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The probability that » random points in a disk are in
convex position
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Abstract. Pick n random points x1, ..., x, uniformly and independently in
a disk and consider their convex hull C. Let Pg’m be the probability that
exactly m points among the x;’s are on the boundary of the convex hull of
{x1,...,xn} (so that Pg’” is the probability that the x;’s are in a convex
position).

In the paper, we provide a formula for P;;"".

1 Introduction

All the random variables are assumed to be defined on a common probability space
(2, A, P). The expectation is denoted by E. The plane will be sometimes viewed
as R? or as C and we will pass from the real notation (e.g., (x, y)) to the complex
one (pe'?) without any warning. For a set A in R?, |A| denotes the Lebesgue
measure of A. We denote by d B the boundary of a set B. For any n > 1, any z,
notation z[n] stands for the n tuple (z1, ..., z,) and z{n} for the set {z1, ..., z,}.
For H a compact convex domain in R? with non empty interior and for any n > 0,
P, denotes the law of n i.i.d. points z[n] taken under the uniform distribution
over H. An n-tuple of points x[n] of the plane is said to be in convex position if
the x;’s all belong to dConvexHull(x{n}). Further we define

CPpm = {x[n]: #{i : x; € 9ConvexHull(x{n})} = m}

the set of n tuples x[n] for which exactly m are on the boundary of
ConvexHull(x{n}). Hence, CP,, := CP,,, is the set of n-tuples of points in con-
vex position. Finally, we let

P}, =P}, (z[n] € CP,), (1
Py™ =P} (z[n] € CPym). (2)

The aim of the paper is to establish a formula for P}, the probability that » i.i.d.
random points taken under the uniform distribution in a disk D are in convex posi-
tion; we will also compute Pg’m the probability that exactly m points among these
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Figure 1 Representation of typical SEG(0, R) for0 <0 <m andmw <6 <2m.

n points are on dConvexHull(z{n}) in other words the distribution of the number
of points on the convex hull boundary. To compute Py, we need and obtain a result
more general than the disk case only, a result for what we will call bi-pointed seg-
ments (BSEG). This will play somehow the role of the bi-pointed triangle (see (9))
as studied by Barany et al. (2000), central also in the approach of Buchta (2009/10)
of the computation of P;"" and Py where T stands for triangle, and § for square
(see (10)).
For 6 € [0, 2], R > 0, the arc of circle AC(0, R) is defined by

AC(, R) = {Re™,v e [-0/2,0/2]}.

We denote by SEG(6, R) the segment corresponding to the convex hull of
AC(0, R) (see Figure 1), which coincides with

SEG(6, R) = {ARe'™ + (1 — M)Re'™2, . €[0, 1], vy, v2 € [—6/2,6/2]}.

Now consider wi (6, R) = Re~'%/2 and w, (8, R) = Re'?/? the two extremities of
the special border [w1 (8, R), w2(8, R)] of SEG(H, R). Let z1, ..., z, be i.i.d. and
uniform in SEG(6, R). Set

Z[n,0, R1=[w1(0, R), w2(8, R), z1, ..., Zn),
and define the crucial bi-pointed segment case (BSEG) function
Bum(©) :=P(Z[n,0,R1 € CPyyomi2),  6€(©0.20),1<m=<n. (3

The value of R has no importance (since there exists a dilatation sending
SEG(4, R) to SEG(0, R’), and dilatations conserve convex bodies and uniform
distribution) but it will be useful to have the two parameters (6, R) for subsequent
computations. Again, we write B, instead of B, , and below L, instead of L, ,.
Clearly, for any 6 € (0, 2r), Bo(f) = B1(#) = 1. Now for any n > 0, 0 € (0, 27)
define

B m(0)(6 — sin(0))" sin(6/2)

Ln,m(e) == !

4)
Hence,

Lo(0) =sin(8/2), L1(0) =sin(0/2)(0 — sin(6)). 5)
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Notice that 0 as well as 2, which corresponds respectively to the flat case and the
disk case, are excluded from definitions (3) and (4). The main contribution of this

paper is the following theorem which allows us to compute Pp,"™

Theorem 1.
(i) Foranyn>1,
(i") Foranyn > 2,

— ! 2 n—2
Pg = 2511’[ 27-[”) 1 / ;)Lk((p)Ln_z_k(zn —¢)dg.

(ii) Forany 6 € (0,27) and any n > 1,

L,(O 9 sin(g/2)2n+1 popn—l
2():/0 %/ ZLk(n)Ln 1—k(@—mdnde. (6)

Analogous results can be obtained for P
(iii) For any 6 € (0,2r7) any k, and any | > k + 1, Ly ;(6) = 0. For any 6 €
0,2n),anyn>1andany 1 <m <n

nm(9) //¢ sin(6/2)>"*!
0

sm(¢/2)2”+1
(sin(n) + sin(¢ — ) — sin(¢))"?
X
n1+n2§:nl }’l3!
my+my=m—1

X Lnl,m1 (n)an,mz((,b —n)dndé.

An alternative form can be given using

sin(n) + sin(¢p — n) — sin(¢) = 4sin<¢ — 77) sin(¢p/2) sin(n/2).
(iii") Foranyn >2andany 1 <m <n
(n — 2)' 2]T
P =t | X L @)L @7 — 9 d9.
T ny+ny=n—1
my+my=m—1

(iv) Foranyn > 1and any 1 <m <n,

Pg’m: lim B, 1,m— l(t)

t—2m~
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From (ii), one can compute successively the L ;(6)’s, and by (4), this allows one
to compute the B;(6)’s. By (i) it suffices then to take the limit when 6 — 27 .

Despite great effort we were not able to find a simpler formula for B, than
that presented in the theorem. Nevertheless, explicit computation can be done but
closed formula for the first L; given below shows a rapid growth in complexity
(L10 would need one page to be written down). The effective computation of the
first L, is complex and very few can be computed by hand. In particular, the sin-
gularity apparent in (6) is difficult to handle since the terms in the sum need to be
combined to compensate the singularity.

In Section 3, we present an algorithm allowing one to compute the L ;’s. With
this algorithm we have computed the first 32 values of L,, before runnlng out of
computer memory, which allows the computation of (Pp, 1 <n < 33). They can
be found at Marckert (2015). This is just a matter of power of computer/computer
algebra system, or code optimization, to go further. Lo and L have been given in
(5); writing for short S and C instead of sin(6/2) and cos(6/2) respectively, one
founds

2 1
Ly(0) = —§S5 —28% + 5592,

208% 78*C  35CS? S0 S0 3580
L3(6) = + + +—+— -

27 27 9 2 6 18 °
L4(0):—10CS29 LS +2 s’ - s + 3 S94 L 15587 305592’
9 270 216 24 288
Ls(@) = — cs'o  17s8¢ 73CS6 N 4427S4C N CS$*0>  473473CS>
10,125 40,500 81,000 64,800 16 43,200
50 4 56> 3055%  6156° | 47347356
108 120 144 144 86,400

We can also compute L, ,(0) for small values of m,n (they are available at
Marckert (2015), for all n < 12). For any n > 2, >} _; B, x(0) = 1. Since By > =
B> is known, so do B> 1. The next ones are

2 5
L31(0) = gCS6 —58%C —28%0 + 5539,

L32(0) = 5’—4(3256 + 54i 520 4 1685* — 545262 — 105i6 — 30252

S(165* + 9252 — 2762 — 105)
108i 52 4+ 108SC — 54i
4 7 45° 3857 14
Ly1(0)=-CS% — ~$*9C+ — — —— + —5°.
410)=73 30T TS T T3
The next ones are too large to be written here. Using these formulae, one finds the
following explicit values for P}, given in Table 1 and below.

+276% +105)S +
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Table 1  First values of P}

n 4 5 6 7 8
| — pn 35 305 305 _ 473,473 2135 _ 2,900,611 427 185,227 + 62,664,108,221
D 1272 4872 2472 11,5207 9672 23,04074 1272 48074 48,384,0007°
g 427 1,826,293  221,424,913,259
l-Pp=—~— i 6 °
8 19207 43,008,000

305 7,956,347  275,822,571,959

10
b= Py =02 ™ Zgaont + 12,902,4007©
11,959,334,618,379,662,657
~163,870,801,920,00078
| pui_ 3355 15780457  10435892.451,347
D = 3072 384074 154,828,80076
116,756,045,890,280,952,727
~327,741,603,840,00078
| pl2 o 3355 14,549,381  35,864,761,139,141

2472 19207* 193,536,0007©
153,063,833,227,904,154,127
a 81,935,400,960,0007 8
24,568,177,984,436,193,008,990,903,477
3,815,698,848,546,816,000,0007 10

By Theorem 1, we can also compute the first values of P;,™ presented in Ta-
ble 2. We have computed P/ for all (n, m) such that n < 13 (they are available
at Marckert (2015)).

Some explicit results for bi-pointed half disk are in Table 3. Again, the method
we have provide all the results till n = 33.

The value Pj* =1 —35/(1272) is due to Woolhouse in 1867.

The! values Pg’3,P15)’4 and PIS)’5 as well as the values Pg’3 for arbitrary n are
due to Miles (1971). Buchta (1984) computed the expected area V,, of the convex
hull of n uniform and independent points in a disk with unit area, and found

175 23,023

Vs = — .
ST 702 T 69127%

IThis paragraph is due to one of the referees of the paper. We thank her/him for these precisions.



Table 2 First values of Pg’m

n\m 3 4 5 6 8
35 4
4 1272 Pp 0 0 0
15 65 5
3 1672 1272 PD 0 0
6 1001 15 19,019 65 17,017 po 0
32074 872 128074 6m2 28874 D
7 35 777 105 + 106,099 455 184,583 p7 0
3274 4074 3272 768074 2472 115274 D
8 138,567 875 + 4,110,821 7413 203,739,679 21 + 803,747 _ 22,301,758,193 91 _ 457,751 + 1,233,200,111 PS
35,8407° 19274 64,5127 16074 2,688,0007° 472 8640m* 20,736,0007° 3n? 86474 518,4007° D

ySIp & ut sjutod wopuey

gce
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Table 3  First values for the bi-pointed half disk case

n 2 3 4 5 6
| ByGry A6 26 305 2099 305 97091 2135 _ 3102211 , 960.925.69
n 3n2 372 1272 13574 6m2 2407 2472 144074 70,8757
By Efron (1965),
175 23,023

3P+ 4Py + 5P +6PR =601 - Vs) =6 — —— + o

and since Pg’3 + Pg’4 + Pg’5 + Pg’6 =1 and Miles’ result P 3 = % the fol-
lowing relations hold

175 151,151
1272 576074

6.4 _ 6.6
PD _PD -

and
175 133,133 6.6
— —2P;".
1272 57607 b
Of course, the result Table 2 we obtained are compatible with these relations.
Besides these results and those exposed in Theorem 1, the only explicit results

in the literature concern triangles and parallelograms (we here discuss only results
known for any n, in 2D). Valtr (1995) showed that if S is a square (or a non flat

parallelogram) then, forn > 1,
2n—2\. 2
P§=((”n‘,l)), (7)

and in a second paper, Valtr (1996), he proved that if T is a (non flat) triangle then,
forn >1,

Py =2

n
P = 2"(3n — 3)! ‘ @)
(n — D13 2n)!
Buchta (2009/10) goes further and gives an expression for Pg"" and P;™ as a
finite sum of explicit terms.
For the bi-pointed triangle, Béarany et al. (2000) have shown the following. Let
T = (A, B, C) be a (non-flat) triangle, and let (z1, ..., z,) be P} distributed, and
let z[n] = (A, B, z1, ..., 2,) be the n + 2 tuple obtained by adding A, B to z[n].
For any n > 0,
- n
P} (z[n] € CPy42) = AT DU

These results are at the start of several works concerning limit shape for convex
bodies in a domain (Barany et al. (2000), Barany (1999)) and for the evaluation of

©)
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the probability that n points chosen in a convex domain H are in convex position
(see Bérany (1999)).
Buchta (2006) proved the following fact: For any n > 1, any 1 <m <n,

Pr(2n] € CPuomi2) = . 2" H (10)
CeComp(n,m) i=1 SC’ (l + SC )

where SC; = C1 + --- + C; and Comp(n,m) is the set of compositions of n
in m non-empty parts (Examples: Comp(2, 3) = &, Comp(4,2) = {(1,3), (3, 1),
2,2)}).

Additional references

The literature concerning the question of the number of points on the convex hull
for i.i.d. random points taken in a convex domain is huge. We won’t make a survey
here but refer to Reitzner (2010), Hug (2013) and to the papers cited in the present
paper. We will focus on what concerns the disk.

Blaschke (1917) proves that for the 4 points problem (the so-called problem of
Sylvester), for any convex K,

2 _pa_pt _ ph 35
Bérany (1999) has shown that
lim n?(Pp)"" =2 A% (K)/4, (11)

n——+00

where A3(K) is the supremum of the affine perimeter of all convex sets S C K.
For the disk one gets

log(Pp) = —2nlogn + nlog(2r2e?) — 260 (3n*n) '/ + -+, (12)

where the last term, not really proved in the mathematical sense, has been ob-
tained by Hilhorst, Calka and Schehr (2008). Central limit theorems exists also for
the number of points on dConvexHull(x{n}) under P}, (and for more general do-
main, under the uniform or Poisson distribution), see Groeneboom (2012), Buchta
(2013), Pardon (2012), Barany and Reitzner (2010).

2 Proof of Theorem 1

Beyond the appearances, the proof of Theorem 1 is quite simple and it relies on a
paradigm of combinatorics that can be stated as follows: always try to decompose
the structure you are studying! But how can we decompose Pj,? The two main
ideas of the paper are the following:

— B, () can be decomposed,
— with B, (0) one can compute P,.
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2.1 Proof of (i)

Throughout this section, n > 1 is fixed. Take a closed disk B = B((0,0), R.), with
center (0,0) and radius R, = 1/4/7, that is with area 1, and pick »n i.i.d. uniform
points Uy, ..., U, in B. Now consider the smallest disk B((0, 0), R,,) that contains
all the U;’s. Clearly

R, =inf{r :#(B(0,r) N{U1, ..., Uy}) =n}.

Proposition 2. Conditionally on R, = r, there is a.s. exactly one index J €
{1,...,n} such that Uj belongs to the circle dB((0,0),r). Conditionally on
{(J=Jj,Ry=r},Ujand (Uy,...,Uj_1,Ujy1,...,Uy) are independent, U; has
the uniform law on the circle 9B((0,0),r), and Uy, ..., Uj_1,Ujy1,..., Uy, are
uniform in B((0,0), r).

Proof. A.s.the points Uy, ..., U, belong to different circles with center (0, 0), and
by symmetry conditionally on R, =r and J = j, U; is uniform on B((0,0), r).
Now, conditionally on R, =r and J = j, each variable U, (for £ # j) are just
conditioned to satisfy ||U¢||2 < r, and this conditioning conserves the uniform dis-
tribution. (]

Proof of Theorem 1(i). Theorem 1(i) is—or should be—intuitively obvious, tak-
ing into account Proposition 2. But of course, a formal argument is needed. Con-
sider the three following models:

(a) n points i.i.d. uniform in a disk B((0, 0), R),

(b) one point uniform on the circle d B((0, 0), R) and, independently, n — 1 i.i.d.
uniform inside the disk B((0, 0), R),

(c) one pointis placed at (—R, 0) and n — 1 are taken uniformly and independently
in B((0,0), R).

We claim that these three models are equivalent with respect to the probability to
be in convex position.

The equivalence between (a) and (b) follows Proposition 2. Indeed, dilatation
conserves uniform distribution and convexity. Therefore, conditionally on R, =
r,and J = j, since U; is uniform on dB((0,0),r) and the other Ui/s are 1.i.d.
uniform inside B((0, 0), r), by a dilatation, the probability that these n points are
in a convex position is the same as in the case where U is taken on 0 B((0, 0), R),
and the other ones taken independently and uniformly inside B((0, 0), R) and this
is true for any fixed R and j.

Now (b) and (c) are equivalent for the following reason: Consider the rotation
with center (0, 0) which sends U; on (—R, 0). This rotation conserves convexity,
and the uniform distribution on B((0, 0), R). Hence, the random variables ¢ (U;)’s
for i # j are independent and uniform on B((0, 0), R).
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Hence, we have establish that the probability that n points are in a convex posi-
tion is the same in the model (a), and in the model (c). We will then work on this
third model.

Now if we come back to the BSEG considerations, when 6 — 27, the points
w1 (R, ) and wa (R, 8) become closer and closer, and the line passing by these
points lets all the other points in one of the half plane it defines. It is intuitively
clear that replacing w; (R, 8) and wy(R., 8) by a single point close to them (for
example, at position (—R., 0)) will not dramatically change the model nor the
probability to be in convex position. This is the essence of Theorem 1(i).

For sake of completeness, let us give a formal proof. Take R > 0 and consider
the two sets S(¢) = SEG(2w — ¢, R) and S = SEG(2x, R) = B((0, 0), R). These
two sets are closed for the Hausdorff topology when ¢ is small. We always have
S(e) C S, and |S \ S(¢)| goes to 0. This property implies that if we fix ¢’ > 0, for
& small enough, for z1, ..., z, chosen uniformly and independently under Pg,

P({z1,...,za} C S(e)) > 1—¢. (13)

Conditionally on the event A, := {{z1, ..., z,} C S(e)}, the z;’s are i.i.d. uniform
in S(¢). Let wi(e) = w1 (Re, 2 — &), wa(e) = wa (R, 2m —€), w = —R.

We want to show that P((z1,..., 2, w, w3) € CPyy2|Ay) — P((z1, ..., 2,
w) € CP,41). Consider the following sets (subsets of S§"):

Ei(e) :={(t1,....tn) €S(e) : (t1, ..., tn, wi(€), w2(e)) € CPpys},
E, = {(l‘l, o) eSi(t, ..., w) € CPn_H}.
It suffices to prove that |E(¢g)| —>0 |E>|. First E{(¢) C Ej since if (t1,...,1,,
E—>

w1 (g), wa(e)) belongs to CP,4 > and since the segments [wy(¢), w] and [w> (g), w]
are chords, then (zy, ..., z,, wi1(e), wa(e), w) is in CP, 43 from what we deduce
that £ is in CP,41.

To end the proof, take (1, ..., t,) € E>. We show that when ¢ is small enough, it
isin Eq(¢). More precisely, we will see that it is not the case only if the #; belongs
to a null set (for Lebesgue measure). We assume that n > 2 since for n = 1 the
result is clear.

First, for ¢ > 0 small enough, if the #;’s are different and different to —R,
all the #; belongs to S(¢). Since (¢, ...,t;, w) € CP,4+| draw the convex poly-
gon p passing by these points, and relabel the #s as t7, ..., t; clockwise around
p so that the neighbours of w are #7 and ;. Again, up to null set, the angles
(w,t7,t3) and (t;_,,t;, w) are not 0, and it appears clearly that for & small
enough, (#1, ..., t;, wi(e), wa(e)) € CP,42. We then have E> = |, E1(¢) and the
E1(x) UE{(x") if x" < x,s0 |E|(¢)| — |E2| when & goes to 0. O

2.2 Proof of (ii)

Forany 6 € [0, 27], R > 0,
R2
|SEG(0, R)| = 7(0 — sin(@)) (14)
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/ 2
Ry = m, (15)

the area |[SEG(6, Ry)| = 1. Fix 6 and denote for abbreviation by SEGg the seg-
ment SEG (0, Rg) with unit area. The size Lg of the special border [w(8, Rp),
w7 (6, Rp)] for this segment is

and then for

Lo =2Rpsin(6/2). (16)

In this section, we fix 6 € (0, 27) and search to express B, (6) with some com-
binations of B;(v), for v <6 and j < n. To get the decomposition, we will “push
the arc of circle” AC(8, R) inside SEG(6, Ryp) till it touches one of the z;’s doing
something similar to the Buchta’s method (for the computation of Pg and Py).
Here it is a bit more complex: we need the arc of circle to stay an arc of circle dur-
ing the operation in order to get a nice decomposition, and also we need to keep
the bi-pointed elements. The arc angle and radius will change during the operation.
This will lead to a quadratic formula for B,,. Almost all quantities appearing in this
section should be indexed by 6. In order to avoid heavy notation, we won’t do this.
Draw SEGy in the plane. We consider the family of segments

Fo = (SEG[¢],0 < ¢ <)

having as special border the special border of SEGy, thatis [w; (6, Rg), w2(8, Rg)],
and lying at its right, such that the angle of SEG[¢] is ¢ (see Figure 2).

When ¢ goes from 0 to 0, the center O[¢] of (the circle which defines) SEG[¢]
moves on the x-axis from O[8] = 0 to (—oo, 0). Comparing the distance from
O[¢] to the special border, we can compute the coordinate of O[¢]:

Ole]l = % (cot(%) — cot(%)) a7n

wQ(H’RB) wg(a,Rg) -4
Figure 2 Representation of the family Fy. The angle ¢ < 6 and SEG[¢] < SEG[O]. The angles are
taken at the center of the circle that defines the segments.

w1 (0, Ry) 1
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and the radius of SEG[¢],

sin(6/2)
sin(¢/2)
Since the special border of all the SEG[¢] is the same one sees that if ¢ < ¢’ then
SEG[¢] C SEG[¢']. When ¢ goes to 0, SEG[¢] goes to [w1(0, Rg), w2(0, Rg)]

(for the Hausdorff topology). One also sees that SEG[#] = SEGy, and for ¢ < 6,
by (14) and (15),

R[¢]= Ry (18)

19)

sin(0/2) \? ¢ — sin(¢)
sin(¢/2)> 6 — sin(6)
and then the other segments of the family Fy have area smaller than 1 (see Fig-
ure 2).

Again 6 is fixed. Let zy, ..., 2z, be n > 1 i.i.d. uniform random points in SEGg.
Denote by

ISEG[@]| = (

@ =min{¢ : #({z1, ..., 2.} NSEG[¢]}) =n},

and let J the (a.s. unique) index of the variable z; on dSEG[¢]. Finally, let I" be the
(signed) angle ((+00,0), O[®], z7) formed by the x-axis and the line (0[D], z)
(see Figure 2). We have the following proposition.

Proposition 3. The distribution of (®, I') admits the following density f(o r) with
respect to the Lebesgue measure

sin(0/2)*" (¢ —sin(¢)""!
(6 —sin())" sin(¢/2)¥1+1

x (cos(y) — cos(¢/2)) lo<gp<oliy|<g/2-

Jo.n(@,y)=n

Proof. First, the density of z; = (x, y) with respect to the Lebesgue measure on
|ISEGg| is ndx dy|SEG,C,y|”_1 where |SEGx,y|”‘_1 is the area of the unique ele-
ment of the family Fy whose border contains (x, y) (indeed z; = (x, y) if (a.s.)
all the points z1, ..., z, are inside SEGy , except one of them, which lies exactly
at (x, y)). We then just have to make a change of variables in this formula.

We search the unique pair (¢, y) such that

x +iy = Rigle'” + O[9].
Since by (19) and (17) everything is explicit, we can compute the Jacobian
dx  0x
ap oy || sin(0/2)? (cos(y) — cos(¢/2))
dy 9y || sin(¢/2)3 (O —sin(8))
d¢p  dy
From what we deduce the wanted formula, using (19). ]

det

<
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(0, F) V
-
Ly/2 i
N PIZ+~
wl(Q,Rg) 3

Figure 3 Decomposition of the computation of B, (0), and definition of the two sub-segments ap-
pearing in the decomposition.

Now, it remains to end the decomposition of our problem. Conditionally on
(®,I',J) = (¢, ¥, j), the points z1,...,2j-1,2j41,-..,2, are i.id. uniform in
SEG[¢].

The triangle T := (w1(0, Rg), w2(0, Ry),z;) is inscribed in SEG[¢] and
SEG[¢] \ T produces two segments S| and S>. Since we may rescale SEG[¢]
to be SEGy (to get area 1), the question now is that of the area of the two
rescaled segments. After rescaling, S; and S appear to be SEG[¢/2 + y, Ryl
and SEG[¢/2 — y, Ry] by identification of the angles. Using (14)

o — sin(o)

¢ —sin(¢)
We keep temporarily notation S; and S, instead of SEG[¢/2 + vy, Ry] and
SEG[¢/2 — v, Ry] for short. The following proposition is a consequence of the

fact that uniform distribution is preserved by conditioning. It is the “combinatorial
decomposition” of the computation of B, (), illustrated on Figure 3.

ISEG[a, Ry]| = (20)

Proposition 4.

(i) Conditionally on (®,T, J) = (¢, y, j), the respective number (N1, N2, N3) of
points of z{n} \ {z;} in 81, S2 and SEGy — (§1 U §) is

Multinomial(n — 1, [Si], [S2], 1 — |S1] — |S2]).

(i1) Conditionally on (®,T,J) = (¢, y, j) and (N1, N2, N3) = (k1, k2, k3) the
points 21, ...,z, are in convex position with probability 1i;—0.k,+ky=n—1 X
By (¢/2+y)Biy(9/2 — y).

Putting everything together, we have obtained

0 r% il gy |
Bn<9>=f0 f_%f@,r)w,wé(”k >|Sl|k|S2|n_l_k

X Bi(¢/2+ y)Bu—1-k(¢/2 —y)dy d¢



Random points in a disk 333

Setn=¢/2+y,dn=dy, n goes from 0 to ¢ (and ¢/2 — y = ¢ — n), giving

0 r¢ b1
BA®=A;Aumwﬂ¢n—W%g%(k ) @1

x |SEG[n, Ry]|*|SEGI¢ — n, Ry1|" ' *

X Br(m)By—1-x(¢ —m)dnde

(22)

from which we get

(9 sin(0/2)%" cos(n — ¢/2) — cos($/2) "=} (n — 1
B”(Q)_/o /o MO —sin@)" sin(g 22+ kg( k ) 3

x (n —sin(n))* Be () ((¢ — n) — sin(p — )"~
X By 1k (@ —m)dnde.

Now, cos(n — ¢/2) —cos(¢/2) = 2sin(n/2) sin((¢ — n)/2). Finally setting L, (0)
as done in (4), we obtain Theorem 1(i1).

(24)

2.3 Proof (i’)

Recall Proposition 2. To compute P” we can work under the model where
n — 1 points z1, ..., z,—1 are picked independently and uniformly inside the disk
B((0,0), R.) (with R, = 7~1/?) and one point on the boundary. We place this last
point at position — R, which is allowed since rotation keeps convex bodies and the
uniform distribution.

Now take a family of circles G = {B[r], 0 <r < R.} such that B[r] as radius r,
its center at position — R, + r, implying that — R, belongs to all these circles (see
Figure 4).

If ' < r, B[r'] C B[r]. Let r* be the largest circle such thatexists | <k <n-—1,
Zx € d B[r*]. Denote then by ¢ the angle such that z; = (—R. +r) + relCTHe) If

Figure 4 Decomposition of the computation of P,,D . The big cross is the center of the initial circle,
the small one, the center of the smallest circle containing all the points.
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we denote by (X, ¥) the (Euclidean) position of zi, the density of the distribution
of (x,y)is

-2
(n — D 1(x,)eB(0,0),R) | BIF]|" " dxdy,

where B[r] is the unique circle in the family G which passes by (x, y). We can
then compute the Jacobian and find the distribution of (r, ¢) to be with density
lo<r<R.,0<p<227(1— cos(¢))(r?)*~2 dr d¢. Once zi is given, we can once again
normalise the problem, and come back on a circle of area R.. We then get, using
1 4 cos(¢) = 2sin%(¢/2)

R. 2m =2 -2
Pp=wm-n [ [ Z(" . >2sin2(<zs/2)r(m*2)”‘2
k=0

x Bi()Bp_2_(2m — ¢)|SEG(¢, R) [ |SEGQ2r — ¢, Re)|" > 7*

dodr.

The integration with respect to dr gives

1 (272" =2 (p—2
Ph=— /O ;0 (" . ) $in?(¢/2) B(¢) Bu—2—k 2 — )

(e ey,

since once ¢ is known, the convexity follows that on the pair of bi-pointed seg-
ments with angles ¢ and 27 — ¢, and the number of elements in these segments is
binomial(n — 2, |[SEG(¢, R.)|).

2.4 Proof of (iii)

The proof is the same as that of (ii) except that in Proposition 4 we need to follow
the number of points falling in the triangle. We then get

) -1
Bn,mw):fofof<q>,r><¢,n—¢/2) 3 (” )

ny+ny+nz=n—1 ni,nz,n3
my+my=m—1

x |SEGI[n, Ryl|"' |SEGI[$ — 1, Ry1I"
x (1 — |SEG[n, Rg]| — ISEGI¢ — 1, Ry1|)™
X Bnl,ml (n)an,mz (¢ —n)dnde.

Using the notation introduced in (4), we get (iii).
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2.5 Proof of (iii’)
Copy the arguments in Section 2.3. In the same way, forn >2,1 <m <n

1 2 -2
Py =— /0 2. 2 ("k )sin2(¢/2)

k=01<m<n-2
X Bk,m1(¢)Bn—2—k,m—m1—2(27T - ¢)
o k _ : n—2—k
y <¢ sm(d))) <2n ¢+sm(¢)) o

2 2w

with the condition that By x4+; = 0. (iii’) follows.

2.6 Proof of (iv)
The same proof of (i) does the job.

3 Effective computation of L,

We explain in this part how to effectively compute the sequences L, and L, ,,.
There exist maybe some “simple close formulae” for these functions that can be
proved by recurrence, but even with the 30 first L, in hand, we were not able to find
one. So, the method we propose allows one to make the successive computations
of the L;’s with a computer algebra system as Maple, Mathematica or Sage: addi-
tionally to standard polynomial computations, the needed operations are: Laplace
transforms, inverse Laplace transforms, and integration. We wrote a program for
Maple helped by Salvy (2013) (the code of the program is available at Marckert
(2015)). Here are the main lines of the algorithm.

Instead of computing L,(0) we compute M, (6) = L,(20) which satisfies a
simpler recurrence:

t sin(t)Z”‘H
Mn(l) - 8'/(‘) W

¢n—l
fo > M) My—1-1(¢p — n)dndg.
k=0

Since B1(0) = Bp(0) =1, Lo(#) and L(0) are known by (4), and thus My () and
M;(0) too.

Denote by J,(t) = fé ZZ;& My (u)My_1—(t — u)du, and by TJ,, T M, the
Laplace transform of J,, and M,,. We have

n—1

TJu(s) =) TMk()T My—k—1(5).
k=0

A computation of J,, by integration seems difficult to the computer algebra system,
but T'J, can be computed easily, and the computation of the Laplace inversion of
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T J, which gives J, works without any harm with Maple. Maple provides J,(¢)
under the form of a polynomial of cos(kt), sin(kt), ¢ (for a fixed n, several k are
involved). We linearize cos(kt) and sin(kt) (replacing them by some polynomi-
als in cos(?), sin(¢)). Using cos(1)? + sin(r)? = 1, it is possible to rewrite J, as
polynomial of degree at most 1 in cos(¢) (for this, we take the rest of J,(¢) by the
division by cos(r)? + sin(z)? — 1). This reduction step is important as it provides
much shorter formulae for J,, and allows one to compute L,, for larger n.

It remains to compute M,(t)/ sin(r)2**t! which is equal to 8 fé Ja(v)/
sin(v)?"*! dv. Again, Maple is not able to make this integration directly, and needs
some help. We then observe that M, is solution to the following ordinary differen-
tial equation:

M, (1)

o, (25
i syt O (2

sin(t)M, (t) — (2n + 1) cos(r) — 8sin(t) J, (1) =0,
the last equation following from (4). Now, the form of M, can be guessed: this
is a polynomial in sin(¢), cos(¢), t. The degree in cos(z) can be taken equal to
1, and some bounds on the degrees of sin(¢), and ¢ can be guessed (by trial and
error, for example). Plugging M, (t) = >k, i, ks @k ko k3 sin(2)¥1 cos()¥2¢%3 into
(25), replacing cos(t) by C, sin(¢) by §, and again taking the rest by the division
by C? + 52 — 1, we get the nullity of a polynomial in C, S, ¢. This provides a
linear system on the coefficients ay, i, i;, €asy to solve. This provides a close form
for M,,.

The method is a bit demanding in computer resources mainly because M,, be-
comes more and more complex as n grows, which implies that Laplace transform
and inverse Laplace transform devours the memory resources of the computer.

A similar change of variable provides a formula for M,, ,, () = L, ,(26). The
computation of M, ,, is possible using the same algorithm, except that some com-
plications arise since some polylogarithm terms (of the type polylog(n, €¥) +
polylog(n, —e'?)) appears in some intermediate computations. We are able to com-
pute Ly, for n < 12 (which provides the values of PgH’mH for the pairs (n, m)
such that n < 13). Here, the computation are slow, and we renounced to go further
for a matter of time (several hours are needed to compute the case n = 13).
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