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Two frameworks that have been used to characterize reflected diffu-
sions include stochastic differential equations with reflection (SDER) and the
so-called submartingale problem. We consider a general formulation of the
submartingale problem for (obliquely) reflected diffusions in domains with
piecewise C? boundaries and piecewise continuous reflection vector fields.
Under suitable assumptions, we show that well-posedness of the submartin-
gale problem is equivalent to existence and uniqueness in law of weak solu-
tions to the corresponding SDER. The main step involves showing existence
of a weak solution to the SDER given a solution to the submartingale prob-
lem. This generalizes the classical construction, due to Stroock and Varad-
han, of a weak solution to an (unconstrained) stochastic differential equation,
but requires a completely different approach to deal with the geometry of
the domain and directions of reflection and properly identify the local time
on the boundary, in the presence of multi-valued directions of reflection at
nonsmooth parts of the boundary. In particular, our proof entails the con-
struction of classes of test functions that satisfy certain oblique derivative
boundary conditions, which may be of independent interest. Other ingre-
dients of the proof that are used to identify the constraining or local time
process include certain random linear functionals, suitably constructed ex-
ponential martingales and a dual representation of the cone of directions of
reflection. As a corollary of our result, under suitable assumptions, we also
establish an equivalence between well-posedness of both the SDER and sub-
martingale formulations and well-posedness of the constrained martingale
problem, which is another framework for defining (semimartingale) reflected
diffusions. Many of our intermediate results are also valid for reflected diffu-
sions that are not necessarily semimartingales, and are used in a companion
paper [Equivalence of stochastic equations and the submartingale problem
for nonsemimartingale reflected diffusions. Preprint] to extend the equiva-
lence result to a class of nonsemimartingale reflected diffusions.
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1. Introduction.

1.1. Background and motivation. A reflected diffusion in a nonempty, con-
nected domain G with a vector field d(-) on the boundary dG and measurable
drift and dispersion coefficients b : G — R’ and o : G — R’*” defined on the
closure G of the domain is a continuous Markov process that, roughly speaking,
behaves like a diffusion with (state-dependent) drift b(-) and dispersion o (-) in-
side the domain and that is restricted to stay in G by a constraining force that is
only allowed to act along the directions specified by the vector field on the bound-
ary. For historical reasons, this constrained process is referred to as a reflected
diffusion. Two approaches to providing a precise mathematical characterization
of this intuitive description are the framework of stochastic differential equations
with reflection (SDER), which is used, for example, in [4, 9, 14, 31, 37] and [32],
and the submartingale problem formulation introduced by Stroock and Varadhan
in [39]. These two approaches are respective generalizations of the stochastic dif-
ferential equation (SDE) and martingale problem formulations commonly used to
analyze diffusions in R”. In the case of (unconstrained) diffusions, under fairly
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general conditions, there is a well-established equivalence between existence and
uniqueness in law of weak solutions to SDEs and well-posedness of the martingale
problem (see, e.g., [40] and [27]). Somewhat surprisingly, there appears to be no
such general correspondence available in the case of obliquely reflected diffusions
in nonsmooth domains. Such reflected diffusions arise in a broad range of appli-
cations, including queueing theory, biochemical reaction networks, mathematical
finance and the study of interacting particle systems and random matrices.

The goal of the current work and the companion paper [22] is to establish
the equivalence between well-posedness of the submartingale problem and well-
posedness of the associated SDER formulation for a large class of obliquely re-
flected diffusions in piecewise smooth domains (see Section 2 for precise defi-
nitions). In Theorem 1, we prove this equivalence for semimartingale reflected
diffusions with a measurable, locally bounded drift and a continuous and uniformly
elliptic diffusion coefficient in piecewise C> domains with piecewise continuous
reflection that satisfy a certain geometric condition. This condition, which ensures
the semimartingale property, is a generalization of the so-called completely-S con-
dition that is used for RBMs in the orthant [6]. Several intermediate results in the
proof hold in greater generality, and are used in [22] to extend the equivalence to a
larger class of reflected diffusions that are not necessarily semimartingales, which
arise in many situations [7, 12, 15, 20, 33, 34]. In [22], we also provide a counterex-
ample to show that this equivalence can fail to hold for certain nonsemimartingale
reflected diffusions outside the class therein, thus underscoring the subtleties in-
volved in the proof of this equivalence. Another approach that can be used to con-
struct reflected diffusions is the so-called constrained martingale problem (CMP)
of Kurtz [26], although as formulated in [26], it only applies to semimartingale
reflected diffusions. As a corollary of our main result (see Remark 3.2), we also
establish equivalence of the well-posedness of the CMP formulation and the SDER
formulation for a class of semimartingale reflected diffusions.

Our work unifies and clarifies the connections between these different ap-
proaches to constructing reflected diffusions. The submartingale problem was orig-
inally formulated only for smooth domains and continuous reflection [39]. Exten-
sions to domains with nonsmooth boundaries had previously been considered only
in special cases [12, 29, 30, 42, 44]. With the exception of [44], in each of these
cases, the boundaries of the domains considered have only a single point of nons-
moothness. The work [44] considered the class of skew-symmetric reflected Brow-
nian motions (RBMs) in polyhedral domains, which have the special property that
they almost surely do not hit the nonsmooth parts of the boundary. For general do-
mains with nonsmooth boundaries and oblique reflection, even the formulation of
the submartingale problem is somewhat subtle and a correct formulation in multi-
dimensional nonsmooth domains had been a longstanding open problem [45] [see
comment (iii) of Section 4 therein]. In Definition 2.9, we first introduce a gen-
eral formulation of the submartingale problem in domains with piecewise smooth
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boundaries. The equivalence result established here provides additional validation
that this is a useful formulation.

Another motivation for this work arises from the fact that whereas some prop-
erties of reflected diffusions such as existence and uniqueness in law and large
deviation results have been established using the SDER framework in [1, 14, 31,
32], other properties such as boundary properties and characterizations of station-
ary distributions have been established for reflected diffusions associated with a
submartingale problem [21, 43] or (for semimartingale reflected diffusions) the
constrained martingale problem [28]. The equivalence result that we establish al-
lows one to transfer results proved in one setting to the other setting. For example,
the work [21] provides a characterization of stationary distributions for reflected
diffusions in piecewise smooth domains that are defined via a well-posed sub-
martingale problem. When combined with the main result of this paper (Theo-
rem 1), this yields a characterization of stationary distributions of a large class
of well-posed SDER that arise in applications. Furthermore, our results show that
to establish well-posedness of the submartingale problem one can without loss of
generality assume that the drift is zero (see Remark 3.1). In addition, it is some-
times easier to establish existence of reflected diffusions using the submartingale
problem formulation, but easier to establish uniqueness in law using the SDER
formulation. Our subsidiary result (Theorem 3) shows that uniqueness in law of
a solution to the SDER implies uniqueness of the submartingale problem. Thus,
our results are potentially also useful for establishing well-posedness of the sub-
martingale problem.

1.2. Discussion of the proof and outline of the paper. Even in cases where
the submartingale problem is well formulated, establishing a correspondence be-
tween the submartingale problem and weak solutions to SDERs has been consid-
ered challenging ([11], page 149). In the case of nonsmooth domains, only very
special cases seem to have been previously considered, such as, for example, nor-
mal reflection in the d-dimensional nonnegative orthant, which essentially reduces
to a one-dimensional problem (see [3], Theorem V.1.1, and [5], Proposition 2.1, for
a brief discussion of this case). The proof of Theorem 1 follows from two results,
established in Theorem 2 and Theorem 3, respectively. With a view to extending
these results to include a class of nonsemimartingale reflected diffusions in [22],
these two theorems are established in slightly greater generality, where the geomet-
ric (generalized completely-S) condition is allowed to fail in a certain subset of the
boundary of the domain. Theorem 2 shows that any weak solution of the SDER
satisfies the submartingale problem. This is an immediate consequence of Itd’s
formula when the weak solution is a semimartingale, but requires an additional ar-
gument when the semimartingale property fails to hold. The crux of this work lies
in the proof of the converse, stated in Theorem 3, which entails the construction of
a weak solution to an SDER with a specific initial condition from a solution to the
corresponding submartingale problem with that same initial condition.
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As elaborated below, this construction is considerably complicated by the pres-
ence of nonsmooth boundaries and the geometry of the directions of reflection.
To describe the main ideas behind our proof, we first briefly recall the classical
construction (due to Stroock and Varadhan) of a weak solution to a stochastic dif-
ferential equation (SDE) from a solution to the martingale problem. Given smooth
drift and diffusion coefficients » : R > R’ and o : R/ > R*N leta = oo be
the diffusion coefficient and let £ be the usual associated second-order differential
operator:

< af 1< 32 f
(1.1) Lf(x) _;bl(x)axi (x) + 5 > aU(X)axi ™ (x),

i,j=1 J

for sufficiently smooth test functions f : R’ — R. Let (C, M, {M,}) denote the
usual canonical filtered probability space (see Section 2.2 for a precise definition),
and recall that a solution to the martingale problem associated with b and o with
initial condition z € R’ is a probability measure P, on (C, M) such that for every
zeR’, P,(w(0) =z) =1 and for every sufficiently smooth f, the process

S/ 0= f ) = fO) - [ Li@)ds. 120,

is a local martingale with respect to the filtration {M,} under P,. To construct a
weak solution from the solution IP,, one first chooses linear test functions of the
form f(x) = x; to conclude that

(1.2) S(t)ia)(t)—a)(O)—/(;tb(a)(s))ds, t>0,

is a local martingale. Next, using quadratic test functions of the form f(x) = x;x;,
it is easy to show that (SO, sWt) = fé ajj(w(s))ds, where S® is the ith co-
ordinate process of S and [S®), §U)] represents the covariation of S and S,
Finally, under a uniform ellipticity condition on a, one can invoke the martingale
representation theorem to show that there exists an N -dimensional Brownian mo-
tion B (on a possibly extended probability space) such that if S is the process
whose ith coordinate is S, then S(7) = fé o(w(s))dB(s). When combined, this
proves that under P,, the coordinate process Z(¢, w) = w(¢) and the Brownian
motion B form a weak solution to the SDE with drift » and dispersion o.

In contrast, in the case of the submartingale problem (see Definition 2.9), one
only knows that the process S/ is a submartingale and only for test functions
f that satisfy certain oblique derivative boundary conditions. In particular, this
typically does not include linear or quadratic test functions. Furthermore, one has
to construct not only a Brownian motion, but also a constraining process or local
time that pushes in the right directions, as specified by the (possibly multi-valued)
reflection vector field. In the case of a smooth domain and smooth reflection vector
field, it is possible to first construct the pushing process and then show that the
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original process minus the pushing process satisfies a martingale problem [39].
However, this approach appears not to be feasible in the presence of a multi-valued
reflection field. Thus, our construction in the case of reflected diffusions requires
a completely different approach, which we briefly outline.

For a fixed initial condition z and an associated solution to the submartingale
problem @Q, on (C, M), we consider the canonical process Z(f, w) = w(t). In con-
trast to the unconstrained case, in this case the process S in (1.2) is not a mar-
tingale, and may not even be a semimartingale in general. Instead, we construct
a nested sequence of domains G, that increase to G and show that S is a mar-
tingale on random time intervals when Z lies within the domain G,,. We then
use arguments similar to those used in the unconstrained case and take a suitable
limit to construct a candidate driving Brownian motion W in Section 4.2. Then,
in Section 4.3 we show that Z is a semimartingale upto a certain stopping time
(see Proposition 4.8). This entails an application of the Doob—Meyer decompo-
sition theorem and requires establishing the existence of certain test functions f
that satisfy certain oblique derivative boundary conditions (see Lemma 4.3 and
Lemma 4.4), and a certain covering argument (Lemma 4.5) to patch together local
arguments. The construction of test functions is somewhat involved for piecewise
smooth domains, due to both the curvature of the domain and the presence of mul-
tiple derivative conditions at the intersections of domains (see Appendix C). Next,
in Section 4.4, we show that over intervals during which Z lies in the interior of
the domain, the stopped semimartingale § is in fact a martingale, that is equal to
the appropriate stochastic integral with respect to the constructed Brownian mo-
tion. The most challenging step is the characterization of the behavior of Z on the
boundary of the domain, including, in particular identification of the local time
or pushing process. This step, which is carried out in Section 4.5, is once again
significantly complicated by the fact that multiple directions of reflection are al-
lowed at nonsmooth parts on the boundary and requires several new ingredients
in the proof. Specifically, we introduce certain random linear functionals and use
functional analytic tools, combined with the Doob—Meyer decomposition theorem
and certain exponential martingales, to show that the bounded variation term in the
semimartingale decomposition admits an integral representation with respect to a
certain random measure (see Sections 4.5.1 and 5). We then use properties of this
integral representation along with a certain boundary property of solutions to the
submartingale problem established in [21], and a dual representation for the cone
of directions of constraint at a point to show that the trace of the local martingale
term in the decomposition vanishes on the boundary and that the bounded varia-
tion term behaves like a local time, acting only on the boundary (see Section 4.5.2)
and “pushing” in the right directions specified by the reflection vector field (see
Section 4.5.3).

The outline of the rest of the paper is as follows. In Section 2, we recall some
basic definitions related to reflected diffusions. The SDER and submartingale for-
mulations and their properties are introduced in Sections 2.1 and 2.2, respectively,
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and a measurability property related to the definition of a weak solution is relegated
to Appendix A. Section 2.3 defines the class of domains and reflection directions
that we consider. Section 3 contains the main result, Theorem 1, its two auxiliary
results Theorem 2 and Theorem 3, and some discussion of the ramifications. The
proof of Theorem 2 is relegated to Section 6. The proof of Theorem 3, outlined
above, is presented in Section 4. It relies on a certain integral representation, a
covering lemma the existence of test functions whose proofs are deferred to Sec-
tion 5, and Appendices B and C, respectively. First, in the next section we collect
some common notation used throughout the paper.

1.3. Common notation. Let R denote the set of real numbers and R is the set
of nonnegative real numbers. Given a, b € R, a A b (a v b) denote the minimum
(maximum) of a and b. For each J € N, R is the J-dimensional Euclidean space
and | - | and (-, -), respectively, denote the Euclidean norm and the inner prod-
uct on R’. For each set A C R’, A°, 9A, A and A€ denote the interior, bound-
ary, closure and complement of A, respectively. For each x € R/ and A Cc R/,
dist(x, A) is the distance from x to A, that is, dist(x, A) =inf{y € A : |y — x|}. For
each A C R’ and r > 0, B.(A) = {y € R’ : dist(y, A) < r}, and given & > 0 let
A? ={y e R’ :dist(y, A) < ¢} denote the (open) e-fattening of A. If A = {x}, we
simply denote B,(A) by B,(x). With some abuse of notation, we will use O to rep-
resent both zero and the origin in RY, and let S;(0) denote the unit sphere in R7.
We also let I4 denote the indicator function of the set A [i.e.,, [4(x) =1ifx € A
and I[4 (x) = 0 otherwise]. Given integers i, j we let §;; denote the Kronecker delta
function, 6;; =1 if i = j and §;; = 0, otherwise. Given a set A C RY, let co[A]
denote the closure of the convex hull of A, which is defined to be the intersection
of all closed convex sets that contain A.

Given a domain E in R”, for some n € N, let C(E) = C°(E) be the space of
continuous real-valued functions on E and, for any m € Z, U {oc}, let C"*(E) be
the subspace of functions in C(FE) that are m times continuously differentiable on
E with continuous partial derivatives of order up to and including m. When E is
the closure of a domain, C™ (E) is to be interpreted as the collection of functions in
Ne=0C™(E?), where E? is an open g-neighborhood of E, restricted to E. Also, let
C;' (E) be the subspace of C"(E) consisting of bounded functions whose partial
derivatives of order up to and including m are also bounded, let C*(E) be the
subspace of C"(E) consisting of functions that vanish outside compact sets. In
addition, let C"(E) @ R be the direct sum of C*(E) and the space of constant
functions, that is, the space of functions that are sums of functions in C" (E) and
constants in R. The support of a function f is denoted by supp(f), its gradient of
f is denoted by V f. For m > 1 and a sequence of random variables {X,,n > 1}
defined on some common probability space (2, F, Q), we say X, converges to
X in L"™(Q) as n — oo if EQ[|X,, — X|"™] — 0 as n — oco. For f eC>®(I), with
ICRor fe C%(G), we let Il flloo denote the supremum of f on its domain.
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2. Characterizations of reflected diffusions. Throughout, let G be a non-
empty connected domain in R’ and let d(-) be a set-valued mapping defined on
the closure G of G such that d(x) = {0} forx € G, d(x) is a nonempty, closed and
convex cone in R’ with vertex at the origin for every x in dG, and the graph of
d(-) is closed, that is, the set {(x, v) : x € G, v € d(x)} is a closed subset of R?/.
Let b:R’ > R’ and o : R/ > R’*¥ be measurable and locally bounded. Also,
let n(x) denote the set of inward normals to G at a point x € dG, and let

2.1 V=0G\U,
where U is the subset of the boundary dG defined by
(2.2) U ={x €9dG :3n €n(x) such that (n,d) > 0,Vd € d(x) \ {0}}.

The set V will play an important role in the analysis. Also, let £ be the usual
associated second-order differential operator, as defined in (1.1) for functions f €
Cl%((_}), where Cg(é) is the space of twice continuously differentiable functions on
G that, along with their first and second partial derivatives, are bounded.

We recall the definition of weak solutions to stochastic differential equations
with reflection associated with (G, d(-)), b and o and some of their properties in
Section 2.1. We then introduce the formulation of the associated submartingale
problem in Section 2.2. Lastly, in Section 2.3 we describe the specific class of
piecewise continuous domains (G, d(-)) of interest and then state a useful bound-
ary property of reflected diffusions in this class of domains that was established
in [21].

2.1. Stochastic differential equations with reflection. The Skorokhod Problem
(SP), which was introduced in one dimension by [37] and subsequently extended
to higher dimensions by numerous authors [6, 9, 13, 31], and the extended Sko-
rokhod problem (ESP) introduced in [32], are convenient tools for the pathwise
construction of reflected diffusions. Roughly speaking, given a continuous path 1,
the ESP associated with (G, d(-)) produces a constrained version ¢ of ¥ that is
restricted to live within G by adding to it a “constraining term” 1 whose incre-
ments over any interval lie in the closure of the convex hull of the union of the
allowable directions d(x) at the points x visited by ¢ during this interval. Let
C =C([0, c0) : RY) denote the space of continuous functions from [0, co) to R/,
equipped with the topology of uniform convergence on compact sets. We now rig-
orously define the ESP.

DEFINITION 2.1 (Extended Skorokhod problem). Suppose (G, d(-)) and ¢ €
C with ¥ (0) € G are given. Then the pair (¢, 1) € C x C is said to solve the ex-
tended Skorokhod Problem (ESP) for ¢ if ¢(0) = v (0), and if for all ¢ € [0, 0c0),
the following properties hold:

L ¢@) =) +n);



412 W. KANG AND K. RAMANAN

2. ¢(t) € G;
3. For every s € [0, 1),

2.3) RO NURTIO|

ue(s,t]
If (¢, n) is the unique solution to the ESP for , then we write ¢ = I'(¥/), and
refer to I' as the extended Skorokhod map (ESM).

The formulation of the ESP in Definition 2.1 appears slightly different from the
original one given in [32] since the ESP in [32] was formulated more generally
for cadlag paths. However, as we show below, they coincide for the case of con-
tinuous paths, which is all that is required for this work. Indeed, for continuous
paths, property 4 of Definition 1.2 of [32] holds automatically, and the following
lemma shows that property 3 of Definition 1.2 of [32] is equivalent to property 3
in Definition 2.1.

LEMMA 2.2. The pair (¢, n) € C x C satisfies property (2.3) in Definition 2.1
for every t > 0 if and only if for every s € [0, 1),

2.4) CEPOE NURTION|

ue(s,t]

PRrROOF. Fixt €[0, 00). For s € [0, t), property (2.4) trivially implies property
(2.3). To prove the converse, suppose that (2.3) holds for all s € [0, ¢). Let {s,,n €
N} be a sequence of real numbers such that s < s, <t foreachn € N and s, — s
as n — o0o. For each n € N, by (2.3) we have

10 - nenew| U d@w)|cw] U d@w))

UE[sy,t] ue(s,t]

Together with the continuity of 7 and the closedness of the set co[| ue(s.d(@ @)1,
this implies that (¢, n) satisfies property (2.4) holds. [

REMARK 2.3. Given (G, d(-)) and ¢ as in Definition 2.1, a pair (¢, n) €
C x C is said to solve the Skorokhod Problem (SP) for  if it satisfies properties 1
and 2 of Definition 2.1 and, in addition, # has finite variation on bounded intervals
and, in addition, there exists a Borel measurable function y : [0, o) — §1(0) such
that for every ¢ € [0, 00),

n() = [[0 I]V(S)H{¢(s)€86}d|77|(s)’

where y (s) € d(¢(s)) for d|n| almost every s € [0, 0o0), and |n|(¢) represents the
total variation of n on the interval [0, 7] (see [13]). The ESP is a generalization of
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the SP that does not a priori require the constraining term 7 to have finite variation,
and hence allows for the construction of reflected diffusions that are not necessarily
semimartingales (see Lemma 2.7 for an elaboration of this point). However, it was
shown in Theorem 1.3 of [32] that if the solution (¢, n) to the ESP for some
is such that n has finite variation on every interval [0, 7], then (¢, ) is a solution
to the SP associated with . Sufficient conditions for the existence of a unique
solution to the SP or ESP can be found, for example, in [6, 7, 13, 16, 17, 24, 32].

The ESM can be used to define solutions to stochastic differential equations
with reflection (SDERs) associated with a given pair (G, d(-)), and drift and dis-
persion coefficients b : G — R’ and o : G > R/*V,

DEFINITION 2.4 (Weak solution). Given z € G, a weak solution to the
SDER with initial condition z associated with (G, d(-)), b(-) and o (-) is a triplet
(Q, F AF:D, P, (Z, W), where (2, F, {F:}) is a filtered space that supports a
probability measure PP,, Z is a continuous, {F;}-adapted J-dimensional process
and W is a continuous, N-dimensional {F;}-martingale with the following prop-
erties:

1. Under P,, {W,, F;,t > 0} is an N-dimensional standard Brownian motion;

2. P.(J§1b(Z(s)ds + [§ 1o (Z(s))1>ds < 00) = 1,1 € [0, 00);

3. there exists a continuous {F;}-adapted J-dimensional process Y such that
P, -almost surely, (Z, Y) solves the ESP associated with (G, d(-)) for X, where

(2.5) X(t)y=z+ /Otb(Z(s))ds —f—/oto(Z(s))dW(s), t € [0, 00);

4. P,-almost surely, the set {t : Z(¢) € dG} has zero Lebesgue measure. In other
words, P;-almost surely,

(2.6) /0 Ty (Z(s))ds =0.

In addition, we say that (2, F, {F:}), P,, (Z(- A1), W(- A T)) is a weak solu-
tion to the t-stopped SDER associated with (G, d(-)), b(-) and o(-) and initial
condition z if t is an {F;}-stopping time, {W (t A 7), F;,t > 0} is an adapted N-
dimensional standard Brownian motion stopped at t, properties 2—4 hold with
(Z,W, X) replaced by (Z(- A1), W(- AT),X(- A T)) and (2.6) replaced by
Jo I (Z(s AT))ds =0.

Note that property 3 of Definition 2.4 and the definition of the ESP imply that
under P,, Z satisfies

Z)=X@)+ Y ()
2.7

t t
- fo b(Z(s)) ds + fo 0(Z()dW(s) + Y1), 1€]0.00).
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Also, property 4 can be shown to follow from properties 1-3 in many cases. In
particular, it follows from the proof of Theorem 2 and Proposition 2.12 below that
property 4 automatically holds when (G, d(-)) is piecewise C> with continuous
reflection in the sense of Definition 2.11, and V = &.

The definition of uniqueness in law for the SDER is analogous to the case of an
SDE.

DEFINITION 2.5. Uniqueness in law is said to hold for the SDER associated
with (G, d(-)), b(-) and o () and initial condition z if given any two weak solutions
(Q, FAFD, P, (Z, W) and (2, F, {F)), P, (Z, W), of the SDER with initial
condition z, the law of Z under P, is the same as the law of Z under P,. Moreover,
uniqueness in law is said to hold for the SDER associated with (G, d(-)), b(-) and
o (+) if uniqueness in law holds for each initial condition z.

We now define well-posedness of the SDER.

DEFINITION 2.6 (Well-posedness of the SDER). The SDER associated with
(G, d()), drift b(-) and dispersion o (-) is said to be well posed if for every z € G,
there exists a weak solution to the SDER with initial condition z and uniqueness
in law holds for the SDER.

Well-posedness has been established for SDER associated with many classes of
polyhedral and piecewise smooth domains. In general, solutions to the SDER de-
fined via the ESP need not be semimartingales when V # & (see [7, 18, 20, 32-34]
for examples where V # & and such nonsemimartingales arise). However, we now
make some observations on the link between weak solutions and the semimartin-
gale property, which we will use in our subsequent analysis.

LEMMA 2.7. Given z € G, let (K, F, {F}), P, (Z, W), be a weak solution
of the SDER with initial condition z, and let X, Y be as in Definition 2.4. Let 61,
0y be two {F;}-stopping times such that 0y is P,-almost finite and 0, > 01, and
consider the shifted and stopped processes

Y (w,u) =Y (0, (01 (@) +u) A b () — Y (0, 01 (w)),

(2.8)

weQ,uel0,o00)
and
(2.9) Z(w,u) = Z(w, (01 (@) + u) A O (w)), we R, uel0,00).

If Z(a),t) ¢V for all t € [0,0:(w) — 01(w)] (which shguld be interpreted as
t € [0, 00) when 62(w) = 00), then the total variation of Y is P,-almost finite on
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every bounded interval, and there exists a measurable function y : (2 x R4, F X
BMRy)) — (RY, B(R)) such that for each w € Q, and 0 <s <t < 00,

(2.10) ?(w,r)—?(a),s)zf[ l]f(w,u)d|l7|(a),u),

and for P,-almost every w, y(w,u) € d(Z(a), u)) for dll?l(a))-almost every u €
[0, 00).

As observed in Remark 2.3, a deterministic analog of this property was estab-
lished in [32]. The main new content of this lemma is the claim that the process
y can be chosen to be jointly measurable in w and ¢. The proof of the lemma is
relegated to Appendix A.

We close this section with an observation that will allow us to assume with-
out loss of generality that the Brownian motion driving the weak solution is
J-dimensional. Recall that the diffusion coefficient a(-) = o (-)o ? (-) is uniformly
elliptic if there exists a > O such that

(2.11) vTa()c)szzlvl2 forallveR’,x € G.

REMARK 2.8. Under the uniform ellipticity condition (2.11), standard argu-
ments can be used to show that existence of a weak solution with an R/ *V -valued
dispersion coefficient o () is equivalent to existence of a weak solution with the
R/ dispersion coefficient a 1/2(.y (for one direction, see Proposition 4.6 in Chap-
ter 5 of [23]).

2.2. The submartingale problem. Let (G,d(-)), b(-), o(-),V and L be as de-
fined at the beginning of Section 2. We first introduce a class of test functions that
arises in the formulation of the submartingale problem. Recall that CCZ(G) DR is
the space of functions that are sums of functions in CLZ_ (G) and constants in R.
Define

. fe CCZ(G) @ R : f is constant in a neighborhood of V,

" (d,Vf(y)>0forded(y)andyedG|’

where for each function f defined on R’, we say f is constant in a neighborhood
of V if for each x € V, f is constant in some open neighborhood of x. When
V = &, the condition that f be constant in a neighborhood of V is understood to
be void.

We now define the submartingale problem associated with the data (G, d(-)),
V, b(-) and o (-). Recall that C = C([0, o) : R’) denote the space of continuous
functions from [0, 0o) to R, equipped with the topology of uniform convergence
on compact sets. Let M be the associated Borel o-algebra, which is generated
by sets of the form {w € C: w(t) € A} for t € [0, 00) and A € B(R’). We equip
the measurable space (C, M) with the filtration {M,}, where for ¢ € [0, c0), M;
is the smallest o-algebra with respect to which the map w € C = w(s) € R’ is
measurable for every s € [0, 7].
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DEFINITION 2.9 (Submartingale problem). Given z € G, a probability mea-
sure Q, on the measurable space (C, M) is a solution to the submartingale problem
starting from z associated with (G, d(-)), V, drift b(-) and dispersion o (-) if the
following four properties hold:

L. Qw0 =2)=1;
2. Q.(w(t) e G forevery t €[0,00)) =1;
3. Forevery f € H, the process

f(a)(t))—f(a)(O))—/(; Lf(w)du, 120,

is a Q;-submartingale on (C, M, {M;});
4. Q;-almost surely, [;° Iy(w(u))du =0.

A family {Q,, z € G} of probability measures on (C, M) is a solution to the sub-
martingale problem if for each z € G, Q; is a solution to the submartingale prob-
lem starting from z.

DEFINITION 2.10 (Well-posedness of the submartingale problem). The sub-
martingale problem associated with (G, d(-)), V, drift b(-) and dispersion o (-) is
said to be well posed if there exists exactly one solution {Q;, z € G} to the sub-
martingale problem.

Definition 2.9 differs slightly from past formulations of the submartingale prob-
lem in domains with nonsmooth boundaries. As mentioned in the Introduction,
essentially all these works [12, 29, 30, 42, 44] consider domains that have only
a single point of nonsmoothness on the boundary and the formulation they use is
Definition 2.9, but with V replaced by the set of nonsmooth points on the bound-
ary. In either formulation, since the test functions in property 3 are required to be
constant in a neighborhood of some subset of the boundary, property 3 provides
no information on the behavior of the processes in a neighborhood of V. Thus, an
additional property (property 4) needs to be imposed to ensure that the reflected
diffusion spends zero Lebesgue time on the boundary. For the class of domains,
we consider in Section 2.3, it is shown in Proposition 2.12 that any solution to the
submartingale problem formulated as in Definition 2.9 spends zero Lebesgue time
on the boundary. On the other hand, since V is typically a subset of the nonsmooth
part of the domain, property 3 in our formulation has to be satisfied by a larger
class of test functions, and hence, it is a priori easier to establish uniqueness and
harder to establish existence of solutions. However, in the cases studied previously,
it seems not much harder to establish existence of solutions for our formulation of
the submartingale problem. For example, for the two-dimensional wedge consid-
ered in [42], the two formulations coincide when V = {0}, which is precisely the
case when the parameter « in [42] satisfies « > 1. When « < 1, V = &, the formu-
lations are different. Hence, existence of a solution to the submartingale problem in
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Definition 2.9 does not follow directly from the results in [42], but it can neverthe-
less be deduced using similar arguments or, alternatively, by applying Theorem 2
in conjunction with the results of [41]. We believe our formulation is more con-
venient for obtaining results in domains with piecewise smooth boundaries (that
potentially have more than one nonsmooth point). In particular, this formulation
was used to obtain a characterization of stationary distributions of a large class of
reflected diffusions in domains with piecewise smooth boundaries in [21]. As dis-
cussed in [22], the correct formulation of the submartingale problem is even more
subtle for multidimensional domains whose V sets have more complex geometries.

2.3. A class of domains with piecewise smooth boundary. We now introduce
the general class of domains and reflection directions (G, d(-)) covered by our
results.

DEFINITION 2.11 (Piecewise C?> with continuous reflection). The pair
(G,d(-)) is said to be piecewise C? with continuous reflection if it satisfies the
following properties:

1. G is a nonempty domain in R’ with representation
G=()G",
i€l
where 7 is a finite index set and for each i € Z, G' is a nonempty domain with C>
boundary in the sense that for each x € dG, there exist a neighborhood N of x,
and functions ¢; € C2(R’),i € Z(x) ={i € Z:x € 3G}, such that
NeNG =lzeN;:¢.(z) >0}, Ny NG ={zeNy:¢l(z) =0},

and chj; #0 on N,. For each x € 3G’ and i € Z(x), let
L Vel

Vi (x)]
denote the unit inward normal vector to dG' at x.

2. The (set-valued) direction “vector field” d(-) : G — R is given by d(x) =
{0} if x € G and

n' (x)

du):{E:sM%m:&zOJeI@ﬂ, x€dG,
i€Z(x)

where, for e;ach ieZ, d (+) is a continuous unit vector field defined on 9G' that
satisfies ||d' (x)|| = 1 and

(n'(x),d"(x))>0  foreach x € 3G;.
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If d () is constant for every i € Z, then the pair (G, d(-)) is said to be piecewise
C? with constant reflection. If, in addition, n’(-) is constant for every i € Z, then
the pair (G, d(-)) is said to be polyhedral with piecewise constant reflection.

Note that, with the definition given above, the set of inward normal vectors to
G takes the form

n(x)={ Z sini(x):siZO,iEI(x)}, x €0G.
ieZ(x)

Since (G, d(-)) is piecewise C? with continuous reflection, it can readily be ver-
ified that I/ is relatively open to G, and hence V is a closed set. We now state
a boundary property, which extends results established in [35] for RBMs in poly-
hedral domains. A version of this boundary property was established in Proposi-
tion 6.1 of [21]. (Note that in [21] the set V in the submartingale problem was al-
lowed to be any arbitrary subset of dG and Proposition 6.1 of [21] was established
under the condition that dG \ & €V, which is in particular satisfied when we set
V =0G \ U, as specified here in (2.1).) The statement of Proposition 6.1 of [21]
assumes well-posedness of the submartingale problem associated with (G, d(-)),
V, b(-) and o (-) for every initial condition, whereas in the version below we only
require existence of a solution to the submartingale problem for a fixed z. The
version we need can be obtained by slightly modifying the proof given in [21] to
use stopping times and a covering argument (in a manner analogous to the proof
of Theorem 3 in Section 4) instead of regular conditional probability distributions.
The complete proof is relegated to Appendix D.

PROPOSITION 2.12 (Boundary property).  Suppose that (G, d(-)) is a piece-
wise C% domain with continuous reflection, b(-), o (-) are measurable and locally
bounded, a = oo is uniformly elliptic. If, for some z € G, Q. is a solution to
the submartingale problem associated with (G, d(-)), V, b(-) and o (-) with initial
condition z, then we have

o0
(2.12) f Iy (w(u))du =0, Q,-almost surely.
0

3. Main results. We now state our main results. We will assume throughout,
without always stating this explicitly, that the drift and dispersion coefficients are
measurable and locally bounded, and that the diffusion coefficient is continuous
and uniformly elliptic, that is, (2.11) holds for some a > 0.

THEOREM 1. Suppose (G, d(-)) is piecewise C> with continuous reflection
and V = &. Then the SDER associated with (G, d(-)), b(-) and o (-) is well posed
if and only if the corresponding submartingale problem is well posed.
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Suppose G = RJJF and d(x) is equal to the vector d/ when x is in the rela-
tive interior of the face G N {x : x j = 0}. Then the condition V = &, with V' de-
fined by (2.1), is equivalent to the condition that the so-called reflection matrix
[d;'.],-, jell,...,Jy is completely-S (see [6]). Given constant drift and dispersion coef-
ficients b and o, for different classes of polyhedral domains with piecewise con-
stant reflection (G, d(-)), it was shown in [10, 35, 41] that the condition i/ = 0G
is sufficient for well-posedness of the associated SDER, and is also necessary for
existence of a weak solution that is a semimartingale. For more general G and
d(-), the condition ¥V = @ imposed in Theorem 1 can be viewed as a generalized
completely-S condition, and it follows from Lemma 2.7 that in this case the re-
flected diffusion is a semimartingale.

Theorem 1 is a direct consequence of Theorems 2 and 3, which prove slightly
more general results that do not assume that V = @.

THEOREM 2. Given (G,d(-)), V, b(-), o(-), suppose that for some z € G,
(Q, F, {F}), P, (Z, W) is a weak solution to the associated SDER with initial
condition z and let Q, =P, o Z~! denote the law of Z on (C, M) under P,. If V is
the union of finitely many closed connected sets, then Q; is a solution to the corre-
sponding submartingale problem starting from z. Consequently, if the submartin-
gale problem has at most one solution with initial condition z, then uniqueness in
law holds for the associated SDER with initial condition z.

The proof of Theorem 2 is relegated to Section 6. It is essentially a consequence
of It6’s formula; however, since we also allow weak solutions that are not necessar-
ily semimartingales, the proof requires some additional approximation arguments,
which use the results on the ESP from [32] summarized in Lemma 2.7. The more
substantial result is its (partial) converse, Theorem 3 below.

THEOREM 3.  Suppose (G, d(-)) is piecewise C* with continuous reflection,
V is the union of finitely many closed connected sets, and, for some z € G, the
submartingale problem associated with (G, d(-)), V, b(-) and o (-) has a solution
Q, starting from z. Let

3.1) Z(w,t) =w(t), t>0,wel,
and consider the {M,}-stopping time given by
(3.2) y=inf{t > 0:w(t) € V}.

Then there exists a process W defined on (C, M, {M;}) such that (C, M, {M,}),
Q;, (Z(- Aty), W(- A Ty)) is a weak solution to the associated ty-stopped SDER
with initial condition z. Consequently, if V = & and there is uniqueness in law
for the SDER with initial condition z, then there is a unique solution Q, to the
submartingale problem with initial condition 7.
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Section 4 is devoted to the proof of Theorem 3. A broad outline of the proof,
broken down into several steps, is first provided in Section 4.1, and details of the
various steps are presented in Sections 4.2—4.5.

Theorem 1 allows us to transfer results that have been established for solutions
to well-posed submartingale problems to reflected diffusions characterized as so-
lutions to well-posed SDER. We end this section by discussing some additional
consequences of Theorem 1.

REMARK 3.1. If b(-) and o (-) satisfy suitable conditions, then Girsanov’s
theorem can be used to show that well-posedness of the SDER associated with
(G,d(-)), b(-) and o (-) is equivalent to well-posedness of the SDER associated
with (G, d(-)), b =0 and o (+). In other words, under suitable conditions, to show
well-posedness of an SDER one can assume without loss of generality that b = 0.
Due to Theorem 1, under the same conditions on b(-) and o (-), when establishing
well-posedness of a submartingale problem, one can also without loss of generality
assume b = 0. This can be a very convenient simplification. While it is natural to
expect such an equivalence, in the generality we are considering, it does not seem
to be straightforward to establish this result directly for the submartingale problem
without invoking Theorem 1 and the corresponding result for weak solutions to
SDER. For example, for the case of skew-symmetric diffusions considered in [44],
this was established by invoking the corresponding result for smooth domains and
then using an approximation argument and the fact that the RBMs almost surely
do not hit the nonsmooth parts of the boundary.

REMARK 3.2. As mentioned in the Introduction, a third approach to the con-
struction of reflected diffusions is the controlled or constrained martingale prob-
lem (CMP) of Kurtz [25, 26, 28]. In constrast to the submartingale formulation,
the formulation of the CMP given in [26] can only be used when V = & and the
reflected diffusions are semimartingales. When V = @, it is trivial to see (by a sim-
ple application of Itd’s formula), that any weak solution to the SDER solves the
CMP (see, e.g., [28], Example 1.4), and that any solution of the CMP is also a so-
lution to the submartingale problem (see [26], Section 3). However, the converse,
namely existence of a weak solution to the SDER given a solution to the CMP, was
not known. Under a certain assumption on the existence of a test function, it was
shown in [26], Theorem 3.1, that a solution to the submartingale problem solves
the CMP. Our results in particular verify the existence of this test function for the
class of data (G, d(-)) considered here when )V = & and, therefore establish, in
this setting, the equivalence of well-posedness of the submartingale problem and
well-posedness of the CMP. Together with our main result, Theorem 1, this also
shows, in the case V = &, the equivalence of all three formulations for the class of
data considered here.
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4. Proof of Theorem 3. The broad outline of the proof of Theorem 3 is given
in Section 4.1, and the details are provided in Sections 4.2—4.5. For the rest of the
paper, we consider (G, d(-)) that is piecewise C? with continuous reflection and V
is the union of finitely many closed connected sets. Also, in light of Remark 2.8,
we can (and will) assume that o = a!/%, where a = oo’

4.1. Common notation and broad outline of the proof. 1t is clear that the sec-
ond assertion of Theorem 3 follows immediately from the first. Therefore, we fo-
cus on the proof of the first assertion. When z € V), the conclusion of the first
assertion of Theorem 3 holds trivially. Thus, we fix z € G \ V, and let Q, be a so-
lution to the associated submartingale problem associated with the data (G, d(-)),
V, b and o, and let Z be the canonical process on (C, M, {M,}), defined by (3.1).
Throughout this proof, unless mentioned otherwise, all martingales, submartin-
gales, semimartingales and stopping times will be with respect to the probability
measure (Q, and the filtration {M,}, and this will typically not be stated explic-
itly, except on occasion for emphasis. For conciseness, we also use the following
notation. Let {S/(¢), t > 0} be the process given by

: t
4.1 O f(Zz®) — f(Z(0)) —/(; Lf(Zw))du, t>0,

for functions f for which the process is well defined. In particular, this is well
defined for all f € CCZ(G). Also, let x denote the identity function on R”: y (x) =
x,and let x; (x) = x;. Let S denote the process whose ith component is S, so that

(4.2) S(t) = Z(1) — Z(0) — /Ol b(Z(w))du,  t>0.

Note that the measurability and local boundedness of b ensures that the right-hand
side of (4.2) is well defined.

The proof of the first assertion of Theorem 3 consists of three main steps. First,
in Section 4.2, for each z € G, we construct a continuous adapted stochastic pro-
cess W on the canonical filtered probability space (C, M, {M;}), and show that
under Q, {W(¢), M;, t > 0} is a J-dimensional standard Brownian motion. Next,
given the {M,}-adapted process Z as in (3.1), for any K < oo, we let

(4.3) GK =[x € G :dist(x,V) > 1/K and |x| < K},
and define the stopping time
(4.4) 0K =inf{r >0:2(r) ¢ G*}.

Since #X — 1), as K — o0, to prove the first assertion of Theorem 3, it clearly
suffices to show that for every 0 < K < oo, (C, M, {M,}), Q., (Z(- AOK), W(- A
6X)) is a weak solution to the 6% -stopped SDER with initial condition z.

For this, we define X in terms of Z and W via (2.5), and let

4.5) Y()=Z()— X(), t>0.
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Then X represents the candidate unconstrained process and Y the corresponding
candidate “pushing” or local time process in the definition of a weak solution.
Now, note that from the definitions of § and X in (4.2) and (2.5), respectively, we
have

(4.6) S()=Y()+ /Otal/z(Z(u))dW(u), t>0.

In the second step of the proof (see Proposition 4.8 of Section 4.3), we show that
S(- A6%) is a continuous semimartingale, and represent the local martingale com-
ponent by M (- A 6%) and bounded variation component by A(- A 6%).

Now, observe that W (- A 0K) satisfies property 1 of the weak solution to the
6% -stopped SDER in Definition 2.4, property 2 follows from the continuity of
Z(- A 6K) and the local boundedness of b and o, and property 4 is a conse-
quence of the boundary property established in Proposition 2.12. Thus, to show
that (C, M, {M;}), Q., (Z(- A %), W(- A 6K)) is a weak solution to the HX-
stopped SDER with initial condition z, it only remains to verify the third property,
namely, to show that almost surely, (Z(- A 0K), Y (- A 65)) solves the ESP for
X (- A 6K). However, property 1 of the ESP holds trivially by the definition of ¥
in (4.5), and property 2 of the ESP is a direct consequence of property 2 of the
submartingale problem and the definition of Z in (2.7). Thus, the proof of Theo-
rem 3 is reduced to verifying that Y (- A %) and Z(- A 6X) satisfy the following
“reflection property” embodied in property 3 of the ESP: almost surely,

Y(t AOK) =Y (s A 6K)
4.7)
e%[ U d(Z(u)):| forevery 0 <s <t < oo.

uc[snok tn6K]

In turn, in view of the semimartingale decomposition for S obtained in Section 4.3,
this is equivalent to showing that M (- A 6%) coincides with the stochastic integral
term on the right-hand side of (4.6) and that the bounded variation term A(- A
0Ky = Y (- A0K) satisfies the reflection property specified in (4.7). The third step of
the proof establishes this latter property. On the intervals when Z is in the interior
of the domain, this property is established in Section 4.4. The proof of (4.7) for
intervals in which Z also hits the boundary is given in Section 4.5. This proof is
rather involved, and requires a careful analysis of the behavior of Z at the boundary
of the domain, which relies on a certain integral representation that is proved in
Section 5.

4.2. Construction of a Brownian motion. In Lemma 4.1, we show that S is a
martingale on certain random time intervals during which the process lies strictly
inside the domain G. This allows us to construct, a sequence {W"},,cn of mar-
tingales, which is shown in Lemma 4.2 to converge (along a subsequence) to a
standard Brownian motion.
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LEMMA 4.1.  Let O;, i = 1,2, be connected bounded open subsets of G such
that O1 C Oy and O, C G. Given any {M,}-stopping time o, define the two stop-
ping times

(4.8) ¢ =inf{t > 0: Z(t) € O1},
(4.9) t=inf{t > ¢: Z(t) ¢ O2}.

Then {St At) — St A g), My, t >0} is a continuous martingale and for t >
0,i,j=1,...,J,

INT

(4.10) [Si, Sj1E AT) =[S, Sjltng) = /m aij(Z(u))du.
S

PROOF. Since O, N3G = &, foreachi =1,..., J, there exists f(i) € Cf(G)
such that f @(x) = x; for x € Oy and f @ (x) = 0 for each x in a neighbor-
hood of dG. Then, for every i, j =1, ..., J, the functions f(i), —f(i), f(i)f(j)
and —f@ fU) clearly lie in H. Let S and S/ be equal to S/, as de-
fined in (4.1), when f = f@ and f = fO fU), respectively. Then by prop-
erty 3 of the submartingale problem and the optional sampling theorem, S,
SEN SO AT) = SD(E A ¢) and SEN (A T) = SED( A ¢) are all continu-
ous martingales. Since Z(s) € (’_)2 for s € [t A ¢, t A T], and f(i)(x) = x; and
LfD(x) = b;(x) for x € Oy, it follows that S;(- A ) — S;(- A ¢) is equal to
SDCAT)=8SDEA ¢), and hence, is a continuous martingale. In addition, ob-
serving that E(f(i)f(j))(x) =x;jbi(x) +x;ibj(x) + %a,’j (x), a standard argument
[e.g., see (4.10)—(4.12) on page 315 of [23], where M ©) there plays the role of S;
here] can be used to show that §;S;(t A7) — S§;S;(t A g) — ttf; a;j(Z(u))du is a
continuous martingale. This establishes (4.10). [J

Let {G,, m € N} be a sequence of bounded domains in G such that Gm C Gm+1
for each m € N and U,,cy G = G. Also, for each m € N, let 7' =0 and let
{s¢' -k € N} and {7} : k € N} be nested sequences of stopping times defined by

(4.11) ' =inf{t > 1" : Z(t) € G},
(4.12) ' =inf{r > " : Z(t) ¢ Gom}.

For each m € N, since G, is compact and Gy C Ganm, then the distance between
G and 3Gy, is strictly positive. By the continuity of Z, Sp' — oo as k — oo.

For each k € N, applying Lemma 4.1 with O = G, O2 = Go, 10 = 73 ;5
¢ =g and T = 7", it follows that {S(z A 7}"") — S(t A g}"), t > 0} is a continuous
martingale with covariation processes

4.13) [S,‘,Sj](l‘/\‘(,?l)—[S,',Sj](t/\g;("):/m:( aij(Z(u))du, t>0,

LAGY
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fori,j=1,...,J. Now, for m € N, define

(4.14) W’"(z)—Z/m I, (Zw))a *(Zw))dSwu),  t=0.

LEMMA 4.2. For each m € N, the process {W™(t),t > 0} is a continuous
martingale with covariation processes given by

t
(4.15) [Wim,W?]<r>=8ij/0HGm(zw»du, 120,1<i,j<1J.

where §;; represents the Kronecker delta: 6;; =1 if i = j, and §;; = 0 other-
wise. Moreover, there exist a process {W(t), M;} that is a J-dimensional stan-
dard Brownian motion (under Q,), and a subsequence {W"™",n € N} such that, as
n — oo, W almost surely converges uniformly on bounded intervals to W.

PROOF.  The uniform ellipticity condition (2.11) implies that a=1/2(.) is uni-
formly bounded on G. Therefore, {Ig,, (Z(t)a"'?(Z(t)),t = 0} is a bounded
{M,}-adapted process. Moreover, for each m, k € N, by (4.13) the covariation
of the continuous martingale S(- A /") — S(- A g3") is absolutely continuous with
respect to Lebesgue measure. Hence, the stochastic integral

Hk’m(t)ﬁfmr Ig, (Zw))a V*(Zw))dSw),  t>0,
tAg!

is a continuous martingale, with covariation, for i, j, k, K’ € N, given by

[Hik,m’ Hjl_c’,m]
t/\‘r
—Skk/”ZI/Agk I, (Z@) (@), (Z@)(a=""?) ;p (Z(w)) dlSe, Se1(w)
t/\r
= b z J gy T 2@ Z@) )
(4.16)

X (Zw))age (Z(u)) du

tAT]
= 5i_/3kk/ft m ]IGm (Z(u)) du

where the last equality uses the fact that Z(u) ¢ G, for u € [1}", ", ;1.
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We next show that for a fixed t >0 and 1 <i <J, Y }_, H, ™ (t) converges
in L?(Q,) to W!(t) as n — oo. Applying Fatou’s lemma, (4.16), the monotone
convergence theorem and the fact that g,i" — 00 as k — oo, we obtain for n € N,

£ [

Also, sending n — o0, since g, | — 00, the right-hand side above converges to

W) — > HE" (1)

k=1

} < 3 ES[H))

k=n+1

:EQZ[/I
A m

Sn+l

Ig, (Z(u)) du] )

zero by the dominated convergence theorem, which proves that Y 7_, H;"" (1) con-

verges in L? (Q;) to W™ (¢). Moreover, since foreach i, Yy _; l.k’ isa contlnuous

martingale, by [8], Proposition 1.3, W™ (t) = >_72, H™ (1) is also a continuous
martingale. Moreover, using (4.16), the fact that g,’l"H — 00 as n — 00, and the
dominated convergence theorem, it follows that

NG, +
(W W) =8 Z/ * g, ( Z(u))du_a,,f Ig, (Z(u))du

which proves (4.15).

We now extract a convergent subsequence of {W™, m € N}. Letm > m,m,m €
N. Smce G C G, for any k € N, there exists k € N such that [gk ] C
[gk ] Moreover, for any k €N, if Zw) € G, for some u € [§~ ] then
itis easy to see that u € [¢}", ;'] for some k. Together, this implies that

. 0l
W) - W)=Y / “ TG (ZW))a V2 (Z () dS(u).
=1 t/\glg”
The argument used to establish (4.15) can then be used to show that
- t
[Wim—Wl-m](l‘)If ]IG,;l\Gm(Z(U))dM’ i=1,...,J.
0
Forany ke N, T <oo,andi =1,..., J, by Doob’s maximal inequality we have

@Z( sup |W (1) — W"(1)| = —> < 2R [|W(T) — W(T)|?]
t€l0,T]

T
= 22k EQ: |:/0 IG:\Gm (Z(u)) dui|.

Since ,,,eny G = G, taking first m — oo and then m — oo, the expectation on
the right-hand side converges to zero by the bounded convergence theorem. Hence,
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there exists a subsequence {W"* k € N} such thatfori =1,...,J,

1 T
Q[ sup (W70 = W02 55 ) <2ME% | [Co, o, (260)ds
€LY,
1
<.

By the Borel-Cantelli lemma there exist C% ¢ C with Q, (€% =1 and a continu-
ous process W = {W(w, t), t > 0} such that for w € CY. as k — oo, the sequence
of continuous functions {W" (w, t),t > 0} converges uniformly on bounded in-
tervals to {W(w, t),t > 0}. Furthermore, for w € CY, by (4.15) and the fact that
UmnenGm =G, wehave fori, j=1,...,J,

t
lim sup |[W/™, W}""](z, w) —8ij | Ig(Z(u,w))du|=0.
k=00 1¢10,7] 0

The boundary property (2.12) shows that almost surely, fé Ig(Z(u))du =t and
thus, that (W™, [W"™, W"™]) converge jointly to (W, I;t), where I; is the J x J
identity matrix. Thus, by [19], Theorem 2.4; page 528, W is a continuous Q.-
martingale with [W;, W;](t) = §;;t, thus proving that W is a J-dimensional stan-
dard Brownian motion under Q,. [

4.3. The semimartingale property.

4.3.1. Preliminary results. We first establish certain geometric properties of
the directions of reflection and the existence of suitable test functions.

LEMMA 4.3. Suppose (G,d(-)) is a piecewise C?% domain with continuous
reflection. Then, for each y € U, there exist cy > 0 and 0 < Ry, < dist(y, V) such
that:

1. Z(x) CZ(y) forall x € B, (y) N9G;

2. SUPuen(y):inj=1 INfxeBr, (N3G INfaed(xy:iai=1(n, d) = ay;

3. There exist ry < Ry, an increasing, continuous function ky : (0, 00) = (0, 00)
that satisfies «y(r) <r if r <ry and ky(r) = ky(ry) if r > ry and a collection
of functions { f7",r € (0, ry]} on R’ such that:

(@) —f*" e HNCHG); ]

(b) supp[ 1N G C B,(y) N G:

©) 0< " (x) <1 forall x € G,

(d) f7"(x)=1forall x € Be,(h(y) NG.

PROOF. The proof is deferred to Appendix C. [J

For0 <r <s < 00, let

Us={x€dG:|x| <rdx,V)>s}.
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LEMMA 4.4. Forevery0 <K <o00,s > 1/K andr < K, there exists a func-
tion frs€H ﬂCZ(G) such that (v, V frs(x)) > 1 for each x e Uy 5, v € d(x) and
v =1.

PROOF. The existence of f; follows from [21], Theorem 2. Note that the
proof of the existence of f; s in [21], Theorem 2 (which is the verification of part 2
of Assumption 1 of [21]) does not require Assumption 2 therein to hold. [

We now prove a covering lemma that is used in certain localization arguments
in the proof of Theorem 3 and is also used to verify that certain random times
constructed in the sequel are stopping times. The proof of the lemma is deferred to
Appendix B.

_ LEMMA 4.5 (Covering lemma).  Suppose we are given a compact subset G of
G\ V, and a collection of open sets {Oy, y € G} such that y € O, for every y € G,

o,NV=g2 ifyeéﬂbland(’)y cG ifyeéﬂG. Then there exists a finite set
of points F C G such that
Gec oy,
yeF

and there exists a measurable mapping A from G onto F such that ye€ Oi(y) and
A(») €3G ify e GNIG.

4.3.2. Proof of the semimartingale property. We start with two preliminary
results. The first result considers the behavior of S in the interior of the domain G.

LEMMA 4.6. Given two stopping times ¢ and t such that almost surely ¢ <1
and Z(t) € G for each t € g, T), the process S(- A1) — S(- A ¢) is a martingale
that satisfies

(4.17) S(tAr)—S(z/\g):/ma‘/Z(Z(u))dW(u), t>0.

tAC

PROOF. Let G, m € N, be the sequence of nested domains introduced in Sec-
tion 4.2, let 19 = ¢, and let ¢{" and 7{", m € N, be defined as in (4.11) and (4.12),
respectively, with k = 1. Since Z(g) € G by assumption and |J,, G,, = G, for
each w there exists mg(w) < oo such that for all m > mg(w), Z(¢c(w), w) € Gy,
and ¢{"(w) = g(w). Let 7{" = inf{t > ¢ : Z(t) ¢ G,,}. It follows that for each w,
(@) < 1{"(w) for m > mo(w) and

L m e e=m
(4.18) T1(w) = mleoo 7 () = mll)moo 7 (w) > T(w),
where

(4.19) 11 (w) = inf{t > c(w) : Z(t, w) € 3G).
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From the discussion preceding (4.13), it follows that S(- A7{") = S(- Ag{"),m €N,
is a sequence of continuous martingales with covariation processes

tAT]"
(420)  [S;, Sjl(r A T™) =[S, Sj1(t A gT") =/ : aij(Z(u))du, t>0,
tngl!
fori,j=1,...,J. By (4.18), this sequence converges uniformly on compact in-
tervals to S(- A 1) — S(- A ¢). Since the dispersion matrix o (-) is locally bounded,
then a;;(-) is also locally bounded, and hence, a;;(Z(-)) is locally integrable. To-
gether with (4.20) and (4.18), this shows that almost surely, for every T < 00,

INAT]

hm sup |[Si, Sj1(t A t") —[Si, Sj1(t A gT") —/ aij(Z(u))du| =0.
M= el0,7] N

Thus, by [19], Theorem 2.4, page 528, the optional stopping theorem and the fact

that ¢ <t <711, S(- AT) — S(- A ¢) is a continuous martingale with

INT

4.21) [S,-,Sj](t/\t)—[S,-,Sﬂ(t/\g):/t aij(Z(u))du, t>0.
AS

Next, note that by (4.14),

tAT]"

Wt ATl") = W (A glh) = /t T, (Zw))a™"*(Zw))dSu).

Agf
Since Z(u) € G, foru € [¢", T{"), we have

Wt AT) =W Aglh) = /ml T, (Zw))a™V*(Zw))dS(u)

tngl

N puy
= / (Zw))dS(u).
N

Now, recall that " (w) = ¢ (w) for all large enough m > mo(w) and, from (4.18),
that 7" — ;. Therefore, for any # > 0, using (4.21), the right-hand side of the last
display converges in Lz(QZ) to ttA/\;‘ a12(Z(w))dS), and by Lemma 4.2 the
left-hand side converges almost surely to W (¢t A 11) — W(t A ¢) along a subse-
quence. Since t < 71, this proves

WiEAT)—W(EAc)= /Wal/Q(Z(u))dS(u).
tAG

Taking the stochastic integral of the martingales on both sides of the last equation
with respect to a'’2(Z(-)), we obtain (4.17). O

Recall the definition of §7 given in (4.1). We now show that, for a suitable class
of functions g, certain localized versions of the process S¢ are submartingales.
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LEMMA 4.7. Let o be an {M,}-stopping time, let ry, ky,x € G, be the con-
stants in Lemma 4.3, and on the set {o < 00}, define

(4.22) 0 =inf{t > 0: Z(t) & By, (r,)(x)}.

Then, forany x e U and g € C%(RY) such that (Vg(y),d) =0 foralld € d(y) and
y € B, (x) N3G, there exists a function h € H such that h(y) — h(x) = g(y) —
g(x) for y € By (r,)(x), and the process Lo [SE(t A O*) — S8(0)],t >0, is a
continuous submartingale.

PROOF. Fix x €U, an {M,}-stopping time @, and let f = f*:'* be a function
that satisfies property 3 of Lemma 4.3. Given g as in the statement of the lemma,
define

h» = (g0 — sup gD)fG),  yeR’.
l€B,, (x)
For y € By (r,)(x), by property 3(d) of Lemma 4.3, f(y) =1, and hence, h(y) —
h(x)=g(y)—g(x)and Lh(y) = Lg(y). Note that on the set {o < 0o}, Z(t AO¥) €
By, (r,)(x) foreach t € (o, 8%). Therefore, on the set {o < oo}, itis clear from (4.1)
that

(4.23) S8(- A OF) — S%(0) = S (- A 6F) — 5" (0).
In addition, clearly /& € C2(G), with supp[#] < supp[ f] C By, (x), and

VA = fF0MVE0) + (800 — sup gD)VF ().
I€B,, (x)

The assumed properties of g, together with the fact that f > 0, supp[V f] C B, (x)
and —f € H, imply that 4 € H. By property 3 of the submartingale prob-
lem, the fact that o < 6*, and the optional stopping theorem, it follows that
Sh(t AO*) = S"(t A 0) =ljo<p [S"(t AO¥) — Sh (0)] is a continuous submartingale.
By (4.23), this implies that Ij, .} [S%(r A 6) — S8(0)],7 > 0, is also a continuous
submartingale. [J

We now show that S(- A 65) and Z(- A 6K) are semimartingales. We will es-
tablish this locally and then extend using the covering lemma and suitable stop-
ping times, which we introduce below. This notation, and a similar extension ar-
gument, is also used in the proof of Lemma 4.11. For each 0 < K < oo, let GK
be the set in (4.3) and let GX be the closure of GX. Also, recall that 6K is the
stopping time defined in (4.4). For y € GK N, let the constant ry and function
Ky : (0, 00) = (0, 00) be as in property 3 of Lemma 4.3, and for y € GK \U, let

1
ry = Esup{r >0:B.(y) C G},
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and let 'y be the linear function ky(r) =r, r > 0. Applying Lemma 4.5 with G =
GX and Oy = Biy(ry)2(3), y € GX (this collection of sets is easily seen to satisfy

the assumptions of the lemma), there exist a finite set FX c GX and a measurable
mapiK :GX > FK suchthat GK UyeﬁK O, and):K(y) €dGify e GKNIG.
Now, let {0k, k € N U {0}} be an increasing sequence of stopping times defined by
00 =0 and let

(4.24)  op1 =inf{t > ok : Z (1) & Bo, (i)} A 6K, k e NU {0},

where y, = )A\K(Z(Qk)) and £ = «y, (ry,). We claim that almost surely, ox — oK
as k — oo. To see why the claim is true, for w € C, let o*(w) denote the limit of
the nondecreasing sequence {ox(w)}. Now, let C C C be the set of measure one
on which Z is continuous, and suppose that there exists w € C such that o*(w) <
0K (w). Then Z(or(w)) = Z(p*(w)) € GX as k — co. Note that for each k > 1,

| Z(0k+1(@)) = Z(0k(@))| = [Z(0k+1(®)) = Fe(@)] = [Jr(@) — Z(ok ()]
=l () — |Jr(@) — Z(ok(w))].

Now, for each k > 1, since y; = K (Z(ox)) the property of X stated in Lemma 4.5
shows that Z(gx(w)) € O3 (w) = Bey(w)2(Yk(@)), which implies [yi(w) —
Z(ox(w))| < €x(w)/2. Hence, for each k > 1,
£ 1
K@) 1 i ky(ry) > 0,
2 yeFK

|Z(0k+1(@)) — Z(ok(w))| =

which contradicts the convergence of {Z(gx(w)), k € N}. Thus, o*(w) = 0K (w),
and the claim holds.

PROPOSITION 4.8. For each 0 < K < oo, let 0% be the stopping time de-
fined in (4.4). Then S(- A 60K) is a continuous semimartingale, that is, there exist
a continuous local martingale M with M (0) = 0 and a continuous process A with
A(0) =0 that is of locally bounded variation such that

(4.25) S(tA0%)y=M(@ A0%)+ At n0K), >0

Furthermore, Z (- AOX) is also a continuous semimartingale with local martingale
component z + M(- A 05) and locally finite variation component A(- A 6%) +

1% b(zw)) du.

PROOF. For each 0 < K < 0o, let GX be the closure of the set GK defined
in (4.3). Clearly, GX is compact. Fix K large enough such that z € GX, and let {0}
be the sequence of stopping times introduced above. We now prove by induction
that for each k € N U {0}, S(- A gx) is a continuous semimartingale. When k = 0,
S(- A og) = S(0) is clearly a continuous semimartingale. Now, suppose that S(- A
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0x) is a continuous semimartingale for some k € NU {0}. We show that S(- A gx+1)
is also a continuous semimartingale. Observe that for r > 0,

S A ok+1) — S A ok)
=T npk =0y [S( A 0k11) — S(ek)]

=T nok >0 D L zo0eGky-10oy LS A O AOK) = S(an)].

xeFK

where, for each x € FX and k e NU {0}, we define 6] as in (4.22), but with @
replaced by of. Then, since S(- A gx) is a semimartingale by the induction as-
sumption, to show that S(- A gx1) is a semimartingale, it suffices to establish the
claim that for each x € FX | the process

D) =T <ino) L 2o ey on[SE A A0K) =S@0)], 120,

is a semimartingale.

To prove the claim, we consider the cases x € FKNGandxe FKNU sepa-
rately. For x € FX N G, note that By, (r,)(x) = B, (x) and the closure of B, (x)
lies in G by the definition of ry. Thus, when gy < 0K and Z(ok) € ()A\K)_l(x),
Z(s) € G for every s € [0k, 0 N 0K1. Applying Lemma 4.6, with ¢ = g and
T=6f A 0K, S A oF A 6K) — S(- A ox) and, therefore, Dy, is a continuous
semimartingale. Next, for x € F¥X nu, by properties 1 and 2 of Lemma 4.3,
there exist o, > 0 and n* € n(x) such that (n*,d) > a, for all d € d(y) with
|d|=1and y € B (x) N3G. Let {et, € =1,...,J} be an orthonormal basis for
R’ and for &, > 0, let vf =n* + &,.e%. Choose &, > 0 small enough such that
foreach¢=1,...,J, (vﬁ, d) > 0 for all nonzero d € d(y) and y € B, (x) N 3G.
For each ¢ =1, ..., J, define gf via gf(y) = (y, vf) for y € R/. Then, clearly
gt € C*(R7) and (Vgi(y),d) >0 for d € d(y), y € B, (x) N dG. Now, apply-
ing Lemma 4.7 with o = g and g = gﬁ, together with the optional stopping
theorem, it follows that {Ij,, ,\ox)[S% (t A 6F A 6K) — S8 ()1, 1 = 0} is a

submartingale. Since, on the set gx < oo, 58 (AN 0Ky — 585 (ok) is equal
to (St AOF A 0Ky — S(ox), vf) and the drift b is locally bounded, this shows
that I}, _, gk (St AGF A 6K) — S(0x), vE) is a bounded submartingale. By the
Doob-Meyer decomposition theorem, and the linear independence of the vectors
vt ¢=1,...,J, it follows that Dy is a semimartingale. This completes the proof
of the claim, and thus shows that S(- A gx+1) is a semimartingale.

By induction, S(- A k) is a semimartingale for every k. Sending k — oo and
using the fact that o — 6% almost surely, it follows that S(- A0X) is a semimartin-
gale. Let M and A denote the continuous local martingale and continuous, locally
bounded variation components in the semimartingale decomposition of S(- A 8%).
Then (4.25) holds. Finally, since (4.2) shows that Z = Z(0) + S + f, b(Z(u)) du,
the second assertion of the lemma follows directly from the first. [J
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4.4. Behavior of the semimartingale in the interior of the domain. We now
characterize the behavior of the components A(- A 0Ky and M(- A 6%) of the
semimartingale decomposition (4.25) of S(- A 6K) in G. As in Section 4.2, let
{G,,, m € N} be a sequence of bounded domains with G,, C G,; for m < i and
Umen Gm = G. For each o € C[0, 00) and fixed m € N, set 73" (w) = 0 and for
k € N, recursively define

(4.26) ' =g/ (w) Zinf{t > 7" | : Z(t) € Gy},
4.27) ' =1 (w) =inf{t > ¢' : Z(t) € 0G}.
Note that for each m, almost surely, since Z is continuous and the distance between

G NGX and G N GX is strictly positive, A 6K and Sp A 6K converge to 6%
as k — oo.

LEMMA 4.9. Let M(- A6K) and A(- A 6K), respectively, be the continuous
local martingale and continuous bounded variation processes that arise in the
local semimartingale decomposition of S(- A %) given in (4.25). Then almost
surely, for every k,m € N,

N AV
428) M(t At AOK) =M@t A g AOK) = / a'’>(Zw)) dW (u),

tAG nGK

for t > 0. Moreover, almost surely, for every t > 0,

N
(4.29) /0 ]IG(Z(M))d|A|(u) =0,

and

Aok

A0k
(4.30) fo I6(Z (W) d[M:, Mj1(u) = fo I6(Z@))ai; (Z(w)) du.

PROOF. For k,m € N, since Z(t) € G for t € [¢)" A 0K, 7" A 6K), by
Lemma 4.6,
NN
St AT AOK) —S(t A gl /\QK):/ a'’(Zw)) dW (u)
NI
for each t > 0. Thus, the process Y defined in (4.5)—(4.6) satisfies Y (- A 7" A
0Ky —Y( A S A 6Ky =0. Comparing this with (4.25), we have (4.28) and A(t A
0Ky — A( S A 0Ky=0fort e [si', ('] Because the latter equality holds for all
keN, 7" Aok — 0K ¢/ A 9KOK as k — oo and for u € [0,0%], Z(u) € G,
implies u € Ug[g" A 6k, A 6X1, it follows that almost surely

OK
fo Ig, (Z(w)) d|Al(u) = 0
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and
2] K

eK
/O ]IGm(Z(u))d[M,-,Mj](u)z/O I, (Z(w))aij (Z(u)) du.

Taking limits as m — oo, recalling that | J,, G, = G and applying the dominated
convergence theorem, we obtain (4.29) and (4.30). U

4.5. Boundary behavior of the semimartingale. 'To complete the proof of The-
orem 3, it only remains to show the following generalization of Lemma 4.9:

K

(4.31) M(-~6%) = fow a'*(Z () dW (w),

(4.32) A(- A 6K =Y (- A 6K),

and Y satisfies the reflection property specified in (4.7). We establish relations
(4.31) and (4.32) in Section 4.5.2 (see Corollary 4.15 therein) by showing that the
trace of the quadratic variation of the martingale M vanishes on the boundary. We
then establish the local reflection property in Section 4.5.3. Both results use certain
properties of the semimartingale decomposition of S/ that are first established in
Section 4.5.1.

4.5.1. A random measure and an integral representation. Given the semi-
martingale decomposition for Z(- A %) established in Proposition 4.8, a sim-
ple application of 1td’s formula shows that for f € C>(R’), the semimartingale
ST (- A 6K) admits the decomposition

(4.33) ST(-AOKY=MT (- A 65K) + AT (- A 6F),
where

: NS
(4.34) M7 (t n6K) i/o (VF(Zw)), dM ),
and

TNAS
AT (1 A 65) iA (VF(Zw)), dAu))

1 J. pinek 82 f
(4.35) + 3 iJZ::l/() 91 0, (Z(u))d[M;, M;](u)
1 A0k 32f
_ EMZ::I/O iy (Z2) 3= (2) du

for t > 0. Since V f is continuous and M (- A 6K is a local martingale, the
stochastic integral M/ (- A §X) is a local martingale, and A/ (- A 9K is the locally
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bounded variation component. In Lemma 4.11, we show that in fact M WENLS)
is a martingale. Note that we want to show (4.31) and (4.32), which implies that
K
NI fO'Ag (Vf(Z(u)),dY (u)). With that in mind, in Proposition 4.12
below, we establish an integral representation for A/ (- A 0K).
We first introduce some localizing stopping times. For each 0 < ¢ < o0, let

J
(4.36) Ccﬁ{IZOIIAI(t)Zcor > |[Mi,Mj]|(t)ZC},
i,j=1
where recall that |A| and |[M;, M ;]| denote the total variation processes associated
with A and [M;, M ], respectively. It is clear that

J
EQZ[|A|(Z‘ /\fc)] <c¢ and Z EQZH[MI',MJ'”(I A ;L)] =c.
i,j=1

REMARK 4.10. The following separability property of H, which is used in
Lemma 4.11, can be proved in a manner similar to the proof of [21], Lemma 5.2,
under the assumption that V is the union of finitely many closed connected sets: H
has a countable subset H( with the property that for each f € H and each N € N,
there exists a sequence {gy : k € N} C Hg such that

af(y) 98k (y)
8 .

. J
lim  sup  max| () — k)| v ]
X; 0x;

k=00 cGnBy (0) /=

FfO) ey
0x; 0x; 0x; 0x;

(4.37)

\4

LEMMA 4.11. Fix f € C*(G) and 0 < ¢ < co. Then almost surely,
tnoK
(4.38) / I6(Z(u))dAS (u)=0,  Vt>0,
0

and MY (- A 0K A ¢.) is bounded on every finite interval of [0, 00). Moreover,
MY (- A0%) is a continuous martingale. Furthermore, almost surely, for all f €
C%(G) such that (V f(x),d) >0 for all d € d(x) and x € G*X N3G, the process
A (- A0K) is adapted, continuous and increasing.

PROOF. Fix f € C%(G). Then, from (4.4) and (4.33)—(4.36), it is clear that for
each0 < ¢, T <00, sup;¢(o, 77 M (t AOK A ¢.)| is bounded by

2 sup [f)|+T sup [Lf(x)]+c sup |V f(x)

439 <" JXGGK <eGE ,
c a2 f T 2
+5 sup | Y (x)‘ + = sup [ Y aij(x) ()]
2 eGK i,j=1 dx; 0 2 cGK iz 0x; 0x;

Also, the relation (4.38) follows from (4.29), (4.30) and (4.35).
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For the proof of the martingale property for M/ (- A 6X), first consider the case
when f additionally satisfies (V f(x),d) > 0 for all d € d(x) and x € G*K N 3G.
Then (4.1) and the boundedness of f and £f on GX implies that S/ (- A 6K) is
bounded on every finite interval. Together with property 3 of the submartingale
problem and the optional stopping theorem, this shows that S/ (- A %) is a con-
tinuous submartingale of class DL. Thus, by the Doob—Meyer decomposition the-
orem, and the semimartingale decomposition in (4.33), it follows that AT (- A 6K)
is a continuous increasing process and M/ (- A 6%) is a continuous martingale.
Now, consider f € Ccz(é) that is constant in a neighborhood of V. For each such
f, there exist constants 0 < s < u < oo satisfying supp(V f) U GK c Uys=1{x¢€

G:|x| <u,d(x,V) > s} and a constant C > 0 such that f 4 Cf, ; € H, where
fu.s 1s the function in Lemma 4.4. Since M&(- A 0K A Zc) is a continuous mar-
tlngale for both g = f,, s and g = f + Cf, s, it also a continuous martingale for

=fe CQ(G) Finally, for f € C2(G), since the process Z(- A 0K) lives in GX,
there exists a function g € CZ(G) such that g is constant in a neighborhood of V
and f =g on GX. Thus, Mf( A O0KY = MS(- A 6K) is a continuous martingale
for each f € C*(G).

It only remains to establish the last assertion of the lemma. In the last paragraph,
we proved that A/ is increasing almost surely for a fixed f with the stated proper-
ties. We now show that it is almost surely true simultaneously for all f € H. Let Hg
be the countable dense subset of H mentioned in Remark 4.10. Since H is count-
able, the continuity and the monotonicity of A/ (- A %) hold almost surely (si-
multaneously) for all f € Hy. Now, note that for each 7 > 0, Afn — A = AT Tn
and SUP; (0, 7] |Af —fn(t AOK A Zc)|, is bounded above by (the sum of the last three
terms on the) right-hand side of (4.39) with f;, — f in place of f. Since any f € H
can be approximated by a sequence { f,,} in H in the strong sense made precise in
(4.37), this implies that as n — 00, sup, o, 77 1AT (t AOK A L) — ATt AOK NG|
converges to 0 both pointwise (i.e., for each w € C) and in L! (Q,). It follows that
Af (- A 0K A ¢.), and hence A (- A 6K) is continuous and increasing on [0, T'].
Since T is arbitrary, the desired property holds almost surely for all f € H.

We now consider the larger class of functions f € CZ(R’) such that
(Vf(x),d)=0foralld €d(x) and x € G?X N 3G. Let the quantities FK c GK,
re ke (5), x € FK be as introduced prior to Proposition 4.8, and let {g, k €
N U {0}} be the sequence of stopping times introduced in (4.24). We prove by in-
duction that for each k e NU {0}, A/ (- A Ok) is continuous and increasing. When
k =0, oo =0, and the conclusion holds trivially. Now, suppose that AT (A 0k) is
continuous and increasing for some k € NU {0}. We show below that AS (- A gx1)
is also continuous and increasing. Due to the induction assumption, it clearly suf-
fices to show that Dy = Af(- A Ok+1) — Af(- A 0k) is continuous and increasing.

Now, note that

D) =Ligpcino®y 2 Lizoeciny1oy Pi®:

xeFkK
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where, for x € FX, D (t) = A/ (t A6 A60K) — AS (01), and 6] is defined as in
(4.22), but with g in place of p. Now, fix x € FX_ Then, by Lemma 4.7, there
exists a function h, € H such that h,(y) — hy(x) = f(y) — f(x) for each y €
By, () (x). Hence, on the set {ox < 60X}, DI (t) = Al (t A 07 A OK) — A= (0y).
But, this is an increasing process since i, lies in #. In turn, this implies Dj is
nondecreasing, thus proving that A/ (- A gr41) is increasing. By induction, this
proves the last assertion of the lemma. [J

The last result will allow us to define a random measure and establish a conve-
nient integral representation for the process A/ .

PROPOSITION 4.12. For each w € C, there exists a o -finite measure ji(w, -)
on (Ry x §1(0), B(Ry x 8$1(0))), and there exists a subset Qy C C with Q,(Q9) =
1 such that for every w € Qq, for all f € H and t > 0,

(4.40) AL (w,1 A 0K () =/ (v, Vf(Z(w,u)))i(w, du, dv),

1 (w

where, for t > 0, R;(w) is the random Borel subset of [0, t] x S1(0) given by
(441) Ri(w)={(u,v)€[0,7] x $1(0): Z(w,u) €3G\ V,v ed(Z(w,u))}.

Moreover, for any continuous function g : R/ > R/, fR[ (v, g(Zw)))ir (-, du, dv),
t > 0, is a continuous adapted stochastic process starting from Q.

The proof of Proposition 4.12 is long and functional analytic in nature, involving
an application of the Hahn—Banach and Riesz representation theorems for random
linear functionals. So as not to interrupt the flow of the main construction, we defer
the proof to Section 5.

4.5.2. A boundary property of the martingale component. We start in
Lemma 4.13 by identifying a family of exponential martingales associated with
the random measure i from Proposition 4.12, which is used to show that the trace
of the quadratic variation of the martingale M vanishes on the boundary in Propo-
sition 4.14, and establish the desired identities (4.31) and (4.32) in Lemma 4.15.

Define «(0) = 0 and set

(4.42) oz(t)iS(t/\QK)—/72 vit(-, du, dv), t>0.

1
Applying the last assertion of Proposition 4.12 with g(x) =e* for £ =1,..., J, it
follows that « is a well-defined continuous adapted stochastic process. Moreover,
since S(- A 0K) is a semimartingale, (4.42) shows that «(-) is also a continuous
semimartingale. We now identify some exponential martingales associated with
the process «. Recall the family of stopping times {¢., ¢ > 0} defined by (4.36).
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LEMMA 4.13.  For each 0 < ¢ < 00 and every bounded, { M, }-adapted pro-
cess {0 (t),t > 0},

{ / N ). dart)) — f N ). alZw) D ) d }
exp u),da(n)) — = u),a(Z(u w)dut,
443 Lo 2Jo

t>0,

is a continuous martingale.

PROOF. Fix 0 < ¢ < co. We first reduce the proof of the lemma to showing
the result for constant ¥ (-), namely, to showing that for all ¥ € R/,

(4.44) exp{(ﬁ,a(t/\GK NI [ " Agc(z?,a(Z(u))z?)du}

is a continuous martingale. Indeed, suppose the result holds for constant v € R”.
Given the local boundedness of a, the nondegeneracy condition (2.11), and the
continuity of a (- A@X), it follows that the conditions of Theorem 3.1 (and therefore
Theorem 3.2) of [38] are fulfilled with P, & and s therein replaced by Q,, a(- A
6% A ¢.) and 0, respectively. Therefore, we can apply part (v) of Theorem 3.2
of [38], with £ = @ and 8 = ¥, to conclude that for every bounded adapted process
U (+), the process in (4.13) is a continuous martingale.

To show that the process in (4.44) is a continuous martingale, we establish a
slightly more general result. Suppose f € C>(G) is positive. Then for ¢ > 0 and
w €C, define V/ (1) = V/ (o, 1) to be

: 'Lf(Z(w,u)) Vi(Zw,w))\.
Fy =expl— [ 222D yJjisto.n)
V7 (1) exp{ 0 [ (Z(w. ) du /Rr(w)<v, 7 Z(w.u) >;L(a),du,dv)},
and
(4.45) HI ()= f(Z(t NOK A )Vt A 0K A E).

Applying the last assertion of Proposition 4.12 with g(x) = V f(x)/f (x), it fol-
lows that V/ and therefore H/ are well-defined, continuous adapted stochastic
processes. We now claim that for any positive f € C>(G), H/ is a positive contin-
uous martingale starting from f(z). Suppose the claim were true. Then for fixed
® e RY, define f(x) = f¥(x) =exp{(®, x)}, x € R’. Then f is clearly positive,
lies in C2(G) and satisfies

LfE) Vi@ _
Jx) f)
Substituting this into the definitions of V/ and H/ and recalling the definition of

« in (4.42) and of S in (4.2), it is easy to verify that the process in (4.44) is equal
to e~ ZO) g1 (1), r > 0, and hence, is a continuous martingale.

= (9, b)) + 5(9,a()?) and
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Thus, it only remains to establish the claim. Fix f € C*>(G) that is positive. To
prove the claim, we will first establish the relation

(4.46) H (1) — f(Z©©) =N/t n08 Ag),  1>0,
where
(4.47) N'oy=m' v’ @) - /Ot M w)dv’ ), >0

and then show that N/ (- A 0K A ¢c) is a continuous martingale. Using the relation
(4.33) for M/ in the first and last lines below, the definition of V/, the represen-
tation for A/ in (4.40), and integration-by-parts, we obtain

/Ot M08 Ae)dVT (unoX Ag)
[V CLUNS u
:/O (f(Z(u)) — £(2(0)) — /0 Lf(Z(s))ds — Af(u)> dv7’(u)
tAOK AL, u
:—/ Vf(u)d(/ Lf(Z(s))ds+Af(u))
0 0
[V LN u
—/0 <f(Z(O)) +/O Ef(Z(s))ds—I—Af(u))de(u)
[V CLUNS
=—Vf(t/\9K/\§‘c)</0 CEf(Z(u))du—i—Af(t/\GK/\;c))
tAOK AL, u
f f
+/0 <f0 Lf(Z(s))ds+ A (u))dV (u)
[V CLUNS u
—fo <f(Z(O)) +f0 £f(Z(s))ds+Af(u)>de(u)
= f(2(0))
i VAN
— v/ nok /\g“c)(f(Z(O)) +/0 Lf(Zu))du
+ AT (t A 6K A gc))
= f(Z2) =V n0E Ae) (=M (e A 0K A L)+ F(Z(e A OK A 2L))).
Together with the definitions of N f and H' in (4.47) and (4.45), respectively, this
proves (4.46).
We now show that N/ (- A 6% A ¢.) is a martingale. By Lemma 4.11, M/ (- A

6% A ¢.) is a continuous martingale that is bounded on every finite interval and
VIG Ak A {c) is a continuous finite variation process. If we can show that
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E[|Vf|(t AOK A )] < 0o for every ¢t > 0, where recall that |Vf|(t) denotes
the total variation of V/ on [0, ], then the desired result will follow from a
standard application of It6’s formula [e.g., applying Lemma 2.1 of [39] with
d=MI(AOK A and v = VI (- AOK A D] Let C s < oo be the maximum
of the supremum of f and the suprema of its first and second partial derivatives
over GX and let cr >0 with inf _sx f(x) > cr. Choose f,; from Lemma 4.4,
and note that then (v, f,.s) > 1 for and v € d(x) N $1(0), x € U, 5. It follows from
(4.40) and (4.35) that

(0, Ry pg& () ni (@) (@) < AT (0,1 A GK(a)) A Le())

cJ? tJ? 2
(cJ+— - > sup |a,-j|(x)>cf,,s.

i,j=1xeGK
In turn, this implies that for all # > 0,
E[|[V/|(t A0% A )]

5 exp{ tJsup,cax |Lf(x)]
cf

JCy (3c12 17> <

+ Y sup i) C,
Cf 2 2 l] IXGGK

< 00,

as desired. This completes the proof of the lemma. [J

PROPOSITION 4.14. The continuous local martingale M (- A 0K in the de-
composition (4.25) for S(- A 0K) satisfies almost surely,

QK
(4.48) /0 Ty (Z(w))dIM;, M;1(u) =0, i=1,...,J.

PROOF. For each 9 € RY, choosing ¥ () = 936(Z(-)) in Lemma 4.13, we
see that for each ¢ > 0,

TNLYNS 1 rtrofag
exp{<ﬁ,/0 HaG(Z(u))doz(u)>— 5/0 Hag(Z(u))(z‘},a(Z(u))ﬁ)du}

is a continuous martingale. Since almost surely Z spends zero Lebesgue time on
the boundary by Proposition 2.12, this implies that for each ¥ € R/ and t > 0,

#fonfo [ aora -
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K
Hence, for each ¢+ > 0, we have almost surely, fé/\e e Iy (Z(u))da(u) =0,

which in turn implies that foreachi =1, ..., J, f(?KM“ Ty (Z(w)) dla;, a;j](u) =
0. By letting ¢ — o0, we have

QK
(4.49) / Iy (Z(w))dlei, ail(u) =0, i=1,...,J.
0
From (4.25) and (4.42), we know that

a(t AOK)Y =Mt A0%) + A(r A 6F) —/ vii(du, dv).
Ri

Since A(r AOK) — th vi(du, dv) is an adapted process with locally bounded vari-
ation, it follows that [¢;, ;] = [M;, M;], and (4.48) follows directly from (4.49).
This completes the proof of Proposition 4 14. O

LEMMA 4.15. We have almost surely, that (4.31) and (4.32) hold for all t > 0.

PROOF. From (4.6) and (4.25), it is clear that (4.32) follows from (4.31). To
establish (4.31), let the sequences of stopping times ¢;" 1 oo, m € N, and 7" 1 oo,
m € N, be defined by (4.26) and (4.27). We use the fact that almost surely ¢;" 1 0o
and 7" 1 00 as k — o0, to conclude that for any ¢ > 0,

(4.50) M(t A OKY = MV (1) + M2 (1), meN,
where form e N,
MYy =DM AT A0K) — M (e A g AOK)],
keN
M>" () =Y Mt AP A0K) =Mt AT A0
keN
Now, by (4.28) we have for any m € N and ¢ > 0,

A0k
I,m _ 1/2
M (1) /o (Z(u))dW(u) = E f

keN /\rk 1/\9

tAGTA

1/2(2(14)) dw ().
The last term is a square integrable martingale, with covariation

NS
4.51) ./0 HUkeN[f;Z",lS;ﬁ"](”)HG(Z(”))aU(Z(”)) du, ij=1,...,J.
Each integral in (4.51) converges almost surely to zero as m — 0o because

(4.52) lim HUkeN[TﬁlS}T](u) = ]IBG (Z(u))

m— 00

Thus, we have shown that for any 7 > 0, as m — oo, M """ (¢) converges in L?(Q,)
to f’AG a'’?(Z(u)) dW (). In view of (4.50), to complete the proof of (4.31), it
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suffices to show that M2 () converges to zero in L2 (Q;), as m — o0. Now, for
eachi=1,...,J, by (4.52) and the bounded convergence theorem,

lim E%[|M>" (0)[*]
m—0o0
) 0 TNA
=2, im E [ fo HukeN[r,:"_l,gm(u)d[Mi,Ml-](m}

= XJ:E@Z [/OMQK TyG(Z(w))d[M;, M,-](u)],

which is identically zero due to Proposition 4.14. This proves the lemma. [J

4.5.3. Proof of the reflection property. In this section, we establish the reflec-
tion property (4.7). Roughly speaking, this requires establishing that the constrain-
ing term pushes in the right directions, as dictated by the reflection vector field.
The proof relies on the following simple geometric property.

LEMMA 4.16. Let ® be a convex cone with vertex at 0 and let
(4.53) Aﬁ{veRJ:(v,b)zOforeachbe®}.
If there exists Y € R’ such that (v, ) >0 forallv e A, then Y € ©.

PROOF. We use an argument by contradiction to establish the lemma. Suppose
that there exists Y € R’ \ ® such that (v, Y) >0 forallve A.Let P : R/ — ©
be the metric projection onto the cone ® (which assigns to each point x € R’ the

point on ® that is closest to x). Since Pg(Y) — Y is the inward normal to ® at
Pe(Y), and ® is convex and has vertex at the origin, we have

(Po(Y)—7",b)>0  foreachb e ®.

This implies that Po(T) — Y € A, and hence, by the assumed property of Y,
(Peo(T) — T, T) > 0. On the other hand, since Pg is nonexpansive and Pg(Y') #
T because T ¢ O, it follows that (P (Y'), T) < (Y, T), which yields a contradic-
tion. [J

We now use this to establish the reflection property.

LEMMA 4.17.

QZ<Y(I/\0K)—Y(S/\9K)€E|: U d(Z(u))D:l.

ue[snokK 1 A6k
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PROOF. For each ¢ > 0 and y € U, by Lemma 4.3 there exists R, < ¢ such
that properties 1 and 2 of the lemma hold and further, we can choose constants
r=rye. <Ry, <& and maps k = k, such that property 3 is also satisfied. By
applying Lemma 4.5 with G=GKnu and Oy = Biy(ry.0)2(¥), ¥ € GKnu,
there exist a finite set ¢ C GX NI/ and a measurable map A from GX N/ onto
F¢ such that Lemma 4.5 holds. Let ==5A 6% and for each k € N, recursively
define the following two nested sequences of stopping times:

of =inf{t > | :Z(t) € 3G} A 6K,

= inf{t > of : Z() ¢ By (7)) A 6,
where y; = Af (Z(03)) and ¢}, = K5¢ (rye ¢). Using an argument exactly analogous
to that used prior to Proposition 4.8, it is possible to show that almost surely, Qi —
GK,L,i—>9K as k — oo.

First, observe that the relations f(?K Ig(Z(u))d|Al(u) =0 and A(r A 6K) =
Y (t A 6K) established in (4.29) and (4.32), respectively, along with the fact that
Z(t) € G fort € Ugenlty_y, 0f) imply that for every ¢ > 0,

(4.54) Y(tAQf)—Y(t A |)=0, kel
Next, for each k e N, if gf < 00, let
of=w| U do
veBy: (7)

with y; and £ as defined above, and otherwise, let ®f = {0}. We now show that
for every € > 0, and k € N,

(4.55) QZ(Y(t ALG) — Y(t A Qi) €0 =1.
Observe that
(Yt ng) —Y(rAop) € OF)

(4.56) ={of >t AOK, 0 0F}

0lfet <t A6¥10 U [{2(e0) € () ol nDp] |
xefe
where, on the set {g} < oo}, we define

D = {Y(t nE)-Y(@h)em| U d(y)“.

YEBiy (ry 6)(X)
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Forx € F¢, let Af, be the set defined in (4.53) with E[UyEBKX(W e, d(y)] inplace
of ®. For each v € A?, define g (y) = (v, y), y € R/. Then by Lemma 4.16,

Dt = () {e"(Y(t Aep)) — 8" (Y (e))) = 0}.

veAf

Since g” € C2(RY) and (Vg®(y),d) = (v,d) > 0 for d € d(y), y € By, (ry.0) (X,
Lemma 4.7 and Lemma 4.15 together imply that almost surely, for every v €
A%, A8 (- A 1) —A% (- A 0;) is a continuous increasing process on the set
{Z(0%) € (35)~1(x)}. However, A8"(- A 6K) = (A(- A 6K),v) by (4.35) and
A(- A 0%) =Y (- A6K) on [0,0K] by (4.32). Therefore, almost surely, for ev-
eryve AY, (v, Y(- Af) — Y (- A o)) is a continuous increasing process on the set
{Z(o}) € (28)~1(x)}, which shows that QD" N{Z(0)) € (A&)~L(x)}) =1 for
x € F¢. Since F* is finite, together with (4.56), this implies (4.55).
Now, (4.54) and (4.55) together imply that for every & > 0,

(4.57) QZ<Y(1‘/\0K)—Y(S/\9K)€E[ U @;;]):1.
keN:of <t AOK

Foreachk e N, ¢ > 0 and w € C, define

& (w) = U [yeG:|y—Z(w,u)| < 4de},

uelof ().05, 1 (@)
and, recalling that r, . < &, note that
O (w) < m[ U d(y)].
ye& (w)

Since the graph d(-) is closed, we have almost surely,

N U @[ U d(y)} = w[ U d(Z(u))].

£>0keN:gf <t NOK ye&; uel0,:/6K]
Thus, sending ¢ | 0 on both sides of (4.57), we obtain (4.7). U

5. Proof of integral representations. This section is devoted to the proof

of Proposition 4.12. First, in Section 5.1, we introduce a random positive linear
functional, which we use in Section 5.2 to establish a preliminary integral repre-

sentation for A/ (see Lemma 5.3). The proof of Proposition 4.12 is then given in
Section 5.3.
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5.1. A random positive linear functional. In what follows, let
K={(x,v)eR :xedG\V,ved®x),|v|=1}.
For each f € H,let hy : K — R be the function given by
hy(x,v) = (v, Vfx)), (x,v) eK.

Clearly, hy € Cl(K) for each f € H. Note that C.(R; x K), equipped with the
uniform norm, is a separable linear space. Let 7y be the linear subspace of C. (R4 x
K) given by

glu,x,v) =Y €iwhy(x,v),

To= g €Cel®y X K): <
neN, fieH, lieC.Ry),i=1,...,n

Now, let A/, f € #, be the family of processes defined in (4.35), and recall
from Lemma 4.11 that there exists a set Q¢ € M with Q,(€29) = 1 such that for all
we, feH, t— Al (w, 1 AOK(w)) is increasing and the map f +— Al (w, - A
6K (w)) is linear. For each g € 7o that has a representation of the form g(u, x, v) =
Y tiwh g (x,v), with £; e C.(Ry) and f; e H,i=1,...,n,define

n 00

> [T twantunetw), ifwe,
. 0

i=1

0, otherwise.

(5.1 Alw, 8) =

We will sometimes suppress the dependence of A and A/ on w and simply write
A(g) and AT (1 A 6K, respectively.

We will show that A is a random positive linear functional on 7y, in a sense
made precise below.

DEFINITION 5.1.  Let X be a topological linear space. Amap W : 2 x X — R
is a random linear functional on X if it satisfies the following two properties:

(i) W(-, x) is a random variable for each x € X;

(i) ¥(w, ) is a linear functional on X for each w € Q.

The positivity of A will be shown with respect to a suitable positive cone. Define

P={geCc(RyxK):0=<g(u,x,v) <hs(x,v), (x,v) €K for some f € H]}.

Consider the partial order < on C.(R4 x K) definedby h < gifg—heP.

LEMMA 5.1. The set P is a positive cone in C.(R4 x K). Moreover, for each

g €C.(Ry x K), there exists g € Ty such that g < g. Furthermore, if g € C.(R4 X
K) is nonnegative, then g € P and 0 < g.
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PROOF. Note that if g, g € P, there exist f, f € H such that for (x,v) € K,
0<g(u,x,v) <hg(x,v) and 0 < g(u,x,v) < hf~(x, v). Hence, by the linear-
ity of the mapping f > hyr, 0 < g(u,x,v) +gu,x,v) <hys(x,v) + hf-(x, v) =
hfﬂ;(x, v), and for a > 0, 0 < ag(u,x,u) < ahy¢(x,v) = hqr(x,v). Thus, g +
g € P and ag € P, showing that P is a positive cone in C. (Rt x K).

We now turn to the proof of the second assertion of the lemma. Fix g € C. (R4 x
KC). Then there exists a compact set K C /C, an interval [¢1, ;) C R4 and a constant
0 < C < oo such that [g(u, x, v)| < Cljs, 1) (u)Ig (x, v) for each (u, x,v) e Ry x
K.Since KNV x RY = @ and V is closed, there exist r, s > 0 such that

(5.2) [xeR:(x,v) €K} CUs={xcdG:|x|<rdx,V)>s}.

Now, choose f,; from Lemma 4.4. Then f = Cf,, satisfies |g(u,x,v)| <
Clg(x,v) <hy(x,v) = (v, Vf(x)) foreach (u,x,v) e Ry x K. Let £ € C.(Ry)
be a function such that I ;,)(u) < €(u) < 1 for each u € R, and choose
gu,x,v) =L)hy(x,v). Then g € Toand 0 < g — g <28 <2hy =hyy on K.
Since 2f € H, this shows that ¢ — g € P, and hence, that g < g. Lastly, if
g €C.(Ry x K) and g > 0, the last argument shows that 0 < g(u, x,v) <
Clisy )Wk (x,v) < €(u)h y(x,v) for each (x,v) € K. This shows that g € P
and0=<g. O

LEMMA 5.2. Themap A : Q x To — R in (5.1) defines a random linear func-
tional on To. Moreover, A is positive in the sense that A(g) > 0 whenever g > 0.

PROOF. Forw ¢ Qp, A(w, -) is trivially well defined, and is positive and linear
on 7g. So, fix w € Q. To show that A(w, -) is well defined, we need to show that
if ¢ € 7o admits two representations

glu,x,v) = ZZ w)h g, (x,v)
(53) =

m
=Y Ljhj(x,v),  (u,x,0) €Ry x K,
j:l J
with £;,€; € C.(Ry), fi, fjeH,i=1,...,n,j=1,...,m,m,n €N, then

(54 Z/ ) dAT (0, u A 0K () = / 7;(w)dATi (0, u 7 0K ().

First, note that since Afi (w, - A0K (w)) and A%i (w, - AOK (w)) are increasing func-
tions, and ¢; and ¢ j are continuous with compact support, each of the integrals
in (5.1) is well defined as a Riemann—Stieltjes integral. In fact, since the func-
tions ¢; liein C.(R4),i =1, ..., n, they are uniformly continuous and so for each
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e > 0, there exists 7 > 0 such that |£;(u) — £;(v)| < & whenever |u — v| < h,

i=1,....,n,j=1,. Ces M Thus, for T large enough such that [0, 7] contains the
supports of every £;, £;,i =1,...,n, j=1,...,m, we see that the quantity

d AT (u A 6K)

(5.5)

=3t (kh) (AT ((kh + h) A 0%) — AT (kh A eK))‘
i=1k=0

is bounded by £ }7_, AJi(T A 6%), and, likewise, the quantity

[~ i K
;/O Ciu)dATi(u nok)
—ZZ (kh) (AT ((kh + h) A 6K) — Aff'(kh/\GK))‘

is bounded above by & Z;":l AT (T A 6%). We now claim that

(5.6) Y LAl (w,t 70K (W) = Z (WA (@, AOK (@), w120,
i=1 j=1

If the claim (5.6) holds, then in particular,

Z Z (k) (AT (w, (kh 4 k) A 0% (0)) — ATi (0, kh A 0K (w)))
i=1k=0

=3 "0 (kh) (AT (w, (ki + h) A 6K () — AT (0, kh A 6K (@))),

which, when combined with the two previous bounds, implies

/ Ci(u)dAT (w, u A 0K () — / 7;(u) dAT (o, uA@K(a)))‘

§g<2Aff(w,TA9K(w) Z wTAGK(w))>

i=1 j=1

Sending ¢ | 0, we obtain (5.4).
Thus, to prove (5.4), it suffices to establish (5.6). Define

A'(x) =) ) fi () — D L) f(x), (u,x) eRy x G.

i=1 j=1



THE SUBMARTINGALE PROBLEM FOR REFLECTED DIFFUSIONS 447

Due to the linearity of the space H and of the map f + h, (5.3) implies that for
each u > 0, A" lies in H and hau«(x, v) = (VA"(x), v) =0 for every (x, v) € K.
In turn, this implies that A2 (r A 0K) and —A2" (t A 0K) = A=2" (¢ A 6K) are
both increasing, and hence A" (r A 6X) = 0 for every ¢ > 0. By linearity of the
mapping f — AS (- A 0K), this is equivalent to (5.6). Thus, we have shown that
A(w, -) is a well-defined functional on 7. The fact that g — A(w, g) is linear is
an immediate consequence of the definition of A in (5.1), and the fact that the sum
of representations of two functions g, g in 7 is a representation for the sum g + g.
Furthermore, for any g € 7, given any representation for g of the form (5.3), each
stochastic Riemann—Stieltjes integral fooo 2;(u) dA%i (u A6K) is a random variable,
and so is its sum. Since €2 is a measurable set, it follows immediately from (5.1)
that A (-, g) is arandom variable. Thus, A satisfies both properties of Definition 5.1
and is a random linear functional on 7y.

We now establish the positivity of A. Let g € 79 be such that g > 0. Since
To C C:(R4 x K), g € P by the last assertion of Lemma 5.1. Now, since g € 7y,
it also admits a representation of the form g(u,x,v) = >/ | €;(u)hy, (x,v) for
tieC Ry and fi e H,i=1,...,n. Forw ¢ Qp, A(w, -) =0. On the other hand,
for w € Qo and each u > 0, (v, V(O €;(w) fi)(x)) = D7 Li(why(x,v) >0
foreachx € G\ V,ved(x) and [v|=1.S0 >, £;(u) fi € H, and hence

Y 6w (AT (@, (w+h) AOK (@) — AT (0, u A 0K (w))) > 0.

i=1

Together with the approximation (5.5) to the Riemann—Stieltjes integral, this im-
plies that for any & > 0, 0| [ (w)dATi(u A OK) > —e 3" AS(T A 6K).
Sending ¢ down to 0, we conclude that for all w € 29,

n 00
Aw, g) = Z/ Ci(u)dA (w,un HK(a))) > 0.
—Jo
i=1
This shows that A is positive, and completes the proof of the lemma. [J

5.2. An integral representation. We now use the random positive linear func-
tional A to show that Af (- A §X) admits a suitable integrable representation.

LEMMA 5.3. There exists a unique positive regular Borel measure p(w, -) on
R4 x K such that for each f € H and t > 0,

(5.7) A (w, 1 AOK (w)) =/ (v, V£ (X)), du, dx, dv).

[0,/]xK

PROOF. Fix w € C. By Lemma 5.2, A(w,-) is a positive linear functional
on Ty. Thus, by the positive cone version of the Hahn—Banach theorem for positive
linear functionals (see Theorem 2.1 of [2]), A(w, -) can be extended to a positive
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linear functional on C.(Ry x K), which we denote by A(w, ). In turn, an appli-
cation of the Riesz—Markov—Kakutani representation theorem for positive linear
functionals (see Theorem 2.14 of [36]) shows that there exists a unique positive
regular Borel measure p(w, -) on Ry x K such that

Zx(w,g)=f g, x, V@, du, dx, dv)
R+X’C

(5.8)
for each g € C.(R4 x K).

Now, for each ¢ > 0, let {¢",n € N} be a sequence of nonnegative functions in
Cc(Ry) such that £" 1 Ijo ;) as n — oo. For each f € H, substituting g" (u, x, v) =
2" (u)h r(x, v) € To into both the definition (5.1) and the representation (5.8) of A,
taking limits as n — oo and invoking the monotone convergence theorem, we ob-
tain (5.7). O

We now establish some additional properties of the measure u(w, -). For each
w € C, consider the set
K(w) = {(u, x,v) e Ry x R* :x=Z(w,u) €3G\ V,vedx), |v| = 1},
where we have written Z(w, u) instead of Z(u) to make clear the dependence of
the right-hand side on w.
LEMMA 5.4. There exists Qo € M with Q,(2) = 1 such that
(5.9) w(w, [Ry x K]\ K(w)) =0, for w € Q.
PROOF. Let Q¢ € M be the set of full Q,-measure such that the relation (4.38)
holds. For each w € g and & > 0, let ¢jj(w) =0 and for each k € N, let
T (w) =inf{t > ¢, (®): Z(w, 1) € IG},
i () =inf{r > t{ (w) : dist(Z(w, 1), Z(w, 7 (@))) > €}.
Note that for some k and w, we could have 7 | (w) = ¢} (w). For w € Qq, ¢ > 0
and k € N, define the sets
(@) = {u, x,v) €[t (), 5f ()] x K :dist(x, Z(w, 7 (w))) < &}
and
E (@) ={u, x,v) €[t (w), gt (@] x K :dist(x, Z(w, T (»))) > €}.

Note that K(w) = N0 Uk>1 A (@). In fact, it is easy to see that K(w) C
Ne=0 Uk>1 Af (w). For the converse, let (u, x,v) € (g0 Uks1 Aj (). Then for
each ¢ > 0, there exists k(¢) > 1 such that (u,x,v) € A,i(g)(a)). Thus, u €
[t,f(g)(a)), 5‘1?(5) (w)] and (x, v) € K such that dist(x, Z(w, T]f(g) (w))) < ¢. It follows
that dist(Z(w, u), Z(w, r,f(g)(a)))) < e. and hence dist(x, Z(w, u)) < 2¢. Since
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Z(w, t,f(g)(a))) € 0G, we have dist(Z(w, u), dG) < e. By letting ¢ | 0, it follows

that x = Z(w, u) € 0G. Since (x,v) € K, we have x = Z(w, u) € 3G \ V. Thus,

(u, x,v) € K(w). This completes the proof of K(w) = (,~¢ Uks1 Ap(@).
Observe that for every ¢ > 0,

Ry x K]\ [U A,f(a))] = [U 5;;‘(@)} U [U(g,f(a)), 6 (@) x /C]

k>1 k>1 k>0

Thus, to show (5.9), it suffices to show that for each w € Q¢ and ¢ > 0,

(5.10) w(w, & (w)) =0, keN,
and
(5.11) w(w, (s (@), Ty (@) x K) =0, k eN.

To establish (5.10) and (5.11), choose 7, s > 0 such that GK C Urs ={x €
3G : |x| <F,d(x,V) > s} and recall the definition of 6% in (4.4). Let f7.s be the
function in Lemma 4.4. Together with (5.7), (4.38) and the continuity of A/7s (- A
6K, this shows that

0= A" (0, T, (@) AOK (@) — AT (0, 5f () A 0K ()

N -/(‘gg(w) 74 (a))]xlC<v, fo’S(x))M(w’ du,dx,dv)
kAT Tt 1

= M(CU, (S‘]f(w), T]f+1(w)) X ’Cf,s)a

where Kr; = {(x,v) € R? :x e U s,v € d(x),|v] = 1}. Then we see that
p(w, (sf(w), Ti (@) x K s) = 0 for each such 7,5 > 0. Note that K 5 1 K
as r — oo and s — 0. This proves (5.11). To show (5.10), by (5.7) again, for each
f € H we have

A (0, ¢f () A 0K (@) — AT (0, T () A 0K (@)
(5.12)
— (v, Vf())u(w, du,dx, dv).
[7f (@), s{ (@)]xK
Note that for each f € H with support outside B:(Z(w, 7; (w))), by the definition
of A in (4.35), we have

A (0, ¢f () A 0K (@) — AT (0, Tf (0) A 0K (0)) = 0.

Thus, by running over all f € H with support outside B:(Z(w, 7} (w))), we have
that (5.10) holds. This completes the proof of the lemma. [
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5.3. Proof of Proposition 4.12. 'We now present the proof of Proposition 4.12.
Note that as a consequence of (5.7) and Lemma 5.4, for every w € g, we have

Af(w,t/\QK(w)):/ (v, Vf))u(w, du,dx, dv), feH.
[0, 1 X ICNKC(w)

Define a random measure /i : C X R x K+ R as follows:

Ix=z(wesc\vypu(w, du, dx, dv), if w € Qo,

i(w, du, dv) = .
2 ) { otherwise.

Then for w € Q, clearly (4.40) holds. Since u(w,-), and hence fi(w,-) is a
Borel measure by Lemma 5.3, it follows that for each compact set K C R4 x I,
(w, K) < oo and, therefore, ji(w, -) is o-finite. Since Q,(2g) = 1, this proves
the first part of Proposition 4.12.

Next, note that Z(w, - A 0K (w)) lives in GX. For each fe CCZ((_?) that is con-
stant in a neighborhood of V), there exists a constant C > 0 and, by Lemma 4.4,
a function f7 ; € H such that (v, V f7 s(x)) > 1 for each x € 9G N GK ve d(x)
and |v| = 1 suchthat f +Cf; s € H. Since (4.40) holds for both f; s and f+Cf; s,
then (4.40) holds for f. For any function f € C>(G), there exists a function
g€ Cg((_}) such that g is constant in a neighborhood of V and f = g on GX. Since
Z(w, - AOK (w)) lives in GX, (4.40) also holds for each f € C>(G). It follows that
for each 1 > 0 and f € C%(G) that is uniformly positive,

v, ————)i(w, du, dv
0 Jd(Z(w,u)NS;(0) (Z(@m)edG\V} f(Z(w,u)) a

! 1 :
—dA’ K .
= /o FZway (A @ untt@).  ifee,

0, ifw¢ Qo

as a function of w is a random variable. Moreover, since it follows from the defini-
tion given in (4.35) that A/ is an adapted continuous process of bounded variation,
it follows that the integral on the left-hand side of the above equality is also an
adapted continuous process.

Let ¥ € R’. Choose f(x) = exp{(%%, x)}. Then f € C*(G) is uniformly pos-
itive. Simple calculations yield that fo()(j;) = ¢, then by substituting f(x) =
exp{(d, x)} into the previous display and recalling the definition of R; from
(4.41), we have (¥, fR, vie(-, du, dv)), t > 0, is a one-dimensional continuous
adapted stochastic process starting from 0. Since ¥ is arbitrary, then we have
RY(t) = fR, vi(-, du,dv), t >0, is a J-dimensional continuous adapted stochas-
tic process starting from 0 and the ith component of R”(¢), denoted by R} (t), is
th vifu(-, du,dv). Let g : R’ — R’ be a continuous function and let gi denote its
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ith component. It follows that

J
/Rl(v, g(Zw)))a(-, du, dv) = ;_/7;[ vigi(Z(w)) (-, du, dv)

St
= i(Z RY )
;/Og( (W) dRY (u)

Hence, th(v, g(Zw)))p(-,du,dv), t >0, is also a continuous adapted process
starting from 0. This completes the proof of Proposition 4.12.

6. Proof of Theorem 2. Given (G, d(-)), b(-) and o (-), suppose the associ-
ated set V is the union of finitely many closed connected sets, and suppose that for
eachz e G, (2, F, {F:D, P, (Z, W) satisfies properties 1-3 of Definition 2.4 for
the associated SDER with initial condition z, and let QQ; be the law of Z induced
by P, on the canonical filtered probability space (C, M, {M;}). Fix z € G. Then
the definition of the ESP implies that QQ, satisfies properties 1 and 2 of the sub-
martingale problem associated with (G, d(-)), b and o. We now show that Q, also
satisfies property 3 of the submartingale problem. Fix f € H, and for some LeN,
let V =X, V; be the unique decomposition of V into a finite union of its con-
nected components, each of which is closed. Any f € H is the sum of a constant
and a function f, where f has compact support and is constant in a neighborhood
of every point in V. The set V; N suppl f] is compact for every i = 1, ..., L, and
hence, a standard covering argument shows that there exists ¢ > 0 such that for
eachi=1,...,L, f is constant on B, (V;) N G. We assume without loss of gener-
ality that ¢ is smaller than the minimum distance between any two closed sets V;
and Vj, i, j=1,...,L,i #j.

Now, define (g = 0 and for k € N, let

ok =inflt > y_1: Z(t) € B p(V)},
w =inf{t > o : Z(t) ¢ B:(V)},

where, by convention, the infimum over any empty set is taken to be infinity. Since
B¢ /2(V) and (B¢ (V)) are closed sets, ¢, and g are {F;}-stopping times. Since the
process Z is continuous, almost surely, (¢, o — 00 as k — oo. For t € [0, 00),

f(Zz®) — f(Z©) = Z[H{LHSt}(f(Z(f Aow) — f(Z(k=1)))
k=1
(6.1) +Tige <) (f(Z(t Aw)) = f(Z(0w))]

e

[Ty <y (f(Z(2 A or)) = F(Z (D)),

~
Il
—_
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where the last equality holds because f is constant on each B.(V;) and the
continuity of Z implies that almost surely, Z lies in the e-neighborhood of ex-
actly one connected component of )V during each interval [gg, tx). Fix k € N.
Now, (Z,7Y) is a solution to the ESP for X, where X is defined by (2.5), and
Z(t) ¢ V for t € [tk—1, 0k]. Therefore, on the set {or < ¢}, applying Lemma 2.7
with 6; = (41, 6> = 0k, s = 0 and ¢ replaced by ¢ — (4_1, and defining f’k(u) =
Y ((tg—1 +u) A o) — Y (tg—1) for u € [0, 00), it follows that there exists a measur-
able function ¥ : Q x Ry — R’ such that

Yt Aok) =Y (1) = YE(@ — y—1) — Y50)
(t—tk—1)AN(Ok—tk—1) -
:/Ot Ok ) d ¥ (),

where yk(u) €d(Z(ty—1 + u)) for d|l7k| almost every u [where we have replaced
d(Z((tg—1+u) ANok)) by d(Z(tx—1 +u)) because d|)7k|(u) =0foru > op —tk—1].
In turn, this implies that the process Z(- A or) — Z(t(—1) admits the following
semimartingale decomposition: for ¢ > (;_1,

1AQk 1Ok

Z({t ANop) — Z(tk—1) = / b(Z(u))du + o (Zw))dW (u)

Lk—1 Lk—1
(—tk—DA Kk —tk—1) X ~
+/O y ) d|7F|w),

and by Itd’s formula, on the set {tx_1 <t} we have

F(Z@ ~ow) — F(Z(w=1))

tAQk IAQk
= Ef(Z(u))du—i—/ (VF(Zw)),o(Zw))dW (w))
1

lk—1

(t—tk—)N(Qk—tk—1) ~
[ N F (2 + w), v @) | @),

Multiplying both sides of the last display by I, ,<;), summing over k € N and
observing that V f and L f are identically zero on B.())) because f is constant on
each connected component of V, we have the equalities

NQk
(

© t
Slyozn | (VA(ZW).0(Zw)dW w))
k=1 be—

1

t
0

_ / (V£ (ZwW)), o (Zw))dW ()

and, likewise,

0 QK t
];H{Lk_ls,} /Lkl Ef(Z(u))du:/O LF(Z(w))du.
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Combining the last three displays with (6.1), we conclude that P;-almost surely,
for every t >0, S/ (t) = f(Z(t)) — f(Z(0)) — [3 Lf(Z(u))du is equal to

/0 "V F(Zw), o (Z@) dW @)

(t—tg— DAk —tk—1)

+3 T <0 /0 (V£ (Z ey + 1)), v @) d| 7| o).
k=1

Since f € H, yk(u) e d(Z(tx_1+u)) for dlfk| almost every u, the second term on
the right-hand side is almost surely nondecreasing, whereas the local boundedness
of o and the fact that f has compact support shows that the first term on the right-
hand side is a martingale. This implies that the process described by the right-hand
side and, therefore, the left-hand side, is a submartingale, and hence, shows that Q,
satisfies property 3 of the submartingale problem. Next, if the triplet (2, F, {F;}),
P,, (Z, W) is a actually a weak solution (so that property 4 of Definition 2.4 also
holds) then Q, clearly also satisfies property 4 of Definition 2.9, and so QQ, a solu-
tion to the submartingale problem. This completes the proof of the first assertion
of Theorem 2. The second assertion follows immediately from the first.

APPENDIX A: PROOF OF A MEASURABILITY PROPERTY FOR THE ESP

We now establish Lemma 2.7. Let the processes X, Y, Z, and the stopping times
61, 62 be as in Lemma 2.7, let the stopped shifted processes Y and Z be defined as
in (2.8) and (2.9), respectively, and also define the corresponding process X (1) =
ZO1)+X((u+61) A6 —X(61),u €0, 00). Also, given any R7-valued process
H, recall that |H |(u) represents the total variation of H on [0, u]. It follows from
Lemma 2.3 of [32] that IP;-almost surely on the set A = {01 < 6>}, (Z, Y) satisfies
the ESP for X. On the other hand, Theorem 2.9 of [32] shows that for w € A
such that Z(w, s) ¢ V for all s € [0, 62(w) — 01(w)] (Which should be interpreted
as s € [0,00) when 6>(w) = 00), the total variation |Y| of Y is finite on every
bounded interval [0, ¢], < oco. It then follows from property 2 of Theorem 1.3
of [32] (which is restated in Remark 2.3 of this paper) that for each w, one can
find a Borel measurable function y (w, -) on [0, 00), with the desired properties
stated in (2.10). However, to prove the assertion in Lemma 2.7, we need to show
the existence of a version of y that is jointly measurable in 2 x [0, c0).

To show this, for each N € N, we define the stopping time

N Zinf{r > 0:|Y|(r) > N},
let OV =tV A 6,, and let Y?2(-) and 7oY (), respectively, be the stopped processes

YCAG)and Y(AON) =Y (- A6 ATV).
Consider the measure iV on (Q x Ry, F x B(R,)) defined by

AV (A x (s,1]) = EP[IA (17 [(t AON) =17 1(s AON))]

(A.1)
— EP []1 d|7e" }
A /( A7 w
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for Aec Fand 0 <s <t < 00. Since |I7 | is almost surely nondecreasing, the def-
inition of ¢V implies 2"V (Q x R;) < N, and thus, each 2 is a finite measure.
In an analogous fashion, for eachi =1, ..., J, define MIN to be the finite signed
measure on (2 x Ry, F x B(R;)) that satisfies
uN (A x (s, 1]) =B [T (Vi (r A ON) = Yi(s AOM))],

(A.2)

AeF,0<s <t <o0.
From (A.1) and (A.2), it is clear that u <« " fori =1,...,J. Let u" denote
the J-dimensional vector of finite signed measures whose ith entry is ,ulN . By the

Radon-Nikodym theorem, there exists a measurable function yV : (Q x Ry, F x
B(RL)) — (R?, B(RY)) such that

PN )= [ 7N @wdit oo,
(A.3) >
AeF,0<s <t <oo.

Moreover, it is also clear that ¥V (w, u) = ¥ (w, u A TV (w)) foreach w € Q,0 <
U < oo.

Now, from (A.2), (A.3) and (A.1), it follows that for each random variable &
and measurable function / defined on R :

e [ hwad?w]= [ e@ntde .
[0,00) QxR4
:/ E@hy™ (@, w) di (@, u)
QXR+

—E%e0) [ oy cnd P )|
[0,00)

Hence, for each 0 < s <t < oo, since the above display holds for each &, by
choosing h(u) =I5 ,(u), we see that [P;-almost surely,

I?(t/\GN)—I?(s/\QN)z/ yN(-,u)df?gNKu),
(s,t]
and the continuity of ¥ implies that IP,-almost surely,

(A4) ?(erN)—?(sAeN):f yNewd P W), 0<s<t<oo.
[s.7]

In turn, this shows that for P,-almost every w, ¥ (w, ) is a version of the Radon—
Nikodym derivative of dvo” (w, -) with respect to d|Y9N [(w, ).

We now show that the sequence ¥V, N € N, is consistent in the sense that for
N eN,

(A.5) YN Lunt)y=yNu)  ford|Y%|-ae. u €0, 00).
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Indeed, first note that for each N e Nand 0 <s <t < o0, (A.4), with N replaced
by N + 1, t replaced by A T/ and s replaced by s A T, yields

F(E ATV AONT) — T (s ATV AoV =f y N wyd P ),
[sATN tATN]
which can be equivalently rewritten as
FenoM)y =T noM)y = M unt™) a7 ).
[s.1]
A comparison with (A.4) shows that

ARE (Lun ‘L'N) =vN(,u) for d{?QN |-a.e. u € [0, rN],
which is equivalent to (A.5). Next, define

?(w,u)zlimsupyN(a),u), (w,u) € 2 x [0, 00).
N—o0

It follows that y is a measurable function from (2 x R4, F X B(R4)) to
(R7, B(R’)), and P,-almost surely, 7 (-,u A ) = yN (-, u) for d|Y?|-ae. u €
[0,00) and foreach 0 <s <t < 00,

f(t/\@z/\r’v)—f(s/\@z/\tN):/[Y[]?(-,u/\rN)d|I792”N|(u)

- 7 u)d|Y%|(u).

[sATN tATN]

Sending N — oo and using the continuity of ¥ and the fact that 7 — 0o because
Y has finite variation on every bounded interval, we have P,-almost surely, for
each0<s <t < o0,

YO)—Y(s)=Y(EA0) —Y(s AB)

=/ ?umﬂWWM=f 5wy d|T|(w).
[s.7] [s,]

N

Finally, since the pair (Z,Y) solves the ESP for X, it follows from Remark 2.3
that P,-almost surely, y (u) € d(Z(u)) for d|Y|-a.e. u € [0, o0). This completes
the proof.

APPENDIX B: PROOF OF THE COVERING LEMMA

In this section, we prove Lemma 4.5. Fix a compact subset G of G\Vand a
collection of open sets {Oy,y € G} suchthat y € Oy forall y e G, O, NV =0

ifyeéﬂl/{andOyCGifyeéﬂG. SinceGﬂU:éﬂaGiscompaCt,and
{Oy,y€ G MU} is an open cover of G NU, there exists a finite set F C G NU such
that G NU C Uyer, Oy. Enumerating the elements of F as F = {y;,i =0, ..., N}
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for some N € N, we let Dy = Op and Dy = Oy, \ (Uf;(} Oy) fork=1,...,N.
Then {D; N G NU,1 <k < N} is a partition of G N U, and for each x € UyeF O,y
there is aunique index i =i (x) suchthatx € D; € O,,. Define A(x) = yj(y) forx €
Uyer Oy. Then, since each D; is Borel measurable, the mapping A from U, ¢ Oy

onto F is clearly measurable. Moreover, since G \ Uyer Oy is compact, contained
in G and {Oy,y € G\ Uyer Oy} is an open cover of G \ U,cr Oy, there exists
a finite set F' C G \ Uyer Oy such that G \ Uyep Oy C Uyep Oy. By a similar
construction as for A, there exists a measurable mapping A’ from G \ Uyer Oy
onto F' such that y € O;/(y). The mapping A from G to F = F U F’ that is equal

toronGN Uyer Oy and is equal to 2 onG \ Uyer Oy is clearly measurable and
has the desired properties.

APPENDIX C: CONSTRUCTION OF TEST FUNCTIONS

This section is devoted to the proof of Lemma 4.3. The first property of the
lemma follows from the upper-semicontinuity of the set function Z(y) ={i € 7 :
y € 0G;} introduced in Definition 2.11. Since y € U, property 2 follows from
property 1, the definition of ¢/ in (2.2) and the continuity of n'(-) and y'(-), which
holds by Definition 2.11.

We devote the rest of this section to the proof of property 3. For each y € U, the
family of functions { f¥>"} will be constructed as suitably smoothed and localized
versions of the distance function to a certain cone. The construction is similar in
spirit to (although more complicated than) that carried out in [32], Section 6.1, for
polyhedral domains. We start by establishing two preliminary results, the first of
which paraphrases a result from [32].

LEMMA C.1. Let © be a closed convex cone with vertex at the origin and
a boundary that is C*°, except possibly at the vertex. Given any closed, convex,
compact subset K of the interior of ©, constants 0 < n < A < 0o and & > 0, there
exist v > 0 and a C* function € on the set

A={xeR’:p<dist(x, ®) <1}
that satisfy the following two properties:

1. sup,cp (€(x) —dist(x, ®)| Vv [|[VE(x)| = 1]) <e&;
2. for p e K and x € A, we have (VL(x), p) < —v.

Moreover, if ® is a half-space, given any subset K of O, the function £(x) =
dist(x, ©), x € A, is a C? function on A that satisfies property 1 above, and also
satisfies property 2 with v = 0.

PROOF. The function ¢ with the properties stated above can be constructed as
a suitable mollification of the distance function to the cone ®. Indeed, Lemma C.1
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can be deduced from the proof of [32], Lemma 6.2, with gc, Lc¢,s., KgCB, ne,
Xc and &c therein replaced by £(-), ®, IC, n, A and ¢, respectively. [

Fix y € U. We now construct a certain cone associated with the directions of
reflection at y, which will serve as the analog to the cone ® from Lemma C.1.
Define

ey k=f- ¥ adorazoicio. ¥ a=1}
i€Z(y) i€Z(y)

where recall the definitions of d’(y) and Z(y) given in Definition 2.11. Note that
K is a convex, compact subset of R’ . Therefore, there exist dy > 0 and a compact,
convex set Ky 5, such that Ky 5. has C*> boundary and satisfies

5,/2 R 5,
(C2) Ky C(Ky5)° CKys, CKY,

where K; = {x e R’ : dist(x, Ky) < &} for every ¢ > 0. Since y € U, by the defi-
nition of ¢/ in (2.2), it is easy to see that 0 ¢ K and

in (n'(y),d)<0 f deK,.
iIéI%l(I)l})(n (y).d) < or every y

Therefore, §, > 0 can be chosen such that 0 ¢ Ky 5, and

(C.3) min (n'(y),d) <0  foreveryd e K;S"'.
i€Z(y)

For each i € Z(y), since 9G; is C! near y € 3G, the hyperplane {x € R’ :
(n*(y), x — y) = 0} is the tangent plane to dG; at y. Let

Sy = ﬂ [x eR:{n'(y),x —y)>0}.
i€Z(y)
Then G can be locally approximated near y by the polyhedral cone Sy in the sense

that for each N < oo,

(x—y)

(C4) {y+ eRf:xeC_;,|X—y|§Nr}—>Syr‘]BN(y) asr — 0,

where the convergence is with respect to the Hausdorff distance. In view of (C.10),
it follows that there exist

(C.5) 0<r, <dist(y,VU U (8GﬂaG,-))
i¢Z(y)
and Ay € (0, 1) small enough (not depending on ry) such that for each r € (0,ry),

(C.6) {x eR’: dist(x, y+ U tKy,gy) < 3%,;»} N3G C By (y) N3G
tel0,Ry]
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and

(C.7) {x eR’: dist(x, y+ U tKy,(;y) < 3,\yr} NGNIB(y) =0
t€[0,Ry]

Choose 1y € (0, 1y), and define

(C.8) My = {x e R’ : py < dist(x, ®) <24,}.

Then, it follows from Lemma C.1, with ® = U,>¢ 1Ky s,, K = K(S /3 s A=2A,y,
n=nmny€(0,1y), A=1Tly, and &y = A,/12 A 1,/2, that there ex1sts a constant
vy > 0 (that does not depend on ry) and a function £, : ITy, — R that satisfy the
properties stated in Lemma C.1.

We will construct the family of functions { f¥-"} as suitably scaled and truncated
versions of £y, whose supports have the desired properties. The construction uses
certain properties of Ky s summarized in Lemma C.2.

LEMMA C.2. Fory €U, there exist Ry € (0,1) and By > 0 such that

. i _
(C.9) ienl;(r)l})(n (y).d) < —=2Byld|  foreveryd e U_ tKy.s,
t€[0,Ry]
and
(C.10) (y + U l‘Ky,gy) NG ={y}.
te[0,Ry]

PRrROOF. Fix y € U. We first use an argument by contradiction to prove that

d
C.11) su min <n ), > < 0.
( der5 i€Z(y) O |d|

Since Ky s, is compact and d > min;ez(y) (n'(y), d/|d|) is continuous, the supre-
mum can be replaced by a maximum in (C.11). Thus, if (C.11) does not hold, then
there exists d € Ky 5, such that min;czy) (n'(y), d/|d|) = 0. But this contradicts
(C.3). Thus, (C. 11) holds which, in particular, implies that there exists 8, > 0
such that (C.9) holds for any R > 0.

In addition, since for each i e Z(y), 3G; is C! near y, it follows that

lim inf min <n (), — y)> > 0.

§—0xeGijx—y|<s (€L(y) | =yl
Together with (C.11) this shows that there exists Ry, € (0, 1) such that
inf n
xeG: ZEI()’ < (y) |X - y|>

|X_Y‘§Ry(2iel(y) |d! MI+3y)
(C.12)

> sup min (n'(y), —>
der5 ieT (y)< Y |d|
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We use this to prove (C.10) by contradiction. Suppose that (C.10) does not hold.
Then there exists d € Ute[O,Ev] 1Ky s, suchthatd #0and y+d € G. We can write

d = t*d* for some t* € [0, Iéy] and d* € K 5,. Also, by the definition of Ky 5, in
(C.1)and (C.2), |d| < Ry(ZieZ(x) |d (v)| + dy). Hence, (C.12) implies that

. d* . d . d
min (n'(y), — ) = min {n' ,—>> sup min <n’ ,—>,
iez(y>< ) Id*l> ieI(y>< ) |d| deKE(;inI(y) ) |d]

which contradicts the fact that d* € K y.8,- Thus, (C.10) holds for the chosen Ry €
O,1). O

We now introduce some more geometric objects that will allow us to identify a
family of sets O(y, r),r > 0, where O(y, r) will contain the support of the func-
tion V f¥" that we want to construct. Let Ly 5 be a truncated (half) cone with
vertex at the origin defined by '

Lys,= |J 1Ky,

ref0, 50

Then (C.10) and the fact that 0 € Ly 5, imply
(y+Lys) NG ={y}.

Due to the fact that y € U, there exists a vector in the set K, defined in (C.1) such
that —g, points into G from y and |gy| < 1 [here we have used the fact that d' (y)
is a unit vector for every i and y]. For each r € (0, 1), define

, R
(C.13) M(y,r) =y =hy 5 rdy +rLys,,

and observe that, since a 8, neighborhood of the vector —quy /2liesin Ly s .,y
lies in the interior of M (y, ). For each ¢ > 0, let

Mé(y,r) =[x e RY :dist(x, M(y,r)) <e}.

Since Iéy <l and |gy| <1, itis clear that for each x € Mny’(y, r),

<3Ayr.

R,
dist(x,y+ U tKy,(s},) <2iyr+ )»y?yrqy

t€[0,Ry]

Thus, we have
Mz’\y’(y, r)C {x eR’ :dist(x, v+ U Z‘Ky’gy) < SAyr}
te[0,Ry]
and hence, by (C.6)—(C.7) we have
(C.14) M (y,r)NGNIB(y)=2 and M (y,r)NG C B, (y)NG.
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Let
(C.15) Oy, r)=GN (M (y,r)\ M™ (y,r)) C B,(») NG.

For each x € O(y, r), it is clear that x € G and from (C.13) and the fact that

Ny < Ay, it follows that

ARy
2

(C.16) ny < dist(¥ + 2, Ly,a),) <2,
Since G can be locally approximated at y by Sy as in (C.4), by choosing ry, and
Ay sufficiently small, we can ensure that for each r € (0,ry) and x € O(y, r), the
projection of (x — y)/r + Ay(Ry/2)gy to Ly s, coincides with the projection of
(x —y)/r+Ay(Ry/2)qy to Ulzole,gy since Ly,ay is the portion of Utzony,By
truncated near its vertex. Hence, for each x € O(y, r), we have

. (X — AyR . (X Ay R
dlSt(—y + y yqy’ Ly,6y> = dlst<_ y + i yq);, U tKy,5y>
r 2 r 2 t>0

Together with (C.16), this shows that for each x € O (y,r), =2 + A, %qy lies in
the set Iy, specified in (C.8).
Now, let ky, , be the function on O(y, r) given by

x—y+kyléyq)
2 )

ky,r(x)i€y< xeO@,r).

Then the properties of £, and v, stated in Lemma C.1 and the definition of O (y, r)
in (C.15) imply that k, , € C*°(O(y, r)),

(=Y | LR
sup (ky,r(x) - dlSt( + y2 yqy’ Ly,zSy) vV (r|Vky r(x)] = 1))
x€0(y,r) r
(C.17)
— 12

and (rVky ,(x), p) < —v, foreach p € K;S’VB and x € O(y, r). From the second

property in Lemma C.1, it also follows that

(rVky , (x), d'(y)) > vy fori € Z(y) and x € O(y, r).

Since d'(-) is continuous for each i € Z, ry satisfies (C.5) and 7 is upper semicon-
tinuous, by possibly making ry yet smaller and using the first property of ky , from
Lemma C.1, we have for each r € (0, ry),

(C.18) (rka,r(x), d (x)) > %y fori e Z(x) and x € O(y,r).
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Now, choose h y € C*(R) to be a decreasing function such that

1, if s € (—00, 51, /4],
(C.19) ﬁy(s) = 1 strictly decreasing, if s € (5Ay/4,23%,/12],
0, if s € (231, /12, 00),

and define f¥" : R/ — R as follows:

hy(ky (), ifx €Oy, n),
1, ifxeGNM™Y (y,r),
0, otherwise.

(C.20) [ =

When combined with the definitions of M (y,r) and O(y,r) given in (C.13) and
(C.15), respectively, and properties (C.17) and (C.14), we infer that

supp[ 7" ]NG

cixeG:k ()<23Ay}
X TRy (X)) = B
. . (X—=Y ARy ) 23y xy}
s dist[ —= JLys | <=2+ 2
CixeG 1s< " + > gy, Lys, | = B 2

(C.21)

AL )‘yéy
=qixeG:dist{x —y+ > rqy,rLys, | <2Ayr

=M™ (y,r)NG
CB(» NG,
which establishes property 3(b) of Lemma 4.3. In addition, we also have
[x € G iky,(x)>5h,/4)

- . (x—=Y ARy ) 5y )\y}
€ G :dist| —— Lys |>—2L -2
C{x IS( PR e
(C.22)

S Ay Ry
CixeG:distlx —y+ > rqy,rLys, | = Ayr

c (MM (y, 1)) NG,

where the last inclusion uses the fact that n, < A,. Relations (C.19)-(C.22), to-
gether with (C.15), show that the set on which f¥" is neither O nor 1 is a strict
subset of O(y, r). Combining this with (C.21) and the fact that i_zy € C*°(R) and
ky,€C®(0(y,r)), it follows that

(C.23) b, (ky, (x)) <0,  ifxeO(y.r)
and ¥ € C®(G).
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By the definition of A y in (C.19), f»" clearly satisfies property 3(c) of
Lemma 4.3. Moreover, since y is an interior point of M(y, r), there exists «(r) €
(0, r) such that By, (ry(y) C M(y,r). For each x € By, (y) N G, the definition
of ¥ in (C.20) implies that f»"(x) = 1. Thus, f”" satisfies property 3(d) of
Lemma 4.3. Finally, for each x € O(y, r), since V f¥"(x) = ﬁ/y(ky,r(x))ka(x),
(C.18), (C.23) and the fact that Z(x) C Z(y) for all x sufficiently close to y imply
that

(V¥ (x),d (x)) <0  fori e Z(x) and x € O(y, 1),
which proves that — f¥" € H. Since f¥" has compact support on G by prop-
erty 3(b), this implies property 3(a) of Lemma 4.3. This completes the proof of
Lemma 4.3.

APPENDIX D: PROOF OF PROPOSITION 2.12

Fix z € G. Due to property 4 of the submartingale problem and the fact that
VYV =0G \ U by (2.1), to show (2.12) it suffices to show that

(D.1) EX [ /0 > Ty (w(s)) ds:| =0.

Recall the definition of Z(-) given in Definition 2.11 and for each § > 0, let

I(y) CZ(x)forall y e Bs(x) NdG and In € n(x)
suchthatn = ) 6;n'(x), where §; > 0,i € Z(x),

D2) Us=3xel: i€Z(x) ,
3" 6 =1, and (n,d) > §|d| forall d € d(x)
i€Z(x)
and foreach J CZ, J # @, let
(D.3) Uy ={xells : I(x) = J}.

It is immediate from the definition that any two elements in {Z/{g ,JCI,J#o}
are disjoint, and

(D4) us= U u, u=Uu.
JCL,J#9 >0

In light of (D.4), to prove (D.1), and hence Proposition 2.12, it is clearly sufficient
to show that for every § > 0 and J C Z, J # &, such that Z/laj #* O,

(D.5) E: [ /0 - I (@) ds} —o0.

Indeed, taking first the sum in (D.5) over J C Z, J # O, next the limit as § — 0
in (D.5) and then applying Fatou’s lemma, we obtain (D.1).

We now state three results from [21] that will be used in the proof of Proposi-
tion 2.12.
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LEMMA D.1 (Lemma 6.2 of [21]). Foreachd >0and J CZL,J # @, Ugy is
closed.

The next lemma states the existence of a family of test functions that lie in the
set . From Definition 2.11, for each y € G there exist a neighborhood Ny, and
functions (p; € C*(R’), i € Z(y), that characterize the domain G in the neighbor-
hood Ny of y. For each y e U, let 6;(y) > 0, i € Z(y), be constants such that for
each j € Z(y),

Vei(y)
(D.6) < S () ,yf(y>>>o
& TR

Such constants exist by the definition of n’ and I/ in property 1 of Definition 2.11
and (2.2), respectively. Then, for y € U, define

0; (y)

7|v YT ¢!, (x), xeR’.

(D.7) gw= >

i€Z(y)

From property 1 of Definition 2.11 observe that

() 967) = fr e Ay g =0, €]

€Z(y)
(D.8) I

={xeN,:g"(x)=0}.

LEMMA D.2. There exists a function k' : (0, 1) — (0, 1/2) with «'(¢) < &/2
for every ¢ € (0, 1) such that for each y € U, there exist constants 0 < r; <ry<
dist(y, V) such that By, (y) C Ny, 0 <cy <00, By >0, and a family of functions
{qe,y € H : € €(0, 1)} that has the following properties:

1. supplge,y 1N G C G N B, (y);

2. —e?2 -2 <q,, <0;

3. IVgey| < cyes

4. for every x eGﬂB,;(y),

J :

8%q 2aBy, —cye, ifo<g’(x) <eg/2,

3 i) () > {5 fO=g ez
dyi dy;j —Cxé, ife/2<g’(x) <e—«'(e),

i,j=1
and

J 2
0°qe.y
> aij (g ;’;m
l J

i,j=1

<cyWe  ifgfx)=e—«'(e).
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PROOF. This is a restatement of Lemma 6.3 of [21]. Its proof, which is given
in [21], Appendix B, relies on the existence of a certain family of test functions
for each x € U, described in Proposition 7.1 of [21]. Although, the proof of Propo-
sition 7.1 in [21] for x € U has a gap, the existence of the required family of test
functions follows alternatively from Lemma 4.3 of this paper. Specifically, prop-
erties (1)—(3) of Proposition 7.1 are satisfied with g, , = f*", kx, 1y ax(r) =r,
where f*", Ky, ry are the quantities in Lemma 4.3. [

Foreach § >0, J €7 with J # @ and x € Z/{(§7, let r; be the constant from
Lemma D.2. The neighborhoods {B,;2(y) : y € Z/{gj } form an open cover of the

closed set Z/{(§7 . The next lemma states that we can choose a countable open sub-
cover that has certain properties.

LEMM/§ D.3. Foreachdé >0and J C I, J # O, there exists a countable set
of points F (;7 cu 37 such that

(D.9) Uy < | BrpW,

vefy

and there exists a measurable mapping )\37 from Z/{g onto ﬁaj such that x €
By;j2(x), where x = )»;37()6) and l; = r)% and I(x) =Z(x) for each x € L{(§7.

PROOF. This is essentially Lemma 6.4 of [21], with the slight difference that
ry in [21] is replaced with r|. /2 in the inclusion (D.9); however, the proof of the
version above is exactly analogous to the proof of Lemma 6.4 given in [21]. [J

We now use the preliminary results above to establish Proposition 2.12.

PROOF OF PROPOSITION 2.12. Fix § > 0 and J C I,jA # &, such that
L{(§7 # . We first introduce a sequence of stopping times. Let F, 5‘7 ABr(x)1x €

F 37 } and the measurable mapping )\;37 be as in Lemma D.3. Now, set o9 = 0 and
for n € N, recursively define the stopping times
(D.10) T, = inf{t > 0y 1t (1) €Uy},

(D.11) op = inf{t > 1,1 0(t) ¢ By, (%)),

where x, = Ag(w(rn)) and /3, = r}cn. Note that when o, < 00, |w(0,) — w(T,)| >
lw(0,) — Xp| — 1%, — @(7)| > I5,/2 > 0. Thus, by the continuity of @ (:) and a
simple contradiction argument, t, — oo and 0, — 00 as n — 0Q.

Now, we establish (D.5) using a proof by induction. Note that forn =1, 0,1 =
0 and so we trivially have

(D.12) E®: [ /O " L7 (@() ds] =0.
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Now, suppose that (D.12) holds for some n € N. We will show that then (D.12)
also holds with n replaced by n + 1. Since under Q,, w(¢) ¢ Z/{gj fort € [0,,—1, Tn),
it is clear that

(D.13) E® [ /a t_l L7 (@(s) ds] =0.

Due to (D.12) and (D.13), it follows that
On
(D.14) EQ: [ / Lo (a)(s))ds] — []I{,n<oo} / 7((s) ds}
0

Next, for each y € ﬁg , let the constant ¢y € (0,00) and the family of test

functions ¢, y, € € (0, 1), be as specified in Lemma D.2. For each y € 1557
and ¢ € (0, 1), since g;y € H, by Lemma 4.7 with g, 6%, g replaced by T,
07 =inf{t > 7, : (7) ¢ By, (y)}, gy, respectively,

tNGY
(D.15) Iz, <1} [qe,y(w(t NOY)) = qey(w(th)) — /T Lqe,y(w(u)) du}

n

is a Q,-submartingale. Since, on the event {7, < 00, X, = y}, 0, =607 and w(s) €
G N B, (X,) for every s € [1,,6?), it follows from the submartingale property of

(D.15) and property (2) of g,y in Lemma D.2 that

tAGy
E® [H{rn<t,5cn=y} / Lge,y(o(u)) d”]
T,

n

< E® [z, <t 5,2y} [@ey (@ A 0w) — go.y (@0 (T0))]]
=< g2 + &2,

On the other hand, note that by the definition of £ in (1.1),

tAoy
EQ: |:]I{fn<,,)zn:y}/ ,ng,y(a)(u)) dui|
Tn

thon 1 J 9%e.y (w0 (u))
_ R [n{fn<,jn:y} f 5 X aijle w)) Lo ) gy,
T,

n ij=1 axi 3Xj
tho, I a
" q (w(u))
+ EQZ |:]I{rn <t,Xp=y} / Z = .
T, =1 ij

Combining the last two displays with property (3) of g,y in Lemma D.2, we have

thon I 9%e.y (w0 (u))
EQ: []1{,”<,j”:y}/ > aij(w(u))‘lmi du
T,

w2 0x; 0x;

<26 +2e3% 4 2cpt  sup  |b(2)]e.
zeGﬂBr<} o)
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Together with property (4) of g¢ y in Lemma D.2, this implies that

tN\op
oy — cye)E%: [H{rm,xn:y} / Lio<gv(@))<e/2} du}

Tn

<cyt e+ cyte + 262 42637 + 2cyt sup  |b(2)le.
ze(_}ﬂBr; (&)

Letting first ¢ | 0 and then t — 0o, we obtain

On
EQ: [H{rn<oo,xn=y} / Ligv (e(uy)=0) du} =0.
Tn

Recall that Z(w(1,)) = Z(x,) = J by Lemma D.3. From the definition of o, and
g” given in (D.11) and (D.7), respectively, the fact that By, (y) C NV, y and (D.8), we
have

On
]EQZ |:]I{Tn <00,Xp =Yy} / ]Imjej an (CU(M)) du:|
Tn
Q On
=k Z[H{Tn<oo,in=y}/ Injeze 96, (a)(u))a’u]
T ’

On
=E® [H{rn<oo,xn=y} / Lig» @y =0y du} =0.
Tn

Thus, it follows that

On
E |:]I{T”<Oo}/r ]Iuéj (a)(u))du}
< EQZ |:]I{r,,<oo} f ]Imjej 3G (a) (Lt)) du]
Tn

On
= Y E% [H{TMO, =) / I 06, (@) du:| =0.
vely K
When combined with (D.14), this shows that (D.12) holds with n replaced by n+1.
Since 0, — 00 as n — 090, the proposition follows by induction. [
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