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VISCOSITY SOLUTIONS OF FULLY NONLINEAR ELLIPTIC PATH
DEPENDENT PARTIAL DIFFERENTIAL EQUATIONS

BY ZHENJIE REN!
CMAP, Ecole Polytechnique

This paper extends the recent work on path-dependent PDEs to elliptic
equations with Dirichlet boundary conditions. We propose a notion of viscos-
ity solution in the same spirit as [Ann. Probab. 44 (2016) 1212—1253, Part 1;
Ekren, Touzi and Zhang (2016), Part 2], relying on the theory of optimal stop-
ping under nonlinear expectation. We prove a comparison result implying the
uniqueness of viscosity solution, and the existence follows from a Perron-
type construction using path-frozen PDEs. We also provide an application to
a time homogeneous stochastic control problem motivated by an application
in finance.

1. Introduction. In this paper, we develop a theory of viscosity solutions of
elliptic PDEs on the continuous path space, by extending the recent literature on
path-dependent PDEs (PPDE) to this context.

Nonlinear PPDEs appear in various applications, for example, non-Markovian
stochastic control problems are naturally related to path-dependent Hamilton—
Jacobi-Bellman equations (see [10]), and non-Markovian stochastic differential
games are related to path-dependent Isaacs equations (see [22]). PPDEs are also
intimately related to the backward stochastic differential equations introduced by
Pardoux and Peng [21], and their extension to the second order in [3, 25]. We refer
to the survey paper [24] as an introduction to this new topic. We also refer to the
recent applications in [12] to establish a representation of the solution of a class
of PPDEs in terms of branching diffusions, and to [16] for the small noise large
deviation results of path-dependent diffusions.

In the existing literature, the authors are all focus on developing the well-
posedness theory for parabolic PPDEs. In this paper, we explore the notion of
an elliptic PPDE. An elliptic PPDE on the continuous path space 2 is of the form:

G(-ou, 9pu, 02,u) (@) =0, weQCK, and
(1.1)
u(w) =§(w), w€dQ.
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Our notions of the derivatives d,, and 8560 are inspired by the calculus developed
in Dupire [7] as well as in Cont and Fournie [4]. Let

Q={weQ:w=awn, forsomet e RT} and u:Q°— R,

that is, Q2¢ is the subspace of all the paths with flat tails. Denote by {u;},;cg+ the
process u;(w) := u(ws.). According to [4, 7], one may define the horizontal and
vertical derivatives for the process

urpp(wrn.) — ()
h

ur(w) —ug(w. +hlp o))

; .

Also, in [4, 7] the authors proved that a smooth process satisfies the functional Itd
formula

oy (w) := ]}1_12) and

(1.2)

Ol (W) 1= ;}l_rf})

du, = dudt + dpudw, + 202 ud(w),,

2 Y ww

(1.3)
P-a.s. for all continuous semimartingale measures [P.

Note that in the definition (1.2) one requires to extend the process u to the set
of cadlag paths. Although this technical difficulty is addressed and solved in [4],
it was observed by Ekren, Touzi and Zhang [8] that it is more convenient to de-
fine the derivatives by the It6 decomposition (1.3), namely, we call the continuous
processes A, Z, I' the derivatives of the process u if

dlfit = A[ dt + Zz dCl)t + %Ft d(Cl))[,
P-a.s. for all continuous semimartingale measures P.

In this paper, we follow this idea to define the path derivatives (see Definition 2.6
below). We next restrict our solution space so that all potential solutions u of ellip-
tic PPDE (1.1) agree with the time-independence property, that is, d;u = 0. A func-
tion u : 2¢ — R is called to be time-invariant, if

u(w) = u(we(.)) for all w and all increasing bijection £ : R — R™,

that is, the value of a time-invariant function u is unchanged by any time scaling of
path. It follows from the definition of the horizontal derivative in (1.2) that d;u = 0.
Therefore, the time-invariance implies the time-independence, and in this paper we
will prove the well-posedness of time-invariant solutions to PPDE (1.1).

It is noteworthy that the elliptic PPDE (1.1) can reduce to be an elliptic PDE (on
the real space). Assume that the nonlinearity G in (1.1) has no dependence on w,
u : Q¢ — R is a smooth solution to (1.1) and that there is a function v : R — R
such that u(w) = v(w) for all w € Q°. It follows that the path derivatives reduce
to the normal derivatives in the real space, that is, d,u(w) = 0,V (W), aiwu(a)) =
32 v(weo). Then the function v satisfies the corresponding elliptic PDE

(1.4) —G (v, 8,v,82,v) =0,

> VXX
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There is an enormously rich literature studying the elliptic PDE (1.4). In particu-
lar, it is known that the solutions to the Dirichlet problem of the equation (1.4) are
not always classical (i.e., smooth enough). For example, Nadirashvili and Vladut
constructed in [17] a singular solution to an equation —G(fov) =0, where G
satisfies the uniform ellipticity condition. A type of weak solutions, viscosity so-
lutions, was introduced by Crandall and Lions [5] to study the equations like the
one (1.4), and turns out to be very useful. Since the PDE (1.4) is a special case
of the PPDE (1.1), we are motivated to develop a theory of viscosity solutions to
elliptic PPDEs.

In this paper, we give a definition of viscosity solutions in the context of el-
liptic PPDE, and then prove the existence and uniqueness of bounded, uniformly
continuous and time-invariant viscosity solutions to the PPDE (1.1) under certain
conditions. We try to keep the structure of the paper close to that of Ekren, Touzi
and Zhang [11], in which the authors studied the viscosity solutions to parabolic
PPDEs. As in [11], our main idea is to construct a viscosity solution to (1.1) by an
approximation of piecewise smooth solutions provided by the path-frozen PDEs.
Further, we prove the viscosity solution we construct is the unique one through
a partial comparison result (i.e., the comparison between a viscosity subsolution
and a piecewise smooth supersolution). There are new difficulties in the elliptic
context, for example, we need to handle the boundary of Dirichlet problem (in
particular, the discontinuity of the hitting time of the boundary Hp), and we are
not allowed to apply certain changes of variables (e.g., #; := ¢""u,), which are
quite convenient in the parabolic context. In particular, our argument to verify the
uniform continuity of the constructed viscosity solution is new, and quite different
from the argument in [11]. Since the path-frozen PDEs do not conserve the uni-
form continuity of the data of the problem, in [11] the authors require additional
uniform continuity assumptions (see their Assumption 3.5) to ensure the uniform
continuity of the constructed viscosity solution. Curiously, we observe in the ellip-
tic case that the solutions 8¢ to the path-frozen PDEs are “almost” (with an error
&) uniform continuous in the parameter w, that is,

026 — 09| <&+ p(2e) + Cop(d® (0", 0?)),
for some modulus of continuity p

[see (5.10) below for the more accurate result], and this intermediate result leads
to the uniform continuity of the constructed viscosity solution without any extra
assumptions. By comparing to the parabolic context, we think the above property
is intrinsically elliptic.

We also provide an application of elliptic PPDE to the problem of superhedging
a time invariant derivative security under uncertain volatility model. This is a clas-
sical time homogeneous stochastic control problem motivated by the application
in financial mathematics.
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The rest of paper is organized as follows. Section 2 introduces the main notation,
as well as the notion of time-invariance, and recalls the result of optimal stopping
under nondominated measures. Section 3 defines the viscosity solution of the el-
liptic PPDEs. Section 4 presents the main results of this paper. In Section 5, we
prove the comparison result which implies the uniqueness of viscosity solutions.
In Section 6, we verify that a function constructed by a Perron-type approach is an
viscosity solution, so the existence follows. We present in Section 7 an application
of elliptic PPDE in the field of financial mathematics. Finally, we complete some
proofs in the Appendix.

2. Preliminary. Let Q:={we C(R™, RY) : wp = 0} be the set of continuous
paths starting from the origin, B be the canonical process, ' = {F;},cr+ be the
filtration generated by B, T be the set of all F-stopping times, and Py be the
Wiener measure.

Denote the L,-norm on the continuous path space Q2 by ||w|lco := SUPy <o |@s].
Introduce the concatenation of the continuous paths -

o (0 ®r )(8) 1= ws110,1)(s) + (0 + @) 11,00)(5)
' forw,w’ € Qand s, t € RT.

Given a random variable & : 2 — R and a process X : Rt x Q — R, we define the
shifted random variable and the shifted process

(o) =E(0 @ ), X0(s,0) =X (1 + 5,0 Qo).

For a T € T, we often write £7¢ (resp. X™®) instead of £7(®)® (resp., X (®)®)
for simplicity.

In this paper, we focus on a subset of €2 denoted by ©2¢, which will be considered
as the solution space of elliptic PPDEs. Define

Q¢ :={w e Q:w=ws. for some t > 0},
that is, the set of all paths with flat tails.
We denote the starting of the flat fail of a path w € Q¢ by
f(w) :=min{t : © = w; .} for all w € Q°.

Recall the definition of the concatenation in (2.1). Forw € Q¢, o’ € Qand & : Q —
R, we define

(@®)(5) i= (0 ®jey @)(s) and £°() :=E @) =E (0@ ).

In our arguments, we will be interested in the subsets in ¢ of some particular
form. Denote by

R the set of all open, bounded and convex subsets of R? containing 0.
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We are interested in the subsets in 2¢ corresponding to D € R:
(2.2) D:={weQ’:w € Dforallt >0}.
By defining the stopping time
Hp :=inf{t >0:w; ¢ D}, andtheset H:={Hp:D € R},
we may further define the boundary and the cloture of D:
0D :={w e Q°:1(w) = Hp(w)}, cl(D) :=DUID.

Elliptic equations are devoted to model time-invariant phenomena, and in the
path space the time-invariance property can be formulated mathematically as fol-
lows.

DEFINITION 2.1. Define the distance on Q°¢:

d(w, @) :=inf sup |wey — ;|  forw, o’ € Q°,
CeT e+

where Z is the set of all increasing bijections from R™ to R*. We say w is equiv-

alent to o', if d°(w,®’) = 0. A function u on ¢ is time-invariant, if u is well

defined on the equivalent class, that is,

u(w)=u(w')  wheneverd‘(w, o) =0.

For a subset D C Q¢, C(D) denotes the set of all functions ¢ : D — R continu-
ous with respect to d°(-, -). The notation C(D; R?), C(D; S%) (S denotes the set
of d x d symmetric matrices) are also used when we need to emphasize the space
in which the functions take values.

Finally, we say u € BUC(D) if u : D — R is bounded and uniformly continuous
with respect to d°(-, -), that is, there exists a modulus of continuity p such that

(2.3) lu(@') —u(w?)| < p(d*(0',w?)  forallo',w®eD.

REMARK 2.2. For any modulus of continuity p, the concave envelop p :=
conc[p] is still a modulus of continuity for the same function. Thus, without loss
of generality, we may assume that moduli of continuity are concave.

EXAMPLE 2.3. Let us show an example of two equivalent paths of which the
Lso-distance is large. Let (#;, x;) € RT x R4 for each 1 <i < n. We denote by

(2.4) w :=Lin{(0,0), (t1, x1), ..., (tn, Xn)}

the linear interpolation of the points with a flat tail extending to t = co (w; = xp,
for t > t,,). Then by defining another path

o' :=Lin{(0,0), (t],x1), ..., (1, xn)},

we clearly have d(w, ») = 0 regardless of the choice of {ti/ }1<i<n. However, the
Lo-distance || — o'||« can reach maxi<; j<, |x; — x;| by choosing a particular
sequence {}1<j<n.
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EXAMPLE 2.4. We show some examples of time-invariant functions:

e Markovian case: Assume that there exists i : RY — R such that u(w) =
u(wy(y))- Since |a)[( @ d¢(»', w?) for all 0!, w? € Q°, u is time-
invariant.

e Maximum dependent case: Assume that there exists # : R — R such that u(w) =
i(||w|lso). Note that [|w]|eo = d€(w, 0) and d®(w', 0) — d¢(w?, 0) < d*(»', w?).
Thus, @' |ls = ll@?]lec Whenever d¢(w', w?) = 0. Consequently, u# is time-
invariant.

t(a)2)| =

Here is some useful notation:

e O :={xeR%:|x|<L},and O :={x eR?: |x| < L}.

e [aly,bly)l:={y €Syg:al; <y <bly}.

e HO(E) denotes the set of all F-progressively measurable processes taking values
in the set E, and in particular H% = ]HIO([«/2/LId, \/ild]) for L > 0.

e Denote the quadratic variation of the path w by (w); : = a2 =2 fé ws dwy,
where [, w;s dw; is the pathwise stochastic integral defined in Karandikar [13].

e Given y,n € S¢, we define y : 5 := Trace[yn];

e Given a function ¢ : © — R¢, we may define the corresponding process

(2.5) @1 (@) = p(wra.).

We next introduce the smooth functions on the space Q€. First, for every con-
stant L > 0, we denote by P’ the collection of all continuous semimartingale
measures P on © whose drift and diffusion belong to H%(O ) and ]HIL, respec-
tlvely More precisely, let Q := € x Q x € be an enlarged canonical space and

= (B, A, M) be the canonical process. A probability measure P € PL if there
exists an extension Q%# of P on € such that

B=A+ M, A is absolutely continuous, M is a martingale,
dA d{M
2.6) |of|, <L, Y eH?  where o) := —t  BF = %,
Q*P-as

REMARK 2.5. The definition of P’ is slightly different from the one in [11],
since we urge that the coefficient of diffusion g¥ > \/% 1.

Further, denote P> :=J, ., P~.

DEFINITION 2.6 (Smooth time-invariant processes). Let D € R, and recall
D C QF° defined in (2.2). We say ¢ € C3(D), if ¢ € C(D) and there exist Z €
C(D;R%), T € C(D; $?) such that

dpr=Z;-dB, + 3T, (B);  fort <Hp, P™-gs.
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[¢; is defined in (2.5)], where P°°-q.s. means P-a.s. for all P € P°°. By a direct
localization argument, we see that the above Z and T, if they exist, are unique.
Denote d,u := Z and 92 u :=T.

REMARK 2.7. In the Markovian case mentioned in Example 2.4, if the func-
tion i : R? — R is in C%(D), then it follows from Itd’s formula that u € C2(D).

REMARK 2.8. In the path-dependent case, Dupire [7] defined derivatives, d;u
and d,u, for process u : RT x Q — R4, In particular, the z-derivative is defined as

h, wsn.) — u(s,
oru(s, w) ;= lim uls +h, wgn.) —u(s w)
h—)0+ h

Also, Dupire and other authors, for example, [4], proved the functional It6 formula
for the processes regular in Dupire’s sense:

dus = dugds + dpus - dBs + 302, us ¢ (B)s, P>g.s.

Note that in the time-invariant case it always holds that d,u = 0. Consequently,
the processes with Dupire’s derivatives in C (D) are also smooth according to our
definition.

We next introduce the notation of nonlinear expectations. For a family of proba-
bilities 7P, a measurable set A € F,, arandom variable &, we define the capacity C,
the sublinear expectation £ and the superlinear expectation £:

=P .
C7[A]:= sup P[A], £ [€1:=supE"[E],  EP[):= inf EV[E].
PeP PeP Pep

We also define the optimal stopping operator (in other words, the Snell envelop)
Sand S:

ST X)(w):=sup & [X:°],  SPIX](w) = inf EP[X"?],
teT €T

with the barrier process X.

Recall the family of probabilities P~ defined above. For simplicity, we denote

cl.=cP", gk .= EPL, gL = §7)L, Sh.— SPL, St .= QPL.

The existing literature gives the following results.

LEMMA 2.9 (Tower property, Nutz and van Handel [20]). For a bounded ran-
dom variable &, we have

el = E e )] foraliteT.
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LEMMA 2.10 (Snell envelop characterization, Ekren, Touzi and Zhang [9]).
Let T ¢ RT, Hp € H and X € BUC(D). Denote H :=Hp A T. Define the Snell
envelope and the corresponding first hitting time of the obstacles:

Y = EL[XHA.], ™ :=inf{t >0:Y; = X,}.
ThenY > X, Yy« = X+ and T* is an optimal stopping time, that is, Yo = EL[XT*].
It is also important to have the following result, of which the proof can be found
in the Appendix.
PROPOSITION 2.11. Let D € R, and denote
2.7) D' :={y:x+yeD} forx € D.
Assume that O is also in R. Define a sequence of stopping times {H, },eN:
(2.8) Ho =0, H, :=inf{s > H,_1 : B — By, , ¢ O}, n>1.
Then we have:

() lim,_ oo CL[H, < T1=0forall T e RT,
(i) € [Hp] < oo,
(iii) lim7_ oo Sup,cp CE[Hpr > T1=0,
(iv) limy— o0 SUp,cp CE[H, < Hpx] = 0.

3. Fully nonlinear elliptic PPDEs.

3.1. Definition of viscosity solutions of uniformly elliptic PPDEs. lLet Q € R
and consider Q (:= {w € Q° : w, € Q forall r > 0}) as the domain of Dirichlet
problem of the PPDE:

Lu(w) :=—G(w,u, dyu 92 u)=0 forw e Q,

’ Y ww

(3.1
u==~¢& on 09,

with nonlinearity G and boundary condition by &.

ASSUMPTION 3.1. The nonlinearity G : © x R x R? x S¢ — R satisfies:

1) 1G(-,0,0,0)| < Co;
(i1) G isuniformly elliptic, that is, there exists Lo > 0 such that for all (w, y, z)

1
G,y,2,71) — G, y,2,y2) = L—Old (1 —»2) for all y; > y».

(iii) G is uniformly continuous on ¢ with respect to d°(-, -), and is uniformly
Lipschitz continuous in (y, z, y) with a Lipschitz constant Lo;
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(iv) G is uniformly decreasing in y, that is, there exists a function A : R — R
strictly increasing and continuous, A(0) = 0, and
G, y1,2,¥) = G(w, y2,2,7) = 2(y2 — y1),
forall y» >y, (w,z,y) € Q° x R? x §¢.

For any time-invariant function u on ¢ and w € Q, we define the set of test
functions:

AP u(w) := lo:pe C*(0,) and (¢ —u®),= QOP[((/) - u“’)HSA,] for some ¢ > 0},

A u(w) = lo:9eC*(O,) and (9 —u®), = gop[(w — u”)y, ».] for some & > 0,
with Hy :=Hg, A e.

. . . —L  —PL
We call H, a localization of test function ¢. In particular, we denote A~ := A",

Al = APL, as we choose P~ as the family of probabilities. Now, we define the
viscosity solutions to the elliptic PPDE (3.1).

DEFINITION 3.2. Let {u;};cr+ be a time-invariant progressively measurable
process.

(i) u is a P-viscosity subsolution (resp., supersolution) of PPDE (3.1), if we
have forall w € Q and ¢ € Apu(a)) [resp., ¢ € Zpu(a))]:

—G(w, u(w), dppo, 32,90) < (resp. >)O0.

(i1) u is a P-viscosity solution of PPDE (3.1), if u is both a P-viscosity subso-
lution and a P-viscosity supersolution of PPDE (3.1).

By very similar arguments as in the proof of Theorem 3.16 and Theorem 5.1 in
[10], we may easily prove the following.

THEOREM 3.3 (Consistency with classical solution). Let Assumption 3.1 hold
true and L > 0. Given a function u € C 2(Q), then u is a P- -viscosity supersolu-
tion (resp., subsolution, solution) to PPDE (3.1) if and only if u is a classical
supersolution (resp., subsolution, solution).

THEOREM 3.4 (Stability). Let L > 0, G satisfy Assumption 3.1, and u €
BUC(Q). Assume that:

(1) for any e > 0, there exist G and u® € BUC(Q) such that G® satisfies As-
sumption 3.1 and u® is a PL-viscosity subsolution (resp., supersolution) of PPDE
(3.1) with generator G¥¢;
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(ii) as € — 0, (G?%, u®) converge to (G, u) locally uniformly in the following
sense: for any (w, y,z,v) € Q¢ x R x RY x S, there exits § > 0 such that

lim sup [(G° = G)”(@.5.2. )|+ |(u® —u)*@)|] =0,
¢20(5,5,2,7)€05(0,y,2,7)

where we abuse the notation Ojs to denote the 5-ball in the corresponding space.
Then u is a P-viscosity solution (resp., supersolution) of PPDE (3.1) with
generator G.

3.2. Equivalent definition by semijets. Following the standard theory of vis-
cosity solutions for PDEs, we may also define viscosity solutions via semijets.
Similar to [24] and [23], we introduce the notion of semijets in the context of
PPDE. First, denote functions:

K/fa 'B(w) =0 Wf(w) + 2:8 wt(a))w,(w)
We next define the sub and superjets:

T u(w) = {(a. p): y*F € A'u(w)} and
T u(@) = {(e B): y*F e A u()).

PROPOSITION 3.5. Let u € BUC(Q). Then u is an PL-viscosity subsolution
(resp., supersolution) of PPDE (3.1), if and only if for any w € O,

—G(w, u(w), a, B) < (resp. =)0 forall (a, B) € T u(w) (resp. 7Lu(w)).

PROOF. The “only if” part is trivial by the definitions. It remains to prove the
“if” part. We only show the result for P~-viscosity subsolutions, while the result
for the supersolution can be proved similarly. Let ¢ € ALu(w) and Hs(:=Hp, A 6)
be the corresponding localization. Without loss of generality, we may assume that
w=0(.e., o =0forall t € R") and ¢y = ug. Define

a:=0dup9 and f:= 83)0)(,00.

Let ¢ > 0. Since the processes 9,¢ and 83)&)(,0 are both continuous, there exists
8’ < § such that

0o —al <& and 32,0, — Bl <, fort <Hg,.

Denote B := B + (1 +2L)e. Then, for all T € T such that T < Hg, we have
=L
uo — QL[(Wa,ﬂg — M)‘L’] =& [(l/l —ug— waaﬂs)r]

<& — )]+ E (0 — g0 — pF),]

[
LU (85 — o) d By +2/ 2 05 — }
[

_ T
sSL/O(L|awgos—a|+5(a£w<as /%)) } 0,
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where we used the fact that ¢ € AXu(0) and the definition of P~ in (2.6). Conse-
quently, we obtain (o, ;) € J L44(0), and thus

~G(0,u(0), &, B;) <.

Finally, thanks to the continuity of G, we obtain the desired result by sending
e—0. O

4. Main results. Following Ekren, Touzi and Zhang [11], we introduce the
path-frozen PDEs:

E)Y  L%:=-G(w,v,3v,0>v)=0  on O:(w) := 0, N Q°,

& Y YXX

4.1
with Q¢ := Q%@

[Recall the notation in (2.7).] Note that w is a parameter rather than a variable in
the above PDE. Similar to [11], our well-posedness result relies on the following
condition on the PDE (E)¢.

ASSUMPTION 4.1. For e >0, w € Q and h € C(00,(w)), we have v = v,
where

v(x) :=inflw(x) 1w e C(%(Og(a))), L%w > 0o0n Og(w), w > h on 0, (w)},
v(x) :=sup{w(x):we C3(0:(w)),L°w < 0 on O¢(w), w < h on 0. (w)},
and C§(0¢ () := C*(0,(w)) N C(cl(O¢(@))).

In this paper, we call the classical notion of viscosity solution to PDE (see, e.g.,
[5]) as Crandall-Lions (C-L) viscosity solution, in order to distinguish the one to
PPDE.

EXAMPLE4.2. Assume that g : SY — R is convex, and that the corresponding
uniformly elliptic PDE

Lw=-g(®,w)=0 onO, w=h ondoO

has a C-L viscosity solution. Then according to Caffareli and Cabre [2] (Theo-
rem 6.6 on page 54), the C-L viscosity solution has the interior C2-regularity. In
particular, this equation satisfies Assumption 4.1.

The rest of the paper is devoted to prove the following two main results.

THEOREM 4.3 (Comparison result). Let Assumptions 3.1 and 4.1 hold true,
and u,v € BUC(Q) be a PL-viscosily sub and supersolution to the PPDE (3.1)
for some L > 0, respectively. If u < v on 0Q, then we have u < v on Q.

THEOREM 4.4 (Well-posedness). Let Assumptions 3.1 and 4.1 hold true,
and & € BUC(0Q). Then the PPDE (3.1) has a unique PL—viscosity solution in
BUC(Q) for L > Ly.
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5. Comparison result.

5.1. Partial comparison. Similar to [11], we introduce the class of piecewise
smooth processes in our time-invariant context.

=2 . .
DEFINITION 5.1. Letu: Q — R. Wesay u € C"(Q), if u is bounded, process
{u;};cr+ is continuous in ¢, and there exists an increasing sequence of [F-stopping
times {Hy,},>0 (Hop = 0) such that:

(i) for each i > 0 and w € Q, AH;, = Hf:’_lw — H;(w) is a stopping time

in ‘H whenever H;(®w) < Hp(w) < oo, that is, there is a set O; , € R such that
AH; (o) =inf{t : 0] ¢ Oi »};
(i) foreachi > 0 and w € O, we have

Ui~ € BUC(O;.0) N C2(Or.0);

(iii) {i : Hi(w) < Hg(w)} is finite P>°-q.s. and limi_)ooCé [H? < H‘é] = 0 for
allwe Qand L > 0.

The rest of the subsection is devoted to the proof of the following partial com-
parison result.

PROPOSITION 5.2. Let Assumption 3.1 hold true. Let u € EZ(Q), v E
BUC(Q) be a PL-viscosity sub and supersolution of PPDE (3.1) for some L > 0,
respectively. If u < v on 0Q, then u < v in cl(Q). A similar result holds if we
exchange the roles of u and v.

In preparation to the proof of Proposition 5.2, we prove the following lemma.

LEMMA 5.3. Let T >0, D € R and X € BUC(D) and nonnegative. Denote

H:=Hp A T. Assume that Xo > EL[XH], then there exist w* € D and t* := 1 (w*)
such that
X(o*) = gtL* [Xunl(@*) and X(o*)>0.
PROOF. Denote Y as the Snell envelop of Xy, that is, ¥; := EIL[XHA.]. By
Lemma 2.10, the stopping time t* := inf{s : X; = ¥;} defines an optimal stopping
rule. So, we have

E' Xl =Yy = Xo > £ [Xul.
Hence, {t™ < H} # ¢. Suppose that X =0 on {t* < H}. Then

—L *
0= Xps Ljpr oy (@) = Yor L peapy (@) = E [(Xi)T @] <y (@) = 0.
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The last inequality is due to the fact X > 0. Therefore, Xy1{¢+<ny = 0. It follows
that X+ = Xy on {t* < H}. Thus, we conclude that

Xo < Yo=E"[Xe+]=E [Xu] < Xo.
This contradiction implies that {t* < H, X+ > 0} # ¢. Finally, take w € {t* <
H, X;+ > 0}, and then @* := @+ (). 1s a path satisfying the requirements. [
PROOF OF PROPOSITION 5.2. Recall the notation H;, AH; , and O; 4, in Def-
inition 5.1. We divide the proof in two steps.

Step 1. We first show that

(= )y (@) < [ — v )k

=E"[((un,, — vu) )] foralli >0, € Q.
Without loss of generality, we set i = 0. Assume the contrary, that is,
w—v)"©0) — & [ —v)]>0.

Denote X := (u —v)*. Since limr_ oo CE[H; > T]=0 (Proposition 2.11) and u, v
are both bounded, there exists 7" > 0 such that

Xo—&'[Xu]>0  withH:=H AT.
Then, by Lemma 5.3, there exists w* € Op ¢ and 1* := 1 (w*) such that
(5.1) X(0*) =31 [Xunl(@*) and X (o) > 0.

Since u € fZ(Q), in particular u € Cz(Oo,o), we have ¢ := u® e CZ((’)(%) (recall
that for a set D € R and w € Q¢, we define D® := D« and correspondingly we
have the definition of D). Together with (5.1), we get ¢ € ZLv(a)*). By the PL-
viscosity supersolution property of v and Assumption 3.1, this implies that
0<—G(-, v, 390, 92,00) (0*) < =G (-, u, dput, 32,1) (w*) — (X (0*))

* Y ww
< —G(-u, dpu, 82, u)(0*).

This is in contradiction with the classical subsolution property of u.

Step 2. By the result of Step 1 and the tower property of &' stated in
Lemma 2.9, we have

Elu—vf]<Elw-wi, ] foralli=0.
It follows by induction that

(u—v)t0) < EL[(M -] foralli > 1.
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Then we obtain
<L <L
=)0 <& [ —v), | +E[w—v)f —@—vg,]

By Proposition 2.11, we have lim; o0 CE[H; < Hgl| = 0. Since u, v are both
bounded, we have

=) () <& [ - v)j;,]=0. 0
5.2. The Perron type construction. Define the following two functions:

(52) W) :=inf{y@): ¥ eDp@)},  uw):=sup{y@):y e D)},
where
Dy(w) i={¥ € CH(Q”): L% = 00n Q, ¢ = £ on 3Q)},
Dy(w) :={y € CH(Q”): L% <0on Q, ¥ <£“ on 3Q).
As a direct corollary of Proposition 5.2, we have the following.
COROLLARY 5.4. Let L > 0 be constant. Under Assumption 3.1, for all PL-

viscosity supersolutions (resp., subsolution) u € BUC(Q) such that u > & (resp.,
u<&)onoQ,wehave u>u (resp.,u <u)on Q.

In order to prove the comparison result of Theorem 4.3, it remains to show the
following result.

PROPOSITION 5.5. Let &€ € BUC(0Q). Under Assumptions 3.1 and 4.1, we
have u = u.

The proof of this proposition is reported in Section 5.4, and requires the prepa-
rations in Section 5.3.

5.3. Preliminary: HIB equations. In this subsection, we recall the relation be-
tween HJB equations and stochastic control problems. Recall the constants Lo and
Co in Assumption 3.1 and consider two functions:

_ _ 1

g(y,z,¥) ==Co+ Lolz| + Loy~ + sup LS
(5.3) Belv2/Lola,~/2Lol4]

8(v,z,¥) = —Co— Lolzl — Loy™ + inf B%:y.

Belv2/Lola,v/2Lola] 2

Then for all nonlinearities G satisfying Assumption 3.1, it holds g < G <g. Con-
sider the HJB equations

Lu:=—g(u, d,u, 97,u) =0 and Lu:=—g(u, d,u, d;,u) =0.

? VXX > YXX
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In the next lemma, we will show that the solutions to the PDEs above with the
boundary condition % p have the stochastic representations

_ HX HX
w(x) = sup ELO [hD(BH%)e_fODb’dr +C0/ De_fé brdr dt},
(5.4) beH ([0, Lo)) ; o
N Lo = D, dr "oyt ar
w(x) = inf  E%9hp(Byx)e o + Cy e Jo dt |,
beHO([0,Lo]) b 0

where we use the new notation
HXD ‘= Hpx

so as to shorten the formulas.

LEMMA 5.6. Lethp(x):= ELO[U(H)I‘), BHEA.)]for some v € BUC(RT x Q°).
Then w and w are the unique C-L viscosity solutions in BUC(cI(D)) to the
equations Lu = 0 and Lu = 0, respectively, with the boundary condition u = hp
on dD.

PROOF. We claim and will prove in Proposition A.1 in the Appendix that there
exists a modulus of continuity p such that

=L
(5.5 & 0[|HXD1 — Hg|] < ,0(|x1 —x2|).
Since v € BUC(R™ x Q¢), we obtain that

oD = hp@e)| < €[y, By, ) = v(H, By, )]
(5.6)
=L =L
< p(€ [y — HE [+ E (1B . = By 1 lloo)-

where we used the concavity of p (recall Remark 2.2) and the Jensen’s inequality.
Recall the definition of P (each P € PL corresponds to a measure Q*# in an
extended probability space). We have

H A H2A-
P @a,ﬂ D D
E [”BHXD]/\- - BHXDZ/\~||OO] <E [H/o a; dt —/O o, dt N

o, B 1
+E? [”MH);)I AT MH);)Z/\-”gO]Z
(5.7) 1 —L |
< Lo& °[|np —Hp[]+ (2LoE “[Jup —Hp[])?,
for all P € PLo,

In view of (5.5), we conclude that 4 € BUC(R?). Further, since hp is bounded
and the control processes b in (5.4) only takes nonnegative values, it follows that
for x;,xp € D,

[W(x1) — Wxo)| < ELOHhD(BHg) —hp(By)|]+ CEM|nT — w2|].
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Since hp € BUC(RY), by the same arguments in (5.6) and (5.7), we conclude that
w € BUC(cl(D)). Then, by a verification argument, one can easily show that w is
the unique C-L viscosity solution to Lu = 0 with the boundary condition & p on
aD. Similarly, we may prove the corresponding result for w. [

5.4. Proof of u =u. Recall the two functions u, u defined in (5.2). In the next
lemma, we will use the path-frozen PDEs to construct the functions 6, which will
be needed to construct the approximations of # and u defined in (5.2). Recall the
notation of linear interpolation in (2.4). Then:

o let (x1,x2,...,x) € (0", x; 1= ZS':HCJ and then denote
(5.8) mp :=Lin{(0, 0), (1, x1), ..., (n, X,)}

(in particular, note that 7, € Q°); o
e denote m; := Lin{m,, (n + 1,x, + x)} for all x € O, (clearly, we have
;€ Q°), where we slightly abuse the notation: Lin{m,, (n + 1,x, + x)} =
Lin{(0, 0), (1, x1), ..., (n,X,), (n + 1, Xp + X)};
e define a sequence of stopping times: Hp := 0,
H} :=inf{t > 0:x + B; ¢ O},
(5.9 Hi | :=inf{t > H} : B; — By ¢ O;} fori >1, and

w, Ty, X

Hl

=H A H podry

[recall that Q¢ is defined in (4.1)];
e given w € 2, we define

Jr,’l"(x,a)) ::Lin{yrn, (n+1,x, —I—x—l—wﬂf),...,(n—l—m,x,, +x+wH§1)}

forallm > 1.

The following lemma plays an essential role in our arguments.

LEMMA 5.7. Let Assumption 3.1 hold, and assume that |&| < Cy. Let w € O,
|xi| =€ foralli > 1, , be defined as in (5.8), and v @ 7t} € Q. Then:

(i) there exist continuous functions (m,, x) = 0¢ (1, x), bounded uniformly
in (g, n), such that

0% (15 +) is a C—L viscosity solution Of(E)g)®7Tn’

with boundary conditions

07 (n; ¥) =€ (0 ®,), x| <&andx € 3Q°®™,
Qﬁ’g(ﬂn§x)=9ﬁfl(7r,f;0), |x|:gandera’®”n;
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(ii) moreover, there is a modulus of continuity p and a constant C¢ > 0 such
that for any o', w* € Q

(5.10) 1605 (0;0) — 075 (0; 0)| < & + p(2€) + Cep(d*(e", 0?)).

REMARK 5.8. For the domain O, (w) defined in (4.1), a part of its boundary
belongs to d Q®, while the rest belongs to 9 0. On d Q% N d O, (w), we should
set the solution to be equal to the boundary condition of the PPDE. Otherwise,
on 00, N 30, (w), the value of the solution should be consistent with that of the
next piece of the path-frozen PDEs. The proof of Lemma 5.7 is similar to that of
Lemma 6.2 in [11]. However, the stochastic representations and the estimates that
we will use are all in the context of the elliptic equations. So it is necessary to
present the proof in detail.

In preparation of the proof of Lemma 5.7, we give the following estimate on
the C—L viscosity solutions to the path-frozen PDEs. The proof is reported in the
Appendix.

LEMMA 5.9. Fix D €R.Leth' : 9D — R be continuous (i = 1,2), G satisfy
Assumption 3.1, and v' be the C-L viscosity solutions to the following PDEs:

G v, 9,0°,820v)=0  onD, v =K ondD.

Then we have
(' =020 <E[(h' — k)T (x + By )] + Co(d* (', 0?)),
2

where p is a modulus of continuity in w of the function G. In particular, if o' = »?,
then we have

=L
(' =) @) <E°[(h" = 1*) " (x + Byy)]-
PROOF OF LEMMA 5.7. Since ¢ is fixed, to simplify the notation, we omit &
in the superscript in the proof. We divide the proof in five steps.

Step 1. We first prove (i) in the case of G := g, where g is defined in (5.3). For
any N, denote

_ . )
i i 0) 1= 8 ()]
We define gc;\)] 2 (7 -) as the C-L viscosity solution of the following PDE:

~2(0,8,:0,92.0)=0  on O:(0®my),

? VXX

(5.11) N i
0(x) =0y ,1(m5;0) ondOs(w®m,)  foralln <N —1.
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In order to shorten the formulas below, we denote the path

My(w, 75, B) =0@®x" " (x,B)® (Bu 50y )N

with N :=max{n <i <N :H]_, < H o }.
By Lemma 5.6 and simple induction, we have the stochastic representation of
O (T3 ):

Hw,irﬁ,x
gﬁ’n(nn;x) = sup gho [e_foN brdre My (w, 71, B))
beHO([0,Lo])
Y s
—|—CO/ e_fob’d’ds} forn <N —1.
0
Lemma 5.6 also implies that
(5.12) 5‘}3\,7”(%; x) is continuous in both variables (7, x),
and clearly, they are uniformly bounded. We next define

H S X

_ —L _ Qw®n,,

Gf(nn;x) = sup €& O[e Jo
beHO([0,Lo])

H o® iy s
+Co/ evET = I3 b"d’ds].
0

Then it follows that

#dr Tim £(My (0.7, B))
N—o0

|§Z)(7rn; x) — 5%’,1(71,,; x)| < CCLO[Hj“\,_n < HQ,,)@,,,';] — 0, N — 0.

By Proposition 2.11, the convergence is uniform in (7, x). Together with (5.12),
it implies that 52) (7,5 x) is uniformly bounded and continuous in (7, x). More-
over, by the stability of C-L viscosity solutions we see that 52)(71,,; -) is the C-L
viscosity solution of PDE (5.11) in O (w ® 7,,), with the boundary condition

0y (713 x) = § (0 ® 1), x| <& andx € 3Q®®™,
Oy (a3 x) = 6,1 (77,73 0), |x| =€ and x € Q¥®7,

Hence, we have showed the desired result in the case G = g. Similarly, we may
show that 6% defined below is the C—L viscosity solution to the path-frozen PDE
when the nonlinearity is g:

Qw@)nl){ -
0°(m,: x) ;=  inf 5L0[e—fo brdr Tim &(My(w, 7', B
Oy (s x) = jnf € Jm & (T (@, 7, B))

H S5 X
+Cof QUM — [y brdr ds].
0
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Step 2. We next prove (ii) in the case of G = g. Considering r; € Q“’l N Q‘”z,
we have the following estimate:
1 _2
|9%,n(nn; X) — 9% n(nn; x)|
< CEX[|uy ™ — iy ]

+ CEM[|E(My (0!, 7F, B)) — &(Ty (0. 7%, B))[].

‘We observe that

o! n,l 7Ty,

|H _HNnx|§|H

0o & _HQw2®n}f|v
d*(Ty (o', ¥, B), My (w?, ¥, B))

fde(a) , @ )+||BH _BHsz@,ﬂ;{N”oo‘i‘zg-

oot &k

As in Lemma 5.6, one may show that

1 —2
B, — | < p(d(@' ) +2¢) = p(d*(' oY) + p29).
in particular, p is independent of N and ¢. By sending N — oo, we obtain that

!

7 —57| < p(a(0. ) + p(2e).

A similar argument provides the same estimate for 6:
(5.13) 102" — 09°| < p(d* (o, %)) + p(2).

Step 3. We now prove (i) for general G. Given the construction of Step 1, we
define

0, (%) 1= 0, (T ), O (i X) 1= 0 (T 1), m = 1.

Forn <m — 1, we define ?f:m and 6% as the unique C-L viscosity solution of
the path—frozen PDE (E)?®™ with the boundary conditions

(ﬂﬂ’x)_ n+1(n 0)

me(nn,x)_ 0,31 (7,1 0) forx € 00:(w @ m,).

Since g < G < g, it is obvious that §fn’m and ;" are respectively C—L viscosity

supersolution and subsolution to the path-frozen PDE (E )g“@’”'". By the compari-
son result for C-L viscosity solutions of PDEs, we obtain that

(7Tm’ ) > ew In—l—l(]_[m; )= Q;Uq’m—’_l(ﬂm; 3

> 00" (7T +) on Og(w @ 7p,).
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Further, it follows from the comparison again that

0" (s ) = 00" (s ) = 007 (5 )
(5.14) )
> 09" (1w, ) on Oy (w® ) forall n <m.

Denote 86" := 52)”" — 69", Applying Lemma 5.9 repeatedly and using the
tower property of £ stated in Lemma 2.9, we obtain that

=L _
307 s 0] < B (1305 (" o B O) L]
we also used the fact that M 0) =0 as o € . Then, by Proposi-
[ 1 d the f hat 860%™ ('; 0) = 0 ' € 09%]. Then, by P i
tion 2.11, we have

|60r(10’m(7'[n§x)| SCCLO[H;_,[ <HQQ,®,T;{]—>O as m — oQ.

Together with (5.14), this implies the existence of 8 such that
(5.15) 60" L ee, 69 M40” asm — 0.

Clearly, 6,7 is uniformly bounded and continuous (because it is both lower and
upper semicontinuous). Finally, it follows from the stability of C-L viscosity so-
lutions that 6 satisfies the statement of (i).

Step 4. We next prove (ii) for a general nonlinearity G. For the simplicity of
notation, we denote the stopping times

H = H ol ot fori=1,2, uh? .= u' A H2

First, considering 5;0’"1 defined in Step 3, we claim that for 7;) € Q“ 'n Q“)2

—a)l, 2 m
@7 " — 09" (703 x)

(5.16)  <E[E — 050 B O) s iy
+ (p(d (0", @%) + p2e) 1 )]+ Clm —n)p(df (', ).

1
. ,Q%z are both bounded, it follows

This claim will be proved in Step 5. Since 6
from (5.16) that

o',m

2
n 09"™) (70 x)

< CCHHE_, <H" ]+ C(m —n+ 1)p(d (o', 0?)) + p(2¢).

m—n

@

Recalling (5.15), we obtain that
1 2
6y — 6, ) (Ta: )
<cChmy_, <u'" ]+ Cm —n+Dp(d*(o', ©?) + pQ2e).
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Since limy;, s oo CL[H%_n < H"2]1 =0, there is a constant C, such that
(02" — 02" )(m: x) < &+ Cop(d® (0", 0?)) + p(22).
By exchanging the roles of w' and w?, we have
(62" = 62) (s X)| < &+ p(28) + Cep(d® (@', 7).

Step 5. We now prove Claim (5.16). Suppose that m > n + 1. We first show that

!

@ " = 0%™) (1 x)
—L _ 1’ 2
(5.17) <&@ — Oyt (6, BY; O) 1y g1

+ ()O(de(a)l’ a)z)) + /0(28))1{HT>H1*2}] + Cp(de(a)l’ a)z))

1
Then (5.16) follows from simple induction. Recall that 9(: " (resp., Qﬁz’m) is a
solution to the PDE with generator G, ") [resp., G(w?,-)]. Now we study those
two PDEs on the domain

0.N 0% N o~
The boundary of this set can be divided into three parts which belong to d0O,,
d Q“)l and 0 Q“’z, respectively. We denote them by Bd;, Bd, and Bds.

(i) On Bd;, we have H] < H'2, and thus

1 1 2
0" () =By (2 0) and 04 (myi x) = 00,7 (. ).

—o! -

(ii) On Bd,, we have H! < H}, so we have 9:;) Mt x) = E(0! ®my) =
09" (7,5 ).

(iii) On Bds, we have H2 < HY, so we have 02" (1,; x) = &(0? ®7Y) =
—wz,n
0, " (T x).

Then it follows from Lemma 5.9 that

—wlm

@2 = 0" ™) (2, x)

—L _ l’ 2
<& 0[(9;U+{n - Qf+;n)(”;1 (x, B); 0)1{Hf§H1~2}
2
(5.18) + (Qz)l’n(”rﬁ X+ Byr) = 0" (e x + BHI))I{H1<H’{§H2}
1 _ 2
+ (0, " (tns X+ Byp) = 0, " (s X+ Bip)) e <y

+ Cp(d*(o", w?)).
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We next estimate
A= 0°""(my; x + Byy1) — 07 (7 X + Byyh).
As in Step 3, the comparison result of C—L viscosity solution implies that
02" (s X + Byt) = 02" (s X + By).
It follows from (5.13) that
A <09 " (p x + By) — 02" (T x + By) < p(d* (o', %)) + p(2e).

! _ 2
Similarly, we can obtain the same estimate for 9;0 " (tn; x+ Byp) — 92) " (mrn; x+
B,2). Together with (5.18), we obtain (5.17). U

The previous lemma shows the existence of C—L viscosity solution to the path-
frozen PDEs. Further, we will use Assumption 4.1 to construct piecewise smooth
super and subsolutions to the PPDE. Recall the stopping times defined in (5.9),
and denote

0F = 9,?’8, H, 1= Hg AHgp and 7, :=Lin{(H;(®), oy, w); 0 <i <n}.

LEMMA 5.10. There exists Y€ € fQ(Q) such that
¥ (0) =65(0) +e, Yt  ondQ,
—G(ftn, ¥ (@), 0¥ (@), 5,9 (@) 20 when Hy () < F(@) < Hyt1(@),
foralln e N,
where 0, V¢, 92

oW o are the derivatives of ¢ on the corresponding intervals.

PROOF. For simplicity, in the proof, we omit the superscript ¢. First, since
PDE (E)g satisfies Assumption 4.1 and G(w, y, z, y) is decreasing in y, there
exists a function vy € Cg(Og (0)) such that

v0(0) = 65(0) + g 0% >0 on0,0) and vo>6, ond0,(0).

Denote vg(0; -) := vo(-). Similarly, applying Assumption 4.1 to PDE (E)Zj" (n>
1), we can find a function v, (77,; -) € Cg(OE (7)) such that
Vn (B 0) = Vp 1 (Rn— 1 Oty 0) — @1t @) 27" e
L0, (0;) >0 on Oc(fn),  va(Fi) > 6,(Fnis)  on 30s ().

We now give the definition of the required function ¢ : Q@ — R:

o0

Y(w) = Z(Un(ﬁn; Of () — OH, () T & — 2_"_18)1{Hn(a))§f(w)<ﬂn+1(w)}-
n=0
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Clearly, we have v € Ez(Q). Consider a path w such that H,(w) < f(w) <
Hy+1(w). Since ¥ (w) > v, (7, Wf(w) — OH,(w)), 1t follows from the monotonic-
ity of G

—G (Fn, ¥ (@), BV (@), 03, ¥()) = L0, (Rin: 070 — @11, (@) = 0.
Finally, we may easily check that v(0) — 6p(0) = 5§ 4 5§ = ¢, and that yy > £ on
00. O

Now we have done all the necessary constructions and are ready to show the
main result of the section.

_ PROOF OF PROPOSITION 5.5.  Forany ¢ > 0, let ¢ be as in Lemma 5.10, and
1//8 =y 4+ pQRe) + A‘l(p (2¢)), where p is the common modulus of continuity
of £ and G, and A ™! is the inverse of the function in Assumption 3.1. Then clearly

v'e EZ(Q) and bounded. Also,
V(@) — £(@) > ¥F () + pQe) — §(w) > £(w°) —&(0) + p(26) > 0 ondQ.
Moreover, when #(w) € [H, (w), H,+1(w)), we have that
LY (@) =~G(@. 9" 8u9°, 85,¥°)

= —G (it Y +271(p(20)). 0,¥°, 05,¥°) — p(2€)

> —G(fn, ¥°, d¥®, 35,¥°) > 0
Then by the definition of u we see that

7(0) <Y (0) = y° +p2e) + 47 (p(2e))
<050)+2+p2e) + 27" (p(20)).

Similarly, u(0) > 65(0) —& — p(2¢e) — 271 (p(2¢)). That implies that

(5.19)

#(0) — u(0) <2e+2p(2e) + 227 (p(2¢)).
Since ¢ is arbitrary, this shows that #(0) = u(0). Similarly, we can show that
u(w)=u(w) forallwe Q. [
6. Existence. In this section, we verify that
(6.1) U:=u=1u

is the unique P~ -viscosity solution in BUC(Q) to the PPDE (3.1) for L > L. We
will prove that u € BUC(Q) in Section 6.1 and u satisfies the viscosity property in
Section 6.2.
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6.1. Regularity. The noncontinuity of the hitting time Hyp(-) brings difficulty
to the proof of the regularity of . One cannot adapt the method used in [11]. In our
approach, we make use of the estimate (5.10) for the solution of the path-frozen
PDEs.

PROPOSITION 6.1. Let Assumption 3.1 hold and & € BUC(0Q). Then u is
bounded from above and u is bounded from below.

PROOF. Assume that [£] < Cg. Define
Y == 17" (Co) + Co.
Obviously, ¥ € C”. Observe that Y > Co > £. Also,
LY =—G?(-,¥5,0,0) > Co — G“(-,0,0,0) > 0.
It follows that ¢ € 5€Q (w), and thus u(w) < ¥ (0) = A~ H(Co) + Co. Similarly, one
can show that u(w) > —A~1(Co) — Cy. O

PROPOSITION 6.2. The function u defined in (6.1) is uniformly continuous
in Q.

PROOF. Recall (5.19), that is, for !, w? € Q, it holds that
() <60 0) +e+pQ2e) and wu(w?) >0 (0) —e — p(2e).
Hence, it follows from Lemma 5.7 that
u(') —u(@?) =u(') - u(w?)
<02 (0) — 67" (0) +2(2 + p(2¢))
< Cep(d®(0',?)) +3(e +p(2e))  foralle > 0.

By exchanging the roles of w! and w?, we obtain |u(a)l) — u(w2)| < Cgp(d® (a)l,
0?)+3(e+ p(2¢)), from which the uniform continuity of u can be easily deduced.
O

6.2. Viscosity property. After having shown that u is uniformly continuous,
we need to verify that it indeed satisfies the viscosity property. The following proof
is similar to that of Proposition 4.3 in [11].

PROPOSITION 6.3. The function u defined in (6.1) is a PL-viscosity solution
to PPDE (3.1) for L > Ly.
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PROOF. We only prove that i is a P -viscosity supersolution. The subsolution
property can be proved similarly. Without loss of generality, we only show the
PLo_viscosity supersolution property at the point 0. Assume the contrary, that is,

there exists ¢ € ZLOE(O) such that —c := L¢(0) < 0. For any ¢ € 5‘2 (0) and
w € Q, itis clear that Y e D (a)) and ¥ (w) > u(w). Now by the definition of u,
there exists ¥ € C (Q) such that

6.2) 8,:=v"(0)—u() |0 as n — 0o, LYy" (w) >0, we Q.

Let H; := & A Hp, be a localization of test function ¢. Since ¢ € C 2((95) and
u € BUC(Q), without loss of generality we may assume that

(6.3) E(p(a)m.)f—g and |g, — <p0|+|u,—u0|<6io for all < Ho, .

Since ¢ € A™"7(0), this implies for all P € PLo that
(6.4) 0=>E"[(p —)n,] = E [(p — ¥"),,.].

Denote G¥¢ := af - 3,0 + %(/319))2 : agqu. Then, since ¢ € C*(0,) and ¥" €
C(Q), it follows from (6.2) that

8 = E (9 = v")y, — (0 = ¥")o]
/0 G"(p - z/f")(Bm.)ds]

zEPUOHE(g—G( 0. 000, 0200) + G (- ", 8" 2, Y")

+GF(p—y" ))(BM )ds]

He /¢
= 5| [7(5 = 0w dup. ) + G007 82,07)

+G (0= v") ) Ben)ds |

where the last inequality is due to the monotonicity in y of G. Since ¢y = 1 and
G is Lo-Lipschitz continuous in y, it follows from (6.3) that

He C
On > EPI:/O (5 — G (-, 10, B, 05,%)

G (70, B " 92, 9") + GF (g — w”))wm.)ds]
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We next let n > 0, and for each n, define 7 := 0 and

171 (@) 1 = He(w) Ainf{t > 7] 1 p(d*(wyn., a)r]’,'/\.)) + 8@ (@in.) — 3w(ﬂ(a)r]'.m.)}
+ 0509 (@in) = 33)60(#(60;7”)} + |09 (@in) = do " (@10
02,0 (@in) = 92, 0" (@rr )| = 1},

where p is a modulus of continuity in w of G. Since ¢ € C*(O,) and Y € fz(Q),
one can easily check that rjrf 1 Hg, PLo-q.s. as j — oo. Thus,

C
50 = (5 - Cn )]+ 3 BP (2] = ) (~G . Do 02,0)
j=0

+ G (-, 70, 0¥", 05, ¥") + G (9 = ¥")) (Brr )

c
= <§ — Cn)EP[HS] + ZEP(I;’ — er)
Jj=0

2
for some oe;?, ,B;l such that |a;?| < L and ,B;? € Hg. Note that a;? and ,37 are both

.7-",]:; -measurable. Take PP, € PL0 such that ozip” = oz;?, /Sip” = ﬁ;’ fort € [‘c;?, ‘L']’.ZH).
Then

1
X (a'; S0 (V" — @) + —(ﬂ;?)2 92, (0" — @)+ G (¢ — w”))(BTJM.),

n = <§ - CH)EP” [He].

Let n := gz. It follows that gLy, ] <EPr[H,] < 28,,. By letting n — oo, we get
ELo[H,] =0, contradiction. [

7. Path-dependent time-invariant stochastic control. In this section, we
present an application of fully nonlinear elliptic PPDE. An important question
which is most relevant since the recent financial crisis is the risk of model mis-
specification. The uncertain volatility model (see Avellaneda, Levy and Paras [1],
Lyons [15] or Nutz [19]) provides a conservative answer to this problem.

In the present application, the canonical process B represents the price process
of some primitive asset, and our objective is the hedging of the derivative security
defined by the payoff £(B.) at some maturity Hgp defined as the exiting time from
some domain Q.

In contrast with the standard Black—Scholes modeling, we assume that the prob-
ability space (2, F) is endowed with a family of probability measures PVYM. In
the uncertain volatility model, the quadratic variation of the canonical process is
assumed to lie between two given bounds,

o’dt <d(B), <o>dt, P-a.s. for all P € PYVM,
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Then, by the possible frictionless trading of the underlying asset, it is well known
that the nonarbitrage condition is characterized by the existence of an equivalent
martingale measure. Consequently, we take

PUVM . {]P’ € P°°: B is a continuous P-martingale and

dt —
The superhedging problem under model uncertainty was initially formulated by

Denis and Martini [6] and Neufeld and Nutz [18], and involves delicate quasi-sure
analysis. Their main result expresses the cost of robust superhedging as

4{B), € [02,52],P-a.s.}.

uo =8 M e M0E By )] =& [ MOE(Bugn ],

where r is the discount rate. Further, define u on Q¢ as

(7.1) () =8 Ve M@ Byyon)]  forallwe Q.

We are interested in characterizing u as a viscosity solution of the corresponding
fully nonlinear elliptic PPDE.
ASSUMPTION 7.1. Assume that
& e BUC(09Q), o >0, and the discount rate r > 0.

PROPOSITION 7.2. Let L be a constant such that % <o and L > o. Under

Assumption 7.1, the function u defined in (71.1) is in BUC(Q) and is a PL-viscosity
solution to the elliptic path-dependent HJB equation

ru — sup %yzaf)wu =0 onQ, and u==E& on 09Q.
y€lo,o]

LEMMA 7.3. The function u defined in (7.1) is in BUC(Q).

PROOF. As in Lemma 5.6, the required result follows easily from the fact
&£ eBUC(0Q). O

LEMMA 7.4. We have ug = SUVM[e_”uT] [recall that u;(w) := u(win.)] for
all T <Hp.

PROOF. By the definition of u, we have
UVM [ _pH o n.
[e rHQ ' 5(0) ®l‘ BHQ&)[A./\')]

7V((HQ)t'w7t) (SHQ)I,LO]

e Mu(wipn)=e"E

= ef”EUVM[e

<UVM

=& e (g, )],
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Then it follows the tower property (Lemma 2.9) that

o = ?UVM[G_rHQS(BHQA.)] _ EUVM[EUVM[e_r(HQ)r, ()™ ]

_UVM[e_”uT]. O

PROOF OF PROPOSITION 7.2. Step 1. We first verify the viscosity super-
solution property. Without loss of generality, we only verify it at the point 0.
Recall the equivalent definition of viscosity solutions in Proposition 3.5. Let

(@, B) € T u(0), that is, —ug = max; & [(Y*P — u)y ne], with He := & A Ho,.
Then we have for all P € PUYM  PL and h > 0 that

0> Ep[lﬁg;ih — Uy, ah T ”O]

2
_ E]P’[e—r(ﬂg/\h)

1
= EPI:_,B<B)H5/\}1 + O[BHE/\/’L:| + EP[(eir(HgAh) - 1)UH5Ah]

Un, Ah |+ Uo.

It follows from Lemma 7.4 that ug = EUVM[e_’(HMh)uHSAh] > EF[e—r(HeAR)

uu, ~n]. Therefore,
1 _
0> EP[§ﬁ<B>H5/\h + OlBHS/\h:| + EP[(e rHsAR) _ Dunan]-

Now, we take P, € PUYM guch that there exists a [P, -Brownian motion W such
that B, = y W;, P, -a.s. It follows that

1 1
0> ZEPV [Ey%mg A h) + (e Her) _ l)qu/\h].

Let & — 0, we obtain that 0 > —rug + %yzﬁ. Since y € [g, 0] can be arbitrary,
we finally have

15
rup— sup —y°B=>0.
y€lo,o]
Step 2. Now we verify the viscosity subsolution property. Without loss of gen-
erality, we only verity it at the point 0. Let (o, 8) € J Ly(0), that is, —ug =
min; §L[(g//"‘~/3 — U)n,Arl, With Hg :=¢& A Hg,. For any h > 0, we have

0<¢gk [Vfgj\h — U b + U]
So we have for all P € PYYM < PL that

1
0 < EP[Eﬁ(B>HF/\h:| +EP[(e—r(HsAh) _ l)uﬁg/\h] _ EP[e—r(Hs/\h)MHS/\h] + uQ

1
§EP[— sup Vzﬂ(He/\h)+(e_r(H8Ah)_I)MHS/\hj|

y€lo,o]

. EIP)[efr(Hg/\h)quAh] + up.
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Since ug = g™ [e™" (HSAh)uHS An] (Lemma 7.4), it follows that

— 1
a2 0= sup B0 AR+ (T < D

y€lo,o]

Since we have

e~ T(HenR) _ e~ T(HeAR) _
TMHS/\h +rug| < W + r|lub anl + rluw, An — uol
efr(He/\h) -1
<C ; +ri+rp(e),
where p is a modulus of continuity of u. By denoting
e —1
8(Ch):= sup | — +r|,

0<s<h s

we have the following estimate:
efr(Hg/\h) -1
h
<(C8(h) +rp() L, >ny + (C(r +8(h)) 4+ rp(e)) L, <n)-
Together with (7.2), we obtain that

Un,ah +TUQ

He A h

— 1
OSEUVM[— sup v2B

uw_ ; —ru0:|+C8(h)+r,0(e)
y€lo,o

+(C(r+8() +rp(e)C” " [He < h]

1
<= sup yz,B—ruo—FCS(h)—l-r,o(s)

B v€la.o]
1 VM
+ (C(r + B(h)) +rp(e) + Eﬁzlﬂl)CPU [He < h].

By letting i — 0, we get rug — rp(€) — SUp, ¢[g 7 %yzﬂ < 0. Finally, by letting
& — 0, we obtain

APPENDIX

PROOF OF PROPOSITION 2.11.  The first result is easy, and we omit its proof.
We decompose the proof in two steps.
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Step 1. We first prove that ?L [Hp] < oco. Without loss of generality, we may
assume that D = O,. Denote by B! the first entry of B. Since

Ho, <H} :=inf{t >0:|B}| > r},

it is enough to show that EL[H}] < oo. Thus, without loss of generality, we may
assume that the dimension d = 1.
We first consider the following Dirichlet problem of ODE:

1
(A.1) —L|8xu|—Z8§xu—1:O, u(r)=u(—r)=0.
It is easy to verify that equation (A.1) has a classical solution:
1 1
u(x):F(eLz’—esz)—z(R—x) forO<x <r, and
u(x) =u(—x) for —r <x <0.

Further, it is clear that u is concave, so u is also a classical solution to the equation
1
(A.2) —L|0yu| — = sup ﬁaixu— 1=0, u(r)y=u(—r)=0.
2<p<2L

Then by Itd’s formula we obtain
Ho, 1 Ho, 5
OZM(BHOr):MQ—i-/(; axu(Bt)dBt—i_E/o Bxxu(B,)d(B),

Recalling the definition of Q%# in (2.6) and taking the expectation on both sides,
we have

o, Ho, 1
0=uo+EQ f‘[/o (a,E)xu(B,) + 55,25))%)614(19,)) dt}
(A.3) 5
forall |o|| <L, I <pB <2L.

Since u is a solution of equation (A.2), we have
o, Ho, 1 o,
EQ ﬂ[/ (a,axu(B,) + Eﬁfagxu(B,)) dt] < —E%[no,1.
0

Hence, ug > EL[HO,_]. On the other hand, taking o* := L sgn(d,u(B;)) and 8* :=
%, we obtain from (A.2) and (A.3) that
— g
ug= E [Hor].

So, we have proved that ug = EL [Ho, ]. Consequently, EL [Ho,] < o0.
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Step 2. Note that

By the result of Step 1, we have CLlup > T] , and then limy_, » CE[Hp >

T] = 0. Further,

CH, <Hpl <CY[H, <Hp;Hp < T1+C*[H, <Hp;Hp > T]
(A.4)
<CHH, <T]+CHp > T].

We conclude that lim,,— CLH, <Hp]=0.
) Further, define D := |J,.p D*. Note that H"D <Hjp for all x € D. Hence, we
ave

sup CL[u}, > T] < CL[Hﬁ >T]— 0.
xeD

Together with (A.4), we obtain lim,,_, o sup, . p CLH, < H,]=0. O

PROOF OF LEMMA 5.9. For simplicity, denote
g =G, ...) (=12, c=pdw. o)) (=g'-¢
Liu:=—g (u,d,u,0u) (=12, and 8h:=h'—h%

? VXX

)-

By standard argument, one can easily verify that function
w(x) = E[8h™ (x + By ) + cott}y]
is a C—L viscosity solution of the nonlinear PDE
—co—L()Iwal—l sup yzzafxwzo on D, and
\/LZO Li<y<+2Loli
w=(h)*  ondD.

Let K be a smooth nonnegative kernel with unit total mass. For all > 0, we define
the mollification w” := w * K" of w. Then w" is smooth, and it follows from a
convexity argument as in [14] that w" is a classic supersolution of

1
—co — Lo|dyw"| — = sup y2:02w">0 onD, and

/ Lz—oldﬁyfa/ZLoId

(A.5)
wh = h)T x K" ondD.

We claim that

w" 4 v? isa C-L viscosity supersolution to the PDE with generator g,
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where 0" := w" + §, with § := max,cyp |w"(x) — (§h)T(x)|. Then we note that
w4+ v > wl+h?+68>hl =v! on dD.
By comparison principle for the C—L viscosity solutions of PDEs, we have w" +

v2 > v! on cl(D). Setting n — 0, we obtain that v! — v2 < w. The desired result
follows.

It remains to prove that w” 4 v? is a C—L viscosity supersolution of the PDE
with generator gl. Letxoe D, ¢ € C2%(D) be such that 0 = (¢ — " — v3)(x0) =
max(¢ — w" — v?). Then it follows from the viscosity supersolution property of
v? that L2(¢> — wm)(xg) > 0. Hence, at the point xg, by (A.5) we have

U¢>U¢-ﬁ@—wﬂ
g (9, 0:0, 95:0) +87(d — ", 0 (¢ — "), 93, (¢ — B"))
g (9, 9x0,07,:0) +87(9, (9 — "), 97 (¢ — ©"))
z—co—L0|3xw”|—l sup y2:02 w'
\/LZOIdSVS«/TOId
>0,
where the last inequality is due to (A.5). U

PROPOSITION A.1. Forall n > 1, there exists a modulus of continuity p such
that

[|HQ —Hg ] < p(Ix1 — x2).
PROOF. By the tower property, we have
=L
E g —wgl] <t [IHy —HQ|1 (1) <HX2}]+E [|g —HQ|1 y HQ}]
LI x2+BHx1 LI xH—Bsz
<5 [5 [ [0 Q]I{H <Hx2}]+5 [5 [ [0 Q]l{Hle>HXQ2}]
So, it suffices to show that there exists a modulus of continuity p such that

x2+a)’xl
€L[HQ e ] <p(lx1 — x21), for all o’ such that iy (') < 1y (@)
Denote y; :=x; + o’ , fori =1, 2. Note that
Hw
0
Iyt = y2l = lx1 — x2], y1€00Q,m€Q.

In the case of the dimension d = 1, we may assume that Q = [0, /] for some
h > 0. Next, consider the Dirichlet problem of ODE:

1 h h
(A.6) —L|0yu| — = sup ,38 u—1=0 and u(——) =u<—> =0.
2<paL 2 2
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Then, as in the proof of Proposition 2.11 above, we can prove that equation (A.6)
has a classical solution u and

=Lrovr (P _(h h
3 [HQZ]—M<§—|X1—le)—u<§—lxl—le)—u<5>§,0(|x1—X2|),

where p is the modulus of continuity of u.

In the case d > 1, we need the following discussion. Since Q is bounded and
convex, there exists a d-dimensional open cube Q such that O C Q ,d(y2, 0 Q) <
|y1 — y2| = |x1 — x2]| and there is a unique point y* € 8@ such that d(y3, 8@) =
|y2 — y*|. Since Hsz < HZ, it is enough to prove

(A7) £ [n2] < p(1x1 — xal).

Denote the unit vector e* := I§ :3 ZI . Note that
24|y = yle* €90
(A8) _
and there is a constant £ > 0 such that y, — £e* € 3 Q.

Denote a new stopping time
H*:=inf{t >0: B-¢* ¢ (—¢, |y* — y2|)}.
Since O is a cube, it follows from (A.8) that Hnyg < H*. Since B - ¢* takes values in

R!, it follows from the previous result in the case d = 1 that

'] < p(ly* = y2|) < p(jx1 — x2)), for some modulus of continuity p.

Together with the fact Hny < H*, we finally obtain (A.7). O
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