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In this paper, we study asymptotic properties of model selection criteria
for high-dimensional regression models where the number of covariates is
much larger than the sample size. In particular, we consider a class of loss
functions called the class of quadratically supported risks which is large
enough to include the quadratic loss, Huber loss, quantile loss and logistic
loss. We provide sufficient conditions for the model selection criteria, which
are applicable to the class of quadratically supported risks. Our results ex-
tend most previous sufficient conditions for model selection consistency. In
addition, sufficient conditions for pathconsistency of the Lasso and noncon-
vex penalized estimators are presented. Here, pathconsistency means that the
probability of the solution path that includes the true model converges to 1.
Pathconsistency makes it practically feasible to apply consistent model se-
lection criteria to high-dimensional data. The data-adaptive model selection
procedure is proposed which is selection consistent and performs well for fi-
nite samples. Results of simulation studies as well as real data analysis are
presented to compare the finite sample performances of the proposed data-
adaptive model selection criterion with other competitors.

1. Introduction. High-dimensional data, where the number of covariates
greatly exceeds the sample size, arise frequently in modern applications in biol-
ogy, chemometrics, economics, neuroscience and other scientific fields. To facili-
tate analysis, it is often useful and reasonable to assume that only a small number of
covariates are relevant for modeling the response variable. In this situation, model
selection is a fundamental and important task. For high dimensional data, however,
classical model selection criteria such as the Akaike information criterion or AIC
[1], Bayesian information criterion or BIC [25] and cross validation or generalized
cross validation [8, 27] are known to select too many variables than necessary. See,
for example, [3] and [5].

Various information criteria such as the modified BIC of [28], extended BIC
of [6], corrected risk inflation criterion (CRIC) of [32], generalized information
criterion (GIC) of [18] and the high dimensional BIC (HBIC) of [29] have been
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proposed and proven to be consistent for high dimensional data. Here, the con-
sistency of a model selection criterion means that the probability of the selected
model being equal to the true model converges to 1 (see Section 2 for a rigorous
definition).

However, most of the aforementioned results for selection consistency use the
quadratic loss with the (sub)-Gaussian error distribution, and hence the results are
not applicable to other problems such as quantile regression, robust regression and
generalized linear models. In this vein, Lee, Noh and Park [20] proposed the ex-
tended BIC for quantile regression and proved selection consistency, while Chen
and Chen [7] provided sufficient conditions for the GIC to be consistent for gener-
alized linear models.

In this paper, we propose a unified framework for selection consistency that
can be applied to various regression models including the linear regression with
(sub)-Gaussian errors, generalized linear regression, robust regression and quan-
tile regression. We consider a class of loss functions called quadratically supported
risks (QSR). This class of loss functions includes all those loss functions used in
the aforementioned regression models. We then provide a set of sufficient condi-
tions for a given GIC to be consistent for high dimensional models. Our sufficient
conditions are general enough to cover and extend most the previous results of
selection consistency.

One problem with using the GIC for high dimensional models is computation
since calculating the GIC values for all possible submodels is almost impossi-
ble. In practice, one may find a solution path of a penalized estimator such as the
Lasso (least absolute shrinkage and selection operator) or SCAD estimator, and
apply the GIC for submodels that corresponds to the solution path. This approach
is consistent if the solution path includes the true model and the GIC is consis-
tent. Pathconsistency (i.e., the probability that the solution path includes the true
model converges to 1) for linear models is well known. For instance, Biihlmann
and van de Geer [4] proved that the thresholded Lasso estimator is path-consistent.
Zhang [31] and Kim, Kwon and Choi [18] also showed the pathconsistency of a
nonconvex penalized least square estimator, while Fan and Tang [11] studied the
pathconsistency of a nonconvex penalized maximum likelihood estimator. In this
paper, we prove the pathconsistency of certain thresholded penalized estimators
with loss functions in the class of QSR.

It turns out that the class of consistent GICs is large and finite sample perfor-
mances are quite different. Thus, it is important to choose a GIC that works well
with moderate sample sizes. We propose a data-adaptive model selection proce-
dure which is selection consistent and performs well for finite samples.

The remainder of this paper is organized as follows. In Section 2, we introduce
the GIC and propose the class of QSR. In Section 3, we provide sufficient con-
ditions for a given GIC to be consistent with the class of QSR. In Section 4, by
using the sufficient conditions given in Section 3, we prove that the GIC is consis-
tent for several loss functions including the quadratic loss, logistic loss, Huber loss
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and quantile loss functions. In Section 5, we explain how to use a solution path of
a penalized estimator such as the Lasso and nonconvex penalized estimators for
model selection and offer theoretical justifications. A data-adaptive model selec-
tion procedure is proposed in Section 6. Simulation results are given in Section 7
and concluding remarks follow in Section 8.

2. GICs and QSR. Let £ ={(y1,x1),...,(yu,X,)} be a given data set of
pairs of response and covariates, where y; € R and x; € RP". For a given loss
function [ : R x R — [0, 00), we consider estimating the regression coefficient
B by minimizing the risk function R,(8) = % Y 1(vi,x;B). Let B* be the true
regression coefficient vector. Suppose ,B;.‘ # 0 for j <g, and ,B;.‘ =0 for j > q,.

In this paper, we are concerned with model selection problems when p,, is much
larger than the sample size n. When p,, is large, it would not be feasible to search
all possible subsets of {1, ..., p,}. Instead, we set an upper bound on the number of
covariates in the candidate submodels, say s,, and search the optimal model among
the candidate submodels that have no more than s,, covariates. Chen and Chen [6]
and Kim, Kwon and Choi [18] considered a similar model selection procedure. Let
Blo= """, 1(B; #0) and My, = {B € R : |Blo < su}.

For a given subset & of {1, ..., p,}, let

A

Br = argmin R, (B).
B:B;j=0,jenc
A sequence of positive numbers {A,} is called GIC, , if it gives a sequence of
random subsets 77, defined as

Ay, =  argmin  Ry(Bz) +halml,
nC{l,...,pn},|T|<sp
where || is the cardinality of 7. When the loss is the quadratic loss, that is,
I(y,X'B) = (y — X'8)?, the AIC corresponds to A, = 2/n; the BIC to A, =
logn/(n); the RIC of Foster and George [12] to A, = log p,/n; and the RIC
of Zhang and Shen [32] to A, = (log p, + loglog p,)/n; Shao [26] studied the
asymptotic properties of the GIC focusing on the AIC and BIC.
We say that the GIC,,, is consistent if

Pr(,, =7%) —> 1

asn — oo, where m* = {1, ..., g,}. Kim et al. [18] provided sufficient conditions
for the consistency of the GIC when the quadratic loss is used. The aim of this
paper is to prove the consistency of the GIC for a wide class of loss functions
including the logistic loss, Huber loss, quantile loss and the quadratic loss func-
tions.

We say that the risk function R, (8) is quadratically supported if there exist
sequences of p,-dimensional random vectors {a,} and {B,}, sequences of non-
negative random variables {§,} and {n,} and a positive real number b such that
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Pr(A,) — 1 as n — oo, where

Ay = {Rnw) — Ru(Bn) = (B — )
2.1 b
218 = BalP = 84181y for all § € ®n}

and ®, =M, N{B: | — Bull < n,). Here, || - || is the Euclidean norm. We say
that a given loss belongs to the QSR if the corresponding risk is quadratically
supported. In Section 3, we provide sufficient conditions for the consistency of
the GIC when the risk is quadratically supported, while in Section 4, we show
that various loss functions such as the quadratic loss, logistic loss, Huber loss and
quantile loss functions are in the class of the QSR.

Let B° = Br+ be the oracle estimator. Suppose B, = B°, which is a typical
choice in many cases. Condition (2.1) for the QSR essentially means that the risk
function around the oracle estimator behaves like a quadratic function asymptoti-
cally. An interesting result is that a loss function which is linear around B° (e.g.,
the quantile loss) can also belong to the QSR.

For a given p, X p, symmetric matrix A and a given C {1, ..., p,},let A; be
the || x || sub-matrix of A formed by those rows and columns of A whose in-
dices are in 7. Similarly, for a given p, dimensional vector v, let |[V|o = max; |v;|
and v; = (v;, j € w). For a given B, let o (B) = {j : B; # 0}. '

Let X be the n x p, dimensional matrix whose jth column is X/ = (xy;,...,
xnj) with || X 7|2 = n. We assume that there exist positive constants p, and p*
such that

Ox < n:|gl|i§nzs,, )»min{(X’X/n),,} < ﬂ:\ryrrllafx2sn )“max{(X/X/n)n.} < p*,
where Amin{(X'X/n);} and Amax{(X'X/n), } are the smallest and largest eigenval-
ues of (X'X/n),, respectively. This assumption is called the sparse Riesze con-
dition (SRC), which a standard one for model selection with high dimensional
models (see, e.g., [6] and [18]).

3. Sufficient conditions for the consistency of the GIC. In this section,
we prove that 7, is consistent under the following regularity conditions. For
given two sequences {u,} and {v,} of positive real numbers, we write u, > v,
if u,/v, — oo as n — oo. To simplify notation, we assume hereafter that all
the equalities, inequalities and convergences are understood to hold for all suf-
ficiently large n in probability whenever random quantities are involved. For ex-
ample, A, — IanlgO/Z > A, /2 means that Pr{}\, — |an|go/2 > An/2} —> lasn — oo.

(CD a(By)={1,...,qn}
(C2) An>> lanlk.
(C3) minjers [Bujl > /-



QUADRATICALLY SUPPORTED RISKS 2471

(C4) Ay > gpmax{|an =+ |30, n}.
(C5) s, > qn-
(C6) 02> Ansy.

The key conditions are (C2) and (C3), which require that |a,| is sufficiently
small and min ez« | ,gn ;| 1s sufficiently large. Most of the conditions for the con-
sistency of the GIC for various loss functions such as in [6, 7, 18, 20] satisfy (C2)
and (C3). The other conditions are easily satisfied, in particular when g, = O(1).

LEMMA 1. When |8 — Bull > 1 with |Blo < Sn.

R()—R(N>>32
n (B nﬂn_1677n

on A, under the regularity conditions.

PROOF. For a given g e M, N{B: B — Bull > ), let Bn = Bn + h(B —
Bn), and let ¢(h) = Ry(By) — Ry(By). Note that (C4) and (C6) implies 7, >
max{|an|ooﬁy V6nsn}. Hence, when 0, /(2|8 — Bull) < h < nu/llB — Bull, we

have

U -
@ (h) = —lanloo/sull Bn — Ball + S 1B — Bull> = 841Bulo

b

= _|an|oox/§77n + gnﬁ — 8nSn
b 2
> —p”,
=16

Since ¢ is convex, when ||8 — B, |l > 1, we have

- ~ b
Ry(B) — Ru(Bn) = Ru(Br) — Ru(Br) > Bnﬁ >0

for h=na/llp = Bull. O

THEOREM 1. Under the regularity conditions,

Pr(m;, =n*) — L.

PROOF. Let

A

B= argmin Ry (B) + AnlBlo-
BeMs,

When Be M N{B:|IB— Bn || > n,}, Lemma 1 and condition (C6) imply

- ~ b
Ru(B) + AnlBlo — Ru(Bn) — hnlBulo = Enﬁ — AnGn >0

on A, and hence IIB — Bull < np on A,,.
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To complete the proof, we show that
(3.1) Pr(o(B)=n") — 1
asn — oo. Let Q(B) =) ; w; where

wj =dnj(Bj = Buj) +b(Bj — Bup)? /2 + hn{1(Bj #0) — 1 (Buj # 0)} = 8ulBjlo-
To prove (3.1), it suffices to show that Q(8) > 0 on A, unless () = 7. When
Bj=0and B,; =0, then w; =0. When 8; # 0 and 8,; =0,

lanld
- 2b
due to (C2) and (C4). When B; =0 and ,8~n j # 0, then
anloc  n } b
Vie Bl T4
due to (C2) and (C3). When 8 # 0 and B, # 0, then w; > —a,;/2b —8,. To sum
up,

w; + A =8 = Ay /2,

b, b
w; = _|an|oo|13nj| + E,an —An > Ekn 1-

*C ¢ « D2n |an,n*|go
0(B) = o (B) N 7*IA/2+ o (B) N*| 2 _q,l(THn)_

Since A, > g, max{|ay,, ;= |§O, 8} according to (C4), Q(B) > O unless o (8) =%,
which completes the proof. [J

4. Examples. In this section, we show that various loss functions belong to
the QSR and the corresponding GICs are consistent. Let ¢, = max;; |x;;|.

4.1. Smooth losses. Suppose that R,(8) has the first and second derivatives

denoted by Ry () = 8R,(8)/3 and R () = 8% R, (B)/3Bdp, respectively. If
we let 8, = B¢, Taylor’s expansion yields that

@.1)  Ra(B) — Ru(B%) = R\ (B) (B — B°) + 1(B - B°) RP (B (B — £°)

for some 7 = (,BI, ...,ﬂ;n)’ with ;3; € (min{f;, ,BA;-’},max{,Bj,ﬁ;?}). Hence, the

loss belongs to the QSR with a, = R (8%), b = mingce, AminlR? (B0 g)un}
and 6, =0, provided b > 0.

4.1.1. Linear regression with the quadratic loss. Suppose that the true model
is y; = x;B* + &;, where ¢; are independent random variables whose common
distribution has a sub-Gaussian tail. That is, there is some v > 0 such that for
every t € R one has

E(el‘&‘i) < ev2t2/2’
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which implies that there exist positive constants ¢, and d, such that

" dgt?
“4.2) Pr( E a;&; >t> §cgexp(— ns az)
_ i=19;

i=1
forall (ay,...,a,)" € R" andt > 0. When I(y,x'B) = (y —x 'B)? /2, we have ﬂn =
B, anj_XJ(Y Y), b= p*,n_Oandnn_oo where ¥ = (X,B" .. ,B")/
While a,; =0 for j € n*, for j € 7*¢ it is proven in the proof of Theorem 2 of
Kim et al. [18] that there exist h,; € R" such that

(4.3) nj =W, &/

for all j and sup by, |> < n, where € = (1, ..., &,) . Hence, (4.2) implies that

for any k, — o0
Pr {max |anj| > \/knlog pn/(den) }
JET
= Z Pr{|anj| >4/ Kn 10gpn/(d£”)}

jE?T*("
<ceexp(—(k, — 1 1og py) = 0,
and so we have |a,|o = Op(y/10g py/n). Therefore, the GIC,, with A, >

log p,/n is consistent provided min ey | Bj’| > /Ay. This result coincides with

that of [18]. For example, when p, = exp(an?) for 0 < d < 1, the GIC with
An =n"! ford < ¢ < 1 is consistent provided min ¢+ |ﬂ;‘.‘| > ne=D/2,

4.1.2. Logistic regression. When y € {0, 1}, let I(y, X'B) be the logistic loss
defined as

I(y,x'B) = —yx'B +log(1 + exp(x'B)),

which is the negative log-likelihood of the logistic regression model. Suppose that
the true regression model is

exp(x;B*)
I +exp(x )’
Note that R,(12) (B) =X'W(B)X/n, where W(B) is the n x n diagonal matrix whose

diagonal elements are p(xg,B){l — p(X;,B)} with p(a) = exp(a)/(1 +exp(a)). Sup-
pose that there exists a constant p > 0 such that

4.5) mln Amln{R(z)(ﬁ ).} =>p

mmw|<

(4.4) Pr(y; = 1[x;) =

for all sufficiently large n. Note that R (87) — R$P (8°) = X {W(B") — W(B°)}X.
Taylor’s expansion yields

@6) (WY = W(B);| < xi(B" = A°) < euv2su BT — £°].



2474 Y. KIM AND J.-J. JEON

Hence, if (187 — Il < 0/(20*¢av/252), then Amin{Ri” (B} > p/2, where
7 = o(B) Ux*. Thus, the risk is quadratically supported with 8, = 8%, a, =

R (B2), b= p/2, 0y = p/(2p*un/25,) and §, = 0.

REMARK 1. iA simple sufficient condigion for (4.5) is that there exists ¢ > 0
such that sup; |X;,30| < ¢ because min; W(8?);; > p(c)(1 — p(c)) in such a case.
Another sufficient condition is that there exist ¢ > 0 and p > 0 such that

. 1
min Amin{(; Z xix§>n}2p.

| <sp ~
i:|x;pol<c
To derive the convergence rate of |a,|~, note that

RV (B%); — RV (B qu - p(xi8")}-

Let p(a) =dp(a)/da. The mean value theorem implies there exists ¢; € R such
that

p(x;A°) = p(xiB*) = plc)x;(B* — B*).
Since |p(c;)| < 1, we have

RV (B), - mwﬁm

< /(B = B*) (XX/n) (B0 — B*) < V0¥ | ° — B*

where the first inequality is due to the Cauchy—Schwarz inequality. Moreover, we
have

4.7)

E{R," (8" ZE [xij{yi = p(iB")}] =

and

n

LS B i — pi87))] <

i=1

1 2
E{Rr(l )(ﬁ*)j} =
and hence Theorem 2 in the Appendix implies

(4.8) max| RV (B *)J| = O(,/log p,/n),
j

provided g“,% log p,,/n — 0. Combining (4.7) and (4.8), we have

max| RV (B B°); | = 0,( \/max{logpn/n qn/n}),

jem*
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provided ||;§" — B*l = 0,(J/qn/n) (see, e.g., [10]). Therefore, the GIC,, is con-
sistent if

4.9) An > max{log p,/n, gn/n},

provided {,fs,%kn — 0 and min ez~ |,3}“| > /An. To sum up, we have proven the
following theorem.

THEOREM 2. Suppose that the true conditional distribution of y; given X; is
(4.4) and (4.5) holds. Then the GIC,, with X, > max{log p,/n, g,/n} is consis-
tent for the logistic loss provided that ||° — B*| = Op(qn/n), ;,%s,%kn — 0 and
minj e 1891 An.

REMARK 2. For the consistency of GIC, ¢, should be sufficiently small that
g“,%s,%)m — 0. For example, when p,, > n and x; are independent realizations of a
Gaussian random vector with bounded variances, we have ¢, = O, (+/log p,), and
hence the GIC 1, = a, log p,/n with a, = /n/(s, log p,) is consistent provided

(snlog py)?/n — 0 and log p, > ¢, because {,%s,%kn — 0.

REMARK 3. The condition {3s3kn — 0 1is required for the logistic loss but not
for the quadratic loss. This difference comes partly from the fact that the Hessian
matrix of the logistic loss depends on 8.

Suppose ¢, = O(1). Then the GIC;, is consistent provided A, >> max{log p,,
qn}/n, s,% log pu/n — 0 and min e+ |,3;~‘| > /A,. For example, the GIC,; , with

A =nP~1 for 0 < b < 1 is consistent when Pn= exp(and) and s, = n¢ for some
positive constants a, ¢ and d with max{d,c} <b <1 and d + 2c¢ < 1 provided

min ey | ﬁ;fl > n@=D/2_ This result extends the result of in [7] which requires
d+c<1/3.

4.2. Huber loss. The Huber loss, which is a robust version of the quadratic
loss, is defined as

%(y—z)z, for |y — z| <d,

la(y,z) =
(v, 2) d(ly—z|—dj2), forly—z|>d

for some d > 0, where z = x’. Suppose that the true model is
(4.10) yi =x;B" +ei,

where ¢; are independent random variables whose distributions are symmetric at 0.
Let lt(ib(y, 7) = E%ld(y, 7). Since I (y, z) is convex,

(4.11) la(y,2) = la(y.5) + 1 (v, 5)(z = 2),
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where 2 = x/8°. Moreover, if |y —z| <d and |y — 2| < d,

A 1 A A A
(4.12) la(y.2) =1a (v, 5) + 1" (3. D) = ) + $ (2 — D)%

Let Jg ={i : [x;(B—B*)+¢il <d, |X;(,BAO—,B*)+8,~| < d}. Then (4.11) and (4.12)
imply

1 n
= lalyi, X,
nl: d(yl Xzﬁ)

(4.13) > Zld vi ;B Zl(” (i X; B} (B — B°)
1 20V v v/ __po
+El§ﬂ(ﬁ—ﬂ ) xix; (B = B°).

Assume that ||,3” — B*Il = 0p(Vaqn/n) (see, e.g., [22]) and ;‘,%snz/n — 0. Since

IX.(B — B)| < tun/250]|B — B¥|| for B € My, we have sup; [x](B° — p*)| — 0.
Similarly, we can show sup; |x;(e,3 — BN <d/2if |B — ,30|| < d/(4¢u28,).
Since (B — f°)'x;X,(8 — B°) > 0 for all i, the inequality

—Zﬂﬂxz (B—8°)

161,3
~ 1 " , R0
i=1

holds when g € M, with |8 — B°|l < d/(45u"/250). LetA = L 31 x;x[ I (Je;| <
d/2). When {,% log p,/n — 0, the Bernstein inequality 1mp11es

sup|—
jk

Zx,,x,k I(leil <d/2) — P(lsil <d/2))

i=1

= Op(é‘n 10g pn/n)’

which in turn implies that the smallest eigenvalue of A, is no less than Pr(Je1| >

d/2)px — Op(Eusus/log pp/n) for all w C {1,..., p,} with || < 2s,. Hence,
when ;,%s,% log p,/n — 0, there exists p > 0 such that

3 po|2

. { > sl e <d/2)}(ﬂ —B) = plB-p°I"
i=l1

Th?refore, the risk is quadratically supported with B, = 8, a, = ¥", 16(11) O,

X)X /n, 8y = 0,1, = d/(45u/25,) and b = p provided that &7s;ylog pa/

n— 0.
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To derive the convergence rate of |a,|~, note that IZQI)(y, 7) — lﬁ(ll)(y, 7| <
|z — z*|, and hence we have

1 & n
o S5 (i, x; %) — 18 (v, X B%)) i

i=1
(4.14) Z!x B*)xij|

< V¥ = B[ = 0p(Vau/n)

similarly to (4.7). In turn, since the distributions of & are symmetric at O,
E(ly” (yi.x]$*)) = 0. In addition, Y-/ x% = n and [{" (y;,x{p*) are bounded
and thus Proposition 2 in the Appendix implies that

Zl(l) yl’XZ,B xl_]/n

4.15) max = 0, (y/log pu/n),

provided ;,12 log pn/n — 0. Hence, the GIC,, is consistent if A, > max{log p,,
qn}/n provided g“nzs,%kn — 0 and min ¢y | B"| > /An. These conditions are the
same as those for the logistic regression. We have proven the following theorem.

THEOREM 3. Suppose that the true conditional distribution of y; given X;
is (4.10), where ¢; are independent random variables whose distributions are sym-
metric at 0. Then the GIC;, with A, > max{log p,,qn}/n is consistent for the
Huber loss provided ||° — B*| = 0, (qn/n), £}s2hy — 0 and min; 18] > M.

4.3. Quantile regression. Quantile loss is given as [(y,X'B) = p:(y — X'B),
where p; (1) = u(2t — 21 (u < 0)). The quantile loss is popularly used for quantile
regression (see, e.g., [30] and references therein).

Suppose that the true model is y; = X, 8* + ¢;, where ¢; are independent ran-
dom variables with Pr(e; < 0) = r. Under this model, X;ﬂ* is the conditional tth
quantile of y; given x;. Let F; and f; be the distribution and density function of ¢;,
respectively. We assume that there exist constants «; > 0 and > > 0 such that

O<oa < 1nf inf f;(u).
lul <o
For technical reasons, we assume that g, = O(1) and ¢, = O (1) for the quantile
loss in the remainder of this paper unless otherwise stated. The following proposi-
tion, the proof of which is in the Appendix, proves that the risk corresponding to
the quantile loss is quadratically supported.
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PROPOSITION 1.  Under the regularity conditions, the risk function corre-
sponding to the quantile loss is quadratically supported with 8, = B*,

n
anj = —Zx[j(2t —2I(s; <0)),
i=1

b = 4o px

provided \JSynn < @2/tn, N/ Gnsa’>) < pu and
né?
(4.16) n—Zn > sy log py.

n

Let 8, = 1/4/n and n, = n~1/4. Note that |ay|e = O, (1og p,/n) and
lan, |00 = Op(/10gq,/n) according to Hoeffding’s inequality. Hence, the reg-
ularity conditions as well as (4.16) are satisfied with A, > log p,/n provided
Sp L /1, pp > nl/4, s, log p, < n'/? and min ey |ﬂ;‘f| > /A, and thus the cor-
responding GIC is consistent. We summarize the results in the following theorem.

THEOREM 4. Suppose that y; = X.B* + &;, where ¢; are independent ran-
dom variables with Pr(e; < 0) = t. Assume that g, = O(1) and ¢, = O(1).
Then the GIC,, with A, > log p,/n is consistent for the quantile loss provided
sn K N1, pu > /%, s, log py < n'/? and minjeq | 851> /hn.

Theorem 4 implies that the GIC,, is consistent when p, = exp(and ) and s, =
n¢ for some positive constants a, ¢ and d with d + ¢ < 1/2. This extends the results
of [20] which only considered polynomially increasing p,,.

4.4. Linear regression with AR(1) errors. Suppose that the true model is
i = X;,B* + ¢;. We assume that ¢; are an AR(1) process defined as ¢; = 6¢;_1 +v;,
where 6 € [0, 1) and v; are independent random variables whose common distri-
bution has a sub-Gaussian tail. In this section, we investigate how the dependency
in errors affects the variable selection. For technical simplicity, we let g, = O(1).

By replacing 4 in (4.1) by *, it can be shown that the quadratic loss belongs to
the QSR with ,5,1 = B* a, =—X'e/n,b= py,n, =00 and §, =0, where h,; are
defined in (4.3). Note that a,; = — Y7, w;jv;/n, where w;; =Y} _; hnjkek_i. Let
Ynj = 2ie) a)lzj /n and let y,7 = max; y,;. Then (4.2) implies that for any «, — o0

Pr{mj?lx |anj| > \/Kn)/y;(< log Pn/(den)}

< > Pr{lan| > /kuy;log pu/(dsn))
J

<cgexp(—(k, — 1)1og py) — 0,
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which leads |anloc = Op(/¥,f1log p,/n). Hence, the GIC,, with 1, > y,* x
log pp/n is consistent provided min e+ |87 > Son.
For y,’, we have
2 (OTp 02

;-2

as n — o0, and hence y, < 53 /(1 — 6)? for all sufficiently large n. Note that the
upper bound of y," increases as  — 1, which implies that we need the larger value
of min gy« | ,B;‘| for the consistency of the GIC when the correlation between errors
becomes larger.

S. Pathconsistency with QSR. When p, is large, the cardinality of M, is
so large that all possible search over M, is almost impossible. A practical so-
lution is to construct a sequence of submodels Mg indexed by & € (0, 00), and
choose the optimal é by minimizing R, (,3 M) + Anl ,3 M, lo with respect to &, where
An 1s a consistent GIC. We state that {M¢, § € (0, 00)} is path-consistent if there
exists £* such that Mg+ = ™. Note that whenever M is path-consistent, M ;= m*
asymptotically.

When the quadratic loss is used, the solution path of the Lasso estimator can be
used to construct M. Let B(£)1255° be the Lasso estimator with the tuning param-
eter £. That is,

B(&)asse = arg;nin Ra(B) +£1BI1,

where |81 = Zle IBjl. Let Méa“o ={j: |/§(§)1J?‘SS°| > 1} for some 7 > 0.
Then, under the regularity conditions, Méasso is path-consistent when t =
O (\/qnlog py/n) and min s+ |,B}k| > /qnlog p,/n (see, e.g., Chapter 7 of [4]).
A similar result with nonconvex penalties was obtained by [18]. In this section, we

develop similar procedures for the class of QSR, which produce path-consistent
submodels {Mg, & € (0, 00)}.

5.1. Pathconsistency with Lasso estimators. Let ,3(5) be the minimizer of
R, (B) + &|B11 on M, . We show that there exists a positive constant ¢ such that
Mg ={j:]| ,3 (6)j| > c/qn} is path-consistent with the QSR when we replace the
regularity conditions (C3) and (C4) with

(C3') minjeq* |Bujl > v/Gnin-
(C4/) A > sn‘sn/Qn-

REMARK 4. Condition (C3’) requires a larger min jen |Bn ;| than (C3), which
is a disadvantage that derives from using the Lasso penalty instead of the [y penalty.
Condition (C4’) is weaker than (C4) when s,, < q,%.
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THEOREM 5. Suppose that there exists a sequence of positive numbers {1}
satisfying the regularity conditions with (C3) and (C4) being replaced by (C3)
and (C4"). Then there exists ¢ > 0 such that Mg is path-consistent.

PROOF. We show that M ;= * with probability tending to 1. Let &, =
Ay andlet B, = ,é(én). Moreover, let

Q(B) = Ry(B) — Ru(Bn) +EnlBl1 — EnlBnli-

We first show that [|8, — Byl < 1a. Suppose |8 — Bull > mn with |Blo < su.
Since |8 — Bali < /5allB — Ball and & 1811 — &xlBult = —&x|B — Bul1, we have

Q(B) > —(lanloc + &n)v/5ull B — Bull + Ellﬂ — Ball* = 8usn,

which is positive eventually according to condition (C6). Since Q(B) is convex,

182 — Bull < -
Let

~ b ~ ~
wj = anjBuj = Buj) + 5 Ba = Bui)® + &alBj] — &l B

Note that Q(B) = 307 wj — 8usn.
For j € *, since |Bnjl — |ﬁnj| > —|Bnj — an|7 we have

- b -
(5.1) wj = =(an+loo + &) |Baj = Bujl + 5 (Buj = Buj)?.

Hence,

- b -

Z wj |an T* |oo + gn)\/ Qn“ﬂn T* ,Bn,rr* ” + 5”,31171* - ,Bn,n* ||2
jemr*

52 .

_Qn(lan,n*loo + &)
- 2b
since &, >> |an, 7+ |0 by (C2).
For j € 7*¢, note that

> _2Qn§3/b

b 2
w; = (sn - |an|oo)|,3nj| + 5/3}1]

Since &, > |ay |00, We have min jey+« w; > 0 for all sufficiently large n. Let ¢; be
a positive constant that satisfies bc%/Z —2/b—1>0.1f | Bnj| > c1/qnén for j €
T w; > bc%qné}nz /2 for sufficiently large n. Note that condition (C4’) and (5.2)
imply

Z w; — Spén > _261n§y%/b - ans

jen*
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Hence, if there exists j € w*¢ such that |B,| > c¢1,/gn&n, then Q(B,) > qné,f (bc% /
2 —2/b —1) > 0, which is impossible. Therefore, we conclude that

(5.3) max |Bp;| < c14/qnén.
jemxe
On the other hand, since min ¢+ w; > 0, we have

Q(Bn) = Z w; — Sn0p.

jem*
Choose ¢ > 0 such that c%b/Z —2cp —2/b — 1 > 0. Suppose that there exists
J € w* such that | 8,; — anl > 2./qn&,. Then (5.1) and (C4) imply
b
wj > —28,03/qn + 5C§qn53,

and thus

b
0B = Y. wz—zsncz¢a+5c%qns,%—sn8n.

lew*—(j}
Similarly to (5.2), we can show Z,eﬂ*_{ ywr= —2qn§,f /b. Hence, (C4’) implies
Q(Bn) = qnky (c3b/2 —2/b —2c2 — 1) > 0,

which is impossible, and thus we conclude that

max |,3nj - ,an| < 2/ qnén.
jem

Since |Byj| 3> /GnEn by (C3'), we have
(5.4) min || > Vankn.

By combining (5.3) and (5.4), we conclude that {; : |B,;| > max{cy, c2}/qnén} =
* with probability tending to 1. [J

The regularity condition (C3’) is suboptimal since it requires larger
minez+ |B,;| than the one in condition (C3), in particular when ¢,, diverges. This
is a disadvantage of using the Lasso estimator for model selection. In the next
subsection, we show that this disadvantage disappears when we use a nonconvex
penalty.

5.2. Pathconsistency for nonconvex penalties. Let ,3(5 ) be the minimizer of

Pn
Ru(B) + ) Je(1B))

j=1



2482 Y. KIM AND J.-J. JEON

over My, , where Jg is a nonconvex penalty such that (1) JS/ is nonnegative,
nonincreasing and continuous on (0, co0) and (2) there exists @ > 1 such that
lim; _,op Jé () =&, Jé(t) >&—t/afort € (0,a&), and Jé (t) =0 for ¢t > a&. Here,
JE/ (t) =dJ:(t)/dt. This class of nonconvex penalties includes the SCAD penalty
[9] and MCP [31].

Let Mg ={j: Iﬁ(é)j| > T}, where 1, = \/qnlay ;loo/b + +/28nSun/b. The next
theorem proves that Mg is path-consistent.

THEOREM 6. Let &, = \/A,. Under the regularity conditions with (C5) being
replaced by

5.5 Ap > max{‘]n|an,n*|oo,sn5n},

Pr(Mg, =n*) — 1 as n — oo.

PROOF. Let B, = B(&,) and

Pn Pn
Q(B) =Ru(B)+ >_ J&, (1B;1) — Ru(Bn) — D _ Je, (1Bujl).-

First, we show that ||8, — Bull < 1. Since |/§nd > &, for j € m*, we have
Jgn(l,gnﬂ) < aé,%. Hence, when ||8 — Byl > 1, with |B|o < s», Lemma 1 implies

~ b
Q(B) = Ru(B) — Ru(Bn) — qnaén > Enﬁ — gnaty >0

eventually according to condition (C6), which implies ||, — Bull < 1.
Let 1 = {j : Bunj # 0, Bnj = 0}, 2 = {j : | Buj| > akn. Bnj # 0} and 713 = {j :
|Bnj| < a&y, Bnj # 0}. Then

Pn Pn
Ro(Bn) + D Je,(1Bnj1) — Ru(Ba) = D Je, (1Bnjl)

>y wi+ Y wit Y wj— s,
JET JEM JET3

where

N b - N
wj = dnj(Bnj = Pnj) + 5 (Bnj = Bnj)™ + Je, (1Bnj1) = Jg, (1Bnjl)-

For j € my, we can choose 0 < ¢ < a such that Jg, (184;]) > &nlBnjl/2 for
|Bnj| < c&n. Then Jg, (|Byj]) = min{c&; /2, &,1B,j1/2}, and hence

. |an|2 b
wy = min] %2 1 66272, (61/2  lanloe) By + 3 B3 | = 0

eventually since &, > |a,|oo-
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For j € w2, Jg, (1Bujl) = Jg, (1Buj])- Since Y cr, [Bnj — Bujl < /Gl Bumy —
B, I, we have

~ b ~
D wj = —lanloo/aull Br = Bums |l 4 S WBues = o
JEM
(5.6) 5
> _|an,7r*|ooCIn .

- 2b
For j € 73, note that J, (|84 1) — Jg, (1Baj 1) = —€xlBaj — Bajl, and hence

- b -
wj = = (lanx+loo + &) IBa = Bujl + 5 (Buj — Buj)?.

Therefore, if |B,; — B il > &, wi > lap g Igoqn /(2b) + 8,5, according to condi-
tion (C4’), and hence Q(f,) > 0 which is impossible. However, |8,; — ,én il > &n
for all j € 3 since |/§,,j| > &, and |B,;| < a&,. Therefore, 73 = & and Q(B,) >
—|an,x*120qn/ (2b).

To complete the proof, it suffices to show that [8,;| < T, forall j € w1. Letcbea
positive constant such that Jg, (|8,;1) > §,1Byjl/2 forall |Byj| < c&,. 1f | Byj| > c&x,
we have w; > —|ay, |<2>o /(2b) + cé,%, and hence Q(B,) > 0, which is a contradiction.
So Byl < &y, in which case w; > &,|Bj|/2 + b,B,%j/2 since &, > |a,|c0. Hence,
if |B,j| > Ty, it can be shown that w; > |an,n*|§oq/(2b) + 8,5, and so Q(B) >0
which is a contradiction. Thus, |8,;| < 7, for all j € 71, and the proof is complete.

O

REMARK 5. Condition (5.5) is the same as (C4) for the quadratic, logistic and
Huber losses since 8, = 0. For the quantile loss, (5.5) holds when log p,, > s, and
An > log p,/n as well as (C4) holds. In particular, when s,, = O (1), (5.5) and (C4)
are equivalent.

REMARK 6. Note that 7, = 0 for the quadratic, logistic and Huber losses.
Theorem 6 implies that the non-covex penalized least square estimator is path-
consistent provided min ez« | ,3]0| > J/log p,/n and the error distribution has a
sub-Gaussian tail. This result concurs with those of [31] and [17]. Similarly, The-
orem 6 shows that the nonconvex penalized estimator for the logistic or Huber
loss is path-consistent if min jez+ |,[§;.’| > max{/log p,/n, </q,/n}, provided that

18 = B*Il = 0p(v/gn/n) and g5 log pu/n — 0.

6. Adaptive model selection with Huber loss. Any GIC with A, = «;, X
log p,/n is consistent as long as «, — 0 and 1, — 0, when g, = O(1) and
min;j ez« | ,BA]0| > ¢ for some ¢ > 0. That is, the class of consistent GIC is large and it
is important to choose a GIC that performs well with finite samples. In this section,
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we propose a data-adaptive selection of A, with the Huber loss. As a by-product,
we give a guidance of choosing d data-adaptively. Even if we consider the Huber
loss only, the proposed procedure in this section can be extended for other convex
losses without much modification.

We assume the following conditions:

(A1) ¢2s2log py/n — 0,

(A2) 1B = B* Il = 0p(Van/n),

(A3) log p,, > g, and log p,, — oo,

(A4) &; have the common distribution F that is symmetric and continuous,

(AS) for a given class G C M, and d > 0, there exists pg 4 > 0 such that
MiNg.7eg by (7w, 7%, d) > pg a4, where

1

bn(7T177T2,d)=)‘vmin{<_ Z XiX;> }
mUmp

ieJ(my,m,d)
with J (7r1, 12, d) = (i : |yi — X, By | < d, |yi — X, By | < d}.

Conditions (A1) and (A2) are assumed in Theorem 3. Conditions (A3) and (A4)
are for notational and technical simplicity. Condition (AS) is a data-adaptive
version of the SRC for the Huber loss. When G = M, and d = oo, we have
pG.d = p«. The following theorem provides theoretical bases for the proposed
adaptive model selection procedure.

THEOREM 7. For a given class G of submodels and d > 0, suppose that there
exists 8o > 0 such that

A 1 1
(6.1) min |,3]0| > —\/(Q,O’d2 +50) 0g Pn ’
PG.d n

jem*
where pg 4 is the constant defined in (AS) and
o7 =E[e?1(je;] <d)} + d*Pr(|e;| > d).
Under the conditions (A1) to (AS), for any 0 < § < 8y, we have
(62)  Ru(Br) + dn(m, %, d, 8)|7w| > Ry(B°) + an(m, w*,d, 8)|7¥|
for all & € G with probability converging to 1, where

(2&3,7[1U7[2 + 8) IOg Pn

A, (T, 0. d, 8) =
i d ) = e d) n

’

and
R 1 . . .
63 0=~ I N0 =X)L (| — X\ Bri| < d) +d*1(|yi — X, Bri| > d)}.

3

Also, (6.2) holds when d = oo (i.e., quadratic loss) and the error distribution is
Gaussian.
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For given d, G and § > 0, we propose a model selection procedure so called the
adaptive information criterion with d (AdIC;) which selects 7 € G satisfying

(6.3) Ru(By) + dn (v, 7w, d, 8)|v| = Ry(Br) + (v, 7, d, 8)|7|

for all v € G. If there is no such 7 in G, we conclude that 7* ¢ G. Theorem 7
implies that under the conditions (A1) to (A5) the AdIC,; is consistent as long as
G contains * and (6.1) holds with probability tending to 1.

A naive choice of G is My,. This choice, however, does not work well since
by (mw,m*,d) can be very small and so is pg 4 when || and d are small. Thus,
it is difficult to satisfy condition (6.1). We propose to construct G by deleting 7
from M, when |J(w,d)| is small, where J(r,d) = {i : |y; — X;Bn| < d}. Let B
be an initial estimator, and for given o € (0, 1) let ¢y, = |{i : |yi — x;,3~| <ad}|. We
delete = from M, when |J(7,d)| < co. We denote Gd the class of submodels
obtained by this way. In Proposition 3 in the Appendix, we show that 7* € Ga
with probability tending to 1 when G(B) < cs, for some ¢ > 0 and ||,B~ - B* =
Op(«/snlog p,/n). The Lasso estimator with the absolute loss can be used for the
initial estimator [2].

For given d > 0, let M, be the class of submodels obtained by the solution
path of the path-consistent penalized estimator given in either Section 5.1 or Sec-
tion 5.2. To reduce the computational burden, we propose to use the AdIC; with
G = Gy, where Gg = M ;N Gy. Since (6.1) is implied by (C3), it is easy to see that
this AdIC, is consistent under the same conditions assumed in either Theorem 5
or Theorem 6 along with the conditions (A1) to (AS).

Condition (6.1) suggests a way of choosing d data-adaptively. Note that the
lower bound of min ey« |/§/0-| in (6.1) is roughly proportional to o4/pg 4. We pro-
pose to choose d which minimizes Gd.#,/Pg.d» Where pg g = ming eg by, (7, 74, d)
and 774 is the model selected by the AdIC,; with G. Here, we let G = |J,; Gs. We
write AdIC for the AdIC,; with the data-adaptively selected d.

REMARK 7. The pg 4 is decreasing as s, is increasing. Since the lower bound
of minj ey~ | ﬁ; | is reciprocally proportional to pg. 4, it would be desirable to set
s, as small as possible. In practice, we apply the proposed data-adaptive model
selection procedure for all integers of s, less than spax to get the sequence of
models 775, s =1, ..., Smax, Where 7, is the selected model with s, = s. Then we
choose 773, where § = min{s : ¢ (77;) = argmax,¢(7,)} and ¢(7wy) = {r : 77, =
75}|. This method works well unless spax is too large.

7. Numerical studies. In this section, we investigate the finite sample prop-
erties of the GIC and AdIC for various loss functions by simulation as well as real
data analysis. First, we compare the path consistency of the SCAD solution path
for the Huber loss with various values of d. For computation, we use the com-
bination of the CCCP algorithm of [16] and the solution path algorithm of [23].
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Second, we examine the performance of the data-adaptively selected d in the AdIC
by simulation. Finally, we compare the AdIC with other selection consistent GICs
such as the CRIC of [32] and the HIBC of [29] by simulation as well as real data
analysis.

7.1. Simulation. For the simulation model, we set p, = 500 and ¢, = 5.
We generate x; independently from the multivariate normal distribution with
mean 0 and variance 1 and covariance corr(x;;, xjx) = 0.3 /= and normal-
ize them to have || X/||> = n. We consider the four models for ¢;: (1) N(0,4),
(2) 0.9N(0,3/5) + 0.1N(0.25), (3) t-distribution with 3 degrees of freedom mul-
tiplied by +/3/4 and (4) the ¢-distribution with 1 degree of freedom (i.e., Cauchy
distribution). Note that variances of the first three distributions are 4. For 8*, we
let ,H;f = 1B, for some T > 0, where

1 [8logp,

A

* .
Here, by, = ming.|7|<2g, Amin(¥7), where X is the p, x p, matrix whose (j, k)
element is the correlation of X/ and X*. When &; ~ N (0, 4), (4.2) implies

8+9)1
pr{|a:|oo> /M}_)O
n

for any § > 0, where a; = er'l:l €;X;/n. That is B, can be considered as a surro-
gated quantity of the lower bound of min ¢y | ,3;’| in (6.1). Thus, T measures how
much the min je; | ﬁ;‘fl is larger than the lower bound. Note that the larger the t is
the easier the model selection is.

7.1.1. Pathconsistency. Table 1 shows the frequencies of pathconsistency of
among 100 simulated data sets for various values of d when n € {100, 400} and
t €{l,1.2,1.5,2}. In the table, dy, @ > 0 are constants satisfying Pr(]y — x'8*| <
dy) = /100, and dy represents the absolute loss. For the first three error distri-
butions that have finite variances, the results are similar regardless of the choice
of d. In contrast, the results with dgy and djgp are worse than the others for the
Cauchy distribution, which indicates that the choice of d is important when the
error distribution is heavy tailed.

7.1.2. Performance of d. Table?2 presents the percentages for the AdIC; with
various values of d as well as AdIC to select the true model among the path-
consistent cases. We let s, = 10,6 =0, =1/2 and G = Uy—10,20.....100 Yd, - For
most cases, the AdIC yields the best performance of selecting the true model.
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TABLE 1

Frequencies of pathconsistency

2487

n =100 n =400
& T dy dy dso dgo dioo do dx dso dgo  dio
Normal 1.0 89 87 87 92 95 97 97 97 99 99
1.2 95 94 94 97 97 100 100 100 100 100
1.5 97 97 97 97 97 100 100 100 100 100
2.0 97 97 97 97 97 100 100 100 100 100
Mixture 1.0 97 97 97 97 91 100 100 100 100 99
1.2 97 97 97 97 97 100 100 100 100 100
1.5 97 97 97 97 97 100 100 100 100 100
2.0 97 97 97 97 97 100 100 100 100 100
t(3) 1.0 95 97 97 97 94 100 100 100 100 97
1.2 97 97 97 97 95 100 100 100 100 100
1.5 97 97 97 97 97 100 100 100 100 100
2.0 97 97 97 97 97 100 100 100 100 100
t(1) 1.0 81 83 86 82 5 99 99 99 93 1
1.2 86 88 89 88 10 99 99 99 96 4
1.5 94 94 94 91 23 100 100 100 100 17
2.0 98 98 98 97 42 100 100 100 100 37
TABLE 2
Percentages of selecting the true model among the palh—con:vistent cases for the AdICys as well as
AdIC (the columns of d)
n =100 n =400

& T dy dsp dgyp dio d dy dsp  dgp  digo d
Normal 1.0 23 80 424 83.2 83.2 18.6 39.2 75.8 89.9 86.9
1.2 85 11.7 732 95.9 95.9 35.0 70.0 95.0 98.0 95.0
1.5 124 196 89.7 100.0 100.0 50.0 97.0 100.0 99.0 98.0
2.0 9.3 340 969 100.0 100.0 48.0 100.0 100.0 99.0 99.0
Mixture 1.0 9.3 247 784 78.0 87.6 48.0 89.0 99.0 90.9 93.0
1.2 103 237 938 88.7 99.0 47.0 98.0 100.0 99.0 98.0
1.5 9.3 278 948 97.9 100.0 41.0 100.0 100.0 100.0 100.0
2.0 41 268 90.7 99.0 100.0 27.0 100.0 100.0 100.0 100.0
t(3) 1.0 82 289 835 87.2 89.7 55.0 95.0 100.0 92.8 97.0
1.2 72 371 928 94.7 96.9 47.0 99.0 100.0 93.0 100.0
1.5 52 289 938 96.9 99.0 37.0 100.0 100.0 98.0  100.0
2.0 6.2 227 928 100.0 100.0 21.0 100.0 100.0 100.0 100.0
t(1) 1.0 7.2 140 244 0.0 31.7 525 76.8 50.5 0.0 81.8
1.2 9.1 281 50.0 0.0 62.9 505 91.9 771 0.0 93.9
1.5 74 415 824 0.0 90.2 350 100.0 99.0 0.0 100.0
20 112 296 938 14.3 949 240 100.0 100.0 0.0 100.0




2488 Y. KIM AND J.-J. JEON

TABLE 3
Percentages of selecting the true model among the path-consistent cases for the AdIC when sy, is
selected data-adaptively with smax = 30. The numbers in the parentheses are the mean and
standard error of the selected s,

n T Normal Mixture t(3) t(1)

100 1.0 84.9 87.6 88.6 30.1
(4.99, 0.054) (5.11, 0.091) (5.20, 0.118) (5.04,0.207)

1.2 95.8 99.0 96.9 58.4
(4.99, 0.033) (5.08, 0.036) (5.04,0.031) (5.02,0.127)

1.5 100 100 98.9 87.9
(5.04,0.031) (5.13,0.044) (5.13,0.078) (5.20,0.134)

2.0 100 100 100 93.8
(5.02,0.028) (5.17,0.051) (5.15,0.034) (5.06,0.121)

400 1.0 90.8 93.0 97.0 81.8
(5.71, 0.165) (5.01, 0.026) (5.04,0.019) (5.03, 0.055)

1.2 98.0 98.0 100 94.9
(5.38, 0.016) (5.00, 0.014) (5.00, 0.000) (5.04,0.031)

1.5 99.0 100 100 100
(5.15,0.102) (5.00, 0.000) (5.00, 0.000) (5.00, 0.000)

2.0 99.0 100 100 100
(5.02,0.014) (5.00, 0.000) (5.00, 0.000) (5.0, 0.000)

7.1.3. Selection of s,. We investigate the selection method of s, proposed in
the remark of Section 6. Table 3 presents the percentages for the AdIC to select the
true model among the path-consistent cases when s, is selected by the proposed
method in Section 6 with spax = 30. The results are similar to the corresponding
results in Table 2 (i.e., the columns of d) where s, is fixed at 10, which suggest
that the performance of AdIC is not sensitive to the choice of s,,.

7.1.4. Comparison of the AdIC with other competitors. We compare the AdIC
with the CRIC of [32] and the HBIC of [29] that select the model which minimizes
log(Rn(,én)) + An ||, where A, = 2(log p, +1loglog p,)/n for the CRIC and X, =
loglognlog p, /n for the HBIC, and present the results in Table 4. The Huber loss
with the data-adaptively selected d is used for R,. The performance of the AdIC
is similar or slightly better compared to the CRIC and HBIC for the first three
error distributions while the AdIC dominates the other competitors for the Cauchy
distribution.

REMARK 8. The CRIC and HBIC are developed for the quadratic loss. We
investigated the performance of the CRIC and HBIC with the quadratic loss, and
we found that the performances for model selection are similar or worse compared
to those with the Huber loss.
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TABLE 4
Comparison of the AdIC with the CRIC and HBIC—the proportions of selecting the true model
among 100 simulations

n=100 n =400
e T CRIC HBIC AdIC CRIC HBIC AdIC
Normal 1.0 0.88 0.80 0.79 0.93 0.88 0.86
1.2 0.96 0.81 0.93 0.99 0.92 0.95
1.5 0.97 0.79 0.97 1.00 0.93 0.98
2.0 0.97 0.80 0.97 1.00 0.90 0.99
Mixture 1.0 0.93 0.94 0.85 0.99 0.98 0.93
1.2 0.97 0.92 0.96 1.00 0.98 0.98
1.5 0.97 0.89 0.97 1.00 0.98 1.00
2.0 0.97 0.92 0.97 1.00 1.00 1.00
t(3) 1.0 0.95 0.91 0.87 1.00 1.00 0.97
1.2 0.97 0.91 0.94 1.00 1.00 1.00
1.5 0.97 0.91 0.96 1.00 1.00 1.00
2.0 0.97 0.90 0.97 1.00 1.00 1.00
t(1) 1.0 0.06 0.20 0.26 0.02 0.11 0.81
1.2 0.10 0.26 0.56 0.06 0.25 0.93
1.5 0.22 0.53 0.83 0.27 0.58 1.00
2.0 0.51 0.74 0.93 0.65 0.83 1.00

7.2. Real data analysis. We analyze the data set used in [24], which consists
of the gene expression levels of 18,975 genes obtained from 120 rats. The main
objective of the analysis is to find genes that are correlated with gene TRIM32,
which is known to cause Bardet-Biedl syndromes. As carried out by [15], we
select the 3000 genes that have the largest absolute correlation with gene TRIM32,
and then apply the GIC to select the signal genes among the selected 3000 genes.

To compare variable selectivity, we first divide the data set randomly into train-
ing set with 90 observations and test set with 30 observations. Then we select genes
using the AdIC as well as the CRIC and HIBC. Then we calculate the Kendall’s t’s
and mean absolute deviation (MAD) between the predicted and observed response
variables on the test set. We repeat this experiment 100 times and summarize the
averages of the numbers of selected genes, the Kendall’s t’s and MAD for each
selection method in Table 5. While the predictive performance of the AdIC and
HBIC are similar, the AdIC selects a fewer genes. The CRIC is worst in prediction
even though it uses the fewest genes. The results amply show that the AdIC is a
useful tool to select covariates without hampering prediction accuracy.

8. Concluding remarks. When using the GIC, we may use different loss
functions for estimation and selection. For example, let ,éﬂ,dg be the Huber esti-
mator with d = d,. Then we select 7 € M, by minimizing R, (,BA,,’de) + A,
where R, is obtained with the Huber loss with d = d,. Theorem 3 and Theorem 7
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TABLE 5
Results of data analysis (TRIM-32). The numbers in the
parentheses are the standard errors

Method  Number of genes Kendall’s © MAD

AdIC 1.93 (0.263) 0.428 (0.031) 0.522 (0.020)
HBIC 2.27 (0.228) 0.432 (0.033)  0.523 (0.021)
CRIC 1.53 (0.187) 0.418 (0.032) 0.526(0.021)

are still valid as long as ||B,,*’de — B*Il = 0,(/qn/n). However, the choice of d,
is not obvious and we leave this problem as a future work.

We have seen that the results about the class of QSR give a way of choosing a
loss function data-adaptively among the class of Huber losses for linear regression
models. A similar problem is to choose a loss function for the classification. Ex-
amples of the loss function for classification are the exponential loss for boosting
and the hinge loss for the support vector machine. Note that the key quantity of
the selection consistency of the GIC is the upper bound of |a,|~: the smaller the
lan|so 18, the easier the GIC becomes selection consistent. Since the gradient of
the exponential loss is unbounded, we can conjecture that the exponential loss is
worse in variable selection than the logistic loss whose gradient is bounded.

The results in this paper can be extended to more complicated models such as
correlated errors and link misspecification in generalized linear models. For the
quadratic loss with the AR(1) errors, we have illustrated how the correlations in
errors affect the conditions for the consistency of the GIC. Similar results could be
derived for other losses and other error distributions as long as the convergence rate
of |an|eo 1s available. For link misspecification in generalized linear models, 8¢
may be asymptotically biased, but as long as O’(/§0 ) is equal to the set of true signal
covariates, the GIC can be consistent (see, e.g., [21] for link misspecification).

APPENDIX
A.1. Proof of Proposition 1.

LEMMA 2. Let \
V(B) = Ru(B) — Ru(B) + Y_X;(B — Bu) (2T — 21 (s; < 0))/n
i=1

—E{Ru(B) — Ru(Bn)).

Then V)
Pr{ sup Bl > 8,1}
) 0
A1 e )
né, 1/2
<2expy—ci o’ + s log pn + sn IOg(l +C2§n77n/(8n5n ))
niln

for some positive constants c1 and c3.
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PROOF. The proof can be carried out similar to Lemma 3.2 of He and Shi
[14]. From the choice of o, (u) it suffices to prove Lemma 2 with 7 = 1/2. Let
zi =1n,X; and 0 =1, 1(,B ﬁn) Let ®, =0, N{B:0(B) =} Note that

[V(B)I 1
< — sup |[V(B)].
peo, 1Blo — mmcil,..pahiwi<sy 1| pe@,x
In turn,
sup |V(B)| < sup
BEOy 0:0(0)CrUn*, 0] <1

where W(0) =37, W;(6)/n and
Wi(0) = |ei —z;0| — |ei| +2;0(2T — 21 (&; < 0)) — E{|e; —z;0| — |&il}.

For given 7, let 77 =7 U 7*. We can cover {v € Rl lv]] < 1} with the
Ky, manyballsT'y, ..., 'k, , of radius r, = Sulm ™1/ (128, m, /|t ) with centers

Tl ..., TK,,- According to Lemma 2.5 of van de Geer [13], K, < (1 +4/r,,)|”
For@ with o) C w ™, we define 9” j=1,..., Kz, as 9 L+ =7jand QJ e =
0. Then we have

W@ = WE)| = 3max iz o+ | minfl6 — ;1

1)
<3 |7T+|77n§nrn = Zn|77|

Hence, for the given 7,

Pr{ sup W©)| > 8n|7'r|}
0:0(0)CrUr*,|6]|<1
Snlm|
T n
=prf _may W)=

Kr[,n

On
< ZPr{|W(9}’)| > |2”|},
j=1

which implies

Kyn

P et D DD D2 (LGRS

ﬂ€®n AL, pu | <sn j=1

Since |g; —z.0| — |g;| < |z;0], we have

Wi(67)| < 3[267 | < 3¢ay/ [ [nn.
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Hoeffding’s inequality implies that

Sul| 2 né2|m|? ns2
(A3) Pr{ W (6T)| > }<2 <__7> Dex < n)
WeDl= = P\ 736 g2l P2

for some ¢ > 0 since |7 V| < || + g, and g, = O(1). From (A.2) and (A.3), we
have

Pr{ sup V(B
ﬂe@,, 1Blo

Since 1, < 8,4/5n/(128,1,), the proof is complete. []

62
> 8, } < Zexp(—q;l "t s, 10g py + 25, log(1 +4/rn)).
n

nilp

LEMMA 3. If /Sutin < ®2/Cn,

E{Ru(B) — Ru(Bw)} = bIIB — Bull®
forall B € ©,.

PROOF. Knight’s identity [19] implies
v
pr(u —v) — pr(v) = —v(27 — 21 (u < 0)) +/ 2I(u<s)—Iu=<0))ds
0

Hence, for 8 € ©,,

N 1 X, (B—Pn)
E[R(8) — RaB)l = VB [ 201 =)~ 1 0)) s
i=1

X; H(B— ,Bn
Z / 2(Fi(s) — Fi(0))ds

|ul=

~ ~ b ~
= ( inf ﬁ(u)) ;w — B X%, (B = Bu) = S 1B = Pl

where the last inequality is because of the mean value theorem and
SUPge@, Max; [X; (B — Bu)| < Sn/snnn. U

PROOF OF PROPOSITION 1. Lemma 2 implies that the probability of

Ru(B) — Ru(Bn)
> "X[(B — Bu) (21 —21(ei <0))/n +E{Ru(B) — Ru(Bw)} — 84lBlo

i=1

converges to 1 when n(S,% / n,% > s, log p,, provided 5,/ ((Sns,%/ 2) <« pn, and hence
the proof is complete by Lemma 3. [
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A.2. Maximum inequality.

PROPOSITION 2.

>

1 n
- Zl(l)()’i, X; B*)xij

Pr{max
i=1

J

o log pu
n

S e )
<2expi— — .

2 Uj+(d/3)§n alogpu/n
PROOF. This is a direct consequence of the Bernstein inequality. [J
A.3. Proof of Theorem 7.

LEMMA 4.
sup ”:én - Bo” = Op( splog pn/n).

| <sp,tDOT*

PROOF.  Since for 7 D ¥, Rn(Bn) — R, (,30) < 0, and so Lemma 1 implies
| Bz — B°ll < ny. Thus, the QSR representation in Section 4.2 gives

0= Ru(Br) = Ra(B) = —lanloon/5u B = A1 + S 182 — I

Hence, Bz — B°l < 2/Snlanloc/p = Op(/s,10g pa/n) since |ayloo =
0,(y/Tog p,/n) by (4.14) and (4.15). O

LEMMA 5.

A 2
sup |6, — oq| =0p(D).
|| <sp,tDO*

PROOF. Lemma 4 implies
(A4)  sup|x;(Bx — B°)| < tun/5u |l Bx — B°] = Op(Zusny/log pu/n) = 0, (1).
l

Since [|° — B*|| = O, (/qn/n), we have
sup SQP|X§(/§n _,B*)| :Op(1)7

| <sp,tDOT* i

which completes the proof since F' is continuous. [

LEMMA 6. Letay =37 1(yi,X;$*)X;/n. Then for any § > 0,

1
Pr{\amoo <\/(2c75+8) Ognpn}—>1

as n — 00, provided log p,, — 00.
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PROOF. This is a direct consequence of Proposition 2. [

PROOF OF THEOREM 7.  Since a,; =0 for j € n*, (4.13) implies

Ru(Br) — Ru(B°)

A bn(nvn*vd)" bn(n»n*ad) A
(A5) >— > {|an|oo|ﬂn,j|_fﬂ7%,j}+f > ﬁ}ﬂ
jem—m* jen*—m
|an |2 by (rr, 7, d) Ao
> _ Lk 00 02
> |~ |2b,,(71,n*,d) 2 2. b

jen*—m

Note that Lemmas 5 and 6 with (4.14) in Section 4.2 and conditions (A2) and (A3)
imply that for any § > 0

log px
n

(A.6) Pr{|an|oo < \/(263’7, + ) for all 7 D 7* with || < sn} -1

as n — oo. Finally, (A.6) with (6.1) implies that for 0 < § < g, (A.5) is greater
than or equal to

—|7 — 7 |A(w, ¥, d, 8) + |7 — m|A(mw, ¥, d, )

with probability converging to 1, which completes the proof. [
A.4. Proposition.

PROPOSITION 3.  Let B be an estimator such that |o(B)| < csp for some
c>0and || — B*|| = Op(snlog p,/n). Under the conditions (Al) to (AS),
|J(*, d)| > ¢y for any a € (0, 1) with probability converging to 1.

PROOF. (A2) implies ||,B~ — 3”|| = Op(+/snlog p,/n), and hence
|vi = xiB°| < |yi —xB| + sup|x; (B° — B)|
l
< yi = XiBl+ ¢uv/(c + Dsa| B — B

= |yi —=x;B| +0,(1).

Hence, |y; — xgﬁl < ad forany o € (0, 1) implies |y; — x;/é"| <d, and so the proof
is complete. [
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