,
with Co— =0 and E[CT] < 00, such that

(Al) Yt:Mt—A[—Ct_, OEIST(Z.S.

In particular, all trajectories of Y have left and right limits.

REMARK A.2. Since the filtration in our framework is quasi-left-continuous,
martingales have only totally inaccessible jumps. From this and from Mertens’
decomposition (A.1), we deduce that, for each predictable stopping time 7, Y; —
Yi_=—(A; — A;_) as.

REMARK A.3. By Mertens’ decomposition (A.1), we get AC; =C; —C,— =
Y — Yi4. Hence, Y; > Yy, for all ¢ € [0, T'), which implies that Y is necessarily
r.u.s.c. Moreover, Y is right-continuous if and only if C = 0.

By using this remark, we recover the well-known Doob-Meyer decomposi-
tion for right-continuous supermartingales of class (D). Indeed, let Y be a right-
continuous supermartingale (in the usual sense) of class (D). Then Y is a strong
(optional) supermartingale in the sense of the above definition (due to the optional
sampling theorem for right-continuous supermartingales). Mertens’ decomposi-
tion of Y reduces to Y = M — A (where M and A are as above), as C = 0. This
corresponds to Doob—Meyer decomposition of Y. The following result from po-
tential theory can be found in [9].

THEOREM A.2 (Dellacherie-Meyer). Let K be a nondecreasing predictable
process (which is not necessarily right-continuous). Let U be the potential of the
process K, that is,

Ui = E[KT — K;|F;]

forall t € [0, T). Assume that there exists a nonnegative Fr-measurable random
variable X such that Us < E[X|Fs] a.s. for all S € To.r. Then there exists a
constant ¢ > 0 such that

(A.2) E[K7] < cE[X?].

PROOF. For the proof of the result, the reader is referred to Paragraph 18 in
[9], Appendix 1, generalizing Theorem VI.99 of the same reference to the case
of a nondecreasing process which is not necessarily right-continuous nor left-
continuous. [J
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By using the previous theorem, we obtain the following integrability property
of the Mertens’ process associated with a strong optional supermartingale, which
is used in the proof of Lemma 3.2.

COROLLARY A.1 (Mertens’ process of a strong supermartingale: a useful esti-
mate). Let Y be a strong optional supermartingale of class (D) such that: for all
SeTor, |Ys| < E[X|Fs] a.s., where X is a nonnegative Fr-measurable random
variable.

Let us consider the Mertens’ process of Y, that is the process (A; + C;_), where
A and C are the two nondecreasing processes of Mertens’ decomposition of Y from
equation (A.1). There exists a constant ¢ > 0 such that

(A.3) E[(Ar + Cr-)*] < cE[X?].

PROOF. Let us introduce the notation K; := A; + C;_ (K is the Mertens’
process of Y). Note that K is a nondecreasing predictable process (which is not
necessarily right-continuous).

Let S € To,r. From Mertens’ decomposition, we have Yg = Mg — K a.s. and
Yr = M1 — K7 a.s. By subtracting the second equation from the first, and by tak-
ing conditional expectations, we derive that Ys — E[Yr|Fs] = E[KT — Ks|Fs]
a.s. Hence, the process (U;) defined by U; := Y; — E[Y7|F;] is the potential asso-
ciated with the nondecreasing predictable process K. Now, we have

(A4) |Us|=|Ys— E[Yr|Fsl| <|Ys|+ E[|Yr||Fs] < E[2X|Fs] as.,

where the last inequality follows from the assumption. By applying Theorem A.2,
there exists a constant ¢ > 0 such that £ [K%] < ¢E[X?], which is the desired
conclusion. [

We recall the change of variables formula for optional strong semimartingales
which are not necessarily right-continuous. The result can be seen as a general-
ization of the classical It formula and can be found in [16], Theorem 8.2, (cf. also
[26], Chapter VI, Section 3, page 538). We recall the result in our framework in
which the underlying filtered probability space satisfies the usual conditions.

THEOREM A.3 (Gal’chouk—Lenglart). Letn € N. Let X be an n-dimensional

optional strong semimartingale, that is, X = (X', ..., X") is an n-dimensional
optional process with decomposition X* = Xé + M* + AF + BX, for all k
{1,...,n}, where M* is a (cadlag) local martingale, A* is a right-continuous

adapted process of finite variation such that Ay = 0, and B* is a left-continuous
adapted process of finite variation which is purely discontinuous and such that
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Bo = 0. Let F be a twice continuously differentiable function on R". Then
n
F(X)=FXo)+Y_ f]o | DFF(X,_)d(A* + M),
k=111

n

1
+- > D*D'F(X,_)d(M*, M™),

2 2o

+ > [F(XS) —F(Xs) =) DkF(Xs)AXf]

O<s<t k=1

n
+ Z/ D*F(Xy)d(B"),,
fe=1"10:11

+ 3 [F(XH) —F(X9) =Y DkF(XS)AJFXf}, 0<t<Tas.,

O<s<t k=1

where DF denotes the differentiation operator with respect to the kth coordinate,
and M¥¢ denotes the continuous part of M*.

COROLLARY A.2. LetY be a one-dimensional optional strong semimartin-
gale with decomposition Y =Yy + M + A + B, where M, A and B are as in the
above theorem. Let B > 0. Then, almost surely, for all t > 0,

Py =5+ BeP Y2ds +2 ePSY,_d(A+ M),
10,¢] 10,¢]
+ | ePaMe, M)+ Y P - ¥,)?

10,7] O<s<t

+ | 2ePYdB)gr + D P (X — Y

(0.7 O<s<t

PROOF. It suffices to apply Gal’chouk-Lenglart’s formula with n = 2,
F(x,y) = xy?, X,1 =ef" and th = Y;. Indeed, by applying Theorem A.3 and
by noting that the local martingale part and the purely discontinuous part of X!
are both equal to 0, we obtain

Py =v; + BePSY2ds +2 ePSY,_ d(A+ M),
10,11 10,11

il 27 a(Me, M)+ Y PV — (Y)P — 2Y (Y, — Y,0))
10.7] O<s<t
+/ 269V d(B)gr + Y P ((Yo)? — (Yo)? — 2V, (Yeq — Yy)).

O<s<t
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The desired expression follows as Ys2 — (Y, )2 =2V, (Y, — Y,_) = (Ys — Ys_)?
and (Y;1)? — (Yo)? = 2Y(Ysy — Y) = (Yo — Y92 O

PROPOSITION A.1 (BSDE with “generalized” driver vs. BSDE). Let f be a
predictable Lipschitz driver satisfying Assumption 4.1. Let A be a nondecreasing
(resp., nonincreasing) right-continuous predictable process in S* with Ag = 0 and
let C be a nondecreasing (resp., nonincreasing) right-continuous adapted purely
discontinuous process in S* with Co— = 0. Let (Y, Z, k) € S? x H? x ]HI% satisfy
as. forallt €[0,T],

T
Y, =Yy +/ F(s, Vs, Zyo k) ds + Ar — A+ Cr— — Cr_
(A.5) !

T T .
_/ stWv _/ / ks(e)N(ds,de).
t t+ JE
Then the process (Y;) is a strong E7 -supermartingale (resp., £ -submartingale).

PROOF. We address the case where A and C are nondecreasing. Let 7,0 € Ty
be such that T < 6 a.s. Let us show that Y; > SZQ(YQ) a.s.

We denote by (X, ,[) the solution to the BSDE associated with driver f, ter-
minal time 6, and terminal condition Yp; then 5{ 0(Yp) = X a.s. (by definition
of 7). ) )

SetY, =Y, — X;,Z,=Z; —m; and k, = k; — [;. Then

—dY, =h;dt +dA, +dC,_ — Z,dW, —f k;(e)N(dt,de), Yy =0,
E

where h, := f(¢t,Yi—, Zs, k) — f(t, Xi—, m;,1;). By the same arguments as those
of the proof of the comparison theorem for BSDEs with jumps (cf. [33], Theo-
rem 4.2, or [36]), using Assumption 4.1 on f, we can show that

(A.6) he > 8:Y: + B Zi + (ve, ki), 0<t<T,dP ®dt-ae.,

where y, = Q,X”’ﬂ”k”l’ and where & and B are predictable bounded processes

(which can be expressed as increment rates of f with respect to y and z).
Let I';. be the unique solution of the following forward SDE:

(A7) dIrs=T¢ - [Ss ds + BsdWs + /;E vs(e)N(ds, de)}; I'r.=1

Suppose for a while that we have shown

_ 0 0
(A.8) [ Y > E[/ [y s—dAs +/ I'sdCs ]-}} a.s.
T T
Then, since I'; ; > 0 and I'; ; = 1, we have Y; > 0as., thatis, ¥; > X, = g.{@(YQ)
a.s., which is the desired result. It remains to show (A.8). To simplify the nota-
tion, we denote I'z s by I’y for s > 7. We use that Y is a strong optional semi-
martingale with decomposition ¥ = M' 4+ A! + B!, where Mt1 = fé ZgdWs +
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fé fEIES(e)]\?(ds,de), Al = —fot hsds — Ay, and B! := —C,_, and we apply
Gal’chouk—Lenglart’s formula from Theorem A.3 withn:=2, X' :=Y, X?:=T
and F(x', x2) := x'x2. We obtain

_ 0 _ _ 0 _ _
r.Y. =—/ Ty (Zs + Ts_ o) dW, —/ Ty (Fs_8s + ZoBs — hy)ds
T T
0 0
(A9) + [ reaac+ [ Toac,
T T

_/9/Eps_(1€s(e)+Ys_ys(e))1§f(ds,de)— > AT AY,.

T<s<6

By using the fact that A. and N(:,de) do not have common jumps, we get
Y or<s<p AT AYy = ff Jg Ts—ys(e)ks(e)N (ds, de). By replacing this expression
in equation (A.9) and by doing some computations, we obtain

0 _ _
r¥,=— / Ly (Zs + Ts_ o) dW,
T

0 _ _ -
- / Fs(Ys—(Ss + ZsBs + (Vs  ks)y — hs)ds
(A.10) ‘

0 0
+/ Fs_dAs-i-/ [y dCs
T T

0 _ _ _ -
- f fE Fy— (ks (e) + Fo—ys(e) + vs (ks () N (ds, de).

Now, the stochastic integral with respect to “d W;” in the above equation is a mar-
tingale (since I" € § 2 ZecH? Y €82 and B is bounded). The stochastic integral
with respect to the Poisson random measure is also a martingale. By taking the
conditional expectation and by using the inequality (A.6), we derive (A.8). The
proof is thus complete. [

PROOF OF PROPOSITION 2.1.  We first show that || - ||s2 is a norm on the
space of optional processes. The positive homogeneity and the triangular inequal-
ity are easy to check. Suppose now that ¢ € S? is such that l¢llsz = 0. Then
ess SUPge , |¢s|?> = 0 a.s., which, by definition of the essential supremum, im-

plies that |¢s|> =0 a.s. forall § € To.7- By a classical result of the general theory
of processes ([8], Theorem IV.84), we obtain that the process ¢ is indistinguish-
able from the null process, that is, ¢, =0, 0 <t < T a.s. We conclude that || - || 52
is a norm on S2.

Let us prove that the space (S2, || - || s2) is complete. We only sketch the proof
since its main steps are similar to those of the proof of the completeness of the
space (L2, || - lI;2). Let (¢") be a Cauchy sequence in S? for the norm || - llls2-
We extract a subsequence (¢"*)en such that [[|¢"* ! — @'k ||| 52 < zik, for all k € N.
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Setting g" := Y¢_; |¢,*"" — ¢"¥| for each n, by the triangular inequality, we de-
. n
rive that [lg"lls2 < Sp_y llgr* ™ — @™ lls2 < Xfoy 3 < 202 50 = 1. We set
g = 1lim, 1g/, for all ¢ € [0, T] (the limit exists in [0, +-o0] as the sequence
(g/")n is nonnegative nondecreasing). Being the limit of optional processes, the
process g is optional. Since esssup, 7 , Sup, 187 [2 = SUp,, eSS SUP ey lg? ? as.,
using the monotone convergence theorem, we derive that ||glll s> = lim, 1[lg" ll s2-
As the sequence (J|g"[ls2) is bounded by 1, we get |[glls> < 1. We then adapt

the arguments from the proof of the completeness of (L2, || - | 72) to show that

lim, [lg — g"lls2 =0, and that [|¢ — ¢" || 52 l—> 0, which concludes the proof.
—00

O

The following result of the optimal stopping theory is used in the proof of
Lemma 3.2.

PROPOSITION A.2. Let (Y(S)) be the family defined for S € To.1 by

(A.11) Y(S) :=ess supE[Sr + /: f(u)du ‘ }'5].

teTs,T

(1) There exists a ladlag optional process (?z)te[O,T] which aggregates the
family (Y (S)) [i.e., Ys =Y(S), forall S € To.r].
Moreover, the process (Y; + fé f () du)icio, 1 is a strong supermartingale.
(i) Wehave Ys=E&sV Yy a.s. forall S.
(i11) Furthermore, 754_ =esssup,. s E[&; + fST fu)du| Fsla.s., forall S.

REMARK A.4. It follows from (ii) that A, Y g = 1{75255}A+75 a.s.

PROOF OF PROPOSITION A.2. For completeness, we give here a short proof
(cf. [27] when £ is left- agd right-limited, and [22], Section B, in the general case).

For S € To.7, we define Y (S) by

— S T
(A.12)  Y(S):=Y(S)+ A f(u)du:esssupE[“;‘,—l—/(; f(u)du’]fs],

‘[E'Tsj

where the equality follows from the definition of Y (S) [see (A.11)]. For S € To.T,
define

(A.13) ?JF(S) = esssupE[S, + /OT f(u)du ‘ .7-"5:|.

>S5

By some well-known results of optimal stopping theory (cf., e.g., [21], Proposi-

=+
tion D.3, or [22], Proposition 1.12), the family of random variables (Y (S5)) is a
supermartingale family which is right-continuous along stopping times in expec-
tation. By classical results (cf., e.g., [11] or [25], Proposition 4.1), there exists a
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=+
process (Y, ) which aggregates this family. By [21], Proposition D.3, (cf. also [22],
Proposition 1.9), we have

= s —
(A.14) Y(S) = (55 —i—/ f(u)du) vY (S) as.,
0
for all S € 7o, r. It follows that the process (?,) defined by
e 14 —+
(A.15) Y, = <5t +/0 f(un) du) VY,

aggregates the family (?(S)). Since (?(S)) is a supermartingale family, (i) is
a strong supermartingale. Now, we know (cf., e.g., [22], Proposition 4.14, com-
bined with [24], Appendix A1, paragraph 1) that ?+(S )= ?(S +),forall S € To 7,
where ?(S +) denotes the right-hand limit of Y along stopping times at S, as de-
fined, for instance, in [22], Definition 4.5. On the other hand, we know that the
process D) aggregates the family (Y (S)), which entails that the process 074 +)
aggregates the family (Y (S+)). By using equation (A.14), we conclude that

(A.16) Ys= (sg +/0Sf(u)du> VYs.  as.

forall S. By (A.12), we derive V() = Y(S) — ¥ fu)du=Ys— [ f(u)du as.,
forall S € To,7. The ladlag optional process (Y )repo.71 = (Y1 — J§ f @) du)rejo.1]

thus aggregates the family (Y (S))se7; ;- Moreover, (Y + [ f(u)du) = (Y,) is a
strong supermartingale, which gives (i). By using (A.16), we derive (ii). By using
(A.13), we obtain (iii). U

EXAMPLE A.1 (A toy example). Let (&) be a deterministic continuous de-
creasing bounded function. We set Y; := sup,.., & = &; and A; := &y — &, for all
t € [0, T]. It is well known (cf. [12], or the classical Skorokhod’s problem as re-
called in [21]) that (Y, 0,0, A) is the unique solution to the RBSDE with driver
f =0 and (continuous) obstacle £. Let us now change the obstacle & at a single
point ty € [0, T'). More precisely, we consider a function £ such that & = &, for
t # o, and &, > &,. We note that & is r.u.s.c. but not right-continuous. In this very
simple example, we can compute explicitly a solution to the RBSDE (defined in
Definition 3.1) with parameters (0, £). We set Y, = SUP; >, &, for t € [0, T]. We
first rewrite Y in a different manner. For ¢ > 19, we have Y; = & = Y;. For t < 1,
we have Y, = max (sup;s, st &, .§,0) = max(sup,, &s, “;‘to) = max(&;, “;‘to) We set
t1:=sup{s >0:& > S,O} with the convention sup(&) = 0. We note that Y, = S,O,
for t € [t1, 1p], and Y, = & =Y, fort € [0, ). We define C, = (5,0 &) Li>105
for t € [0, T]. We see that C is nondecreasing, cadlag, purely discontinuous (in
fact, C has one single jump) and it satisfies the minimality condition (3.4). We
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now consider the following two cases: (i) the case S;“,O > &, and (i1) the case
";‘to < &, In the case (i), we have t1 = 0; we set A; := 0, for r € [0, to] and
A = 5,0 &, for t € (o, T']. In the case (i), we have #; > 0 and &, = 5,0, we
define A; by A, = & — é,, for r € [0,17), A, = &0 — &, for t € [t1,1], and
A =& — &, + &, — &, for t € (1o, T]. In both cases, the function A is non-
decreasing, continuous, and it satisfies the minimality condition (3.3). Moreover,
it can be easily checked that, Yt éT +Ar — A, +Cr_ —C,_, forallt € [0, T].
We conclude that (Y, 0,0, A, C) is a solution to the reflected BSDE with parame-
ters (0, £). We prove in Lemma 3.2 that (Y, 0,0, A, C) is the unique solution. We
notice that ¥ has a jump on the right at #o; the size A} Y;, of the jump satisfies

A+ Yt() = Yt0+ Yto 5t0 Sl‘o (Cto Ctof)

EXAMPLE A.2 (Counter-example). Let v(du) := §;(du), where §; denotes
the Dirac measure at 1. The process Ny := N ([0, ] x {1}) is then a Poisson process
with parameter 1, and we have Nt = N([O t] x {1}) = N; — t. Let the driver f
be given by f(t,y,z,¢) :=(—1,£), = —£(1). We introduce the associated adjoint
process I';, , defined for each r € [, T] by I't, = LN, —n,=0)€’ ~ !, Let the pay-off
process & be given by & := 1{y,>1j¢”", forall ¢ € [0, T]. Note that & is adapted
and right-continuous. By the representation property for linear BSDEs with jumps
([33], Theorem 3.4) and classical computations, we get

&l () = E[T) & | F ] =e " E[Lin, —n,—o) v, =1) | Fi]

=e "Iyn,> 1 E[L{n, - N, =0y | 1],

for all t € [0, T'], for all T € T; 7. We deduce that Y; := ess SUP.e7; ; S,er (&) =
e ' In,>1y =&, forallr € [0, T] (as E[1{n, —n,=0}|F:] < 1 and the upper bound is
attained for t = t). Let us focus on the optimal stopping problem at time ¢ = 0. The
above computations imply that, for t =0, Yy := ess SUP. 7 1 ({ (&) =8 =0.
Moreover, the essential supremum (at time 0) is attained at any stopping time
T € 7o, [indeed, 5({ (&) =0, for all T € To,r]. This is true, in particular, for
the stopping time 7 defined by 7 := T. However, we will see that the process
Y (computed above) is not an & f—martingale on [0, 7]. To do so, let us denote
by X the (first component) of the solution to the BSDE with driver f, termi-
nal time 7 and terminal condition Y7 = &§7. For u € [0, 7] = [0, T], we have
Xy = L{,T(ST) =e "Iy, >y Einy—nN,=0} | Ful =€ "IN, >y P[INT — N,y =0] =
e*Tl{Nuzl}. Hence, for u € (0,T), we have ¥, = e * > e~ T = X, on the set
{N, > 1}. Hence, the processes X and Y are not indistinguishable.

Let us also note that in this example £/ is not strictly monotonous. To see this,
we consider €' :=0and &2 := &7 = e_Tl{NTZ”. We have €' < £2 and 5({T(§1) =
5({ 7(0)=0= 5({ r&r) = 5({ (& 2). However, £7 # 0 with a positive probability.
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EXAMPLE A.3. Let (&) be an RCLL deterministic bounded function, increas-
ing on [0, f[, decreasing on [fg, T'], and supposed to be continuous on [0, 7]
except at 79 €10, T[ with &, < &,_. Note that the function & is not Lu.s.c. at
time f9. We set Y; :=sup,-, & and A; := Yy — Y;, for all + € [0, T]. By the
classical Skorokhod’s problém (cf. also [12]), (Y, 0,0, A) is the unique solution
to the RBSDE with driver f = 0 and obstacle §. We have Y; = §,,_, if 1 < 19,
and Y; =&, if t > tp. Let 7j := inf{u > 0: ¥, = &,}. We have 7§ = t,. Note
that here AAtg = AA;, = &,— — &, > 0. However, 7§ = o is not optimal for
Yo = sup,- &5 = &,— because &, < &;,—. In fact, there does not exist an optimal
stopping time for Yj.

Let us now consider the case where, instead of being decreasing on [#y, T], the
function £ is increasing on [#o, T'] with §7 = &,,_. Note that, again, the function &
is not Lu.s.c. Foreach t € [0, T'], Y; = sup,-, & = &;,—. The process A is constant
equal to 0, and ra‘ =T is optimal for Yy (and also for Y;, for all t € [0, T]).
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