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Large deviations principle for the largest eigenvalue
of Wigner matrices without Gaussian tails
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Abstract

We prove a large deviations principle for the largest eigenvalue of Wigner matrices
without Gaussian tails, that is, the distribution tails of the diagonal entries P(| X1,1| > t)
and off-diagonal entries P(|X1,2| > t) behave like e**" and e~%" respectively, for
some a,b € (0,400) and a € (0,2). The large deviations principle is of speed N°/2,
and with a good rate function depending only on the distribution tail of the entries.
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1 Introduction and main result

The study of large deviations in the context of random Hermitian matrices dates
back to 1997, with the work of Ben Arous and Guionnet. In [2], they proved a large
deviations principle for the empirical measure of 5-ensembles associated with a quadratic
potential, with speed N? and an explicit rate function. This result answers the question
of the large deviations of the empirical spectral measure of the classical random matrix
ensembles, GOE, GUE, and GSE, since their eigenvalues form a $-ensemble associated
with a quadratic potential for 8 = 1,2 and 4 respectively. In [1, p.81], this result has
been extended by the same authors, for S-ensembles associated with a potential V'
growing at infinity faster than log |z|, which include unitary invariant or orthogonally
invariant models of random matrices. It has been shown in [18] that the restriction on
the growth of the potential could been lifted, so that one can also consider potentials with
logarithmic growth. The large deviations results of the empirical spectral measure of
the classical random matrix ensembles rely heavily on the knowledge of the distribution
of the eigenvalues, and its interpretation as a $-ensemble.

In the setting of the so-called Wigner deformed ensemble, the large deviations of the
empirical spectral measure were studied, first in [10] and then in [17], in which a large
deviations principle was established for the empirical spectral measure of the sum of
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Gaussian Wigner matrix and a deterministic Hermitian matrix. For this model, as one
cannot compute the joint law of the eigenvalues, the proof relies on the Gaussian nature
of the entries and uses Dyson Brownian motion and stochastic calculus.

Regarding the large deviations of the extreme eigenvalues of Wigner matrices, the
first result was proved in [5] in the case of the GOE and then extended in [1, p.83]
for p-ensembles, under an extra assumption on the partition function of the Gibbs
measure. The large deviations principle is of speed [V, and with an explicit rate function.
The large deviations of the extreme eigenvalues of deformed Wigner ensembles have
also been studied. In [19], the author investigates the case of a GOE (respectively
GUE) matrix perturbed by a rank one deterministic symmetric (respectively Hermitian)
matrix. Then in [6], the large deviations for the joint law of the extreme eigenvalues of
a deterministic real diagonal matrix perturbed with a low rank Hermitian matrix with
delocalized eigenvectors are studied extensively.

Yet, all those large deviations results rely either on the computation of the joint law of
the eigenvalues or on the Gaussian nature of the entries. In [9], Bordenave and Caputo
gave a large deviations principle for the empirical spectral measure of Wigner matrices
with coefficients without Gaussian tail, a case where there is no explicit computation of
the joint law of the eigenvalues. Recently, this result has been extended in the case of
Wishart matrices in [15].

Still, in the setting of Wigner’s matrices which coefficients have a sub-Gaussian
tail but are not Gaussian, the existence of a large deviation principle for the empirical
distribution of eigenvalues or the largest eigenvalue is still an open problem.

1.1 Main result

The aim of this paper is to derive a large deviations principle for the largest eigenvalue
of Wigner matrices under the same statistical assumptions as in [9], together with an
additional technical assumption.

Let (X j)i<; be independent and identically distributed (i.i.d) complex-valued random
variables, such that E(X; 5) = 0, E|X; »|? = 1, and let (X ;);>1 be i.i.d real-valued random
variables.

Let X(N) be the N x N Hermitian matrix with up-diagonal entries (X; ;)i<i<j<n. We
call such a sequence (X (N))yen, @ Wigner matrix. In the following, we will drop the N
and write X instead of X (N).

Consider now the normalized random matrix Xy = X/ V/N. Let )\; denote the
eigenvalues of Xy, with \; < Ay < ... < Ay. We define pux, the empirical spectral
measure of Xy by,

1 N
KXy = N Zé&
i=1

We know by Wigner’s theorem (see [25], [1, Theorem 2.1.21, 2.21], [3, Theorem 2.5]),
that

X ~ Ogc A.S,
HX N N too sc

where ~~ denotes the weak convergence and where o, denotes the semicircular law
which is defined by,

1
Usc(dt) = ]lte[7272] % \/4—77526&(‘

Furthermore, assuming that £| X7 1|? < +o0 and E| X 2|* < 400, we know from [14], [4],
and [3, Theorem 5.1], that

AN — 2a.s.
N—+oo
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We recall that a sequence of random variables (Z,),cn taking value in some topologi-
cal space X equipped with the Borel o-field B, follows a large deviations principle (LDP)
with speed v : N — NN, and rate function J : X — [0, +o¢], if J is lower semicontinuous, v
increases to infinity and for all B € B,

1 1

_igofj < Egigg ) logP (Z, € B) < lirgiligﬁlogIP(Zn € B) < —i%fJ,

where B° denotes the interior of B and B the closure of B. We recall that J is lower

semicontinuous if its t-level sets {z € X : J(x) < t} are closed, for any ¢t € [0, +0c0).

Furthermore, if all the level sets are compact, then we say that .J is a good rate function.
In the following, we make the following assumptions.

Assumptions 1.1. Let X be a Wigner matrix. In the case where X > is a complex
random variable, (X1 ) and (X, 2) are independent. There exist o € (0,2) and
a,b € (0,+00) such that,

Jdim 7 log P (|X14] > 1) =1, (1.1)

tilgrnoo —t"%logP (| X1 2| >1t) =a.

Moreover, we assume that there are two probability measures on $', v, and v,, and
to > 0, such that for all t > t, and any measurable subset U of $',

P(Xi1/| X111 €U, | X11] 2 t) =01 (U)P (| X11] > 8),

P(X172/|X172| S U, |X172| > t) = UQ(U)IP(|X172| > t) .

In other words, this means that for all indices 1, j, the absolute value and the angle of
X;,; are independent for large values of | X ;.

Remark 1.2. The assumption on the independence of the real and imaginary parts of
the off-diagonal entries is purely technical. We only make this assumption in order to use
the estimates in [22] on the entries of the resolvent, in the proof of an isotropic property
of the semi-circular law in Theorem 6.10. Moreover, this assumption is not needed in [9].

Under these assumptions, it has been proven in [9] that the empirical spectral
measure of the normalized matrix X follows a large deviations principle with respect
to the weak topology. The LDP is with speed NV 1+a/2 and good rate function I defined
for all u € M;(R), where M;(R) denotes the set of probability measures on R, by

I(p) =

®(v) if p = o4 Br for some v € M;(R),
+o0 otherwise,

where H denotes the free convolution, and where & is a good rate function (see [9] for
further details).

In the following, for any Hermitian matrix Y, we will denote by Ay its largest
eigenvalue. We will prove in this paper the following large deviations result.

Theorem 1.3. Under assumptions (1.1), the sequence (Ax, )nven follows a large devia-
tions principle with speed N®/?, and good rate function defined for all = € R, by

Gy, ()™ ifz > 2,
J(x)=<0 ifex =2,
400 ifx <2,
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where c is a constant depending only on «, a and b, and where G, denotes the Stieltjes
transform of the semicircular law, namely

v 0\ (2.2, G, (2) = [ 22D

o (1.2)

9

with .
Usc(dt) = ]lte[_z,g] % Mdt.

Moreover, we will prove that the constant c in Theorem 1.3, can be computed explicitly
in certain cases, in particular when the entries are real random variables. We refer the
reader to the Section 8 for further details.

Observe that the rate function is infinite on (—o0,2). Indeed, in order to make a
deviation of the top eigenvalue at the left of 2, we need to force the support of the
empirical spectral measure to be in (—o0,2 — ¢), for some ¢ > 0. But this event has an
infinite cost at the exponential scale N*/2 since the empirical spectral measure follows a
large deviation principle with speed N 1+o/2 according to [9]. As illustrated in figure 1,
drawn in the case a = 1, this rate function is discontinuous at 2. As we will show, the
deviations of the top eigenvalue are given by finite rank perturbations of a Wigner matrix.
It is well-known that finite rank perturbations of Wigner matrices show a threshold
phenomenon with respect to the strength of the perturbation (see for example [21], [13]
[23], [7], [16] for further details), which the rate function seems to reflect through the
discontinuity at 2. This picture may also mean that there is a more subtle behavior of
the largest eigenvalue in the right neighborhood of 2, which is still to be understood.

+oo

Figure 1: Graph of the rate function J
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people who made my time over there so enjoyable. Finally I would like to thank my
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paper.

2 Heuristics

We will show that one can obtain the lower bound of the LDP by finite rank per-
turbation. For simplicity, let us assume that the X; ;’s are exponential variables with
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parameter 1. Thus, the matrix X satisfies the assumptions (1.1) witha=1,anda =b = 1.
In this case, Proposition 8.1 shows that the constant ¢ in Theorem 1.3 is 1.

Letz >2and 0 =1/G,, (z). As G, (z) € (0,1] for all z € [2, +00), we have § > 1. By
independence of the entries, we have

X1,1
P(Ax, EZ)R]P()\XJ/VJ’_Qech N:B)IP(\/N ~0> , (2.1)
with Xy = Xy — )\(/lﬁl eie], and e; the first coordinate vector of CY. Since # > 1, we have

according to [23],
AXntbere; 2 G, (1/8) in probability.

—+0o0
Using Weyl’s inequality (see in the Appendix Lemma 9.2) and recalling that we chose
r =G, (1/0), we get

P (Axy 10ee; ) N 1. (2.2)

But X ; has exponential law with parameter 1, thus

P (X“ ~ 9) ~ e OVN, (2.3)

Putting together (2.1), (2.2) and (2.3), we get,
P(Axy ~7) 2 e Crse@ VN

which is the lower bound expected by Theorem 1.3 and Proposition 8.1, for « = 1 and
a = b= 1. Note that we could also have used a deformation of the type

0 6
6 0 )’
to get the lower bound of the LDP.

3 Outline of proof

The strategy of the proof will closely follow the one of the LDP for the empirical
spectral measure derived in [9].

Following [9], we start by cutting the entries of Xy according to their size. We
decompose Xy in the following way. Fix some d > 0 such that da > 1, and let ¢ > 0. We
write,

Xy =A+B*+C°+ D5, (3.1)
with, for allé,j € {1,..., N},
A =1 Xij | Xij
4 = M Xijleo<(log N)¢ VN’ i,j = T(log N)I<|X; joo<eN1/2 JN
X X
Cij = ]15N1/2§‘Xi,j‘ooSE_INl/2 \/’NJ’ Dij = ]18‘1N1/2<\X1:.j\oo \/]7*\;’

where |z|o = max(|R(2)[,|3(z)|) for all complex numbers z.

Our first step will be to prove some concentration inequalities in Section 4, which we
will use throughout this paper, and in particular to prove the exponential tightness of
(Axy)Nen in Section 5.

Then, in Section 6, we will focus on trying to identify which parts in the decompo-
sition of Xy significantly contribute to create deviations of the largest eigenvalue. We
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start by showing in Section 6.1, that we can neglect the contributions of B* and D¢,
corresponding to the intermediate and large entries respectively, in the deviations of
Ax, . Then in Section 6.2, we prove that we can replace A by a Hermitian matrix Hy,
with entries bounded by (log N)¢/v/N, and independent from C*.

From the LDP of the empirical spectral measure of X of speed N't%/2 proved in
[9], we deduce in Proposition 6.4 that the deviations at the left of 2 have an infinite cost
at the scale N®/2. Therefore, we only need to focus on the deviations of the largest
eigenvalue of Hy + C¢ at the right of 2. As in many papers on finite rank deformations
of Wigner matrices (see [7] for exemple), we see the largest eigenvalue of Hy + C°,
provided it is not in the spectrum of Hy, as the largest zero of the function,

S (x) = det (My(x)), with My (z) = Iy — (05 (us, (x — Hn) ™ ug))1<i i<

where k is the rank of C%, 64, ..., 6;, are the non-zero eigenvalues of C*° in non-decreasing
order, and w4, ..., u; are orthonormal eigenvectors of C¢ associated to 64, ..., 0.

As we will see, this method is made efficient in the study of the deviations of Ay, +c-
at the right of 2 by two main facts. Firstly, as we show in Proposition 6.6, the spectrum
of Hy can be considered at the exponential scale N®/2 nearly as contained in (—00,2].
Secondly, as shown in Lemma 5.7, C¢ is a sparse matrix so that its rank can be considered
at the exponential scale N*/2 as bounded.

In Section 6.3, we focus on showing that the function fy is exponentially equivalent
to a certain limit function f, defined for any = > 2 by,

k
=J[0-06:G...(2).

i=1

To this end, we show in Proposition 6.9, using concentration inequalities, that at the
exponential scale N%/2, and uniformly in z in a compact subset of (2, +00),

My (z) = Iy — (0;(u;, B (v — Hy) ™' uj))1<i i<k (3.2)

Next, in Theorem 6.10, we prove an isotropic property of the semi-circular law using the
estimates in [22] of the entries of the resolvent of Wigner matrices. This allows us to
deduce in Proposition 6.11 that

0,Go, (x) 0 0
My (z) ~ I — ,
0
0 0 .Gy (2)

where we denote by G,__(z) the resolvent of the semi-circular law. Using the fact that
the spectral radius of C* can be considered as bounded as shown in Lemma 5.5, and
using the uniform continuity of the determinant on compact sets of H;(C), we get, as
stated in Theorem 6.7, uniformly in z in any compact subset contained in (2, +00),

k
fn(x) ~ f(z), with f(z) = H (1—0,G,.. (2)).

In Section 6.5, we show that provided A, +c- is greater that 2, and that A\¢- is greater
than 1, the largest zero of fn, namely Agr, +c-, is exponentially equivalent to the largest
zero of f, denoted by 1. Easy computations show that

UN —G (1//\05)
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Despite the fact that fy and f are holomorphic functions, we cannot use Rouché’s
theorem to deduce that their zeros are close since we only know that they are close on
compact subsets of (2, +00). We use here a trick a bit similar to the one used in [7, p.
513], which will allow us to make do with this uniform closeness between fx and f on
compact subsets of (2, +00). We perturb the spectrum of C* so that its largest eigenvalue
is simple and bounded away from its second largest eigenvalue by some + > 0. Classical
intermediate values theorem then shows that any continuous function close to f on all
compact subsets contained in (2, +00), admits a zero in (2, +00), and that its largest
zero is close to the largest zeros of f. Since f remains in a compact set of continuous
functions, we can prove a uniform continuity property for the “largest zero function” in
Lemma 6.14. In Proposition 6.13, we deduce that the largest zero of fy and of f are
exponentially equivalent at the scale N®/2. This allows us to conclude in Theorem 6.12
that (un.c)ven >0, are an exponentially good approximations of A\x, (in the sense of
[12, Definition 4.2.10]).

Then, in Section 7, we prove that (un ) ven satisfies a LDP for each ¢ > 0, and we
deduce a LDP for (Ax, )nven- The key of the proof is Proposition 5.7, which allows us to
assume that the matrix C¢ has only a finite number of non-zero entries at the exponential
scale N/2. With this observation, the problem can be reduced to a finite-dimensional
one. We define <‘,~’T to be the set of equivalence classes of infinite Hermitian matrices with
at most r non-zero entries, under the action of permutation matrices. In Proposition 7.1,
we establish a LDP for C'°, when seen as an element of &,., with respect to the topology
given by the distance

Vfl, Be gr, J(A, B) = Ur}flligs II})Z;X ’Ba(i)yg(j) — Ao (i),00 ()

b

where A and B representatives of A and B respectively, and where § = U,,cnS,, is the
union of the symmetric groups. The map which associates to any matrix of ENT, its largest
eigenvalue is continuous with respect to d, and allows us to apply a contraction principle
to get the large deviations principle for (un )nven, which is stated in Proposition 7.3.
We finally deduce a LDP for (Ax, )nen in Theorem 7.4, with rate function

Gy, (2)™* ifx > 2

J(x)=40 ifex=2,
400 ifr <2,
where
“+oo
c=inf by |Aii|“+ad |Aij|*: Aa=1,A€Dy, (3.3)
i=1 i#j
and

A
D= {A € Up>1H,(C): Vi <j, Aj;=0o0r 7 e supp(l/i,j)} ;
1,7

where v; ; = vy if i = j, and 1 if i < j, and where supp(v; ;) denotes the support of the
measure v; ;.

In Section 8, we show that we can compute explicitly in certain cases the constant ¢
appearing in the rate function J. In particular, in the case where the entries of X are
real, or when « € (0, 1], Proposition 8.1 computes completely the constant c.

The optimization problem (3.3) exhibits two different behaviors, when a € (0, 1] and
when « € (1,2). When «a € (0,1], the infimum is achieved for matrices of sizes 1 or 2,
and can computed for any choice of 14 and v,. When « € (1,2), the picture is more
complicated, and one cannot say much without some assumptions on the supports of v,
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and v,. In particular, one can observe that when b > ¢ and 1 € supp(v1) Nsupp(vz), the
infimum can be achieved for a matrix of size arbitrary large, when a gets arbitrary close
to 2.

Moreover, the knowledge of the minimizers of (3.3) is useful to derive the lower
bound of the LDP. Indeed, it indicates which finite rank deformation one has to choose to
get the lower bound on the deviations of Ax,, as explained in Section 2.

4 Concentration inequalities

Throughout the rest of this paper, we fix a constant « > 0, such that for all ¢ large
enough,
]P(|X171| >t)\/]P(|X1_’2| >t) §ef"””t . 4.1)

With a slight adaptation of the concentration inequality from [20, p. 239], for the
largest eigenvalue of a random symmetric matrix with bounded entries, we get the
following proposition.

Proposition 4.1. Let H be a random Hermitian matrix with entries bounded by a
constant K > 0, such that (H; ;);<; are independent variables and let C' be a deterministic
Hermitian matrix. For allt > 0,

t2
— < _ .
P(|JAg+c —EAmrt+c)| > 1) < 2exp ( 32K2>

We state now a second concentration inequality we will use later in order to prove an
isotropic-like property of the semi-circle law.

Proposition 4.2. Let u be a unit vector of C", and ;1 € R. Let H be a random Hermitian
matrix of size N, such that the entries (H; j)1<i<j<n are independent and bounded by
K > 0. We denote by C, the set of Hermitian matrices X of size N, with top eigenvalue
Ax strictly less that p. Let also z € (u, +00).

(i). The function f, : C — R defined by

Fu (X) = (u, (z = X)),

is convex and 1/(x — p)?-Lipschitz with respect to the Hilbert-Schmidt norm || ||gs.

(ii). f, admits a convex extension to Hy(C), denoted f,, which is 1/(x — j1)?-Lipschitz
with respect to the Hilbert-Schmidt norm.
Moreover, for all x > u, and allt > 0,

P ( Fu(H)—E (fu(H))‘ > t) < 2exp (—(“T_W> .

32K2
Proof. (i). Let z > p. From [8, p.117], we know that ¢t — 1/t is operator convex on
(0,+00). Consequently, ¢ — (z —t)~! is operator convex on (—oo, z), and in particular on
(—oo, ). It means that the mapping f,,, defined on C by,

Fu(X) = (u, (z = X)),

is convex. Since = > u, we have for all X, Y in C,

FuX) = £V = |, (@ =207 = @ =) Ju)
(0@ = X) (X =Y) (@ =¥) )

1
@—p)2 1X =Y[ys-

IA
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Thus, f, is convex and 1/(x — u)?-Lipschitz.
(ii). Since f, is differentiable, we can write for all X € C

fu(X) = sup (fuY) +(VLu(Y), (X =Y))),

where (, ) denotes the canonical Hermitian product on the space of Hermitian matrices
of size N, denoted Hy(C). Let f, be defined for all X € Hy(C) by

Fu(X) = sup (fu(Y) +(VLu(Y), (X =Y))).

For all X € Hy(C), fu(X) < 400, since forallY € C,
1
IV )lgs € 77—
ST (@ - p)?
As a supremum of affine functions, fvu is convex and by the property above it is also
1/(xz — p)*-Lipschitz.

We show now that f, satisfies a bounded differences inequality in quadratic mean, in
the sense of [20, p.249] (see in the Appendix Lemma 9.4) on the product space Hy(C) of
Hermitian matrices with entries bounded by K. Let H and H’ pe two Hermitian matrices
with entries bounded by K. Let ((H) be a sub-differential of f,, at the point H. Then we
have,

fu(H) = fu(H')

IN

(C(H), (H — H"))
< Z ]lHi7j76H;1j4K|C(H)i,j|v

1<i<j<N

where ((H); ; denote the (i, ;) coordinate of ((H). Since f, is 1/(z — y)>-Lipschitz we
have,

1
C(H < —.
|| ( )||HS (IU*N)z
Using Lemma 9.4 in the Appendix, it follows that for all ¢ > 0,
7 7 (z — p)*t?
— < — ).
P (|futm) - E (fu(H))‘ > 1) < 2exp ( e 0

5 Exponential tightness

The goal of this section is to prove that (Ax,)nven iS exponentially tight at the
exponential scale N®/2. More precisely, we will prove the following.
Proposition 5.1.

lim limsup

S lim sup <727 logP (Ax, >1t) = —o0.

Proof. According to Weyl’s inequality (see Lemma 9.2 in the Appendix) we have,
Axy A4+ Ape + Acs + Ape,
where A, B¢, C¢, and D¢ are as in (3.1). Therefore
P(Axy >4t) <P(Aa >t)+P(Age > 1)
+P(Ace >t)+P(Ape >t). (5.1)

We are going to estimate at the exponential scale N*/? the probability of each of the
events {Aa > t}, {\pe > t}, {\ce > t}, and {Ape > t}.

From the assumption (1.1) on the tail distributions of the entries, we get the following
lemma, which we state without proof.

EJP 21 (2016), paper 32. http://www.imstat.org/ejp/
Page 9/49


http://dx.doi.org/10.1214/16-EJP4146
http://www.imstat.org/ejp/

Large deviations of the largest eigenvalue of Wigner matrices

Lemma 5.2. Fort > 0,

E (]1|X1,1|>t|X1,1|2) VIE (1‘X1,2‘>t‘X1,2

2) =0 (e‘gta> ,
with x > 0 as in (4.1).
We focus first on the event {\4 > t}. Applying the result of Proposition 4.1, we get
the following corollary.
Corollary 5.3. For allt > 0,

1
lim ——=

Jim ~os logP (JAa — 2| > t) = —o0, (5.2)

where A is as in (3.1).

(log N)?

Proof. If we apply Proposition 4.1 to A, with K = N

we get for any ¢ > 0,

2
P([Aa —EAa)] > 1/2) < 2exp <128(;;\7N)2d> .

Since a < 2, we have

. 1
%HiilgWIOgP(|AA—E()\A)| >t/2) = —c0. (5.3)

We know from [14] and [1, Exercice 2.1.27] that the largest eigenvalue of Xy converges
in mean to 2. Besides by Weyl’s inequality (see Lemma 9.2 in the Appendix) we have,

E[Aa — Axy|? < E (tr(4A - Xn)?)

1
=N > E (|Xm‘|2 Lx, 1> (log N)d) - (5.4)
1<i j<N

But from Lemma 5.2 we have,

2 _E(]o da
E (Il|X7‘,,_7“>(logN)d | X 41 ) =0 (6 3 (log N) ) ;

with x > 0 defined in (4.1). Putting the estimate above into (5.4), we get together with
the fact that da > 1,
EXa —Axy]? — 0,
N—+oo

which implies

E(\) (7 2 (5.5)

Putting together (5.3) and (5.5), we get

) 1

We can deduce from Proposition 5.3 that for ¢ large enough, we have,

1
limsup ——=loglP (Ag > t) = —cc. (5.6)
N—>+o§ Ne/2 5 ( 4 )

For the second event {\p: > t}, we start by proving the following lemma.
Lemma 5.4. For allt > 0,

I LI (t (B%)? > t) < B e

1M SUup ——5 10, r - ROQE s

N~>+OI<? No/z % -

with x > 0 as in (4.1).
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Proof. We repeat here almost verbatim the argument used in the proof of Lemma 2.3 in
[9, p.7]. We have

X il?
P (tr(B€)2 > t) :IP(Z | NJ| Ltog Nyi<| Xy sl oo <eNt/2 > t)

2%}
‘XA) |2
<P(2) S Lo npecix o ceniis > 1)
1<j
Xl :
= ]P( ;\fj ]l(logN)d<lXi,j|<\/§sN1/2 > 5)7
1<j

where we used in the last inequality | X; j|co < |Xi ;| < V2|Xi j]oo-
Let now A > 0. By Chernoff’s inequality,

¢ X, |2
P (tr (B€)2 > t) <e P2 H]E <exp <A| ;\f]| ]1(1ogN)d<|Xi,j|<\/§eN1/2)> . (5.7)

1<

2
We denote by A; ; be the Laplace transform of IX}\',” Lo Nyi<|x, ;< v2en1/2, @Dd Dy 1 the
distribution of | X; ;|. Then, we have

V2eN1/?

22
Ay (N) <1 +/ eA'Tdu(x).
(log N)4

Recall that for p a probability measure on R, and ¢ € C!, we have the following
integration by parts formula:

b b
[ st@)dutz) = g(@nla, +20) = gO)u (. +00) + [ @ulo. +00)
Thus,
\/EENI/Z
(log N)2d 2\ «2
Aij(N) < 1+,u[(1ogN)d,+oo)e“gNN +/(1 e Txe%u[x, +oo)dx.
og

a2

We define f(z) = 2 — sz, with  as in (4.1). For N large enough we get,

VEeN1/?
Ay (N <1+ of (log N)?) +/ %xef(”:)dx
(log V)4
<14 /(Mg N)?) | yy.2 max e (5.8)

[(log N)4,4/2e N1/2]

Choose \ = 2%/2=2kae =2t N*/2_ Observe that f is decreasing until z, and increasing
on [xg, +00), with xq given by

N\ V) 1/(2-a)
2o — <n;¢/\ ) _ (2170[/2N17a/2€27a) — V3:N/2.

Thus, the maximum of e/ on [(log N)?,v/2¢ N'/2] is achieved at (log N)?. Since a/2 < 1,
we have for N large enough,

f ((log N)d) = 2%/2 2 e 2 N/ 27 (log N)? — k(log N)4™ < fg(log N)de,

EJP 21 (2016), paper 32. http://www.imstat.org/ejp/
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From (5.8) and the inequality above, we get

Aij(\) <1+ e 2lloe Ny (1 + 2"‘/2/%%“]\[“/2) .
Since da > 1, we have for N large enough

Aij(N) <1+ e~ 5 os N)™ < oy (e 4(10gN)d°‘) .

Finally, putting this last estimate into (5.7) we get

2&/2

]P(tr (B°)? > t) < exp <— t/foze”aN"‘ﬂ) exp (Nze*%(log NYM) , (5.9

which gives the claim. O

Coming back at the proof of Proposition 5.1, we observe that
PO >1) <P (tr (B%)? > t2) :

Hence,
2a/2

limsup ——- log P (Ape > 1) < —Tt2ma5_2+a. (5.10)

N—+o00 of

We focus now on the third event {\ce > t}. The estimate is given by the following
lemma.

Lemma 5.5. Forallt > 0,

lim sup

K
logP (p(C%) > t) < ———te™HL, 5.11
Him sup N/Qg(() ) < NG (5.11)

with k as in (4.1) and where p(C*) denotes the spectral radius of C¢.

Proof. As
<
(e 1 Ziew Z I©3

we have

Il
=
=
M=
B
=
m
Z
A
ke
g
A
m
z
V
2

j=1
N
=NP(} v, > tVN), (5.12)
7j=1
with Y = | X1 ;|1 y1/24)x, ,)<y/3.1 51/2- But from Lemma 5.2 we deduce
E(Y;) =0 (e 5°N) =0 (1/VN).
EJP 21 (2016), paper 32. http://www.imstat.org/ejp/
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This yields for N large enough,

]P(in>t\/N><]P(i ) > \F) (5.13)
j=1

But by Bennett’s inequality (see in the Appendix Lemma 9.3), we have

(5 (1 500) -5 o (529).

Jj=1

with h(z) = (z+1)log(x +1) —x, and v = Z;\;l E (Y). Using again Lemma 5.2, we find,
v=0(Ne8=" V), (5.14)

As h(zx) ~ T log z, we have for N large enough,
Tr—r+00

P(i(&@- ~E(Y) > JVE) <o (—5 2o (ﬁm)) .

Using (5.14), we get

N
i < B _jeatt, .
hmsupN 72 logIP(Z ) > \/>> \/ite (5.15)

N—+o00 J=1

Putting together inequalities (5.12) and (5.13) with the last exponential estimate (5.15),
we get the claim

K
logP (p(C?) > t) < ———¢tetT, O
8P ((C7) > 1) < 1=

Finally, we now turn to the estimation of the last event {Ap- > ¢}. It will directly fall
from the following lemma.

lim su
N—+o0 P Ner2 N« /2

Lemma 5.6. Forallt > 0,

lim sup

K
logP (p (D) >t) < ——e™“.
N%OON/Qog (p(D7) > 1) < —5e

where p (D*) denotes the spectral radius D¢, and « is as in (4.1).

Proof. Just as in the proof of Lemma 5.5, we have

N
X .
]P(p(DE)>t)SNIP< |\/1’N] 15*1N1/2<|X1,j|>t)'

j=1

By Markov’s inequality we get

w\a

P(p (D) >

N
Z (X051 meanrrocix ) -
From Lemma 5.2 we deduce

_Egmana/2
E<|X1~,j|]15—1N1/2<\X1,j\) ZO(G 2 N ) :

Therefore,

P (p(D) > 1) = O (NVNe 55 "),
which gives the claim. O
EJP 21 (2016), paper 32. http://www.imstat.org/ejp/
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Putting together the different estimates (5.6), (5.10), (5.11) and (5.6), and using
inequality (5.1), we get

limsup ——~

72 log P(Ax, > 4t) < —Cjmin (22T et e7?) (5.16)
N—+o00 N«

where (' is some constant small enough. Taking the limsup as ¢ goes to infinity, and
then the limsup as ¢ goes to 0, we get finally

lim sup lim sup ——

loglP (Ax, >4t . O
t—+o0o N—+oo N/2 s (XN )

We show now that at the exponential scale we consider, C* has a bounded number
of non-zero entries. This will be crucial later when we will see C¢ as a finite rank
perturbation of the matrix A.

Proposition 5.7. For all > 0,

lim limsup ——=

=400 Nt oo No /2 IOgIP (Card{(l j) Ci,j 7& 0} > T) = —00

Proof. We follow here the argument of the proof of Lemma 2.2 in [9, p. 6]. We have,

P (Card{(i,j) : Cf’] #0} > 7-) — IP(ZHC?)].;AO S T)
,J
P(Zﬂ\&.ﬂmzaz\zl/z > r/2)
1<j

~ P(Zﬂ‘xi,j‘ZENl/z > 7'/2)

i<j

IN

Let p;; = P (|X; ;| > eN'/?). From (4.1), we get that p; ; = o (1/N?). Therefore it is
enough to show that for any » > 0,

lim sup lim su lo IP( (]1 N 1e — s ) >r> - .
r—>+oop Nﬁ+pN Jz 8 ; |Xi,;|>eNt/2 — Pij

Using Bennett’s inequality (see in the Appendix Proposition 9.3), we get
T
P(S (1o -s) #7) <o (0 (2).
i<j

with h(z) = (z +1)log(z + 1) —z, and v = >, p; j. As h(z) o zlog z, we have for N
large enough,
r
]P(; (]l\Xi,j\ZaNl/z - pi,j) > 7‘) < exp (77’ log (;>>
1]

< exp (r log (rN2)) exp (—rﬂaaNa/z) , (5.17)

where we used in the last inequality the fact that v < N2e %" N G/Q, with x as in (4.1).
Taking the limsup at the exponential scale in (5.17), we get the claim. O

As a consequence of the latter proposition, we get the following result.
Proposition 5.8. For all¢ > 0,

lim limsup ——=

log P k(C* .
Hm limsup 77 og P (rank (C*¢) > r) = —o0

Proof. As the rank of a matrix is bounded by the number of non-zero entries, we see that
Proposition 5.7 yields the claim. O

EJP 21 (2016), paper 32. http://www.imstat.org/ejp/
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6 Exponential equivalences

6.1 First step

We show here that we can neglect at the exponential scale N®/2, the contributions of
the very large entries (namely those such that | X; ;|- > ¢~'V/N) and the intermediate
entries (namely those such that (log N)? < |X; |« < eV/N) to the deviations of the
largest eigenvalue of Xy .

Proposition 6.1. Forallt > 0,

lim limsup —— log P (|Aa1ce — Axy| > t) = —o0,

EHON_M'_ N/2

where A and C* are as in (3.1). In short, (Aat+c<)nen,e>0 are exponentially good
approximations of (Ax, )Nen-

Proof. We have by Weyl’s inequality (see Lemma 9.2 in the Appendix),
P (JAarce — Axyl > 1) <SP (p(B°) > t/2) + P (p(D°) > t/2). (6.1)

But we know by Lemma 5.6 and 5.4, that

. ]- g t K —
sy o e P (0(0) > 5) £ 5
and
I 1 ]P(t (B%)? > t) < 2 e
imsu o r - KOEe ,
NP pN 7208 2)=""16

with k as in (4.1). Thus, taking the limsup at the exponential scale N%/2 in (6.1), and
then the limsup as € goes to 0, recalling that a < 2, we get the claim. O

6.2 Second step

We now show that in the study of the deviations of A4, ¢-, we can consider A and C*
to be independent. We will prove the following result.

Theorem 6.2. Let Py be the law of X ; conditioned on the event {| X1 1] < (log N)?}
and Qy the law of X; 5 conditioned on the event {|X12|oc < (logN)¢}. Let H be a
random Hermitian matrix independent of X such that (H; ;)i<i<j<n are independent,
and for1 <i < N, H,; has law Py, and for all i < j, H; ; has law Q. We denote by Hy
the normalized matrix H/v/N.

Forallt > 0,

1
lim lim sup ——= Na logP (|Axy — Ary+ce| > t) = —o0.

e=0 Ni4oco a/2

With a similar argument as in the proof of Proposition 5.7, we get the following
lemma.

Lemma 6.3. Let I = {(i,]) : | Xi j|oo > (log N)?}. Forallt > 0,

1
: a/2y
NLHE 73 logP(]I| > tN/%) = —o0.

Proof of Theorem 6.2. Due to Proposition 6.1, it is enough to prove for any £ > 0 and
any t > 0,

1
limsup —— o7z logP (|Aa+ce — AHpy+coe| > t) = —o0.
N—+ N«
EJP 21 (2016), paper 32. http://www.imstat.org/ejp/
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We will follow the same coupling argument to remove the dependency between A and
C*, as in the proof of Proposition 2.1 in [9].
Let I = {(,5) : | Xi j|oo > (log N)¢}. Let A’ be the N x N matrix with (4, j)-entry,

H. .
- i,j
Aij =1 g1l + ]l(i,j)eli\/ﬁ~
Let F be the o-algebra generated by the random variables X; ; such that (¢, j) € I. Then

A’ and Hy are independent of 7 and have the same law. By Weyl’s inequality (see
Lemma (9.2) in the appendix),

|)‘A+C5 — )\A’+C’E ‘2 S tr (A - A/)2

- Z |Aij = Ag,j|2
i
1
=N > (]l(i,j)el |Hm-|2)
i

log N)24

< |1|( 5 (6.2)

Let ¢ > 0. Define the event F = {|I| < t?N/(log N)?**}. Then, by Lemma 6.3 we have,

. 1 o
NLHEOO Nor2 loglP (F°) = —c0. (6.3)

But according to (6.2),
ﬂF |)\A+CE - )\A/+CE‘ S t. (64)
Thus,

. 1
NE}EOO No72 logP ([Aatce — Aargce| > t) = —o0.

But C¢ is F-measurable, and conditioned by F, A’ is a random Hermitian matrix with
up-diagonal entries independent and bounded by (log N)¢/ V/N. According to Proposition
4.1, we have

. 1
N1—1>I-Iﬁ-loo W IOgP (|)\A/+Cs — E]: ()\A/+Cs)| > t) = —00,

where Ex denotes the conditional expectation given F. Applying again Proposition 4.1
to Hy and C¢, we get

, 1
N Narz log P (IMay+ce = Er (Amy4ce)| > t) = —o0.

But A’ and Hy are independent of F and have the same law. Therefore,
Er (Aartce) =Er (Auy+ce)-

Thus by triangular inequality,

. 1
NLHEOO Na/2 log P (|Aatcs — Amy+ce| > 3t) = —oo,

which ends the proof. O
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6.3 Exponential approximation of the equation of eigenvalues outside the bulk

As a consequence of the LDP for the empirical spectral measure proved in [9], we
show in the next proposition that the deviations at the left of 2 have an infinite cost at
the exponential scale N®/2. This result will allow us to focus only on understanding the
deviations of the largest eigenvalue at the right of 2.

Proposition 6.4.

1
Ve <2, limsup ——= logP (Ax, < ) = —o0.

N—+o0 Na/Q

Proof. According to [9], we know that the empirical spectral measure i x, satisfies a
LDP with speed N'+%/2, and with good rate function I which achieves 0 only for the
semicircular law o,.. Let z < 2 and h be a bounded continuous function whose support
isin (z,2), and such that o4.(h) = 1. We have

g ()\XN < J}) < ]P(IU’XN(h) = O)

But F = {y € M1(R) : u(h) = 0} is a closed set with respect to the weak topology and it
does not contain o,.. Then

limsup ————
Neosgoo N1Ha/2

Since o4 ¢ F, infp I > 0. Thus,

logP (uxy (h) =0) = —ir}f[.

ljifrij}igﬁloglf’()\xl\, <z)=-—00. O
In the view of Theorem 6.2, Proposition 6.6, and Proposition 6.4, we are reduced
to understand the deviations in (2,400), at the exponential scale N a/2 of the largest
eigenvalue of the perturbed matrix Hy+C*¢, where C¢ can be assumed, due to Proposition
5.8 to be a finite rank matrix. We will use here the same approach as in many papers on
finite rank deformations of Wigner matrices (see for example [7] or [16]) to determine
the behavior of the extreme eigenvalues outside the bulk of a perturbed Wigner matrix.
This approach is based on a determinant computation, stated here without proof, in the
following lemma. It is a direct consequence of Frobenius formula (see Proposition 9.1 in
the Appendix).
Lemma 6.5. Let H and C be two Hermitian matrices of size N. Denote by k the rank
of C, by 61, ...,0; the non-zero eigenvalues of C in nondecreasing order and u, ..., Uy
orthonormal eigenvectors associated with these eigenvalues. Let Sp(H ) be the spectrum
of H. If A\y+c ¢ Sp(H), then it is the largest zero of fy, where fy is defined for all

z ¢ Sp(H) by

fn(2) = det (My/(2)), where My(z) = Iy — (0i<u7;, (@ —H)™ Uj>)1<l_ e

To make this strategy works, we need a control on the spectrum of Hy which will
allow us to assume that the spectrum of Hy is nearly included (—oo, 2] at the exponential
scale we consider. As a consequence of Proposition 4.1, and arguing similarly as in the
proof of Corollary 5.3, we get the following proposition.

Proposition 6.6 (Control on the spectrum of Hy). Let § > 0. Define
Cs :{XEHN(C) X <2+6}
Then,

I 1
N—IH-IOO NO‘/2

with H is as in Theorem 6.2.

loglP (Hy ¢ Cs) = —o0,

EJP 21 (2016), paper 32. http://www.imstat.org/ejp/
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The goal of this section is to prove an exponential approximation of the equation of
the eigenvalues of the perturbed matrix on every compact subset of (2, +00). We will
prove the following result.

Theorem 6.7. Let Hy be as in Theorem 6.2 and let Cy be an independent random
Hermitian matrix. Let k be the rank of Cy, 01, ...,0; the non-zero eigenvalues in non-
decreasing order of Cy and uy, ..., uy, orthonormal eigenvectors of Cy associated with
those eigenvalues.

Letd >0, p > 0, and r € IN. Define the event

W = {rank(Cn) =71, p(Cn) < p, Agy <2+ 6}, (6.5)
where p(Cy) is the spectral radius of Cy. For any t > 0, and any compact subset K of

(246, +00),

. 1
lzlvniilif Na7z logIP({ Sup (@) = fz)] > t} N W) = —o0,

where fy is defined for any x ¢ Sp(Hy) by

fn(x) = det (My(z)), with My(x) = I} — (9i<uia (z— Hy)™' Uj>>1<1,,7j<kv

f is defined for any x > 2 by f(z) = det (M (z)), with

HlGasc(x) 0 0
0 . .
M(I') = Ik — T )
0
0 0 0,Go. (2)

where G, (z) is defined in (1.2).

6.4 First step

We start by showing that My is close to its conditional expectation given Cy. As a
consequence of Proposition 4.2, we get the following concentration result.

Proposition 6.8. Let u, v be two unit vectors. Define for all x > 2 + 6,
by (u,v) = Lo, (u, (x — Hy) ™ o),

where Hy is as in Theorem 6.2, and Cs = {X € Hy(C) : Ax <2+ 0}. Foranyt > 0,

lim ——>log sup P ([by(u,v) — E(bn(u,v))| >t) = —oc.
N=voo N2 12 o =1

Proof. Since by is a bilinear form, by the polarization formula we see that we only need
to prove,

N1—1>I-rs-loo Narz loguiﬁglP (|bn (u, w) — E (by (u, u))| > t) = —o0.

By assumption, Hy has its entries bounded by (log N)¢/ V/N. Applying Proposition 4.2
with g = 2 + §, we get that for any =z > 2 + 4,

. 1 . -
i, st s P ([0 < B (faao)| =) < oo
EJP 21 (2016), paper 32. http://www.imstat.org/ejp/
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where fu is a convex extension of f, which is defined on Cj by

ful¥) = (u, (@ = Y) " ).

Furthermore, f, is 1/(z — 2 — 6)?-Lipschitz, with respect to the Hilbert-Schmidt norm.
We have for all £ > 0,
P

which, invoking Proposition 6.6 yields,

. 1
N arz 108 Sup P (

Fu(Hy) — bN(u,u)‘ > t) <P (\gy ¢ Cs), (6.7)

fu(Hy) — bN(u,u)‘ > t) = —0o0. (6.8)

Moreover,

fu

)

fu(Hy) - bN("«hU)‘ < 1y, ¢os sup
N

where the supremum is taken over the set Ky of Hermitian matrices of size N with
entries bounded by (log N)?/v/N. Thus,

E|f.(Hy) be(u,u)‘ < sup ful P Oiry 2 C5). (6.9)
N
It only remains to show that
sup B |f,(Hy) — bN(u,u)‘ 0. (6.10)
|lul|=1 N=oo

Indeed, putting together (6.6) with (6.8) and the claim above, we will get by the triangular
inequality,

1
Wi a7z 108 sup P by (u,w) — B (by(uu))| > 2) = —oo.

We now show (6.10). Since x > 2 + §, we have for all H' € Cs,

n<t
[fu(H')| < .

with 7 = # — (2 + §). Let H be a Hermitian matrix with entries bounded by (log N)?/v/N.
P = H
FulH) = Fu( )|+

We have, =
)| G|

But H/(||H|| + 1) is in Cy, thus |f, (H/(||H|| +1))| < % Besides f, is 1/7%-Lipschitz with
respect to the Hilbert-Schmidt norm. Therefore,

fult)] <

1 1
JulH)| < =51\ Hllas + -
772‘ | U

d d
< \/]V(IOQgN) n 1 < 2\/N(1c2)gN) .

n n n
We deduce that JE 4
~ 2v/N(log N
sup £, < 2N Uoe M)
Kn n

From Proposition 6.6 we get,

E|fu(Hn) — by (u, u)] N 0,

which ends the proof of the claim. O
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We are now ready to prove that My, restricted to the event that the spectrum of Hy
is in (—o00, 2+ 0) for some ¢ > 0, is exponentially equivalent to its conditional expectation
given Cy, uniformly on any compact subset of (2 4 4, +00).

Proposition 6.9 (Concentration in the equation of eigenvalues outside the bulk). Let H
be as in Theorem 6.2, and let Cy be an independent random Hermitian matrix. Let k be
the rank of C'y, 61, ..., 0; the non-zero eigenvalues in non-decreasing order, and u, ..., uy
orthonormal eigenvectors associated with these eigenvalues. For all x > 2 + §, we define

~ —1
My (z) =1 — (91:<Uz', Tryec; (€ — Hy) Uj>>1§i,j§k7

where Cs = {X € Hy(C) : Ax < 2+ ¢}, and where Hy is as in Theorem 6.2.
Lett > 0 and p > 0. For any compact subset K of (2 + 9, +00),

Wi a7z oeP({ sup [M@) - ey (3n(@)] >t} n) = -,

where

V = {rank(Cy) =7, p(Cn) < p},
and E¢, denotes the conditional expectation given Cy, and where for any matrix M,
|M‘oo = Sup; ; |M1J|

Proof. Fix z in (2 4+ §,+o0) and i,5 € {1,...,r}. We will denote by P¢, the conditional
probability given C'y. We have,

1y Pe, (WN(x)i,j—ECN (MN(x)m)] > t) < sup  P(plbn(u,v) — E(by(u,0))| > 1),

[lull=[lv]|=1

where by (u,v) is as in Proposition 6.8. Thus, from Proposition 6.8, we get

it ([t s (vt 1} ) = -

Taking the union over all the ¢,j in {1, ...,7}, we get for any = € (2 + §, +00),

ot ([ - ey ()| > 0v) = =

We now use a e-net argument to extend this exponential equivalence uniformly in z in
a given compact subset K of (2 4+ §,+00). Let n € IN. Since K is compact, there are a
finite number of points in {x € K : nz € Z}. Taking the union bound, we deduce that for
any t > 0,

i a7 o6 ({ sup [31w(o) - B, (31v(0)
nreZ

>t}mv) — —c0. (6.11)

o
Note that provided p(C?¢) < p, we have for any =,y € K,
~ —~ _ - P
(M (@) = M (y)| < ple = yltmsecyllie — Hx) LIy — Hr) 7 < Jle —yl,

where 7 = inf K — (2 + §). Therefore, on the event V, the function z € K — My(z) is
p/n?-Lipschitz with respect to the norm | |, and we have,

vek My () = Eoy (MN(@”))’OO < jlellp; My (2) = Ecy (Mw(x))‘oo + W

Taking n large enough we get from (6.11) and the inequality above, that for any ¢ > 0,

NLHEOO NO‘/Q 1ogIP({ 51612 Mpy(z) — Ec, (MN(QS)) ‘OO > t} N V) = —00. O
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The second step of the proof of Theorem 6.7 will be to prove an isotropic-like property
of the semicircular law. This will be made possible due to the results on estimates of the
coefficients of the resolvent of Wigner matrices in [22]. This is where our assumption
on the independence between the real and imaginary parts of the entries of our Wigner
matrix X plays its role.

Theorem 6.10. For any compact subset K of (2 + ¢, +00),

sup sup ’(u,]E (]lHNEC(; (x — HN)_1> v) — (u,v) Gy ()] —> 0,
€K ||ul|=||v]|=1 N—+o0

where Cs = {X € Hy(C) : Ax <2+ ¢}, and where Hy is as in Theorem 6.2.

Proof. Let u and v be two unit vectors. Let K be a compact subset of (2 + §, +00). Set
n =inf K — (24 ). To ease the notation, we denote for any z ¢ Sp(Hy ), the resolvent of
Hy, R(z) = (2 — Hy)™'. Lety > 0 and = € K. We write z = x + iy. We have,

Layeey I Rz)v) = (w RE < Ligec ||z~ Hy) ™ (2 = 2) (= Ho) 7| < 75
Thus,
1
B |Liyecs (w R@)e) = (w RE)0)| < -5+ P (Hy ¢ C).
Take y = 1/log N. From Proposition 6.6, we get uniformly for z in K,
sup IE‘]IH cC <u R(x > <u R(x—|— >v> 0. (6.12)
lull=l[v] =1 A Notec
Thus, we only need to show,
sup U R(x—l— ) )— u,v) Gy, ()] —> O,
llull=lv]|=1 << log N ) = ) G @) 22,

uniformly for z € K.
Expanding the scalar product and using the exchangeability of the entries of Hy, we
get

(w,ER(z)v) = > WER;;(2)v

1<i,j<N
= (u,v) ERy 1(» —l—ZulvjERl 2(2)
i#]
= (u,v) EtrR (2) + > _ T ER 2(2).
i#]
Since v and v are unit vectors,
1
(u, ER(2)v) — (u,v) E (NtrR(z)) ‘ < N |ER;:2(2)]. (6.13)

But since the entries of X have finite fifth moment and their real and imaginary parts
are independent, we have according to Proposition 3.1 in [22],

ER: 2(Xn)(2) =0 (W) : (6.14)
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uniformly for z € C\ R, where we denote by R(Xy) the resolvent of X, and where Py
is a polynomial of degree 9. But recall from the proof of Proposition 6.2 that Hy has the
same law as the matrix A’, where A’ is the N x N matrix such that

Hi,;

_ i
Ai,j—ﬁ]1|xi,j|xs<1ogzv>d+\/Nﬂwxi,jwaogww-

Thus,
ER;5(z) = ER(A")12(2), (6.15)

where R(A’) denotes the resolvent of A’. Using the resolvent equation we get,
N|ER(A")15(2) — ER(Xn)12(2)] < N (log N’ E||A" — Xn|| g (6.16)

where ||.||zs denotes the Hilbert-Schmidt norm. But it is easy to see that

1
E|A — X =o| ——— |,
14 = Xl (N(logN)2>

since we know from Lemma 5.2 that

E( | Xi 51 x, j|>(logN)d> =0 (eig(logmda) .

with x as in (4.1) and da > 1. Thus, the latter estimate, together with (6.16) and (6.15),
yields,
i i
N |[ER ( 7)—ERX ( 7) N
‘ L2\ -+ log N (X2 + log N/ | N—=+oo

uniformly in z € K. Using (6.14), we get

)

N]ERLQ (l‘ + L

6.17
log N) Noteo 0, ( )

uniformly in z € K.
By the same coupling argument as above, one can show that

1 7 1 i
By ) (7 ) - By (e + )
NI‘R( N) .’L-l—logN NI‘R £E+1OgN N—>_+>ooo
uniformly for x in K.
But according to [22, Proposition 3.1], we have also

1 1
E(—trRX 2 ) =Gy (2)+O [ ———],

ATR(XN)(2)) = G, (2) (WZ)'GN)

uniformly on bounded subsets of C \ R. We deduce that,
1 i
E(NtrR(:c + logN)) v Go(@), (6.18)
uniformly for x in K. Thus, putting (6.18), (6.17) together with (6.13), we get
i
su u,ER(z—i— )v —(u,v) G, ()| — 0,
==t < oy ) ")~ (1 G ]\ 0

uniformly for x in K, which completes the proof. O

As a consequence of Proposition 6.9, and the isotropic property of Proposition 6.10,
with the control on the spectrum of Hy proved in Proposition 6.6, we get the following
exponential equivalent for My.
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Proposition 6.11. Let Hy be as in Theorem 6.2 and Cy be a random Hermitian matrix
independent of Hy. Let k be the rank of Cy, 01,65, ...,0; the non-zero eigenvalues of
C\y in non-decreasing order, and uq,us, ..., u;, orthonormal eigenvectors associated with
these eigenvalues. We define for x ¢ Sp(Hy),

)

1<i,j<k
and for all x > 2,
elGJSC (IL') 0 0
0. "
M(:Z?) = Ik — e
0
0 0 0,Go.(2)

Let § > 0 and p > 0. For any compact subset K of (2 + J, +o0) and t > 0, we have
. 1
Nl_l)I_Ii_loo N2 logIP({ jgg My (xz) — M(x)|, > t} N W) = —00,
with
W = {rank(Cy) = r, p(Cn) < p, \pgy <2+ 0}.

Proof. By triangular inequality, we have

IP({ sup |Miv(z) ~ M ()] > t} N W)

< IP({?EJE MN(;U) —Ecy (MN(x))‘OO > t/2} N V)

—HP({ 52;13 Ec, (MN(Z‘)) —M(JC)LO > t/Q} ﬂV),

with
V = {rank (Cy) =1,p(Cn) < p}.
From Theorem 6.10, we know that
o~ LOO
sup 1y ’ECN(MN(:L‘)) —M(:v)‘ =~ 0,
reK oo N—+oo

where the convergence takes place in the space of essentially bounded functions. Thus,
for N large enough,

]P({ sup My () ~ M ()] > t}mw)g ]P({ sup My(z) — Ec, (MN(:E)) LO > t/2}ﬂV),

which, applying Proposition 6.9, ends the proof. O
We are now ready to give the proof of Theorem 6.7.

Proof of Theorem 6.7. Let K be compact subset of (2 4 ¢, +00). Assuming W occurs, we
see that for all z in K, the matrices My (x) and M (x) have their spectral radii bounded
by

1
1 1, —mM8M8M
*”m“( ’d<2+a,f<>>’

where d(2 + 6, K) is the distance of 2 + ¢ from K. Therefore M (z) and My (x) remain in
a compact set of M,.(C). As the determinant is uniformly continuous on compact sets of
M.,(C), Theorem 6.11 yields the claim. O

EJP 21 (2016), paper 32. http://www.imstat.org/ejp/
Page 23/49


http://dx.doi.org/10.1214/16-EJP4146
http://www.imstat.org/ejp/

Large deviations of the largest eigenvalue of Wigner matrices

6.5 Exponential equivalence of the largest solutions of the eigenvalue equa-
tion and the limit equation.

We are interested here in finding simple exponentially good approximations of
(Axy ) Nen, which will allow us to derive a large deviation principle for Ax, . To this end,
define forall N € N and € > 0,

Gil (1/)\05) if )\Ca > ]_7
_ )G = (6.19
HNe {2 if Aee < 1. )

We will show in this section the following result.
Theorem 6.12. Forallt >0

lim lim sup —~=

limlimsup 777 10g P (M = pive| > 1) = —oo.

In other words, (p. N)NeNe>0 are exponentially good approximations of (Ax, )nen at
the exponential scale N®/2.

Since we know from Theorem 6.2 that (Am,+c<)Nen,e>0 are exponentially good
approximations of (Ax, ) ven, we only need to prove Theorem 6.12 with Ay, c- instead
of A\x,. For sake of clarity, we will focus first on finding an exponential equivalent of
Arry+cn Where Cy is a general random Hermitian matrix independent of Hy, and then
we will apply our result to the matrix C¢ to get Theorem 6.12.

We know by Lemma 6.5, that provided Ay, 1c, is outside the spectrum of Hy, it is
the largest zero of fy defined for all z ¢ Sp (Hy) by

-1
Fa(z) = det (Ik . (9i<ui, ( — Hy) uj>)1§i,jgk )
with k the rank of C'y, 61,0, ..., 0) are the non-zero eigenvalues of Cy in non-decreasing
order and uq, uo, ..., ux, are orthonormal eigenvectors associated with those eigenvalues.
But from Theorem 6.7, we know that this function is arbitrary close to a certain limit
function f on every compact subset of (2, +00) with an exponentially high probability,
with f defined for all = ¢ (—2,2) by

k
=J[0-6:Go..(2)). (6.20)
i=1

Therefore, one can hope that the largest zero of fy, which is the top eigenvalue of
Hy + Cl, is arbitrary close to the largest zero of f. But since

_ 2_4
Ve > 2, Gy, (¢) = ——5—,
(see [1, p.10] for the computation), we see that G,,, is decreasing on [2, +00) taking its
values in (0, 1], and that

1
vz € (0,1], G;L (z) =z + =
Thus, f admits a zero only when 6, > 1, in which case its largest zero is G, (1/6;),

which is also equal to G (1/A¢y).

Proposition 6.13. Let HN be as in Theorem 6.2, and let Cy be a random Hermitian
matrix independent of Hy. Letd > 0 andl > 2+ 2). Forallt >0 andr € IN,

1
NEIE Ne Naj2 10g]P(|)\HN+CN /U'N‘ >t puN > 2+25, /\HN+CN < Z;CN € ‘/r,l) = —00,
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where
G hay) Ay > 1,
e ifAcy < 1.
and
Vr,l = {C & HN(C) . rank(C’) = T’p(c) S l/Go-Sc(l)} ]

Proof. We start by reducing the problem to the case where Cy has its top eigenvalue
simple and bounded away from its last-but-one eigenvalue. Let u be an eigenvector
associated with the largest eigenvalue of Cy. Let v > 0. We denote by C](\7) the matrix
defined by,

C’](\?) = Cn + yuu®.
By definition, the largest eigenvalue of C is bounded away from its last-but-one eigen-
value by ~. Provided that A¢, > 1, we define

ny =Gk (Acy.,) = Gl (1/ ey +7)).
Weyl’s inequality (see Lemma 9.2) yields,

|)\HN+C](\}Y) - )\HN+CN‘ <7.

Asforall z € (0,1], G;! (v) = = + 1, easy computation yields

Iy — vl < 2v.
Thus, we see that it is sufficient to prove the statement in Proposition 6.13 but with VT(})
instead of V,.;, where

V) = {C € Hy(C) : rank(C) = r, p(C) < 1/Go., (1), 6,(C) —0,-1(C) = 7},

where 6,.(C), and 6,_1(C) denote respectively the largest and the second largest eigen-
value of C.

We know from Theorem 6.7 that the functions fy and f are arbitrary close on any
compact subset of (2, +00), with exponentially high probability. Since we cannot make
the error on the distance between fxn and f in Theorem 6.7 depend on C, we need now a
kind of uniform continuity property of the largest zero of continuous functions belonging
to a certain compact set, to get that their largest zeros are close with exponentially high
probability. This is the object of the following lemma.

Lemma 6.14. Let K' C K be two compact subsets of R, such that there is some open
set U such that K’ C U C K. Let K a compact subset of C(K), the space of continuous
functions on K taking real values. We assume that any f € K admits at least one zero in
K, its largest zero, z(f), lies in K’, and f changes sign at z(f). Then, for allt > 0, there
is some s > 0, such that for all f € K and g € C(K), such that

g admits at least one zero in K, and its largest zero z(g), satisfies

2(f) = 2(9)] <s.

Proof. As an consequence of the intermediate values theorem, the function ¢, defined
for all g € C(K) by,

Zmax(g) if g admits a zero in K,
#(g) = .
T otherwise,

is continuous at each f € K. As the set K is compact, we get the claim. O
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We come back now at the proof of Proposition 6.13. Observe that if Cy € v

r,l
then uy < I. Let K be a compact set such that there is an open set U satisfying

[2+26,]] CU C K C (24 6,+00). Note that the subset

’C(’Y) - {x S K — H o';c )) : (917"'797’) € 6"/} )

where
0 ={(01,..,0,) ER": —p <01 < ... 0,1 <0, —7, 1 <0, <p, G;1(1/0,) € K'},

is a compact subset of C'(K). Applying Lemma 6.14 with K’ = [2 + 24,[] and K, we get
for any ¢ > 0, that there is s > 0, such that

P <|/\HN+CN - /-LN‘ >t uN € K/,/\HN+CN < lch € ‘/»,‘(,7))

§P<{Sup lfn(z) — f(z)] >s}ﬂW> +P (Mg, >249),

zeEK

with
W = {rank(Cy) =1, p(Cn) <1/Go,.(1); Auy <2+ 6}.

By Theorem 6.7 and Proposition 6.6, we deduce that,

. 1
NLHE No72 log P (|>\HN+CN un| >t un > 2426 Agyroy <I,Cn € VT(])) = —00,

which ends the proof of Proposition 6.13. O

We are now ready to give the proof of Theorem 6.12.

Proof of Theorem 6.12 . According to Proposition 6.4, we only need to prove that for
¢ > 0 small enough,

1
ig%lzifnii_up Nayz logP (|Axy — ine|l > 8 Axy >2—9) = —o0.

Taking 0 < ¢/3, we see that it is actually sufficient to show

log P (JAxy — > 2+ 20) = —cc. (6.21)

lim li
Jim lim sup 27

Using Proposition 6.13, but with C* instead of Cy, we get for any [ > 2 4+ 29, and s € N,

limsup ——~=

No/2 IOg]P (|>\HN+CE ,U'N,e| > tvﬂN,s > 2+ 26, >\HN+Ca < Z,Ca S ‘/571) = —00,
N—+o00

where [y . is defined as in (6.19), and where V,; is defined in Proposition 6.13. Let
Veri = U;_oVs,. Since V<, is a finite union of the V; ;’s, we get

limsup ——

No/2 1OgIP (|)‘1’1N-‘rcE NJN,6| > t?:LLN7€ > 2+ 257 )\HN“’CE < lvcg € VSTJ) = —00.
N—+4o00

As a consequence of Lemma 5.5 and Proposition 5.8, we deduce that for any € > 0,

lim limsup ——=

rl=+00 Noyqoo N /2 log P (C* ¢ Very) =
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1

N—+o00 Ne/2

log]P (|)\HN+C€ — UN,e| > t,,uN,E > 2+ 26, )\HNJ’_CE < l) = —0Q.
Using the fact that according to Theorem 6.2, (A, +c<)NeN.e>0 are exponentially good
approximations of (Ax, ) nveN, We get,

- 1
glgg)l]lvrgitgw logP (|Axy — pine| >t pune > 2425, Ax, < 1) = —o0.
But (Ax, )nen is exponentially tight according to Proposition 5.1, thus we can conclude
that,

1
1 1 - _ > —
;m(lj hmsup «/2 IOgIP (|)\XN MN,5| > t,/J,N’E 24+ 25) o0,

which ends the proof. O

7 Large deviations principle for the largest eigenvalue of X

Our aim here is to prove for each ¢ > 0, a large deviations principle for (uyc)nen-
Since (un ) Nen,e>0 are exponentially good approximations of the largest eigenvalue of
X, we will get a large deviations principle for (Ax, ) ven-

For every r € IN, we define

E ={A€Up>1H,(C): Card{(4,5) : Ai; # 0} <r}.

For any n € IN, let S,, be the symmetric group on the set {1,...,n}. We denote by S, the
group U,enS,. We denote by ET the set of equivalence classes of £, under the action of
S, which is defined by

Vo e S,YA€E,, 0.A= M AM, = (Aa(i),a(j))i’j ,
where M, denotes the permutation matrix associated with the permutation o, that is,
My = (8i,0())i.j-

Let H,(C)/S, be the set of equivalence classes of H,(C) under the action of the
symmetric group S,. Note that any equivalence class of the action of S on &, has a
representative in H,.(C). This defines an injective map from &, into H,.(C)/S,. Identifying
&, to a subset of H,(C)/S,, we equip &, of the quotient topology of H,(C)/S,. This
topology is metrizable by the distance d given by

VA,B S gr, CZ(A,B) = min max Bo(i),a(j) — Aa’(i),a’(j)

o,0'eS i,j

; (7.1)

where A and B are two representatives of A and B respectively. Since the application
which associates to a matrix of H,(C) its largest eigenvalue is continuous and is invariant
by conjugation, we can define this application on H,.(C)/S, and it will still be continuous.
Therefore, the application which associates to a matrix of gr its largest eigenvalue is
continuous for the topology we defined above. This fact will be crucial later when we
will apply a contraction principle to derive a large deviations principle for (u. n)new,e>0.

Let e > 0. Let IP?V}T be the law of C¢, with C¢ as in (3.1), conditioned on the event

{C® €&}, and ]lN)}:V,T the push forward of P% ,. by the projection 7 : £, — En.

Proposition 7.1. Let r € IN and € > 0. Then (F%,T)NEJN satisfies a large deviations
principle with speed N®/2, and good rate function I. , defined for all Ae g,, by,

I (/1) b | Aiil® + T2 it |Ai 4| ifA€Dey, (7.2)
e,r - . .
400 otherwise,
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where A is a representative of the equivalence class A and
Ds,r = {A €& Vi< 7, Ai’j =0or < |Ai)j| < 6_17 and Ai,j/‘Ai,j| S Supp(yi’j)} R

withv; ; = vy ifi = j, and v; ; = 1, if i < j, where v; and v, are defined in (1.1).

From the assumptions 1.1 we made on the tail distribution of the entries, and the
independence of the angle and the modulus of the entries, we have the following lemma.

Lemma 7.2 (From [9, p.2478] ). For all v > 0, and all x # 0 with z/|z| € supp(r1), there
is a sequence (by)nen which converges to b, such that for N large enough,

F (Xl’l/\/ﬁ €lz—y,z+ 7]) > ebnla|* N2

Similarly, for all z # 0 such that z/|z| € supp(v2),
(an)Nen which converges to a, such that for N large enough,

P <X1,2/\/N S BC(Z,’Y)) > efaN|z|"Nﬂ/2'

Proof of Proposition 7.1. Property of the rate function: The function ¢ defined on

H,(C) by,
A =bY AT+ Y Al
i=1 1<ij<r
has compact level sets. Thus, we can deduce, by definition of the topology we equipped
ENT, that the rate function I , has also compact level sets.
Exponential tightness: Let 7 > 0. We define,

= {/1 c gr : Z ‘Ai’j|a < ’7}7
i,jEN
where A denotes a representative of A. Since the set
{aem@©: Y 14" <},
1<i,j<r

is a compact subset of H,.(C) and invariant under the action of S,, we can deduce, by
the choice of the topology we equipped 5T, that K is a compact subset of 5 Then, by
definition of IP§V7T, we have

Py, (K<) :lP< > oeg|t > ylcf 6&). (7.3)
1<i,j<N

But 1y Slcs 1>y and lc-cg, are respectively nondecreasing and nonincreasing with
respect to the absolute value of each entry of C¢. Therefore, Harris’ inequality yields,

P( Y el >alcrea)<p( > oi,|" =)

1<i,j<N 1<4,j<N
N
< ]P(Z C5,1° > 7/2) +1P( S > 7/2).
i=1 1<i#j<N

Now choose a; such that 0 < 2a; < a, and b; such that 0 < b; < b. By Chernoff’s
inequality we have,

. N
(K) < e iN""*1/2 (ebl‘X“'aﬂezvl/Zg\xl,usE’lNl/z)
)<

N(N-1)/2
+ e—a1Na/2,y/2E (620.1|Xl,2|°‘ILEN1/2S‘X172‘w§871N1/2) ( )/ (7.4)
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Let by € (b1,b). For t large enough we have,
P (| X1 >t) <e P2

Thus, integrating by part just as in the proof of Lemma 5.4 we get, for NV large enough,
E (e”l‘lel‘“ﬂswl/zgxl,“ss*””) < exp ( b 6_(1’2_"1)6%&/2) : (7.5)
- by — by

Similarly, for N large enough and with a, such that 2a; € (2a;,a) we have,

«@
E (€2a1|X1’2| 15N1/2§\X1,2\WSE*1N1/2) <exp (a a2a e 2laam et /2> . (7.6)
2 —ai

Therefore, putting together (7.5) and (7.6) into (7.4), we get,

) 1
limsup ——=

Pe roC 7

which proves that (IAE;‘JE\,,) ~Nen is exponentially tight.
Lower bound: Let A € H,.(C). Without loss of generality, we can assume that

I. .(A) < 40, that is A € D, .. Moreover, we assume that forall 1 <i,j <7,

Ai’j =0ore< ‘Ai’j| < 8_1.

Let § > 0 be such that

. . -1
§ < min (A{_r}jl;lo |A;j| —e,e7 —  fax |Ai ;1 ,5) .

Let
B(A,a) - {XGET:J(/LX> <5},

with d being the distance defined in (7.1). We have

for (B (4.8)) = (im0 00— | <51 7 ).
Let
Boo,N (A,(S) = {X € Hy (C) : 1§Hil,?§N |Xi7j — A7;7j| < 5} .

Since § < ¢, and since all the non-zero entries of C¢ arein {z € C: ¢ < |2| < &'}, we
see that if C° € By, n(A4,6), then C° € &,. Thus,

P, (B (,21,5)) > P (C° € Booy (A,0)|C° € &)

1
=——P(C°eB A))). 7.7
But by independence, we have
N
P (C° € Boo v (A4,0)) = [[P(IC5; — Aial <0) [P (IC5,; — Aijl < 6). (7.8)
i=1 i<j
Since
4 < min ( min |4; ;| —e,e”! — max |A”|) ,
Aqi ;70 1<i,j<r
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we have

Xii
’\/ﬁ — Ai,i < 5) ]].Al.,i?go +P (Cil = 0) ]lAi,i:(].
Thus, according to Lemma 7.2, there is a sequence (by)nen converging to b such that,

bl A o N
P (|Cz€,z — Ai,il < (S) >e bn|Ai "N zﬂAi,Hgo =+ (1 —P (|Cz€,z| 75 0)) ILAM:O
> embvlAlTNy (1 —Pp (\Xm»| > 5N1/2)) 14, 0.

For N large enough we get, with « defined in (4), we get

P (‘C’LE,Z N Az,z| < 5) > e—bN\Ai,ilaNa/2]lAi7i¢O n (1 . e—maﬂch/z) ]lA“_:O

> 6be\Az‘,i|aNa/2 <1 _ efﬁgaNa/Z) . (7.9)
Similarly for i # j, we have,
P (|Ci8,j . Ai,j‘ < 5) > e—aI\/IAi,HQNQ/2 (1 — e_”‘gaNa/z) , (7.10)

where (ay)nen is a sequence converging to a. Putting (7.9) and (7.10) into (7.8), we
get,

N2
P (CE € Boo.N (A7 6)) > e_bNZiZ1 |Al,i‘aNa/2eiaN Yicy ‘AifJ‘QNa/Q (1 — €_KEaNa/2) .
Hence at the exponential scale,

1
liminf == 1og P (C° € Boo v (4,0)) > —b> |Aii

Y —a) Al

i>1 1<j
Besides by Proposition 5.7 and Borel-Cantelli Lemma, we have

P(Creé) — 1

N—+o0
Putting these estimates into (7.7), we get
s 1 e >, A - a «
liminf — log Py, (B (A,a)) > be; 1A% — a 1<;< |A; ;| (7.11)
1= <i<jy<r

Observe that since the rate function I. , is continuous on its domain 7 (D, ,.), we have

also the bound (7.11) for any A € D, ,. This concludes the proof of the lower bound.
Upper bound: From our assumption 1.1, we deduce that for N large enough, the

support of ]?)7\/,7« is included in the domain of I.,, that is 7 (D, ). Thus, we see that

whenever IE’T(A) = +oofor A&,

1
lim lim sup ——=

Jim limsup oo log P, (B (4.0) ) = —ee.

Let A € H,(C) be such that A € D, ,. Since the functions X € H,(C) — Y ._, |X;:[*
and X € H.(C) — 219';&]‘9« | X; ;| are continuous, then by definition of the topology

we equipped &,, we deduce that X € £, — > i1 Xi,i|* and Xe& > iy | X | are
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continuous. Then, we can find a nonnegative function A, such that A(6) - 0as J — 0,
and such that

Pio(B(4.5))
<P(DICHI" 2 Y 1Al = 0 (6), D 1CE 1 = D 141" — h(6)| €7 € &)
i>1 i>1 i#j i#j
But the sets
{D1csle = > 14ii" = n (o) fand { D15, = 3 145 = 0 (6) },

i>1 i>1 i#j i>1

are nondecreasing with respect to the absolute value of each entry of C¢, and {C* € &}
is nonincreasing with respect to the absolute value of each entry of C¢. Using Harris’
inequality and the independence of the entries,

ij,_yr(B(/I,é))gIP(Z “|C‘>Z|A —R(8), 31517 = DAl — h(8))

i#] i#]

:P(Z|c;i|azZ|Ai,i\“— ) (Xlozl® = Y1l -~ h ).

i>1 i>1 i#£] i£]
(7.12)
Let N > r. By Chernoff’s inequality we get, with 0 < b; < b,
N N
(10" > YAl + (o))
i=1 i=1
< e N0 (S 14wl k(D) | (ebl'lel‘“15N1/2g|x1,1wsf””2)N
But we know from (7.5) that for any b2 € (b1,b) and N large enough,
E (6b1‘X“‘aﬂswlﬂg\xl,usa’wm) < exp B2 —abieNer)
- by — by
Hence,
o s o6 P (Y1 > 3 40) < - X416

i=1 i>1
As this inequality is true for all b; < b, letting b; go to b, we get,
1 N N
M . e > .| < _ .| .
limsup 5727 1og1P(; Cul® = YA+ ho)) < b(i; [Aidl” + h(6) )
Similarly one can show,
. 1 6% « a «
%ﬁi‘g’wlog]?@ Cigl® > ; A0l +h(9)) < 2(; A1 + R(2))
i#£j 177 1)

Putting these two last estimates into (7.12), we get

~ ~ a
lim sup lim sup —= logPNT (B (A,é)) < —bz |A; % — = Z |A; ;<. O
§—0 N—o+oo IN® / =~ 2 vy
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The idea now, is to use the fact that C° has with exponentially large probability at
most r non-zero entries, by Proposition 5.7, to release the conditioning on the event
{C* € &,.}. Then, as the largest eigenvalue map is continuous on &,, the contraction
principle will give us a LDP for (un.c)nen-

Proposition 7.3. Recall that for any N € N and € > 0, we define

G (1 hee)  ifdes > 1,
e 2 otherwise,

where \c- denotes the largest eigenvalue of C¢, and C* is as in (3.1).
For alle > 0, (un,)nen follows a large deviations principle with speed Ne/2 and
good rate function J., defined by

inf{I.(A) : A € Up>1H,(C), Aa =1/G,, ()} ifx>2,
Jo(x) =40 ifx =2,
400 ifx <2,

where )\ 4 denotes the largest eigenvalue of any Hermitian matrix A and

L(A) = b3 s [Ail™ +ads,; [Aiy|*  if A€ D,
: +00 otherwise.

with
Da = {A S Une]NHn(C) Vi < j, AiJ =0or < |Ai,j| < 5_1 and Ai,j/‘Ai7j| S supp(ui’j)},
with v; ; = 11 if1 = j, and v; j = v if i < j, where vy and v, are defined in 1.1.

Proof. Note that by Lemma 5.5, we already know that (un.)nven is exponentially
tight. Therefore, we only need to show that (un.)ven satisfies a weak LDP. Let
f:Up>1H,(C) — R be defined by,

G-1 (1/x if g >1
fla) = § G A0 AR 2 L
2 otherwise.

Since the largest eigenvalue of a Hermitian matrix is invariant by conjugation, f can be
defined on &, for any r € IN. Because of the topology we put on &, f is continuous on
&,. Therefore, by the contraction principle (see [12, p.126]), the push-forward of Py,

by f, denoted P, o f~*, satisfies a LDP with speed N°/2, and good rate function J. .,
defined for any = € R by

Jep(z) = inf {JE,T(A) f(A)=x,Ae ET} ,

where I, is as in (7.2). Since G (z) > 2, for all z € (0, 1], we can re-write this rate
function as,

inf {I.(A) : A\a = 1/G,. (z),AeD.} ifz>2,

Jer() =140 ifx =2,
400 ifr <2,

where I. and D, are defined in Proposition 7.3. Observe that I~P§Vﬂ, o f~!is in fact the
law of uy . conditioned on the event {C® € £, }. We will show that (I~P§VT o fYnren are
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exponentially good approximations of (1n:)ven. Let v n be an independent random
variable with the same law as of ux . conditioned on the event {C* € &,}. Define

Ur,N = pNelceece, +Vr Nlcege, -
Then, 7, y and v, xy have the same law If??\/,r o f~1. Let § > 0. We have
P(|nn — pnel >6) <P (C°¢&,).

By Proposition 5.7, we get

. . 1 -
im lzlvriilig a7z 08 P (178 — pve| > 8) = —oo.

We can apply [12, Theorem 4.2.16] and deduce that (1n ) ven satisfies a weak LDP with
speed N*/2, and rate function defined for all 2 € R by

U, (z) =supliminf inf J.,(y).
) = S s e )

But J. , is nonincreasing in r. Thus,

U, (z) =supinf inf J.,(y)=sup inf infJ.,(y)=sup inf J.(v),
6>07>0|z—yl<s 6>0 [z—y|<6 >0 6>0 [z—y[<é

where J. is defined in Proposition 7.3. To conclude that V. = J., we need to show that
J. is lower semicontinuous. We will in fact show that J. has compact level sets. Let
7>0and x € R. If

inf{I. (A): f(A) =2, A € UpenHn(C)} <7,
where I, is defined in Proposition 7.3, then
inf{I. (A): f(A) =z} =inf{I. (4) : f(A) ==z, I.(A) <27}
But if A € U,,>1H,(C) is such that I.(A) < 27, then

(b A g) D e, 0 < I(A) <27

(2]

Letr > W We deduce by the above observation that,
inf{I. (A): f(A) =z} =inf{l. (A): f(A) =x,I. (A) <21, A €&}
Therefore,
inf{I. (A): f(A)=a}=inf{I.(A): f(A) =2, A €& }.
Thus,

inf {I. (A) : f(A) = 2} = inf {1 (/I) f(A)=z,Ae 5}} ,

with I, , being defined in Proposition 7.1. Since I, is a good rate function and f is
continuous on &,, we have

{reR:J.(z) <7} = {f(fl):]sm (fl) gr}.
Thus, the 7-level set of J. is compact, which concludes the proof. O
We are now ready to give a proof the main result of this paper. More precisely, we

will prove the following.
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Theorem 7.4. The sequence (\x, ) nen follows a LDP with speed N%/2, and good rate
function defined by,
Gy, ()™ ifz > 2,

J(x)=<¢0 ifrx=2,
400 ifr <2,
where
c=inf{I(A): Ay =1,A € D}, (7.13)

where I is defined for any A € U,,>1 H,(C), by
+oo
I(A) = bz |Ai’i|a + GZ ‘Ai’jrx,
i=1 i<j

and

A
D= {A € Up>1Hn(C) : Vi< j, Ajj=0or |Aw‘ € SUPP(Z/i,j)} :
1,9
where v; ; = 11 ifi = j, and v, if i < j, and where supp(v; ;) denotes the support of the
measure v; ;.

Proof. We already know by Proposition 5.1 that (Ax, ) nen is exponentially tight. Thus, it
is sufficient to prove that (Ax, ) ven satisfies a weak LDP. Since we know from Theorem
6.12 that (un.c)New.e>0 are exponentially good approximations of (Ax, )nen, and that
for each ¢ > 0, (un,c)ven follows a LDP with rate function J,, then by [12, Theorem
4.2.16], we deduce that (Ax, )ven, satisfies a weak LDP with rate function,

®(x) =supliminf inf J.(y),
(=) 5>Ig €20 |y—=z|<s e(9)

As J. is nondecreasing in ¢, we get

®(xz) =supinf inf J.(y)=sup inf inf J.(y)

6>0€>0|y—z[<s 6>0 ly—=z|<6 >0
=sup inf J(x), (7.14)
6>0 ly—z|<é
with
inf {I(A): A € Up>1Ho(C), Mg = G, (2)"1, A€ D} ifz>2,
J(x)=<0 ife =2, (7.15)

+00 ifx < 2.

Asforanyt > 0,and A € H,(C), I(tA) =t*I(A) and \;a = tA\4, and furthermore D is a
cone, we have for any x > 2,
J(2) = Go, . (2)""J(1).

As G, is non-increasing from [2, 4+00) to (0, 1]. This yields that J has compact level sets.
Therefore, from (7.14), we get that & = J, which concludes the proof. O

8 Computation of J(1)

In this section, we compute the constant c in Theorem 7.4 explicitly, assuming certain
conditions on the supports of the limiting angle distributions of the diagonal and off-
diagonal entries (in the sense of 1.1). In particular, when the entries are real random
variables, or when «a € (0, 1], the following proposition together with Theorem 7.4, gives
an explicit formula for the rate function.
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Proposition 8.1. With the notations of Theorem 7.4, we have the following :
(a). If0 < o <1, then

min(b,a) if1 € supp(v1),
C =
a otherwise.

(b). If1 <a<2andl €supp(v1), andb < g, thenc =b.
(c). If1 < a <2, 1€ supp(vy) Nsupp(re) and b > ¢, then

=i (0 ()7 (2)7)) eem)

where B(¥)(s,t) denotes for any (s,t) # (0,0), and k € N, the following matrix of size
k xk,

s t t
1 .
B(k)(s,t):m RO (8.1)
St
t ts

Equivalently,
¢ = min (dj (LtOJ) ,1)[) ([tO—D) )

where |to] and [ty]| denote respectively the lower and upper integer parts of ty, and with
v and ty being defined by

Vi1 wlh) = ((1)ﬁ ¥ (¢ tl)(z)ail)(al)’ to= 2ia<1_ (Q%)ﬁ) (8.2)
b - a

(d). If1 < a<2,1€supp(r1), and supp(rz) = {—1} and b > £, then,

¢ = min (b 2 )
’ 1 1 a—1

(7 + &)™)

(e). If1 < a< 2, supp(v1) = {—1} and 1 € supp(v2), then

c=min {1 (B®(0,1)) sk 22} = Lmin (o (1)), 6 (T21)).

where
t o 1
(t—1e-1" T2y

Vit > 2, ¢(t) =

(0. If1 < a < 2, and supp(v1) = supp(vz) = {—1}, then c = a.

Proof. (a). Let 0 < a < 1and 1 € supp(r1). Note that if A € H,(C) is such that |A4; ;| > 1,
for some 4, j € {1,...,n}, then I(A4) > min(b,a). But, as 1 € supp(v1),

0
¢ < min (1(1) ,I( 691.9 “ )) (8.3)

with some 6 € supp(vz). Therefore ¢ < min(b,a). We deduce that we can restrict the
constraints set of the optimization problem (7.13) to matrices with entries less or equal
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than 1 in absolute value. As 0 < o < 1, we get,

c> (bAa)inf Y JAiil + ) |Aijl: Aa =1,4 € Up1 H,(C)

i>1 i<j

. 1 1
> (bAa)inf § o [tr(A)] + 52 |Aijl: Aa=1,A€ U,>1H,(C) 7,

2%

where used the triangular inequality in the last inequality. But we know from [26,
Theorem 3.32], that for any A € H,(C),

n
D olAil = Il
i i=1
where A1, ..., \, are the eigenvalues of A. Therefore,

<1+Z\/\|) ALy oo A 1€IR}

(bAa) 1nf mf{

1
2
But, for all A\{,...,\,_1 € R,

n—1

+(1+Z|A|)>2+Z (i + [Ag]) >

with equality for Ay = Ay = ... = A\,,_1 = 0. We conclude that ¢ = min(b, a).

Let 0 < a < 1, but assume supp(v1) = {—1}. Then,

c> lnf{bz ‘Ahl‘ +CLZ ‘A77J| A€ Unlen(C)aAi,i < O,VZ € ]N, g = 1}

i>1 i<j
:inf{ (b— g) ‘;Ai,i

3 a ..
> inf { (b-5) \2A

Using again the fact that 3, . [4; ;| > Y27
eigenvalues of A, we get

2 e ()

But1f1+z /\ <0, for A,...,A\n_1 € R, then
(b;)‘1+:§xl+g(1+7§|&) (b;)(1+:§Ai)+;(1+§|Ai|)
:a—b(1+2>\,)+g; MEDY

> a.

a .
+ 5 Z |Ai’j| A€ UnZlHn(C)7Ai,i <0,Vie N,\y = 1}
2,7

a .
+3 Zj: A A€ Ups1 H,(C),trA < 0,Vi € N, Ay = 1}.

i|, where A € H,(C), and A4, ..., \,, are the

n—1

(1+Z|A|) Moo doot € RSN <—1}

=1

Thus, ¢ > a. But, ¢ < a by the same argument as in (8.3), therefore ¢ = a.
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(b). Let 1 < a < 2 and assume 1 € supp(v;) and b < 5. Due to [26, Theorem 3.32], we
have for any A € H,(C),

I(A) =0 > A" =0 [N,
1<i,j<n i=1
where Ay, ..., A, are the eigenvalues of A. As A4 = 1, we get I(A) > b. Therefore, ¢ > b.

As 1 € supp(r,), we also have ¢ < I((1)) = b, which ends the proof.

(c). Let 1 < a < 2,b> g and assume 1 € supp(v;) Nsupp(rz). We have the bound

c> inf inf{I(A): A€ H,(C), s =1}.

n>1

Let n > 2. We consider the minimization problem
inf{I(A): A€ H,(C), \a =1}.

As I is continuous and the constraints set is compact, the infimum is achieved at some
A € H,(C). If 1 is an eigenvalue of A of multiplicity greater that 2, then denoting by
A1, ..., Ap the eigenvalues of A, we have by [26, Theorem 3.32],

n

1(A)= 3 A" > a.

i=1
As A is a minimizer, and 1 € supp(v1) N supp(vz),

I(A)SI( . (1;”) )

_ 2p\1/(a=1)\ 7! a—1 _ a—1
where p = (1+ (%) . As 20p°~t = a(1 —p)*t,

a

p (1_p) _ « _ «
I((l_p) ) )—2bp +a(l-p)

where we used in the last inequality the fact that o > 1. This yields a contradiction.
Therefore, 1 must be a simple eigenvalue of A. From the multipliers rule (see [11,
Theorem 10.48]), there exist n,v € R, (n,7) # 0, such that » =0, or 1, and

0en{VI(A)} —voX(A), (8.4)

where the gradient of f, and the subdifferential of A\, denoted 0, are taken with respect
to the canonical Hermitian product on H,(C). As a consequence of Danskin’s formula
(see [11, Theorem 10.22]), we have the following lemma.

Lemma 8.2. Let A : H,(C) — R be the largest eigenvalue function. The subdifferential
of \ at A, taken with respect to the canonical Hermitian product, is

AN (A) = {X € Hy(€):0< X < 1p, (a),t1X = 1},

where ]lEAA (4) denotes the projection on the eigenspace E ,(A) of A associated with
the largest eigenvalue of A, and < is the order structure on H,(C).
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As 1 is a simple eigenvalue of A, we get from Lemma 8.2 that there is some unit
eigenvector of A, z, associated with the eigenvalue 1, such that

nVI(A) = yaa™.
We deduce that for any 7 # 7,

Ai7j|a_2 = ’}/IIIT, (85)

a
n5adi
and forany 1 <i <n,
nbaA; ; |Ai,i|a_2 =7 |x7|2 ) (8.6)

with the convention that z|2|*~? = 0 when z = 0. Multiplying the two equations above by

A, ; and A, ; respectively, and summing over all ¢, j € {1,...,n}, we get
nl(A) =~. (8.7)

As (n,7) # (0,0), this shows that » = 1. Furthermore, the stationary condition yields for

all i # j,

1

27 a—1 . 1
Aij = (aa) @iy vy |
and foralll <:<n,
1
Y\ a-1 2
Aii = (*) |z =T .

ba
Due to the eigenvalue equation Ax = x, we have forall 1 <i <n,
y P 2 2y a 1 1
(@) s =T @i + (aa> D fa T T = (8.8)
j#i

At the price of permuting the coordinates of  and conjugating A by a permutation matrix,
1
we can assume z = (&1, ..., 21,0, ..., 0), with z; # 0, ..., z; # 0. Dividing by z;|=;|5=1 ! in
(8.8), we get
__1
By = (1) TR (8.9)

(e

where y € R* is such that y; = |xi|1+ﬁ foralli € {1,...,k}, and where the power on the
right-hand side must be understood entry-wise, and

bR (af2) (a/2)" 7
(a/2)7@ ._
o ‘ - (U:/Q)_f!il
(af2)" = (/7= b
As x is a unit vector, we have Zle yf(a_l)/a = 1. Taking the scalar product with y in
(8.9), yields
1
AN
(3) 7 =@y

As I(A) = 1 by (8.7), we deduce that

k ~(a=1)
c> (zg;;sup{ (By,y) 1y € [O,—!—oo)k,;y?(al)/a}) ' . (8.10)
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In the next lemma, we compute the maximum of certain quadratic forms, like the one
given by the matrix B, on the unit ¢°-sphere, intersected with [0, +-00)", where § € (0, 1).

Lemma 8.3. Let A\, u € R such that 0 < X\ < u. Let § € (0,1). Define for any n € IN,

A p
1 woA
It holds
sup{ (By,y) 1y € [0,+00)", Y ¢ = 1} = max (A + (k- Dp)k!=2/9, (8.11)
=1 -

Proof. Let n € IN. By continuity and compactness arguments, we see that the supremum
n
sup{ (By,y) iy € [0,400)", > y) = 1},
i=1

is achieved at some y € R". At the price of re-ordering the coordinates of y, we can
assume that y = (21, ..., 2mm,0...,0), with 2y > 0, ..., z;,, > 0, for some m € {1,...,n}. Then,
the vector z = (21, ..., zm) € R™ is a solution of the optimization problem

sup{ (Bz,z) : z €0, —&-oo)m,z,zf = }7
i=1

which lies in the interior of [0, +00)™. The multipliers rule (see [11, Theorem 9.1]) asserts
that there is some (7,~) # (0,0), with n = 0 or 1, such that

nBz =21, (8.12)

where the power on the right-hand side has to be understood entry-wise. Taking the
scalar product with z in (8.12) yields

n{(Bz,z) = .
We deduce that n = 1. Moreover, by (8.12) we have for any i € {1,...,m},

NZZJ':’YZ?_1+(M*>\)22'- (8.13)
j=1

But then, the function
Vs € (0,4+00), f(s)=7s""" + (u— s,

is decreasing on (0, s¢], and increasing on (sg, +00), for some sy € (0, +00). Thus, (8.13)
yields that z has at most two distinct coordinates. Thus, there are some k,! € IN, such
that k +1 = m, and s,t > 0, such that ks’ + [t° = 1, and

Vi e {1, ...,m}, zi = Li<ps + Lppi<i<iyit.

But then,
(Bz,z) = Mks® + pk(k — 1)s* + Xt? + pl(1 — 1)t* + 2uklst
=kO\+(k—1Dp) s> + 1N+ (1 — 1)) t* + 2uklst.
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Let z = ks®. We get
(Bz,2) = K2 (A + (k= Dp) 2 + 172 (A + (1 — D) (1 — x)?/°
+2,u(kl)171/5x1/5(1 o x)l/é'

Define
Ve € (0, +00), $(a) =2/ (A + (2 — D).

Note that ¢ is increasing on (0, 9] and decreasing on [z, +00), where

21 A

xozw 1—-=). (8.14)
5

With this definition, we have

(Bz,z) = (k)2?/° + ¢(1)(1 — )%/ + 2u (kD) =22/ (1 — 2)1/9,

Therefore,
max{ (Bz,z):z € [O,Jroo)",z,zf = 1} = max max_fr (),
‘ k+i<nze€[0,1] "’
=1 k,1EN
with

Vo € [0,1], fra(z) = o(k)a® + ¢(D)(L —x)*/® + 2u(k)' 120 (1 — )10

Let m € N, be such that ¢(m) = max{¢(k) : k € IN*}. Since ¢ is increasing on (0, z¢| and
decreasing on [zg, +00), we have m € {|zo], [xo]}. Moreover ¢, restricted on IN \ {0}, is
increasing on {1, ...,m}, and decreasing on {m,m + 1,...,n}. As ¢ € (0,1), we have for
any k,l € IN, and « € [0,1],

Frea(@) < ok Am)a®® + ¢(L Am) (1 — 2)2/° 4+ 2u((k Am)(I Am)) =021 /9(1 — 2)t/0,

Therefore,
max{ (By,y) :y € [0, +00)" Zy‘.s = 1} = max max fi (). (8.15)
=R i R

We are reduced to study the maximum of certain functions f;; on the interval [0, 1]. The
variations of those functions are given by the following lemma.

Lemma 8.4. Leta,b,c >0, a,c # 0. Let also § € (0,1). Define
Ve € [0,1], f(z) = az?®® + 2bx'/0(1 — 2)Y 4 ¢(1 — )%,

Then one of the following holds :

(a). There is some 1 € (0,1), such that f is decreasing on [0, z1], and increasing on [z, 1].
(b). There are some 0 < x; < x2 < x3 < 1, such that f is decreasing on [0, x1] and [z, z3],
and increasing on [r1, x2] and [z3, 1].

Proof. We have, for all z € (0,1),

5

if’(cc) —axs b (1 —2)F —bas(1—a)s = e(l— )5 L.
We write

1) 1
if’(x) — 31 (aJr bss — bss L — cs%*l) , (8.16)
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where s = 1=2. Set for all s € (0,+00), g(s) = a + bss — bss ! — csi—'. Then, for any

s € (0,+00)
b 1 1 2 1
g'(s) = 553_1 - b(g - 1)5%_2 - C(S - 1)8%_2 = 55 2h(s),
with h(s) = s —b( — 1) — ¢(2 — 1)s7. Deriving once more, we get for any s € (0, +c0),

B (s) = L E(g - 1)5%*1.

)
As ¢ € (0,1), we see that &' is decreasing. This entails that f has at most three changes
of variations. As f'(0) < 0, and f’(1) < 0, we deduce that f is either decreasing on [0, z1],
and increasing on [z, 1], for some z; € [0,1], or there are some z; < x2 < z3 such that f
is decreasing on [0, 2] and [z, 23], and increasing on [z1, 22] and [z3, 1]. O

We come back at the proof of Lemma 8.3. Let £,/ € N, such that £+ < n and
1<k<Ii<m. Ifk =1 then f,;(z) = fr,(1 —z) for any = € [0,1]. By Lemma 8.4, this
entails that if fi; has a local maximum in (0, 1), then it must be at 1/2. One can easily
check that fi 1(1/2) = ¢(2k). Thus,

max fi k() = max (¢(2k), (k) -
z€[0,1]
This shows also that for m = 1, we can compute the right-hand side of (8.15).
Assume now m > 2, and 1 < k <! < m. We will show that the maximum of f;; is
achieved at either 0, k/(k + 1) or 1. We can write for any = € [0, 1],

5, 1—2)\° 2
3 fea() = (x(kl@) k1Y), (8.17)

with y = *0=2) and g i(y) = A+ (k= D)y~ 375 +p (ly% - ky%) — A+ =1D)p)ys 2.
Note that g5 (1) = 0, so that f,’vl(kiﬂ) = 0. Observe that y is a decreasing function of z.
Thus, to show that k/(k + () is a local maximum of f;;, we need to show that g; ;(1) > 0.
But

Gra(1) = (% - 1) (1 — ) — (k+l)u(% - 1).

Thus,

E+l (3-1) A k+1
(1) > 0= —— < ¢ 1-2) = — <,
(1) B % ) I 9 o
with z¢ as in (8.14). If m = |zo] or n < 2w, then (k +)/2 < z, so that g; ,(1) > 0.
This yields that % is a local maximum of f;;. By Lemma 8.4, we deduce that the

k+1
maximum of fi; is achieved at either 0, k/(k + 1), or 1. Moreover, one can check that

iy (ﬁ) = ¢(k +1). Therefore,

max fk:,l = Inax (¢(k)a d)(l)’ ¢(k + l)) :

[0,1]

Assume now m = [zg] and n < 2z. If (k,1) # (m—1,m), one can use the same arguments
as above to identify the maximum of f; ;. Thus, we are reduced to the case k =m — 1,
and I = m. As ¢ is increasing on {1, ...,m}, we have for any z € [0, 1],

Fm-1m(@) < G(m)z/° + 2p(m(m — 1))~ (1 = 2)* + ¢(m)(1 - )*/°.
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As the function on the right-hand side, which we denote by f, is such that f(z) = f(1 — )
for any = € [0, 1], we get by Lemma 8.4 that its maximum is achieved at 0 or 1/2. Thus,

max_fr—1,m(x) < max (qﬁ(m), f(l>)

z€[0,1] 2

We claim that f(1/2) < ¢(m), which amounts to say that

(1_%>171/6 < 1;12_12_/(?/5(1_;(1—2)).

Note that as m > =9, we have

1 A 1
RN
m 1] 2/6 -1
Since § € (0,1) and m > 2, we only need to prove that

1— 21—2/6 1

o—1+1/6
= 2120 2/5 -1’

which we can re-write as follow
21/5 _ 21—1/6 _ % _|_ 1 Z 0

But the function on the left-hand side of the above inequality is increasing in 1/ on
[1,+00), and is equal to zero for § = 1. Thus, the above inequality is true for any 6 € (0, 1),
which proves our claim. We conclude that

zrél[%ﬁ] fm—l,m(x) = d)(m)

We can deduce from (8.15) that

max{(By,y> ty € [O,—f—oo)",ny = 1} = max ¢(k). O

4 1<k<n
i=1 - -

We come back now at the proof of case (c). As a € (1,2), we have 2(a — 1)/« € (0, 1).
From Lemma 8.3 and (8.10), we get

o2 {ma ()77 + 00 (2)7T e}

= min¢(k),

k>1

where ¢ is defined in the statement of Proposition 8.1. As 1 € supp(v1) N supp(2), the
_1 _1
matrix B® ()7, (2)77) defined in (8.1, is in the domain D, and

1(B%( (Z) - : (i) a )) = vk,

which gives the first part of the claim in case (c).
Easy computations show that the function ¢ defined in (8.2) is decreasing on [0, o]
and increasing on [t, 1], with

e (- (5) )
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Thus,
c=min (¢ ([to]), ¥ ([to]))-
(d). Let 1 < o < 2 and assume 1 € supp(v1), supp(v2) = {—1} and b > 5. Then,

c= ir;flinf{I(A) tAeSp,(R),Aa=1,4;,; <0,Vi#j},

where S, (R) denotes the set of real symmetric matrices of size n.
Let n > 1. We consider the minimization problem

inf {I(A): A€ S,(R),Aa=1,4;; <0,Vi#j}.

The same argument as in case (c) justifies that the infimum is achieved at some A € S, (R)
for which 1 is a simple eigenvalue. The multipliers rule (see [11, Theorem 9.1]) asserts
that there are some (M, v) € S,(R) x R such that (M, ~) # (0,0), and

Vi 75 j, Mi,]‘ > O,M@jA@j = O, and Mi,i = O,Vl <i:1<n,,
satisfying
VI(A) + M = ya'a,

where z is a unit eigenvector associated with the eigenvalue 1. We deduce that for any
i F ] a

§aA%thJP72*‘N@J::7xﬂUa (8.18)
and forany 1 <1i <mn,

baA; |Aig " = yal. (8.19)

The same argument as in case (c), shows that
al(A) =+. (8.20)

Without loss of generality, we can assume z is of the form = = (x4, ..., Tk, Tr+1, -, Thotl,
0,...0), with 1 > 0,...,z; > 0, and xp+1 <0, ..., x4, <O.

Note that as A; ;M; ; =0, M;; > 0, and A; ; <0, for any i # j, we get from (8.18),
that for any ¢ # j, A; ; # 0 if and only if z;2; < 0. Thus, for all i # j, A; ; # 0, if and only
if (4,7) or (j,i) € {1, ...k} x {k+1,...,k+1}.

Let (i,7) € {1,....,k} x {k+1,...,k 4+ 1}. From (8.18), we have

1
2y\ ot 1
Aij=—-— |ziz;[==T,
aq

and for alli € {1, ...,k + ([}, we get by (8.19),

1
a—1 _2
A= ()" el

The eigenvalue equation Az = z, yields, for any i € {1, ..., k},
¥\ a1 249 2y T 1 14
(5) = <a) S T T = ]
k+1<5<k+l

asz; <0forje{k+1,..,k+1},andx; >0forie {1,...,k}.
Similarly, forany i € {k +1,....,k + 1},

=) 2 2 aT 1 1
(%) llwi““—@) D0 ol T a7 = ]

1<5<k
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Dividing in the two equations above by |zz|ﬁ we get

_ 1 .
By — (g) T (8.21)

with y € R+, such that y; = |z;|= 17!, foralli € {1,...,k + 1}, and

1 ,,1,1 2 ﬁ
Bk — ( gbLtIk ‘ (af ¢U’” ) € Skt (R),
()= U | ()70

a

where Uy, ; is the matrix of size k x [ whose entries are all equal to 1. As z is a unit vector,
2(a—1)

we have Y"1y~ = 1. We deduce from (8.21), that

(2) 7 = (5" 0).

Using (8.20) and the fact that A is a minimizer, we get

k+1

~(a-1)

¢ ( sup sup{ <B(k>l>y,y> 3 RV — gy e [0,—|—oo)k+l}) . (8.22)
k,lEN Pl

In the following lemma, we compute the supremum of the left-hand side of the above
inequality.
Lemma 8.5. Let 6 € (0,1). Let k,l € N, such that (k,l) # (0,0). Let \,u € Ry, and
define
Ay | pUs,
B = : SR
< ,utUk,l AI[ € k+l( )7
where Uy, ; is the matrix of size k x | whose entries are all equal to 1. We have,

k+l1

sup { (By,y) : 3 uf = 1,y € [0,+00)"* b = max (A, (A + )2 727).
i=1

Proof. With the same arguments as in the proof of Lemma 8.3, the supremum of the
quadratic form defined by B on

k+l1

{yelo+oo) Yyl =1},

i=1
is achieved at some y such that,
Vie{l,...k+1}, yi = silicpr +tpwili<icr,

with s1 > 0,...,spr > 0, and ¢ 1 > 0, ...., {4y > 0, for some k' < k and I’ < [, such that
the vector z = (s, ..., Sprs tira1, .ot ) € RF 1, satisfies for some v € R,

Bz = 725*1,

where

A My | pUy s
B = ’ ) .
< U | My € S+ (R)

Without loss of generality, we can assume k,! > 1. Comparing the i*" and j* coordinates
of Bz, for1 <1i,j5 < k', we get
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If A = 0, then it immediately yields s; = s;. If A # 0, as 6 € (0,1), we see that if s; # s,
the terms on the left-hand side, and the right-hand side must have opposite signs. Thus
s; = s; for any i,j € {1,...,k'}. Similarly, comparing the i"* and ;™ coordinates of By, for
i,j €{k'+1,....k' + '}, yields that t, = t;, for all 4,j € {k' + 1, ...,k +I'}. We can write

Vie{l,., K +1'}, zi = slicp + thp p1<i<irtr,

for some s,t € (0,+00). As ijll, 20 =1, we have k's? +1't® = 1. Let v = (k"V/9s,1'"/%%).
Then, }
(Bz,z) = NK's® +U't?) + 2uk'l'ts = (M (K',1")v,v),

;o MNe/1—2/6 ‘u(k/l/)lfl/é
M(k ) = ( M(k/l/)l—l/é )\1/1—2/5 > :

where

Thus,

k+l1

sup{ (By,y): >yt =1ye[0,+00)* L= sup  sup (MF Dy 0)
; 1<k <k  v=(s,t)
=1 1<1/<1 35+t5:155,t20

g
= sup sup (MEy v).
v=(s,t) 1<k'<k
6 t6=1,s,t>0 1<U<I

But for fixed v € R?, as § € (0,1), we easily see that the maximum of (M* 1)y v) is
achieved at &’ =’ = 1. Thus,

k+l1

sup{ (By,y): > vl =1,y €0, +OO)’““} = sup  (MOYy,0).
=1 sfhﬁézz(f’:)mo

From Lemma 8.3, we get

sup  (MBVy 0) = max ()‘v (A+ M)2172/6>’
I

which yields the claim. O

We come back now to the proof of case (d). By Lemma 8.5 and (8.22), we get

2
¢ = max (b, _1),
1 «@

(= + &™)

which gives the claim.
(e). Let 1 < aw < 2, and assume 1 € supp(r2) and supp(v1) = {—1}. Then,

c> igfzinf {I(A) A€ Hn(C),Aiﬂ' <0,Vie N,A\y = 1}.
n>
Let n > 2. We consider the minimization problem
inf {I(A) A€ Hn(C),Al,Z <0,Vie N, g = 1} .

Similar arguments as in case (c) and (d) show that the infimum is achieved at some A
such that 4;; =0 for all 1 < ¢ < n. By the multipliers rule and Lemma 8.2, we deduce

that for any i # j,
1
27 a—1
Aij = (aa> Xij1Xij

1
a—1 !

b
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where v = al(A), and X € H,(C) is such that 0 < X < 1p,(4), and trX = 1. We deduce
that trAX = 1. This yields,

As I(A) = 1, we have

a 1 —(a=1) g 1 —(a—1)
1(4) = 5(2 |Xi,j|“’1+1) = 5(;@12 \Xi,j\‘“ﬁl) ~ (8.23)
i#] X200 i

In the following lemma, we compute the maximum on the right-hand side.
Lemma 8.6. Let 8 > 2. We have foranyn € N, n > 2,

max{ Z |Xi7j|5 : X € Hy(C), X >0,trX = 1} = max (k—1)k' 7.

2<k<n
1<i#j<n -

Proof. Let{: X € Hu(C) = 32, |X;,;|°. Note that ¢ is convex, and that the constraints
set,

S={Xe€H,(C): X >0,trX =1},

is also convex. As a consequence of [24, Corollary 18.5.1], ¢ attains its maximum at
an extreme point of the set S, which is of the form xzx*, with 2 a unit vector of C". We
deduce that,

mgxf = maX{ Z |37ixj|ﬁ cx e C||x|| = 1}'
1<iAj<n

We can re-write the maximum on the right-and side of the above equation as,

max{ (By,y) :Vie{l,...,n}, y; > O7iyf/ﬁ = 1}7

i=1
where
0 1 1
B € H,(C).
1 10
Applying the result of Lemma 8.3, with § = 2/, we get the claim. O

We come back at the proof of Proposition 8.1, (e). Note that, as 1 < a < 2, we have
1+ ﬁ > 2. From (8.23) together with Lemma 8.6, we get

>2 L~ 11)_(,1_1)_ .
c> 5(%1?%((71 n = §m1n e 1)a71
But,
a n
s (B™(0,1)),
e = 1B D)

where B(™ (0, 1) is defined in (8.1). As 1 € supp(v2), we have B("™) (0,1) € D, which ends
the proof of the case (e).
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(f). Assume finally 1 < a < 2, and supp(v1) = supp(rz2) = {—1}. Let n > 1 and consider
the minimization problem

1nf{I(A) cAe S7L(R),>\A = I,Ai,j <0,Vi < j}

The same arguments as in the case (e), show that the minimizer A is such that 4; ; =0
for all i € {1,...,n}. If A is a simple eigenvalue of A, then, the same analysis can be
carried as in the case (d), and yields
k+1 - ~(a-1)
1(4) = (sup sup { (By,y) : 397 = Ly e 0,400 }) T
k,lEN Pl

with

b ( ( 0 (2T U ) -

g)ﬁ U, ‘ 0;

a
where U} is the matrix of size k x [ whose entries are all equal to 1, and 0, 0; are the
null matrices of sizes k£ x k and [ x [ respectively. Due to Lemma 8.5, we have

k+l1 1
a— o 2 a—1 1
sup sup{ (By,y) : ny( D/e _ 1,y € [07—|—oo)k+l} = () 27 a1,
k,leN — a

Therefore, I(A4) > a.
Now, if 1 is not a simple eigenvalue of A, then we have by [26, Theorem 3.32],

n

I(A) = 53 Aiyl" = 5 2 Al 2 5 Il 2 a,
2

i#j i=1
where Ay, ..., \,, are the eigenvalues of A.
In both cases, I(A) > a. We deduce that ¢ > a, and as

0o -1
I ( 1 0 ) - @
we get the claim. O

9 Appendix

9.1 Linear algebra tools
Proposition 9.1. Let p, ¢ be two integers. Let A € M,, ,(C),B € M, ,(C). Then,

det (I, — AB) = det (I, — BA).
P q

Lemma 9.2 (Weyl’s inequality, from [1, p.415]). For any Hermitian matrix X € H,(C),
we denote by A\, (X) its eigenvalues with A\ (X) < ... < A\, (X). Let A and E be in H,(C).
Forallk € {1,...,n}, we have

Ae(A) + A(E) < M(A+ E) < M(A) + M(E).

9.2 Concentration inequalities

Proposition 9.3. (Bennett’s inequality, see [20, p. 35]) Let X1, ..., X,, be independent
random variable with finite variance such that X; < b for some b > 0 almost surely for all
1 <n. Let

S = i:(Xz -EX;)

i=1

EJP 21 (2016), paper 32. http://www.imstat.org/ejp/
Page 47/49


http://dx.doi.org/10.1214/16-EJP4146
http://www.imstat.org/ejp/

Large deviations of the largest eigenvalue of Wigner matrices

andv =Y | E[X?]. Then for anyt >0,

P(S>t)<exp (—;h (T)) ,

where h(u) = (14 u)log(l 4+ u) — u for u > 0.

Lemma 9.4. [20, p.249] Let X a measurable space. Let f : X™ — [0, 400) be a measur-
able function, and let X1, ...X,, be independent random variables taking their values in X.
Define Z = f(Xy,...X,,). Assume that there exist measurable functions ¢; : X™ — [0, +00)
such that for all x,y € X",

=1

Setting

n

v = EZ (ci(X)Q) and vy, = sup Zci(m)Q,
i=1 TEXT i1

we have for allt > 0, )
P(Z>K(Z)+t) <e /%

and ,
P(Z<E(Z)—t)<et /%=,
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