The Annals of Probability

2017, Vol. 45, No. 5, 3223-3265

DOI: 10.1214/16-AOP1135

© Institute of Mathematical Statistics, 2017

INTEGRABILITY CONDITIONS FOR SDES
AND SEMILINEAR SPDES'

BY FENG-YU WANG
Tianjin University and Swansea University

By using the local dimension-free Harnack inequality established on in-
complete Riemannian manifolds, integrability conditions on the coefficients
are presented for SDEs to imply the nonexplosion of solutions as well as the
existence, uniqueness and regularity estimates of invariant probability mea-
sures. These conditions include a class of drifts unbounded on compact do-
mains such that the usual Lyapunov conditions cannot be verified. The main
results are extended to second-order differential operators on Hilbert spaces
and semilinear SPDEs.

1. Introduction. In recent years, the existence and uniqueness of strong so-
lutions up to the life time have been proved under local integrability conditions for
nondegenerate SDEs; see [3, 19, 22, 39, 40] and references within. See also [12,
14, 15, 35, 37, 38] for extensions to degenerate SDEs and semilinear SPDEs.

As a further development in this direction, the present paper provides reasonable
integrability conditions for the nonexplosion of solutions, as well as the existence,
uniqueness and regularity estimates of invariant probability measures. An essen-
tially new point in the study is to make use of a local Harnack inequality in the
spirit of [28]. With this inequality, we are able to prove the nonexplosion of a weak
solution constructed from the Girsanov transform; see the proof of Lemma 3.1 be-
low for details. Moreover, we use the hypercontractivity of the reference Markov
semigroup to prove the boundedness of a Feynman—Kac semigroup induced by the
singular SDE under study, which enables us to prove the existence of the invari-
ant probability measure as well as a formula for the derivative of the density; see
(4.3) and the proof of Lemma 4.2 below for details. To explain the motivation of
the study more clearly, below we first recall some existing results in the literature,
then present a simple example to show how far can we go beyond.

Let W, be the d-dimensional Brownian motion on a complete filtration probabil-
ity space (2, #, {%:}:>0, P). Consider the following SDE (stochastic differential
equation) on R¥:

.1 dX, = b(X,)dt + V20 (X,)dW,,
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where b : R? — R? is measurable and o € ng’cl (R? - R4 ® R?; dx) such that
o (x) is invertible for every x € R4, According to [40], Theorem 1.1 (see also [5,
19, 22, 39] for earlier results), if |b| + || Vo || € Lﬁ)c(dx) for some p > d, then for
any initial point x the SDE (1.1) has a unique solution (X;);¢[0,cx) up to the life
time ¢*. We note that in [40] the global integrability and the uniform ellipticity
conditions are assumed, but these conditions can be localized since for the exis-
tence and uniqueness up to life time one only needs to consider solutions before

exiting bounded domains. On the other hand, the ODE

does not have pathwise uniqueness if b is merely Holder continuous [for instance,
d=1and b(x) := |x|* for some « € (0, 1)]. So, the above result on SDE indicates
that the Brownian noise may “regularize” the drift to make an ill-posed equation
well-posed.

Next, sufficient integrability conditions for the nonexplosion have also been pre-
sented in [39]. For instance, if o is bounded and

(1.2) lbj<C+F  forsome C € (0,00) and F € | J LP(dx),
p>d

then the solution to (1.1) is nonexplosive. As the Lebesgue measure is infinite, this
condition is very restrictive. So, one of our aims is to replace it by integrability con-
ditions with respect to a probability measure; see Theorem 2.1 and Corollary 2.2
below.

We would like to indicate that when the invariant measure u is given, there exist
criteria on the conservativeness of nonsymmetric Dirichlet forms, which imply the
nonexplosion of solutions for w-a.e. initial points; see [27] and references within.
However, in our study the invariant probability measure is unknown, which is in-
deed the main object to characterize. In general, to prove the existence of invariant
probability measures one uses Lyapunov (or drift) conditions. For instance, if there
exists a positive function Wy € C 2(]R{”l ) and a positive compact function W, such
that

00 d
(1.3) LWyi= Y (00%);;83; W1+ bidiW1 <C— W
i,j=I i=1

holds for some constant C > 0, then the associated diffusion semigroup has an
invariant probability measure u with w(Ws) < C; see, for instance, [6, 8, 10, 20].
Obviously, this condition is not available when b is unbounded on compact sets.
Our second purpose is to present a reasonable integrability condition for the exis-
tence and uniqueness of invariant probability measures, which applies to a class of
SDEs with locally unbounded coefficients.
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Moreover, we also intend to investigate the regularity properties of the invari-
ant probability measure. Recall that a probability measure p on R? is called an
invariant probability measure of the generator L (denoted by L*u = 0), if

(1.4) w(Lf) = A;d Lfdu=0, feCRY).

Obviously, an invariant probability measure p of the Markov semigroup P; associ-
ated to (1.1) satisfies L*u = 0. In the past two decades, the existence, uniqueness
and regularity estimates for invariant probability measures of L have been inten-
sively investigated in both finite and infinite dimensional spaces; see the survey
paper [6] for concrete results and historical remarks. Here, we would like to recall
a fundamental result on the regularity of the invariant probability measures. Let

WIL’CI (dx) be the class of functions f € L} (dx) such that

loc
/Rd f(x)(divG) (x) dx = —/Rdw, F)(x)dx, G eCP(RY - RY)

holds for some F € Llloc(Rd — RY; dx), which is called the weak gradient of f
and is denoted by F' =V f as in the classical case. For any p > 1, let

WP ldx) = {f e Whlidx): £, |V £] € LP(dx)}.

Consider the elliptic differential operator L := A + b - V on R¢ for some locally
integrable b : RY — R?. It has been shown in [9] that any invariant probability
measure p of L with u(|b|?) := Jra |b|?dp < oo has a density p := ﬁ—’;‘ such that
/P € W21(dx). In addition,

1
2 2
(1.5) fd|Vﬁ| dx<4_fd|b| du.

Since the invariant probability measure p of L is in general unknown, the inte-
grability condition p(]b|?) < 00 is not explicit. As mentioned above, that to ensure
the existence of w, one uses the Lyapunov condition (1.3) for some positive func-
tion W, € C2(R%) and a compact function W5, and to verify ,u(|b|2) < 00 one
would further need |b|?> < ¢ + ¢W> for some constant ¢ > 0. As we noticed above,
these conditions do not apply if the coefficients merely satisfy an integrability con-
dition with respect to a reference probability measure.

In conclusion, we aim to search for explicit integrability conditions on b and o
with respect to a nice reference measure (for instance, the Gaussian measure) to
imply the nonexplosion of solutions to the SDE (1.1); the strong Feller property
of the associated Markov semigroup; the existence, uniqueness and regularity es-
timates of the invariant probability measure. We also aim to extend the resulting
assertions to the infinite-dimensional case.

The main results of this paper will be stated in Section 2. Their proofs are then
presented in Sections 3-6, respectively. Finally, in Section 7 we present a local
Harnack inequality which plays a crucial role in the study.
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To conclude this section, we present below a simple example to compare our
results with existing ones introduced above.

EXAMPLE 1.1. Consider, for instance, the following SDE on RY:
dX, ={Z(X;) — »oX,} dr +v2dW,,

where 1o € R is a constant and Z : R? — R? is measurable.
(1) By Theorem 2.1 below for i (x) = |x]|, if

(1.6) /d elZ@P—e T gy oo for some ¢ € (0, 1),
R

then for any initial value the SDE has a unique strong solution which is nonex-
plosive, and the associated Markov semigroup P; is strong Feller with a strictly
positive density. Obviously, there are a lot of maps Z satisfying (1.6) but (1.2) and
the Lyapunov condition does not hold. For instance, it is the case when

%) 6
(1.7) Z(x) :=xo{210g(1+|x—nxo|l)
n=l1
for some xo € R? with |xo| =1 and 6 € (O, %].

¥
(2) When Ag > 0, we let puo(dx) = Ce= 7P dx be a probability measure with
normalization constant C > 0. It is well known by Gross [18] that the log-Sobolev
inequality in Assumption (H1) holds for k = %0 and g = 0. By Theorem 2.3, if

Y 1
(1.8) / HMZOP=FRE gy < o0 for some A > —,
R4 2)\()

then P; has a unique invariant probability measure p(dx) = p(x)dx such that
Ao 2
v 2y | A Z| ’
no(IVy/pl )_74)9\0—2 og no(eM”") < o0
wo(1Vlog pl?) < po(1Z1?) < oo.

Obviously, for any 6 € (0, %), condition (1.8) holds for Z defined by (1.7), but the
Lyapunov condition (1.3) is not available.

2. Main results. In the following four subsections, we introduce the main re-
sults in finite-dimensions and their infinite-dimensional extensions, respectively.
To apply integrability conditions with respect to a reference measure (g, we re-
gard the original SDE as a perturbation to the corresponding reference SDE whose
semigroup is symmetric in L2(10).
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2.1. Nonexplosion and strong Feller for SDEs. Let o € C?(RY - R? @ RY)
with o (x) invertible for x € R4 and denote a = oo* = (@ij)1<i,j<d- For V €
C%(R?), define

d
Zo= Y {0jaij —aijo;Vle;,
i,j=1
2.1

d d
Lo=tr(aV?) + Zy-V = > a;ijdid;+ Y (Zo, ei)d;,
ij=1 i=1

where {ei}f:1 is the canonical orthonormal basis of R?, and 9; is the directional
derivative along e;.
By the integration by parts formula, L¢ is symmetric in L?(po) for po(dx) :=
—V () qy-
e dx:

no(fLog) = —no((avV £, vg),  fogeC&RY).
Then
So(f.8) =no((aVf,Veg),  figeHF (o)

is a symmetric Dirichlet form generated by Lo, where Hg’l (o) is the closure of
Co° (R?) under the norm

102 = Lo(L£12 + 0"V 1))

When o = I (the identity matrix), we simply denote Hg’l(,uo) =H%! (o).
Let W, be the d-dimensional Brownian motion as in the Introduction. Consider
the reference SDE

(2.2) dX, = Zo(X,) dt + V20 (X,) dW,.

(o) *

Since o and Zy are locally Lipschitz continuous, for any initial point x € R? the
SDE (2.2) has a unique solution X} up to the explosion time ¢*. Let P,0 be the
associated (sub-)Markov semigroup:

Plf(x) i =E{ligxanf(XF)}),  feBp(RY),t>0,x R

When po(dx) :=e~V® dx is finite and 1 € Hg’l(,uo) with &y(1, 1) =0, we have
P,OI = luop-a.e. Since Ptol is continuous (indeed, differentiable) for ¢ > 0, we have
Ptol(x) =1 for all # > 0 and x € R¥. Therefore, in this case the solution to (2.2)
is nonexplosive for any initial points. By the symmetry of Pto in L%(10), po is
PY-invariant.

Now, for a measurable drift Z : RY — R?, we consider the perturbed SDE

(2.3) dX, = (Z + Zo}(X,) dt + V20 (X,) dW,.
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By It6’s formula, the generator of the solution is L := Lo + Z - V. According to
[40], Theorem 1.1, if |Z| € LY (dx) for some p > d, then for any initial point

loc

x € R?, the SDE (2.3) has a unique solution X up to the life time ¢*. We let P;
be the associated (Dirichlet) semigroup:

Pif(x) =E[ly—en f(XF)], xeRY1>0, feBpRY).

If P(¢* = 00) = 1 for all x € R, the solution is called nonexplosive. In this case,
P, is a Markov semigroup. More generally, for any nonempty open set & C R¢,
let

Ty =¢* Aninflr €[0,¢7): X} ¢ O}, inf @ := oo.
Then the associated Dirichlet semigroup on & is given by
PO f@)=E[lycrs) f(X])],  x€0,120, f € By(O).
Let p, be the intrinsic metric induced by o as follows:
po(x,y) = supf| f(x) = )] : f € CP(RY),

We have the following result.

o*Vfl <1}, x,yeRY.

THEOREM 2.1. Let o € C2(R? — R? @ RY) with o (x) invertible for x € R,
and let V € C2(R?) such that

@ [ (T el ORI 0 gy < oo
R

holds for some constant ¢ € (0, 1) and a local Lipschitz continuous compact func-
tion ¥ on RY. Then (2.3) has a unique nonexplosive solution for any initial points,
and the associated Markov semigroup P; is strong Feller with at most one invariant
probability measure. Moreover, for any nonempty open set ¢ C R and t > 0, P,/j
is strong Feller and has a strictly positive density ptﬁ with respect to the Lebesgue
measure on 0.

REMARK 2.1. (1) Typical choices of i include |x|, log(1 + |x]|), loglog(e +

|x]), .... For instance, with ¥ (x) := loglog(e + |x|) one may replace the term
% 2. llo ()12 ey e (0,2
lo*V (x)|*in (2.4) by T oz D" So,if V=0and [pae dx < o0

for some A > 0, the condition (2.4) holds provided

2
loll

1712 < (1 + ps (0, ))?
e T Pllogie [P T A= U@ S

for some constant C > 0 and some function f with e®/ —e71ps(0.% ¢ L' (dx) for
some ¢ € (0, 1).
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(2) Let o (r) = sup, =, llo (X) || for r > 0. Then
dr

a(r)
So, in (2.4) we may replace p, (0, -) by the more explicit function U'.
(3) The condition o € C2(R? — R? @ RY) is stronger than o € Wp’l(Rd —

loc
R? ® R?; dx) for some p > 1 as required for the existence and uniqueness of
solutions according to [40], Theorem 1.1. This stronger condition is introduced
because it together with the invertibility of o implies the local Harnack inequality
(see Theorem 7.1 below), which is a crucial tool in our study. If the local Harnack
inequality could be established under weaker conditions, this condition would be

weakened automatically. Indeed, under an additional assumption, this condition
1(]Rd — R4 @ RY: dx) for some p > 1; see Theo-

xeR?,

|x]
P (0,) = U(x) :=/0

will be replaced by o € ng’c
rem 2.4 below for details.

Intuitively, the nonexplosion is a long distance property of the solution. So, it
is natural for us to weaken the integrability condition (2.4) by taking the integral
outside a compact set. But under this weaker condition we are not able to prove
other properties included in Theorem 2.1.

COROLLARY 2.2. Let o € C*(R? - R? ® RY) with o (x) invertible for x €
R?, and let V € C*(R?) such that

2.5) / (Jo* vy (0)* + ee|(o*1Z)(x)\z)e—voc)—e*pa<0,x)2 dx < 00
D¢

holds for some compact set D C RY, some constant & € (0, 1) and some local
Lipschitz continuous compact function W on R¢. If Z € L{;C (dx) for some constant
p > d, then the SDE (2.3) has a unique nonexplosive solution for any initial points.

2.2. Invariant probability measure for SDEs. To investigate the invariant
probability measures for the SDE (2.3), we need the nonexplosion of solutions
such that the standard tightness argument for the existence of invariant probability
measure applies. To this end, we will apply Theorem 2.1 above, for which we first
assume that o is C2-smooth (see (H1) below) then extend to less regular o by
approximations [see (H1") below].

ASSUMPTION (H1). (1)o € C2(R? — RY ® R?) with o (x) invertible for x €
R4,V e C2(R?) such that Ho(dx) := e V®dxisa probability measure satisfying
26)  Hy'(no)= W2 (o) :={f € Wl (dx) : £, |0V f| € L* (o)}

(2) The (defective) log-Sobolev inequality
@7 po(flog f2) <kpo(|o*VIP)+B. feCERY). mo(fA) =1
holds for some constants k > 0, 8 > 0.
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Since uo(dx) = e V™ dx is finite, (2.6) implies 1 € Hg’l(uo) with
ép(1, 1) =0, so that the solution to (2.2) is nonexplosive as explained above. We
note that (2.6) holds if the metric p, is complete. Indeed, in this case the function
05 (0, +) is compact with |6*V p, (0, -)| = 1, so that for any f € Wg’l(,uo) we have
fa=flUAm+1—ps0,))F}e Hg’l(uo) for n > 1, and it is easy to see that
fn — f in the norm || - ||H3‘1(uo)'

There are plentiful sufficient conditions for the log-Sobolev inequality (2.7) to
hold. For instance, if co* > o and Hessy > K I for some constants «, K > 0,
then the Bakry—Emery criterion [4] implies (2.7) for x = % In the case that
K is not positive, the log-Sobolev inequality holds for some constant ¥ > 0 if
uo(ek|‘|2) < 00 for some € > —%; see [31], Theorem 1.1. See also [11] for a Lya-
punov type sufficient condition of the log-Sobolev inequality.

THEOREM 2.3. Assume (H1) and that

152 —172
(2.8) uo(ekl" Z| )= /Rd Mo 2 dpg < 00

holds for some constant A > 5. Let P; be the semigroup associated to (2.3), and

let L=Lo+ Z-V for Ly in (2.1). Then:

(1) L has an invariant probability measure ., which is absolutely continuous

with respect to (g such that the density function p := (f—l‘jo is strictly positive with

VP logp € HZ ' (1u0) and

29  uollo*vyal) = {log p1o(e1”#7) + B < oo;

a0 —k

. o*Vp|? _
(2.10)  po(|o*Vlog p[*) :_hm/ o duo < po(lo ™' Z|) < oo.

~ 510Jrd (p +6)2

(2) The measure |4 is the unique invariant probability measure of L and Py
provided

(2.11) ,uo(eellauz) <00 for some constant & > 0.

REMARK 2.2. (1) Simply consider the case that 0 = o9 = I. If Hessy > K
for some K > 0, then (H1) holds for k = % and g = 0. So, when uo(eMZ'Z) <00
holds for some A > % Theorem 2.3 implies that L and P, have a unique invariant
probability measure ., which is absolutely continuous with respect to (g, and the

density function satisfies p := % satisfies \/p,logp € H 21 (o) with

K
M0(|V\/E|2) = mloguo(eﬂzlz) < 0oQ;

no(IV1og p?) < uo(1Z|?) < .
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(2) Under (H1), if the super log-Sobolev inequality

no(f2log £2) < ruo(|o*V £ + B(r),  r>0,feCCRY), no(f?) =1
holds for some 8 : (0, c0) — (0, c0), then Theorem 2.3 applies when (2.8) holds
for some A > 0, and in this case (2.9) reduces to

*y 2 inf 1 Mo~z .
mo(lo™V/pl) =, inf iy logrole )+B(r)} < o0

According to, for example, [24], Theorems 2.1(1) and 2.3(2), for M = R?, the
super log-Sobolev inequality holds provided a > «/ for some constant & > 0 and

Hessy is bounded below with M(e”"Z) < oo for any A > 0. In particular, it is
the case when a = I, V(x) = c¢1 + c2|x|P for some constants c; € R, ¢; > 0 and
p > 2. See [13, 18, 32] and references within for more discussions on the super
log-Sobolev inequality and the corresponding semigroup property.

(3) To illustrate the sharpness of condition (2.8) for some A > %, let us consider

o=op=1and V(x)=c+ %|x|2 for some constant ¢ € R, so that (H1) holds for
k=2and f=0.Let Z(x) =rx = %V| -|?(x) for some constant r > 0. It is trivial

that L has an invariant probability measure if and only if » < 1, which is equivalent
1

to uo(eMZ'z) < oo for some A > 7 = 5.
Now, we extend Theorem 2.3 to less regular o by using the following assump-
tion to replace (H1).

ASSUMPTION (H1"). (1) o € ngél(]Rd — R? ® R?; dx) for some p > d,
o (x) is invertible for every x € R and a := oo * > al for some constants o > 0.
(2) V € C%(R?) such that wo(dx):=e V®dxisa probability measure satisfy-

ing (2.6) and
212)  po(f log f2) <k'mo(IVFP)+ 8. feCERY), no(f?) =1
for some constants «’ > 0, 8 > 0.

(3) There exists a constant p > 1 such that a;; € Hz’l(Mo) N LZP(;LO) for any
2p
1<i,j<dand [VV| €L (i)

Let L and P; be in Theorem 2.3 associated to the SDE (2.3).

THEOREM 2.4. Assume (H1') and let Mo(exp[Mle]) < o0 hold for some

A > 4';—,2 Then L and P; have a unique invariant probability measure ju(dx) :=

p(x)po(dx) for some strictly positive function p such that /p,logp € H 2,1 (o)
with

213)  wo(IVypP) log o ( e*71) + B} < o0;

= 4o ) —K’{

. [Vpl? 1 >
2.14 Viog p|?) :=1 / duo < —uo(|Z .
(2.14)  uo(IVlogpl?) 0 Jea (o 1 )2 G0 = Sato(IZF) <00
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2.3. Elliptic differential operators on Hilbert spaces. We first consider the in-
variant probability measure of second-order differential operators on a separable
Hilbert space, then apply to semilinear SPDEs. We will take a Gaussian measure
as the reference measure.

Let (H, (-, -), | - |) be a separable Hilbert space and let (A, D(A)) be a positive
definite self-adjoint operator on H having discrete spectrum with all eigenvalues
(0 <)A1 < Ay <--- counting multiplicities such that

o0
(2.15) Y a! < o0
i=1
Let {¢;};>1 be the corresponding eigenbasis of A. Let o be the Gaussian mea-

sure on H with covariance operator A~!. In coordinates with respect to the basis
{ei}i>1, we have

AN
(2.16) (dx) = ( Le 2 dx-), xi = (x,e),i>1.
Ho 11;[1 «/E i i < l)

For any n > 1, let H,, = span{e; : 1 <i <n} and define the probability measure

n 2
() Vi hE
(dx) = < e 2 dx-) on H,,.
Mo ,:l_ll A i n
()

We have g " =poom, ! for the orthogonal projection 7, : H — H,.

Let (Z(H), | - ||) be the space of bounded linear operators on H with operator
norm || - ||, and let .Z5 (H) be the class of all symmetric elements in .Z’(H). For any
a € Z;(H) let a;; = (ae;, e;) for i, j > 1. We make the following assumption.

ASSUMPTION (H2). (1) a;; € C%(H) for i, j>1,and a > «al for some con-
stant a > 0.

(2) Forn > 1 and 0y, :=,/(aij)1<i,j<n> Hi;l(,u(()")) = Wgy’ll(u(()”)) holds.

(3) For any i, j > 1, there exists &;; € (0, 1) such that

I+e;j

(2.17) sup | exp|eijlaijl ]d,u,(()") < 00.

n>1

We note that

/u;n expleijlaij| ] dpf” = /H expleijlaij o 7, |' "% dpao.

As mentioned above that ngzl (,u(()")) = Wél (M(()")) is implied by the complete-
ness of the metric on R” induced by o,,, and the later holds if for any 7, j > 1 there
exists ¢;; > 0 such that

(2.18) lajj(x)| < &(1 +lxl),  xeH
ij
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The condition (2.17) will be used for finite-dimensional approximations in the end
of the proof of Theorem 2.5(1) below. According to (2.15) and the definition of

/Lo , the conditions (2.17) and (2.18) hold provided for any i, j > 1 there exists a

constant el.j € (0, 1) such that |a;;(x)| < ?(1 + |x]) H‘F .

J
Let 9; be the directional derivative along e;,i > 1. For a measurable drift Z :
H — Hi, consider the operators

00
(2.19) L:=Ly+Z7Z-V, Lo := Z(aijaiaj-l—{aja,-j—aijkj}ai),
ij=1

which are well defined on the class of smooth cylindrical functions with compact
support:

FCF ={Hax f({x,e1),....{x,en)):n>1, f € CF(R")}.
It is easy to see that Lq is symmetric in L*(no):
no(fLog) = —po((aVf,Vg)),  f.geFC.
Let H?'(110) be the completion of .% C{° o Wwith respect to the inner product

<fa g>H2,1(M0) = MO(fg) + MO((Vfa Vg>)

A probability measure p on H is called an invariant probability measure of L
(denoted by L*u = 0), if for any f € .7 C3° we have Lf € L'(w) and u(Lf) =

THEOREM 2.5. Assume (2.15) and (H2):

(D) I]’Mo(eMZ' ) < oo for some A > e then L has an invariant probability
measure |L, whtch is absolutely com‘muous with respect to |, and the density

function p = d L satisfies J/p,logp e H?> (o) with

2
and
. 1o(1ZI%)
(2.21) no(|V1og p|?) := gliguo(lVlogp +8) < — <™

(2) If moreover |alloo < 00, then (L, % C{°) is closable in L'(w) and the clo-
sure generates a Markov Co-semigroup Ty on L' (1) with W as an invariant prob-
ability. Moreover, there exists a standard Markov process {Py}xecnu(sy on H U {9}
which is continuous and nonexplosive for &*-a.e. x, such that the associated
Markov semigroup P; is a p-version of T;; that is, P, f = T, f u-a.e. for all t >0
and f € Bp(H).
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For the readers’ convenience, we would like to recall here the notion of standard
Markov process involved in Theorem 2.5(2). Let d be an extra point and extend
the topology of H to H U {9} by letting the set {0} open. A family of probability
measures {Py }xemu(s) on

Q:={w:[0,00) > HU{d}: if o, = 3 then w; = 3 for s > r}

equipped with the o-field .% := o (w; : t > 0) is called a standard Markov process,
if Py (wp = x) = 1 and the distribution P;(x,dy) of Q2 > w > w; under P, gives
rise to a Markov transition kernel on H U {0}. When the process is nonexplosive,
that is,

Py (inf{r > 0: @, =3} = 00) = 1, x eH,

the sub-family {P,},cp is a standard Markov process on H. In this case, the pro-
cess (or the associated Markov semigroup P;) is called Feller if P;Cj(H) C Cp(H)
for all # > 0, and is called strong Feller if P, %,(H) C Cp(H) for all ¢ > 0. If more-
over P, (C ([0, co) — H)) = 1 holds for all x € H, then the process is continuous.

Next, we extend Theorem 2.4 to the infinite-dimensional case, for which we
need the following assumption.

ASSUMPTION (H2"). (1) a > «l for some constant « > 0, and for every n > 1
there exists a constant p > n such that a,, € WI{;’:l (R" - R" ® R"; dx).

(2) For any i, j € N there exists ¢;; € (0, 1) such that (2.17) and Mg’)(Wa,-j o
7,|?T4ii) < 0o hold for any n > 1.

THEOREM 2.6. Under (2.15) and (H2'), assertions (1) and (2) in Theo-
rem 2.5 hold.

2.4. Semilinear SPDEs. We intend to investigate the existence, uniqueness
and nonexplosion of the SPDE corresponding to L in (2.19), and to show that
the probability measure in Theorem 2.5 is the unique invariant probability mea-
sure of the associated Markov semigroup. For technical reasons, we only consider
the case that a = I, for which the corresponding SPDE reduces to the standard
semilinear SPDE:

(2.22) dX, = {Z(X;) — AX,}dr + V2dW,,

where Z : H — H is measurable, W, is the cylindrical Brownian motion, that is,
m .
W= Blei, >0
i=1

for a sequence of independent one-dimensional Brownian motions {f;};>1. An
adapted continuous process X; on H is called a mild solution to (2.22), if

t t
X, =e Xy + / e A7 (X )ds + / e =94 qw,, t>0.
0 0
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We assume:

ASSUMPTION (H3). 32, 5% < oo for some 6 € (0, 1), and 1o€MZ’y < 0o

for some constant A > 0.

According to the recent paper [14], (H3) implies the existence and pathwise
uniqueness of mild solutions to (2.22) for pp-a.e. starting points. Below we intend
to prove the weak uniqueness of (2.22) for any initial points. A standard contin-
uous Markov process on H is called a weak solution to (2.22), if it solves the
martingale problem for (L, .# C{°). In this case, one may construct a cylindrical
Brownian motion W, on the probability space (C ([0, c0) — H); .#, P,), where
Z =0 ({wr w, :t > 0}), such that the coordinate process X;(w) := w, is a mild
solution to (2.22) with Xo = x. See, for example, [21], Proposition IV.2.1, for the
explanation in the finite-dimensional case, which works also in the present case
as the cylindrical Brownian motion is determined by its finite-dimensional projec-
tions.

THEOREM 2.7. Assume that (H3) holds:

(1) There exists a standard continuous Markov process {Py }ycn solving (2.22)
weakly for every initial point, and the associated Markov semigroup Py is strong
Feller having a strictly positive density with respect to [Lg.

(2) If Z is bounded on bounded sets, then there exists a unique standard
Markov process solving (2.22) weakly for every initial point such that the asso-
ciated Markov semigroup is Feller.

3) If Z is bounded on bounded sets and wo(e*? |2) < o0 holds for some A >
ﬁ, then P; has a unique invariant probability measure [, which is absolutely

continuous with respect to 1o and the density function p := 5% is strictly positive

with /p,log p € H*'(wo) such that estimates (2.20) and (2.21) hold for o = 1.

REMARK 2.3. Unlike in the finite-dimensional case where Z € Lf;c(dx) for
some p > d implies the pathwise uniqueness of the solution for any initial points,
in the infinite-dimensional case this is unknown without any continuity conditions
on Z. It is shown in [35] (also for the multiplicative noise case) that if Z is Dini

continuous then the pathwise uniqueness holds for any initial points.

3. Proof of Theorem 2.1. The main idea is to show that the solution to the
reference SDE (2.2) is a weak solution to (2.3) under a weighted probability, so
that the nonexplosion of (2.2) implies that of (2.3). To this end, we will apply
the local Harnack inequality (3.2) below to verify the Novikov condition for the
Girsanov transform. To realize the idea, we first consider the case that

3.1 /d T DOP-V ) gy ~ oo
R

holds for some ¢ > 0, then reduce back to the original condition (2.4).
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LEMMA 3.1. Assume that (3.1) holds for some constant ¢ > 0 and 1 €
H(%’l(,uo) with & (1, 1) =0, then all assertions in Theorem 2.1 hold.

PROOF. Obviously, (3.1) implies that po(dx) := e~ V™) dx is a finite measure.
Since the coefficients in (2.2) is locally Lipschitz continuous, it is classical that
the SDE has a unique solution up to the explosion time. Since 1 € Hg’l(,uo) with
&o(1, 1) =0, as explained after (2.2) that the solution to (2.2) is nonexplosive and
o 18 P,O—invariant. Moreover, since the drift in (2.3) is locally bounded, according
to [39], this SDE has a unique solution for any initial points. So, it remains to
show that the solution is nonexplosive, and the associated Markov semigroup P; is
strong Feller with at most one invariant probability measure.

A crucial tool in the proof is the following local Harnack inequality. Consider
R? with the C2-Riemannian metric

(u,v)e :=(oc*u,v), u,veR?,

and let A, V, be the corresponding Laplace—Beltrami operator and the gradient
operator. Then Lg can be rewritten as

Lo=A, + Vs,V

for some V € C2(R?). Since the intrinsic distance pg is locally equivalent to the
Euclidean distance, according to Theorem 7.1 below, for any p > 1 there exists
positive &, € C (R?) such that

2
(PP 1)) =< (Ptofp(y))exp[q>p(x)(1 + le h )}
(3.2) At

t>0,x RY, |x — y| <
X,y eRY x —y[ < ()
holds for all f € Z} (R?) :={f € Zp(RY): f > 0.

(a) Nonexplosion. It suffices to find out a constant 7y > 0 such that for any ini-
tial points, the solution to (2.3) is nonexplosive before time fg. To this end, we
construct a weak solution by using the reference SDE (2.2). We intend to find out
to > 0 such that for any initial point x, the solution to (2.2) for Xo = x is a weak
solution to (2.3) for ¢ € [0, fp]. So, by the weak uniqueness of (2.3), which fol-
lows from the strong uniqueness, we conclude that the strong solution to (2.3) is
nonexplosive before #y. To this end, we verify the Novikov condition

1o 4 2 d
(3.3) Eexp[Z/ (0™ Z)(Xy)] dsi| < 00, Xo=x eR?,
0

so that Q := exp[% (@12 (Xy), dWy) — £ [0 [0~ Z)(X,) 2P is a proba-
bility measure. In this case, by the Girsanov theorem,

~ 1
W;:ZW[——

¥ Ot(o_IZ)(Xs)ds, t €10, 1]
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is a Brownian motion under Q. Thus, rewriting (2.2) as
dX, = (Z+ Z)(X) + V20 (X)dW;, 1 €0, 1],

we see that (X;, Wt)te[O,to] is a weak solution to (2.3) under the probability mea-
sure Q.
To prove (3.3), we use the Harnack inequality (3.2) for p =d + 1 to derive

(EePIC T DXDEANNAHL _ (pOeA(Io ™ ZPAN) (1) d+1

< PO +DAIo ™I ZEAN) (1) @it ()1 —y /1)

te©,1,N>0,|y—x|<—.
Y Dy (1)

Since g is P,O—invariant, for By :={y:ly—x| < m A A/1} this implies

(Eexp[2((0™"'2) XD AN o(By, ) e 2P0 )

1,2 lx — y|?
<[ (B AN))“l(x)exp[—cde(x)(l+ 2 )}m(dy)

152 —1~72
< [ RPN () ag(dy) < oA < 00,
Xt

I
tre0,1, {0, ——|.
©.1] ( d—i—l]

Since p has strictly positive and continuous density e~V with respect to dx, there

exists G € C(R? — (0, 00)) such that no(Bxt) > G(x)t% fort € (0,1] and x €
R¢. By taking A = £/(d + 1) and letting N — oo in the above display, we arrive at

e — H X
Eerirle 000l S HO 01 x e RY

R
for some positive H € C(R?). Therefore, by Jensen’s inequality, we have
(o~ 2 U [" perre™ 2) (xR
Eexp|y [ (07 2) X0 ds | = [ e IF g
0 rJo

1 (fHx)  2H(x)
(3.4) S i dr = N

xERd,re(O,l],ye<

i)

This implies (3.3) by taking y = J and 1o =r =1 A ;.
(b) Strong Feller of P; and uniqueness of invariant probability measure. Ac-
cording to [7], Theorem 4.1, the Markov semigroup Pt0 is strong Feller. For any
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x eRY, welet X + solve (2.2) with initial point x and define

1 1, )
R’ = — “17)(xY), dw. ——/ '7)(x* d], 0, to].
P=exp| o5 [lo ™ 2)(x).aw) - 1 [ D) Pas]. reroun
By (3.3) and the Girsanov theorem, we have
P f(x) =E[f(X])R'], 1 €10, 1], f € Bp(R?), x e RY,

Then for any ¢ > 0,x € R? and f € %, (R?), the semigroup property of Ps and
the strong Feller property of Ps0 imply

limsup| P, £ (y) — Pr f(x)]
y—>Xx
= hryn_f;lp|P’(Pf—’f)(y) — P (Pi—r f)(x)]

= limsup|E[Rry(Pt_rf)(X-ry) - R;C(Pz—rf)(Xfm

y—>x
<limsup{|PX(P,_, [)(y) = PP (Pr—r /)@)| + E(| R} — 1| + | RS — 1])}
y—Xx
< sup E(|R) —1|+|RF —1]), re(0,r1).
yily—x|=<l

Noting that E|R} — 1|> =E(R})? — 1 for small r > 0, then the strong Feller prop-
erty follows provided

(3.5) limsup sup E(Rry)zgl.

r—0 y:ly—x|<l

To prove this, we let M, = % f§ ((e=1Z)(X¥), dW,). Then for small r > 0

E(Ry)2 — | e2Mr—{(M);

r

So, applying (3.4) with y = ﬁ for small » > 0, and using Jensen’s inequality,
we obtain

limsup sup {E(Rry)z}zslimsup sup E 3/ 1™ DH&DPds

r—>0 y:ly—x|<l r—0 y:ly—x|<l
. (g1 XV 12 dgy 2
<limsup sup (Eeyfol(" DX dsyy

r—>0 y:ly—x|<l

3d+Dr

<limsup sup (2H(y)> =1
=0 yily—x|<1 \/7

This implies (3.5).
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Next, as already mentioned above, every invariant probability measure of P;
has strictly positive density with respect to the Lebesgue measure, so that any two
invariant probability measures are equivalent each other. Therefore, the invariant
probability measure has to be unique, since it is well known that any two different
extremal invariant probability measures of a strong Feller Markov operator are
singular each other.

(¢) The assertion for P,ﬁ. Due to the semigroup property ensured by the path-
wise uniqueness, it suffices to prove for small enough ¢ > 0. Let T} be the hitting
time of X} to the boundary of &' By the Girsanov theorem we have

(3.6) PO f@)=E[lirsonf(XO)RT],  feB(0),xe0.

Let P,ﬁ’of(x) = E[I{T.(x}>,}f(Xf)] be the Dirichlet semigroup associated to (2.3).
Since o is invertible, by the C?-regularity of o and V we see that Ptﬁ’O is strong
Feller having strictly positive density with respect to the Lebesgue measure (see
[3] for gradient estimates and log-Harnack inequalities of P,ﬁ’o). Then the strong
Feller property can be proved as in (b) using P,ﬁ’o in place of P,O.

Next, by (3.4) we have E{(R} )~1} < 0o for small ¢ > 0. Then for any measur-
able set A such that Pt‘ﬁ 14(x) =0, (3.6) implies

(PO O1A ) = (E[ iz La (XD < [P 1aGOYEL(R) '} =o0.

Thus, the measure §, Ptﬁ’o is absolutely continuous to d, Ptﬁ. Since P,ﬁ’o has a
strictly positive density, so does Ptﬁ. O

PROOF OF THEOREM 2.1. Since [0*Vp, (0, -)| = 1, for any § > 0 the func-
tion p, (0, -) can be uniformly approximated by smooth ones f,, with |o*V f,| <
1 + 8. In particular, we may take 5 € C*(R?) such that |p(0,-) — g < 1 and
lo*V5|% < 2, so that (2.4) holds for some ¢ € (0, 1) if and only if

(37) /d(|0*vw(x)|2 + eEI(a—lZ)(X)\Z)efvoc)*e—lﬁ(x)z dx <00
R

holds for some ¢ € (0, 1).
To apply Lemma 3.1, we take

e—V(x)—Za_l,é(x)2 dx

-_ d :: — 9
Aoldx) fRd e—V0)—-2e715(x)? 4x

which is a probability measure by (3.7). Let
Zo() = Zo(x) =26~ 'a()VH()?,  Z(x)=Z(x) +2¢ a0 V)’

By (3.7), we have jio(|o*V|?) < 0o, so that f, := (n — )t A1 — 1in L?(jig)
and

Tim jio(|o*V ful?) = lim lo*Vy | djzg = 0.

n—oo 1+n21/12n
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Thus, 1 € H2!(jig) and &y(1, 1) = 0. Then by Lemma 3.1 for (Zo, Z, fio) in place

of (Zo, Z, 110), and due to (3.7), it remains to prove ﬁo(e€/|“712|2) < oo for some

¢ > 0. Since |0*V5|? < 2, we have
o™ Z|*(x) <207 Z*(x) + 86 2|(0 "V 5(x)?[*(x)
<2lo7'Z[*(x) + 642 5(x)>.
By (2.4), for &’ € (0, &] we have

ﬂo(esﬂa_lle)
= f V(x) 125*1,5(x)2 dx / 1ezylgilZ‘2(X)—i_648/87215(x>2_V()C)_zgilla(x)2 dx
Rd e - R‘
1

< eflo T ZPW =V -5 4y < o0
- fRd e—V)—-2e7150)% 4 Jrd

Therefore, the proof is complete. [J

PROOF OF COROLLARY 2.2. Letn > 1 such that B, :={|-|<n} D> D. It
suffices to show that for any / > n + 1 and any x € S; := {| - | =}, the solution X7
to (2.3) is nonexplosive. Let

¢ = lim inf{r =2 0: X} [=m},  of =inf{r =0:|X,| <n},
m>I[l>n+1,x€eS.

Let Xf solve the SDE (2.3) for Z1p¢ in place of Z. Due to (2.5), Theorem 2.1
applies to X;. In particular, f(j‘ is nonexplosive, that is,

(3.8) ¢* = lim inf{r = 0:|X}| = m} = oo,

where and in the following, inf & := 0o. Moreover, since |Z| € Lﬁ)c (dx) for some
p > d, [40], Theorem 1.1, implies the pathwise uniqueness of the SDE (2.3). So,

XF=X*  t<ol.
Then
(3.9) of =& :=inf{t > 0:|X}| <n}
and
(3.10) = ifet <o’

Obviously, for
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we have
(3.11) loy <¢*}=1{0) <¢*}.
By (3.8), (3.11) and the strong Markov property ensured by the uniqueness (see
[21], Theorem 5.1), we have
P <T)=Pt" <T.05 2¢")+P(* =T, 05 <¢¥)
<P <T)+P@O) <¢* <T)=E[li:=r)P(6; <¢* <T|Fpx)]
=E[lgy=r{P(* =T = 5)ls=g; 2=x;, }]
<P(; <T)supP(¢* <T) <P(o, <T)supP(¢* < T),
ZES) ZES;
T>0x€es.
Combining this with (3.9), we obtain

(3.12) supP(¢¥ <T) < {sup P(5; < T)} sup P(¢* <T), T > 0.

xX€eS; xX€ES; X€S§;

Let 13,ﬁ be the Dirichlet semigroup of X ; for & = B;. By applying Theorem 2.1
for Z1 BE in place of Z, we obtain

IP(&;fT)zl—P(5,f>T)=l—13fﬁl(x)<l
and that P(5;¥ < T) is continuous in x € &. So,

er :=supP(o; <T) < 1.
xX€eS;
This together with (3.12) implies P(¢* < T) =0 for any T > 0 and x € S;. Since
[ > n + 1 is arbitrary and the solution is continuous, we have P(¢* = oo0) = 1 for
allx eRY. O

4. Proofs of Theorems 2.3 and 2.4. Since the uniqueness of invariant prob-
ability measure is ensured by the irreducibility and the strong Feller property, we
only prove the existence and regularity estimates on the density. The new technique
in the proof of the existence is to reduce the usual tightness condition to the bound-
edness of a Feynman—Kac semigroup, which follows from the hypercontractivity
of PtO under the given integrability condition. Moreover, to estimate the derivative
of the density, the formula (4.3) below will play a crucial role.

LEMMA 4.1. LetV € Wll)’cl (dx) and o € ng’cl (R? — R? @ RY; dx) such that

wo(dx) = e~V dx is a probability measure satisfying (2.6) and the Poincaré
inequality

@.1) 1o(f2) < Cuo(|o* V) + mo(H)  feCPRY)
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for some constant C > 0. Let Lo be in (2.1) and let L := Lo+ Z - V for some

measurable Z : R¢ — R? . If Z has compact support and | Z| + |Vo| € L?(dx) for

some p € [2,00) N (d, 00), then any invariant probability measure | of L is abso-

lutely continuous with respect to |Lo with density p := 5% € Hg’l(uo) satisfying
2 2

(4.2) ro(p? +o*Vpl|*) < (C + Dpo(p?|o*Z]7) < o

Moreover,

@3 [ "V ro Vo)duo= [ (Z.VNdu. f e HE o)

PROOF. Let u be an invariant probability measure of L. Since |Z|+ |Vo | isin
L{:)C (dx) for some p € [2, 00) N (d, 00), by the local boundedness of Zg sois |Z +
Zy|. Then according to [6], Corollary 1.2.8, for any invariant probability measure

wof L, ;u(dx) = p(x) dx holds for some p € Wlﬁ’cl (dx). Since po(dx) =e~ V™ dx

and V € CH(RY), this implies u = puo for some p € WI%)’CI (dx). In particular, we
may take a continuous version p which is thus locally bounded. By the integration
by parts formula,

| lo*Vp.o*V f)duo =~ [ pLofduo
(4.4) :—/RdedH/Rd@,w)du

= [ o7 20"V oo, e CRER)

Since Z has compact support with |Z| € L?(dx), and p + |lo~!| is locally
bounded, (4.4) implies

1 1
/Rd(a*vp,a*vf)duo‘ < uo(p?lo ™' Z*)2 po(lo*V f17)? < o0,

f € G5 (RY).

Hence, M0(|0*Vp|2) < uo(p2|o*_1Z|2) < oo. This and (2.6) imply p A N €
H(%’ ! (o) for any N € (0, 00). By the Poincaré inequality (4.1), we obtain

uo((p A NY?) < Cuo(|o*V (o A N)[P) + po(p)>

< Cuo(jo*Vpl*) +1 < oo, N € (0, 00).
By letting N — oo, we prove p € Haz*l(uo) and (4.2), so that (4.3) follows
from (4.4). O
Below we will often use the following version of Young’s inequality on a prob-

ability space (E, %, v) (see [2], Lemma 2.4):
(4.5) v(fg) <logv(e’) +v(glogg),  f.g=0.,v(g)=1.
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The next lemma ensures the existence of invariant probability measure of P; for
bounded o' Z.

LEMMA 4.2. Assume (H1). If 6 ~'Z is bounded then the Markov semigroup
P, associated to the SDE (2.3) has a unique invariant probability measure.

PROOF. According to (b) in the proof of Lemma 3.1, P; has at most one in-
variant probability measure. So, it suffices to prove the existence. Letting p1oP; be
the distribution at time ¢ of the solution to (2.3) with initial distribution g, we
intend to show that the sequence {% fél wo Py dt},>1 is tight, so that the weak limit
of a weakly convergent subsequence provides an invariant probability measure of
P;. To this end, it suffices to find out a positive compact function F on R? such
that

1 n
(4.6) —/ no(PF)dt <C, n>1
nJo

holds for some constant C > 0.
According to Gross [18], (H1) implies the hyperboundedness of Plo. Precisely,
by [18], Theorem 1 (see, for instance, also [32], Theorem 5.1.4), we have

1 1
” P,OHLq( )= L4O (pg) = exp|:,3<— — _):|’
" . g q@)

@7 »
t>0,9g>1,q(t):=1+(@q— Dex.

Since g is a probability measure, there exists a compact function W > 1 such that
no(W) < oo. Letting F = /log W which is again a compact function, we have

,uo(evz) < 00. We now prove (4.6) for this function F'. To this end, we consider
the Feynman—Kac semigroup:

PFfx) =E[f(X})eh FXDS] >0, xeRY.

Since po(ef 2) < 00, PtF is a bounded linear operator from L? (ug) to Ll(,u,o) for
every t > 0 and p > 1. We first observe that PtF is bounded on L”(ug) for any
t >0and p > 1. Let g = ,/p. For any nonnegative f € L”(u), by Schwarz’s and
Jensen’s inequalities, and that 110 is P -invariant, we have

wo(|PE 717 = [ (BLF (el FOD 9P (e
< [ B0 E e 7009010

q(g—1)
_ Pofq{/Pq_l} duo
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q(gq(g—1) q(t)—q

4 1 [t 4t H— 1
<Gy O [ [ 2 et as) T af
R 0

= ” Pto”%q(uo)_)[dq(t)(ﬂo)uo({fq}q)

2 —
x max{ (o 4 7)) 40" (uo(ed 17))1@ D)

=7

q p
L ugy— 140 gy 10 (/)

2 _
x max{ (o €474 1)) T (uo(e7TNIV) r =0,

By ;,Lo(er) < 0o and (4.7), this implies ||PtF||Lp(M0) < oo for any ¢ > 0, and
moreover, limsup, 10 ||PtF lLr(uy) < 1. Since F > 0 implies P,F 1 > 1, we have

lim, 4o | PF 1| Lp(ue) = 1. In particular, by taking p = 2 and using the semigroup

property, we obtain

Eeld F(X{%dr _ pF1
@8 ol
<|p, ||L2(u0)5’|P1 ||L2(M0) =1c¢p <00, n=>l,

where X f % is the solution to (2.2) with initial distribution 1. Now, define
1 1 5
R, =exp| — ~1Z)(x10), dw, ——/ —1Z)(xto d], > 0.
w=exp| o5 [l 00w - "oz Pas]
Since o ~1Z is bounded, by Girsanov’s theorem we have

wo(P F) =E{F(X/"°)R,}, 1 €10, n].
Then (4.5) and (4.8) imply

1 [n 1
[ oy ar = [ E{E () R
1 mEx"yg 1
4.9) < . logEe/o ! + ;IE{R,, log R}

1
<co+ —E{R,logR,}.
n

Since, by Girsanov’s theorem,
t

3 1
W, =W, — Nl (e~ 'Z)(xM)ds,  te[0,n]

is a d-dimensional Brownian motion under the probability Q, := R,IP, we have
E{R,logR,} =Eq, log R,

=Eo, (5 [ e 2)(xp). i)+ £ [Tl )00 P )
_nlle™'ZII3,

- 4
Combining this with (4.9), we prove (4.6), and hence complete the proof. [
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PROOF OF THEOREM 2.3(1). By Lemma 3.1, (H1) implies that (2.3) has a
unique nonexplosive solution and the associated Markov semigroup P; is strong
Feller with at most one invariant probability measure. To apply Lemma 4.1, we
first consider bounded Z with compact support, then pass to the general situation
by using an approximation argument.

(a) Let Z be bounded with compact support. By Lemma 4.2, P; has a unique
invariant probability measure . In particular, L*u = 0, so that by Lemma 4.1(1)
we have u = ppo for some p € Hg’l(,uo) such that (4.3) holds.

Since p € H>'(uo), f :=log(p + 8) € H>'(1o) for all § > 0. Taking this f
in (4.3), we obtain

IU*V/OI2 .
Vi )
[ o = [ o™ 2] oV tog(o -+ 8)]} d
= [ Iz 0"V 1og(o +5)[}p duo
1 1
2 plo*Vpl? 2
= ([Lolom'2P d“) (L5 s 90)
- Vpl p)
< 17Pd >2</ lo7VPL 4 ) 5> 0.
_(/dela | duo i s GH0) >

* 2
Since MO(%) <oodueto p € H}l (o), this implies

lo*Vpl|? “1,p2
/RdeMOS/RdP‘U Z|" duo. 3>0.

By letting § — 0, we obtain
1
* 2 - —1 2
(4.10) /Rd|a Vo duo < 4/de|0 Z*dpg < 00

since o ' Z is bounded and j9(p) = 1. So, JpE Hg’l(uo) by (2.6), and the log-
Sobolev inequality (2.7) implies

4.11) M(plogp)SK/Rd}o*Vx/ﬁlzdqurﬂ-

Combining this with (4.10) and the Young inequality (4.5), we obtain

1,2 1
po(lo*V/pl*) < —loguo( 1) 4 oo log p)
1 -1
< 4 log o (e 2 )+ 15 uo(la*Vfl )+

This and (4.10) imply (2.9).

P
40
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Similarly, p € H(%’l(uo) implies f = (p + 8 le H(%’l(uo) for § > 0, so that
by (4.3) we have

o*Vpl? -1 * -1
/Rdmdﬂof/w{p{a Z|-o*V(p+8)""|}duo

1
(plo=1Z])2 )(/ 0%V p|2 )z
< T d =y
_(Rd p+o2 O Ri (pt+8)2 0

1
lo*Vp|? 2
< M0(|a—lz|2)</Rd (7,04—8)2 dMO) , §>0.

Therefore, (2.10) holds.

Finally, by [9] the density function p is strictly positive, so that by (2.10) and
H(f’l(,uo) = Wg’l(uo) we have logp € Hg’l(,uo) if logp € L?*(o). To prove
wo(|log p|?) < oo, we use the Poincaré inequality. As explained above that the
defective log-Sobolev inequality implies that the spectrum of L is discrete, by the
irreducibility of the Dirichlet form we see that Lo has a spectral gap, equivalently,
the Poincaré inequality

1o(£2) < Cuo(|o* VI +u(H2  feH> (no)

holds for some constant C > 0. Since p is strictly positive, we take € € (0, 1) such
that po(p <e¢) < le' By (2.10) and puo(p) =1, for any § > 0 we have log(p +§) €

Hg’ Y(1o). Moreover, by the Poincaré inequality, (2.10) and |log(p +68)| < p+5+
log e~ ! for 0 > &, there exist constants Cy, Cp > 0 such that

po([log(p + 8)|%) < Cruo(lo*Viog(p + 8)[°) + po(log(p + 8))°
< C1 +2u0(log(p + 8)1{p<e))” + 2u0(log(o + 8)11p=¢))*
< C1 +2p0(|log(p + 8)*) o (p < &) + 2u0(p + 8+ loge ™)’
1 2
< 5#0(|10g(0+3)| )+ Ca, 5€(0,1).
Since (| log(p + 8)|%) < oo, this implies
u(log o) =1lim p(flog(p + 8)[%) <2C; < 0.

(b) In general, for any n > 1 let
Zn(x) = 1{x|+1zx)|1<n} £ (X)), Ly,=Lo+Z,-V.

By (a) and |0~'Z,| < |0~'Z|, L, has an invariant probability measure du, =
0on ditg such that

no(lo™Vy/oal’) <

1o(|o*Viog pu|*) < po(|o ="' Z|?) < oo.

1
45—k

{logMO(CAIU*IZIZ) +/3} < 00,
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Then the family {,/0,},>1 is bounded in Hgvl(,uo). Moreover, the defective log-
Sobolev inequality (2.7) implies the existence of a super Poincaré inequality, and
hence the essential spectrum of Lg is empty; see [29], Theorem 2.1 and Corol-
lary 3.3. So, H(%l(uo) is compactly embedded into Lz(uo), that is, a bounded
set in H(%’l (o) is relatively compact in Lz(uo). Therefore, for some subsequence
ny — oo we have ,/p,, — /p in L?(po) for some nonnegative p which satisfies
(2.9) and (2.10). In particular, p,, — p in L'(po) so that p := puo is a prob-
ability measure. Moreover, by using the Poincaré inequality as in (a), we prove
logp € L? (o) so that logp € H(%’] (o). It remains to show that L*u = 0.

Since (Ly,)* fn, =0, for any f € Ci° (R?), there exists a constant C > 0 and a
compact set D such that

/Rd Lfdu‘ = m[](po—pnkLnkf)duo

4.12)
< CfD{|z — Zu 1o+ (14 1Z1) pu — o1} dsto.

Since uo(eM"_lZ'z) < oo, we have |Z,| < |Z] € quoc(dx) for any ¢ > 1. Then
wo(lp|Z — Z,19) — 0 as n — oo holds for any g > 1. Moreover, the local Har-
nack inequality (see [6], Corollary 1.2.11) implies that {0, p}k>0 is uniformly
bounded on the compact set D. Combining these with 1o(|on, — p|) — 0, we may
use the dominated convergence theorem to prove (L f) = 0 by taking k — oo in

(4.12). Therefore, L* 1« = 0. Then the proof is complete. [

PROOF OF THEOREM 2.3(2). By Theorem 2.1, the SDE (2.3) has a unique so-
lution and the associated semigroup P is strong Feller having at most one invariant
probability measure. So, it suffices to prove that the above constructed probability
measure u is the unique invariant probability measure of L and P;. This can be
done according to [25] and [6] as follows. .

Letbg=Zo+aVlogpandb=7Z+ Zy. Then L = tr(aV?) +b-V,and Lo :=
tr(aV?) + bg - V is symmetric in L?(x). Obviously, (H1) and (2.8) imply that
conditions (1.1")—(1.3") and (1.4) in [25] hold for U = R; that is, ajj € Wl%)’cl (dx),
a is locally uniformly positive definite, and b € L120C (dx). Moreover, by the Young

inequality (4.5), (2.9), (2.8), (2.11) and (4.11), for small enough r > 0 we have
w(llall + b — bol)
<uo(plZI+ Nl - |o*Vp| + pllo]?)

1 _

= EMO(IOUU 'Z)? +3l01?) + ro(llo |l - [o* Vo))
1 1 —1~2 2

< —uo(plogp) + — log ug(e" 1o 21731e19)
2r 2r

+ 2/ no(pllo 1) ro(o*v /A
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1 1 —1~72 2
< —uo(plogp) + — log pug(e" o ZI+3lol)y
2r 2r

+ 2\/{8_1M0(,0 log p) + &1 loguo(eg“U”z)}u0(|o*Vﬁ|2) < o0.

Therefore, by [25], Theorem 1.5, Proposition 1.9 and Proposition 1.10(a),
(L,C§° (R%)) has a unique closed extension in L'(w) which generates a Markov
Co-semigroup T/ in L' (1) such that y is an invariant probability measure. Then,
according to [6], Corollary 1.7.3, w is the unique invariant probability measure
of L.

On the other hand, according to [25], Theorem 3.5, there is a standard Markov
process {P,}, eRdu(py Which is continuous and nonexplosive for p-a.e. x, such that

the associated semigroup P; satisfies
00 _ 00
f e MP fdr = f e M1 fdrt, u-a.e.
0 0

holds for any f € %, (R?) and A > 0. So, for any f € B}, (R?), P, f = T} f holds
dt x p-a.e. By the continuity of the process and the strong continuity of 7} in

L'(w), Ptf = T fu-ae. for any + > 0 and f € Cb(]Rd) and hence also for
f € L'(w) since Cb(Rd) is dense in L!(w). That is, P; is a pu-version of T“
In particular, i is P;-invariant and the probability measure

IP’M = A‘Qdﬁ”xu(dx) on Q := C([0, oo)—>]Rd)

solves the martingale problem of (L, C§° (R9)), so that under this probability space
the coordinate process X, (@) := o, fort > 0 and & € Q is a weak solution to (2.3)
with initial distribution p (cf. [21], Proposition 2.1, or [26], Section 5.0). By the
uniqueness of solutions, this implies (P, f) = w(P; f) fort > 0 and f € B, (RY).
Therefore, w is an invariant probability measure of P;. [

PROOF OF THEOREM 2.4. Obviously, the proof of Theorem 2.3(2) also works
if we replace (H1) by (H1’). So, we only need to prove assertion (1). Next, by
repeating (b) in the proof of Theorem 2.3(1), we may and do assume that Z is
bounded having compact support, and only prove that L has an invariant probabil-
ity measure du = p dug with p satisfying the required estimates (2.13) and (2.14).
Here, the only thing we need to clarify is that in the right-hand side of (4.12) the
term (1 4 |Z]) should be replaced by (1 + |Z| + |Vo|) since Vo is no longer lo-
cally bounded. This does not make any trouble since |Vo| € Lloc(dx) by (H1'),
and (p,, — p)1p is uniformly bounded according to [6], Corollarty 1.2.11.

Now, we assume that Z is bounded with compact support. Let V € C“(Rd)
with |V — V|ls < 1, and let P, be the Markov semigroup generated by A — V.

Then H>! (o) = H>' (e~ V) dx), so that (H1") together with the smoothness and
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positivity-preserving of P, implies
in:=PracC’R!>R@RY), @ >al, and
(4.13) ) ! N ) o
(an)ij — aij in H" (o) N L7 (o), 1 <i, j <d.
Let I:,, be defined as L for a, in place of a; that is,
d
L, = tl’(cNZnVZ) + Z {Z,‘ + 8](&n),'j - (&n),-‘,-aj V}e,-.
ij=1
By Lemmas 4.1 and 4.2, L, has an invariant probability measure fi,(dx) :=
Pn(dx) po(dx) with g, € H*1(uo) such that
1o (Bn + 1V 5ul?) < Crao(prlZ1) < oc.
According to [6], Corollary 1.2.11, {0, },>1 is uniformly bounded on the compact
set D :=supp Z, so this implies that {p,},>1 is bounded in H 2.1 (o), and hence
Pn, — P In Lz(uo) for some subsequence ny — oo and some p € Hz’l(Mo)-
In particular, p(dx) := p(x)dx is a probability measure. We intend to prove
L*nu=0.
For any f € Cg° (R?), there exists a constant C ( f) > 0 such that

|Lyf — Lf| < C(f)(IVan — Val + |VV|-|ld, —all),
\Ly f1 < C(H(IVanll + llal - IV V).

2
By (4.13), |VV]| € Lo (o) included in (H1'), p,, — p in L?(up), and
I:Z/ln =0, we are able to use the dominated convergence theorem to derive

(L f)| = Jim [u(Lf) = fin L /)

<limsup po(ILf — Luy flo + |1 Lny f1+ 15, — pl) = 0.

k— 00
So, L*u =0.
Since (2.12) and a,, > « I imply (2.7) for (Vay, %) in place of (o, k), by Theo-
rem 2.3 we have
101V B *) < 10(1y/an, V' bn I°)
1

S \—1/272
= oy Moo (&) 4 p)
XA o

AZ?
Sm{loguo(e ) + B},

~ o 5 1
ano(1V10g fn, 1?) < 120(|(@n) ~?V 10g fn, [7) < auo(|Z|2).

By using pp, + 8 to replace pp,, and letting first k — oo then § | 0, we prove
(2.13) and (2.14) from these two inequalities, respectively. []
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5. Proofs of Theorem 2.5 and Theorem 2.6. The following Sobolev embed-
ding theorem is crucial in the proof. This result can be deduced from existing
ones, for instance, [23], Corollary 1.4, in the framework of generalized Mehler
semigroup. We include below a brief proof by using the dimension-free Harnack
inequality for the O-U semigroup.

LEMMA 5.1. Let (2.15) hold. Then H 2’1(,u0) is compactly embedded into
L? (o); that is, bounded sets in H 2’1(,11,0) are relatively compact in Lz(uo).
PROOF. Consider the linear SPDE
(5.1) dX, = —AX,dr +2dW,.

By (2.15), for any initial point x this equation has a unique mild solution
t
XF=e My + fz/ e A= dw,, >0,
0

and the associated Markov semigroup
Plf(x):=Ef(XY), t>0,fecBpH),xecH
is symmetric in Lz(,uo) with Dirichlet form

Eo(f.8) =no((VA V),  figeH* (o)

see, for instance, [16]. So, by the spectral theory, H>! (10) is compactly embedded
into L2(uo) if and only if P,0 is compact for some (equivalently, all) ¢ > 0, both
are equivalent to the absence of the essential spectrum of the generator. By [33],
Theorem 3.2.1, with b =0 and o0 = \/5 sothat K =0and A = é, PO satisfies the
Harnack inequality

(52)  (POF(0))? < (POf(y)) e/t t>0,x,yeH, f e B,

which implies that PlO has a density with respect to the invariant probability mea-
sure /1o (see [33], Theorem 1.4.1). Next, it is well known that the Gaussian measure
o satisfies the log-Sobolev inequality (see, for instance, [18])

2
(5.3) po(f*log f2) < —Mo(IVfI ), feH* (u), po(fH)=1.

This, together with the existence of density of Pt0 with respect to pg for any t > 0,
implies that PtO is compact in Lz(uo) for all r > 0, see [17], Theorem 1.2, [30],
Theorems 1.1 and 3.1, or [34], Theorem 1.6.1. [

PROOF OF THEOREM 2.5(1). For any n > 1, let H,) = {x e H: (x,¢;) =
0, 1 <i < n} be the orthogonal complement of

H,, :=span{ey, ..., e,}.
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Let 7, : H — H, and 7, : H — H,) be orthogonal projections. For convenience,

besides the orthogonal decomposition H=H, & H, we may regard H as the

product space IHI H, x Hy,y, so that po = /,L(()") X ,uo ! for M(") = Lo 0 n_l and

,u(() n) _ = po o7y, belng the margmal distributions of wo on I, and H,), respec-

tively. Let
54)  ap) = ma(x),  Zn(x) =7 /H Zeoyuddy),  x eH,.
(n)

By (H2), we have
(5.5) (anv,v) Zalvl’,  veH,,
and due to Jensen’s inequality,
A Z(x.y 2 (n) dy
/,L(()”)(e“z"|2) S/H gy 126 g U),uf,")(dx)

(5.6) )
§/eMZ| duo < o0, n>1.
H

Let Vo(x) = % > kixiz and L™ = Lé") + Z, -V on H,,, where

n
L(()n) = Z (a,'jaiaj + {3jaij —aijajVn}ai)-
ij=1

Noting that (5.3) and (H2) imply
2
(5.7)  po(f*log f?) < rao@vVive). o fe H*! (o). po(f?) = 1.

and that (5.5) implies ozlan_l/zz,,l2 < |Zn|2, we may apply Theorem 2.3(1) to L,
on R" =M, for k = Mia B =0 and Awx in place of A, to conclude that L™ has

. . . . . . m
an invariant probability measure w, with density function p, := % satisfying
Ho

VB, € H*'(u") and

ud(1V.o/p, %) < ué’”(wcz_nvmﬁ)

Al ) [ ralay Pz,
< 10 alay nl
= Jatag 208k (© )

(5.8) N
1 () ( A Zn|?
<—— 1o
= Jata 2 ogke (€77

<———1lo € o0, >17
= datan =2 ogHe) < "=
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where the last step is due to Jensen’s inequality and the definitions of Z, and /L(n).
Moreover,

1
g (19 10g pul?) = —u” (1/anV log pul’)

1S (lan 2,1 RAR)

- o - a?

2
_mo(1ZP) _

(5.9

00, n>1.

Letting 5, = p, o 7,, (5.8) implies that {/5,},>1 is bounded in H>!(uo). By
Lemma 5.1, there exists a subsequence ny — 0o and some positive p € Ll(,uo)
with /o € H*!(110) such that \/5,, — /p in L*(110), (2.20) and (2.21) hold.
Then logp € H 2.1 (1p) as shown in the end of the proof of Theorem 2.3(1) using
the Poincaré inequality. In particular, i := pug is a probability measure on H. It
remains to show that L*u = 0.

By the definition of Z,,, we have Zy=Zpom, = w,mo(Z|my,), where wo(-|my,)
is the conditional expectation of g given 7,. Since 1o(|Z|?) < oo, by the martin-
gale converges theorem, po(Z|m,) — Z in L?(1o), and hence, Z, — Z in L%(uo)
as well. By the continuity of a, a, := a, o m, — a pointwise. Noting that for any
f € ZCg° there exist I € N and a constant C(f) > 0 such that

[ (L)| = [u(Lf) = tn (L £
l

i,j=1
) l
+ C(f)M0<{|an| + > I(ﬁnk)ij\}lp - ﬁnkl)
i,j=1

holds for ny > [, to prove u(Lf) = 0 by using the dominated convergence the-
orem, it suffices to verify the uniform integrability of { ,6,1(|Z,1| + laij o mp ) }n=1
in L' (uo) for every i, j > 1. Obviously, for any ¢ € (0, 1) there exists a constant
C(g) > 0 such that

= _ 7 & . 1+ L
(|Zn|+|al]onn|)pn S eS|Zn|1+ +e8|az_70ﬂn| +Cpn{10g(e+pn)} +e s nZ 1.

Since 11, )( f)=wuo(fom,) for felL (M(n)) this implies the desired the uniform
integrability by (2.17), (5.6), (5.8) and

_ _ 2 _ 2
1£0(pn 10g pr) < A—IMO(W\/E %) = A—IMO(IV«/_/Onlz)

due to the log-Sobolev inequality (5.3). [
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PROOF OF THEOREM 2.5(2). The desired assertion can be deduced from [25].
Since a is bounded and (H2) holds, we have HZ’I(MO) = Hg’l(,uo). Let u be a
probability measure o on H such that the form

E*(f,g) =u((@aVf,Ve),  flge FCy

is closable in Lz(,u), and let (L*,D(L")) be the generator of the closure
(&*, H>'(1)). Moreover, let B € L>(H — H; u) such that

(5.10) n(B, V=0,  feH*' (.

Then, according to Proposition 1.3, Theorem 1.9 and Proposition 1.10 in [25],
Part II, we have the following assertions for L := L* + 8- V:

(i) (L,.#C}°) is dissipative, and hence closable in L'(u), whose closure

(L, D(L)) generates a Markovian Cp-semigroup of contraction operators (7;);>0

on L'(w), D(L) c H>'(w), and
S w((Vf. B—aVg))=ungLf),
' £ €D(L) N By(H), g € H>' (1) N By (H).

(i) There exists a standard continuous Markov process {]I_Dx }xem whose semi-
group P, satisfies

0 _ o0
(5.12) / e_“P,fdt:/ T,fdt,  p-ae,r>0,feByH).
0 0

As shown in the proof of Theorem 2.3(2), (5.12) implies that P; is a p-version
of T;.

Now, let L = Lo+ Z -V and i = pug be in Theorem 2.5. We intend to verify
the above conditions such that assertions (i) and (ii) hold.

First, \/p € H*!(j10) implies Vlog p € L*(1) and

no(1V 1) < 2y 1o(IVy/B1)o(p) < .
Consider the operator

L*:=Lo+aVlogp, feFzcy.

By the symmetry of L in L?(j10), the boundedness of a, Vlog p € L?(110), Vp €
L'(j0) and noting that H?>!(uo) is dense in H"!(110), we obtain

w(fLFg)=u(f(Viogp,aVg)) + uo(frLog)
= u(f(Viogp,aVg)) — 1o(V(fp),aVg))
=—u((Vf.aVyg).,  f.geFC.

Thus, the form (&, 7#C3°) is closable in L?(n) with generator extending
(L*, ZC5).
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Next,let B =Z —aVlogp. Wehave L = L* + -V on .#C3°. Since L*u =0
and o((Vp, Vf)) = —uno(pLof) for f € #CG°, we have

1((B, V) =po((pZ —aVp,Vf))

=n((Z, V) +nolpLof) = n(Lf) =0, feFCy
Noting that (2.20) and the boundedness of a imply

u(jaViog pl*) < 4llal*uo(IV/pl?) < oo
while by the Young inequality (4.5) and the log-Sobolev inequality (5.3)

(5.13)

1 2 1
1(1ZP) = no(plZ?) < —loguo(e“z' )+ < ro(plog p)

< %log,uo(e)‘m )+ no(IVy/pl?) + — < oo,

we have u(|8]%) < oo for B :=Z — aVlogp. So, (5.10) follows from (5.13).
In conclusion, the above assertions (i) and (ii) hold for the present situation.
Combining (5.10) with (5.11) for g =1 and T; f in place of f, we obtain

d 0
AN =wLT ) =u(VTL.B) =0, [ eFCP120.

Therefore, u is an invariant probability measure of 7;, and the proof is complete
since P; is a u-version of 7;. [

PROOF OF THEOREM 2.6. Since V,(x) := % ;leixiz on H, satisfies
IVV,| € L (M(”)) for all ¢ > 1, (H2') and (5.7) imply that (H1") holds for
(an, Vo, 1o )) in place of (a, V, uo) with ¥’ = aLM and B = 0. So, by repeating
the proof of Theorem 2.5 using Theorem 2.4 in place of Theorem 2.3(1), we prove
the desired assertions. [

6. Proof of Theorem 2.7. We first prove the nonexplosion of the weak solu-
tion constructed from the Girsnaov transform of the linear SPDE (5.1), then prove
the strong Feller property of the associated Markov semigroup. The Feller prop-
erty, together with the pathwise uniqueness for wg-a.e. starting points due to [14],
implies that the constructed Markov process is the unique Feller process solving
(2.3) weakly. Noting that in the present case we have d = oo, the estimate (3.4) de-
rived in the finite-dimensional case does not make sense. To construct the desired
weak solution, we need to establish a reasonable infinite-dimensional version of
(3.4). We will soon find out that this is nontrivial at all. If we start from the Har-
nack inequality (5.2), it is standard that

mo(fP) ec(x)/t

(P f(x)) < N =
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for some constant ¢(x) > 0 and small # > 0. The hard point is that [ e¢®)/(P$) ds =
oo for any ¢ > 0 and p > 1, so that the argument we used in the finite-dimensional
case is invalid. To kill this high singularity for small time ¢, we will use a refined
version of the Harnack inequality and make a clever choice of reference measure
vy on [0, ¢] to replace the Lebesgue measure.

6.1. Construction of the weak solution. We first construct weak solutions to
(2.3) using the Girsanov transform. For any x € H, let X} solve (5.1) with X = x.
Let

1 1 )
(6.1) Ry, ::exp[EK(Z(Xf),dWr)—Z/S |Z(X})] dr], t>s5>0.

By Girsanov’s theorem, if (R} );>0 1= (R())C,,)zzo is a martingale, then for any 7 > 0
the process

~ 1 t
WE =W, — 72/0 Z(XY)ds, 1€[0,T]

is a cylindrical Brownian motion under the weighted probability Q7 := R} P,

so that (X7, th )ie[0,7] 1s a weak solution to (2.22) starting at x. To prove that
(R{)r>0 is a martingale, it suffices to verify the Novikov condition

(6.2) Eeﬁllf(io Z(XDPds 0, xeH

for some #y > 0. Indeed, by the Markov property, this condition implies that
(R;Y’t)te[s’s_kto] is a martingale for all x € H and s > 0, and thus (R;});>0 is a mar-
tingale for all x € H by induction: if (R} );c[0,ns,] 1S @ martingale for some n > 1,
then for any ntg <s <t < (n + 1)top we have

E(R|F5) = R{E(RS | 75) = Ry.

Therefore, the condition (6.2) implies that (X7, th )ie[0,7] 1s a weak solution to
(2.22) forany T > 0 and x € H. Let P;(x, dy) be the distribution of X; under Q7
and let

63)  Pfx)=Eq f(X))=E{f(X))R'},  fe€BpM),1>0,xecH,

By the Markov property of X; under P, it is easy to see that P; is a Markov semi-
group on % (H), that is, { P;(x, dy) : t > 0, x € H} is a Markov transition kernel.

To verify condition (6.2), we introduce a refined version of the Harnack in-
equality (5.2). For each i > 1, let P,O” be the diffusion semigroup generated by
Loif :=f"— X f onR. By [28], Lemma 2.1, for K = —1; and g(s) =e X%,
we have

i i philx — yI?
(on f))r < (Pto ) eXp[z(p — 1) (e2hil — 1)}’

t>0,p>1,fe<%’+(R),x,yeR.
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By regarding P,O’i as a linear operator on % (H) acting on the ith component
x; := (x, e;), we have P? =], P,O’l, so that this Harnack inequality leads to

P kilxi = il
(PP f)! < PPfP(y)exp[z(p T gl T ]

t>0,feB (H),x,yecH

for any p > 1. Noting that ¢ is an invariant probability measure of Pto, by taking
p =2 we obtain

S\ i (xi — yi)?
(Ptof(X))zf GXP[—Z%]M@M < uo(f?),
H o e -1
(6.4)

xeH, >0, feL*(u).

Observing that

MG — D)2 hiyE | A 4 1)( 2x; >2 N Aix}
ezx,-t -1 2 2(62A t__ 1) eZAit +1 ezx[z + 1’
by (2.16) we have

&\ hilxi — yi)?
/Hexp|:— ; W}Mo(dy)

_lo_ol Vi f ox |:_)\i(xi )’ )»i)’,?}d .
b 27 Jr p e2hit _ ] 2 i

00 2)»-[ 1

= %
Zez)"t-i_l}(HCZ}"t-i—l) ) t>0,X€H

| |
I—I

So, (6.4) reduces to

(6.5) P f(x) < Juo(fA)Tx(),  xeH,1>0, feL(u),
where due to (2.15),

(1.2, ax?2 |/ et 41
[, (f) :==exp 5 21 2l 1 1 ;_ 1 <l_[1 a1
(6.6) = -

(1 Ax? '<°°
< exp

1
1 4
- -t 14+ — 00, t>0,x eH.
2;62)‘”4‘1_ l:l_[1< +}»it>> = el

Moreover, using the stronger condition ) {2 A; ¥ < oo for some 6 € (0, 1) in-
cluded in (H3), and noting that log(1 +r) < cr? for some constant ¢ > 0 and all
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r > 0, we obtain

t
W(t, x) :=j logy (s) ds
Z/{ 25 (1+ 1>d}d
= — )dstds
eZk,s+1 & A

t
— { [Axe 2k’sds—i- fr_gdr}
4 29 Jo

]

(6.7)

IA

x}(1—e M) 4 ' < oo, t>0,xeH

<
— 1

'Mg ||

I

i=1
for some constant C > 0. For later use, we deduce from this that

lim sup sup W(¢, y)
t—0 Yy—x

(6.8) .
<3 lim sup sup {lez(l —e M) 4 |x — y* + Ctl_g} =0.

=0 Y=X ;1

Since (6.6) implies ', (s) € (1, 00), for every ¢ > 0 we have
o ds
t) = e (0, 1],
b= | oo € .1

Lio,,1(s) s
Bx()Tx(s)

is a probability measure on [0, ¢]. Noting that wfé I'x(s)vrx(ds) = 1 and
log(w Iy (s)) <logl(s), the Young inequality (4.5) yields

t ©2
|1z ee P as

_ Ot(%|z(xf;)| )(ﬁxmr (s))vtx(ds)

A
2t . .
< Tlog vt’x(e%u(x.)p) 2 {,Bx( )

so that
v x(ds) :=

Bx (1)

I'v(s)lo < Iy (s))}v;,x(ds)

2t x 2
5Tlogv;,x(eélz(x-)lz)+Xlll(t,x), t>0,x eH.

Combining this with (6.5) for f = e%|z|2, (6.7) and ,uo(eMZF) < 00, we arrive at
2yt

t 2 t x 5
Eexp[y/o \Z(Xf)|2ds] < eTyw(”X)E{/O e%|Z(Xs)|2vt7x(ds)} *

2yt

6.9) <et Ve ”{ /0 {Psoeﬁz“(x)}vt,x(ds)} '
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ZV\JJ(IX){f WF (S)sz(ds)}

2yt

=e A lI”(t x) (—IB t(t) //l*()(e}L|Z|2)>)L = A(tv X, V) < OO’

A
er,y>0,te(0,—]
2y

By taking y = z, we prove (6.2) for o = 2A.

= 4,

6.2. Strong Feller and strictly positive density of P;. By the Harnack inequal-
ity (5.2), Pto is strong Feller having strictly positive density with respect to wg (see
[36], Proposition 3.1(1)). Then as in (b) and (c) in the proof of Lemma 3.1, we
may prove the same property for P; using (6.3) and (6.9). To save space, we only
prove here the strong Feller property.

For any ¢ > 0, by the semigroup group property of P;, (6.3), and the strong
Feller property of PtO, we obtain

limsu sup| P, f (x) — P f ()]

_hmsuphmsup|P (P [)(x) = Pr(Pr—r /()]

r—0 y—
(6.10) <hmsuphmsup{|P (Pi—r f)(x) — PrO(Pt_rf)(x)\
r—0 y—

+ [E[(Pr— H(XF) (R = 1) = (P H(X) (R = D]}
< I flloo limsuplimsup E(| Ry — 1] + |RY — 1)
r—0 y—=x
Recalling that R} = R(y)m, by (6.1) we have
E[R) — 1P =E(R))> — 1 < (BB I1ZXDPd)s gy cRd,
So, according to (6.10), P, is strong Feller provided
r
(6.11) limsuplimsupEexp[3/ {Z(X§)|2ds} =1.
0

r—0 y—>x

Recall that 8, (¢) = fé Fffs) ds. By Jensen’s inequality and (6.7), we have

Bxt) 17t ds Y 1 W, x)
log === 1°g<r oFx(s))S z/o{logrx(s)}ds_ ;-

Combining this with (6.8) and (6.9), we obtain

1 or
lim limsup A(r, y, 3) < lim limsup etV M (er Y g (erZ1?)) +
r—0 y—>Xx r—0 y—>Xx

= lim lim sup er VY — 1,
r—>0 y—)x

Combining this with (6.9), we prove (6.11).
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6.3. Uniqueness of the Feller semigroup and invariant probability measure.
To prove that P; is the unique Feller Markov semigroup associated to (2.22), we
recall the pathwise uniqueness for pg-a.e. initial points. By [14], Theorem 1, there
exists an po-null set Hy such that for any x ¢ Hy, the SPDE (2.22) has at most one
mild solution starting at x up to the life time. Combining this with the weak solu-
tion constructed in (a), we see that for any initial point x ¢ Hp, the SPDE (2.22)
has a unique mild solution X7 which is nonexplosive with distribution P (x, dy).
So, if there exists another Feller transition probability kernel P;(x, dy) associated
to (2.22), then P;(x,dy) = P:(x,dy) for x ¢ Hy. Since H \ Hy is dense in H, by
the Feller property these transition probability kernels are weak continuous in x,
so that P, (x,dy) = P,(x, dy) for all x € H.

Next, according to [36], Proposition 3.1(3), to show that P, has at most one in-
variant probability measure, it suffices to prove for instance the Harnack inequal-

1ty:
(6.12) (PO < (P fOYDMH (x,y),  x,yeH, feByH)

for some 7 > 0 and measurable function H; : H? — (0, 00). By (6.3) and (5.2), we
have

= {E[f (XD R < {PO 2 0OE(RY)Y

<{(P YOV ER)" = (Ef* (X)) [E(R)°]

< B[/ (xR} - (E(R)) T E(RY)’

= (PO} - {E(R) T HE(R)].

By (6.9) and the definition of R;, it is easy to see that when ¢ > 0 is small enough,

{E(R,y)_l}[E(Rf)ﬁ] < H;(x, y) holds for some measurable function H; : H? —
(0, 00). Therefore, (6.12) holds.

(P f(x)°

6.4. P;-Invariance of |1 and estimates on the density. Finally, we prove that
@ in Theorem 2.5 is an invariant probability measure of P;. Let u and P, be
in Theorem 2.5, according to the proof of Theorem 2.3(2) we conclude that
]I_DM = fu P, e (dx) is the distribution of a weak solution to (2.22) with initial distri-
bution u. Since w is absolutely continuous with respect to (g, the uniqueness for
Ho-a.e. initial points implies that the weak solution starting from w is unique, so
that w(P; f) = (P, f) fort > 0 and f € %, (H). Since u is Pr-invariant, it is P;-
invariant as well. Since Theorem 2.5 implies \/p € H>!(1o), (2.20) and (2.21), it
remains to prove log p € H>!(uo).

By u(p) =1 and /p € H*>!(1o), we have log(po +8) € H>!(uo) forall § > 0.
Combining this with (2.21), we conclude that log p € Hg’l(uo) provided po(p >
0) =1 with uo(]log p|2) < oo. It is well known that the Gaussian measure g
satisfies the Poincaré inequality

1
mo(f?) < A—luo(IVflz) +uo(H)* feHE (o).
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Then, as shown in the last step in the proof of Theorem 2.3(1), uo(]log p|2) <0
follows from (2.21) if po(p > 0) = 1. Thus, we only need to prove po(p > 0) = 1.

Recalling that R} = Rg,t for Rj,", defined in (6.1), by (6.3) and (6.9) we may
find out a constant 7y > 0 and some function H € C(H — (0, 00)) such that for
any f € %’;F(H),

(Pof(0)* = (Bf(X;))” < (B[£2(X5) R DE[(R}) ]
= (P fP)E[(R}) ] < HO P f7(x),  x€H.
Then for any measurable set A C H with uo(A) > 0, we have

(P,31A>2>

6.13) R = (P 13) = (2

On the other hand, by M()(Ptgl 4) = no(A) > 0, there exists y € H such that
Piy14(y) > 0 so that (5.2) implies

_ Cli—y?

PoLA(x) = (PAa()%e © >0, xeH.

Combining this with (6.13) and % > (. Therefore, 1o is absolutely continuous
with respect to i, and hence, puo(p > 0) = 1.

7. Local Harnack inequality on incomplete manifolds. Let M be a d-
dimensional differential manifold without boundary which is equipped with a (not
necessarily complete) C2-metric such that the curvature is well defined and contin-
uous. Let A and V be the corresponding Laplace—Beltrami operator and the gra-
dient operator, respectively. Then for any V € C2(M), the operator L := A + VV
generates a unique diffusion process up to the life time. Let (X} );¢[0,z(x)) be the
diffusion process starting at x with the life time ¢ (x). Then the associated Dirichlet
semigroup is given by

Pif(x) =B{lycoy f (X)), xeM,t>0, feB,M).
Forany f € %, (M) :={f € $B,(M) : f > 0}, define
Ep (f) =P (flog f)— (Pif)logP f, 1>0.

Let p be the Riemannian distance. By the locally compact of the manifold, we may
take R € C(M — (0, 00)) such that

By(x,R(x)):={yeM:p(x,y) <Rx)}

is compact for all x € M. When the metric is complete, this is true for all
R e C(M — (0, 00)). We will use this function R to establish the local Harnack
inequality.
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THEOREM 7.1. There exists a function H € C(M — (0, 00)) such that

1
. }VP,f(x){SBEP,(f)(x)+H(x)(8+5(1/\1))’

160 4
—_— M).
t>0,52R<x),f€=@b( )

Consequently, for any p > 1 there exists a function F € C(M — (0, 00)) such that
foranyt >0and f € @;’(M),

F(x)p(x, y)?

+ F(x)}
Al

(P f(x))P < (Ptf”(y))eXp[
(7.2)

, Y €M with LY < ——.
X,y with p(x,y) Flo)

PROOF. According to [1], it is easy to prove (7.2) from (7.1). When the metric
is complete, an estimate of type (7.1) for all § > 0 has been proved in [2]. The
only difference comes from the incompleteness of the metric for which we cannot
take R(x) arbitrarily large as in [2]. Below we figure out the proof in the present
case.

(1) To prove (7.1), we fix f € B;(M). By using % replace f, we may
and do assume that P;f(x) = 1 at a fixed point x so that Ep (f)(x) =
Py(f log f)(x).

Now, let us check the proof of Theorem 1.1 in [2] (pages 3666—3667), where
the part before (4.5) has nothing to do with the completeness; that is, with the com-
pact set D := B, (x, R(x)), all estimates therein before (4.5) apply to the present
setting. More precisely, letting

t(x) =inf{r > 0: X; ¢ D},
we have ((4.1) in [2])
(7.3) VP f(x)] < + I,
where ((4.2) in [2])

(74) I < 3E{1{t<t(x)}(f10gf)(Xf)} + g + C(x)(l + 81_2‘)’ 6§>0,r>0

holds for function C € C(M — (0, o0)) depending only on d and curvature of the
operator L; and moreover ((4.5) in [2]),

5 98 )
Iy < SE{1z ()<t <c o) (f log /)(X7)} + o TologEe™™ + A(x),
(7.5)
§>0,t>0
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holds for A(x) := sup,. o{C(x)/r log(e + r) — r}, which is finite and continuous
in x. Now, due to the restriction of R(x), we have to take large enough é > 0 and
cannot replace § by § A 1 as in (4.5) of [2]. This will lead to less harp estimate but
it is enough for our study in the present paper. More precisely, using é to replace
a A 1 in the display after (4.5) of [2], we have

160
R(x)’
Combining the with (7.3)—(7.5), we prove (7.2) for some H € C(M — (0, 00)).

(2) Since H, R are strictly positive and continuous, and B, (x, R(x)) is compact
for every x,

9R(x) o0
Eest» <1 +9/ Ou+De “du=: A" <o0, 5>
0

H(x):= sup H and ﬁ(x):: inf
B, (x,R(x)) B, (x,R(x))

are strictly positive continuous functions in x. For any p > 1, let
p—1 A
Gx)=— A R(x), xeM.
pH(x)

Then (7.1) implies

= 1
VP f ) < 8ER (N + H(x)<8(1 — +5),

160
R(x)
for f € %; (M). So, letting y : [0, 1] — M be the minimal geodesic from x to y

with |ys| = p(x, y) for s € [0, 1], letting B(s) =1 4+ s(p — 1), and applying the

above inequality with § := —£ —1_ > 160 e obtain
pP(X,¥) = R(x)

y€B,(x,G(x)),8 >

d p_

o {log P PO}
_ p(p—DEp(fFY) N PV [P )
T B()EP fP® B(s) P, fB®)

pp(x,y) p—1 B(s) B(s)
= ﬂ(S)szﬁ(“)(m){pp(x,y) En(f7) = VRS |}(VS)

pp(x,y) { B(s) < pp(x,y) p—1 )}
- H(@x)(P ]
= BP0 oy | IO B0 A  ppi

(¥s)

2 2
po(x,y) +1>, s €[0,1], p(x, y) < G(x).

Z_H(")<<p— DG AD

Integrating over [0, 1] with respect to ds, we prove (7.1) for F := ud \ O

1
p—1 G
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