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MIXING TIMES FOR A CONSTRAINED ISING PROCESS ON
THE TORUS AT LOW DENSITY

BY NATESH S. PILLAI! AND AARON SMITH?
Harvard University and University of Ottawa

We study a kinetically constrained Ising process (KCIP) associated with
a graph G and density parameter p; this process is an interacting particle
system with state space {0, 139, the location of the particles. The number of
particles at stationarity follows the Binomial(|G|, p) distribution, conditioned
on having at least one particle. The “constraint” in the name of the process
refers to the rule that a vertex cannot change its state unless it has at least one
neighbour in state “1”. The KCIP has been proposed by statistical physicists
as a model for the glass transition, and more recently as a simple algorithm
for data storage in computer networks. In this note, we study the mixing time
of this process on the torus G = 74 ,d > 3, in the low-density regime p = ﬁ
for arbitrary 0 < ¢ < 0o; this regime is the subject of a conjecture of Aldous
and is natural in the context of computer networks. Our results provide a
counterexample to Aldous’ conjecture, suggest a natural modification of the
conjecture, and show that this modification is correct up to logarithmic fac-
tors. The methods developed in this paper also provide a strategy for tackling
Aldous’ conjecture for other graphs.

CONTENTS
L. Introduction . . . . . . . . . . e e e 1004
1.1. Relationship to previous work . . . . . .. ... .. L L 1007
1.2. Outline forthe paper . . . . . . . . . . . i 1007
2. Aroadmap forthe proof . . . . . . . . . 1008
2.1. Heuristicsand key time scales . . . . ... ... . ... ... ... . 1008
2.2. Proofsketch . . . . . . . . e 1010
3. General mixing bounds for decomposable Markov chains . . . . . .. ... ... ... ... 1011
4. Lower bound for the mixing time of KCIPon A(L,d) . . .. ... ... ... ....... 1013
5. Mixing times of the trace of KCIPon 2 . . . . . ... ... ... ... .. .. .. 1016
5.1. Comparison of Markov chains using Dirichlet forms . . . . .. .. .. ... ... ... 1017
52. Boundson KCIP . . . . .. .. .. e 1020
6. Drift condition for Vy . . . . . . . . e e 1024
6.1. Corrected number of COMPONENES . . . . . . . . v v v vt i i et e e 1026
6.2. A corrected versionofof Y; . . . .. ... 1029

Received January 2015; revised November 2015.
1Supported by an ONR grant.
2Supponed by a grant from NSERC.
MSC2010 subject classifications. Primary 60J10; secondary 60J20.
Key words and phrases. Ising models, interacting particle systems, mixing times, coalescent pro-
cess, north-east model.

1003


http://www.imstat.org/aop/
http://dx.doi.org/10.1214/15-AOP1080
http://www.imstat.org
http://www.ams.org/mathscinet/msc/msc2010.html

1004 N. S. PILLATI AND A. SMITH

6.3. Typical component size involved in collisions . . . . ... .. ... ... ... .... 1031
6.4. Colored constrained Ising process . . . . . . . . .. ... . .. 1041
6.5. Coupling KCIP with coalescent process . . . . . . . . ... ... ... .. 1043
7. Excursionlengths of KCIP . . . . . . . . .. . 1052
7.1. Bounds for the collision times of coalescent process . . . . . .. ... ... ...... 1053
7.2. Comparing KCIP with the coalescent process . . . . . . .. ... ... ... ...... 1058
8 Proofof Theorem2 . . . . . . .. ... .. .. .. .. .. 1064
9. Conclusionand future work . . . .. ... ... L L L L o 1067
Acknowledgements . . . . . ... 1069
References . . . . . . . . e 1069

1. Introduction. The kinetically constrained Ising process (KCIP) refers to a
class of interacting particle systems introduced by physicists in [13, 14] to study
the glass transition. Versions of this process have accrued other names since then,
including the kinetically constrained spin model, the east model [2] and the north-
east model [31]. These models have attracted a great deal of interest recently, in-
cluding applications to combinatorics, computer science and other areas; [6, 7]
have useful surveys of places that the KCIP has appeared outside of the physics
literature. Recent mathematical progress has included new bounds on the mixing
properties of the KCIP in various regimes [3-7, 21, 24]. For a more complete re-
view of recent progress on KCIP within the physics community, see the survey
[16] and the references therein.

In this note, we study a simple discrete-time version of this process, though
our main result applies, after suitable time scaling, to standard continuous-time
analogues as well. Fix a graph G = (V, E) and a density parameter 0 < p < 1. For
a set S, we denote by Unif(S) the uniform distribution on S. Define a reversible
Markov chain {X;};en on the set of {0, 1}-labellings of G as follows. To update
the chain X;, choose

vy ~ Unif(V),
(1.1)
pr ~ Unif([0, 1]).

If there exists u € V such that (u, v;) € E and X,[u] =1, set X, ([v;] =11if p; <
p and set X;1+([v;] =0if p, > p. If no such u € V exists, set X,11[v/] = X;[v,].
In either case, set X;y1[w] = X¢[w] for all w € V' \ {v;}.

The state space for the KCIP {X;};cn on a graph G is 2 = {0, 1}9.Set |V| =n;
for general points x € {0, 1,2,...}9, write |x| = Y_,cg Lywj£0- Let 7 denote the
stationary distribution of {X;},cn. For y € Q, this is given by

1 -
(1.2) () = 5—pPl = p)" Py,
KCIP

where Zgcip = 1 — (1 — p)” is the normalising constant [see formulas (4.1) and
(4.2) below]. Thus, m(y) is proportional to the Binomial(n, p) distribution on the
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number of nonzero labels in y € €2, conditional on having at least one nonzero
entry.

In this paper, we study a conjecture stated by David Aldous in [1] about the
mixing time of this process. To state Aldous’ conjecture, we recall some standard
notation that will be used throughout the paper. For sequences x = x(n), y = y(n)
indexed by N, we write y = O(x) for sup, bW~ ¢ < 00 and y = o(x) for

| lx(m)| —
limsup,,_, oo 1y(mf = 0-

We denote by L£(X) the distribution of a random variable X. Recall that for
distributions 1, v on a common measure space (0, A), the fotal variation distance
between u and v is given by

14 — vl = sup (u(A) —v(A)).
AeA

The mixing profile for the KCIP Markov chain {X;},cn on €2 with stationary dis-
tribution 7 is given by

t(e):inf{t>0: sup ||£(X,)—7THTV<8}

Xo=xe2

for 0 < & < 1. As usual, the mixing time is defined as tpix = r(%). Aldous’ con-
jecture is [1].

CONJECTURE 1 (Aldous). The mixing time tmix of the constrained Ising pro-
cess with parameter p on graph G is O(p~! |E|frl§i\¥), where ‘L’ﬁi\y is the mixing
1

time of the 5-lazy simple random walk on the graph G.

Although Conjecture 1 is quite general, it was made in the context of studying
the KCIP on a sequence of graphs {G, },,en with associated density p = p,, = @
for some fixed 0 < ¢ < oo [1]. This scaling regime for p, is natural for studying
the low-temperature limit of the physical process and has been referred to as the
natural equilibrium scale [23]; however, its motivation in [1] is as a model for
data storage in computer networks rather than as a model for physical processes.
We point out that, although this conjecture seems to be supported in the high-
temperature (i.e., p, = p is constant) regime, substantial evidence (both theoretical
and numerical) has been collected since 2002 that the conjecture is not correct in
the low-temperature regime that we study. For instance, the qualitative results of
[19] suggest that this conjecture is not correct, though the authors in [19] do not
give a proof of this statement.

For a positive integer L € N, let A(L, d) denote the d-dimensional torus with
n = L4 points; this is a Cayley graph with vertex set, generating set and edge set
given by

V=1zf,
Gen={(1,0,0,...,0),(0,1,0,...,0),...,(0,0,0,..., D},
E={(u,v) eV xV:u—ve=xGen}.
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Set
n=|AL,d)|=L"

In this paper, we study the KCIP on a sequence of graphs {A(L,d)};en with
density

(1.3) pP=pn=-
n

for some fixed constant 0 < ¢ < oo and fixed dimension d > 3; see Section 9 for
a brief explanation of how our method applies when d and c¢ are allowed to vary
with L.

The mixing time of the simple random walk on G = A(L, d) is known to be

RW ~

T n% (see, e.g., Theorem 5.5 of [22]). Thus, Aldous’ conjecture for G =

mix
.. . 2 ..

A(L,d) suggests a mixing time of Tyjx = O(n2+d ). This is correct for d = 1, but

we show in Theorem 2 below that this conjecture is incorrect for d > 3.

The following is our main result, in which we prove a modified version of Con-

jecture 1 for the torus.

THEOREM 2 (Mixing of the constrained Ising process on the torus). Fix 0 <
c < oo and d > 3. For p = p, defined in (1.3), the mixing time of the KCIP on
A(L,d) satisfies

C1n® < tmix < Can®log(n)

for some constants C1, Cy that may depend on c, d but are independent of n.

REMARK 1.1. We conjecture that the lower bound is tight, that is, tmix ~ n>
for d > 3. We also conjecture that 7p,ix & n3log(n) for d = 2. These different
predictions come from the same source: in all dimensions, the main obstacle to
mixing in the KCIP can be viewed as the time it takes for “many” particles to
“collide” with each other. We make this intuition formal in Section 6 by relating
the KCIP to coalescing random walks. This formalization suggests that the number
of steps required for “many collisions” to occur in the KCIP should be very similar
to the consensus time for the voter model. After appropriate rescaling, the main
results in [9] say that this consensus time scales like 1> for d > 3 but at the slightly
faster rate of n3 log(n) ford =2.

In the statement of Theorem 2 and throughout the paper, we assume that both
the quantities 0 < ¢ < 0o and 3 <d € N are fixed; only n grows. In particular, in
Theorem 2 and all other calculations, bounds that are “uniform” are implied to be
uniform only in n and other explicitly mentioned variables; they will generally not
be uniform in ¢ or d. Throughout the paper, we will denote by C a generic constant,
whose value may change from one occurrence to the next, but is independent of .
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1.1. Relationship to previous work. Although the KCIP we study was intro-
duced in the physics literature [13, 14] and discussed in later work such as [1],
most recent mathematical work on mixing bounds for KCIPs has focused on dif-
ferent local constraints, which give rise to qualitatively different behaviour. Thus,
even if we studied the same regime, our results would not imply (or be implied
by) recent work in this area. However, our primary contribution to the literature
is the fact that our work is in a new regime: we obtain good mixing bounds on a
KCIP that apply in the regime of high dimension d > 3, low density p, ~n~!,
and under the strong metric || - ||Tv. All three of these distinctions can make the
problem harder than working in dimension d = 1, at high density p, = p, orin a
weaker metric.

We briefly review some recent work on the mixing properties of related con-
strained Ising processes [3—7, 21, 24], contrasting our work with specific papers.
Many previous results, such as [5, 7], deal primarily with the regime in which p is
a constant, independently of x. In this regime, many KCIPs mix relatively quickly
and the obstacles to mixing are quite different. Other results, such as [2, 15], study
the small-p regime, but only in one dimension. In particular, the methods em-
ployed in [2] completely break down for d > 1 and thus are not applicable to our
setting. The recent paper [6] seems most similar to ours. In [6], the authors study
the mixing of a related KCIP on A(L, d) at density p ~ % and obtain results in
greater generality than ours; these results are also qualitatively similar. However,
the authors of [6] focus on bounding the relaxation time of the process, rather than
the mixing time; the bounds obtained in [6] cannot be used to obtain sharp esti-
mates on the mixing time. We call additional attention to [19]. Like our paper and
[6], the authors in [19] study the properties of the KCIP at density p ~ % Fur-
thermore, as in our paper, a key step of the analysis in [19] is the construction of
a mapping between the KCIP and a coalescent process. However, the details of
their proofs are quite different (they use a different coalescent process, and con-
struct an exact mapping between generators rather than an approximate coupling
of processes), as are their final results.

1.2. Outline for the paper. This paper is largely devoted to the proof of The-
orem 2. In Section 2, we set up notation and give a proof sketch. In Section 3, we
give a general upper bound on the mixing properties of Markov chains on finite
state spaces; the rest of the proof of the upper bound in Theorem 2 consists of esti-
mating the constants in this general bound. In Section 4, we prove the lower bound
in Theorem 2. Sections 5 to 7 contain most of the work required to prove the up-
per bound in Theorem 2. In Section 5, we study the behaviour of the KCIP at low
density by comparing it to the simple exclusion process. In Sections 6 and 7, we
detail the behaviour of the KCIP at high density by comparing it to the coalescent
process. In Section 8, we combine the results obtained in earlier sections and give
the proof of Theorem 2. Finally, in Section 9 we discuss related problems and the
extent to which our methods apply to them.
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2. A roadmap for the proof. We first explain the heuristic arguments that
make Conjecture 1 plausible and point out the key time scales involved. For the
reader’s convenience, we also give a proof sketch highlighting all the major steps
involved in the proof of Theorem 2.

2.1. Heuristics and key time scales. We discuss heuristics for the time scales
on which important changes to the KCIP occur.

1. If the initial state X has a large number of particles, the number of particles
remaining will generally be cut in half every O(n?) steps. This observation
is crucial to our proof. We show this bound using closely related bounds on
the “coalescence time” of a collection of random walkers on a graph (see [9]).
This bound implies that, after an initial transient period of at most O n3 log(n))
steps, the number of particles in the KCIP will be O (1). This is the only place
we obtain an extra logn factor in our proof of the upper bound of Theorem 2.
We suspect that, in fact, this transient period is only of total length O (n3).

2. After the initial transient period, the KCIP generally has O (1) well-separated
particles. Every O(n?) steps, a particle will spawn a neighbour; one of these
neighbouring particles will be removed in O (n) steps. Ignoring the times at
which any particle has a neighbour, the O (1) well-separated particles will ap-
pear to be evolving according to an independent random walk on A(L,d),
slowed down by a factor of roughly n?; see Figure 1. Since all particles have
no neighbours at most times under the stationary measure, ignoring the times
at which any particle has a neighbour does not greatly influence one’s view of
the process.

3. After the initial transient period, and again ignoring the times at which any
particle has a neighbour, it often takes O (n®) steps to decrease the number of
particles by 1. To see this, note that the number of particles can only decrease
when two existing particles “collide.” Recall that the expected collision time for
two random walkers on the torus is O (n). By the above heuristic, the particles
in the KCIP are undergoing simple random walk that is slowed down by a
factor of n2; thus, the expected time to a collision is 0(n3). It also turns out
that collisions “often” result in the number of particles being decreased.

o(n=2) L(1+0(1)

TN TN
nanreinasiglinna

L1 +0(1)) o(n=2)

FI1G. 1. Simple Random Walk Heuristic: The middle configuration lasts for a very short time com-
pared to the outer configurations; ignoring the middle “transient” configuration, the KCIP particle
seems to be undergoing simple random walk.
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o(n=2) o(n=2) L +o01)

TN TN TN
e e e

1(1+0(1) L +o1) o(n=2)

F

FI1G. 2. Particle Creation Heuristic: The most common sequence of configurations leading from a
single particle to a pair of nonadjacent particles.

4. After the initial transient period, and again ignoring the times at which any
particle has a neighbour, it takes O (n?) steps to increase the number of particles
by 1. Indeed, increasing the number of nonadjacent particles by 1 requires an
intermediate time at which three particles are “touching” in A(L, d), where two
of them share the same neighbour. It takes O (n?) steps for a particle to spawn a
neighbouring particle, and whenever two particles are adjacent, the probability
of one of these two particles being removed before a third “touching” particle
is added is 1 — O(n—1). Thus, it takes O (1n°) steps to obtain three “touching”
particles; see Figure 2 for a generic illustration of how this happens. It is easy
to check that a configuration with three “touching” particles often degenerates
into one with two nonadjacent particles after O (n) steps.

The basis of Conjecture 1 is heuristic (2) above: individual particles at distance
greater than one in the KCIP on A (L, d) tend to behave like independent random
walkers on A(L,d), slowed down by a factor of roughly n2. Thus, for density
p = 5, we might expect the KCIP to have roughly ¢ particles during most times
and to behave quite similarly to the simple exclusion process (SEP) with ¢ particles
(see [8, 17] for an introduction). Heuristics (1) and (4) explain why Conjecture 1
is not telling the whole story: heuristic (1) points out that it takes a long time to
go from n particles to O (1) particles, while heuristic (4) points out that it takes a
long time to go from 1 particle to 2 well-separated particles. The lower bound in
Theorem 2 is obtained by making heuristic (4) rigorous.

An obvious modification to Conjecture 1 is that the mixing time of the KCIP is
at most the maximum of these three time scales, and this is the approach we take in
this paper. There are essentially three obstacles to making this approach rigorous.
The first is to deal with the fact that we would like to compare a single KCIP
to many different SEPs—the SEP with ¢ particles, but also the SEP with ¢ — 1
particles, ¢ + 1 particles, etc. Breaking apart the KCIP in this way is the subject
of Step 1 and Step 4 in the proof sketch below. The second is to complete the
comparison of the SEP to a suitably tamed version of the KCIP. This is the subject
of Step 2 below. The third is to ensure that a KCIP started with a large number
(>>c) particles quickly enters a state with roughly c particles. This corresponds to
Step 3 below.
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2.2. Proof sketch. Our methods in some of the steps in the following out-
line are applicable for a generic graph G, and the others are specific to the torus
A(L,d).Forl<k< %, let Qi C 2 be configurations of k particles for which no
two particles are adjacent, that is,

(2.1) Q= {Xe{O, 9 Xl=k, Y X[u]X[v]:O}.

veV (u,v)eE
Also set Q' = Q\ UZ_, . For each k < %, we will denote by fé]k& the mixing
time of X; “restricted to” €2; (our notion of “restriction” is defined more carefully
in Section 5). Define the quantity

T
Occi(e, N) =supinf{i7T >1: Xo=x,P Zleer>N >1—¢q.
xe s=0

For a fixed N and small &, Occi (g, N) denotes the first (random) time at which
the occupation measure of X; in €4 exceeds N with high (1 — ¢) probability. For
x € Q, define the exit time:

(2.2) Li(x) :inf{t :Xo=x,X: € Qj}.
J#k
Our proof strategy for the upper bound in Theorem 2 entails the following steps.

Step 1. We show that for a universal constant kmax = kmax (G, ¢) depending only
on the local structure of the graph G and the constant ¢ from (1.3),

k 1 k
Tix = O( sup téli; + sup Occg (Sk , C‘L’I;g()).

1 <k=<kmax 1 <k=<kmax max

This is an immediate consequence of Lemma 3.1.

Step 2. By a comparison argument using the simple exclusion process, we show
that rélkll = 0((a2§€)_1nlogn) uniformly in 1 < k < kpax, Where oz,?,F;{ is the
log-Sobolev constant of the simple exclusion process on G with k particles.
For G = A(L,d), it is known that (ozs%{)_l = 0(n1+%) (see [32]), and thus

‘L’éﬁi = O(n2+% logn) uniformly in 1 < k < kyyx for the KCIP on A(L, d). See
Lemma 5.1.
Step 3. For G = A(L, d), by coupling the KCIP to a “colored” version of the

coalescence process over short time periods, we show that the process

(2.3) Vi=> X[v]

veV

satisfies the “drift condition”
E[V, ens — ViIXi]1 = =6V +C

for some C < oo and ¢, § > 0, all independent of n. See Theorem 6.1.
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Step 4. For G = A(L, d), by direct calculation and further comparison to a coa-
lescence process, we show that

inf P[Ly(x) > C1n3] >e>0
erk

and

sup P[Li(x) < C2n3] >e>0

x ek

for some constants Cy, C», € > 0 independent of n. See Lemmas 7.3 and 7.6.
Step 5. Conclude from Step 3 and Step 4 that sup; ;< Occk(@, Créﬁ;) =
o3 log(n)). See Lemma 8.1.

The lower bound is obtained in Theorem 2 by a direct computation of the ex-
pected time for the KCIP {X;};>0 on A(L, d) to first have two nonadjacent parti-
cles when started from a single particle. Some of the steps above that are specific
to the torus A(L,d) can be extended for other graphs as well, as discussed in
Section 9.

3. General mixing bounds for decomposable Markov chains. In this sec-
tion, we give a general bound on the mixing time of decomposable Markov chains.
This result will be later applied to the KCIP Markov chain to achieve Step 1 in the
proof of Theorem 2. The bounds in this section apply to Markov chains other than
the KCIP, and thus are of independent interest; they are developed further and
applied to other examples in a companion paper [29].

Consider an aperiodic, irreducible and reversible Markov chain {Z;};cn with
transition matrix K and stationary distribution 77 on a finite state space ®. Our goal
is to bound the mixing time of {Z;};cN in terms of the mixing times of various re-
stricted and projected chains; these L' mixing bounds are loosely analogous to the
L? bounds in [20]. We begin by fixing n and writing the partition ® = L7, Ok.
For 1 <k <n, set nx(0) = 0 and for s € N, recursively define the sequences of
times

A nk(s) =inf{r > (s — 1) : Z; € O},
. ki (s) = sup{u : mi(u) <s}.

The quantity «; can also be written as

T
(3.2) ki(T) = 1z,c0,-

t=1
Both 5, « depend on the initial condition Z;. We also define the associated re-
stricted (k)
processes {Z; " };eN by

(3.3) z® =7,
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This process is called the trace of {Z;};cny on Of. Since {Z;},cn is recurrent, we
have for all ¢ € N that n;(#) < oo almost surely, and so Zt(k) is almost surely well-
defined for all + € N. The process {Zt(k)}teN is a Markov chain on ®y; denote by
K the associated transition kernel on ®y. The kernel Kj inherits aperiodicity,
irreducibility and reversibility from K and its stationary distribution is given by
T (A) = % for all A C ®¢. We denote by ¢, the mixing time of the kernel K.

Say that the chain {Z;};>¢ is sufficiently lazy if either of the following two con-
ditions hold:

1. min,ce K[x, x] > %, or
2. there existsaset S C ® and § < 2—14 satisfying:

7(S)>1-3, min K [x,x]>1-3§,

xeS

max K[x,y] <§6.
mz [x, y] <
yeS

For 0 <a < %, define the universal constants ¢, and ¢/, as in Theorem 1.1 of
[28]. The following simple bound on the mixing time of K combines Lemmas
3.1 and A.2 of [29].

LEMMA 3.1 (Basic mixing bound). Fix0 <a < % and 1 —a < B < 1. Define

y = min(%, a+,;+—1) > 0 and fix a collection of indices I C {1, 2, ...,n} satisfying
> 7 (Op) > B
kel

Set

/

c, Ok 1
Tzinf{T . inf sup<ﬁ + sup P, [kx (T) < t]) < —}.
0<t<T keg z€0 4

Then the mixing time 2. of any sufficiently lazy chain {Z,};cn satisfies

mix
z
T2 4
- < —c, T
Ca 3
Thus, Lemma 3.1 relates the mixing time of a Markov chain to the mixing times
of its traces on subsets of the state space with reasonably large stationary measure
and the corresponding occupation times on those subsets. This is possible due to
the remarkable results obtained in [25, 28], where the authors obtain a bound on
the mixing times of reversible Markov chains in terms of hitting times.

REMARK 3.2. Since our mixing bounds in Section 5 below are obtained by
a bound on the log-Sobolev constant of various restricted chains, and our bound
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on occupation measure can easily be translated into a bound on the spectral gap
of an associated projected chain, the reader may ask why we do not use the well
developed theory in [20] for decomposable Markov chains to bound the mixing
of a Markov chain in terms of restricted and projected chains. One reason is con-
venience: unlike the bounds in [20], Lemma 3.1 requires only a bound on ¢ for
some k, not all k. Since the bounds in Section 5 apply only for k small, Lemma 3.1
allows us to avoid doing the substantial extra work of finding bounds on ¢y for k
large. The second, and more important, reason is that it is impossible to get an up-
per bound on the mixing time that is smaller than O (n*log(n)) using bounds from
[20] and any partition of €2 similar to the partition that we use. The extra factor
of n comes primarily from the fact that the probability of moving from Q| to
Q. within O (n?) steps is very far from uniform over starting points x € Q1. See
[29] for more examples illustrating this point.

4. Lower bound for the mixing time of KCIP on A(L,d). In this section,
we give a direct computation that leads to a lower bound on the mixing time of
the KCIP on any m-regular graph G = (V, E) that contains no triangles. The torus
A(L,d) is 2d-regular and triangle-free, and this bound will immediately give the
lower bound in Theorem 2. Before proceeding, we verify that the stationary dis-
tribution of the KCIP is given by formula (1.2). If P[X;4+; = y|X; = x] > 0, then
either

P[X;41 = yIX, =x] = %P[Xzﬂ = x|X, = y]

(4.1) o)
T
=2 VpX, = x|X, = y]
T (x)
or
l—p
P[XH—I = yIXt =x]= —IP[XH-] =X|Xt =x]
(4.2) (”)
= 2V pIx, = x|X =y,
T (x)

depending on whether ), . x[v] < > ,cc y[v] or not. Thus, the Markov chain
{X:}sen satisfies the detailed balance equation with respect to , and thus has &
as its stationary distribution.

We continue by setting notation that will be used throughout the remainder of
the paper. For u,v € A(L,d), denote by |u — v| the smallest number of edges
needed to traverse from u to v via a connected path; this is the usual graph distance.
Let

4.3) Be(v)={we A(L,d):|v—w|<¢}

be the ball of radius £ around v in the graph distance. For ¢t € N, let G, be the
subgraph of G induced by the vertices {v € G : X;[v] = 1}, with vertices V (G;)
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and edges E(G;). For a vertex u € A(L, d), define Comp, (1) to be the collection
of vertices contained in the same connected component as u in G,, define Comp, to
be the collection of distinct connected components in G;, and let ¥; = |Comp;, | be
the number of connected components in G;. Recall that V; =} .5 X;[v] = |G/|
is the number of vertices having state 1. For a KCIP started at time 0 with V=1,
define the associated triple time by

4.4) Cwiple = inf{z : V; > 3}

LEMMA 4.1 (Component growth). Let G be an m-regular graph (m > 1) with
no triangles. Fix ¢ > 0 and assume that Vo = 1. Then

3

4.5) IP)|:§triple < Sm

]=0(s),

where the implied constant is uniform over 0 < & < &g sufficiently small and does
not depend on G or c.

PROOF. Define the matrix
cm cm

1-— — 0
n n
60 K=|2(j_c) oD 2, ) clnod
n n n n n n
0 0 1

It is straightforward to check that, for 0 < s < {yiple and a € {1, 2, 3},
4.7 P[Vsy1 =alXs] = K[Vs,al.

Most significantly, X appears on the right-hand side only through V. We jus-
tify this by considering the various cases. If Vi = 1, the transition probabili-
ties P[Vi4+1 = i|X] depend only on the number of vertices labelled 1 at time s
(this is 1) and the number of vertices adjacent to this vertex (since our graph is
m-regular, this is m). If V; = 2, the transition probabilities P[ Vs = i| X] depend
only on the number of vertices labelled 1 at time s (this is 2), the number of vertices
labelled 1 adjacent to other vertices labelled 1 (this is also 2) and the number of
vertices labelled 0 adjacent to vertices labelled 1 (since our graph is both m-regular
and triangle-free, this is 2m — 2).
By direct computation,

2
n

E1[Suipte] = — + E2[Luiptel,
cm

2 c c(2m —2) 2 c
<_(1 — —> + —2>E2[§mp]e] =14+ —<1 - —)El[gtriple]s
n n n

n n
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and so we obtain

n3

(4.8) Ey [é‘triple] = + O(nz)'

ot — 1)
Next, observe that for any 7 € N,
P[Cuipte > 2T] = Pl&uiple > 27 [Striple > T1P[Eiripte > T']
= E[P[Luiple > 27T |Suipte > T11 X7, Suwipte > T [P[Suipte > T’
< Pltuipie > T1*.
By the same calculation, we have for any k, 7 € N that
Pl¢uipte > kT1 < PlZuiple > T1".

It is also clear that P[¢yiple > 7] is @ monotonely decreasing function of 7.
We now prove our result by contradiction. If we assume that P[{yiple <

3
E3Tmon=D) - ] > 10¢ for some n € N, we would have
c‘m(m—1)

00 n3 n’
El&uipte] < Zp[gtriple = k’;’ 3c2m(m — 1)—H ’78 3¢2m(m — 1)—‘

k=0
r n3 =4 o0 n3 k
<|lg—o Pl ¢ v
- 83c2m(m —)) lg) [gmple = ’78 3c2m(m — 1)—‘]
— }13 -7 0 k
<|lg— M 1-10
=1%32mm — 1) k;( 2
B n3 11
=le————|—.
3c¢Zm(m — 1) | 10e

Combining this with inequality (4.8), we have
3 3
n n 1
N 1 A s [ ——‘—
cZm(m —1) +0() = 83c2m(m —1) [10e

This inequality is clearly false for all sufficiently large n, and so the assumption
that P[Siiple < sm] > 10e must also be false for all sufficiently large n.
This completes the proof. [

We now conclude with the lower bound in Theorem 2.

THEOREM 3 (Lower bound on mixing time). Fix an m-regular (m > 1) graph
G with no triangles. Then the KCIP on G with success probability p = ;- has
mixing time satisfying

1 n3

Zem(m—1)

Tmix =
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where C does not depend on ¢ or G and

3¢2max(1, —1lo c+ & —
5 (1, —logy((c + §) 15)) o

(c+ 2)1 —c

PROOF. Fix ¢ >0, let T = L83—J and define the set A = {x € Q:
cZm(m—1)

Y veg X[v] < 2}. Let X be such that Vp = 1. From Lemma 4.1 and equation (1.2)
for the stationary distribution 7z, we calculate:

|£X7) = 7|y = w(A) = P[X7 € A]
= H(AC) - IED[{triple <T]

c\" ! 1
—1-n" Q—_) S
n n 1= (1)

_Mé(l_f)n 2;4_0()
2 2\ ) 1-a-on U

2 —c
_ (c+ %) (1 +0(1) + 0().

Thus, for ¢ K }l(c 2 )

1—.— sufficiently small,

1 2\ e©
ot = rhey =5 (4 5 ) 7oy = 0

uniformly in n > N (¢) sufficiently large. Since the mixing profile satisfies

1 c? e ¢ c? e ¢
(3 C+E T <max( 1, —log,| 2 c+3 [ —o-c Tmix»
by Lemmas 4.11 and 4.12 of [22], this implies

T
max(1, —log, 2(c + §) 1£=))

Tmix =

for ¢ sufficiently small. This completes the proof. [

5. Mixing times of the trace of KCIP on ;. For the remainder of the paper,
we restrict our attention to the partition of the partition of the state space 2 for the

KCIP into the states {2} I&ZJI defined in equation (2.1) and the remainder term
Q=Q\U ,& Jl Q. In this section, we obtain bounds on the mixing times of the
trace of the KCIP on 2. As these trace walks mix substantially more quickly than
the KCIP Markov chain X; on €2, we do not need these mixing time bounds to be

tight.
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Fix1<k< %, and let O, « be the kernel of the trace of {X,};cN on € [recall
that the trace of a Markov chain on a subset of its state space is defined in for-
mula (3.3)]. Denote by 7, x the mixing time of O, . The key result of this section
is the following.

LEMMA 5.1 (Mixing time of restricted walks). With the notation as above,
Tux < Cn>*i log(n)

for some constant C = C(c, k, d) that does not depend on n.

We proceed by using comparison theory, a tool developed for proving mixing
bounds for a Markov chain by comparing its transition rates to a similar and better-
understood chain (see, e.g., [10] or [12] for an introduction to this method). We will
use the simple exclusion process (SE) on A(L, d) as the basis of our comparison
argument (see [8, 17] for an introduction to the simple exclusion process).

DEFINITION 5.2 (Simple exclusion process on A(L,d)). The simple exclu-
sion process {Z;};en is a Markov chain on the finite state space

(5.1) Qﬁiz{ZG{o,l}":ZZ[i]:k}.

To update Z;, choose two adjacent vertices u;, v; € A(L, d) uniformly at random
and set

Ziyilul = Zi[ve],
Zip1lve] = Ziluy]
and Z;41[w] = Z;[w] for w ¢ {u;, v;}.

The approach in this section is to first note that the simple exclusion process
with k particles has good mixing properties (we use the results in [32], though
others would suffice for our purposes) and then use a comparison argument to
show that the mixing properties of the trace of the KCIP on €2; cannot be much
worse. We use the simple exclusion process because it makes both parts of this
argument easy: it has already been carefully analyzed, and it is similar enough to
the trace of the KCIP that the comparison argument is short and involves only soft
arguments. It is likely that the conclusions we need can be achieved by comparison
to other processes on the torus.

5.1. Comparison of Markov chains using Dirichlet forms. Before stating the
main result of this section carefully, for the reader’s convenience, we recall some
relevant results for comparing Dirichlet forms. We use the bounds in [30], rather
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than the similar and simpler results from [10, 12], because we will compare chains
(KCIP and SE) with different state spaces; the bounds in [10, 12] cannot be used
in this situation.

DEFINITION 5.3 (Norms, forms and related functions). For a general Markov
chain on a finite state space X with kernel P and unique stationary distribution 7,
and any function f : X — R that is not identically 0, we respectively define the L,
norm, variance, Dirichlet form and entropy form as

113 = Y| f @),

xeX
Va(f) = Z |f0) = FOI ()T (),
(5.2) yex
Ep(f. f) = Z |F @) = FOP P ym ),
x ,yeX
2
L.(f)= Z|f(x)|210g( f(xf )n(x>.
reX 1£113
Recall that the log-Sobolev constant of a Markov transition matrix P is given by
ee(fs ) f)
(5.3) a(P)= 0 L)

DEFINITION 5.4 (Extensions). Let K, Q be the kernels of two ——lazy, aperi-
odic, irreducible, reversible Markov chains. Assume that K has stationary measure
/L on a state space © while Q has stationary measure v on a state space © C .
Denote by f a function on ©, and call a function f on © an extension of fif
f(x)=f(x) forall x € ©.

Next, fix a family of probability measures {Py[y]},.g on O that satisfy P, (-) =
8x(+) for x € ®. We will use only extensions of the form

(5.4) F) =Y Pylf ().

ye®

We call extensions of the form (5.4) linear extensions.

Fix a linear extension. For each pair (x, y) € ® with K (x, y) > 0, fix a joint
probability distribution P, , on ® x © satisfying } _, P, y[a, b] =Py[b] forall b €
® and ) ;, Py y[a, b] = Py[a] for all a € ©. This is a coupling of the distributions
Py, Py.

DEFINITION 5.5 (Paths, flows). Finally, for each a,b € ® with
Zx’ye@ Py.yla, b] > 0, we define a flow in ® from a to b. To do so, call a se-
quence of vertices y = [a = v0,4,b, V1,a,b» - - - » Vk[y],a,b = D] @ path from a to b if
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QWi q.b,Vi+1,a.p) > 0forall 0 <i < k[y]. Then let I'; 5 be the collection of all
paths from a to b. Call a function F from paths to [0, 1] a flow if Zyera , Flyl=1
for all a,b. For a path y € 'y, we will label its initial and final vertices by

i(y)=a,o(y)=>b

The purpose of these definitions is to provide a way to compare the functionals
described in formula (5.2). If there exists a family of measures {P,}, g so that the
associated linear extensions given by formula (5.4) satisfy

Lu(f) < CLLu(P).
Ex(f, P) = Ce€o(f. ),
then the variational characterization of « given in formula (5.3) implies
1
55 >
(5.5) a(Q) = C.Cx

This is the motivation for Theorem 4 and Lemma 2 of [30]. Theorem 4 of [30]
may be restated as the following.

a(K).

THEOREM 4 (Comparison of Dirichlet forms for general chains). Let K, Q be
the kernels of two reversible Markov chains. Assume that K has stationary mea-
sure [ on state space © while Q has stationary measure v on state space © C e.
Fix flow F, distributions Py and couplings Py y as in the notation in Definition 5.5

above. Then for any function f on ® and the linear extension f of f on ©) given
by formula (5.4),

Ex(F, ) < Ao (f. 1),

where

1
A= 7( FlylklylK (i(y), J
Q(Z‘,?Log(q,r)v(q) ﬁ%r) [y IkIY1K (i (v), o)) (i (y))

+2 3 KyIFIy] 32 PyoWIK (), y)uli(r)

y3(q.r) ve®\O
Sl DS Px,y[i(w,o<y>]K(x,y)u<x>).
r2(q.r) x,ye@\@:K(x,y)>0

Lemma 2 of [30] may be restated as the following.

LEMMA 5.6 (Comparison of variance and log Sobolev constants). Let i be a

measure on © and v be a measure on © C ©. Let C = SUpP e M(& )) Then for any

function f on © and linear extension f of f on 0,
Vo(f) < CVu(),
Ly(f) < CLu ().
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5.2. Bounds on KCIP. Next, we prove our results. Fix 1 <k < % and denote
by «y « the log-Sobolev constant of O, . Denote by QEFk and oz,sl’]i the kernel and

log-Sobolev constant associated with the simple exclusion process with k particles
on A(L,d). We then have the following.

LEMMA 5.7 (Comparison of log-Sobolev constants). There exist N =
N(c,k,d) <ooand 0 < C =C(c,k,d) < oo so that n > N implies

1
(5.6) apg = C—at.
Lo,

PROOF. Our proof consists of comparing a sequence of very similar Markov
chains, beginning with the trace of the KCIP and ending with the simple exclusion
process. The bulk of our argument goes through repeated application of Theo-
rem 4, Lemma 5.6 and inequality (5.5).

Recall that the state space of Q, x is €2, x = 2k as defined in formula (2.1),
while the state space of QEE,( is QSEk as defined in formula (5.1). By the standard

“birthday problem” computation,

k
1‘[(1—@—1)(2‘1“))5 20l _

SE| —
i=1 n |an|

Thus, for any fixed k € N,

|Qn,k| <1

5.7 1—0(1) <
(5.7) 0()_|Q’§5€|_

as n goes to infinity. Since the stationary distributions m, x and nns},% of O,k and

Qgi, respectively, are uniform on €2, x and QSF;(, respectively, inequality (5.7)
implies that

nn,k(x)
— E
n,ik(x

(5.8)

<1l+4+o(1)

uniformly in x € 2, x C QEE,{
Next, we define a less-lazy version of O, . Note that

2cdk
Ql’l,k(xyx)zl_ 2
n

and so for n sufficiently large we can define a less-lazy version QI,:H,; of O« by

C C
Ons = (1 - ;)1d+ Cox
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where Id is the identity kernel and lefc is at least %—lazy itself. Since QEI,; is
simply a less lazy version of QO x, it is immediate that the associated Dirichlet
forms £ n and £, , satisfy

Qn.k nk

E0,4(f ) 2 ~Egu(f. f)

forall f : €2, — R. Applying Lemma 5.6 to inequality (5.5), this bound implies
the following inequality for the log-Sobolev constant aNL of QE%

(5.9) s > Za,lf%

Thus, to prove inequality (5.6) it is sufficient to relate QEI,; and Q;?F;C
Next, we define QMH —SE to be the Metropolis—Hasting chain with proposal
chain equal to Qfl’ i and target measure 7, = Unif (2, ¢). If x # y € 2, i satisfy

QMH SE(x, y) > 0, then x and y differ at exactly two vertices u, v, with x[v] =
ylu ] 0, x[u] = y[v] = 1. Let ¢9 = 0 and inductively let ¢; .| = inf{t > ¢; : X; #
X, } be the successive times at which the KCIP changes; we calculate

ONE(x, y) = 2 Qui(x, y)

| S o

P[X g, [v] = 11X = x|P[Xg,[u] = 0| X0 =x, X¢,[v] = 1]

o

nc La—-¢
>

(5.10) Zo2 %(1 <)+ 2cd(k+1)

_1( n—c )
S n\n—c+2cdk+1)

1 n—c¢ MH—SE
> _
_2<n—c+2cd(k+1))Q (x.).

To see the second and third lines, consider starting at KCIP at X and calculating
the probability that X, is obtained from X( by changing the label of v from 0 to
1, and that X, is obtained from Xy, by changing the label of u from 1 to O; these

L_c

T (1_”2()1+ ;;d(,; —1y respectively. By the same short
argument immediately preceding inequalityn (5.9), inequality (5.10) implies that
for all n sufficiently large the log-Sobolev constant aMH —SE of QMH —SE satisfies

probabilities are at least nc—z and

1 v
(5.11) o)k > Za}f,f‘ SE

In light of this inequality and inequality (5.9), to prove inequality (5.6) it is enough
to relate QMH —SE and QEE,{
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We now give the main comparison argument, using Theorem 4. Using the nota-
tion of Theorem 4, we will compare kernels Q = QMH—SE and K = QS . on state

spaces ® = 2, x and 0= SZ &~ Both of these kernels have stationary distributions
that are uniform on their respectlve state spaces. To define the flows, distributions
and couplings required by Theorem 4, we need slightly more notation. Define the
graphs GMH —SE and GS to have vertices

V(G ) = Quk,
V(Gn,k) = Qn,k
and edges
(GMH SE) {(x.y) e GMH SE'QMH SE(x, y) -
E(Gn,k) ={x,ye Gn,k : Qn’k(x, y) > 0}.

We denote by dMH=SE and ¢SE the usual graph distances on GMH —SE and GiEk,
respectively. Next, define the distributions {P,}, oSk on 2, k by IP’ [[1=6x()if

x €S2, and
P[] :Unif({y € Qs :dE(x,y) = min dSE(x, z)})
2€Qu k

otherwise. We define the couplings {va)’}x,yeﬂga 055 (x,)>0 to be the inde-
pendent couplings Py y[a, b] = Py[a]Py[b]. Finally, for pairs (a,b) satisfying
) yeRSE, 0SE (x,7)>0 Py yla, b] > 0, we define the flow F on 'y to be uniform

n

on all minimum-length paths in GMHSE from « to b.
We now show that the constant A in Theorem 4 that the above choices yield is

uniformly bounded in n. Recall that :8: =14 o0(1) and QQT(X;)W is either 0

or 1 when it is defined, and so the constant .4 can be bounded by

A=(1+o) sup ( S Fykiyl+2 Y kyIF] Y Bylot)]

Q@.r)>0 %y 5x4,r) y2(q.r) ye®\O

+ > klylFly] > Py y[i (), 0()/)])-

y2(q.r) x,y€O\O:K (x,y)>0

To show that A is uniformly bounded in 7, it is enough to check that all of the
probabilities, couplings and paths that we have defined are local in the sense that
any particular probability, coupling or path involve only points that are a bounded
distance from each other, uniformly in n. Since the details of the bounds are not
important to us, we give very loose bounds.
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PP, is concentrated on points y with d5E(x, y) < 2k2. Py, is defined only on
pairs (x, y) satisfying dSE(x, y) = 1, and thus is supported on pairs (a, b) satisfy-
ing

(5.12) d%(a, b) < 4k* + 1.
For x,y € Q, k., let
Cyy=max{lu —v|:u,veAL,d), x[u]l + y[ul > 1, x[v] + y[v] > 1}
be the maximum distance between any particles in x or y. For any 0 < C < oo, let

Ren= max{dMH_SE(x, y):Cyy <C}.
Since GMHSE g vertex-transitive and is connected for n sufficiently large, we
have for all n > N(C, k, d) sufficiently large that

Rcn =Re

for some constant R¢ that does not depend on n. Thus, for all n > N(C, k, d)
sufficiently large and all x, y with C,, , <C,

(5.13) dMITSE(x vy < Re.

If dSE(x, y) < C, then there exist k vertices vy, ..., vx € A(L,d) that cover the
particles of x and y in the following sense:

k
fve A(L,d): x[v]+ ylv] = 1} € | Bac(wi).
i=1
By taking larger balls, this can be turned into a disjoint cover: there exist 1 <m <k
vertices uq, ..., U, So that

m
{ve A(L,d):x[v]1+y[vl =1} C U B3kc+Rre) (i)
i=1
with Bsgc4+re) i) N Bakc+re)(j) = @ for all i # j. By the definition of
Rc, no minimal-length path from x to y can have any particles outside of the
cover UL Bkc+Rre)(ui); thus, by inequality (5.13), for all x,y € 2, with
a’SE(x, y) < C we have that

dMISSE(x ) < Rskcqre)-

Combining this bound with inequality (5.12), we conclude that all paths y with
F(y) > 0 have at most Ry 24 Ry, points. Since balls of radius £ in the
graph A(L, d) have at most (2¢ + 1)? vertices in them, balls of radius ¢ in G%E‘SE
have at most (2¢ 4 k)*¢ vertices in them. Thus, at most (2R3k(4k2+1+724k2+1 )+
k)*¢ + k paths in G%?‘SE with positive support can pass through any given edge.
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Most importantly, all of these bounds depend only on k and d; they are uniform in
n sufficiently large. Combining this observation with inequality (5.8) and applying
Theorem 4, this implies

(5.14) Egst (F. 1) < Aw.a€ guse (f. f)

for some constant Ay 4 that depends only on k and d. Thus, applying inequal-
ity (5.7) and Lemma 5.6 to inequality (5.5), we conclude that there exists some
constant C}_; so that

MH-SE _ ~/ SE
= Cha k-

Combining this bound with inequalities (5.9) and (5.11) completes the proof of
inequality (5.6). O

Finally, we prove Lemma 5.1:

PROOF OF LEMMA 5.1. Translating the main result of [32] into our discrete-
time setting, we have

2
(x,ih;( > Cdn_l_ﬁ,
for some constant C; that depends only on d. By Lemma 5.7, this implies
92
ap i >Cn d

for some constant C = C(c, d, k) that does not depend on n. Applying inequal-
ity (3.3) of [11] yields the conclusion. [J

6. Drift condition for V;. Recall the process V; =", A(L.d) Xt[v] from for-
mula (2.3). The graph G; is the subgraph of G = A(L, d) induced by the vertices
{fve A(L,d) : X;[v] = 1}, with vertices V (G;) and edges E(G;). Let F; denote
the o-algebra generated by the random variables {X}s;<;. The key result in this
section is the following drift condition on {V;}>;.

THEOREM 6.1. There exists some constant 0 < g9 = go(c, d) independent of
n so that for all 0 < e < &g, there exist constants Cg = Cg(e,c,d) < 00, a =
a(e,c,d)and N = N (g, c,d) so that, for allk e N and alln > N,

(6.1) ELV, o3| Fil < (1 — )V, + Cq.

Besides a small number of definitions that are explicitly recalled, Theorem 6.1
is the only part of Section 6 used in the remaining sections. As the proof of Theo-
rem 6.1 is somewhat long, we give an outline:

1. We show that the number of particles V; is generally close to the number of
connected components in G;, and so it is enough to bound the latter quantity
(see Lemma 6.2).
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2. By embedding a coalescent process into the KCIP, we show that the number
of “collisions” between components of the KCIP over the time interval {z, ¢ +
1,...,t +en3} is on the order of the number of connected components in G,
(see Lemma 6.15).

3. By direct computation, we show that collisions involving components of size
1 will decrease a certain biased count of the number of connected components
G, (see Definition 6.3 and Lemma 6.6) while other collisions will not increase
this observable by much (see Lemma 6.8).

4. By an argument based on bounding the influence of faraway points, we show
that a substantial fraction of collisions occur between components of size 1 (see
Lemma 6.9).

5. Steps (2)—(4) above will yield that a positive fraction of connected components
of G; will be involved in a “good” collision over a reasonable time scale, and
this leads to a contraction estimate on a biased count of the number of compo-
nents (see Lemma 6.11). By the observation made in (1) above, this leads to
our final contraction estimate on V;.

Recall from Section 4 that for a vertex u, Comp, (#) is the collection of vertices
contained in the same connected component as u in G;. Recall also that Y; denotes
the number of connected components in G;. Define the number of excess particles

(6.2) 8=V, — Y,.

The next lemma compares the number of particles to the number of components.

LEMMA 6.2. Forn > 2c and forall s,t >0

1 S
63) E[S4|F/] < (1 _ 2—) 8, + ded.
n
PROOF. We first show that, for k € N,
1 c\\* 2cdk 1
(64) Esslan .y vl Fi) = (1= (1 5) ) o+ 25—
n

Indeed, for v € A(L, d), let N&' dj(v) be the number of components of G that are
adjacent to v. Define

Ay ={ve A(L,d): X,[v] =1,

Comp, (v)| > 1},
By ={veA(L,d): X,[v]=0, N (@) > 0],
Dy = A(L,d)\ (A; U By).
Then we have
E[8s+11|Fs] = E[8s+411Fs, vs € As]Plug € Ag|Fs]
+ E[5+11Fs, vs € Bs]Plvs € Bs|Fs]
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+ E[85411Fs, vs € Ds]P[vg € Dy| F]

< (5s _ (1 - %))P[vs € Al

(6.5)
+ (as + E)P[vs € By|Fy]+ 8,Plv, € Dy| ]
n
= SSIP)[US S As U B U Ds|~Fs]

c C
_ (1 _ ;)p[vs € Al Fi]+ Plu, € By|F]

O c 2cd Vs
fas__<1__>+ 2
n n n

This can be iterated to give:
E[((St—l—s)lsuptiiftﬂ Vi<k |th]

= E[E[(aﬂrs)lsup,gsm Vi<k |-Ft+s71] |-Ft]

1 c 2¢dViys—1
E[((l - ;(1 - ;))SIH—I + T)lsupmw v,-sk‘f’}
1 c 2cdk
= E[«l - ;(1 - ;))5t+s—1 + 7>lsupt<,-<t+s stk‘ff}
1 e\ . 2cdk 1
(-2p)ae st
n n n 1-— -

which is inequality (6.4). Since V < n, this implies inequality (6.3) for n > 2¢ and
the proof is completed. [J

IA

A

6.1. Corrected number of components. Our next goal is to obtain a bound
on E[Y;s|F;] in terms of Y; over certain time intervals. To this end, we digress
briefly and introduce a new object called the “corrected number of components”
of a graph.

DEFINITION 6.3. For a graph H, we define a Markov chain {H;};>o with
absorbing states as follows. Set Hy = H. For i > 0, if all components of H; are
size 1, set H;11 = H;. Otherwise, select uniformly at random a vertex v; in H;
that also has at least one neighbour in H; and set H; | = H; \ {v;}. We then de-
fine Ny = E[lim; _, oo | H;|]. Since H; 1 = H; for all i > |H|, this (random) limit
always exists. See Figure 3 for an illustration of the evolution of H; for an initial
graph Hy with five vertices.

DEFINITION 6.4. For k € N, set
N =sup{Ny: H C A(L,d), H connected, |H| < k}.
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—0—0—0—0— ——0—0—0—
1 2 2 1
oo —o o o o ° — — o o

FI1G. 3. Evolution of the component sizes of H;: These are the transition probabilities associated
with the {H;};cN process, with Hy a 5-vertex graph.

We make some initial observations. By simple case checking, we can show that
NM=N,=1,N3= %,/\/’4 = I. We clearly also have

(6.6) Ny <k—1.

Next, we show that Ny can never be too small.

LEMMA 6.5. For any subgraph H C A(L,d), we have

|H |
Ny > ——.
H=sa+1

PROOF. Let {H;};>o be the Markov process given in Definition 6.3, and let
H, be its limit. We have

(6.7) Ny = E[Z 1U€Hw] =Y Plve Hul.

veH veH
However, for any particular vertex v € H, v € Hy as long as it is the last vertex
among its neighbours to be selected as an update vertex v;. Since v has at most 2d
neighbours in H,

1
Plv e Hyl > .
weHealz 5
Combining this with formula (6.7),
H
Ny > |H|

2d +1°

completing the proof. [

For 1 <k <2d, let H (k) be the star graph with k leaves (see Figure 4 for a star

graph withd =2, k =4).

FI1G. 4. Star graph.
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For the purposes of the following lemma, we denote the vertex set of this graph
by V(H(k)) ={1,2,...,k+ 1} and the edge set by E(V(k)) ={(i,k+1):1<
i < k}. We give basic bounds on how N ) depends on small changes to the
subgraph H.

LEMMA 6.6 (Shrinking star graphs). For Ny as in Definition 6.3,

PROOF. It is easy to check that Ny (1) =1 and Ny o) = N3 = %‘. Let {H;};en
be the Markov chain described in Definition (6.3), and let {v; };cn be the associated
sequence of vertices. The quantity Nz ) satisfies the recurrence:

NH(k) =kPlvo=k+ 1]+ Plvg # k + I]NH(kq)

k k

=——+—Nryu-n.
k+1  k+1 HED

Iterating, for all 0 < g <k — 3 we have

(6.9)

1 q
=—(k k—1 k — _— —a—1)-
Ny k+1( + ( )4+ ( 61))+k+1/\/H(k g—1)

Setting g = k — 3 gives formula (6.8). [J
More generally, we have the following.

LEMMA 6.7. For any graph G and all subgraphs H C G and all vertices
veaqa,

NHU{U} <Ny +1.

This bound holds regardless of whether or not H is connected, and regardless of
whether or not v is adjacent to any vertex in H.

PROOF. We prove this by induction on m = |H|. For |H| € {1, 2} this is clear
by direct computation. Assume that Nyyup) < Ny + 1 holds for all |H| < m.
Fix H with |H| =m + 1, define N(H) to be the vertices of H with at least one
neighbour in A and, by the same argument as in recurrence (6.9),

1
Noopy = ———— Nuy
0 = N U D] uemgu{v}) W)

<1
~ IN(HU{))]
1

L Yo WNmw+D
IN(H U {v))| ueN(HU{vH\{v}

Nulyenmup)

<Nu+1,
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where the induction hypothesis is used in the second line. [

6.2. A corrected version of of Y;. In order to bound Y; — Y;, we introduce the
process

(6.10) Yo=Y Np.

HeCompy

‘We think of {?s} s> as a “corrected” version of {¥s}s>,. In general, {YS} s>¢ 1s easier
to work with than {Y,}s>;. One reason is the martingale-like property

E[(Yir1 = Y)1,c|F] =0,

which does not hold for {¥s}s>; [here p; is as defined in (1.1)]. In addition, {Ys}szt
is much better-behaved than {Y;},>; over short time intervals, especially when the
KCIP is far from equilibrium. Using (6.6), it can be verified that

6.11) Yy <Y, <Y + 6.

Since 8y is often small (see Lemma 6.2), Y is a good proxy for the quantity Y.
Next, we show that the corrected number of components {Y;};>; does not grow
too quickly over a moderate time period.

. 1
LEMMA 6.8. FixO<e < %62dT13

> . 96¢%(d + 1)° 1\ 2dcd
E[Yt-l—rl]:-t]SYt(l‘F%(Sn(l——) +S>)+ ¢ &;

8n n
(6.12) L\
1——) 4.
+< 8n> t

PROOF. Assume without loss of generality that # = 0 and define

3cd &
F) =25 3 ElslFol.

n u=0

Then forall 0 <s < endandallt €N,

By Lemma 6.7, E[I?Hl | Fs] < ¥y +1 for any time s. Inequality (6.6) provides fur-
ther necessary (but not sufficient) conditions for Y s+1 > Y, to hold when the update
variable p; in representation (1.1) satisfies p; < %: the vertex vy in representation
(1.1) must be adjacent to a component of size at least two in Gy, and furthermore
we must have X [v;] = 0. At time s, there are at most 3dd; vertices satisfying this

necessary condition, and so for 0 < s < en?,

E[Y;|Fo] = E[E[Y;|Fs—111F0]

~ C C
=E[E| 771 {poor = S} B[ poor < S
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~ C C

+E[Ys|fs—1, {Ps—l > ;}]P[ps—l > ;’Fs—l}‘}—b}

3ddg_ c

<E[( oy 4 22 ‘)P[ps_l <<

n n

- c
+ Ys—l]P|:Ps—1 > ;|fs—1} ‘]:0}

fs—li|
(6.13)

~ 3cd
< E[Ys—1]Fol + 71[3[&—1 |Fol

<
- 3cd
=Yo+—5 = > Elsu| Fol.
u=0
Lemma 6.5 implies
- Vs
6.14 Y, > .
©.19) T 2d+1

Using this fact, and then inequality (6.5) followed by inequality (6.13), we find
that for all n sufficiently large,

3ed &
£(s) = nc_2 ZE[SMOJ

3cd
== <50+2E [E[8.]Fu— 1]|f0]>

u=1

3cd 1 2c¢dV,—1
<—\9 E|(1—-—)0u- 4}'
=2 <o+Z [( 4n> 1+ ‘ OD

u=1

3cd 1\ 3 4c(d+ )2 C
< —2<50 + (1 ) ZE[S |Fol + ———— ZE[Y |J—"0]>
n 4n s n?
(6.15) 1
3cd de(d +1)? ~
< n—2<30+(1 )X_:E[Sulfo]—i-T(s—l)Yo
12¢2(d + 13 33
L BRI pis, 7ol
I’l u=0
3cd 12¢2(d + 1)1 3cd 1\ =
< 2 2D i+ —( - —) S El8,|0]
n n4 8n o

d 12¢2(d + 1)3 1
A G AT (1-5 )76 -D.
n n4 8n
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Inequality (6.13) is used in the fifth step of this bound and we use the hypothesis
that ¢ < m in the sixth step. Using this calculation with the last line of

inequality (6.13), we have
E[Ys|Fol < Yo+ f(s — 1)

- 12¢2(d + 1)3 d 1
5Yo<l+$(s—1)>+3L280+<1——)f(s—2)
n n 8n

(6.16)
<
s 2 3 S—X
5%(1 12¢ (d4+1) ( _L) )
o n 8n
3cd & 1\~ s
+ —2502(1 — %> + (1 - s_> £(0)

. 6¢2(d + 1)3 1\*
5Y0<1+79 c( 3+ ) (8n<1——) +s>)
n 8n

24cd 1\*
+ S0 + (1 — —) 80.
8n

n

This completes the proof of inequality (6.12), and thus the lemma. [

6.3. Typical component size involved in collisions. In this subsection, we
study the behaviour of a “typical” collision in the KCIP by looking at the behaviour
of the KCIP only for vertices and times close to the collision. This approach of
“zooming in” on a neighbourhood of a collision is illustrated in Figure 5.

Fix ¢t > 0. Define the number of collisions of the KCIP to be

(6.17) Cs=|{t<u<s:Yyp1 <Yy}

’

and define the set of collision times
Teor(s) ={t <u<t+s:Y,41 <Y,}.

Recall the definition of the update variable vs; used in formula (1.1). For u €
Teol(s), we define

Mol (u) = sup{|Comp, (w)| : (v,, w) € E}
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aEB=EnS
—® 'J L

et

F1G. 5. We study the KCIP dynamics in a small neighbourhood of a collision. The behaviour of
the KCIP process outside of this neighbourhood has a bounded influence on the behaviour of the
collision, effectively allowing us to ignore complicated configurations outside of the neighbourhood.

R

o T#\
.o

to be the largest component involved in a collision; for u ¢ Tco(s) we set
Meo1(u) = 0. We first show that, given u € Teoi(s), Mco1 (1) is often equal to 1.

LEMMA 6.9 (Typical component size). There exists 6 = §(c,d) > 0 indepen-
dent of n so that for any € > 0

E[|{t + nlog(n)* <u <t +en’: Meoi(u) = 1}[|1 /]
(6.18)
> (8 —o(n ")E[|{t + nlog(m)* <u <t+en’ : Meoi(u) #0}|| 7]

uniformly in the initial configuration X;.

REMARK 6.10. We briefly discuss why the conclusion obtained in Lemma 6.9
is plausible. Fix a time ¢ and consider any vertex v and any neighbourhood B(v)
whose size does not grow with n. It is easy to check that over any time interval
of length T, with n <« T <« n?, it is very likely that all vertices in 3(v) have been
updated and also that no particles have been added to B(v). On that very likely
event, all components of G, N B(v) are of size 1. In other words, after a burn-in
time of length O (n), most vertices are not close to any components of size greater
than 1. The proof largely consists of checking that conditioning on a collision
occurring at vertex v at times in the interval (r + T, ¢ + en?) does not affect this
conclusion too much.
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PROOF OF LEMMA 6.9. Set T =nlog(n)*. Let { ps}sen, {vs}sen be the update
variables used to define the dynamics of the KCIP as given in formula (1.1). For
fixedve A(L,d)andt+T <r <t+ en’, define the event

Affcr’ll) =|{re 7201(8n3), v =v}.

Thus, .Aff?“) denotes the event that a collision occurs at time » and vertex v. We
will show that, for any v € A(L, d), uniformlyint +7 <r <t + en’,

(6.19) P[Meoi(r) = 11F;, AL = (8 — o(n™1))

for some § > 0. Inequality (6.19) will immediately yield (6.18). To see this, (6.19)
implies that

Ef{t +7 <u<t+en’: Me(u) = 1}|| ]
t+en’
= XY PMa) =117 ARG ]
veA(L.d) r=i+T

t—l—sn

> (5 . 0(’1—1)) Z Z (coll)

veA(L,d)r=t+T
=B —o(m " )E[|{t +T <u <t +en’: Meo(u) #0}|| 5],

yielding inequality (6.18). Thus, it suffices to show (6.19).

We begin with a simple bound on the probability that the number of particles
in a small region ever goes up by more than a small number over any small time
interval. For n € N and 0 < g < 1, denote by Binomial(n, q) a binomial random
variable with n trials and success probability ¢. For any fixed t <r <t + en’,
ve A(L,d) and £, k € N, we have for n > /c(2¢ + 1)4,

d

r+T d
2 +1
}P’|: 3 Lyesly e > k] < P[Binomial(T, u)
k
1]

%

2
s=r+1 n

v

c(2+ 1)
)

(6.20) < P[Binomial <T,
n

5 (c(zz + 1)¢ 10g(n)4>k,

n

where the first inequality uses the simple bound | B, (v)| < (2¢ + 1)4.
Forve A(L,d),{eN,andt+T <r <t + en’, define the event

f}ssaése) { Z IUAEB[(U)IP e <8}
s=r—T
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and let AGPIS) — (VT <r<t+en3 veA(L.d) A,(Jstr)alr(s)%) By inequality (6.20) and a
union bound,

s 1 32
(6.21) P[ASPIS) | 7] > 1 - 0( 4 Og(’;‘) ) =1-o0(n7?).
n
From (6.21), we thus have
[Mcol(r) =1|F, (COH)]
(6.22) > P[Meol(r) = 1[F;, AL AP AN | 7]
> P[Mear(r) = 117, SV, AT 1(1 = 0(n ™).
In light of (6.22), to show (6.19), it is enough to show
(6.23) P[Meol(r) = 11F7, ASM, AP > (5 — 0(n™")).

To this end, we proceed by defining two events of interest. For v € A(L,d), t +
T <r <t + en>, and some constant B to be determined later, define the event

’
Al()%];}p) = { Z 1Pu<%1vu€BlOO(U) = 0}

u=r—Bn

that no vertices are added near v in the (short) time interval of length Bin imme-
diately before the collision. Finally, for k e Nand r + T <r <t + en’, define the
event

r

(regular)

AU r.k { Z 1UM€B100(U) = k}
u=r—T

that at most k vertices are updated in a ball around v in the interval of length T
before the collision.
Fix the constant C| = 25(201)d. Foranyt+T7 <r <t+ en’, we have

P[Meor(r) = 11Fr, A, ALY ]
> P[Meot(r) = 1F AP, AT, AP
x PLAEPF, A, AT
(6.24) > P[Meoi(r) = 1| F;, A (coll) A(Sparse) A(gap)]
< BLAEPIF AL, AT AL o]

(regular) 11 (sparse)
x P[Av,r,cl 1og(n)4|]:f’ AI()C(r) )’ ‘Av,r,IOO]

=T X Ty X T3.
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The remainder of the proof consists of obtaining a lower bound for each of the
three factors Ty, T and T3 in inequality (6.24). We begin by bounding T3. For a
subgraph H C A(L,d) and a configuration X € {0, 1}A(-4) denote by X|p the
restriction of X to H; thatis, X |y € {0, 1} and satisfies X|z[w] = X[w] for all
w e H. Let

U ={Yu©),yu),...}={s>1:X;|n # Xs41lu}

be the ordered sequence of times at which the restriction of {X;}sen to H
changes. Finally, let G, , be the o-algebra generated by the random variables

.....

be shorthand for F;, Al(f(r)n), Aﬁg?{gﬂg and denote by wgm(v) the complement of the
set Yp,0(v)- We have

1 — T3 = 1 — E[P[A(regUIar) |Sts gv,r]lst]

v,r,Cylog(n)*
6.25
( ) 1 r—1
<—— E[E[ Y 1 s o ls
~ Cylog(n)* |: |:S§T vs€Bi00(v) tgv,:| ;:|
d
= WE[QOD +16
(6.26)

+E|: Z IUSGBIOO(U)

se{r—Tgufr—1:vu68100(v)}ﬂw%100(v)

Sty gv,ri| St:|
Inequality (6.25) is simply an application of Markov’s inequality. To obtain (6.26),
we split {s : vy € Bipp(w)}N{r — T,r = T +1,...,r — 1} into two sets: {r —
T,...,r =1} N Y¥pB,m and everything else. Inequality (6.26) then follows from
noting that the number |{r — T, ...,r — 1} N ¥pg,,,)| of times that a particle is
added to or removed from Bjgg(v) between times r — T and r — 1 is, at most,
the number of particles in that set at time r — T plus twice the number that have
been added between times r — T and r — 1. Thus, conditional on A%P%¢ we have
r =T,....r = 13N Y500 < Q0D +16.

Fixse{r—-T,...,r —1} N ‘/’l%mo(v)' We claim that if wy, wy € A(L,d) \
Biog(v), then

Plvs = wy |Sta gv,r] _
Plvy = w|S, gv,r] ’

since updates to these two vertices cannot influence anything in Bigo(v) before
time r. More formally, for any update sequence {(v,, pu)}z;l_T with vy = wy,

(6.27)

define the update sequence {(v),, pu)};;LT by v/, = v, for u # s and v, = ws.
This map is a bijection between the update sequences allowed by the conditions in
the numerator of equation (6.27) and the update sequences allowed by the condi-
tions in the denominator of equation (6.27); the existence of this bijection proves
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equation (6.27). We similarly observe that if w; € Bigg(v) and wy € G \ Biog(v),
then

Plvs = wy ISta gv,r] <
Plvy = w2|S;, gv,r] a
since certain updates within Bjgp(v) may be forbidden by the conditioning G, ;.

This can be made formal in essentially the same way as the argument for equation
(6.27). Inequalities (6.27) and (6.28) imply

1,

(6.28)

[B1oo(v)|
n — |Biog(v)|

d
< (2?11) +o(n™"),

Plvs € Bioo()ISr, Gu,r] <

where the second line follows from noting that |B(v)| < (2¢ + 1)4. Combining
this with inequality (6.26),

d d 4
Ty — P[Agi%gl]aﬁg(n)”s’] S (201) ;iiga):og(li) +o(n ).
Since C; = 25(201)d, for n sufficiently large,
(6.29) T3 > é
25

Next, we bound T». For H C A(L,d), let ¢ = {¢g(0),py(1),...} ={s >t
vy € H} be the ordered list of times at which the update vertex v falls in H. Then
let H, , be the o-algebra generated by the random variables {vs : s € @p,4v) N
{r —=T,...,r —1}}. Unlike G, ,, the update times ¢p,,(v) are not included in this
o -algebra, only the update locations vy.

For notational convenience, let S; = {F;, .Agff(r)ll), Aijf‘f;%), Areeutan (n)4}. The

v,r,Cq log
gap condition A&%’?P) is fulfilled if there are no updates to the region B1gp(v) in the

time interval {r — Bin,...,r — 1}, and so

T2 = P[AEP S]]
(6.30) ) ,
> E[P[lﬁgwo(v) N{r— Bn,...,r — 1} =a|S§;, Hy’r:“St].

The indices ¢p,pow) N {r — T, ...,r — 1} are, conditional on H, ,, a uniformly-
generated size-|¢g,go) N {r — T,...,r — 1}| subsetof {r — T',...,r — 1}. Since
6B Mr=T,...,r =1} < Cy log(n)* by the condition Af}rergzllalr;g(n)4,
for n sufficiently large

P[wBl()()(v) N{r—Bin,....,r—1}= ®|8/, 'HU,r]

-y L

we have

; )P[|¢Bmo(v) N{r—T,....r— 1}| = k|8t/, Hv,r]
0<k<Cj log(n)* (k)
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Bin— IT k—i
= X Il =

0<k<C; log(n)* i=0
X IP)[|‘/53100(v) N{r—T,....,r— 1}| = k|Sz/’ /Hv,r]

Bin—1

= ]‘[(1——)

0<k<Cplog(n)* i=0

X P[|¢3100(U) N{r—T,...,r — 1}| = k|5/, Hv,r]
Bin—1

4
1—[ <1 B 2C1log(n) ) > o —4BICT

bl nlog(n)*
Combining this with inequality (6.30) gives
(6.31) Ty > e 4B1C1,

Finally, we bound the term T;. Let

A =lBow e U )

r—Bin<s<r—1

be the event that every element of Bigo(v) is updated during the time interval {r —
Bin,...,r — 1}. Roughly speaking, for any fixed configuration X € {0, I}A(L ),

we will denote by 55? l;(_uP) all of the updates “allowed” by Afjsrr)alrg? Avr gap)

A(COH) More precisely, Slgcf l)l(—up ) is the set of updates {(vs, ps)}r—Bn<s<r—1 that
have the properties:

o If py < <, then v ¢ Bigo(v).

e If X, _p,» = X and this KCIP process is updated using the dynamics (1.1) with
update variables {(vs, ps)}r—Bn<s<r—1, then X,_1[v] =0 and also there exist
two neighbours wy, wy of v that are in distinct components of G,_; and satisfy
Xr—1[wi] = X, 1[wz] =1.

Similarly, we will denote by S]S’CZ‘;up) the set of updates “allowed” by Afi‘r’fllr(s)%),

Ag‘%’fp) and .A(Cover) More precisely, this is the set of updates {(vs, ps)}r—Bn<s<r—1

that have the properties:

o If py < ¢, then vy ¢ Bigo(v).

o Bioo(w) C Uiz} _g,,{vs)-

We claim that if v, r, X are such that ISIEC;) 1;( ") 5£Cfvx_up)| > 1, then in fact
(coll—up) (cov—up)
|€v r,X N Sv r,X I —2d
(6.32) o) > Q2d+ 1)~

v,r, X
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}2d }Zd

To see this, denote by {w);

of w;. Call an element of Slgcf v ") good, if for all 1 <i <2d,

| the neighbours of v and by {w; ;}5Z, the neighbours

inf{s:s >r — Bin,vy=w;} > inf inf{s:s >r — Bin, vy =w; ;}.
1<j<2d
In other words, a sequence is good if vertex w; is not updated until after all of
the vertices {w;, j}%il have been updated at least once. A good sequence will not
ever remove a particle from a neighbour of v, and the configuration X, _1|5,4(v)
resulting from a good sequence will have only singletons. Thus, any good sequence

(coll—up) . (coll—up)
gv r,X if g

will also be in is not empty. Since at least one out of every

(2d +1)? elements of Slgcf VX up) is good, this observation implies inequality (6.32).
Inequality (6.32) can be expressed as
LA AT 4B, AP
> (2d + 1)7(2d+1)P[ (COH)U'—t, A(spa]rzc(t)), -Al(;g,?p)]-
We thus have
= P[Meol(r) = 1] F;, AL, ATPS) (80P
> P[Mcol(r) = 1|7, Agcgll)’ A(Sparse), .Agg,?p), Agc’(;ver)]
% ]P;[A(cover) | Fr, A(coll) A]()“Ear(g)%)’ A(gap)]

=1x P[ A(cover)| ]_- A(coll) A(SPdrb A(gap)]

(6.33) ( ) ( )
(cover) |~Fl, A sparse gap ]

PLAG 7, AL, A, A=
N b T, K 5 b s ll
A 5, AT AE

(cover)LFl’ A]()S}:lﬁ)%), (gap)]
(coll) 7, Aisri?lrz%)’ (gap)]

= (2d + D)7BLAS I FL AT Affi“”]

- @d+1)p[A <covef>|a,A§*s?fzz>,Affﬂw].

By a monotonicity argument essentially identical to that used to prove equation
(6.27) followed by the standard “coupon-collector” bound, there exists some 0 <
B = B(c,d) < oo so that

1
(634 PLAST™ 17 A0 AP 2 5
for all By > B and all n > N(Bj) sufficiently large. Choosing By = B 4 1, and
combining equality (6.24) with inequalities (6.29), (6.31), (6.33) and (6.34) gives
the bound

23
B[Meor () = 1177 ASPP ATV = Soe *F T @d + 172 4 o(n™).

[\
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Combining this with inequality (6.22), we have
P[Mcol(r) = 1|F, Aff(,’”)] >6+ O(I’l_l)

with § = %e“‘(B“)Cl (2d + 1)~ verifying (6.23). By the observations made in
(6.19) and (6.22), the conclusion in (6.18) follows immediately and the proof is
completed. [

Recall the definition of the number of collision§ Cs from~ formula (6.17). We

will use Lemma 6.9 to bound the expected change Y, .3 — Y; in terms of C, 3:

LEMMA 6.11 (Comparison of number of components to number of collisions).
Fix 5 =6(c,d) > 0 as given by Lemma 6.9. Then for all 0 < ¢ < e(c, d) sufficiently
small,

i ~ 25
ElY ey = Vil Fil = =T E[[{t su =t + en’ : Meoi(u) # 0}|| 7]

.~ 128¢2 13
+Y,W(l+o(l))+0(l),

where the implied constants do not depend on € or n.

PROOF. Throughout the proof of this lemma, we use “update variables”
{ps}seNs, {vs}sen from formula (1.1). We have
d

d

We first estimate the term T,. From Definition 6.3, we have that E[(qu —
Yu)lpu > 5, Ful =0, and so
]—“t].

By Lemma 6.7, the corrected component count Y, cannot increase by more than
one when vertices are added:

E[?t+sn3 - i}tl-rl‘] =K Z (?u—l—l — }7,4)

t<u<t+en3:Meo (u)=1

(6.35) + E[ 3 (Y1 — V)
t<u<t+en3: Mo (u)#1

=T + T».

636) T,=FE 3 Fur1 = Vi) Ltz 1p, <2
t<u<t+en3: Moo (u)#1

(Y~vu+1 - Yu)lpufﬁ <L

Finally, if |H| < 2, then Ny = 1. In particular, adding a vertex to X, can only
increase Y, if it connects two components or if it is added to a component that
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already has at least two vertices. Since there are at most 4d6, vertices adjacent to
such a component,

- - ded
E[(Yut1 — Yi)lpmeguyzilp, << |F:] < ?E[Sﬂf}]-

Combining this bound with inequality (6.36),

4 d t+8n3
(6.37) T, < :—2E[ 3 54?,}.
u=t

By inequality (6.15) and the calculation in inequality (6.16), we have
ded e’ - 128¢2(d + 1)3 G
n—zE[g 5u|ﬁ}§nn—3(8n<1—§) +8n)

3

32cd 4 1\&"
+ 8 + —(1 - —> 8.
n 3 8n

Combining this with inequality (6.37), this implies

3

- 128¢2(d + 1)3 1\
Ty < YtLH(&z(l — —) +8n3)
3n3 8n

3

32cd 1\
(6.38) + 8 + (1 — —) 8;
n 8n

2 3
<7, 128c¢“(d + 1)°¢
3
Next, we turn to bounding T. By Lemma 6.6, it follows that

d

2
< —gE[Ht <u §l+8n3:Mcol(u) = 1}“‘7:1] +0.

(1+0(1) + O(D).

1=K > st — V)

t<u<t4en3: Mco(u)=1

By Lemma 6.9, this implies

T < —§E[|{t +nlogm)* <u <t +en®: Meoi(u) #0}[|1 5]
3
(6.39)
+o(n™1).

Thus,
E[|Teot(en®) N e, t +1,...,t +nlogm)*}||F]
<E[[{r <u<t+nlogm)*: Vir1 > Vu}|IF]
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4

2¢d t+nlog(n)

S—ZE[ S VulF
u=t

n
4
ded(d 1 t+nlog(n) _
(6.40) S%E[ R

u=t

nlog(n)* 2 3
4ed(d +1) <~< 96¢%(d + 1) ( ( 1 )v ))
<2 3 (h(1+ (81— —
- n? =0 At n3 " 8n v

24cd 1\?
By (1Y)
n 8n

4
<T(1+ o(n)k’g;”)

where the third inequality is due to inequality (6.14) and the fourth inequality is
due to Lemma 6.8. Combining inequalities (6.39) and (6.40), we have

+ 0(1),

26
T < _?E[|{t <u<t+en’: Meol(u) #0}||1 7]

log(n)*
n
Combining this inequality with inequalities (6.38) and (6.35), we have

]:E[;v[-{-gn3 - ?[|~7:l‘]

25 -
+ ?Yz(l +o(1)) +0(1).

< _23_815[‘{; <u<t+en: Meo(u) # 0}[|71]

log(n)* -~ 128¢2(d + 1)3e
g}i)+Y; ( )

3 (14+o(1))+0()

26 -~
+ ?Y,(l +o(1))

28
_ —?E[H’ <u<t+en’: Me(u) #0}|| 7]

2 3
Ly B D Ly 1o,

and the proof is completed. [J

6.4. Colored constrained Ising process. Our next goal is to prove a lower
bound on the expected number of collisions. To this end, we define a “colored”
version of the KCIP on a general finite graph G, which allows us to make rigorous
the notion of a single particle moving and branching over time.

DEFINITION 6.12 (Colored constrained Ising process). FixteN, 1 <k <n
and x € {0, 1}¢ so that the subgraph of G induced by the vertices {v € G : x[v] =
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1} has exactly k connected components. We define a Markov chain {)A( s}s>¢ on the
state space {0, 1, ..., k}" that is closely coupled to the KCIP {X;}s>; started at
X; = x; in fact, we will have X[v] =15 |10 for all v € G and s > 7. We begin
by setting the initial condition X ;. For a fixed v € G, if X;[v] =0, we also set
}?,[v] = (. Fix an ordering of the k connected components ¢;[1], ..., ¢;[k] of Gy,
and set X,[v] =i for all v € ¢;[i] and X,[v] = O for all v ¢ J*_, ¢/[i]. Note that
this arbitrary ordering and labelling of the components is done once, at time . We
do not reorder components at times s > ¢, and we will always have X s[v] in the
set of labels {0, 1, ..., k}, even if the number of components at time s is not equal
to k. Indeed, it will turn out that with probability one there exists a (random) index
ie{l,2,...,k} and time S > ¢ so that X\s[v] €{0,i} forall s > §S.

To evolve X s, recall that {X}>, evolves by selecting at every time s a vertex v;
to update, and sometimes changing the label of that vertex. Whenever the labelling
of a vertex v is changed from 1 to 0 in X, the labelling of v should also be changed
to 0 in Xy. Whenever the labelling of a vertex v is changed from O to 1 at time s
in X, choose a vertex uy ~ Unif{w : (w,v) € E, X, [w] =1} unlformly at random
from the nelghbours of v that have a nonzero label in X s, set X s+1lv] = X [u sl
and then set X;H[w] X [u;] for all w € Compy | (uy). All other labels of X;H
should be the same as that of Xj. Since entire components can “flip” colors, the
process { X, }s>: may have many labels change at once.

Recall that a collision occurs at time r and vertex u in the original KCIP { X, },>¢
if v, =u and Y, 41 < Y. Analogously, we say that color i is involved in a collision
at time r and vertex u if a collision occurs at time r and vertex u, and furthermore
there exists (u,v) € E s.t. )A(r[v] = i. Note that several colors can be involved in
one collision.

We now give some definitions related to the colored KCIP. For all s > 7 de-
fine Compgl) to be the connected components of G containing only vertices u
satisfying X;[u] = i. Define the number of vertices with color i by

Vs(l): Z lfs[u]zi
ueA(L,d)

and the associated interference time by
G =inf{s > 1 {[V” = V2, | > 1} U {]|Comp{"| - |Comp? || > 0}}.

We also provide a generalization of the definition of the triple time in for-
mula (4.4):

(6.41) (8 =infls > 1: v >3},

triple

This allows us to state the following corollary of Lemma 4.1.



MIXING TIMES FOR A KCIP ON THE TORUS AT LOW DENSITY 1043

COROLLARY 5. Fixi,t € Nand ¢ > 0 and assume that Vt(i) = 1. Then

L 2)]=oe
6c2dd — 1) ‘i ) | = 9

PROOF. We reduce this to the case of Lemma 4.1. Let v € A(L, d) be the
unique vertex with ft[v] =i If ZMEA(L,d) X:[u] =1, we are exactly in the case
of Lemma 4.1. If ZueA(L,d) X;[u] > 1, we will couple {X;}s>; to a second KCIP
{X:}s>: as follows. We set the initial condition X/[u] = 1,—,. We then couple
{X{}s>: to {Xs}s>; by using the same update sequence py, v, as described in rep-
resentation (1.1).

Observe that, if there exists some time s > ¢ at which [{v: X[v] =i}| > 3, it

must be the case that either g(i

(6.42) P[;@ —t< min(s

triple

< s or the color i is involved in a collision at

some time ¢ < r <s. Thus, for any constant 0 < C < 00, if ngﬂe < min(C, {igt))
holds for the process {X}>;, it must also hold for the process { X/, }s>;. Thus, for
the purposes of proving inequality (6.42), it is enough to prove it in the case that

X[u] =1,—,; but in that case, the conclusion follows by Lemma 4.1. [J

)
triple

We next recall the coalescent process [8, 17].

DEFINITION 6.13 (Coalescent process). Fix a graph G and parameters k € N,
q €0, %]. A coalescent process on graph G with k initial particles and mov-
ing rate g is a Markov chain {Z};en on GFk. let O, ={veG:3l<i<
k such that Z,[i] = v} be the occupied sites of Zg. To evolve Zg, we first choose
us ~ Unif([0, 1]), vy ~ Unif([Os]) and uy, ~ Unif([B(vs) \ {vs}]) and set Iy =
{i : Zsli] = vg}. If ugy < q|Oy|, then set Zgi[i] = u, for all i € I; and set
Zs11j1= Zs[j] for all j ¢ I; otherwise, set Zs1[j] = Z;[j] for all j.

REMARK 6.14. The coalescent process has many other names and descrip-
tions. The construction of the coalescent process as the “dual” to the voter process
is well known (see [17]). Informally, we can view the coalescent process with k
initial particles as k random walkers that take turns making independent simple
random walk steps until a collision occurs, at which point the colliding particles
“merge” into a single particle. After this collision, the coalescent process resumes
with k — 1 particles.

6.5. Coupling KCIP with coalescent process. Next, we couple a colored KCIP
{)A( s}s>¢ with a collection of lazy random walks {Q[i]} and a coalescent process
{Rs}4>;4n25 to obtain the following lower bound on the number of collisions Cg
[see formula (6.17)], which is the only result from this section that we will need.
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LEMMA 6.15. With notation as above, there exist constants k =k (g,c,d) >0
and C = C(g, c,d) < oo that do not depend on n so that, for any initial configu-
ration X, € €2,

EIC, ,op3|Fi] = kY — C.

The idea behind the proof of Lemma 6.15 is to show the following four bounds:

1. With high probability, we have Q;li] € {v : fs[v] =i} and Qqli] € {v :
Rs[v] =1} for “many”i € {1, 2, ..., Y;} over a “large” interval s € {t+n2'5, t+
n?3 +1,...,T(@i)} (see Lemma 6.17).

2. The expected number of “near-collisions” in the KCIP is at least some fixed
fraction of the expected number of collisions involving the coalescent process
{Rs}y>/4n25 (see Proposition 6.19). This occurs because, per (1) above, the
particles in the coalescent process are often “covered” by the particles in the
KCIP. See Figure 6 for an illustration of the relationship between X; and R;.

3. Theorem 5 of [9] implies that the expected number of collisions in the coales-
cent process between time 7 and 7 + en? is “almost” as large as Y;.

4. The expected number of collisions in the KCIP is at least some fixed fraction
of the expected number of near-collisions (see Lemma 6.20).

Before beginning the proof, we construct our couplings and give some relevant
definitions. Almost all of these constructions are used only in this section.

6.5.1. Coupling KCIP to a collection of (lazy) simple random walks. Assume
n>candfixanindex 1 <i <Y,. Let
O =inf{s > 1 :Ywy, wy € A(L, d),

[Xs[wi] = Xs[wa]l =i} = {(wi, w) ¢ E}}

T® &

s 11

)
\e4

FI1G. 6. Embedded Coalescent Process: The colored KCIP with k =7 remaining colors is indicated
by the colored circles; the coupled coalescent process is indicated by the X'’s. As is typical early in
the coupling, most X'’s lie on vertices covered by the colored KCIP.
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be the first time that no two particles colored i are adjacent. We now construct
a coupling of processes {Q;[i]} @ on A(L,d) to {X;}s>; as follows.
t

1<i<Y;,5>Tgar
These processes will each evolve as (1 — ;—Z')—lazy simple random walks on
A(L,d). R
Define the lifetime €s[v] of a particle at v with X [v] =i to be

Lilv]=sup{T =s:Vs <u<T,v, #v};

the right-hand side is positive with probability 1. Fix 1 <i <Y;. If the set {v :

X _@ [v] =1i}is nonempty, choose a vertex v uniformly at random from that set and
start

let Q o [i]=v.If that set is empty, choose a vertex v uniformly at random from

start

A(L,d) and let Qr(i) [i]=v.Fors > Ts(tia)rt’ we evolve Q;[i] by always setting

start

(6.43) Qs+1li] = argmax £4[v].
vevy, Osli]

For our purposes, we are not interested in the process Qg[i] for all s > ts(fa)n but
only until a “decoupling time.” To this end, define the random time

rt(rﬁ)le = inf{s > rs([ia)rt : the component of G containing Q;[i]

has at least three elements. }.

Next, define the decoupling time of color i to be the minimum of the first time that
the particle at Q;[i] does not have color i and the first time that there is a size-three
component of color i:

(6‘44) T(gé)coupling = min(Tt(rliz)le’ inf{s z Ts(tla)rt : 5(\S[QS [l]] ;ﬁ l})

LEMMA 6.16. For any fixed 1 <i <Y, the process {Qs[i]}st has the
— “start
distribution of a (1 — ;—g)-lazy random walk on A(L, d).

PROOF. Let {(vs, ps)}s>: be the update variables used for the KCIP, as in
equation (1.1). It is a direct computation that for s > rs(tla)rt and vertices u # v satis-
fying |u —v| =1,

P[Qy1li] = v] Qsli] = u]
=P[{vs — )N {ps < 5} e > es(u)}}
n

— Plv, = v]P[ps < ﬂl@[mw o 0y W) vy = v, py < ﬂ

. lcl ¢

Cnn2  2n?
It is immediate that P[Qs11[i] = u|Qsli]l =u]l =1 — 2—‘;. These two inequalities
prove the result. [
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6.5.2. Near collisions. Define the “near-collision” time associated with color
i to be the first time at which a vertex that has color i is exactly distance 2 from
another particle in the KCIP:
) =inf{s >t u,v e AL, d)

near
st.lu—v|=2 and Xsul=1 and X [v]=i}.

Similarly, say that color 1 <i <Y; has a near-collision between times #; and
1y if there exists a time #; < s < fp and a pair of vertices u, v so that X slul =i
and X [v] =1, so that u, v are not in the same component of Gy, and so that
lu —v| =2.

Define

Os={r<r<s:3u,ve A(L,d)
(6.45)
stju—v|=2 and X,[u]=X,[vl]=1 and u¢Comp,(v)}

to be the set of times at which a near-collision occurs and let
(6.46) N{ = Q|
be the total number of near-collisions between times ¢ and s.
We have the following lemma.
LEMMA 6.17. Forl1<i <Yy,

(@) (@) i
(6‘47) Tdecoupling z Inln(Ttriple’ Trgézir)'

PROOF. To prove inequality (6.47), observe that it can only be violated if the
@) @) .

particle Qg[i] becomes “uncovered” before Tyriple OF Tnear:
@) o @ .y . . : @) i
(6‘48) ru;covered = lnf{s z tStlart : XS[QS [l]] ;é l} < mln(rtrliple’ Trgézar)'

@ .o

riple if there is a col-

By the construction (6.43), we can only have t

uncovered =
C . . . ) L .
lision involving color i at time T, ..q- HOWeVer, any collision involving color

i must be preceded by a near-collision—more precisely, if there is a collision in-

. . . i . )
volving color i at time tlfn)covered, there must be some time r < Tyncovered at Which

there exist u, v € A(L, d) such that
lu—v|=2 and X [u]=1 and )A(s[v] =1.
But this means exactly that

Q) 0 . S . o
{Tuncovered < Ttriple} = {there is a collision involving color i at time Tyncovered}

= {Tuncovered > ‘L’éle)ar}.

Combining this implication with inequality (6.48) completes the proof of inequal-
ity (6.47). U
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6.5.3. Coupling Qs to a coalescent process. Having defined the Qg pro-
cesses, we couple them to a coalescent process {Ry}-, 4,25 with ¥; initial par-

ticles. We begin by setting the initial conditions R, 2s. If rsﬁ’;rt <n%3, we set

R, 25li] = Q4 ,25li]. Otherwise, choose R, ,2s[i] uniformly at random from
among all vertices in A(L,d) \ U;{Q,,25[i]}.

We now describe the evolution of {R},-,,25. Let D C{1,2,..., V;} x {t,1 +
1, ...} denote the pairs of indices (i, s) that satisfy

(6.49) D <t4n*<s< min(rt(rgﬂe, ).

For (i, s) € D, we set Ri[i] = Qsli]. For (i, s) ¢ D, we choose R;1[i] conditional
on Ry and {R1[j1}(j,s)ep and independently of all other random variables being
discussed.

This defines the evolution of R[i] for s, i € D. Note that the times ALY

start» Ttrlple’
and rnear that determine the boundaries of D are all stopping times with respect
to the joint evolution of {Rj, X,}. Thus, by standard arguments, it is possible to
extend our construction of the coalescent process { R[i]} from pairs s, i € D to all
pairs 1 <i <Y, t +n2s <s.

REMARK 6.18.  The coupling given in Section 6.5.1 has the critical property
that X,[Ry[i]] =i forany 1 <i <Y, and 1 +n>° <5 <7fol o

We make some further observations about the above construction. Say that color
i has coalesced by time t if Rg[i] = R;[j] for some j #£ i and s < t{. Define the
events:

A(l) s(t'a)rt > t 4+ u and color i has no near-collisions between time ¢ and ¢ 4 u.

A(l). S(tla)rt <t +n%3 but color i has not coalesced by time ¢ + en?

A(l). t(rgle < mm(rrﬁgZ,r, en’).

o=

A(l) Denote by J C {1,2,..., Y} the set of all colors j s.t. for some t <s <

en3, we have R[i] = Rs[Jj]. Aff) is the event that rg(tla)rt <t +n33 and color i

o)) ()

has coalesced, but for all j € J, we also have Tgecoupling < Tnear-

We have the following.

PROPOSITION 6.19. The color i has a near-collision between tzmes t and
t + en’ unless at least one of the events AY) = ./451212‘5, A(l) Agl) or .A4 occurs.

PROOF. Fix 1 <i < Y; and denote by B® the event that color i has a near-
collision between times ¢ and ¢ 4 en>. We assume that none of the events {A;’)}‘}Zl
nor B® occur, and will derive a contradiction.
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Since Aii) does not occur, we have either X s[Rs[i]] =i for all
(6.50) T I A
or that color i has a near-collision by time n2-. Since we have assumed that BY
does not occur, this implies by inequality (6.47) that X [R[i]] =i for all

6.51) 40 <5 <min(r. 7).

Since B® does not occur, we have rééﬁr > en3, and so by inequality (6.51) we have

X,[R,[i]] =i for all

(6.52) r4+n*’<s< min(r[(réz)le, en?).

Since neither Agi) nor B occur, we have that ft(r%le > en3. Thus, by inequality
(6.52) we have that fS[RS[i]] =1 for all

(6.53) t+n? <s <end.

However, since Ag) does not occur, we have that color i has coalesced at some
time r + n?> < s < en>. Since particles must be nearby before they can coalesce,
this means that there is some set J C {1, 2, ..., Y;}, some times {r;} e, satisfying
t+n%d < ri<s=< en?, and some vertex {vj}jes C A(L,d) so that

Since BY does not occur, this implies that r(j ) >

decoupling = 7'j for all j € J. How-

ever, this contradicts our assumption that A
proof of the proposition. [J

does not occur. This completes the

We must relate the number of near-collisions /\/t '1‘:‘9123 to the number of colli-
sions C, ;3.

PROPOSITION 6.20. Fix € > 0. There exists k = k(c,d) > 0 so that for all n
sufficiently large,
IE[Ct-l—'sn3-i-4nz-5] = KE[ ;.:1;,3]'
PROOF. It is enough to check that, once two components C, C; of G4 have
vertices wy € C1, wy € Cy with |w; — wy| = 2, there is a positive probability that
all three of the following events occur:

e The particles at w; survive longer than any of their neighbours.

e A particle is added to the common neighbour v of wi, wy before any other
particle is added to the set B (w1) U Bi(w»).

e Some particle is added to the set B1(w;) U B1(w>) before time ¢ + 4n33.
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We note that the first two events are purely local [i.e., they depend only on the

order that events occur within some bounded region of the graph A (L, d) that does
not depend on n], and the last occurs with probability at least 1 — (1 — n%)”z's R

1 — eV, For this reason, it seems clear that this conclusion should hold with
some constant; as such we give only a brief formal proof.

Fix a time r < s <t + en°> at which a near-collision occurs. Then there exists
a triplet of vertices u, v, w € G so that X [u] = X;[w] =1, u, w are in different
components of Gy, and u, w are both adjacent to v. Let

q§u=inf{r2s: > X,[x]:lorXr[u]=O}
xeBi(u)

be the first time after s that u is an isolated vertex or is empty, and let

¢1/4 = inf{r > Py Xr|Bl(u)[x] # lx:u}
be the first time after ¢, that it is not an isolated vertex. Define ¢,,, ¢,, analogously.
Finally, let ¢paq = inf{t > s : X;[u]X;[w] = 0} and let n, = inf{r > s : X;[v] = 1}.
Let £, = {ny < min(s + 4n?3, Ppad)}. We have:

PE,] > P[ny <min(s +4n™7, ¢oaa)|du, pw < min(s + n>>, Ppad)]
X P[¢pu, pu < min(s + n2?, Pbad) |
> Pny < ¢),. ¢, < min(s + 40>, ppaa) |u. duw < min(s + 1>, ppaa)]
(6.54) X Py, pw < min(s +n*>, dpag)]

> (# — P[max(¢,, — ¢u, ¢, — dw) > 3n2'5]>

x <ﬁ — P[max(¢y, pu) — s > n2'5]>

1 1
> (@ — ec‘/ﬁ> (@ —4de C)”ﬁ>.

We now apply this calculation. Recall from equation (6.45) that 9,3 is the set
of near-collision times. If s € Q,,3, there exist two components Cy, C> of G, and
vertices u € C1,w € Cp,v ¢ C1UC, withv = Bi(u) N Bi(w); fors € Q,,3, define
f(s) =v. When £ holds, define g(s) =inf{r > s : v, = f(s), pr < %} to be the
time at which the near-collision started at time s is completed to a collision. Noting
from the definition of &, that |{s : g(s) =r}| <2d — 1 for any r € N, inequality

(6.54) then gives

1
E[Cz+sn3+4n2~5]ZE|:m Z lsf(s)i|

se Q5113

1 1 1
- _ cﬁ)( _ad -(1—C>nﬁ>E .
= 2d—1 <4d2 AV R New]
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This completes the proof. [
We now prove the main result of this section.

PROOF OF LEMMA 6.15. We will bound the probabilities of the four events
{Ay)}‘}: | from the statement of Proposition 6.19. Noting that color i has a near-
collision if there are ever two components of color i (since the two components
must be at distance exactly 2 when they are first separated), we have by essentially

the same calculation as inequality (6.5):

(@) @
0) Vits ¢ 24V ¢
Pl =V =S (1 )+ 2R

(-2,

n

@)
E[VI+S+11AY1+

Thus, for n > 2¢(2d + 1), we iterate and find
E[V(i) 1 | F¢] <ne™™.
5

254 4 @)
t+n ‘Al,nl

Since V,(Jir)s isatleast 1 forall t +s < réf%r, applying Markov’s inequality gives

(6.55) PlAY sIF] <E[V 1

Fil <ne ™.
t+n2.5 5 | l] —

AP
Next, by Theorem 5 of [9], there exists a constant C = C(¢, ¢, d) that does not
depend on 7 so that

. E 1,0

(6.56) [le A§>] <C

for all n sufficiently large. By Corollary 5,

(6.57) E[Z 1 A@} = 0(e)Y,.
—

To bound .A(i), we consider the collection of colors J that are given in the defi-
nition of .Aff). We say that these colors are involved in an “unrecorded collision,”
as the collisions described in event A‘(f) do not contribute to our count of the to-
tal number of near-collisions of the KCIP. Observe that any particle R;[j] with
j € J that is involved in such an unrecorded collision at time s necessarily co-
alesces with another particle R;[j’] during the course of the collision, and also
(/) -

must have Tdecoupling = 5 Thus, each decoupled particle can be involved in only

one unrecorded collision before being merged with another particle, and so

(6.58) IZIAEP < 2(12 lAil;Lz‘s + IZIAS) + lZlAg))
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Recall from equation (6.46) that N is the total number of near-collisions be-
tween times ¢ and s. Combining inequalities (6.55), (6.56), (6.57) and (6.58), we
have that

(6.59) E[N™.]> Y, (1 - 0(e)) — O(1).

t+en’

Combining Proposition 6.20 with inequality (6.59), and noting that n%> =
o(n?), completes the proof. [

Now, we are finally ready to give the proof of Theorem 6.1, establishing a drift
condition for V;.

PROOF OF THEOREM 6.1. Recall the definitions of § > 0 from Lemma 6.11
and « > 0 from Lemma 6.15. Then

E[V; 4 en3Fi]
=BV, et — Yiged [ FA+EY s = Vi od] +EIY, o — VR4 Y
<4ed(1+0()) + EY,, 13 — Yy os | Fil + B[V, o0 — VIF1+ Y,
<8cd(1+o(1)) +E[¥,, o3 — Vi F 1+ ¥,

26 -
< —?E[Cﬂ_mﬂ}}] +O0@EY)+0()+ Y,
26k ~
=< (1 — T)Yt + O0(eY;) + 0(1)

26k
< (1 -3 + 0(8)) Vi+ O(1),

where the first inequality comes from Lemma 6.2, the second inequality comes
from inequality (6.11) and a second application of Lemma 6.2, the third in-
equality comes from Lemma 6.11, the bound in the fourth inequality comes
from Lemma 6.15, and the final inequality comes from the bound Y, < Y. s < Vg
[see (6.11)].

Fixing ¢ > O sufficiently small, then, there exists some constant C > 0 so that

Sk
E[VI+Sn3|‘F1‘] S (1 - 7) V[ + C

Write o = ‘37’( Iterating, we have

Il:-1:[‘/'t—|—ken3] = E[E[ o E[Vt+ksn3 |]:t+(k—l)en3] T |}—t+sn3]|*rl]
<E[E[---E[(1 = @)V, —1yens + Clt + (k = 2)en’] - |t + en’ || Fi]
<(1-fv,+cCg

for some constant Cg and the proof is complete. [
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7. Excursion lengths of KCIP. Fix g9 small enough so that Theorem 6.1 ap-
plies and set

Co
(71) kmax =4—,
o

where Cg, « are as defined in inequality (6.1) of Theorem 6.1. In this section, the
drift condition for V; obtained in Theorem 6.1 will be used to show:

1. The distribution of the first hitting time of J; <z <4, . 2k is O (n*log(n)), uni-
formly in the starting point Xg [see inequality (7.3)].
2. T > n?log(n) implies that

D 1K, €Ur st 2 > 1 log()
t<T

with high probability, uniformly in the starting point Xq (see Corollary 6).

Items (1) and (2) above thus provide strong bounds for the occupation times of
KCIP on €2, uniformly in k& < kpax. We start with the following lemma (see
Lemma 6.3 of [29] for a proof).

LEMMA 7.1. Fix0< B <1and 0 <y < oo. Consider a stochastic process
{Ji}ren on N with associated filtration J; that satisfies the drift condition

E[JS+1 |u7s] = (1 - ,B)Js +vy

forall s e N. Let Z1, Z», ... be an i.i.d. sequence of random variables with geo-
metric distribution and mean % If Jp < 477, forall T € N we have

T C
P[21Js<% < c} 5]1”[22,- > Ti|.

s=0 i=1
Define the set

(7.2) K= {x e{0, A ED 3 x] < kmax}.
veA(L,d)
We apply Lemma 7.1 to the KCIP on A(L,d) [en’] times, with Js(i) = Virend14i

and Jy = Fppp3144 for 0 <i < [en], to obtain the following corollary.

COROLLARY 6. Fix ¢ sufficiently small so that Theorem 6.1 applies, and let
o, Cg be as in Theorem 6.1. For fixed Cy and C| > %Cz sufficiently large, all
n > N (c, d) sufficiently large, and any starting point X € €2,

Cin? log(n)
]P’[ Y Ixec < C2n3log(n):| =0(n™).
t=0
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PROOF. Let tya = inf{r > 0: X, € K} and fix k € N. By Theorem 6.1,

1 k
IE[Vken3 lrsmn>ksn3] = (1 - 5“) Vo,
and so by Markov’s inequality and the trivial bound that V; < n for all ¢,
Pltgtare > ken’] < P[Vi,,s1 3> 1]

Tstart >ken

1 k
511(1——0() .
2

Fix T € Nand let {Z;};cn be an i.i.d. sequence of random variables with geometric
distribution and mean % By inequality (7.3), the Markov property and Lemma 7.1,

(7.3)

C1n310g(n)
]P’[ Z 1X,6K>C2n3log(n)]
=0

C1n3 log(n)
= P|: Z 1X,€IC > C2n3 log(n)|Tstart < Ti|P[Tstart <T]
t=0

T Cinlog(n)
= Plrstare < T'] ZP|: Z 1X[€’C > C2n3 log(n) |Tstart = t:|
t=0 t=0

X Ptstart = | Tstart < T']

1 \LLly [Cnlogm)
> <1 - n<1 - 50{) . >]P’[ Z Lx,cx > Can®log(n)|Tsar < T}
t=T
1 \_%J 5 Co log(n) T
z(l—n<l—§a> >(1—(8n -\IP’|: ; ijcllog(n)—ﬁ})

Choosing T = L%n3 log(n) |, we have for C sufficiently large that

Cylog(n) T

IP’[ Y Zj<Cilog(n) — 8—3} =o(n").

. n
j=1

This completes the proof. [

7.1. Bounds for the collision times of coalescent process. Recall kpax from
equation (7.1) and the set 2 from formula (2.1). In this section, we obtain esti-
mates for the collision times for a coalescent process (see Definition 6.13) started
in Q. All of our bounds are based on soft arguments and are immediate conse-
quences of results from [9]. These bounds will be used for obtaining estimates of
occupation times of KCIP in €2 in the next section.
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Let {Z;};cn be a coalescent process on A (L, d) with knax particles and moving
rate ¢ = 2—‘21. Define the process W; on {0, 1AL,

(7.4) Wilv] =13i.7,[ij=v-

W; will often be referred to as “the” coalescent process, as it is a Markov chain
and {Z;},en can be reconstructed (up to permutation of labels) from {W;},;cn. We
give some notation related to the “skeletons” of our processes of interest. Define
the sequence of times ¢9 = 0 and

(7.5) ¢iv1 =1nf{t > ¢; : Wy # Wy, ).
These are the times that {W;},cn changes.

REMARK 7.2. Let {¢/};>0 be a sequence of i.i.d. geometric random variables
with mean 4 and define {W/};>0 by

W/ = Wy,
for ¢ satisfying Z;:o <t< Z’“ ¢ The process {W,};>0 is still a coalescent
process in the sense of [9] Furthermore
(7.6) {qui}ieN = {Wq/blf}ieN
and
Elgil = " E[4}]
U7 dkmaxed

Define the first collision time for the coalescent process as
(7.7 Teol = inf{t : [W;| < |[Wol}.
For the remainder of this section, define for ¢ > 0:

(7.8) G {wem1w@® |u—m>;}

u,v:wlul=wlv]=1

We show that, for ¢ sufficiently large, collision times are not “too small” when
started from g§"> N Q.

LEMMA 7.3. Let {Z;};eN be a coalescent process with 1 < k < kpax ini-
tial particles on graph G = A(L,d) and let {W;};cN be defined as in formula
(7.4). Then, for all 0 < § < 1, there exist ¢ = e(c,d, kmax,8) > 0 and C =
C(c,d, kmax, 6) so that, for alln > N(c,d, kmax, 8),

P[tcol < en’|Wo = w]<1-34,
(7.9)
Pltcol < @penlWo=w] <196

uniformly in 1 <k < kpax and w € gg” N Q.
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PROOF. We begin by proving the first half of inequality (7.9). By Theorem 5
of [9], for any fixed ¢ > 0, any sequence «,, satisfying lim,_, -, &, = 00, and any
sequence w™ e Q(EZ), we have
lim Pz < en’|Wo=w™] = f(e,c,d, k) < 1
— 0

n

for some explicit function f that satisfies lim.—q f (¢, c,d, k) =0 for d > 3 and
all ¢, k. Defining f (e, ¢, d) = maxo<k<k,... f (€, ¢, d, k), this implies

max

(7.10) lim Plzeor < en’|Wo =w™] < f(e,c,d) < 1

and that lim,_.q f(e,c,d) =0 forall d > 3 and all c.

The remainder of the argument is a proof by contradiction. Fix § > 0 and choose
e > 0sothat f(e,c,d) < % Assume that inequality (7.9) is false. Then for all
C > 0, there exists a strictly increasing sequence of integers {n; = n;(C)}ieN SO
that

sup  P[teol < 8n?|Wo = w(”")] >1-—34.
w(ni)egg’i)
Let {C;}jen be a sequence satisfying lim; ., C; = o0, and for each j let the
increasing sequence of integers {n; ; =n;(C;)};en satisfy

sup  Plreol < sn?,j|Wo = w(”"J)] >1-3.
i, ) e
whJ egcj
Then the diagonal sequence n; ; satisfies

liminf ~ sup  P[rcor < enj;|[Wo=w")]>1-86.
i—00 ;) A1) ’
w i egci‘

Since f (e, c,d) < % by assumption, this contradicts equality (7.10), completing
the proof of the first half of inequality (7.9). The proof of the second half of in-
equality (7.9) is essentially identical; simply follow the same steps for the sped-up
process {W/},en described in Remark 7.2 and use formula (7.6) to relate this back
to {Wilen. U

Lemma 7.3 has the following strengthening as an immediate corollary.
COROLLARY 7. There exist € = e(c,d, kmax) > 0 and § = 6(c,d, kmax) > 0
so that, for all n sufficiently large,
P[tcol < en’|Wo = w]<1-3,
(7.11)
Plteol < @enlWo=w] <1-36

uniformly in 1 < k < kmax and w € Q.
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Fee Faan:

FIG. 7. A path from a configuration with particles at distance 1 to a configuration with particles at
distance 3. This path would require 2 particles to move 2 steps each.

PROOF. Define the directed graph X to have vertex and directed edge sets

V(X)=K,
(7.12)
EX)={(x,y):x,y e K,P[W| =y|Wp=x] > 0}.

Our key observation here is that it is possible to change any initial configuration

w € K into a configuration w’ € Q(C" ) by making some number of moves along the
edges of X', where the number of moves required is uniformly bounded in n (but
may depend on C, d or kpax). Since each move takes O (n?) steps in the coalescent
process, and each move has probability bounded from below; this allows us to
apply Lemma 7.3 to any initial configuration.

More formally, we begin by proving the first half of inequality (7.11). Fix w €
Qr,any 0 <y <1andlet e =¢(c,d, kmax, V), C = C(c, d, kmax, ¥) be constants
given by Lemma 7.3. Overloading notation slightly, if x, y € X, we denote by
|x — y| the length of the shortest path from x to y in &’; see Figure 7 for an
example of such a path when d =2 and C =2.

Set
w' = argmin{w —u|:u € gg” N Q.
LetI' = (wo = w, wi, ..., Wy—y| = w') be a path from w to w’ satisfying |w; —

wi+1] =1 for all i. We have

]P)[(W(po, W¢l’ ceey W¢\u)7w/|) = F|WO = u)] > (2dkmax)—|w—w/|
(7.13) Lo
> (2dkmax) ™ max (CHD),

Thus, applying Lemma 7.3,
P[tcol > en’|Wo = w] > P[teor > end|Wo=w' € ggl)](zdkmax)_krznax(c+l)
=Yy (2dkmax)_kr2mx(c+l)-

This completes the proof of the first half of inequality (7.11), with § =

y(2dkmax)*kr2mx(c+1). As with Lemma 7.3, the proof of the second half is es-
sentially identical. [
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We further strengthen this to bound the probability that particles are close to
colliding after a small number of steps. Let

Tnear’i - inf{t . |Lt - U| S i]

inf
u,v:Wlul=W;[v]=1
be the first time that two particles in the coalescent process are within distance i.
LEMMA 7.4. Foralli € N and all 0 < y < 1, there exist ¢ = e(c, d, kmax,

y,i)>0and C =C(c,d, kmax, V,1) < 00 so that, for all n > N(c,d, kmax, ¥, 1)
sufficiently large,

IP)[Tnear,i < 8n3|W0 = w] <1l-vy,
(7.14)

Pltnear,i < @enlWo=w]<1—y

uniformly in 1 <k < kpyax and w € gg“.

PROOF. We begin by proving the first half of inequality (7.14). Fix 0 <y <

I,letd§=1-— a dk o)’ let C, & be the constants associated with § as given by
Lemma 7.3, and let w € Q(Cn ) By the definition of tyeqr, i, there is a sequence I' =
(wo = Wr ;> Wi, ..., w;) so that [wjy; —w;| =1 and so that a collision occurs

during the transition from w;_1 to w;. Let I € N be such that ¢; = Tpear,;- As in
inequality (7.13),

P[(Wg,, Wey s+ » Wey ) = TIWy, = wo] > Qedkmax) ™"
Since
P[pr4i — ¢1 > n*log(n)] = o(1),

this implies

1
P 2] —— (I —o(l
[Tcol < Thear,i T 1 Og(n)] Qdkma) ( o( ))
uniformly in starting position Wy. Thus, for all ¢ > 0 and w € G- o8
14
iy = Lot <o’ Wo=u]

£
> P|:‘L'001 < 87’13, Tnear,i < §n3‘Wo = w}

i £
> (1 - 0(1))(2dkmax) P[Tnear,i < 5”3‘WO = wi|-

We conclude that

IPjl:":nearz < n3‘WO = w] = Z(1 + (1))3

\
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completing the proof of the first half of inequality (7.14). As with Lemma 7.3, the
proof of the second half is essentially identical. [J

We then have the following Corollary to Lemma 7.4.

COROLLARY 8. Fix i € N. There exist ¢ = ¢(c,d, kmax,1) > 0 and § =
6(c, d, kmax, i) > 0 so that, for all n sufficiently large,

P[tnear,i < &7’ |Wo=w] <15,
IP][Tnear,i <¢enWo=w]<1-6

uniformly in 1 < k < kpax and w € Qi N g}’”.

PROOF. This follows from Lemma 7.4 in essentially the same way that Corol-
lary 7 followed from Lemma 7.3. [

7.2. Comparing KCIP with the coalescent process. Recall ky,x from formula
(7.1), the set 2 from formula (2.1) and the sets gé”) from formula (7.8). In this
section, we obtain bounds on the occupation measure of X; in €, uniformly in
k<kmax. Recall the definition of the exit times Li(x) from equation (2.2). Our
intermediate steps are to show, uniformly in 1 <k < kpax:

1. Uniformly in x € Qg, P[Ly(x) < en’] <1 —38 < 1 for some ¢ = e(c, d, kmax)
and § =6(c, d, kmax)-

2. Uniformly in x € @, P[L;(x) > e~ 'n3] <1 —6.

. Uniformly in x € Q, P[foo 1x,eq < %8”3] <1-6.

4. Uniformly in x € €, P[XLk(X()) € Qr—1|Xo=x] > 6, P[XLk(X()) € Q411X =
x] > 6.

98]

We begin by proving item (4).

LEMMA 7.5. Thereexiste =¢(c,d, kmax) > 0,8 =6(c,d, kmax) > 0and o =
a(c,d, kmax) > 0 so that, uniformly in 1 <k < kmax and x € Q, we have

8”3
P[Z 1x,eq, = an®|Xo = x:| > 5.
t=0

PROOF. Assume first that x € Q; N Qé”). We couple {X;},cN to a coalescent
process {Z;};eN using the same coupling as in Section 6.5.3 and define {W;};en
as in formula (7.4); since X € 2, we have rs(t'a)rt =0 for all 1 <i <k. Recalling
the definition of {¢;};cn from formula (7.5), we fix T € N and consider the two
events:

1. Aj r: The coalescent process has Tpear2 < @7
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2. Ay 7: The KCIP has inf{r : §; > 1} < ¢r.

By Lemma 7.4, there exists some €1, y > 0 so that

(7.15) PlALen]l =1 =y +o(1)
for 0 < & < ¢1. By Corollary 5, there exists some & so that for 0 < ¢ < &3,
(7.16) PLA2ca] < 5 +o0(1).

Choose ¢ = %min(sl, €2) and fix o, B > 0. Set Az = Ay o U A2 ¢ By inequali-
ties (7.15) and (7.16),

pn? pn’
P[Z 1x,cq, > om3’X0 = xj| > ]P’|:Z 1x,cq, > an3‘X0 =x, Agn]]P’[Agn]
t=0 =0
o
> EP[Z Ix,eq, = Om3‘Xo =X, Agn} +o(1).
t=0

Conditionally on Wy,, ¢;+1 — ¢; has geometric distribution with mean between
cd’,zm and g. Thus, for all 8 sufficiently large,

(7.17) P[B™'n* < ¢en < pn’] =1—o0(1).

Since P[AS,] > % + o(1) is bounded away from 0, this implies that, for g suffi-
ciently large,

pn’
P[Z Ly,eq, > an®|Xo = x}
=0
(7.18) '

¢SVI

> %P[Z IXZEQk > O{I’l3‘X0 =X, Agnj| +0(1).
t=0

By checking allowed sequences of update variables {v, ps}sen, if Vi < kmax and
é6; =0, we have

P[St—H = 1|8t =0, V; <kmax,t < d’sn, Agn]
(7.19) <P[S+1 =118 =0, V; < kmax]
- 2cdkmax
while if V; <kmax +1and 6, =1,
IP>[8t+1 = O|8t =1L,Vi< kmax +1,r < ¢8n7 Agn]
(7.20) > Plé+1=0[6; =1, Vi < kmax + 1]

’

1
> %(1+0(1))-
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Since the lower bound in inequality (7.20) is ®(n) times larger than the upper
bound in inequality (7.19), we have

¢€n
P[Z 1x,eq, > aden|Xo =x,A§n} =1+o(1)
t=0

for all «~! sufficiently large. Combining this with inequalities (7.17) and (7.18),
we have for 8, a~! sufficiently large that

pn’
P[Z 1x,co, = af™'n%|Xo =x} = 2 +o().
1=0

This completes the proof of the lemma when x € ; N g§">.

We give a short argument reducing the case x € Q2 to the case x € Q; N gé”); it
is essentially the same argument given in Corollary 7. Fix x € € \ Qén). There ex-
ists x’ € QN gé”) and a sequence of configurations I' = (x = xq, X1, ..., x¢ = x')
so that |x;41 — x;| <land £ < 16k§m. The same argument as given in inequality
(7.13) implies that there exists some y’ = y'(c, d, kmax) > 0 so that

P[inf{r : X, = x'} < n’log(n)|Xo=x] > y’.

This bound reduces the case x € £ to the case x € Q2 N gé”) , at the cost only

of replacing y with yy’ and replacing en’® with en3 + n?log(n) = (1 + o(1))en>.
This completes the proof. [

Define
(7.21) pr =inf{t : X; € Qi}.

LEMMA 7.6. Forall 1 <k < kmax, there exists some &, & > 0 so that

Plpx—1 < en’| Xo =x]|>34,
(7.22)
P[pr11 < en®|Xo=x] > 8

holds uniformly in x € Qi (Where the first part of the inequality obviously requires
k>2).

PROOF. As argued in Corollary 7 (and again in the last paragraph of the proof

)

of Lemma 7.5), we can assume without loss of generality that x € €; N gﬁ” , since

for any fixed ¢ > 0, the ratio

infyeq, Plpr—1 < en’|Xo = x]
inf gl Plpi—1 < en3(1 +o0(1))| Xo = x]

xXe
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is bounded away from O uniformly in n. Thus, it is sufficient to consider only

starting positions X( € € N gf(').

Fix 1 <k <kpnax and Xg=x € Q1 N Qf‘"). We now couple {X;},cn to a co-
alescent process {Z;};cn using the same coupling as in Section 6.5.3 and define
{W:}ien according to formula (7.4). Since X € Q, we have rs(tla)n = 0 for all
1 <i < k. Define the sequence of movement times {¢;} ;>0 as in formula (7.5)
and the graph X as in formula (7.12). Fix ¢ > 0; we will define W to be the collec-
tion of paths through the graph X for which the associated coalescent process has
Tnear,4 < Pen. More precisely, we say that a path I' = (wg, wy, ..., wy) through
the graph X is in W if it satisfies:

1. m <en.

2. |lwjy1 —w;| = 1forall 0 <i < m, where distance is measured according to the
graph distance on X.

3. wo=x.

4. There exist u, v € G so that |u — v| =4 and wy,[u] = w,[v] =1.
5. Forall u,v € G with |u —v| =4 and all 0 <i < m, we have w;[u]w;[v] = 0.

For any path I € W of length m and any A > 0, we have by essentially the same
calculation as in Lemma 4.1 that

Pl sup 8 < 1l{gm > A’} (W }lo =T > g(4) +o(1)

OffffnearA

for some function g(A) > 0. Combining this with inequality (7.17), we have for
all A so that % is sufficiently large that

P[{ sup & <1)n{gm < An}I(We)Lg=T] > g(4) +o(D).
0<t<Tpear,4
In particular, there exist e, A, B > 0 so that
(723) P[| sup & <1]N{gn < AWy )Io =T ] = B +o(1).
0<1=<thear,4

We choose such a triple ¢, A, B for the remainder of the proof of the first half of
inequality (7.22). Define p; _, = inf{z : ¥; = k — 1}. By the same argument as in
Proposition 6.20, there exists y’ > 0 so that

Plo;_; <4n*|Xo=y] =y’ (1 +o(1))

holds uniformly in y € Q4 \ Qén) . By the same reduction argument used in Corol-
lary 7, this implies that there exists some y > 0 so that

P[o;_, <4n*|Xo=y] = y(1 +0(1))

holds uniformly in y € € \ gf‘”). Recall the definition of the update variables
(p:, v¢) from equation (1.1). Denote the event

(7.24) Xn(t):{Vs:tfsft—i—nlog(n)z,ps > Eor Z Xs[u]=0}.
() eEA(L.d))
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We then have
Plpk-1 < 4n>> + nlog(n)*|Xo = y]

4n2A5

> > Plox—1 <t +nlogn)’lp;_, =t]P[p;_; =1]
t=0

| 423 t+nlog(n)?
(725) =3 > P“ U )= A(L,d)} n xn(t)\p;i_l = t}ﬂ”[p/i_l =1]
t=0

s=t

4n2.5

t=0

(L+o(D)).

>

Combining this with inequality (7.23) and the observation that w,, € Q2; \ G 4(1") for
allT" = (wo, ..., wy,) € ¥, we have

B
P[pk—1 < An® +n?> 4 nlog(n)*|{Wy, )"y =T] = Ty +o(1).
This implies that
P[pr—1 < An® +n*° 4 nlog(n)*|Xo = x]

> Z Plpk—1 < An® +n?3 + nlog(fl)2|{W¢,~ Yito=T]
evw

X P[{Wy,}g =T1X0=x]

B
= _3;/ > P[(Wy, )iy =T1Xo=x]+o(1)
rev

B
= %P[TnearA < ¢en|Xo=x]4+0(1)

B
> %P[w < Gen|Wo = x]+ o(1).

The last quantity, P[tco] < ¢en| Wo = x], is bounded away from O by Theorem 5 of
[9]. This completes the proof of the first half of inequality (7.22).

We now prove the second half of inequality (7.22). Fix x € gﬁ’” and ¢ > 0. We
consider a new collection of paths ¥ on X. Roughly speaking, these will be the
paths for which there are no near-collisions for many steps. More precisely, we say
that I' = (x = wg, wy, ..., wy,,) isin W if:

1
o m=> z&‘n.

o |wip; —w;|=1foral 0<i <m.
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o wy=x.
e Forall u,ve G with [u —v| <4 andall 0 <i <m, we have w;[u]w;[v] =0

Recall that tééc)ouphng is defined in formula (6.44) and é't(r{;zle is defined in formula

(6.41). If {Wy,}1", =T € W, then no near-collisions of W; have occurred by time
¢m, and so conditioned on this event we have

7.26 min r(J) mln( , mm )
( ) 1<j<k decoupling — bm <j< é-tr1p1e

Also, for any ¢ € N and any starting point Xo = x € 2 with §o = 1, we have

t
(7.27) P[ min 8, > 1|Xo=x] > (1 - %) .

0<s<t n

In particular, the indicator function of the event {ming< sst 35 > 1} is stochastically
dominated by a geometric random variable with mean 5 Combmmg inequalities
(7.26) and (7.27), we have

®m
|:[Zl<3,>1 = —n ] U [lgngkgmple — ¢m”{W¢z} i=0 — Fi|

—1—o(1).

(7.28)

Noting that

; o _ m o _ N . () ' <
P[lgljlgk wiple =1 T 1HWo Jico =T 8 =1, min, Gyippe 21,1 = ¢,] =

we obtain

Pm
&€ 2
P|:1211<1 é:trlple > G [{Wg, }iL O_thZOlS[Zl = ﬁn i|

Combining this with inequality (7.28) and rearranging terms, this implies

]P)I:Imln tr1ple—¢m|{W¢z} O_F]

<j<k

€
>1—-o0(1) —]P’|:1mjm Ctrlple > ¢m|{W¢,}m 0o="T, 215,>1 > ﬁnZ]
t=0

>1—e 32 —o(l).
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Summing over I € X,

: (j) M ]
J << n T
IPI:ILDJILI gtrlple min (¢, near,4)

: () m m
= %P[lggk Cuipte = ®m [{Wo Yo = F]P[{W¢i}i=0 =T]

>(1—e 52 —o(1)) Y Pl{Wy )iy =T]

ex
> (1 —e™% — o(1))Plnear 4 = 5.

Write ;é?;)il';) =minj<j< {t(rij;le. By Corollary 8, we conclude that there exists some
y > 0 so that

P[Qggll? < min(¢y, Tnear,4)] >y +o(l).
Combining this with the calculation in inequality (7.25),
Ploks1 < $en +n log(n)?|Xo = y]

(min

gtriple) +n log(n)z
zJP’“ U {vs}=A<L,d>}

_, (min)
s _Clriple

0 Xn (gt(r?;llz))lgt(rigllg) = min(¢%n, Tnear,4), X0 = y:|

X P[Q(r?;l? = min(qb%n, Tnear,4)|X0 = y]
> (1 —o(D)(y —o(D).
Combining this with inequality (7.17) completes the proof. [J

8. Proof of Theorem 2. In this section, we find bounds on the occupation
times of 2 and use these bounds to finish the proof of Theorem 2. Recall from
(3.2) that the quantity «j applied to X; is

T
ki (T) =Y 1x,e0-
t=0

LEMMA 8.1 (Bound on occupation measures). There exists 0 < y < 00 s0
that, for all A sufficiently large and all B > 0,

P[kx (An® log(n)) < Bn®log(n)] < yg +o(1)

uniformly in Xo=x € Q and 1 <k < kpax.
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PROOF. Recall the set I from (7.2) and kmax from (7.1). By Corollary 6, there
exists ¢; > 0 so that for all A sufficiently large,

An? log(n)

(8.1) P[ Z 1Xt€K>c1An3log(n)‘X0:xEQ:| =14 o0(1).
t=0

Recall the definition of the update variables (p;, vy) from formula (1.1) and y, =
xn(0) from formula (7.24). For any x € K, we have that

}P’[inf{t >0:X; € ICﬂUQk} < nlog(n)z‘Xo =xe IC}
k

nlog(n)2
(8.2) zPH U {vs}=A<L,d>}mxn

s=0
=14o0().

X()=XGIC:|

Combining inequalities (8.1) and (8.2) with Lemma 7.5, there exists some ¢ > 0
and 1 <k’ < kmax so that, for all A sufficiently large,

An3 log(n)
(8.3) IP’[ Z 1x,eq, > czAn310g(n)’X0 =xe€ Q} =1+o0(1).
t=0
Inequality (8.3) implies the existence of some c3 > 0 so that, for any Xg =x € €,
An3log(n)
(84) E[ > 1x,eg,,] > c3An’ log(n)
=0

for all A sufficiently large. We claim that inequality (8.4) also holds with k' re-
placed by k&’ + 1 and also (if ¥’ > 2) with £’ — 1. By Lemmas 7.6 and 7.5, there
exists some c4 > 0 so that

rAn3 log(n) . rAn3log(n) .
El > 1lxequ,, |ZaB| Y lxeq, | >cczAn’logn),
L =0 . L =0 J
(8.5)
rAn3 log(n) . rAn3 log(n) 7
E| Y lxeq. , |ZaEl D lxeq, | > csc3An’logn).
L =0 . L =0 n

This is exactly inequality (8.4) with k" replaced by k¥’ + 1 and k" — 1, respectively.
Since the set {1, 2, ..., kmax} is finite, the argument between inequalities (8.4) and
(8.5) implies that there exists some c5 > 0 so that

An3log(n)
(8.6) E[ > lxtegzji|ZC5An3log(n)
t=0
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for all 1 < j < kpax. Since kx(T) = Z,T:() 1x,cq, . the result now follows from an
application of Markov’s inequality to inequality (8.6). [

Finally, we prove our main result.

PROOF OF THEOREM 2. The lower bound in Theorem 2 is given in Theo-
rem 3. We now show the proof of the upper bound in Theorem 2 by applying the
bounds in Lemma 5.1 and Lemma 8.1 to Lemma 3.1.

Lemma 8.1 implies that there exist constants 0 < A, B < 00, and a function
N =N(A, B, c,d) so that for all k < kyax [see formula (7.1)]and all n > N,

1
(8.7) sup ]P’[/ck(An3 log(n)) < Bn?log(n)|Xo = x]<—.
xeR 16

Similarly, Lemma 5.1 implies that there exists a constant 0 < C| < 00 so that

(8.8) max Tk < Cin*ti log(n).
1<k <kmax

In the notation of Lemma 3.1, let K be the kernel of the KCIP, let ® = , let
Or=Qforl <k < % andlet®%+1 = Q\UZ:1 Qr.Alsoset I ={1,2, ..., kmax}
and S = Uiuzof("” Qk. We note that

7(8§)=1-o0(),

min K[x,x]=1—0(1),
xeS

max >, Klx.y]=1-o(D),
yeS

and so our chain is sufficiently lazy for all n > Ny(c, d) large.
By Theorem 6.1, if the KCIP is started at the stationary distribution 7, there
exists 0 < «, & < 1 so that

E[Vo] =E[V,,3] = (1 —a)E(Vy) + Cq.
Thus, we get E(Vp) < C‘X—G = k’?%. Markov’s inequality yields that
3
P[VO = kmax] > Z

Since Vj is distributed according to 7, this immediately yields

n(U szk) > Z —o(1).

kel
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Thus, in the notation of Lemma 3.1, we can fix for all n > N = N(c,d, A, B)
sufficiently large,
3 5 11 1
a=—, = —, = —,
8 6 VT
t = 16c, C1n2+% log(n) < Bn>log(n),
T = [An®log(n)],

where C is the constant from (8.8). By (8.8), we have

Tn kc/ 1
8.9 max Vo<
(8.9) I<k<kmax ¢t~ 16

By (8.7), we have that for 1 <k < kpax,

1
(8.10) sup P[kx(T) <t|Xo=x] < —.
xeQ 16
Combining inequalities (8.9) and (8.10) immediately implies that, in the notation
of Lemma3.1,7 <T =03 log(n)). Thus, by Lemma 3.1 we have that tyix =
o3 log(n)) and the proof of Theorem 2 is complete. [J

9. Conclusion and future work. We have resolved only some special cases
in Aldous’ conjecture. In particular, we do not have any results for:

e Graphs other than the torus.
e Density regimes other than p = .

In this section, we give conjectures for other graphs and regimes, and mention
cases for which our methods work well. Before doing so, there is the question as to
whether the adjustment to Aldous’ conjecture required by Theorem 3 is essentially
the only required correction. If so, this would suggest the conjecture.

CONJECTURE 9. Fixd € N and let G be a d-regular graph. The mixing time
Tmix 0f the KCIP with parameter p on graph G is O(p~'d|G|tRY + d'_;ipg) as |G|

mix
goes to infinity, where rlﬁi\z is the mixing time of the %-lazy simple random walk on
the graph G.

We believe that this gives the correct answer for the torus in dimension d > 3
[i.e., we conjecture that the correct mixing time for the process described in The-
orem 2 is O (n?)]. However, we do not believe that Conjecture 9 is true in general.
In particular, define the coalescence time tcoy of a graph to be the expected time
for the coalescent process on G to go from |G| particles to 1 particle. We suspect
that the mixing time of the KCIP is bounded from below by the coalescence time
of the associated coalescent process on the same graph. By [9], this suggests that
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the mixing time for the torus in dimension d = 2 is at least n> log(n), while Con-
jectures 1 and 9 both suggest the mixing time is O (n°). In general, we conjecture
the following.

CONJECTURE 10. Fix d € N and let G be a d-regular graph. The mixing
time Tmix of the KCIP with parameter p on graph G is O(p~'d|G|tRY + % +

mix d
p~1d|G|tcoa) as |G| goes to infinity, where rnliiv;’ is the mixing time of the %—
lazy simple random walk on the graph G and tcog) is the coalescence time of the

graph G.

Next, we discuss when our strategy outlined in Section 2.2 may be applicable for
proving Conjecture 10. When restricted to densities in the regime p = -, our proof
strategies are likely to work well for many other sequences of bounded-degree
graphs. In particular, for random triangle-free d-regular graphs, our argument goes
through with only two major changes. The first change is to replace all bounds
on the coalescent process from [9] with analogous bounds from [26] and [27].
These bounds are substantially looser, but strong enough for our arguments to
go through. Next, random d-regular graphs are expanders with high probability
(see, e.g., [18]), and in particular have spectral gaps that are uniformly bounded
below in n and mixing times that grow like log(n). This allows us to make the
second change, replacing the bound on the log-Sobolev constant from [32] with a
bound on the spectral gap from [18]. Besides the invocation of [32], all comparison
arguments for the log-Sobolev constant of A(L, d) given in Section 5 also apply
as written to bounding the spectral gap of general d-regular graphs. These graphs
have such large spectral gaps that the bounds obtained this way are sufficient.
Beyond expanders, we generally expect our strategy to succeed for families of
bounded-degree graphs with

9.1) max (Tcoal, Thw ) = O (n°).

In particular, a similar approach works for the lattice in d > 3 dimensions. When
(9.1) fails to hold, as with A(L, d) in dimension d = 2, the arguments in Section 6
must be substantially changed.

For sequences of m = m(n)-regular graphs [with m(n) very slowly growing
with n], our strategy could be refined to give nontrivial bounds, but our results are
not very useful as written. For graphs with very large degrees d ~ n, a straightfor-
ward comparison argument to the KCIP on the complete graph analogous to that
given in [10] for the simple exclusion process gives useful bounds.

Our strategies are unlikely to work well for p = p, > ¢, as the arguments
this paper rely quite strongly on the stationary measure of the constrained Ising
process being concentrated on configurations with few particle. Despite technical

difficulties, we believe that the O (n?) bound will hold up to p, ~ n_%_%. Again,
for p sufficiently large, a straightforward comparison argument to the constrained
Ising process on the complete graph analogous to that given in [10] for the simple
exclusion process gives useful bounds.
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