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Abstract: In this paper we study posterior asymptotics for conditional
density estimation in the supremum L; norm. Compared to the expected
L1 norm, the supremum L; norm allows accurate prediction at any desig-
nated conditional density. We model the conditional density as a regression
tree by defining a data dependent sequence of increasingly finer partitions
of the predictor space and by specifying the conditional density to be the
same across all predictor values in a partition set. Each conditional density
is modeled independently so that the prior specifies a type of dependence
between conditional densities which disappears after a certain number of
observations have been observed. The rate at which the number of parti-
tion sets increases with the sample size determines when the dependence
between pairs of conditional densities is set to zero and, ultimately, drives
posterior convergence at the true data distribution.
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1. Introduction

For (Y,X) two random variables with continuous distribution on the prod-
uct space R x X, we consider nonparametric Bayesian estimation of the con-
ditional density f(y|z) based on an iid sample from (Y, X). Let II define a
prior distribution on the space F of conditional densities and (Y, X)1., =
(Y1,X1),...,(Yn, X,) denote the sample from the joint density fo(y|z)q(z),
where ¢(x) is the marginal density of the covariate X. From an asymptotic
point of view, it is desirable to validate posterior estimation by establishing
that the posterior distribution accumulates in suitably defined neighborhoods
of fo(ylz) as n — oo, that is II(f € F : d(f, fo) > €n|(Y,X)1:n) — 0, where
d(-, ) is aloss function on F and €, is the posterior converge rate. The choice
of the loss function is an important issue, the literature on Bayesian asymptotics
being mainly restricted to the expected L; norm,

d(f1. f2) = / 1f1(12) = Fo(l2)h a(x)de

where || fi(|z) = f2([2)l1 = [z |fi(ylz) = f2(yla)ldy is the Ly norm on the
response space R. The convenience of working with the expected L; norm is that
general convergence theorems for density estimation can be easily adapted. Its
use, although in many ways natural, may not always be appropriate. Posterior
concentration relative to such loss justifies confidence that, for a new random
sample of individuals with covariates distributed according to ¢(x), the responses
will be reasonably well-predicted by conditional density function samples from
the posterior, but it would not justify similar confidence at a fixed chosen, rather
than sampled, x*. For this, posterior concentration in the supremum L; norm
would be required, namely under the loss

1f1 = fallto0 :=sup | f1(-]x) — fa(-[x)[1-
zeX
This would then justify the use of the posterior predictive conditional density,

fnlyla™) f]-‘ (ylz™) (A f|(Y, X)1:0)

to make inference on fy(y|z*). Note that the supremum L; norm induces a
stronger metric compared to the expected L; norm, so derivation of posterior
convergence rates is expected to be harder: ultimately, one needs to model an
entire density f(y|x) accurately at y, and for all x.

Popular Bayesian models for conditional density estimation typically specify
a dependence structure between f(-|x) and f(-|2’) which is convenient for small
to moderate sample sizes since it allows borrowing of information. However,
from an asymptotic point of view, an over-strong dependence structure might
not be desirable. To discuss this point, if the posterior eventually puts all the
mass on fy then clearly the correlation between f(-|z) and f(-|z’) is zero. Hence,
there is a decay to 0 of the dependence as the sample size increases. But this
decay needs to be carefully managed, as we shall see with the model we study.
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Our solution is to allow the dependence between f(-|x) and f(-|2’) to exist up
to a finite sample size, depending on |z — 2’|, and then fall to become 0, once
there is enough data locally to evaluate each f(:|z) accurately. To this purpose,
we consider the model

N’VL
flyle) = ij J(@), fyind~I0, j=1,...,N, (1.1)

where 1 4(-) is the indicator function on the set A, the sets Cy,j, j =1,..., Ny,
form a sample size dependent partition of the covariate space X and each f;(y)
is a density function on R, modeled independently with a nonparametric prior

. We will occasionally refer to the prior distribution of f; as H]7 where it
is 1mphclt1y assumed that Hj, j=1,...,N,, are identical copies of the same
nonparametric prior I1. Our preferred choice for II is a Dirichlet process location
mixture of normal densities, see Section 2.2, although other choices can be made.
Note that, since the conditional density is set to be the same across all z € C,,,
fi(y) also corresponds to the marginal density of Y when X is restricted to lie
in C,;. As we are going to let INV,, depend on n, the prior (1.1) is sample size
dependent, and will be denoted by II,,. Specifically, we take X to be a bounded
set and let NV,, increase to co as n — oo and Cyp;, j = 1,..., N, to form a finer
and finer partition of X such that

|Crgl = N, (1.2)

where |A| is the Lebesgue measure of A. For example, when X = [0,1], we
define Cp; = [(j — 1)/Nn, j/Nyn| and in fact in this paper we will focus on this
case. So the key is that while  and &’ are both in C,,; they share a common
f(lz) = f(-|='). However, after some sample size n which determines NV,, the
two densities separate and become independent. Consequently, the borrowing
of strength is a 0 — 1 phenomenon, rather than a gradual decay. Model (1.1)
bears similarity to the Bayesian regression tree model proposed by Chipman
et al. (1998), which is based on a constructive procedure that randomly divides
the predictor space sequentially and then generates the conditional distribution
from base models within the blocks. See Ma (2012) for a recent nonparametric
extension. In our case the partitioning is non random and depends on the data
only through the sample size n.

Given the model (1.1)—(1.2), the goal is to find the rate at which N,, should
grow in terms of n so that the posterior accumulates in sup-L; neighborhoods
of fo(y|z), according to:

Hn{f ||f7f0

We will assume throughout that the marginal density g(x) of the covariate X is
bounded away from zero so that there are approximately n/N,, observations to
estimate the conditional density fy(y|z) for z in each block Cy,;. If N,, grows too
fast then there are not sufficient observations per bin to estimate the density at
x accurately; whereas if N,, grows too slowly there are too many observations

> e|(Y, X)1:n } — 0. (1.3)
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from densities with o’ which are too far from x, again making the density at
x inaccurate. It is expected that N, is determined by the prior I and the
regularity of the true conditional density fy. More precisely, our results hold
under two main conditions. First, II needs to satisfy a summability condition
of prior probabilities over a suitably defined partition of the space of marginal
densities of Y. This requires the existence of a high mass - low entropy sieve
on the support of II. Second, fy has to satisfy a type of Lipschitz continuity
measured by the Kullback-Leibler divergence of fo(y|z) and fo(y|z’) for z and
x’ close. We then show that posterior convergence (1.3) holds for N, — oo,

net — oo and Nnéi/NH = o(€2), where &,,, m — oo, is an upper bound to the

prior rates attained by II at the marginal density of Y when X is restricted to lie
in Cy,;. Hence the prior rates €,, ultimately determines the posterior convergence
rate €,. In Section 2.3 we obtain a best rate of n~/% and acknowledge that this
is a first step in the direction of finding optimal sup-L; rates for large classes
of density. This may be sub-optimal and may arise as an artefact of the model
which does not entertain smoothness in a reasonable way. However, the zero-one
dependence seems to us important to be able to make mathematical progress
and a more smooth form of dependence appears overly complicated to work

with.
We end this introduction with a review of asymptotic results for Bayesian

nonparametric inference on conditional distributions. In nonparametric normal
regression, i.e. when Y = g(X) + € with € ~ N(0,0?), the aim is typically to
estimate the regression function g(z) with respect to the L, norm on the space
of functions X — R. In the case of fixed design and known error variance, which
corresponds to the celebrated Gaussian white noise model, the sup-L; norm
Il - |l1,00 is equivalent to the supremum norm ||g||cc = sup, |g(z)| in the space
of regression functions and optimal posterior convergence rates are derived in
Yoo and Ghosal (2016) and in Gine and Nickl (2011) by using conjugate Gaus-
sian priors and in Castillo (2014) and in Hoffman et al. (2015) for nonconjugate
priors. In the last three papers, the prior on g is defined via independent prod-
uct priors on the coordinates of g onto a wavelet orthogonal basis. Such use of
independent priors on the coefficients of a multirelsolution analysis is, to some
extent, similar to modeling the conditional densities independently on each sets
Cyj asin (1.1). In particular, the technique set forth in Castillo (2014) consists
of replacing the commonly used testing approach by tools from semiparametric
Benstein-von Mises results and it has been successful to obtain rates in the sup-
L1 norm in density estimation on a compact domain by using log-density priors
and random dyadic histograms. In the case of random design and unknown er-
ror variance, Shively et al. (2009) obtain posterior consistency with respect to
neighborhoods of the type {||g — gollco <€, |0/00 — 1] < €} under a monotonic-
ity constraint on g(-). Consistency under the expected L; norm is considered in
nonparametric binary regression by Ghosal and Roy (2006) and in multinomial
logistic regression by De Blasi et al. (2010). More generally, Bayesian nonpara-
metric models for conditional density estimation follow two main approaches:
(i) define priors for the joint density and then use the the induced conditional
density for inference; (ii) construct conditional densities without specifying the
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marginal distribution of the predictors. Posterior asymptotics is studied by Tok-
dar et al. (2010) under the first approach and by Pati et al. (2013); Norets and
Pati (2014); Shen and Ghosal (2016) under the second approach. In all the
aforementioned papers, convergence is defined with respect to the expected L
norm. Tang and Ghosal (2007) study posterior consistency for estimation of
the transition density in a nonlinear autoregressive model with respect to both
expected and sup-L; norm, however for the latter some restrictive assumptions
on the true transition density are imposed. Finally, Xiang and Walker (2013)
consider the sup-L; norm in conditional density estimation with fixed designs
of predictors. Compared to the latter paper, the challenge in our study is taking
the argument from a finite setting to an uncountable setting.

The rest of the paper is organized as follows. Section 2 presents the main re-
sult and sufficient conditions to effect it, see Theorem 2.1. These are illustrated
in the case of the prior IT on marginal densities being a Dirichlet process location
mixture of normal densities. The existence of a high mass - low entropy sieve
on the support of II is established in Proposition 2.1. The proof of Theorem 2.1
is reported in Section 3, where we deal, as is the norm, with the numerator and
denominator of the posterior separately, see Proposition 3.1. Section 4 presents
an illustration of the type of fy which meets the aforementioned condition of
Lipschitz continuity in the Kullback-Leibler divergence and also discusses the
role of the condition of g(z) bounded away from zero and an alternative deriva-
tion of sup-L; rates from expected L rates. Some proofs and a technical lemma
are deferred to the Appendix.

Notation and conventions The following notation will be used through-
out the article. For X a random variable with distribution P, the expecta-
tion of the random variable g(X) is denoted by Pg and its sample average
by P,g = n~tY." , g(X;), according to the conventions used in empirical
process theory. This applies to probability measures P defined on R, X or
R x X. The frequentist (true) distribution of the data (Y, X) is denoted Py, i.e.
Py(dy,dz) = fo(y|z)q(z)dy dz, with Ey denoting expectation with respect to Py.
The dependence of N,, and C),; on n is silent and is dropped in the notation, and,
unless explicitly stated, the predictor space is X = [0, 1]. The space of conditional
densities f(y|z) is denoted F = {f : X xR = Ry : [, f(ylz)dy =1 Va}, while
the space of densities on R is denoted F = {f : R — Ry : Jz f(y)dy = 1}. For
f,g € F, the Hellinger distance between f and g is denoted H(f,g) = [[(v/f —
V9)?]1/2. All integrals are to be intended with respect to a common dominating
measure, e.g. the Lebesgue measure. For real valued sequences an, by, an < by,
means there exists a positive constant C' such that a,, < Cb,, for all n sufficiently
large; and a,, < b, means 0 < liminf, o (an/bp) < limsup,,_, . (an/by) < co.
For any 8 > 0,79 > 0 and a nonnegative function L on R, define the locally
B-Holder class with envelope L, denoted C#%7 (R), to be the set of all function
on R with derivatives f() of all orders up to r = 8], and for every k < r
satisfying

1f P (z) — FP(y)] < L(x)e™ @ |z —y|PT,
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for all z,y € R, cf definition in Shen et al. (2013). For f € F, define the K-L
neighborhood of f as

Ble.f)={ge F: [ [lo8(f/9) <& [ fllog(f/9)]? < &},

2. Main result
2.1. Posterior convergence theorem

Let A., C F be the complement of an e,-ball around fo(y|z) with respect
to the supremum L; norm as in (1.3), where €, is a positive sequence such
that €, — 0 and ne2 — oo. We are interested in the sequence of posterior
distributions I, (A, |(Y, X )1.,) going to zero in probability with respect to the
true data distribution Py. We make the following assumptions on Py. First we
assume that the marginal density ¢(z) is bounded away from 0,

xér[gl]q(x) >0 (2.1)
This implies that, under (1.2), as N increases, the expected number of X; in C;
is nQ(C;) < n/N for each j, where @ is the distribution associated to g(z). See
the discussion in Section 4 about relaxing condition (2.1). Second, we assume
that the conditional density fo(y|z) is regular in that it satisfies the following
form of Lipschitz continuity in terms of Kullback-Leibler type divergences: for
L >0, and v > 0,

/fo y|x) < ((|| ))) dy < Lz —2'|*, r=1,2 (2.2)

for all ,2’ with |z — 2’| < 7. See Section 4 for a discussion.

As for the prior II,,, recall that it defines a distribution on F induced by the
product of N independent priors 1:1]- on F for each marginal density fj, cfr (1.1).
Each f; is estimating the marginal density of ¥ when X is restricted to lie in
Cj,

fOJ( / fO y|x

on the basis of approximately m = n/N observations (Y;, X;) such that X, € Cj,
cfr. (1.2) and (2.1). Note that, although not explicit in the notation, fy ;(y)
depends on n through C; via (1.2). We make use of a sieve, that is we postulate
the existence of a sequence of sub models, say {fm, m > 1}, such that Fom T F.
Moreover, for €, a positive sequence such that €, — 0 and me2, — oo, and
(A,m)z>1 Hellinger balls of radius €,, with Fon C U; Ami, we assume that the
prior II satisfies

I(FS) S exp{—(C +4)me2,}, (2.3)
2121 (A) Y2 exp{—cme?,} — 0, (2.4)
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for some ¢, C' > 0. A key difference with similar sufficient conditions for posterior
convergence in density estimation, such as equations (8) and (9) in Shen et al.
(2013), or equations (37) and (39) in Kruijer et al. (2010), is that the same
sequence &, is used in (2.3) and (2.4). Finally, we rely on the prior rates of II
at fo, ;. We denote by P, ; the probability distribution associated with fo ;(y).
For j=1,...,N, let B(e, fo,;) define a KL-neighborhood of fj ;,

B(e, fo;) ={f: Pojlog(fo;/f) <€, Pojllog(fo;/f)]” <€},

and assume that for m — oo and a sequence &,, — 0 such that mé?, — 0,
(B, fo,) > e €™ forj=1,...,N (2.5)

for some constant C’ > 0. We are now ready to state the general convergence
result which expresses the posterior convergence rate ¢, in terms of N and the
prior rates €,, and €,.

Theorem 2.1. Let the assumptions above prevail. Also, assume that N and €,
satisfy

Neé2 — 00, ney — o0, (2.6)
and that (2.3), (2.4) and (2.5) hold for m =n/N and
€n/N = €n/2, Né'i/N = o(?). (2.7)

Then I1,,(Ac, (Y, X)1:n) — 0 in Py-probability.

Note that the first condition in (2.6) imposes a restriction on how slow N
can grow in n, while the second condition in (2.7) typically induces a restriction
on how fast N can grow. See the illustration in Section 2.3.

2.2. Prior specification

In this section we show which combinations of N and e, yields posterior conver-
gence when the prior Il in (1.1) is set to be a Dirichlet process location mixture
of normal densities. Specifically, a density from II is given by

fF,a(y) = fR ¢U(y - /u')dF(:u')’ F~ DP(QF*)v g~ G’ (28)

where ¢, (x) is the normal density with mean zero and variance o2, « is a

positive constant, F* is a probability distribution on R and G is a probability
distribution on R . Asymptotic properties of model (2.8) in density estimation
have been extensively studied in Ghosal and van der Vaart (2001, 2007); Lijoi
et al. (2005); Walker et al. (2007); Shen et al. (2013). The following result on
prior rates is adapted from Theorem 4 of Shen et al. (2013). Let f € F satisfy

(al) feCPEm(R);

(a2) [(If® )]/ f(y) Tk f(y)dy < oo, k < |B], and
J(L(y)/ f(y))@P+/B f(y)dy < oo for some € > 0;
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(a3) f has exponentially decreasing tails.
As for the prior (2.8), let

(bl) F* admits a positive density function on R with sub-Gaussian tails;
(b2) under G, o~2 has a gamma distribution.

Then, for some C > 0 and all sufficiently large m,
[(B(ém, f) > ™™, &, =m™ @20 (logm)", (2.9)

for some positive constant ¢ depending on the tails of f and on 3. Note that
m~B/(2+26) ig slower than the minimax rate for S-Holder densities, due to the use
of the gamma prior on ¢ ~2 instead of on ¢~ !. In fact, the latter has too heavy tail
behavior for Proposition 2.1 below to hold. When f itself is of mixture form, i.e.
fW) = [ 0oy — p)dFy () for some o¢ and F with sub-Gaussian tails, Ghosal
and van der Vaart (2001) have proven that (2.9) holds for &, = m~/2logm.

Finally, we state the following result which relies on entropy calculations in
Shen et al. (2013) and on techniques in Walker et al. (2007). See the Appendix
for a proof.

Proposition 2.1. Under (b1)-(b2), there exists a family of subsets {.Z:"m, m >
1}, Fon T F, and Hellinger balls (Ay;)i>1 of radius €, with Fr, C |J; Ami, such
that (2.3) and (2.4) hold with

€m = m " (logm)?

for any v € (0,1/2) and t > 0.

2.3. Convergence rates

Assume that, for each j (and n), fo ; satisfies (al)-(a2)-(a3) so that (2.5) holds
for €,, = m~A/2+28) (logm)t. Now let €, = n~"(logn)" and N = n® with 1,7, «
positive constants to be determined later. The first condition in (2.6), Ne2 — oo,
is implied by a—27n > 0 while the second condition in (2.6), net — oo, is satisfied
by 1 —4n > 0, hence, putting them together we have

0 < 27 < min{a, 1/2}. (2.10)

The first condition in (2.7) is satisfied under (2.10) because of Proposition 2.1 as
we can find ¢ > 0 and v € (0,1/2) for €,,x = €,/2 to hold. Finally, the second
condition in (2.7), Néi/N = o(e2), holds for 7 >t and

28
2+ 23

Note that we need the right hand side to be positive, hence a < 5/(1+28) < 1/2.
Putting inequalities (2.10) and (2.11) together we have r > t and

1 28
2 < mi - l—a)—ab.
0< 77_m1n{a,2,2+26( «@) a}

0<2n< (1-a)—a. (2.11)
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The solution to this problem which maximizes the value of 7 is given by n = 3,

o= so that the posterior convergence rate is bounded by

B
24387

= (logn)"n~P/22+35),

Note that the posterior rate is not adaptive in that the number of partition sets
N = nf/2+30) depends on . In Norets and Pati (2014) and Shen and Ghosal
(2016), convergence rates under the expected L; norm have been derived under
the assumption of S-Hélder smoothness of the conditional density f(y|x) both in
y and . The rate is n=8/8+d+1) for ¢ the dimension of the covariate, clearly
faster than the one obtained above. In a classical setting, Efromovich (2007)
found the minimax rate to be n=#/(2+2) for d = 1 and under the Ly norm on
the product space R x [0, 1]. To the best of our knowledge, the minimax rate of
convergence for conditional densities with respect to the sup-L; loss is not yet
known for any suitable large class, and certainly not for the class of conditional
densities considered here, but it may be reasonable to expect that it should
be the same up to a log factor. So, while our rate appears “slow”, it is to be
remembered that this is with respect to the supremum L; norm and hence a
benchmark has been set.

3. Proofs

In this section we proceed to the proof of Theorem 2.1. Write

n( en|(YX1n = 1fA (f)a

where Ry, (f) = [Ti—, f(Yi|Xi)/fo(Yi|X;) and D,, = [ Rn(f)TI(df). As is cus-
tomary in Bayesian asymptotics, we deal with the numerator and denominator
separately. Let F,, be as in (2.3) and (2.4) such that F,, 1 F as m — oc. They
induce a sequence of increasing subsets of the space of conditional densities F
given by

It is sufficient to show that the posterior accumulates in Af N, provided the
prior probability I (]:" ¢ ) decreases sufficiently fast to 0 as n — oco. Reason-
ing as in Walker (2004) Walker et al. (2007), let (A4;;) be a two-dimensional
array of subsets of F, such that A, N F, = sz Aj;, and denote L%jl =

fa, R F)ILL(AF).

Proposition 3.1. Let N — oo as n — oo such that Nlog N = o(ne2) and
assume that, for some constants ¢,C > 0,

1L (Fy ) < exp{—c(C + 4)ne; /N, (3.2)

n

Po( X, Lnji < exp{—¢(C + 2)ne, /N}) — 1, (3.3)
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Py(Dy, > exp{—c(C + 2)ne; /N}) — 1. (3.4)

Then I1,,(Ac, (Y, X)1.n) — 0 in Py-probability.

Proof. Without loss of generality, we set ¢ = 1. Reasoning as in the proof of
Theorem 2.1 in Ghosal et al. (2000), by Fubini’s theorem and the fact that
Po(f/fo) <1,

Bo( fr, Ba(1)AIL(f)) < T (F5).
Next
== -~ N
L, (F5) = 1 =Ty (Fp) = 1= [[;L, T (Foyw) = 1= (1= TI(F;, )
<1— (1—exp{—(C+4)ne2/N})" < N exp{—(C + 4)ne%/N}.
Let A, be the event that D,, > exp{—(C + 2)ne2/N}. By (3.4), Py(A,) — 1,
then
EO[Hn('FrCLKKX)l:n)] < EO[Hn(frﬂ(KX)l:n)]lAn] + PO(ASJ

< Nexp{—(C + 4)ne? /N} exp{(C + 2)ne2 /N} + o(1)

= exp{—2n¢e2 /N +log N} + o(1) = 0
for n sufficiently large since, by assumption, log N = o(ne2 /N) and ne2 /N — oo
as n — oo. Therefore it is sufficient to prove that Eg[IL,, (A, NFn|(Y, X)1:0)] —

0. Now let B, be the event that ., L, < exp{—(C + 2)ne2 /N}. By using
the inequality

Hn(Aen N Fn|(Y7 X)l:n) S Dﬁl/z Zj,l Lnjh
and Py(B,) — 1, cfr (3.3), it follows that

Eo[IL (A, N Fn|(Y, X)1:n)]
< EO[Hn(Aen n ]:n|(Ya X)lzn)ﬂAnﬁBn] + PO(AZ U B:l)
< Eo[DyY? Y, Lujila,ns,] + o(1)
< exp{—(C +2)ne2 /N} exp{(C + 2)ne> /(2N)} + o(1)
=exp{—(C +2)ne2 /(2N)} + o(1) — 0.

The proof is then complete. O

In order to prove Theorem 2.1, we proceed to the verification of the conditions
of Proposition 3.1 under the hypothesis made. We start with (3.2) and (3.3).
Recalling that the Hellinger and the L, distances induce equivalent topologies in
F, without loss of generality, we replace the Ly norm in (1.3) with the Hellinger
distance and define

A, = {f € Fisup H(fole). £(12) > }
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with €, — 0 such that ne2 — oo. According to (3.1), under model (1.1) we have

that A, N F, = Ujvzl A; where A; = {f(y|z) = Zjvzl Fiwle,(z): fj € flj}
and

A; = {f € Fupn t sup H(fo([2), f) > }

zeCj

For each j = 1,..., N, we can further cover flj into Hellinger balls of radius
€,/2 and centered on fj; € A;,

Aj = {f €A H(f, fin) < en/2}7

so Aj C Uy Aji where Aj = {f(y|z) = Z;‘V:l fiyie,(z): f; € Ay} Now
consider L7, = fAﬂ R, (f)IL,(df), from which we have

. 1
Ey (Lnjll(Y, X)l:nth) < Lnljl{l - flnff‘ §H2(f0(-|Xn), fi)le, (Xn)}'
3 €450

A lower bound for inf,ec, H?(fo(+|2), f;) is readily derived by using assumption
(2.2). By (1.2) and H?(f,g) < [ f log(f/9).

S}lp H(fO("%')afO(lx/)) < \/Z/N’ V.j (35)

z,x' el

for n (and N) large enough. Now define 2’ € C; as the z value which maximizes

H(fo(|z), f5u()), ie.
2’ = arg max H(fo([2), fu())-
Such a maximum exists since z — f(-|z) is Hellinger continuous by (2.2), and C}

can be taken as a closed interval in [0, 1]. Since fj; € A;, H(fo(-|2), fi1(-)) > €n
and so for z € C; and f; € Aj;, we have

H(fo(2), £;(-)) = H(fo(12), f5() = H(fol(-]x), fo(-]2"))
> H(fo(l2"), f1(-) = H(f; (), fu(-) = VL/N
> e, —€n/2—VL/N =€,/2—VL/N
using a further application of the triangle inequality. Thus, conditioning on the
sample size nj = > 1 | 1¢,(X;),

Eo(Logilng) < ([1 = H(en/2 = VI/N)?) " Mo (4502

Since X7, ..., X, is an i.i.d. sample from ¢(z), n; ~ binom(n, Q(C;)). It is easy
to check, by using the formula of the probability generating function of the
binomial distribution, that

Bo{ (1= Hen/2+ VI/N) " } = {1 - Hen/2 = VI/NPQ(C))}
<exp{ — 3en/2~ VI/NPnQ(C))},
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where the last inequality holds since log(1l — z) < —z. Hence
Eo(Lpji) < exp{ — 2(en/2 = VL/N)*nQ(C;) }IL, (A1) Y2

The first condition in (2.6) implies that for n (and N) sufficiently large, €,/2 —
VL/N > ¢, /4. Also, under (1.2) and (2.1),

Q(Cj) > q/N, q:= mér[Bfl]Q(x)

so that
Eo(Lnjt) < exp{—(e;,/32)gn/N L, (A;)"/?.

It follows that, for any d > 0,

PO(ianjl>ed%>§eXp{ (€2/32 — dq"}zzn DY2.

j=11>1 j=11>1

Consider now that the A j1 can be the same sets for each j so to form a covering
{Al}l>1 of fn/N in terms of Hellinger balls of radius €,/2. Hence II,(A4;;) =
T1(A;). We then have

PO<§:ZLW > ed‘?v"> < Nexp { - (63/32_61)%} SCHAYYE (3.6)

j=11>1 1>1

Hence, taking d = €2 /64 in (3.6),

- Ganly € qn /2,

PO<ZZL"jl > exp{ — 64N}) N exp{ — MN}ZH

j=11>1
Set ¢ = ¢/(64(C+2)) in (3.3) for C to be determined later. For m = n/N and the
first condition in (2.7), (2.3) implies that l:I(]:'fl/N) < exp{—(C" +4)ne2 /(4N)}
for any C’, so that C’ can be chosen to have (3.2) satisfied for ¢ and C above.
Also, 375y II(A;)Y/2) = o(ela/69m/N) by the (2.4), and Nlog N = o(ne2) by
condition (2.6) as long as N2 = o(n), cfr Section 2.3. Hence (3.3) holds.

We now aim at establishing that (3.4) of Proposition 3.1 holds for the same C
and ¢ found before. To begin with, recall the definition of fj ;(y) as the marginal
density of Y when X is restricted to lie in Cj, and let Py ; be the probability
distribution associated to fo j(y). Recall also that n; = > | 1¢, (X;) and, using
the notation Z; = {i : X; € C;}, we have n; = #(Z;), so we write

(V3| X;
Ro(f) = oo - zzlgfby"X)}
J=14€Z;
N

o(Yi| X; 0, (Y
:exp{ ZZI f )) ZZloggffj((Y?;}

j=1i€Z; Yi j=14€eT
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Hence D,,, the denominator of II,, (A, |(Y, X)1.n), is given by

_exp{ ZZI fOY‘X }H/ Hfo]l @), (67

J=14€I; i€T;

where we have made use of the independence among the N priors ﬁj. We need
to deal with the two parts of (3.7) separately. As for the term inside the curvy
brackets, a key ingredient is the control on the Kullback-Leibler divergence
between neighboring conditional densities in (2.2), see Lemma A.1l in the Ap-
pendix for an intermediate result. Lemma A.1 allows to establish the rate at
which n=1! Zjvzl > iez, 108 fo(yil®i)/ fo,;(yi) goes to zero, as stated in the fol-
lowing proposition.

Proposition 3.2. Under (2.2), for d,, and N such that nd% — oo and d,,N —

00,
Po{ Z S log f;ofX dz”vn} 1. (3.8)

j=14€I;

See the Appendix for a proof. We now deal with the second term in (3.7).
Note that {Y; : ¢ € Z;} can be considered as i.i.d. replicates from fo ;, the
marginal density of ¥ when X is restricted to C;. We next rely on prior rate
Em of TI(df) at fo; in (2.5).

Proposition 3.3. Under (2.5), as n — oo and 6 > 0,

PO{ ﬁ/ H_ f({%f)) I;(df) > exp(— (C"+ 1+5)ngi/N)} —1. (3.9

See the Appendix for a proof. Putting Propositions 3.2 and 3.3 together we
obtain that

Po{Dn > exp ( —du,n/N — (C"+1+ 5)n€i/N)} —1

for any 6 > 0, d,, and N such that d, N — co and nd? — oo. Hence, for (3.4)
to be satisfied with C' = C” and ¢! = 64(C + 2), we need

Ny <€ /64(C+2)
for sufficiently large N upon setting d,, = (1 — 6)e2 /64(C + 2). This is implied

by (2.7). Also the hypothesis of Proposition 3.2 are satisfied for this choice of
d,, because of the two conditions in (2.6). The proof is then complete.

4. Discussion

4.1. Control on the Kulback-Leibler divergence between neighboring
conditional densities

Here we provide two examples assuming forms for fo(y|z) that satisfy (2.2).
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Example 1. Assume that the true conditional density corresponds to a normal
regression model,
Y =g(X)+e e~ N(0,0%),

with known variance, say ¢ = 1. Then fo(y|z) = ¢(y — go(x)). Assume that gg
is (locally) Lipschitz, |go(z) — go(z’)| < l|z — 2’| for some | > 0. Since

- — )2
/¢(y*/l1)10g zgy_'ul)dy _ (1 — p2)

H2) 2 ’
2 _ 4
and /w i (mZEy_ZS) dy:w+(m—u2)2,

the Lipschitz condition on go(z) implies

fo(y|$€) E 2
[ fotwlotog 2By < Sia |

and )
fo(ylz) " N4 4 12 /12
foyw(log dy < —|z —2'|* + 7|z — 2'|7,
J ot (1o G0 ) v < o =1t Plo =
so that Assumption (2.2) is satisfied for L = (*/4 +1? and |z — 2'| < 1. O

Example 2. Here we consider the true conditional density as a mixture of
normal densities with predictor-dependent weights given by

folwle) = 3 wi(@) éoy — )

where M can be infinity and EJM:1 wj(z) = 1 for any . Then the marginal
density of Y when X is restricted to lie in C} is

fO,j(y):Z:ilek¢a(y_Uk)» Wi = /C w(z) g(x)de,

Q) Je,

so that the nearly parametric prior rate &, = m~'/2logm is achieved by the
prior (2.8) of Section 2.2.

Our aim is to confirm Assumption (2.2), or to find conditions under which it
holds. Thus we require

[ (folylz) — folyla"))® e
T [ st

for |x — 2’| small for some universal constant L. In fact, T is an upper bound for
the left hand side of (2.2) for both r = 1 and r = 2 (use simple algebra together
with log z < z — 1 and 4(log 2)? < (1/z — 2)?). Now

folyla") = folylz) = Zwk ) Go(y = ) {1 — wi (@) /w (')}
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and so if, for some ¢ > 0,

sgp\lfwk(x')/wk(:rﬂ <clz — 2| (4.1)

then (fo(y|z) — fo(y|x'))2 < Az —2']? fo(ylr')? and so T < L]z — 2'|? for
L = c®. If M is finite, then a weaker condition is sufficient. In fact, if, for some
c>0,

Z:/; wi(z) {1 — wi(2') /wg(2)}? < c|z — 2/ ? (4.2)

then, by using Cauchy-Schwartz inequality,

Sl wi (@) [fo (y — )]
Ziw:l wi(2") oo (y — pir)

and so T < C'l|z — 2'|? for C = c M.

In summary, if M = oo we require (4.1); whereas if M < oo then we need
(4.2). Let us investigate the former as it is more stringent. A general form for
normalized weights is given by

T <clz—a? dy < cM |z — 2|2

wy(z) = Az) " wy, Hy(x)
where

21@1 wy =1, Hg(z) =exp{—¢lz — 2|} and A(z)= Zk21 wy, Hy,(x)
for some sequence (zx)r>1 € (0,1) and some ¢ > 0. Then it is straightforward
to show that, for all k, x and 2/, with |z — /| < 1/N,

673¢\17x'| < wk(x’)/wk(a:) < €3¢>\a:7a:/|

and hence for some constant ¢ > 0, supy |1 — wi(2')/wi(z)| < clz — 2'| as
required.

4.2. Covariate distribution

Here we discuss the assumption (2.1) of ¢(z) bounded away from 0. Allowing the
density to tend to 0, for example at the boundary of [0, 1] would be an interesting
extension. It is not difficult to check that the same posterior convergence rate
in the sup-L; norm of Theorem 2.1 will hold true by redefining sup,¢jo ) to
SUp,ep, where D = {z : g(z) > ¢} for some arbitrarily small ¢ > 0. However
this would require some previous knowledge of the covariate distribution. In
practice, one option is to set the partition sets C; in a data driven way such
that n; = > | 1¢,(X;) < n/N as n — oo, e.g. by using an empirical estimate
Q. of the covariate distribution. This would work fine with the proof of (3.2)
and (3.3) in Section 3 but in the use of assumption (2.2) to establish the bound
in (3.5). To illustrate the point, if g(z) ~ 27 as  — 0 for 7 > 0 and C; is set
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such that Q,(C;) = 1/N, then it is not difficult to show that |C;| < 1/N/(1+7)
as n — 00, in contrast with (1.2), so that the upper bound in (3.5) would be
1/NY/0+7) instead of 1/v/N. A close inspection of the arguments used in the
proof of Theorem 2.1 reveals that the first condition in (2.6) should be replaced
by N e%/\(HT), which, in turn, would yield a worse convergence rate €, when
7 > 1, cfr. calculations in Section 2.3. This question is of interest and left for
future work.

4.3. Alternative derivation of posterior convergence rates

An associate editor, whom we thank for the suggestion, has asked whether an
alternative strategy would work for deriving posterior rates in the sup-L; norm
from rates in the integrated L; norm. The idea is to use the representation of the
conditional density f(y|r) as a function of x in the Haar basis of L?[0, 1]. To set
the notation, define ¢(x) = 1(0,1)(x), ¥(z) = Yo0(x) = L(o,1/2) (%) = L(1/2,1)(2),
bor(r) = 2¢2¢(2% — k) and ¢y () = 22 (2% — k) for any integer ¢ and
0 < k < 2% Consider the regular dyadic partition of [0,1] given by intervals
Cni = (k275 (k + 1)27L7) so that N,, = 2E». For g € L?[0,1], let K;(g) be
the orthogonal projection of g onto the subspace generated by the linear span
of {¢jk, 0 < k < 27}. By construction, the conditional density f(y|z) in (1.1)
coincides with Ky, (f(y|-)) so that, for any y,

Fln)— folwlr) = 3 (Fl) — folwl ), broi)or, 1)
k=0
261
=3 S oyl e ben(@)
ean k=0

where (-,-) is the inner product in L?[0,1]. By the localization property of the
Haar basis, || 32, ¢r.klloo = || Yok Yeklloo = 2¢/2, and by standard arguments one
obtains the bound

1F (1) = folyl)lloe < 2521 £ (yl) = fo(yl) 2 + Ra(y),

where R,,(y) = > 51, 242 maxy, |(fo(yl), e.r)| is related to the approximation
property of projection kernel estimate K, (fo(y|-)). Consider now the sup-L;
norm. Exchange the sup with the integral sign to get

wmm—huwmmséwww—mwﬂu@

by an application of Minkowski inequality for integrals. Then, the bound above
yields

1 Clz) = foll2)l1.00 S2L”/2/R||f(y|')—fo(yl-)szer/RRn(y)dy.
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In the case that the conditional densities are uniformly bounded in z, one can
rely on an inequality between L, and L; norms to get, for a positive constant c,

1FCL2) = fol2)hm0 < 25072 / 1F1) — folul)lhdy + / Ru(y)dy
= C 71/2 ' \r) — “|\r X
e / 1£C12) = fol-la)nd +/RRn< )dy

that is the sup-L; norm is bounded by 257/2 times the integrated L; norm plus
an approximation term that depends on fy. If fo(y|z) is Holder smooth of level
[ in z, then

Supy j, 20/2HBA | fo(y|-), e k)| < 00,

so that Ry, (y) < 27 B ADLa Tf one further assumes that the bound above depends
on y, say R(y), and that [ R(y)dy < oo, then a posterior convergence rate €,
in the integrated L; norm Would imply a posterior convergence rate 2Fn/2¢, v
2= (BADLn in the sup-L; norm. Note that the poor approximation properties of
the Haar basis for very smooth functions pose a limit to the rate that can be
achieved. Still, it is of interest to investigate whether such a rate could improve
upon the rate obtained in Section 2.3 for some regularities. This will be studied
elsewhere.

Appendix

Proof of Proposition 2.1. Define the entropy of G C F with respect to the metric
d to be log N(e,G,d) where N(e,G,d) is the minimum integer N for which there
exists fi,...,fy € F such that G C U;»Vzl{f : d(f, fj) < €}. By hypothesis,
the prior measure F* satisfies F*[—a,a]® < e7**" for some b > 0, 7 > 2 and
|a| sufficiently large. Let G be the distribution of the square root of an inverse
gamma random variable with shape parameter c3 and rate parameter ¢;. Define

CLO'O'_{fFU: [—a,a] 1Q§ }
<

o< o
Fanes = {fF,cr : Fl-a,a)>1-n,0<0

<
<

G}

Combining Lemma A.3 in Ghosal and van der Vaart (2001) and Lemma 3 in
Ghosal and van der Vaart (2007),

IOgN(na ,77/3007” | IOgN 7, aoda” H )
o 1 1
<log <i> ( 1><log—> [log (i—&-l) —Hog—}
a n na n
For each n, let o,, = (ne2)~'/2, and a,, = o;,*(logn)~3. Define

Bho={fro: Fl-an,an] >1—¢€2/3, 0, <0 <o,(1+€2)"},
Buj={fro: Fl=(j+Van,(j +Dan] > 1 - €,/3,
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Fl—jan,jay] <1— 631/3, on <o <o,(1+ efb)”}, ji>1
-/—:.n = {fF,o 1o, <0< Un(l + Ei)n}

It is clear that ]:'n T Fasn — oo and .7:'n = szo B,.;. By standard calculations,

I(FS) =G(o < 0p) +G(o > (14 €2)")
< e—Clo';z/Q + O_—2C3(1 + 62)_263n,
= exp{—%ne’} + (ne2)® exp{—2csnlog(l +€2)}
< exp{—%ne.} + (nes) exp{—csnes }
< exp{—(C +4)ne2}
for some C' > 0 by choosing ¢; and c3 sufficiently large. Next, define
Bn,O,k = {fF,o' F[fan;an] Z 1- 62/37 Un(l =+ Ei)kil S a S Un(l + ei)k}

so that Bn,O = UZ:I Bn,O,k~ Finally, let K”%En = ZiZI H(Ani)1/2 for (An,i)i21
the Hellinger balls of radius e, that covers F,. Following Walker et al. (2007),

Kn,en S Z N(Ena Bnﬁ(),kv H)H(Bn,(),k)% + Z N(ena Bn,jv H)H(Bn,j)% (A3)
k=1 j>1

The goal is to show that the two sums in the right hand sides do not grow to
oo faster than e for any ¢ > 0. As for the second sum in (A.3), because of
the inequality H(f,9)* < ||f — gll1, N(en, B, H) < N(e2,B,] - |l1), so that, for
J 21, B C Flit1)an,e /3,0m,00(1+c2)» and the entropy calculations above yield

1 2\n
log N (€, Bn j, H) < log M

n

i+ 1)ay, 3 3(j+1a, 3
+ (u V, 1) <log _2) <log (U—;i)a + 1) +log _2>
On €n €n0n €n

2\n - - 2
<1 g(1+2€n) n (]+1)an<10g (.7+1)an> _

~ 2
On €:0n

n

An upper bound on the prior probability II(B,, ;), 7 > 1, is given by

(= jan, janl") > & /3) < SE(F(=jan, jon])

n

3 * . . c 3 _ jan)”
= éF ([=dan,jan]®) S gc bjan)

where we used Markov inequality and the assumption on the tail of F'*. Hence,
for some large constant C’ > 0,

> N(en,Bnj, H)I(B, ;)'/?
Jj=1
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- ZeXp{C"{log (1 t;%)n L G+ Dan (log (j€+2 1>anﬂ

j>1 n On non

11 1,
+5log e §b(3an) }

eC'nen i+ 1)ay, i+ Da,\> 1,
< QC,HZe»clo{C’(*7 U <1og G+ ) —§b<yan>}

2
€n i>1 n €,0n

Recalling the definition of o, and a,,, we have

> Nen, By, H)I(B, ;)

j>1
Cne . -2 3\ 2
+1)o,“(logn
2C'+1ZQXP{C/(J+1) 2(logn)~ (log(] ) 2( &) )
7j>1 €n
1
- Lh(jan) }
2
S Zexp{ (j + 1)a? (logn)® {1og<y+1>+1og[ <logn>31}
j>1
- 3}
Cne 3 2 2 1
< e 3o {2070 + Ve logn)? 0?5+ 1)+ (og?] — e}
n j>1

where we used (a + b)? < 2(a? + b?),

eCl .
< Sor =Y exp {20 [(] + 1)1og?(j + 1)a; (logn)® + (j + 1)a;, (log n)°

€n j>1

- i}

Since 7 > 2, al, grows faster than ne2 and a2 (logn)®, so that the first summands
vanish to 0. We consider next the sum for j > J and some J sufficiently large.

C'ne?
o e {20 [u £ 1)10g2(j + 1)a2 (log n)? + (j + 1)a2 (log n)?

€n j=>J

- |}

Cne

< Serer o {20 (140)6 + Dlog* -+ Datogn)® — 7G| |

€n j=>J
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where we set § = 1/log?(J + 1),

Cne

4 b | T
< 201 Zexp{QC’ {(1+5)(j—|—1)10g (j+1) - 4C’j }an}.

€n i>J

Now choose J large enough such that (14 6)(j + 1)log®(j + 1) — (b/4C")j™ <
—(j — 1)% for j > J. So we get the upper bound

C’ nen eC ne -y eC n€ —20' T
E _90"(i — E —2C"ja;, _

207+ exp { 2C'(j —1)%a } = 20741 2.° 201 ] _ o—207ay,
j>J n i>1

which vanishes to 0 as n — o00.
As for the first sum in (A.3), since By 0.k C Fa,, €2 /3,00 (14€2 )51 0, (14€2 )k 5

log ZV(En7 Bn70,]€, H)

1+ €2 an 3 3a,, 3
<1 n V1)log —|( 1 - 11 log —
~8 T g +<mxr+%w—l )°g%<(%<%mxr+ﬁw—fk>+oga>

2
a a
" 1 n W1+ )1 <q,
ity (e g ) - e <o
1\2
(log —2> , on(1+e2)k1 > q,
en

An upper bound on the prior probability on the B, o is found by direct calcu-
lation:

(Bnox) < Glon(1+ )1 <o <o,(1+2)F)
=Glo, ' (1+e) <o ? <02 (1+6) %)

—1(1Jre )= 2(k—1)
/ yc;gflefclydy
1+62

S %2(03 1)(1 +ep) e exp{—c10,%(1 + €)%}
see proof of Theorem 2 in Kruijer et al. (2010). Hence

n

ZN(en;Bn,O,kaH)H(Bn,o,k)l/z = Z N(en;Bn,O,kyH)H(Bn,O,k)1/2

k=1 on(14+€2)k~1<a,

+ Z N(Gn, BmO,kn H)H(Bn70,k)1/2 = in,1 + In,2-

on(1+€2)k—1>a,

As for I,, o, for any c,

1\ 2
Ino <nN(ep,Bnor H) S exp {C”(log —2> + log n} = o(cfcmi).
En
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2
We prove next that also I, je~“"“» — 0 for any c small. The sum extends over
k > 1 such that (1 +¢2)k¥=1 < o 2(logn)~3, that is

log(ne? (logn)~3)

k—1<
— log(l+¢€2)

. k<de%logn

for some constant ¢’ > 0. N(ep, Bn. 0.k H)l_I(ZS’mO,k)l/2 is bounded by

an

2
(] O
P {C (Lt )T ( 25 1t e%)k—l) }

X 0 V(14 2) "Dk exp = G o721+ )7

by writing s, = o, (1 + €2)F1,

2
ZeXp{Cl (079 <1Og (079 ) }Sn’(]:gl)(l+6,21)_(63_1) exp{ 71 2]{(14_6%)—2}

Sn,k eisn,k

since 1 < (1+4€2) <2

2
<exp {C"& <1og 2a" ) — %S;Qk — (3 —1)log Sn,k}
s € s

n,k nSn.k

since 0, < 5,1 < ay, for some d >0,

2
; Qn Qn,

since an/(€2snk) < an/(€20y,) = 0, %(logn) =3,
anlog?n €1 o
Sexp{C"i St logn}
Sn.k 4

_ 1 On (10g”) a0 /
_exp{c (13 e2)F- 1 (e 20D +c'logn
_ , ey (log n) Loa ne /

—e {0 ~ S+

ne2 1a 1
:exp{W<C/(logn) —ZW)+C’Iogn}.

The last display is bounded by a multiple of exp{C’ne (log n)~! + ¢ logn},
hence the sum of N(en,Bnog, H)I(Bnox)/? over k = 1,...,¢,2logn is
bounded by a multiple of exp{C'ne2(logn)~! + ¢’ logn} which increases at
a slower rate than exp{cne2} for any c. The proof is complete. O
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Proof of Proposition 3.2. Write I,.; = n; 32,1 log[fo(yilz:)/ fo,; (yi)] with I, ;

define to be 0 if n; = 0. The goal is to show that PO(ZJ 1 il > dpn/N) =0
as n — 00. To this aim, consider that

N
PO(anIn,j Z dn%) Z P0<Zn] n,j > d ’nl N> Po(nl;N) (A4)
j=1

ni:N
where we used ni.n as short hand notation for nq,...,ny. We focus next on
the conditional probability in the right hand side of (A.4), aiming at finding an
upper bound that goes to zero as n — oo uniformly in ni.y.
Note that each I, ; can be written as the sample mean of n; realizations
log[fo(yilx:)/ fo,;(y:)] for i € Z; = {i : x; € C;} with respect to the sample
distribution Py. We have

Eo(Lj |nin) = E()(log fo¥ ’X €C; )
fO,]
fo
e fo(ylff)dy q(x)dx
J
< sup /fo ylz) log fo(ymd SN2
z€Cj ( )
where the last inequality follows from an applicatlon of Lemma A.1. Also,
1
Var(In’j |n1:N) = —Var(l fo ’X C>
nj Jos(Y)

IN

ol e
- o 52

folylz)\* 1
§sup/foyz<lo dy < ,
ng zeC | % fosv) anJ( ) an2
using again Lemma A.1. Given the independence of I,, ; across j conditional on
n1.n, we also have

N N
EO(ijl nil, ;|nin) <n/N?, Var(z:j:1 nil, ;| nin) < n/N2.

Now write the conditional probability in (A.4) as

N N N
PO(Z”J’ITLJ —Ep {an[n,j |n1:N} > d,n/N—Eg [anln,j |n1:N:| |n1:N>

j=1 j=1 j=1

which is upper bounded by
N

N
j=1

Jj=1
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for sufficiently large n, since N=2 < d,,/(2N), as implied by the hypothesis
dn,N — oo. Now use Chebishev inequality to get

N
n/N? 1
p0<2njln,j > d, n/an:N) = 02@2 J(AN?)  dnd?
i=1 '

which goes to zero by the hypothesis nd2 — co. The proof is then complete. [
Proof of Proposition 3.3. The proof is an adaptation of Lemma 8.1 in Ghosal
et al. (2000) and of the proof of Theorem 2.1 therein. It goes along by first

showing that, for any e and for ...,y independent probability measures
concentrated on the sets B(e, fo1),...,B(€, fon), it is that for every § > 0,

PO{H/ H fo Yi I (df) < exp(— (1+5)n62)} < ﬁ (A.5)

i€Z;

Recall the notation for P, ; g = nL Ziezj g(Y:) and Py g = [ g(y)fo,;(y)dy, so
that Py[IPy, j 9] = Po(Po[Pn,; g|n;]) = Po; g- By Jensen’s inequality applied to
the logarithm,

tos /H fo5( ‘ Z/ fo 1L (d/)

i€L; i€L;

:ndPn,j/log%ﬁj(df)

0,5

so the left hand side of (A.5) is

<P ﬁ:n lo Lﬁ»(df)<—(1+5)n62
0 gfojj J >

j=1

0,J

<.

S
—

N
7(1+5)n62 ZTZJP()]/Ing::JﬁJ(df)}

=1
N

< PO{an(IP7L,j —Po,j)/log%ﬁj(df) < —57162}
i=1 g

where the last inequality follows by an application of Fubini’s theorem together

with the assumptions on H being supported on B, i.e.

Pos 1085/ 0, Ty(a1) > -
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Now write

N f _
Po{ Z?’lj(lpmj — PO,]’) /log fTJ Hj(df) < _57162}

= Z PO{ Z”J nj — )/logf% IL;(df) < —6ne? |n1:N}PO(n1:N)

niN »J

and use Chebichev’s inequality to get the following upper bound for the left
hand side of (A.5)

52n264 > Var(Z”a Po,j)/logfoidﬁj(df)

ni:N

1
= 555 Z ZV&r(nj(IPn,j —Po’j)/log féi] IL;(df)

nyN -j=1

L kS fosm i)’
< gmpa | Somt( [oe a0 | )

niN -j=1

1 < .fO,j
S m Z anpo,j/ (log f > '(df)]Po(nl:N)

ni.N -j=1

n1:N) Py(n1:n)

i )| o)

where in the last inequality Jensen’s inequality has been used. By Fubini’s theo-

rem and the assumptions on I1;, Py ; [[log(fo.;/f)]*11;(df) < €2, hence the last
display is

N
1 , 1, 1
S52n264 Z ane Po(nun) = 22l T S2pe2

ni:N j=1

so that (A.5) is proved.
Next, for the constant C’ in (2.5),

po{ f[l/f[l fﬁ;)i)ncj (z;) TL;(df) > exp ( —(1+6+ c’)ngim>}

N n -
~ - I (i) I1,(df)
P, IL:(B(€,/n fo.i T, (z:) =
= °{H (Bl f(’”))/mew,fo,j)gfo,j<yi> ol )Hj<B<€n/N7fo,j>>

> exp ( -(1 +6+C’)n€i/N>}

> P { Cnen/NH/ f(yi) 1o, (2;) = ]

B(€n/n:fo,5) = 1f07j( Yi)

> exp ( - 146+ C’)néim) }
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N n
_ f(yi) T J(df)
-} 11 [ 15 ) f B e o)

>exp(—(1+ 5)"52/1\/)}

where (2.5) has been used in the third inequality. The integral on the left hand
side is with respect to the prior ij restricted on the set B(€,/n, fo,;), so we
can use (A.5) for € = €,/y. The last probability is then lower bounded by
1—1/(6°ne2 /N) 1 1. The proof is then complete. |

Lemma A.1. Under (2.2), for all j and N sufficiently large,

Sup/fo y|x) (IOg o(ylz )> dy < N2, r=1,2
zeCy fOJ( )

Proof. We start off dealing with 7 = 1 and fix an = € (. By the convexity of
—log(+), Jensen’s inequality gives

folylz) 1 foylz) o n A
8T ) = Q0 /c 108 . fylary 17 (4.6)
and hence
/fo y|x) 10g Tl dy_/fo ylfc / ﬁ&gq( ")dz" dy
)

_ 2o fo(ylx o
- Q(Cj) /c]./RfO(y' Mog 7 ytany @ 4(2)d

fo(ylz)
< swp / folyie) log 12 5.

where Fubini’s theorem has been used to derive the equality. The thesis follows
by (2.2) and (1.2).
Now we deal with the case = 2. We can not use Jensen’s inequality since

[log(a/b)]? is not convex in b. Hence, we need to split the integral into two parts.
As before, fix an x € C}, and write

[ 852 - e 582
(2

— ), . folyl®) — - f (y]z)
A—{y. f(:) (y)>1} and B—{y > y)gl}.

where
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For y € A, we can use (A.6) to get

0<O%ﬁ%$y<(Q@»Lf%ﬁ&g“”“9%

A second application of Jensen’s inequality yields
fo(yliv))2 1 ( fo(y|96))2 N
(e 27) <y L, (1oe iy aehes
fo(ylx)>
[t (105 223 )
fO(y$)>2 / ’

< [ ftolorgres [ (102 s ) o’

_ ! (

fO(yI)>2 2da
8 uylary ) A

] folylz) \?
< sup / folgle) ( 8 ym) d

(
< Sup [ sotale (10g f0<(y|| )>> 4

For y € B we can use the fact that |logz| < 2|z'/? — 1| for > 1 so that

/ fo y|x< fo“’(' ;) y<4 / fo(y|l’)(1\/fo,j(y)/fo(y|l’)>2dy

< 4H2(f0

so that

ij
/HQfo ), fo(la"))a(a')da’
§4 sup H?(fo(-,z), fo(-|z"))

z’'eCj
fo(ylz)
<4 su / z)lo dy,
z’GIC)'~ RfO(y| ) gfo(y|$/) Y

where we have used H%(f,g) = [ f{1—(g/f )1/2}2 in the second inequality, the
convexity of the Hellinger distance together with Jensen’s inequality in the third

inequality, and H?(f,g) < [ f log(f/g) in the last inequality. We conclude that,
for any « € Cj,

[t W( fo(g(| ) —f‘é%’é/f“ vlo) (10 0L )>>

(ylz)
+4 sup/foyxlog 0 dy
zeC; Jr (wl) fo(ylz’)

The thesis follows again by (2.2) and (1.2). O
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