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Serial correlation in the residuals of time series models can cause bias
in both model estimation and prediction. However, models with such serially
correlated residuals are difficult to estimate, especially when the regression
function is nonlinear. Existing estimation methods require strong assump-
tion for the relation between the residuals and the regressors, which excludes
the commonly used autoregressive models in time series analysis. By ex-
tending the Whittle likelihood estimation, this paper investigates in details
a semi-parametric autoregressive model with ARMA sequence of residuals.
Asymptotic normality of the estimators is established, and a model selection
procedure is proposed. Numerical examples are employed to illustrate the
performance of the proposed estimation method and the necessity of incor-
porating the serial correlation in the residuals.

1. Introduction. Serial correlation in the residuals of nonparametric regres-
sion has been noticed for many years and its impact has been investigated inten-
sively; see, for example, Hall and Van Keilegom (2003), Hart (1991), Opsomer,
Wang and Yang (2001), Ray and Tsay (1997) and Cai (2007). For illustration,
consider the simple nonparametric regression

Yt:g(XI)—i_élv t:1,2,

It is known from the aforementioned work that there is big difference between
the estimation for the case with i.i.d. residuals & and that with serial correlated
residuals. However, in those works, it is usually assumed that {X,} and {&} are
independent, or at least £ (&|X;) = 0, which is an exception for the autoregressive
models where X, is a lagged variable of Y;, for example, X; = ¥;_1. On the other
hand, most of the existing nonparametric or semi-parametric autoregressive time
series models do not allow the residuals to be serially correlated, because otherwise
the consistency of estimation is not easy to obtain; see, for example, Cai, Fan
and Yao (2000), Tjgstheim and Auestad (1994), Xue and Yang (2006) and Gao
(2007).
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To accommodate such serial correlation, linear autoregressive models were
commonly used in the literature. For example, Xiao et al. (2003) proposed an ef-
ficient approach to nonparametric regression with residuals being a general linear
process that can be approximated by a truncated AR process. Chen, Li and Li
(2015) considered a varying coefficient model that has AR residuals. More gen-
erally, Opsomer, Wang and Yang (2001) and Liu, Chen and Yao (2010) used a
stationary ARMA process to model the residuals, that is,

(1.1) £ =0,(B) 10, (B)es,

where 0,(B) =140, B+ -+ 044, B?" and 6,,(B) =1+ 6,1 B + - - - + Opg, B
are irreducible, and B is the back-shift operator. They found that the estimation
efficiency improves substantially by considering the autocorrelated errors when
serial correlation exists. More complicated structure for the errors was also con-
sidered in the literature. Su and Ullah (2006) considered the residual process with-
out assuming any explicit parametric form, which however may lead to slow con-
vergence of estimation, and hence affects model’s prediction. Again, most of the
existing autoregressive models still assume

(1.2) E1X)=0 almost surely,

in order to obtain their theoretical properties. As we discussed, (1.2) is not typical
for autoregressive model.

In the conventional linear ARMA model, one way to cope with the problem
of (1.2) being violated is using higher order AR(m) to approximate the ARMA
model. However, this is not so efficient as m must tend to infinity with sample size;
see, for example, Pierce (1971). As a consequence, the higher order AR model is
less efficient than the original ARMA model in the estimation. For nonlinear time
series models, to use a higher order nonlinear AR model to approximate a non-
linear ARMA model is even more intractable because the resultant model might
have a very complicated functional structure. Therefore, investigating the estima-
tion of AR models with serial correlated residuals is very important in time series
modeling. However, estimation of the resultant model with serial correlated resid-
uals is difficult, even for the simple AR model with serial correlated errors (1.1).
First, the least squares estimator (LSE) might not be consistent when (1.2) is not
satisfied. Second, though iterative estimation between the regressive or autoregres-
sive part and the error part (1.1) can be used in calculation, its theory can only be
justified in some special case; see, for example, Liu, Chen and Yao (2010). Third,
the maximum likelihood estimation (MLE) is also not easily tractable because
the likelihood function contains the inverse of covariance matrix of (£, ..., SN)T,
where dimension of the matrix goes to infinity with sample size N; see Yao and
Brockwell (2006). To overcome these problems, Whittle (1953) used several in-
genious matrix calculus and approximated the maximum likelihood function by
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a summation of the ratios between the periodogram of the observations and the
corresponding spectral density function (SDF), called Whittle likelihood estima-
tion (WLE). Hannan (1973) proved the asymptotic normality of Whittle likelihood
estimator and its equivalence in estimation efficiency to the maximum likelihood
estimator. However, WLE essentially requires that the time series has a closed form
for its spectral density function (SDF), while nonlinear time series models do not
meet this requirement, and thus cannot be estimated directly by WLE.

In this paper, a new estimation method is proposed for a general varying co-
efficient model with ARMA errors. The method can be analogously extended to
other semi-parametric models. The estimation is based on (i) an extension of the
traditional Whittle likelihood estimation (WLE), and (ii) B-spline approximation
of functions in the model. Compared with Liu, Chen and Yao (2010) and Ma and
Yang (2011), iteration is not needed for our method, and our settings are more
general and do not require (1.2). The general ARMA process of the residuals and
nonparametric setting for the model considered in this paper differentiates it from
Wang and Xia (2014) in both modeling and mathematical techniques. First, ex-
tending AR residuals to ARMA residuals encounters the identification problem;
second, our Whittle likelihood has a different formulation of loss function, the
existing techniques for splines approximation cannot be used directly, and thus
new theories must be developed. On the other hand, as discussed above semi-
parametric dynamical models with serial correlation in the residuals have received
great attention, but as Xiao et al. (2003) openly discussed, there exists difficulty in
the modeling and estimation. This paper will address these problems under more
realistic model assumptions, and provide an approach to a general collection of
nonlinear dynamical models.

The rest of this paper is organized as follows. Section 2 proposes the model
to be estimated and its identifiability. An extension of the Whittle likelihood esti-
mation (WLE) is proposed for the model estimation, while a spline-based method
is used to approximate the varying coefficients. Section 3 studies consistency of
the estimators; Section 4 elaborates a model selection procedure, provides some
implementation details for selection of variables, identification of varying coeffi-
cient variables and linear variables and determination of the threshold variable and
placement of knots; Section 5 reports some examples to show the simulation per-
formance of the method, and demonstrate the applicability of the proposed method
for real data analyses.

2. Estimation method. We have discussed in Section 1 the prevalence of
serial correlation in the residuals of regression models, and the lack of estima-
tion methods for autoregressive models with correlated residuals. In this section,
we propose an estimation method for such purpose. We illustrate the estimation
details by using a popular time series model with ARMA process as its residu-
als, called semi-varying coefficient model with ARMA errors (SVCARMA). The
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model takes the following form:

Xt =80(Xe—a) + &1 (Xe—a) Xi—1+ -+ & (Xt—a) Xt —
@.1) +B1Ximrot - BpXimr—p + .

& = 04(B)"'0n(B)er,

where &; is a general ARMA(q1, ¢2) process with 6,(B) and 6,,(B) defined be-
low (1.1). This model not only allows the random errors to be autocorrelated,

but also relaxes the restriction E(&|F;_1) =0, where F;,_| =o{X;_1, X;_2, ...}
is the o-field containing information on and before r — 1. Without losing gen-
erality, we assume lagged variables {X,_1,..., X;_,} with varying coefficients,

g1(X¢—a), ..., 8 (Xs—4), and others with constant coefficients, and that X;_; is
the threshold variable. We also assume go(X;_g) is a varying intercept which could
also be downgraded to constant intercept Sy. Determination of the two types of co-
efficients will be discussed later. It should be noted that the results obtained below
can be easily extended to the case that partor all of {X;_;, j=1,...,(r +p)} are
exogenous variables. It can be seen that (2.1) originates from the varying (or func-
tional) coefficient models; see, for example, Cai, Fan and Yao (2000), Chen and
Tsay (1993), Hastie and Tibshirani (1993), Zhang, Lee and Song (2002) and Li
et al. (2002). These types of models were widely used in practice, and were stud-
ied under (1.2). Other models with ARMA residuals can be estimated using the
same idea; other patterns of residuals can also be studied similarly providing that
its SDF exists, such as residuals of the ARCH process. See, for example, Giraitis
and Robinson (2001).

Model (2.1) may not be identifiable generally. For example, when all the varying
intercept and varying coefficient functions, go, g1, ..., g, are constant, the model
will be a linear autoregressive model AR(p) with ARMA(q1, ¢g2) errors,

BBYX: =&, & =04(B) '0u(B)e,

where B(B) =1+ B1B +---+ B,B” is the polynomial of B for the AR part. This
model is not identifiable, because it could also be represented by

0.(B)X; =&, & =PB(B) '6u(B)e.

However, this identification problem can be fixed by imposing the following as-
sumptions.

(A1) The innovation errors &, =1, ..., N in model (2.1) are white noise, and
0< 002 = Var(g;) < 00.
(A2) Let

8(Xi—s,) = go(Xr—a) + 81 (Xi—a) Xs—1 + -+
+& X)) Xe—r + B1 X1+ + IBpXt—r—p7
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where S, is the set of all lagged variables. Similarly, g(X;—1-g,) represents the
same structure at time point + — 1. We assume G(X,_gg) =X;— g(X,_gg) could
never be factorized as

o0
(1 + Z«zsjBf)H(X,_sg)

j=1
for any set of nonzero {¢;,j = 1,...,00}, that is, Z;’-‘;ld)? # 0, and any
H(X;—s,) of semi-parametric or parametric structure, where the backshift op-
erator B to H(X;_g,) is defined as B/ H(X,_s,) = H(X;_j_s,).

LEMMA 2.1. Suppose assumptions (Al) and (A2) hold for model (2.1). If
model (2.1) could be written as

(2.2) X =g(Xi—s,) + &, where & = 04(B) ™' 0,y (B)s;,

then both polynomial Oa_l (B)6,,(B) and nonlinear function g(X;—s,) are unique.

For model (2.1), the first part to be estimated is the varying coefficients and
the second part is the constant coefficients including linear variables’ coeffi-
cients and those in random errors &;. Determination of the corresponding vary-
ing coefficient variables and linear variables will be studied in Section 4. De-
note the parameters of linear part by 8 = (81,..., 8 p)T and that of & by 6 =

(96115 R Qaql ’ Gml’ cce equ)T'
Write model (2.1) in matrix form as

23) Y =goXi—a) + DXDg1Xi—a) + -+ + DX,)gr Xi—a) + XnpB + &,
where
Y=(X1,X2,....Xn)", X;=Xi—j,...,Xn-}",
j=12,....,r+ p,
g (Xi—a) = (8/(X1-a)s ... g/ (Xn—0)) . j=0,12,....n,
Xnp = Xest, - Xegp), 1=(1,1,...., DT, and

E=(5,....6n) ",

where D(X) is a diagonal matrix of X, and Y is a column vector of time series,
X is a column vector of jth lagged variable, and g;(X;—4) is a column vector
of varying coefficient at all X;_,, & is a column vector of the random errors. Let
gu) = (g1(u), ..., g-)  anda’ =(B7,07).

We first introduce the Whittle likelihood function for errors & in model (2.1),
&= Qa(B)_IQm(B)et. Define a set of frequencies as

cw _{ o 2n[N—1] 0 271[N:|}
wy N=1w, :w, = N > RV I I
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The periodogram of {&;,¢ =1, ..., N} at frequency w,, denoted by I (wj,), has the
following two explicit summation forms:

2
1 |& :
2.4) Hwy, §) = 5— the_”w" where i =+/—1,
2n N bt

and

1 N—1 . N_—\K|

Hon® =5 Y ctoe®n,  where cc) = 2=l
e k=—N+1 N

here c(x) is similar to the sample auto-covariance function (ACVF) for & except
that there is no substraction of £ = 1/N Zf\’: 1 &:. Note that the theoretical SDF
f«(w, 0) of {&} takes the following parametric formula:

o2 |1+ 201, Ogje™ "

27 |14 232:1 Opjeiion|2’

2.5) fe(@n,0) =07 f(wy, 0) =

where f(w, 0) is the standardized SDF when Var(e;) = 1in & =6, (B)~'6,,(B)é;:

I(wn, §)

1
(2.6) NOESEDD Fn )

w,,GWN

Let 6 = argming Oy (0). Then o2 can be estimated by replacing the 0 in (2.6)
with 6,

A A 1 I((,() ) )

6= Qniy =~ Y Hemd)

N Sy f@n )

Note that the above estimation is practicable for linear ARMA(q1, g2) model
when each &; is observable. For the prime model (2.1), however, &; is not observ-
able. A natural way is to replace it with

£ = {Y_ (gO(Xt—d)+D(Xt—y1)g1(Xt—d)+‘ - +D(Xt—yr)gr(xt—d)‘f’XNpﬂ)}»

which could be regarded as an estimator of & if varying coefficients g(u) and co-
efficients 8 were known. Therefore, we propose to estimate varying coefficients
g(u) and constant coefficients ¢ = (8", 0 ") together by minimizing the follow-
ing formula:

1 I (wy, &)
2.7 V@) =— —_—.
@7 NO= X o)

a)nEWN

To estimate g(u), we use B-spline approach. Replace those g(u) in &* with B-
spline bases multiplying their coefficients y T = ()/IT, cee, y,T), where {y;, j =
1, ..., r} are the coefficients of B-spline bases for approximating each {g;(u), j =
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1,...,r}. Then, £ could be written as a function of y and B, and thus (2.7) be-
comes

1
(2.8) N o) =+ >

Wy GWN

I(wn, ¥, B)

This formulation is an extension of the Whittle likelihood, which is also applicable
to any other model that has theoretical SDF for its residuals.

Next, we discuss in details on using B-spline approach to estimate the varying
coefficients g(u) = (g1 (u), ..., g (1)) ". Let C™[a, b] be a collection of functions
defined on [a, b] such that their mth order derivative exists and is continuous. The
following assumptions will be used in deriving the asymptotic properties.

(A3) Function g;(u) € C"[a, b],forall j =1,...,r. The number of inter knots
ko = CoNV/Cm+D '\where m > 2 and Cp > 0 is a constant.

(A4) Let c ={a =co <c1 < -+ <y < Cky+1 = b} be the knots sequence
for u. Assume the distance & ; = ¢; — cj_ between adjacent knots and ko satisfy

R A N : .
lgljez(olhjﬂ hjl=o(ky") and h/lg}lgnkoh] < My,

where h = maxj<j<x, hj, and My > 0 is independent of N and {g;(u), j =
1,...,r}.

These two assumptions ensure that 7 = O(1/ky) = O(N~V/@m+D)y - et

{B j,m(-)}lj‘.:1 be the collection of B-spline bases of order m built on knots se-
quence c. Define the function space built on the bases as

S(m.c)={B)y :y € R"}
= {s(x) € Cm_z[a, b]: s(x) is a polynomial of degree (m — 1)
on each subinterval [c;_1, ¢ j]},

where B(u) = {B1,,(u), ..., By m(u)}. Hereafter for fixed m, Bj ,(-) is abbre-
viated as Bj(-) for convenience. We outline the three main steps in constructing
estimators for « and g(u) as follows.

Step 1. Estimate y = (le yeens er)T by assuming o is known. First, let
Bi(u1) Ba(ui) ... Bi(ur)
Bi(uy) e .e. Br(up)
Byi(Xi-a) =
Bi(uy) eo. Br(uy)

and s;(X;—q) = BNk X¢—q)yj, j=1,...,r. Then
XnpB + DXD)s1(Xi—g) + -+ D(X,)s,(Xi—q) = XnpB + Dy,

(2.9)
where D = { D(X1) Bk Xr—a). - - - DX Bk Ke—a) oy ert-
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Corresponding to (2.4), the periodogram in (2.8) is

I(Cl)n, yv ﬂ)
(2.10)
where en(w,) = {e™i®, ..., e—Nia)n}T’ and &(wy) is the conjugate of en(wy).
Let
1 en(wn)en(wy)
ST S
w, €Wy n»

Then (2.8) could be written as

1
Q1D Own(r,@) = (Y =XypB =Dy)" Ey(Y = X, = Dp).
When « is fixed, the estimator of B-spline coefficients that minimize (2.11) is
(2.12) p(@) =(D"EyD) " 'DTEN(Y — Xn,B).

For convenience, we also write y («) as p.

Step 2. Estimate g(u) by the B-splines approximation using p («), but still as-
suming ¢ is known.

Note that p is still a function of &. Thus, the estimator of g(u) at X, 4 = u is
also a function of «, that is,

8(u, ) = D(Bw))p = D(Bw))(DTExD) 'DT Ex(Y — XB),

where §(u, @) = (1 (u, @), ..., &-(u, @), Buw) = {Bi(u), ..., Bt(u)}ixk is the
B-spline bases at X;_; = u. Let D(B(u)) = diag(B(u), ..., B(u));xrk be the
block diagonal matrix of B(u),

B(u) 0 0
D(B(u)) = 0 Bw 0
0 0 B

Step 3. Estimate o by minimizing (2.11) with y being substituted by p («):

Q@) ¥ oN G, @)

1
_ N(Y —XnpB —Dp (@) Ex@)(Y —Xn,B8 — Dy ()

2.13)

which is only related to al = {B T, 0T}, that is, the linear coefficients of (2.1) and
coefficients in &;. As the above procedure is similar to profile likelihood estimation
of Severini and Wong (1992) and Carroll et al. (1997), we call (2.13) the Profile
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Based Whittle Likelihood Estimation (PBWLE). Finally, we can estimate o by
minimizing (2.13),

(2.14) a= argn}xin Qn (@),
and g(u) by

(2.15) 8, &) =D(Bw)(D'Ey@)D)”'DTEx@)(Y - XB).

3. Asymptotic properties of estimators. We first consider the asymptotic
properties of estimators for the varying coefficients by assuming constant coef-
ficients to be known, and we shall come back to the case when they are unknown
later. The following assumptions will be used to derive the theoretical results.

(AS) Let © be acompact subset of @ = {0,1, ..., 0ug;, Om1, - -, Omg, ), Such that
&, denoted as ARMA(q1, g2, #), is stationary and invertible for all § € ®. More
specifically, there exists a 6 > 0, such that all roots of 8,(z)6,,(z) = 0 are outside
the circle {z € C: |z] =1 + §}. This leads to the existence of uniform values C sy
and C 7 such that

3.1) 0<Cy1 < f(w,0) <Cpp <00.

Furthermore, assume that for any « € A, limy_ o0 Qn () > limy_ o0 Qn (etg),
which means that the Whittle Likelihood achieves minimum value at the true pa-
rameters o € A.

By Brockwell and Davis (1991), page 391, (A5) guarantees that f(w, #) and its
first derivative df (w, #)/00 are Lipschitz class A, with a > 1/2, that is, for any
0 e,

sup| f (@, ) = [ (@ + A, 8)] = 0(a7)

of (w,0) B if(w+A,0)

= 0(AY),
Slal)p 20; 00; ( )
and that
I ™ f(w,00)

o L —1 0 0 if 16 — 8o > 0.
jnf —— e T @0 w=1, f(w,0) # f(w,00) if | oll >

Here, 6 is the true values of the parameters; see Lemma 2 of Hannan (1973).

(A6) Let F(u) and Fy(u) be respectively the theoretical and empirical cumu-
lative distribution function (CDF) of X;_g4, and Ay = max,<,<p | Fn(u) — F(u)|.
Let Fj(u,x) and Fy ;j(u,x), j=1,...,r, be the theoretical and empirical joint
CDF of (X;—q,X;—j) € Nj when j #d, and By = max u,x)eh; |Fnv,j(u,x) —
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Fj(u,x)|. The number of knots, ko, satisfies ko/Nl/2 — 0. For any square-

integrable function s(u), that is, | : s2(u)dF (u) < oo, there exists constant 0 <
C U; <00 such that

b
// s*(w)x>dFj(u,x) = Cy, / s>(u)dF (),
N a
(3.2) ! 1 |
An =op(ky "), By =o0p(ky ).

(A7) Sequence {X;, &} be a strictly stationary and «-mixing process, with mix-
ing rate o () satisfying 3~ ;> a(j)'72/T < oo for some constant T > 2, E|X,|** <
00, E|& % < oo.

Assumption (A6) was commonly used in the literature; see, for example, Zhou,
Shen and Wolfe (1998). Actually, Yu (1994) proved that if the mixing rate defined
in (A7)is O(n™%), then

(3.3) sup|I:"N(u) — F(u)| — Op(nﬁf/(lﬂ))’

where s < max(«, 1). Thus, when ko/ N 12 50, (3.3) guarantees assumption (A6)
hold. If {X; 4, X;;} are independent, then Cy i will be equal to E|X;_; |2, which
is not related to U = X;_4, but in model (2.1) {X;_4, X;—j} are dependent, thus
Cy; is indexed by U. In (A7), the ergodicity of X, can be ensured by Proposi-
tion 2.8 of Fan and Yao (2003), it stems from the fact that an o-mixing process is

mixing in the sense of ergodic theorem.

THEOREM 3.1. Suppose assumptions (Al) to (A7) hold, for any fixed u €
[a, b]. Then
(34) VN8 — o} > N(0, 07 Ape A] @),
here
Q Qpor  Qpon
I, 0 0 L
Ar= ( 0 L I ) Qpp=| Qgor Q01 Loru |,
a T T
Q,emu Q()I,II Qon
1 / 0*(f(@, @0) [~ (@,00)
= — w,
27 J-n docdo T

I, and 1; are identity matrices, p is the number of linear lagged variables, that
is, the length of B, and q = q1 + q2 is the length of 0. Blocks of Q2gg are defined
respectively by (A.42), (A.44), (A.46), (A.48), (A.50) and (A.52) in the proof.

d

g, @)= @1, &),...,8 w,&)" is asymptotically normal, that is,
~ N d
(3.5) VNR{g(u,a) — (gw) +bw) + pu})} = N(0, ,(n)),

where b(u), s and ¥, (u) are defined in Lemma A.2.
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Because ® and Q2gg are functions of « and the coefficient functions, they can
also be estimated according to the definitions of ® above and of Qgg in (A.42),
(A.44), (A.46), (A.48), (A.50) and (A.52) based on the estimated « and the coeffi-
cient functions. Similarly, we can estimate X, («) in (3.5).

4. Model selection. This section includes the selection of lagged variables,
the order of the ARMA for the residuals, the number of knots and their positions.
We first modify the BIC criterion in order to select significant lagged variables
and to distinguish the varying and constant coefficients. For these two types of
coefficients, the corresponding variables are called varying-coefficient variables
and linear variables, respectively. As the varying coefficients are approximated
by B-spline bases, Huang and Yang (2004) suggested using BIC to select them.
Recall that the original BIC is defined as

P
BIC =1og(MSE) + N log N,

where P is the number of parameters used in the model, and MSE is an estimator
for 002. Because for Qu (&) in (2.13), Lemma A.3 shows its consistency Q (&) S
ag, thus we can use Qu (@) to replace MSE.

As our selection also needs to distinguish varying coefficients from constant
coefficients. We thus define BIC,, as

Py
4.1 BIC,, =log(Qn) + Wlog(N),

where Qy is defined in (2.6), Py = P, + P, is the total number of parameters,
P, is the number of parameters for the B-spines approximation of the varying
coefficients, P, is the number of parameters for the constant coefficients and those
in &;. For model (2.1), we also have P, = Z;~ Pyj,j=1,....r, Pyj=k+m—2,
here k is number of knots and m is the smooth degree in (A3), r is the number of
varying coefficients. Then it is easily seen that (4.1) should be written as
rtk+m—2)+p+gq

(4.2) BIC,, =1log(Qn) + log(N) N ,

here p is the number of linear variables, ¢ = g1 + ¢ is the number of coefficients
for ARMA(q1, g2) of &. For varying coefficient variables, log(N)(k +m —2)/N
is the penalty of adding one variable. In contrast, for linear variable, the penalty is
log(N)/N.

Finally, we write the procedure of model selection as follows. Let Spmax de-
note the number of candidate variables to be considered. In our calculation, we fix
Smax = log(N). Assume the best model is So. U Sop = So C {1, 2, ..., Smax}> Soc
contains linear variables, Sp, contains varying-coefficient variables. For any num-
ber of knots k and threshold variable’s lag d < Spax, the knots are equally placed
between the 0.5 and 99.5 percentiles of the threshold variable. Generally, there are
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two ways to choose the knots, one is equally spaced, the other one is sample quan-
tiles of the threshold variable. For our SVCARMA models, the threshold variable
is usually a lagged variable which does not spread evenly and are very sparse near
the boundaries, sample quantiles will choose too many knots in the middle of the
data range, thus we use equally spaced knots in our calculation. The following
four steps are summarized for our model selection procedure:

Step 1. Begin with two empty sets S, and §,, add one lagged variable at a time,
and decide whether it is varying coefficient or linear by comparing BIC,,. Thus,
there will be a total of 25y« different BIC,, to be compared in the first step. If
Je{l,2,..., Smax} as varying coefficient leads to the smallest BIC,,, then put j
into set S, = {j}; otherwise put j into set S, = {j}.

Step 2. Begin with the updated S. and S, repeat step 1 by comparing the rest
candidate variables, and update S, and S,,.

Step 3. Repeat steps 1 and 2 until the BIC,, could not be smaller.

Step 4. After step 3, we have S. and S,. As the final selection result might be
affected by the order of entrance, it is necessary to check whether some variables
in S, could be moved into S, using similar procedure as steps 1 and 2. Finally,
a model with §,, = S, U S, is generated.

Denote the selected set of variables as S, (d) = S.(d) U S,(d) when X;_,4 is
used as threshold variable. Denote the corresponding BIC,, by BIC,,(d). Then
the d* = argming BIC,,(d) is the lag selected for the threshold variable. For the
number of knots, we use k =< k.N'/> where k. is a tuning constant whose default
value is 2 as Huang and Yang (2004) suggested. In our calculation, similar to d*,
we apply BIC,, to select the number of knots around k.N'/> to control model
complexity and model fitting. The selected number of knots k will still satisfy As-
sumption (A4). Consequently, Theorem 3.1 remains true when the selected number
of knots and order are used.

5. Numerical studies. In this section, three numerical examples will be stud-
ied. Example 1 is a simulation study to check the performance of our estimation
method and model selection procedure. Examples 2 and 3 demonstrate the use-
fulness of our modeling in practical application. We first use BIC,, to choose an
appropriate model, including the number of knots, and then use the method in Sec-
tion 2 to estimate the selected model, and finally out-of-sample prediction is made
and compared with those prediction by other existing models.

EXAMPLE 1 (Simulation study of estimation consistency and model selection
consistency). Consider the following five semi-varying coefficient models:
M.1: Xt=0.5X1_2+€[+98;_1,
M.2: X[ :O.SX[_l —O.SXt—Z‘l_S[ +08t—17
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M.3: X[ =0. 6COS(X[_3)X[_] — 0.4Xt_2 + O.2X[_4 + &+ QEZ_],
M.4: = (0.8¢7%72 — 0.5)X,_ + (=0.6e 03X 20X, st g 4 0g, ),
M.5: X;=0.5c0o8(X; ) X0 —03X,_3+¢& +0e&_1,

where ¢; are i.i.d. N(0, 1) and 8 = 0.3. For each model, samples of size N =
200, 400, 600 are generated. For each sample of size N, we use B-spline with
degree of m = 3 to approximate varying coefficient functions and to estimate the
model, estimators of varying and constant coefficients are denoted by g;(u), B
and ét, respectively, t =1, ..., T, with T = 1000 replications. We define

T T
mse(B)=T""Y I8, — BI*/p.  mse@) =T""Y (6 —6)

t=1

mse(§(u)) = IZ 3 &) — g@)|?/Lu,  bias’(B) =118 — BI%/p,

t=1Ucuc
A _ 2
bias*(@) =16 —01%/p,  bias*(2w)) = Y & w) — gw)|"/Lu,
UEU,
where u. = (ug.025, u0.025 + 0.05, ..., u0.975), and up.025 and up.975 are sample

quantiles of threshold variable X;_4, L, is the length of u.. Note that ignorance
of the serial correlation will cause estimation bias, thus we also define the square
of bias as bias” in the above equations, where B is the mean of {,B Ht=1,...,T},
and similarly for 6 and g (u).

For comparison, we estimate the model without considering the serial correla-
tion in the residuals, treating them as i.i.d. residuals. Now the corresponding mse
and bias® defined above for the estimators are denoted as msey and bias3, respec-
tively. Table 1 summarizes the results for all models. It can be seen that for M.2,
M.3 and M.4 models, both mse and bias? become smaller as N increases. How-
ever, mseg and bias(z) remain big as N grows. Because for models M.1 and M.5,
(1.2) can be fulfilled, the difference between mse and mseg, and that between bias?
and bias% are smaller than those of models M.2, M.3 and M.4, but mse and bias?
are still smaller than msey and bias(z).

Let Vy be the percentage of S, D Sp,, where Sp, represents the actual collec-
tion of varying coefficient variables for each model, S, is the selected collection
of varying coefficient variables. Let V| be the percentage of Sp, = S,. Thus, Vp
depicts the probability that S, covers Sg,, and V7 means S, is exactly the same
as Spp. For the constant coefficients, the percentages Cy and C; are similarly de-
fined as Vp and V;. Define PER to be the percentage of {So. = S¢}&{Soy = Sv},
which describes the probability that both varying coefficient variables and linear
variables are accurately selected out. In this study, we first assume the threshold
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TABLE 1
Estimation results of Example 1

I N =200 N =400 N =600
Criteria
Models 10~3) B 0 gu) B 0 gu) B 0 gu)
M.1 mse 46 52 - 21 25 - L6 16 -
bias? 03 02 - 01 01 - 00 00 -
mse( 5.1 - - 24 - - 1.8 - -
bias] 04 - - 00 - - 00 - -
M.2 mse 82 144 - 41 65 - 23 39 -
bias? 00 02 - 00 00 - 00 00 -
mseg 238 - - 223 - - 24 - -
biasy 205 - - 208 - - 215 - -
M.3 mse 51 168 456 21 55 74 14 40 55
bias? 01 03 237 00 00 01 00 00 0l
mseg 55 - 711 38 - 343 34 - 316
bias] 18 - 561 22 - 286 22 - 2716
M.4 mse - 200 430 - 67 105 - 42 59
bias? - 15 30 - 0l 33 - 00 02
mse( - - 664 - - 214 - - 213
bias] - - 565 - - 209 - - 158
M.5 mse 41 52 500 22 27 109 14 17 62
bias? 00 02 328 00 00 10 00 00 04
mse( 43 - 5001 23 - 121 14 - 6.6
bias] 00 - 332 00 - o 00 - 04

variable X,_; to be known in calculating {Co, Cy, Vp, V1}, then assume X;_g to
be unknown and select it by comparing BIC,,. Let R; denotes the percentage of
accurately detecting threshold variable X,;_;. Because M.1 and M.2 have no vary-
ing coefficients, R; means the percentage of selecting linear models. With 200
replications, the percentages of accurate model selection are calculated and sum-
marized in Table 2. It shows that when sample size N grows to 600, the percentage
of correctly detecting varying-coefficient variable is almost 100% for all models,
and the percentage of correctly choosing linear variables is also greater than 95%.
The fifth columns of each sub-table display the percentages of accurately select-
ing out both varying coefficient variables and linear variables, which is also quite
satisfactory.

EXAMPLE 2 (The sunspots data). Tong (1990) modeled the square root trans-
formed series y; =2 x (4/1 + x; — 1) of annual number of sunspots, x;, for the
period 1700-1979, by the threshold autoregressive (TAR) model with 11 lagged
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TABLE 2
Model selection results of Example 1

N =200 N =400 N =600

Models: % Vo V; Cyp C; PER Ry Vo Vi Cy C; PER R; Vo Vi Cy C; PER Ry

M.1 - 99.599.094.0 940 98.0 - 100 99.597.0 97.0 100 - 100 100 97.5 97.5 100
M.2 - 97.590.0 86.0 86.0 97.0 - 100 97.094.0 940 100 - 100 98.0 95.5 95.5 100
M.3 95.0 92.0 67.5 66.5 65.0 92.5 99.5 99.0 98.5 95.0 94.099.5 100 100 99.0 98.0 98.0 100
M.4 58.0 575 - 67.0 49.0 89.596.5 965 - 920 91.597.5 100100 - 97.0 97.0 100
M.5 87.0 87.0 98.0 89.5 79.5 91.5 99.5 99.5 99.5 98.0 98.098.5 100 100 100 99.0 98.5 100

variables, that is, TAR(11),
Bo + Biyi—1 + B2yi—2 + B3yi—3 + Bayi—a + Bsyi—s + BeYi—6
+ B7Y—7 + BsVi—s + Bovi—o + BroYi—10 + Br1yi—11 + &, ,
Yi—8 =1,
Bs0 + Bt Yi—1 + Bsayi—a + Buayi—3 + 2, Vi—g >T.

Chen and Tsay (1993) proposed a functional-coefficient autoregressive (FAR)
model to fit the data, that is, FAR(S8),

Yt

Ve =80(yi—3) + 81(yt—3)yr—1 + &2(Vi—3)yr—2 + g8(yr—3) yr—8 + &;.

We speculate the phenomenon that TAR needs 11 lagged variables may be caused
by ignoring the autocorrelation of random errors, adding high order lagged vari-
ables is just like using truncated AR(p) process with large p to approximate
an ARMA process. The FAR(8) model indirectly shows that the high lag in the
TAR(11) is redundant. The functional coefficients might also be biased due to
ignorance of the autocorrelation of random errors, as shown in Example 1. There-
fore, a SVCARMA model should be applied to the sunspot data, to test whether
a model with lower order lagged variables is sufficient if ARMA process for the
residuals is used, and thus to improve the out-of-sample prediction.

We consider candidates of different smooth degrees m = {2, 3, 4}, and different
number of knots k = {2, 3,4, 5, 6,7, 8}. For each pair of (m, k), the model selec-
tion procedure is executed and the BIC,, is calculated. Moreover, threshold vari-
ables, y;_g and y;_3, are also compared as they were used in the above TAR(11)
and FAR(8).

Table 3 summaries all the results for comparison. Obviously, {m =2,k =4,d =
3} leads to the minimum BIC,,. Thus, the most appropriate model in terms of BIC,,
is the one taking y;_3 as threshold variable, and y;_1, y;—2, y;—g as varying coef-
ficient variable and y,;_s as linear variable. Our final selected SVCARMA model
with residuals being MA(1) takes the following form:

ye=PBo+ g (V—3)yr—1+ & i—3)yr—2 + g8(yt—3) yr—8 + Bsyr—s5 + &,

where & =&, +6¢&;_1.
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TABLE 3
BICy, of different m, k and d

m\ k 2 3 4 5 6 7 8
BIC,, d=3

2 1.5324 1.5464 1.5247 1.5501 1.5744 1.5600 1.5640
3 1.5507 1.5321 1.5600 1.5600 1.5485 1.5485 1.5485
4 1.5510 1.5600 1.5600 1.5485 1.5485 1.5485 1.5485
BIC,, d=3

2 1.5425 1.5600 1.5600 1.5600 1.5600 1.5600 1.5600
3 1.5600 1.5600 1.5485 1.5600 1.5600 1.5600 1.5600
4 1.5600 1.5485 1.5600 1.5600 1.5600 1.5600 1.5600

This model has the same lagged variables as FAR(8). However, we will show later
that by assuming the random errors to be MA(1), the out-of-sample prediction
could be improved.

Figure 1 shows the estimated varying coefficient functions for lagged variables
Vi—1, yr—2 and y,_g. We also carry out model diagnostics for the proposed model.
Applying the Ljung-Box Q-test [see, Ljung and Box (1978) and McLeod and Li
(1983)] to {&;,t =1,2,..., N}, we reject (with the p-value < 0.0001) the hypoth-
esis that &; is white-noise. However, using the estimated 0 = —0.377, we calculate
the innovations {&;,t = 1,2, ..., N}. The Ljung—Box Q-test accepts with p-value
0.2217 that ¢;,t = 1,2, ..., N is white-noise. We also carry out the Generalized
Variance Portmanteau Test [see Mahdi and McLeod (2012)], the corresponding p-
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F1G. 1. Estimated varying coefficient functions.
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FI1G. 2. Out of sample RMSPE for Sun spots data.

values for &; is smaller than 0.0001, while that for &, is = 0.1413, suggesting the
same conclusion for & and &; as the Ljung—Box Q-test does.

Finally, prediction ability is compared for the above three models. The 1-step
ahead prediction is defined as E(y;+1|F;). For A (>2) steps ahead prediction, it
can be calculated recursively. In this example, we set the largest # = 13 as Chen
and Tsay (1993) did. After calculating all A =1, ..., 13 step ahead prediction for
period 1700-1979, we shift forward the training data set by one unit of time, and
calculate the 13 steps ahead predictions again, until no more data available. For
each h = {1,2,...,13}, if we make K predictions, and the root mean squared
prediction error (RMSPE) is calculated by

1 N
RMSPE(h) = \/E Z(ywrh — Yith)?.

Figure 2 displays the out-of-sample RMSPE of the three competitive models.
We can see that the FAR(8) is not better than TAR(11) when /& < 6. However, our
model can almost give better predictions for all # < 11 steps. This phenomenon
shows that by adding a MA(1) structure to the random errors, the model can im-
prove the accuracy of prediction of the data.

EXAMPLE 3 (Sea surface temperature data analysis). The El Nifio Southern
Oscillation (ENSO) and its economic effects have been analyzed by a lot of stud-
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ies; see Adams et al. (1999), Glantz (2001) and Ubilava and Helmers (2013). The
ENSO is represented by an abnormal increase (El Nifio) or decrease (El Naiio)
of the Sea Surface Temperatures (SST). The SST for ESNO anomaly, marked as
Nifio 3.4, is defined by the Climate Prediction Center at the National Oceanic and
Atmospheric Administration. This index measures the difference of SST in the
area of the Pacific Ocean between 5°N-5°S and 170°W-120°W; see Trenberth
and Stepaniak (2001). Consequently, SST anomaly is the deviation of the Nifio 3.4
monthly measure from the average historic measure of that particular month from
1971-2000. For the SST anomaly, Ubilava and Helmers (2013) proposed a smooth
transition autoregressive model to fit the data as follows:

5.1 )’t:,30+/31yt—1+~~+/36)’t—6+5;th
+ (Bso + Bs1Yi—1 4 - + BuoYi—6 + 83 M))G, + &4,

where G; = (1 + exp(—1.196/0.835(y;—1 + 0.447)))~" and M, = M;q, ...,
M; 1 DT is a vector of dummy variables for different months of the year.

In this study, we consider SST anomaly data from January 1950 to December
2013. Our conjecture is that by using an ARMA(1, 1) process for serial correlation
of the random errors, the complexity of their model could be reduced and predic-
tion ability can be improved. In the modeling, we have 6 lagged variables and 11
dummy variables to select. As is well known, when prediction is concerned, AIC
usually performs better than BIC. Thus, we change the BIC penalty log(n) into
AIC penalty 2 in (4.2). Because varying coefficient function G, in model (5.1)
has high order of smoothness, we use m = 3 for B-spline with threshold variable
vi—1. It is suggested by the AIC criterion of (4.2) that k = 3 is the most appropri-
ate.

Thus, we set {m = 3, k = 3, d = 1} in the modeling. The corresponding selected
varying coefficient variables are {y;—¢, M; 1, M; 2, M; 7, M0}, and the linear vari-
ables {y;—1, yr—2, Y1—3, Yi—5, M; 6, M; 3}. The speculated SVCARMA model is
thus

e =PBo+ 8i—1)yi—6 + &mu1 (Yi—1)Ms 1 + m2(Yi—1)M; 2
+ 8m1Vi—1)M; 7+ gm10(ye—1)M; 10

+ B1yi—1 + Bayi—2 + B3yi—3 + Bs5yi—5 + BueM;,6 + BusM; 8 + &,
where & = 0,51+ & + O er—1.

(5.2)

The estimated varying coefficient functions are shown in Figure 3. Because m = 3
and k = 3, there are 4 B-splines coefficients for each varying coefficient function,
thus model (5.2) has total number of parameters 4 x 5 + 7 4+ 2 = 29, that is, 5
varying coefficient functions, 7 constant coefficients and two ARMA(1, 1) coef-
ficients. In comparison, model (5.1) has (7 4+ 11) x 2 + 2 = 38 parameters. This
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FI1G. 3.  Estimated varying-coefficient functions.

means model (5.2) is more concise than (5.1) in terms of the number of param-
eters. In other words, after considering the serial correlation in the residuals, the
model can be simplified.

We estimate éa = 0.238, ém = —0.842 in (5.2). For model diagnostics, the
Ljung-Box Q-test gives a p-value smaller than 0.0001 under the hypothesis that
{&,t =1,..., N} is white noise; while the corresponding p-value for {&;,t =
1,..., N} is 0.8462. The Generalized Variance Portmanteau Test gives p-values
<0.0001 and 0.9386, respectively, for the two sequences. These p-values give
strong support to our modeling that the serial correlation in the residuals exist and
can be modeled by an ARMA(1, 1) process.

Finally, the out-of-sample prediction for model (5.1), denoted by LSTAR, and
model (5.2), denoted by SVCARMA, is carried out. We also calculate the pre-
diction of model (5.2) assuming i.i.d. errors, denoted by SVC, and the modified
model of (5.1) in Wang and Xia (2014), denoted by LSTAR-MA. For this purpose,
we split the whole data into two parts. The first part is from January 1950 to De-
cember 2006, used as the training data; the second part is from January 2007 to
December 2013, used for the out-of-sample prediction. Figure 4 shows the RM-
SPE versus h-steps for all the four models. It can be easily seen that by adding an
ARMAC(1, 1) structure into the residuals, the out-of-sample prediction performs
better, which is in consistency with Wang and Xia (2014). By allowing lagged
variables and the dummy variables to have different varying coefficient functions,
rather than taking all of them to be G; in (5.1), the out-of-sample prediction is
further improved.
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6. Conclusion. Serial correlation in regression residuals have long and com-
monly been noticed in the literature. However, for dynamical nonlinear models, the
serial correlated residuals causes many problems in both model identification and
estimation, and thus were not well addressed before. In this paper, a profile based
Whittle Likelihood estimation is proposed and studied in detail for a SVCARMA
model. Asymptotical properties have been built and a model selection procedure
has been proposed, which can be easily applied to other semiparametric models;
numerical studies also demonstrated some merits of our model and method in non-
linear time series analysis. However, some issues such as the consistency of the
BIC,, criterion need further investigation.

APPENDIX: PROOFS OF THEOREMS
PROOF OF LEMMA 2.1. We first consider the special case when & = 6(B)¢;

with 6(B) = 1 4+ 6B, that is, & is MA(1). As ¢, = X; — g(X,_gg) — 60g;_1, thus
e—1=Xi—1 — 8(Xy—1-s,) — 0,2, after infinite iterations, we have

o0
Xi=g(Xi—s,) + &+ D (=0 {g(Xi—j-s,) = Xi—j} + lim (=60)"&_p.
j=1
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Under assumption (A1), (—60)"&;—p % 0, thus by the dominated convergence the-
orem,

o

(A.1) E(X|F—1) =g(Xi—s,) + Z(—Q)J{g(xtfijg) - X}
j=1

As & =X, — g(Xi—s,), (A.1) is equivalent to

E(& + D (=0) i ,-\R_1> =0

j=1
and in back-shift polynomial,
(A2) E(0(B)™'&Fi-1) = E(&/|Fi—1) = 0.

When & =& + 0161+ -+ 0464, thatis, 0(B) =1+ 6B +---+0,B9, we
can extend (A.2) in the same way. Suppose the uniqueness is not true, that is, there
exist g(X;—s,), & (X;—s,), 0(B) and '(B) in model (2.2) such that

(A.3) Xr=8Xi—s,) +& where § = 0(B)é;
and
(A.4) X =¢'Xi-s,) +& where &/ = 6'(B)e;.
According to (A.1) and (A.2), we have
o
(A.5) pw=EXF_1)=g(X;—s,) — ) @i&—j,
j=1
and
o
(A.6) p=EX/F_1)=¢X;s,) — ) @&,
j=1

from (A.3) and (A.4), respectively, where ¢; is the corresponding coefficient of
polynomial 6(B)"' = (1 + 6B+ --- + Gqu)_l =1+ Z?‘;l(ijJ, and (p} is
similarly defined. By (A.5) and (A.6), calculate their difference

(e e] o
0=g(Xi—s,)— & Xi—s)— D _0j&—j+ > ¢i&_;
j=1 j=1

=g(X;_s,) — & Xi—s) + Y oife(Xi—j-s,) — Xi—j}
j=1
AT =Y i Ximjs) — X}
j=1
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=8g(Xi—s) — & Xi—s)+ D_oifeXi_js) — & Xi—j_s.)}
j=I1

o0 o0
+Y oile Ximjos) — X i} = Yo (Xijos,) — Xij}.
j=1 j=1

Let n—1 = g(X;—s,) — &' (X;-s,), and thus B, = n—2 = g(X;—1-s,) —
g'(X t—1-s,)- Together with (A.3), the above equations can be written as

0'(B) —6(B
0B) 1 =6(B)'Eg —0'(B)'g = 0(B) —0(B),,

0(B)9'(B) "
Because 6'(B)~'£/ = ¢, the above equations lead to
(A.8) ni-1=(0'(B) —0(B))e,.
Similarly, equation (A.7) with a different way of transformation leads to
(A.9) ni—1 = (0'(B) — 0(B))e.

Equations (A.8) and (A.9) with assumption (A1) conclude that ¢, = ¢, because
otherwise 6(B) = 0’(B) will be deduced and proof of this lemma will be com-
pleted. When &; = ¢, model (A.3) and (A.4) can be written as

(A.10) X =8(Xi—s,) +0(B)ey,
and
(A.11) X =g'(Xi—s,) +0'(Be;.

Let X; — g(X;-s,) = G(X;-s,) and X; — g'(X;-s,) = G'(X;-s,). Under assump-
tion (A1) and (A2), we have

6'(B)G(X,s,) = 0(B)G'(X,_s,).
Therefore,
G(X;—s,) =0'(B)"'0(B)G'(X;_s,)
which contradicts with the assumption (A2). Thus, 6,(B) and G (X 1-S,) are both
unique.
Now for general ARMA(q1, g2) errors, that is, & = 0,(B)"16,,(B), (2.2) can
be written as
0a(B)G(X;-s,) = Om(B)é;.
The above argument has proved that 6,,(B) and 6,(B)G (X 1—S,) are unique. Sup-
pose there exists 60, (B)G*(X;-s,) = 0,(B)G(X;-s,), then
G(Xi—s,) =0a(B)"'0} (B)G*(X;_s,)

which contradicts to assumption (A2). Therefore, 6,(B) and G(X 1-S,) are both
unique. [l
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LEMMA A.1. Let Gyr = DT END/N where D is defined in (2.9). Let AGNk

and AIGN ¥ be the minimum and maximum eigenvalues of G n. Under assumptions
(A5) and (A6), the eigenvalues are bounded in probability by

(A.12) (Ci1 4 0p(1))h < AG¥ <A%< (C1p + 0, (D)h,
where 0 < C11 < Cpp < 00, h is the maximum distance between two adjacent knots
in (A4).

PROOF. Leta' = {Q]—,...,Q:} with a; = {ajl,...,ajk}T,j =1,...,r be
column vectors such that Z;-: 1 ZIE:l ajz.z = 1. By the definition of eigenvalues,
the minimum eigenvalue should be

1 1
)\S(Nk = min {—QTDTEN]D)Q} = min TI‘{—(]DQ)TENDQ}.
YYa=1{N YYai=1 N

Lemma 6.5 of Zhou, Shen and Wolfe (1998) shows that, for positive semidefinite
matrices A and B, AA Tr(B) <Tr(AB) < A%, Tr(B). It is easy to see that Ey

min max
and Da(Da) " are both positive semidefinite matrices. Thus, the following inequal-

ity follows:

1 1
AS{NI« = min Tr{—ENID)c_z([D)C_,)T} > min )\r]flﬁ]Tr{—Da(Da) }
Cxap=1 N S a=1

By (2.9), Da = {D(X;-1) BNk Xi-a)a, ..., DX;—) Bnk(X;—q)a,}, hence

AN > 3 BN min ZTr{ DX, ) Byt (Xi—a)
ZZ“JZ—IJ 1

X a; (D(X;—j)BNk(Xt—d)Qj)T}

)"mln min { 2(u)x dFy;i(u, x)}
Lin > / f Vi

where s;(u) = Zﬁ:l ajeBye(u) € S(m,c). Under (A6), directly applying
Lemma 6.1 of Zhou, Shen and Wolfe (1998), we have

)\.GNk mi‘; mleCU// sjz-(u)dF(u) by (3.2)
aje="1 j=1

>)‘mm min ZCUJ C —i—op(l)hZajE
Taj=1i0) =1

r k
X (Conin + 0p (DR Y 3 a2, = (C11 + 0, (D)h,
j=1e=1
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where Cpyjp = minj <<, Cyj X C;? >Q0and Ci; = )Lf]’i\;lCmin. By Lemma 1 of Xiao
and Wu (2012), it can be derived that any eigenvalue of Ex is bounded between
ming, f ~Hw, 0) and max, f ~l(w, ). Then (A5) with inequations (3.1) leads to
that AEV is positive and bounded away from zero. Therefore, Cy; > 0. Further-
more, the other side of (A.12) can be shown with the same process. [

LEMMA A.2. Suppose assumptions (A3)—(A7) hold. Then for any fixed u

la, b, estimator §(u, ag) = {81 (u, ag), ..., & (u, ag)} " is asymptotically normal
~ d
(A.13) VNR{g(u, @) — (gu) +bw) + p})} = N, Z,),

where p}, = O(h™) and b(u) = {b1(u), ..., by(u)}" are biases due to B-spline
approximation:

bj(u)=—

(m)
gjm (M)h?1 Pm(u —ci)’

m! hl'

here Py, (-) is the mth Bernoulli polynomial which is recursively defined as
u
P =1, P = [ mPu_i)dv by,
a

where u € [a, b, b, = —m fabf: P,,_1(v)dvdu is the mth Bernoulli number de-
fined in Barrow and Smith (1978/79).

PROOF. By the result of Barrow and Smith (1978/79), there exists s;(u) €
S(@m,c) foreach j=1,...,r, such that

inf  |g;()+b5w) — s, =o(h"),

sj(w)eS(m,c)

(m) m
g; (cih; u—cj
b =5, (=)
i m "\
where || - ||, is the maximum norm. Under (A3), there exist b;(u) = b;f (n) +

o(h™) and sg;(u) € S(m, ¢) such that
(A.14) gju) 4+ bju) — sgj(u) =o(h™).

Note that
1
D(B(u))GN,iNDTEN{D(XI_I)sgl Xi—a) + -+ DXy—)sgr(Xi—a))

1
= D(B(u))G;,,ICNID)TEN]Dy = D(B(u))y =sg(u).
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We have the following decomposition:
8(u, o) — (g(u) +b(w))

1
= {gw, o) — D(B(u))G;v,iNDTEN{mXI_I>g1 Xy—g) + -
+ D(X,_r)gr(xt_d)}}
1
(A.15) + { D(B@)Gi DT En{ DX 1)1 = sq1) + -

+ D)1= 500
+ {sg(u) — (8(w) +b(w))}
d=efpart (i) + part (ii) + part (iii),

where sg(u) = {sg1(u), ..., sgr(u)}T. Next, we investigate the above three parts
separately. First, by equation (A.14), part (iii) is equal to

sg(u) — (g(u) +b(u)) =o(h™).
For part (ii), write
D(B)Gxb D En{DX, (81— 500+ + D81 — 50
= D(BW))G i1,

wherelz(rj,',jz1,...,r,i:1,...,k);rkXl and

1
Tji = NBi(thd)D(thj)EN{D(thl)(gl —sg1) + -+ D(X;—r) (g1 — Sgr)}-

Under (A3), b;j(u) = O(h™) according to its formula. Besides, under (A7), each
D(X;_j)(gj — sgj) is Op(h™), thus each 7;; = OP(hm/\/ﬁ) = op(h™). By
Lemma A.1, G ni’s eigenvalues are within interval [Cy1h, C2h], and 0 < B (u) <
1. Thus, part (ii) is converging to O in probability with order o, (h™). Lastly, by
model assumption (2.3) and estimator (2.15), part (i) turns out to be

1
part (i) = D(B(u))G&,lcN]D)TEN{Y —XnpBo
(A.16) —(DXi-1g1Xi—a) + -+ DXs—r)gr Xi—a) }}

1
= D(B(u))G;,,l(N]D)TEN’;‘O.
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Therefore, it follows from (A.15) that

g(u, ap) — (g(u) +bw))
(A.17)

1
= D(B@)G D"+ En (&) +o(h") + 0, (™).

where &, = {£01,..., &0 ~} " is the ARMA process with the true parameters. Mul-
tiplying ~/ Nk to both sides of (A.17), we have

VNh{g(u, o) — (g(u) +bw))}
= x/NhD(B(u))G;,}(DT%EN’;'O + v/ Nho, (h™).

Under (A3) and (A4), h = O(N~ Y@+ then /Nho(h™) = /No(h"*+1/%) =
o(1). Similarly, we have v/ Nho,(h™) = 0,(1). Therefore, applying Slutsky’s the-
orem, the rest of the proof is to show that

(A.18) VN, ...,p0) = \/NhD(B(u))G;,,l(]D)T%ENSO

converge to normal distribution, where each ¢; = V..(B j)G&}(]D)T%E ~&o, here
VeeB;j)=1{0,...,0,_1,Bu),0j11,...,0},and 0 ={0, ..., O}y xx. Write

_ 1
VN1 =/ NhVeeB1)G D'+ Enko

(A.19) |
= _ﬂir;’

JN

where nir = «/EVeC(Bl)G;,}(}D)T, and ¢ = Ené&,. Similarly, with Lemma A.1l,
Var(vNhg1) = hVec(B1) Gy DT & ENnZoENDG y; Vee(B1) T First, consider the
covariance of ¢,

Cov(¢,8)=ENXoEN,

where ¥ is the covariance matrix of &,

1 1 1 cos(wy) 1 cos((N — Dawy)
o=
1 cos‘((N — Dowy) . . 1 . 1
2erZ f~Ywn, 0) 2nNZf—1(wn,0)

As {1,cos(w),...,cos((N — 1w)} is orthogonal, that is, [cos(jrw) X
cos(jiw)dw = 0 if ji # jo, it is easy to check ¥oExy = I, an identity ma-
trix. Thus, Cov(¢, ¢) = En. Under assumption (A5), 1/f(w, @) could be con-
sidered as a theoretical SDF of an ARMA(q2, q1,0™) process, with reversed
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*=10m, ..., Omg2+0al, ..., 0aq,}. The process is also a stationary and invert-
ible process with 6,(B) and 6,,(B) interchanged when compared to (2.1). Thus,
(A.20) E()=0.

This also means that {¢1, ..., {n} is «-mixing. For each k, let deéflij_,oo Gnk.

Following Lemma 6.4 of Zhou, Shen and Wolfe (1998), it can be derived that
nl_le}x|G;,}<(i,j) — Gl | =0p(h7h).
Therefore,

~vNhpr =~N Vec(Bl)GNllc]D) ! EN‘EO

h
= VeeB1G 1—DTENS() + Vec(Bl)(G;”l( — Gk_l)i]D)TENEO
VN N
(A.21)
1 ~h
= Vee(B1) Gy 1—_1D>TE,1§0 +op(1)

% 0p(1H& f Zvn o1,

where, vi; = 01,4,

0 € )T = Ve DG 'VIDT, iy = VeeB) G VD) T
and
D, ) ={X—-1B1(Xi-a), ..., Xi-1Bi(Xi—a), - ..,
Xi—rB1(Xi—a), ..., Xt—er(Xt—d)}-
Under (A7) that {X;,t =1,..., N} is o¢-mixing, thus {n;,t =1,..., N} which

can be considered as a measurable function of {X; 4, X;—1,..., X;—,} with fi-
nite r, is also ¢-mixing, and vi;,¢ =1, ..., N is also @-mixing. It can be checked
that

|E(Vlz)| = }E(nltfzﬂ = {E(n%z)}]/z{E(gtz)}l/z
< Co{E(Wh Vec(B)G{'D(t, ) TD(t, )G ! Vee(B1) V)2

= Co{vh VecB))G; ' E(D(t, ) TD(t, )Gy ' VeeB)' vi}'>.
Under condition (A6), similar to Lemma A.l, entries of matrix E(D(z,
:)T]D)(t, D) défED should be C;h, j =1,...,rk with C; > 0. Therefore, eigenval-
ues of ¥p is O (h), which implies that eigenvalues of G,;l EDG,?1 are O(h~1).
Consequently,

1] = |E(v1,)| < Coh VecB){G; 'SpG ') Vec(By) < Mp < oo,
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where Mp is a finite constant, which means |1, ]| is uniformly bounded over u by
M g because entries of Vec(B) are all positive and their summation is 1 due to the
definition of B-spline. By Theorem 2.21 of Fan and Yao (2003), 1/ VN > vys con-
verges to normal distribution N (@1, X1). Convergence of «/W@, e, m¢r
can be similarly proved. As any linear combination of /Nh¢y, ..., v Nhe, could
be considered as a linear combination of «-mixing process whose asymptotic dis-
tribution can be built in the same way as for «/Wqﬁl, we finally have

d
VNR($1,.... )" > Ny, T,
where
def s
(S
ILu=E(Vt)=E{U1t»---,vrz}T, Xy = Z E(VtV;T_H),
j=—00

where X, exists and is finite under (A7). Finally, we have
~ d
VNh{g(u, ) — (gu) +b) + py)} = N0, =),

where &ef y/~/Nh = O(h™) is bias caused by autocorrelation of regressors
and random errors in model (2.1). Lemma A.2 is thus verified. [

LEMMA A.3. Under assumptions (Al) to (A7), the estimator & — o and
62=Qn (@) — 002 almost surely.

PROOF. We first study the limit of Quy (a). Let &(6p) = Qo_al(B)Qom(B)st be
ARMA(q1, g2) errors under the true parameters 6. It has been shown by Lemma 2
of Hannan (1973) under (AS), that

1 T
(A.22) 17 @) o2, if8 8o,
27 J_n f(a), 0)

where fi(w, 0p) and f (w, @) are respectively the theoretical SDF and standardized
SDF defined in (2.5). Let Z() = {Z; (), t =1,..., N} =Y — XnpB — Dy (),
which approximates & (6¢) at oc. Write

Z(0rg) =§,(0p) + bias,,

where bias; = {1, X;—1, ..., X;—}(b(u) + ), as shown in Lemma A.2 b(u) +
p is uniformly O(h™). Under assumption (A7) the second moment of bias, is
bounded. Thus,

E(|bias,|2) < Cph®™, where Cj, < 00.
By the definition of ACVF,
)»éo (k) = E(St (00)&—1-/( (00))-
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Comparing the ACVF of Z;(ag) and &;(0¢), we have
Az(s) = Cov(Z(@0), Zi4x (@0))
= E({Zi(e0) — E(Zt(@0)) { Zr+x (@0) — E(Zt14(@0))})
= E({&(00) + bias, — E(bias;) }{&:4« (00) + bias,, — E(bias;)})
= E(&(00)&+«(00)) + E (&4« (bias; — E(bias;)))
+ E(& (bias; 4+, — E(bias;+)))
+ E({bias; — E(bias;) }{bias;+, — E(bias;4,)}).
By Holder inequality, we have
%20 (K) = hgy (k) + Coh™.

Note here Z;(ap) is a process related to sample size N, the above calculation
shows that as N gets larger, Z; (o) approximates & (6¢) better. Because & (6o) is
a stationary and invertible process, for any € > 0 there exists M > 0 such that

€

(A.23) dw

<

T ful@,80) 17 3 e (k)e
e oo ] F@.8)

As Az, (k) = Ag (k) + Coh™ and h — 0 as N — oo, there exists N1 > 0, such that
when N > Ny,

1 (7 XMz, (k)e e
E/ f(,0) de

— L /n ny:—M )‘&)(K)e_h{w
f(w,0)

Since Ag, (k) — 0 exponentially as k — oo, thus there exists N> such that for any
N > No,

(A.24)

€

da)‘ <

T Z|K|>M )“ZO(K)e_in €
(A.25) o . 0) d ' =
Combining (A.22), (A.23), (A.24) and (A.25), we get
. fz(a) o) 2
(A.26) 11m Qn(xg) = / fl. 00) dow =o0y.

Moreover, when a # ), that is, || — ag|| > O,

Zi(@) = &(80) + bias; + Xip(Bo — B) + Dy (P (@0) — 7 (o))

&t &:(0o) + Bias,,
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where X;;, and ; are corresponding ¢th rows of Xy, and D, and Bias; is a linear
combination of {bias;, X; _1,..., X;,_p, X;_4}. Thus, f;(w,a)/f(w,0) can be
regarded as the SDF of following process:

(A27) Zi(@) — 9(Zi-1(@), Zi (@), ...) = €],

where ¢ is set of constant coefficients related to 8. By Theorem 2.12 in Fan and
Yao (2003),

Zo(@) = 9(Zi—1(@), Zi—2(@), ...) = (Z ¢>,~Bf)zt(a> =0, (B)0u(B) Z: ().

j=0
As 1 = % the following integration is equal to its ACVF 1(0) = Var(e]):
- T fZ (C(), d)

—7T f(a)v 0)

Note that a # g means Case one 6 # 0, or Case two § = 0( and B # B. For
Case one, under (A5), we have

dw = Var(e}) =02

*

fz(w o) da):a*z
7 f(w,0)

If the equality above satisfied, by (A5), f;(w, @) =0 f (w, 0), which means that
there exist another model for X;,

>og.

(A.28) hm Qn(a) =

X, =g (Xi—s,) + &,  where& =0,(B)"'0,(B)s;.

This is a contradiction to Lemma 2.1, thus 0*2 > ag. For Case two, if the equality
of (A.28) is satisfied, similar to the proof of (A.26), we have

Zi (o) =§(00) +0p(1),

which will lead to X;,(Bo — B) = 0,(1), and this is impossible when B # B,.
Therefore, we have shown that for any & # a,

(A.29) lim Qu(a) > of.
N—o0

If @ does not converge to &, then there exists a subsequence &; converging to
o, € Aasl— oo, and a, # ag. By equation (A.29) with a, # ag, we have

/ J(w, o) oc*) > o2

(A.30) lim Q;(a;) = lim Qy(aty) = (o 0*) 0y-

[— o0 [— o0

On the other hand, because & minimizes Qy, for any a € A, we have Q;(&) <
Qi () and

hm Qi) < hm Qi) = / fz((;o Z)) dw.
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Therefore, by (A.26),

fz(w 05)
hm Qiay) < mQE . 0)
(A.31)
o T fZ(C(),(!()) da)=02
—7 [(®,80) 0

Equation (A.31) contradicts with (A.30). Therefore, we must have a, = ag, and
thus @ — a( almost surely. The above arguments also lead to

lim Q(a) > 00 > hm Qi(a),

[—o0

and thus Qu (&) — o*g almost surely. [

PROOF OF THEOREM 3.1.  We apply Taylor expansion to each derivative of

Qn (o) with respect to a at ezg. There exists ol j=1,...,J such that
ﬁ(a@N(&) ~ a@N<ao>)
oa aa
(A.32) ) 5 S
0 QN(OC ) 0°Qn (), .
_ f( * o * ) _ ’
dajoa T dasda T (@ —ao)

where J = p 4 q1 + ¢ is length of &, and each o is closer to g than &g in terms
of Euclidean distance,

loed — o < & — ol

When N — oo, by Lemma A.3, & % o, thus oci 23 ag, j=1,...,J. Therefore,
J o . a.s. .

ay, j=1,...,J could be represented by a single a,. — a¢ for convenience when

N — oo, where |la, — gl < |l — atg||. Equation (A.32) becomes

IQn(@) 0Qn (o)) ,—03°Qu(ap) ]
(A.33) Jﬁ( R )_WW(HOP(U)(«—«O).

Because 0Qy (&) /da = 0, it suffices to prove

2
fa@N(aO) d 4 NWO.Q) and 0°Qn (exp) 2
oo dado T

Write

ﬁaQN(ao)=m<8@N(ao) a@N(“O))

dar apT " aeT (Qfﬂ 00
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We first study Q JNB Under assumption (A5), the difference between summa-
tion and integration could be controlled by O(N!/2=%),

0Qn(@) 1 9w, Zeo))/0B
O =N = N fom b0)
1 T l(w, Z(ag))/0B 1/2—a
Vi L™ oy 4 tOWNTTY

By Lemma A.3, as the integration reaches the minimum at o, thus
1 / 3f.(w. a0) /0B
27 f(@,00)
and because a > 1/2 as assumed in (A5), we have O(N'/2=¢) = o(1). Thus,
4 <31(w, Z(a0))/0B  0f:(w,0t0)/0B
T f(a)7 00) f(wa 00)

where the periodogram and SDF in the above equation have the following formulas
by their definition:

=0

(A34) O xp :\/N% )da)+0(1),

1 N—|k|

I(w, Z(tg)) = =— Z cz(k)e ™, c) =5 Y Zi(@0) Zig il (o),
—N-H t=1
N—|k|

1 & .
fz(w,ao):g_zoo,\(/c)e*’m, A(K)— ).

— x|
Let fl/\’z (w, ap) be the Cesaro summation of df;(w, ag)/df up to N terms, so

N—1
/ lic | 94 (k) ik
sz(a)’aO) = Z (1 - N) 3ﬂ e

—N+1

By assumption (AS5), the difference between the Cesaro summation and the origi-
nal function is bounded by O (N ~™9), that is,

3f-(w, o)
B

See, for example, page 91 of Zygmund (1959). Thus, equation (A.34) reduces to

_ 1 A (w, Z(@0)) /3B [y (. )
Qnp=VN 27r/ ( (. 00) (. 80)

N=1 e e
_f /(211 Z(aaﬂ(o)

N+1

sup fz (@, 00) — =O0(N™%).

)da) +o,(1)
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_.<1 l_l>aA'(K)> ke g (w,00)>chuﬁ-0p(1)

N By
& [dc:(0) lic |\ Az (k)
- ;( < W) T )po(K,00)+0p(1),
where
(A35) ootk 00 =1/ [ 7@, 007 doo

It is easy to see that py(k, 0¢) is the ACVF of ARMA(qz, q1,60™) multiplied by
1/(27), where 6* is the AR coefficients and MA coefficients being interchanged.
For convenience, as 0, (1) is negligible according to Slutsky’s theorem, we remove
it symbolically afterward. Consequently,

N—|«]|

— N (2, 7 NE{Z Zss ik
Z (Z ( taﬂt-H I) Z (E{ 5ﬂt+| I})>,00(K,00)

—N+1\ t=1 t=1
Z Z (1) po (i, B0),
—N+1
where Z; (k) stands for the following formula:

N—|«|

Z,H(K)__ 5 <a(ztzt+|K|> 3(E{Zat§t+lx|})>’

where k = —N +1,...,N — 1. In Qﬂﬂ, Zi-[(/c) is a function of Z;, while
po(x, 8¢p) does not depend on Z;. Because for any xy and ko € [-N + 1, N — 1],

E(Zf (k) = E(Zf(k2)) =0,

t=1

we have

Cov(Zy(k1), Zr(k2))

= E(Zi-[ (k1) Z1(k2))
a(Zl‘ Zl‘ +|K1|) 8E(Zl‘1 Z[1+|K1|)
35 (i
t1€T| 12€T2 aﬂ 8ﬂ
(8(thzt2+|1(2|) aE(ZZ‘QZl‘2+|K2|)>)
BT ap’

2 0(Z Zii+111) 9(Ziy Ziy+1ca)
Z Z<{ o8 B’ }

t1 €T 1peT,
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_VE(ZyZii i) aE(ZIQZt2+K2|))

B BT
1 0Z 0Z
-5 2 Z(F| (G 7+ =55
HeT| neT,
aZt aZ; +|x2]|
(s )|

(A.36) 07z 0Z
~{E(Gg )+ E(F5 2 )|
dZy, 3 Z 1+ 1kr
e e

BZtl 0Z;,
N Z Z Zt1+|K1| th+\f<2|

-
tleTl HeT, 8ﬂ

9Z;, 9Zy,
—E( S Zntial E(aﬂTZQ+Kﬂ

BZ[ 8Zt +x2| 8Z, 8Zt +|x2|
+E< 8,31 Zi+lk| a;‘rkz Zfz) - E( aﬂl Z11+|K1|>E< angKz th)

3Zn+i| ., 9Zn ) <3Zz1+|x1| ) <3th )
E Zy 17 E| ———Z7, |E| —=Z
+ < B 8,BT o+ 8 1 8,BT paalel

O Ziy iy | 0 Ziy i _ O Ziy iy | 0 Ziy i
+ E Zy, Zy, E Zy | E Zy,

3B BT B g’
= — Z Z (Party + Partyp 4+ Partyyy + Partpy ),
N
1 €T heT,

where T; = {1,...,N — |k1|} and T> = {1,..., N — |x2|}. Applying Proposi-
tion 2.5 of Fan and Yao (2003) which gives the bound of the covariance, we have

‘_ > Y Pary

HeT| neT,
— lK1l
——— max Part
=y I;I 1l
A.37
( ) & max Z Cov(azt Z BZtZZ )‘
TTN aeh & gp il pgT et

N — k1] - 2/1{ laztl
max 8 Z
— N 1eT, Z adn alg t+lk |

}I/T

T
' ﬂT Zt2+|K2|
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where di2 = min(|t) — 12, |11 — 12 — k2|, [t1 + |c1| — 22|, [t1 + |61 | — 22 — [K2]]).
Under (A7), there exists Ry < oo such that 1/N Y, cr, >y eT, Part; < Ry. Similar
results hold for parts Party, Partyr and Partpy. As a consequence, there exists Ry
such that

(A.38) |Cov(Zp (K1), Z1(k2))| <

As po(k, 6p) is proportional to ACVF of invertible and stationary time series
ARMA(q2, q1,0%), po(k,00) decreases to zero exponentially when k — oo.
Therefore, there exists M > 0, such that }_, s, Y |po(k,00)| < € for any small
€ > 0;here Sy/y = {k : N — 1> |«| > M}. We further have

Y Znk)po(k, Bo)

KGSN/M

22172
<[ ¥ znwmecoo) |

- KESN/M

A

1/2
£ > ) Zn(mzn(xz)po(m,0o)po(xz,0o)]

K1€SN/M K2€SN/M

_ 12
a9 <[ ¥ ¥ |E(za<fq)2}[<xz>)||po<x1,oo>po</<z,oo>|]

'K[ESN/M KzESN/M

1/2
o) |polkr.80)po(ka, 00)|}

K1ESN/M K2ESN/M

IA

= Ro( > {,OO(K1,00)|)( > |,00(K2,0o){)}1/2

- K1€ESN/M Kk2€SN/M
< [R0€2]1/2 <+ Roe.

In the above and following calculations, operators such as | |, VoS ( )2 and 3" are
applied to matrices and vectors elementwise. By (A.39), O VBB could be reduced

to Qﬁﬂ with M terms, that is,

M
O yxp =2 Zn)polk, 80)
-M

1 M N—|k| a(ZzZzHKI) 8(E{thz+|/<|})
=T X ( 9B

—-M t=1

)po(K, 0o)
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«|
Iz IZiy Iz
(—’Zt+|x|+ ’K'Z,—E( ’Zz+|K>
1

Y Y

Because the derivative of Z;(a) takes the following forms:

9Z;(eto)
B

1 T
T =1y T T
th,p—(NID)(t,.)GNkID) ENXN,,> :X,’p—i—op(l),
and

Zi(o0) =Y; — X1, pBo — D(t, ) Yo(eto) = &0,0 +0p(1),

where X; , and ID(z, :) are corresponding row vectors of Xy, and DD, respectively,
by changing the subscripts, it follows that

- 1 M N—|k|

Q/ng= N Z Z (X, pé“o 1+ | +X,+|K| p50.1

-M t=1

— E(X/ J&0.1411) — E(X/y 141, p0.1)) p0(k, o)
1 M N—|«|

= = Z Z K(K’I)pO(KaGO)

N k=—M t=1

(A.40)

min{M,N—t}

N
=—Y Y KDk, 00 fZV(f M).

=1 k=—min{M,N —t}

~

Let
Q% (k1. k2) = Cov(Zp k1), Zp(k2))

N—|«1]
(A41) _—Cov( > X/ pgo ,+|K”+X,HK1|,,$0t,
t=1

N—lkal
Y Xip€ortil +Xz+|xz,p$0,r>-

t=1
Inequality (A.38) ensures that Q% (x1, k2) converges and exists. Let

o0

(A.42) Q=Y. polki.00)po(ia, 00) (k1. k2).

K1,kp=—00

Since po(k, 09) — 0 exponentially when x — oo, thus Qg also converges and
exists. From equation (A.40) and (A7), it is easy to verify that V(z, M) satisfies
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the conditions of Theorem 2.21 of Fan and Yao (2003), and that £E(V (¢, M)) =0.

Thus,
d ~ d
(A.43) Qﬁﬂ ~ Qﬁﬁ — N(0, Q2p),

d C e . .
where ~ means the same asymptotic distribution. Next, consider Q /g,

d
Q\/N():\/N @1(;/;050)

af V(wn,080) 1 3 (wn, Z(ap)) /30
\/_ Zl wn, Z(ao)) a0 - VN ; f(@n, 00)

. 1 7T af_l(a),ﬂo) ol(w, Z(ag)) /00
_WE/_H<I(”’Z(“°)) 0 f(w.60) )d‘”

+O(N1/29),

From Lemma A.3, we have

o ' @.00) , 3f.(o. (@))/96 ) dw=0.

1/(2m) /_ﬂ(fz(a)’“()) 90 f(w,0p)

Thus,

f (w, 0
Qo ="No- f ( (. Z(o0)) — fz(w,aoﬂw
l(w, Z(cg)) /30  3f.(w, (0tp))/00 1/2—a
_ do+0
[ . 60) F@.00) D @+ oW
(N1/2—a)‘

=0 nor + Qynon + O
It follows from Theorem 2 of Hannan (1973) that

of ~ (wn, 00)
(A.44) Qﬁm ~ Z‘I(wn,.so)M — N(0, Q).
where
901—0—0/ {Blogf(a) 00)}{810gf(a),00)}wa'
T J-m 00 a0
Now, consider Q qyp- It is easy to check
0Z(cg) 1 o Ta N

aE
]DDGNk]D) ON]DT DT EN{Y — Xn,B0)



SEMIPARAMETRIC AUTOREGRESSION WITH ARMA ERRORS 1655

1 _ 0EN
= yPOMD" =5 G+ &) +0, ()
def T
=[G,

where Gy = D(Xi—1)g1Xi—a) + -+ + DX;—r)gr(X;—q). Because 3f (o,
00)/00 is continuous, thus G’g = {[G’g(l)]T, e, [Gé (N)]"} is a measurable func-
tion of {X;_1,..., X;—r, X;—q}, t =1,..., N, and each Gé(z) 1S a row vector.
Similar to (A.41), define
# 1 N / T / T
9011(K1,K2)=NC0V< D G &0t + GLt + Ik1l) Eor

t=1

(A.45)

N—lia]
Y G041 + Gi(t + |K2|)r§0,r>-

t=1

Following the same procedure of proving Q /z g We have

d
(A.46) O /non — N (O, Q61),
where
o0
Qo1 = Z po(k1, 00)poicz, 00) (K1, K2)
K1,Kkp=—0Q
and

N—lky|
1
Qﬁou(’(b k) = NCOV( Z X;Tp§0,t+|/<|| + X,T_i_|,(1|,p‘§0,t,

t=1

(A.47)

N—|i2|
Y Ge(€0i410) + Git + |K2|)§0,t)

t=1

and the covariance matrix is
o0

(A.48) Qpon= Y  polki.00)p0(k2.00) gy (k1. K2).

K1,Kp=—00

Similarly, we have

Qg1 (k1. 2)

(A.49)
1 Nl . N—lka|
:NCOV< Z X,,pSO,t+|x1|+Xt+|,(1|,p§0,z, Z »’Eo,zfo,r+|xz|),
t=1 t=1
and
o0
(A.50) Qpor= Y polir, 00)Qpg; (1, k2)po (2, 00) T,

K1,kp=—00
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where

1 (7 3f w00 _,
/O(/)(Kz, 00) — / f (w,00) e 2@ 1.,

Q2n)? ) 90

and ,06(/{2, 0o) is similarly calculated as pg(x2, 0o) in (A.35) except that it is a
column vector. For covariance matrix between Q JNol and Q JNOID let

#
QGLII(Klv K2)

(A.51)
1 N—|k1] N—li2|
ZNCOV( 2 £0,060,1+11 2; Gé(¢)§o,z+|xz|+G/g(t+|K2|)$0,t)

t= t=

and

o0

(A.52) Qo= Y. pylk1.00) k1, k2)po(k2,00) .

K1,Kp=—0O0

Construct matrix
Q Qpor  S2po1
I, 0 0 Tﬂ B B
A= ( 0 L 1 ) . Qpp=| Qger 01 Leru |,
4 T T
QﬂOII QGI,II Qo1
where [, and I, are identity matrices, and p is the number of linear lagged vari-

ables, ¢ = q1 + q2 is the length of @ = {041, ...,04g,,Om1, ..., quz}T. By these
notation, we can write

0Qn (o) T T T
N = =A< (Qyge Q wor Qymom

All the entries of the Qgg are defined by (A.42), (A.44), (A.46), (A.48), (A.50)
and (A.52). Recall that we have proved

)T

T T T Td

Combining all the results above, we have
0
(A.53) JN% L N0, Ar2p0A]).
o

Next, we need to show 92Qy (etg)/decder " £ & for some finite matrix ®. Accord-
ing to (A.34),

*Qu (o) 1 /” ACK.D)
apap’  2mJx BBOBT

1 3% I(wp, Z(ao))
A.54 = — _—
( ) N ; apap"

N w,00)do

N (,80)
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1 T aZfZ(w aO)
_E/_HWJF (@, 00) do
f 1 321(0) Z@) 3 fw,@0)) .
+0p(1)-

Following the same steps as for Q JNB in (A.43), for each entry above it can be
proved that

g 2 2
VoAl <a I, Z(ag))  0°f(w, a0)

>f_1(a), 80)dw -5 N(0, ;).

081082 081082

Thus,

1 3%1(w, Z(ao)) azfz(w,aw) 4 P

00)do 5 0.

271[( 98,108, pnopn )] (@ f0de™

Therefore,
def 3°Qn (o) p 1 (7 3%f.(w,ap)

A.55 P T =NTO 7 - [ T LT 00)d
(A53) B aBapT _>2n/7n 2popT (@, 80)do
and

0’ Qu(@o) _ 1 3~ @ Z@o) of (@, 60)
apae’ N4 I 30"

1 Z %1(w, Z(to))

apoT | ', 00).

In a similar manner, we can show that

(o, Z(oto)) f (o, 00) 0% 1(w, Z(@))

1
—§ j } o7, Blao)) 0
20T opoaT | (%

wy wp

1 7ra2Z
__/‘ f(a;;xo)f (.00)dw

2w J— apo
T 3f(w, @0) If o, 00) ,
271/ Y 29 ©=0
and
1 82 f.(w, ) 1 (7 3f(w, a0) 3f ' (w, 00)
E/_ 2goaT | @ 00)dw+§/_n 9B w0 ¢

1 /n 3 (fo(w, o) f (o, 00))
s B30 "
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Thus,
2 1 T 92 -1

(A.56) M 2 _[ 9 (fz(a),oto)fT (w,00)) o,
apao 27 J—n FYEL)

Similarly,
2 1 T 92 -1

(A.57) M_fé _[ 9 (fz(ww’to)fT @.00)
0000 27 J—x 9096

Based (A.55), (A.56) and (A.57), it follows that

*Qn(o) p . 1 7 3 (fulw, @0) f~ (@, 00))
a9 i te=s | dadaT de-

Based on (A.53) and (A.58), we immediately have

(A.59) VN@ —ag) % N0, 0 A2pp AL &),
This completes the proof of (3.4). Note that

INR(8(u, &) — 8, ) = ﬂ%\/ﬁ(& _ap),

where & 23 &g leads to ay =5 g, where o, — ool < |& — o]l (3.4) im-
plies that VN@ — ap) = O, (1). In the proof of (3.4), it has been shown that
0g(u, ) /doe = O, (1), thus the above difference is of order 0,,(1) as & — 0 when
N — 0. (3.5) follows from Lemma A.2. [
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