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Improved asymptotic estimates for the contact process
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Abstract. We study the contact process with stirring on 74 n this process,
particles occupy vertices of 74 each particle dies with rate 1 and generates
a new particle at a randomly chosen neighboring vertex with rate A, provided
the chosen vertex is empty. Additionally, particles move according to a sym-
metric exclusion process with rate N. For any d and N, there exists A, such
that, when the system starts from a single particle, particles go extinct when
A < A and have a chance of being present for all times when A > A.. Durrett
and Neuhauser proved that A, converges to 1 as N goes to infinity, and Konno,
Katori and Berezin and Mytnik obtained dimension-dependent asymptotics
for this convergence, which are sharp in dimensions 3 and higher. We obtain
a lower bound which is new in dimension 2 and also gives the sharp asymp-
totics in dimensions 3 and higher. Our proof involves an estimate for two-type
renewal processes which is of independent interest.

1 Introduction

The contact process on 7% with birth rate ) > 0 and stirring rate N > 0 is the
Markov process (§;);>0 on {0, I}Zd with generator £ = ﬁéﬁ’g E(Om defined, for
any function f : {0, I}Zd — R that only depends on finitely many coordinates and

any £ € {0, 1}Zd, by:
(LRNE=N- Y (fE") - F®),

{x,y}czd:
X~y
£(y) if z =x, (1.1
where £¥77(z) = { £(x) ifz=y,
£(2) otherwise,
(Len/)E = Y. (fFE") = f©) +— Y'Y (fE) - r ),
xezZd: xeZ4: yezd:
E(x)=1 . , E(x)=1 y~x (12)
X <i _ )t mz=x, .
where §7(2) = {f(Z) otherwise, Pe{0. 1}
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and we write x ~ y if |x — y|; = 1. We interpret each vertex x € Z? as a region
of space which can either be empty (represented by state 0) or contain a particle
(state 1). The dynamics can be described as follows:

e Lexc describes the motion of particles, which is according to an exclusion dy-
namics with rate N. This means that for each pair x ~ y with £(x) =1 and
&(y) =0, the particle at x jumps to y with rate N. For each pair x ~ y with
&(x) =£&(y) =1, it will be useful to think that the particles at x and y exchange
positions with rate N (though this amounts to no change in the configuration ).

e Lcont describes the birth and death of particles, which is according to a contact
process with rate XA, described as follows. Each particle dies with rate 1 and
gives birth with rate A; when a birth occurs, a new particle is placed at a position
chosen uniformly at random among the neighbors of the parent (if the chosen
position is not empty, no new particle is born).

This process is then a mixture of two well-studied classes of interacting particle
systems: the exclusion process, introduced in Spitzer (1970), and the contact pro-
cess, introduced in Harris (1974). It was first considered in Durrett and Neuhauser
(1994), who were motivated by the earlier work (De Masi, Ferrari and Lebowitz,
1986). In De Masi, Ferrari and Lebowitz (1986), the authors added exclusion dy-
namics to particles on Glauber-type spin systems and showed that, if the rate of the
exclusion is taken to infinity, the system converges to the solution of an associated
reaction-diffusion equation.

Our interest will be to consider the contact process with stirring from the point
of view of its extinction-survival phase transition. To explain what we mean by
this, let us first consider the basic contact process (that is, take the above definition
with N = 0). Assume &, = 1oy (the indicator function of the origin) and consider
the probability (which depends on d and 1)

PP[for all ¢ there exists x such that & (x) = 1]. (1.3)

This is non-decreasing in A. We say that the process dies out if (1.3) is zero and
survives if it is positive. The phase transition for the contact process is the state-
ment that there exists A.(Z¢) € (0, co) such that the process survives if and only
if & > A.(Z4) (for a proof of this, and of all the facts we state here about the basic
contact process, see Liggett, 2013).

Since attempted births on occupied vertices (which we call “collisions”) pro-
duce no new particles, it is easy to show that the process given by the total number
of particles, (3,74 & (x))s>0, is stochastically dominated by a branching process
with birth rate A and death rate 1. This comparison yields A (Z%) > 1, and in fact
it is known that

2d
< (2% <2, d>1.
2d—17 () = -
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When stirring is introduced, one can consider A, (Zd , N), still defined as the
infimum of the values of A for which (1.3) is positive. In Durrett and Neuhauser
(1994), it was proved that

lim (2, N)=1, d>1. (1.4)
N—o00

This result roughly means that, as we take N — oco—thus allowing particles to
move more and more between each birth or death event—collisions have less effect
and the critical rate approaches that of the associated branching process.

Regarding the rate of convergence in (1.4), it was shown in (Konno, 1995) that
for every d there exist positive constants ¢z, C4 such that, for all N > 1,

[ C
C—”’,—”’} ifd >3
| N N
[cqlog N Cylog N
(24, Ny — 1] | S48 Td 08 ] ifd =2; (1.5)
| N N
[ ca Ca .
_W’W} ifd=1.
For d > 3, in Katori (1994), this was improved to
1 .. .
m<1[1vnl)1élofN(Ac(Zd,N)—1)<lgll_§élopN(Ac(Zd,N)—l) y
G(0,0) — 1 (1.6)
<—’
2d

where G (-, -) is the Green function of discrete-time, simple random walk on 74:
that is, if 81, B2, ... are independent and uniformly distributed on {z : z ~ 0}, then

n
G(x,y) =1x=y) +E|:#{n >1: Z,B,- =y —x”,
i=1
where # denotes the cardinality of a set. More recently, Berezin and Mytnik proved
that, for d > 3, the upper bound in (1.6) is sharp:
G(0,0)—1

li (Ae(Z4,N) = 1) = ———~ 1.
im N (e (25 N) = 1) 2d (-7

We now state our main results. For a measurable set A C R, |A| denotes the
Lebesgue measure of A.

Theorem 1.1. Assume d > 2 and let (Ay, Bs)s>0 denote the positions of two parti-
cles under exclusion dynamics on Z¢ with rate 1 (per edge) and Ao ~ By. Suppose
(AN)N>1 is a sequence satisfying

. Ay —1

lim sup <1

N—oo (1/(dN))-E[|{t <N :A; ~ B}l
Then, if N is large enough, the contact process with birth rate Ay and stirring rate
N dies out.




Contact process with stirring 257
The following helps relate this theorem to the bounds given earlier.

Proposition 1.2. Let Ay, B be as in Theorem 1.1. Let A), and B, be independent,

continuous-time simple random walks on 7% which jump from each vertex with
rate 2d, and Ay~ B. If d > 3, then

G(0,0)—1
]E[{{t<oo:A,~Bt}|]:E[|{t<OO:A;~B;H]:f. (1.8)
Ifd =2, then
lm E[|{s <t:A; ~ B;}|] — lim E[l{s <t : A} ~ B/}|] _ i (1.9)
1—00 logt t—00 logt 21

(1.8) already appeared in Berezin and Mytnik (2014). (1.9), which presents a
higher technical challenge, is new. By putting together Proposition 1.2 and Theo-
rem 1.1, we reobtain the sharp bound of Berezin and Mytnik for d > 3 and obtain
a new bound for d = 2:

Corollary 1.3. Ifd > 3, then

G(0,0) — 1
liminf N - (A(Z4, N) = 1) > GO0 -1
N—o00 2d
Ifd =2, then
1
liminf (A(Z4, N)Y—1) > —. 1.1
Nosoo log N (he(2%, N) )_471 (110)

Our bound for d = 2 is of the correct order given in (1.5). No matching upper
bound has been proved, but since both cases d =2 and d > 3 are treated by the
unified statement of Theorem 1.1, and since the resulting bound is sharp in the
second case, it is reasonable to expect that (1.10) is also sharp.

In our proof of Proposition 1.2, we study the processes (As — Bs)s>0 and (A, —
B})s>0. The latter is exactly a random walk on 74 and the former is the same
random walk except that its jump rates at the set of neighbors of the origin are
modified, and in particular it can never reach the origin. Hence, denoting by Ny
the set of neighbors of 0,

(1{As; — B; € Nb}) and (1L{A, — B, e Np U {0}})

are two-type (0 and 1) renewal processes, and the amounts of time they spend at
stage 0 have the same distribution.

Motivated by this, we consider the following more general setting. Let U,
U@ and V be positive random variables and consider three independent sequences
of independent random variables,

OIFTIORTIe I @ ;@ ;O 2
U, Uup’ uy’,...~u, u? u” vy~ U,

s>0 s>0

(1.11)
Vo, Vi, Vo, ...~ V.
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For i € {1, 2}, define sequences (S,Si))nzo as follows:

S(()i) =0and, foralln >0, S§Q+1 - S§’,,) = U," and ng)ﬂ - Séit)+l = Vu. (1.12)

Also define, fori € {1,2} and t > 0,

. Oo . . Oo . .
= 0.0 (Ulsghs82) | == o (D15t s82a1) - 19

n=0 n=0

We think of the sequence (S,(,i))nzo as describing a renewal process which alter-
nates between a “u)_state” (where it stays for an amount of time distributed as
U@ and a “v-state” (where it stays for an amount of time distributed as V). Then,

K,(i) represents the total amount of time spent in the u?)-state before instant . We
prove the following theorem.

Theorem 1.4. IfE[(U™1)?], E[(U®)?] < 00 and E[V] = o0, then

Bl B0
1—00 E[K,(z)] E[U®]

(1.14)

We think this result could be useful in other settings, particularly in other esti-
mates involving local times of exclusion processes with finitely many particles.

The paper is organized as follows. In Section 2, we give a construction of the
contact process with stirring that allows us to separately consider the genealogy
of particles and their motion. The construction is also very convenient to compare
the process, particle by particle, with the associated branching process that bounds
it from above. Although this construction and comparison were already described
with words (and somewhat vaguely) in Durrett and Neuhauser (1994) and Berezin
and Mytnik (2014), as far as we know this is the first time that they are given
explicitly. In Section 3, we show how Theorem 1.4 implies Proposition 1.2 and
then use the construction of Section 2 to prove Theorem 1.1. In Section 4, we
prove Theorem 1.4.

2 Construction of coupled processes

Basic genealogical process

We start by giving a construction of a continuous-time branching process which
will be useful for coupling, and then comparing, processes of interest. Our con-
struction will depend on the parameter A > 0.

Let T be the tree defined as follows. The vertex set of T (which, by abuse of
notation, is also denoted T), is {0} U (U< ; N*), where o is a distinguished element
called the root. The edge set is

E(M) ={{o,i}:i e NJU [ J{{G1, ... in), G1oeovinsine D) tins i €N

n>2
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In case @ = (i1, ...,iy) and B = (i1, ..., in, in+1), We say that « is the parent of
B (and denote this by o = p(B)) and B is the i,4+1th child of o (denoted B =
Si,.1 (@)). The same terminology and notation is used in case « = o0 and B =i € N.

Let Hr = {By, Dy }qcT be a family of independent Poisson point processes on
[0, 00) so that each B, has rate A and each D, has rate 1. We regard each B, or
D, as a random discrete subset of [0, 00).

We will define a process (¥;);>¢ with state space {0, 1, —I}T. Our terminology
will be as follows: each vertex in T is called a particle; a particle is present if it is
in state 1 and absent if in state 0 or —1. We start setting W = 1,). Now assume
W, has already been defined up to time ¢ > 0. Let

' =inf{s > 1 : 5 € By U D, for some o with ¥ () = 1}.

We set Wy = W, for every s € (¢, t); in particular, this means that, if ¥, () # 1 for
every a, then ' = oo and Wy = W, for every s > ¢. In case t' < 0o, define W, as
follows. For the unique « such that " € B, U Dy, consider the two cases:

o ift' € Dy, we set Wy (a) = —1 and ¥,/ (B) = ¥, (B) for all B # «;
e if t' € B,, let n be the smallest natural number for which W, (s, («)) = 0, and set
Wy (sp(a)) = 1 and Wy (B) = W (B) for all B # s, ().

It should be clear that, with this construction, the number of present particles at
time ¢, #{o : V(o) = 1}, is a continuous-time branching process with birth rate
equal to A and death rate equal to 1. This consideration also shows that the above
prescription defines the process (W;) for all r > 0, that is, no finite-time explosion
occurs in the application of the recursive procedure.

Particle positions

In addition to A, we now also fix N > 0.
We now take two more random objects, independent of each other and indepen-
dent of Hr:

e afamily Hyju ={L,:ec€ E (Z4)} (E(Z%) denotes the set of nearest neighbors
edges of Z¢). Each L, is a Poisson point process with rate 1 on [0, o), and
these processes are all independent;

e a family M = {My(¢) : ¢ € T \ {0},t > 0} of independent random vectors of
74 (that is, if (a1, 11), . . ., (o, 1) are all distinct, then My, (1), ..., My, () are
independent). Each M (¢) is uniformly distributed on the set of the neighbors
of the origin of Z<.

Given a realization of Hy., we define a function p : {(x,s,#) : x € 74.0<s <
t} — 74, which we call a flow, as follows: for each x € 74 and s > 0, t —
p(x, s, t) is the unique function that is constant by parts and satisfies p(x, s, 5) = x
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and, for all r > s,

px,s,)=px,s,t=)  ifr¢g | Lipesiona

z:z~p(x,8,0—)

. 2.1)
px,s,t)=z#p(x,s,t—) lfZ‘EL{,O(x,s,t—),z}

(we hence view t € L{y,y) as an “order” either to jump from x to y or to jump from
y to x, and p is the path obtained by following all the orders that are encountered).
We also let

oN(x,s,t)=p(x, Ns, Nt).
Foreach @ €T, let

t, =inf{t: ¥, (a) = 1}, .5 =sup{t: V(o) = 1}.

o

Then define

pn (0,0, 1) ifo<t<tt;
X = o
o) { A otherwise,

where A denotes a “cemetery” state. Now assume that processes (Xy(f));>0 on
Z U {A} have been defined for all o € Un—o N, and that these processes satisty
Xy (t) # A if and only if ¥, (a) = 1. Fix & € N"*!. In case 7, = 00, put X, (1) =
A for all ¢. Otherwise,

X, (t) = {pN(XP(a)(Ta_)+M0t(foz_)vfa_’t) ifre [?oz_ 3 ) (2.2)
A otherwise.

This inductively defines X, () for all « € T and ¢ > 0, so that X, () # A if and
only if W, () = 1. We call X, (¢) the location of particle « at time ¢ (with the un-
derstanding that absent particles are located in the cemetery state). The definition
(2.2) thus means that when a particle appears, it is placed on a location obtained as
a random neighbor of its parent’s location at the time, and then it moves according
to the flow py until it disappears.

Remark 2.1. Define the process
Yi) =#laeT: W () =1,X,()=x}, xeZ1>0.

Although we will not need it in the sequel, it is instructive to discuss its behavior at
this point. In this process, particles occupy positions in Z¢; it is possible that any
number of particles occupy a single position. Each particle disappears with rate 1
and gives birth at a randomly chosen neighboring position with rate A (births are
not forbidden at occupied sites). Moreover, edges of Z¢ contain jump instructions
which are Poisson(N) clocks; the effect of a jump instruction at {x, y} is that
all particles from x jump to y simultaneously, and vice-versa. This is the process
studied in Katori (1994), inspired by the “binary contact path process” of Griffeath
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(1983). Our task now is to construct, in this same probability space, the contact
process with stirring (§;);>0: this will amount, quite simply, to keeping track of
particle positions and forbidding births at occupied sites. With this construction,
at any point in time, the set of particles present in & will be a subset of the set of
particles in ;.

Contact process with stirring

We will now construct the contact process with stirring on 74 (denoted (&;);>0,

with state space {0, I}Zd) and its underlying genealogical process ((Z;);>0 on
{0, 1, —I}T). The construction of these processes will depend on (Ht, Hya, M)
that have been used above and on the paths {(X,(#));>0 : @ € T} that have been
defined (hence A and N are fixed throughout).

We will give a recursive definition of E that mimics that of ¥ and will set

E(x)=#aeT:Elx) =1, Xo() =x}, xeZ¢1>0. 2.3)

The construction will guarantee that, for all s > 0,
&(x) € {0, 1} forall s > 0, x € Z¢; 2.4)
{o: Bs(@) =1} C o Us(o) = 1}; (2.5)
if Bg(@) =1, then inf{n : Es(sn(a)) =0} =inf{n : ¥,(sy(a)) =0}. (2.6)
We set Eg = 1,). Assume that (E;)o<s<; has already been defined up to time

t > 0 (and hence, by (2.3), (&s)o<s<: 1S also defined) and that they satisfy (2.5),
(2.6) and (2.4) for all s <t. We let

' =inf{s > 1 :5 € By U D, for some o with E; () = 1}.

For s € (1,1), we let B = &, (note that this, together with (2.3), implies that &
is then defined in [0, ). If ¢’ < oo, for the unique « for which ¢’ € B, U Dy, we
consider the cases:

o ift' € Dy, set Ey(a) =—1and E,(B) = E,(B) forall B # «;
e if t' € B,, let n be the smallest natural number for which E; (s, («)) =0, and let
B = s, (). We consider two further cases:
— if &_(Xo(t'—) + Mg(t'—)) = 0 (that is, if the position where § is supposed
to appear is empty), set Ey(8) =1 and E,/(y) = E;(y) for all y # B;
— if &_(Xo(t'—) + Mp('—)) # 0 (that is, if that position is occupied), set
Ev(B)=—1and E/(y) = E/(y) forall y # .
These rules define E and & for all times. Each step in the induction preserves (2.5),
(2.6) and (2.4), so they are satisfied for all times. Also note that

if E5(a) = 1 for some s,
then inf{s: 8;(e) = 1} =inf{z : ¥;(a¢) =1} =1, and 2.7)
sup{t: B/(a) = 1} =sup{t : ¥, (@) =1} =7,
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that is, if a particle o ever becomes present in E, then the set of times for which it
is present is the same for & and V. Also,

if, fora, p e T, 7, <15 <00 and Xo(t5—) = X () (75 —) + Mp(t5 —),
(2.8)
then E;(B) # 1 forall t > 0,

that is, a particle 8 cannot appear at position x € Z if, at the time of the attempted
appearance, x is occupied by a particle « that appeared earlier.

For t > 0, we denote by §; the smallest sigma-algebra under which the point
processes Ht N [0, t], Hz« N [0, ¢] and the processes {(My(s))o<s< : o € T} are
measurable. Note that (W;, &;, & );>0 is then adapted to (§;);>0.

3 Proof of main result

Given @ € T and ¢ > 0 so that &;(«) = 1, let n be the smallest natural number so
that E;(s,(«)) = 0 (or equivalently, by (2.6), so that W; (s, (a)) = 0). Then con-
sider the subgraph of T given by

T(a, 1) = {a} U {B : the unique path in T from B to o intersects {s,,(cx) : m > n}}

(together with all edges that are incident to two vertices in the above set). We call
T (e, t) the set of fresh descendants of a at time t. It is a connected subtree of T.
We also define, for o and ¢ such that E;(«) =1 and ¢’ > ¢,

NE(a, 1,1y =#{p € T(@,1): Ev(B) =1},
NY(, 1, t)=#{B e T(a,1): W (B) =1}
We observe that, for all «, ¢t with E,(x) =1,
NE@,t,t) <N¥(a,1,) (3.1)

and, since (WY (o, 1,1 + 5))s>0 is a branching process with birth rate A and death
rate 1, we have

on [E(@) =1}, foralls' >1,  ENY(a,1,1)|F]=e* DD (32

We now define two classes of events, I («,t) and J(«, t), which will both cor-
respond to situations where there is a 0 — 1 transition in ¥ which does not occur
in E. We will be able to guarantee that, if one of these events occurs, the number
of particles present in E is strictly smaller than that in V. Both definitions will
depend on the following quantity:

1

= . 3.3
log N 3-3)
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We start with the definition of I («, t). Fix @ € T, t > 0 and let n be the smallest
natural number such that E; (s, («)) =0. Let 8 = s, () and y = 5,,+1 (). Assume
that the following occurs:

Ei(a) =1, (Dy UDgU D, UBgUB,)N[t, 1 +1*] =0,
#(Bo N[1, 1 +1*]) =2. G
Additionally, letting By, N [¢, ¢t +t*] = {T1, T»} with T} < T3, assume that
Xo(T2—) + My (T2—) = Xp(T2—). (3.5)

(This implies that either B obstructs the appearance of y, or some earlier particle
obstructs the appearance of 8 and possibly y as well.) Let I(«,t) be the event
described in (3.4) and (3.5). We then have

onI(a,t), /\/E(oz,t,t+t*)§2 and N‘p(a,t,t+t*)=3. (3.6)

We now turn to the similar definition of J(«, ). Again fix x € T, t > 0, n the
smallest natural number such that E,(s,(«)) = 0 and B = s, (). Also let ' =
s1(B). Assume that

Bia)=1, (De UDgU D, UB,)N[t, 1 +1*] =0,
#(By N[t 1 +1*])=#(BgN[t,1 +1*]) = 1. G
Letting B, N[t,t4+1*] ={T1} and BgN[t, 1 +1*] = {T>}, we will also require that
T <1, Xo(T2—) = Xp(Ta—) + M, (Tr—). (3.3)

(This implies that either & obstructs the appearance of y’, or some earlier particle
obstructs the appearance of 8 and possibly y’ as well.) We define J(«, 1) as the
event specified by all the requirements in (3.7) and (3.8), and note that

on J(a, 1), NE(,t,t4+1*)<2 and NY(a,1,14+1%)=3.  (3.9)
Due to the invariance under time shift of Ht, Hy« and M,

on {E;(a) =1},

(3.10)
P[1 (e, 1)IF:] =P[1(0,0)] and P[J (e, 1)|F:]=P[J(0,0)].
Also, inspecting the above definitions one can show that
P[1(0,0)] =P[J (0, 0)]. (3.11)

We are now ready for the key estimate of this section. For any ¢ > 0,

E[#{a € T: By (o) = 1}13¢]

:E[ > NE(a,z,z+t*)|St]

oeT: B (x)=1
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3.1),(3.6),(3.9)
( )(S)( E|: Z j\/\l’(a,t,t+t*)

t}
aeT: B (w)=1

—E[ > (11(a,z)+1j(a,z))‘3r]

aeT: B (x)=1

AL o e T: 8@ =1} ("D — P[I(0,0)] — P[J (0, 0)])

LV #laeT: (@) =1} ("D = 2P[1 (0, 0)]).

Applying this estimate recursively, for any k € N we have

E[#{x € 29 : g (x) = 1)] @ E[#a € T: S (@) = 1}]

< (&7%7Y —2P[1(0,0)])".
This shows that
if " *=D _2P[1(0,0)] < 1,
then P[&, £ @ for all ¢] = kli>n<>10 P&+ # D] (3.12)
< klin;OE[#{x & (x) =1}] =0.
We now estimate P[/ (0, 0)]. We denote 8 = s1(0), ¥ = s2(0) and
E={(D,UDguUD,UBgUB,)N[0,t"] =2, #(B, N[0,1"]) =2},

so that

*\2
P[E] — (A1)

exp{—3¢* — 3as*}. (3.13)

On E, let T} < T, denote the two elements of B, N [0, t*]. Let f denote the joint
density function of 77, 7> conditioned on E; then, f(#, ) = (t*% “Lj0<ty <t <r)-
Now,
IP’[I (0,0) | E]
= Y P[Mg(T) =21, My(Tr) = 2]

71,22€Z4:
21,22~0

X Z / . (t*)z

,ON(X+Z1,I1,I2)=y+22]dt2dt1
1
=—- Y P[Mg(T)=2zi]
2d &,
Z1E€EZ4:
z21~0

Plon(0,0,11) = x, pn(0,0, 1) =y,
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t*roett 9
']0 W'P[PN(O,OJZ—ll)NPN(ZbOJZ—tl)]dfzdll
1

1 t* ettt 9
- . _—_.p 0,0,10 — 1) ~ 7,0,tp —t1)|drp dt
= [ G Flen©.0. 1) ~ oy (Z.0,.12 )] dir iy

for any fixed Z ~ 0 in Z¢. Changing variables twice, this is further equal to

1 2

l,*
27 W/O P[pn(0,0,5) ~ pn(Z,0,5)] - (1% —s)ds

(3.14)

L N 0 2 )
~ 01(Z 1= .
dt*N/o [010.0.1) ~ 1. 0.1)] ( t*N) !

We now fix ¢ € (0, 1) whose value will be chosen later. The expression in (3.14) is
larger than

1
dt*N

et*N
e —s)/o P[p1(0,0, u) ~ pi . 0, u)] du

1—¢
dt*N

(3.15)

E[|{u <&t*N : p1(0,0,u) ~ p1(Z,0,u)}|].

We abbreviate

g =E[[{u<t:010,0,u) ~ p1(Z,0,u)}

> *
by Proposition 1.2, to be proved in the next subsection, we have limy _; oo £ (;(’ NI)V ) —

1 for any d > 2. Putting together this fact, (3.13) and (3.15) we see that, if N is
large enough (depending on &),

a2 *\2
Co g &

P[1(0,0)] > -exp{—3t* — 3rr*}.

If we further assume that L = Ay N9 and use (3.3), then for N large enough
we have

1*g(N)

P[1(0,0)] > (1 —¢)*- T

(3.16)

We are now ready to conclude. Assume that A = Ay =1+ 9% for some

6 < 1 (so in particular, by Proposition 1.2, we have Ay N=go 1). Then, if N is
large enough,

t*g(N) (3.16)
_ <

0D 1 <(1+e)-0 Z(1—¢g).

1*g(N)
N 2P[1 (0, 0)],

where the inequality (x) holds if ¢ is small enough that (11:53)3 > 6. The desired
result now follows from (3.12).
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3.1 Exclusion dynamics of two particles: Proof of Proposition 1.2

We will denote the vectors in the canonical basis of Z¢ by €1, ..., ;. We write
No={é1, —éi,...,eq, —€q}, No =Ny U{0}.

For d > 3, as in the Introduction, we denote by G(x, y) the Green function of
discrete-time, simple random walk on 74 and by (Ajs, Bs)s>0 the process given by
the positions of two particles moving on Z¢ under exclusion dynamics with rate 1
per edge of 74 . This means that (Ay, By)s>0 1s the Markov process on (Zd )2 with
generator

(Lexe /)@, b) = Y [Layerr) - (f(@a+2,b) — fla, b))
ZENO

+ Uptzta) - (fla,b+2) — fla, b))
+ Latz=b)Utb+z=a) - (f (b, @) — f(a,b))].

We always assume that Ag — By € N, that is, the particles are initially at neigh-
boring positions.
Now let

X; = A5 — By, s >0;
observe that X, € Z¢ \ {0} for all s and that Xy € Nj. The generator of (Xy) is

23 (fa+2) — ) if v ¢ No;
r — zeNp
(Lx Hx) (0 —f@)+2 Y (fx+2)—f(x)  otherwise.
z€No\{—x

For comparison purposes, it will be useful to also consider the process (¥;)s>0,
which has generator

Ly Hx) =2 (flx+2)— f0);
ZE./\/()

we also assume Yy € Ny. (¥y) is hence a continuous-time simple random walk on
74 that jumps from each vertex with total rate 4d. (X;) and (Y;) have the same
behavior except when (Xj) is in some position z € N, in which case, instead of
jumping to O with rate 2, it jumps to —z with rate 1.

Now let

UX =inf{r>0: X, ¢ Np};
UY =inf{r >0:Y, ¢ Nok:

UrMo = lrelo,U"]: v, eNo}; U0 =|{re[0,U"]: Y, =0},
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so that UY = y¥-M 4 g0 . By a simple computation involving geometrically
distributed random variables, it is easy to check (or see the proof of Lemma 3.4 in
Berezin and Mytnik, 2014) that

1
4d -2

,  E[UY]= 2+l (3.17)

E[UX]=E[u"N] =
(071 =E[U™ 842 — 4d

Proof of Proposition 1.2. First, assume d > 3. Let g denote the probability that
(Xs) never returns to Ny after first leaving it. Note that this is the same as the
probability that (Y;) never returns to N after first leaving it. We then have

E[[{s < 00: X5 € No}|]

_ BT 6 BIUTT _ pris < o0 0 v, € AGY]
q 6]

Z G(0,z) = G(O 0) — 1),
ZEN()

where the last equality follows from G(0,0) = 1 + 5 ¥ .cr; G(z,0) = 1 +
G(0, ¢1), by symmetry of the Green function.
For d =2 we have

. Ellfs <r: X, e No}
lim

t—00 log[ (3.18)
_ i Bllfs =2:Ys € Noll Ellfs <1: X, € No}l]
IRa log1 Ell{s <t:Y, e No}|l’
Now, Theorem 1.4 implies that
Ellfs <r:X; e No}ll _E[UX]gan 2d 4 (3.19)

S E[|s <r:Y, e Nol[]  ELUY] ~ 2d+1 5

Now let us treat the first quotient in (3.18). By the Local Central Limit Theorem
(Theorem 2.5.6 in Lawler and Limic, 2010), for any z € 74,

PlY; =z] si))o 1
f4s (2) '

where f;(x) = 5 e —W /2D i the probability density function of a Gaussian vec-
tor (V, W) so that V and W are independent and have mean O and variance ¢.
Hence,

El|{s <t:Ys € No}l] 1 / s 2d+1 5
= PlY, =z]d —=— (320
logt logt ; [ 21ds 2 -4 87 ( )
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and similarly,
Ell{s <z:Y;s ENO}” t—oo 2d 1
— =—.
logt? 2 -4 2m
Now, (3.18), (3.19), (3.20) and (3.21) imply the desired result. Il

(3.21)

4 Two-type renewal processes: Proof of Theorem 1.4

Take (Vi)n=0, (US)ns0, (S$)n=0 and k7, for i = 1,2, as in (1.11), (1.12),
(1.13). Theorem 1.4 follows immediately from the two lemmas:

Lemmad4.1. [fUD =1, E[U®] =1 and E[(U®)?] < oo, then

E[K(l)]

im (4.1)
% ERP]

Lemma 4.2, Let D, a® > 0. IfU(l) =aD, UD =a@ and E[V] = 00, then

IE[K,(I)] _ a

m ——— = —-. 4.2)
t—00 E[K,(z)] oa®

Before we prove these results, let us give a definition. For i € {1,2} and t > 0,

we let N,(i) be the unique value of n such that S(l) <t< Sé;) 405 Dote that
NP1
@) i @) @)

k= > U +min(r, Sy <'>+1) SN (4.3)

n=0
NP1
_ @
Z V, — max(0, t SQN@H) (4.4)

(Here and in what follows, we interpret sums of the form Y"2__ with a > b to be
equal to zero.) We also observe that, since U and V are assumed to be positive
random variables, we have

lim N) =00 and lim E[N"] = co. (4.5)
—00 —00
a.s.

We also claim that
. 1 .
ifE[U® + V] =00,  then lim —E[N"]=0. (4.6)
t—00

Indeed, the fact that N;/t — 0O almost surely as ¢t — oo follows from the Law of
Large Numbers, so it is sufficient to prove that sup,.; E[(N;/ 1)?] < oco. This can
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be shown by fixing & > 0, § > 0 such that P[lU®) + V > §] > ¢ and noting that

m—1

N < min{m >0: Y 1{U + V, > 8} > [1/8] };
n=0

the right-hand side is distributed as a sum of [¢/8] geometric random variables

with parameter larger than ¢; this gives E[(N,(i))z] < (%1 . 28;8 Hence, (4.6) is
proved.

Proof of Lemma 4.1. Define
m—1 m m—1 m
A, =max:]t ']y U <t < > U, > U <t < > UrEZ)]’
n=0 n=0 n=0 n=0
m > 0.
We will now prove two claims.

Claim 4.3. There exists C > 0 such that, for all k > 1,

]E[ max Am] < Ci34, 4.7)

0<m=<k

To prove this, start noting that, since UV = 1, A,, is equal to
m
max{ m — Z U,Ez) }
n=0

m—1
=< max{ m— Z U,§2>
n=0

’

m—1
mt1- 3 U®
n=0

’

m
m—+1-— ZU,Ez)
n=0

1

so that

max A, < max + 1.

0<m<k 1<m<k+1

m—1
m— Z U,EZ)
n=0

Since the U,$2> are independent and identically distributed with mean 1, the Reflec-
tion Principle (Lawler and Limic, 2010, Proposition 1.6.2) implies that

gl M zmzie1 An] o oMk 1= U] 1
k3/4 - k3/4 k3/4°

Write W =k +1— Z,];:o U,EQ) |. By the law of the iterated logarithm,

. Wi . Wi
hkrr_l)solép W <00 hence kll)n;o 8= 0. (4.8)

a.s. a.s.
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Wi [ Wk 1 Wi \?
E[W} S E_W . :I]'{Wk/k3/4§l}_ +]E|:<W> j|

= E_W . ]l{Wk/k3/4§1}_ —+ W

:E_W . ﬂ{Wk/k3/4§1}_ + W 'V&T(U )

The expectation on the right-hand side vanishes as k — oo by (4.8) and the domi-
nated convergence theorem. This completes the proof of the claim.

Claim 4.4.

Kk — kPl < max A, >0 (4.9)
0<m<N(1

To show this, fix ¢ > 0. First, consider the case N, M =N, @, ; then, it readily follows

from (4.3) that |/<(2) t1)| <A Next, assume that

NP1
NV > NP, (4.10)
We then have
N N
4.4 (410) 4.4)
K,(l)(z)t Z Vi —max S;\;m )= —ZV < /ct(z).
Hence,
k@ — D] = (@ D
s N1
+.3 ) : 2 @
= Z U,” + min(z, SzN[(2>+1) SZN[Q)
n=0
NP1
_ D) _ (s (D _ ¢
HZ:(:) U, (mln(t,SzN[(,)H) SZN;U)
410 NP -1 NP -1
(.1
) : 2 2) (1)
= 20U +m1n(t,SzN[(2)+l)—SZN[(Q)— > U
n=0 n=
(4.10)
< Ayo_; = max Ay
t

0<m=<N,"
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Now, a symmetric argument shows that, when N,(l) < N,(Z), we have

(4.10)
< max A,,.

|K<2) —K,(I)I <A
Ofmth(l)

t N1

This completes the proof of (4.9).
We are now ready to conclude. We have
‘]E[K,@)]

B O R @T — B D
sy~ 1| =BT L)~ ml )

“4.11)
SE[K,(I)]_I-IE[ max Am].

OSmSN,(l)

Now note that N,(l) only depends on (V,),>0 and (A,),>0 only depends on
(U,§2>)n20. Hence, N,(l) is independent of (A,),>0. Thus,

JE[ max Am] = i]E[ maxkAm|N,(1)=k] -]P)[N,(l)zk]
k=0

ozmen® 0=m=
- M
=2 E[nggk A’"] PN =]
k=0
“D oy BN = ] = CE[(V)
— : [ - (Nt ) ]
k=0

Since N,(l) — 00 almost surely as t — oo, we have IE[(N,(I))3/4]/E[N;1)] — 0 as
t — o0. This shows that the right-hand side of (4.11) vanishes as ¢t — 0o, com-
pleting the proof. 0

Proof of Lemma 4.2. If o'V = «@, the result follows from Lemma 4.1 and a
change of scale. So we assume (without loss of generality) that a > a®@ It
follows from the assumption that U ) = o) and (4.3) that

i —a® NP <a®,  ief1,2),120,
S0, writing

]E[Kt(l)] _ a(l)E[Nt(l)] +E[Kt(1) o O[(l)Nt(D]
E[K;z)] a(Q)E[Nt(Z)] + E[K,(Z) —a® Nt(z)]

and using (4.5), we see that (4.2) will follow once we prove that

E[N"]

im ———=1. (4.12)
t—00 E[Nt(z)]



272 A. Levit and D. Valesin

With this in mind, we now proceed to bound |Nt(2) — N,(l) |. Observe that

k—1
N <k ifandonlyif <S5 =aDk+Y V. (4.13)
n=0
Since
NP1 N1
a(z)Nt(l) + Z V. < a(l)N,(l) + Z V, = SZN,(” <t,
n=0 n=0

applying (4.13) withi =2 and k = Nt(l) implies that Nt(z) > Nt(l). We now claim
that

N® — N

(4.14)
N +m
<1+infim=0:® -m+ > V,> (P —a@)(NP + 1)1,
n=N"+1

Indeed, assume m belongs to the set of which the infimum is taken on the right-
hand side. We have

N,(1)+m
a(z)(Nt(l)-i-m-i-l)-i- Z Vn
=0

NO N
=a@NY 3V, +a?® + (a(z)m + > Vn)

n=0 n:Nt(l)+1
Nr(l)
>a@ND 3V, +a@ 4 (@D — @)V 1)
n=0
Nr(l)
— gD _ ¢
=aD(N + 1)+ r;) Vo= 5,0, > 1

so, applying (4.13) withi =2 and k = Nt(l) +m 4+ 1 we get Nt(z) < Nt(l) +m+4+1,
proving (4.14).
Now, if VO/ , Vl/ , ... are random variables distributed as V and independent of

(U,Si))nzo and (V,,),>0, the right-hand side of (4.14) has the same distribution as

m—1
1 +inf{m >0:aPm+ Y V> (P - a®@) (N + 1)}
n=0
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Conditioning on Nt(l) (and denoting by u N the distribution of Nt(l)), (4.14) then
t
yields
2 1
E[|N? - N|]

00 m—1
5/ E[l +inf{m >0:aPm+ Y V> (@ —a®)(s+ 1)”
0
n=0

X [y (ds)

— [TEp+N? Ji o (ds)
—Jo (@D —a@)(s+ 1IN IES)-

Now fix ¢ > 0. By (4.6), there exists C > 0 such that IE[NS(Z)] <C+egsforall s >
0, so the above gives

B[V - N <1+ C+e-E[@® —a@) (N +1)]
Finally, by (4.5),

2 1
EINZ — NV _

0 <limsup <g ad —g®@ ;

00 E[ Nz(l) 1 ( )

since ¢ is arbitrary, this completes the proof of (4.12). O
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