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Abstract. We continue the study of a stochastic system of interacting neurons introduced in De Masi, Galves, Locherbach and
Presutti (J. Stat. Phys. 158 (2015) 866-902). The system consists of N neurons, each spiking randomly with rate depending on
its membrane potential. At its spiking time, the neuron potential is reset to 0 and all other neurons receive an additional amount
1/N of potential. Moreover, electrical synapses induce a deterministic drift of the system towards its average potential. We prove
propagation of chaos of the system, as N — oo, to a limit nonlinear jumping stochastic differential equation. We consequently
improve on the results of (J. Stat. Phys. 158 (2015) 866-902), since (i) we remove the compact support condition on the initial
datum, (ii) we get a rate of convergence in 1/+/N. Finally, we study the limit equation: we describe the shape of its time-marginals,
we prove the existence of a unique nontrivial invariant distribution, we show that the trivial invariant distribution is not attractive,
and in a special case, we establish the convergence to equilibrium.

Résumé. Cet article continue 1’étude du systéme stochastique de neurones en interaction introduit par De Masi, Galves, Locher-
bach et Presutti (J. Stat. Phys. 158 (2015) 866-902). Le systéme est composé de N neurones. Chaque neurone décharge un potentiel
d’action a des instants aléatoires, a un taux qui dépend de son potentiel de membrane. Ce potentiel est alors remis a 0, et tous les
autres neurones recoivent une charge supplémentaire de 1/N. De plus, des synapses €lectriques induisent une dérive déterministe
qui attire le systeme vers sa valeur moyenne. Nous établissons la propriété de propagation du chaos lorsque N — oo, vers la
solution d’une équation différentielle stochastique non-linéaire a sauts. Nous améliorons les résultats obtenus dans (J. Stat. Phys.
158 (2015) 866-902) puisque (i) nous levons la condition de support compact imposée aux données initiales, (ii) nous obtenons
une vitesse de convergence en 1/+/N. Enfin, nous proposons une étude de 1’équation limite : nous décrivons la forme de ses lois
marginales (en temps), nous démontrons I’existence d’une unique loi invariante non-triviale et montrons que la mesure invariante
triviale n’est pas attractive. Enfin, nous obtenons la convergence vers 1’équilibre dans un cas particulier.
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1. Introduction and main results
1.1. The model
We consider, for each N > 1, a family of i.i.d. Poisson measures (Ni (ds,dz))i=1,...n on Ry x Ry having inten-

sity measure ds dz, as well as a family (X(I)v ’i)i: 1....~ of Ry-valued random variables independent of the Poisson
measures. The object of this paper is to study the Markov process X ,N =(X tN ’1, X ,N o ) taking values in ]Rﬁ and
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solving, fori =1,..., N, forr > 0,
XN =X - t(XN’i—}_(N)ds— [T XM Nids.do)
Lo o’ ’ 0 Jo T Tl=r&) ’
1 Lo .
— : J
+N;/0/0 1 iy N ds. d2), M
J7F

where X iN =N"! 27:1 X tN "/ The coefficients of this system are A > 0 and a function f : Ry — R, satisfying (at
least) the following assumption.

Assumption 1. f is nondecreasing, f(0) =0, f(x) > 0 forall x > 0, limy f =00 and f € C'(Ry).

Proposition 2. Grant Assumption 1, let A > 0 and N > 1 be fixed. Then there exists a unique cadlag adapted strong
solution (XIN)IZ() to (1) taking values in Rﬁ.

1.2. Formal description and goals

This paper continues a study started in De Masi, Galves, Locherbach and Presutti [6]. The particle system (1) is the
model of interacting neurons considered in [6], inspired by a work of Galves and Locherbach [13]. The system is made
of N neurons. Each X fv " models the membrane potential at time ¢ of the ith neuron. Interactions between neurons are
due to two types of synapses, chemical and electrical synapses. Chemical synapses are characterized through spiking
of the neurons, i.e. a fast trans-membrane current. Spiking occurs randomly following a point process of rate f (x) for
a neuron of which the membrane potential equals x. At its spiking time, the membrane potential of the neuron is reset
to a resting potential which we choose to be equal to 0. At the same time, the action of the chemical synapses induces
an increase of the membrane potentials of the other neurons: they receive an additional amount 1/N of potential.
Our model does not take into account a refractory period. Electrical synapses, which are due to gap junctions, work
constantly over time and tend to synchronize the membrane potentials of the neurons. Such electrical synapses are
typical for systems requiring fast responses to stimuli, often found in animals. They induce a constant drift of the
system towards the average membrane potential of the system, at speed A.

It is well known that neuronal interactions can exhibit very complicated interaction structures. Our model only
takes into account the average effect of the interactions. We are thus working with a toy model where interactions are
of mean-field type.

Concerning f, we think of functions of the type f(x) = (x/x0)é with & large and some soft threshold xg. In this
case, for x the membrane potential of the neuron, spiking occurs at very low rate if x < xo and with very high rate
if x > xo. Note that in the biological literature it is often assumed that spiking occurs when the membrane potential
reaches a fixed threshold x(, which would correspond to f(x) = 0ol|y, o). However, a well-defined fixed threshold
does not seem to exist in in vivo neurons, see e.g. Jahn, Berg, Hounsgaard and Ditlevsen [18] who propose a statistical
study showing that a point process model in which the jump intensity depends on the membrane potential is well
adapted. We therefore propose a smooth firing rate depending on the membrane potential of the form f(x) = cx¢
with & quite large and ¢ > 0.

We are interested in the evolution of a large system of neurons, i.e. in the limit N — oco. We prove a weak law of
large numbers for the empirical measure of the system (propagation of chaos): we show that the empirical distribution
of the system becomes deterministic as N — oo and tends to the law of a limit process (¥;);>o which solves a
nonlinear jumping SDE.

Such a result has already been achieved in [6] in the case of a compact support, i.e. when the initial conditions
X (1)\/ " are uniformly bounded. It is then possible to control the evolution of the support of the law of the process over
time. Consequently, the propagation of chaos can be shown for any locally Lipschitz continuous function f, exactly
as if it was globally Lipschitz continuous and bounded.

The case where the initial conditions are not compactly supported is more delicate, at least when f is not globally
Lipschitz continuous. Our results work under quite weak moment conditions on the initial datum, for quite general
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functions f. We obtain a rate of convergence in 1/+/N, as one expects. These results should remain true when adding
a diffusive component to the dynamics of individual neurons, at the cost of a higher level of technicality.

Finally, we propose a short study of the limit equation. We describe the shape of its time-marginals, we prove the
existence of a unique nontrivial invariant distribution, we show that the trivial invariant distribution is not attractive,
and when A = 0, we establish the convergence to equilibrium for a class of initial conditions.

Let us mention that all the results and proofs below have been elaborated thinking of the case where f(x) = x¢
with £ > 2, which thus satisfies all the conditions of the paper.

1.3. References

Using a mean-field approach in order to describe the typical behavior of a neuron within a large population of similarly
behaving neurons from a macroscopic point of view is by now classical in neuromathematics. A lot of effort has been
spent by the neuromathematical community focussing on the study of leaky integrate-and-fire models and their mean-
field limits; in these models the membrane potential of a neuron is described by a (finite or infinite dimensional)
diffusion process, and spiking occurs when reaching a threshold.

Recent interesting papers using a fixed threshold are those of Delarue, Inglis, Rubenthaler and Tanré [4] and [5],
see also Caceres, Carrillo and Perthame [3]. Here, the membrane potential is described by a one dimensional diffusion
process. The existence of a fixed threshold may lead to severe mathematical problems related to a possible blow-up
of the limit nonlinear equation. Such a blow-up appears when a macroscopically large proportion of neurons spike at
the same time. Avalanches and synchronization are phenomena which are related to such a blow-up.

Notice that on the contrary, our model does not include a diffusive part in the evolution of each neuron’s membrane
potential. As indicated above, we expect our result on propagation of chaos to remain true when adding such a diffusive
component. But of course none of the above mentioned phenomena such as blow-up or avalanches appear in our model
since spiking occurs at a smooth rate which is finite all over the state space. As we have already mentioned, this choice
of modeling is motivated by biological considerations. Consequently, we do not have to face the same difficulties. The
problems we have to deal with are linked to the jump part of the equation, more specifically to the fact that the spiking
rate is not globally Lipschitz.

Recently, Inglis and Talay [16] have proposed a model of the integrate and fire type where neurons do spike when
hitting a fixed threshold but where the effect of a spike is not instantaneously transmitted to the other neurons. As a
consequence, their model does not present blow-up phenomena neither.

For an excellent overview of the mean-field approach in integrate-and-fire models with a strong modeling point
of view, we refer the reader to Faugeras, Touboul and Cessac [8]. They specifically deal with the case where several
big populations of neurons interact through their neural efficacities which are chosen to be i.i.d. Gaussian random
variables. In particular, they also deal with negative synaptic weights. Actually the extension of our model to the
multi-population case, including also inhibitory synapses, seems to be quite straightforward and is part of a future
work.

Finally, in a recent article, Lucon and Stannat [20] consider a population of mean field interacting diffusions which
are attached to spatial positions and evolve within a random environment. Here, the spiking is encoded within the
diffusion model (as in the Fitzhugh—-Nagumo model). The interaction strength between two neurons depends on their
spatial distance and may show singularities. Moreover, the coefficients of the underlying diffusion are of polynomial
growth and therefore not globally Lipschitz neither. However, the techniques and results obtained in this article are
clearly far from the considerations we are interested in the present paper.

To summarize, our aim is not to build a model which describes the full neurophysiological reality, but to study
a simple model describing some basic biological features and to concentrate on the randomness hidden behind the
spike times. It is inspired by integrate-and-fire models, but spiking occurs randomly, with state-dependent intensity
and the system does not contain any other source of randomness. Let us finally mention that this model can also be
interpreted in terms of an associated nonlinear Hawkes process including a variable memory structure. We refer to
Hansen, Reynaud-Bouret and Rivoirard [14] for an interesting statistical study of the neuronal interaction graph using
Hawkes processes.

From the purely probabilistic point of view, propagation of chaos is a popular topic since the seminal works of
Kac [19], McKean [21,22] and Sznitman [25,26]. Generally, one tries to prove that the time-evolution of a particle,
interacting with a large number of other particles, can be approximated by a nonlinear process. By nonlinear, in the
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sense of McKean, we mean that the law of the process itself is involved in its dynamics. There exist essentially two
kinds of proofs.

o The first one, based on coupling and often used in [26], provides a (often optimal) rate of convergence but works
mainly when all the parameters of the model are globally Lipschitz continuous. However, it sometimes happens
that the non-Lipschitz terms are not really a problem, when they have, roughly, the good sign: see Malrieu [23],
who studies some McKean—Vlasov equation with, roughly, a convex interaction potential. More recently, it has been
shown in Bolley, Cafiizo and Carrillo [1] that the coupling method can also apply to the case of nonglobally Lipschitz
parameters, under some very restrictive exponential moment conditions. They also get a (almost optimal) rate of
convergence. This idea has also been exploited for the Boltzmann equation in [12].

e The second method, elaborated in [25] when studying the Boltzmann equation, is based on tightness/consisten-
cy/uniqueness of the nonlinear process. It applies much more generally (it requires only some a priori bounds and
some continuity of the parameters), but does not provide any rate of convergence.

In the present paper we make use of the two methods and investigate to which extent they can be applied. Roughly,
the tightness/consistency/uniqueness works very well, under some very light assumptions on f and on the initial
conditions. But the most important point of the paper is that, still for quite a general class of functions f (as x® with
& > 2), we show that the coupling method also works, without imposing some exponential moment conditions. This
is very specific to the model under study, relies on quite fine computations, and on the use of an ad hoc distance. As
previously mentioned we get an optimal rate of convergence.

Finding an ad hoc distance is a classical strategy to prove uniqueness of the solution or to study its large time
behavior, in all fields of differential equations. It is a good approach, in the sense that it often allows for many
developments, such as stability and convergence of approximate models. But each model requires its own study and
the good distance often looks mysterious. The distance may or may not depend on the precise parameters of the model.
Let us quote a few papers. For example, Tanaka [27,28] discovered, using a specific nonlinear jumping SDE, that the
Wasserstein distance with quadratic cost between two solutions of the homogeneous Boltzmann equation for Maxwell
molecules is decreasing, providing the first uniqueness result for the Boltzmann equation in the physically reasonable
case without cutoff. Bolley, Guillin and Malrieu [2] were able to precisely study, using a nonlinear Brownian SDE,
the large-time behavior of solutions to a Vlasov—Fokker—Planck equation by introducing an ad hoc modification of
the Wasserstein distance depending on the parameters of the equation. They also quantified, with similar tools, the
convergence of some particle systems. In [9,11], we introduced an ad hoc distance to prove uniqueness of some
infinite stochastic interacting particle systems undergoing coalescence. Here also, the distance was depending on the
interaction kernel.

However, the study proposed in the present paper, and in particular the proof of the uniqueness of the limit equation,
is situated in a completely different mathematical framework compared to the above mentioned papers, and the specific
choice of an ad hoc distance that we propose is a new feature.

1.4. The limit equation

Assume that the Xév ! are i.i.d. with common law go on R, . Simple considerations show that the solution (X ,N )i=>0
should behave, for N large, as N independent copies of the solution to the following nonlinear, in the sense of
McKean, SDE. Let Y be a go-distributed random variable, independent of a Poisson measure N(ds, dz) on Ry x R
having intensity measure ds dz. An R -valued cadlag adapted process (Y;);>0 is said to solve the nonlinear SDE if

t

t t oo
Y, = YO—A/ (Yy — E[Y,])ds —/ / Yx,l{sz(yj_)}N(ds,dz)Jr/ E[f(Ys)]ds. )
0 0 JO 0

For PDE specialists, let us mention that for (¥;);>0 a solution to (2), g(¢) = L(Y;) solves the following nonlinear
PDE in weak form: for any ¢ € Cé (R.), the set of C'-functions on [0, o) such that ¢ and ¢’ are bounded, for any
t>0,

o0 o0 t o0
fo $ (gt dx) = /O $()g(0, dx) + /0 /0 ([ — ()] f () + ' (0)las — rx])g(s. dx) ds.
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where a; = [;°[f(x) + Ax]g(t, dx). Setting also p; = [ f(x)g(t, x) dx, the strong equation writes
Vi >0,Vx >0, 9g(t,x)=[rx—aoyg(t,x)+[r— f(x)]gt,x) and Vi>0, g(t,0)=p:/a,

with g(0, x) a given probability density on [0, 00).

The nonlinear SDE (2) is not clearly well posed, unless one assumes e.g. that f is globally Lipschitz-continuous
and bounded. Under Assumption 1, we are generally only able to check the weak existence, that is existence of a
filtered probability space on which there is a Poisson measure N and a cadlag adapted process (Y;);>0 such that (2)
holds true for all £ > 0.

Assumption 3. f € C*(R,) is convex increasing and sup,~ 1 [f'(x)/f (x) + f"(x)/f'(x)] < oo.

Theorem 4. Grant Assumption 1 and suppose that ). > 0.

(1) Assume only that E[Yy] < oo. Then there is weak existence of a solution (Y;);>0 to (2) satisfying
Jo ELY, £ (Y5)]ds < oo forall t > 0.
(i1) Assume now that the law of Yo is compactly supported. Then there exists a path-wise unique solution (Y;);>0
to (2) such that there is a deterministic locally bounded function A : R4 +— R such that a.s., sup[oyoo)(Yt/A(t)) < 0.
(iii)) Grant now Assumption 3 and assume that E[ f (Yy)] < 0o. Then there is a path-wise unique solution to (2)
satisfying suppo  E[f (Ys)] < oo forall t > 0.

Let us mention that Assumption 3 can be slightly relaxed: if for example f = f1 4+ f> with f; satisfying Assump-
tions 1 and 3 and f>(x) = fox Y (y)dy with ¢ € C, Cl ([0, c0)) nonnegative, then Theorem 4¢(iii) still holds true. In fact,
what we really need is that the conclusions of Lemma 18 below are satisfied.

Let us comment on the results of Theorem 4. Point (i) is not hard: it is checked by compactness and is actually
a consequence of Theorem 5(i)—(ii) below. The only noticeable point is that the condition E[Yy] < oo is sufficient
to guarantee that indeed, fé E[Ys f (Ys)]ds < oo for all ¢+ > 0, which is sufficient to handle a proof by compactness.
Point (ii) is not very complicated and has already been proven in [6]. The only difficult point is to check that if
Yo is bounded, then Y; is a priori bounded for all ¢. Once this is seen, the function f can be considered as if it
was bounded and globally Lipschitz continuous. Finally, (iii) is much more delicate and goes clearly beyond the
results of [6]. Indeed, when computing the time derivative of E[|X; — Y;|], for X and Y two solutions to (2), some
nonlinear terms appear: there is no hope to conclude uniqueness by the Gronwall lemma. One possibility is to use
the famous x|logx| extension of the Gronwall lemma, but this requires to have some bounds for something like
Sup(o. 7] Elexp(f(Y;))] < oo, see Bolley, Caiiizo and Carrillo [1] or [12] for such considerations, but this is not very
satisfying, since it requires the strong condition that E[exp(f(Yp))] < co. We thus search for a more convenient
“distance.” We first observe that when time-differentiating E[| f (X;) — f (Y)|], the contribution of the most unpleasant
term (the Poisson integral) is nonpositive: it gives exactly —E[| f (X,) — f (¥;)|*], which is a very good point. However,
the other terms cause problems for small values of X, Y, if f vanishes too fast at 0 (e.g. f(x) = x& with £ > 2). To
overcome this difficulty, it actually suffices to work with E[|H (X;) — H (Y;)|], where H (x) >~ f(x)+x A 1. Of course,
it is more convenient to use a smooth version of x A 1, so that we will work with H (x) = arctanx + f(x). It is likely
that we could also use H(x) = £(x) + f(x), with any smooth increasing function ¢(x) behaving like ax near O (for
some a > 0) and tending to some constant b > 0 as x — oo.

1.5. Propagation of chaos

We start with a general weak result. The set D(R ) of cadlag functions on R is endowed with the topology of the
Skorokhod convergence on compact time intervals, see Jacod and Shiryaev [17].

Theorem 5. Grant Assumption 1 and suppose that A > 0. Consider a probability distribution gy on Ry such that
fooo vgo(dy) < oo. For each N > 1, consider the unique solution (XZN),Z() to (1) starting from some i.i.d. go-

distributed initial conditions X(])V o

(1) The sequence of processes (X,N’l)tzo is tight in D(R,).
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(ii) The sequence of empirical measures y = N~ ZINZI (S(XN,i)t>0 is tight in P(D(RL)).

(iii) Any limit point 0 of un a.s. belongs to S := {L((Y1)1>0) I (Y1):=0 solution to (2) with L(Yy) = go and satis-
fying [y LY, f (Ys)]ds < oo for all t > 0.

(iv) If moreover (a) go is compactly supported or (b) fooo f(»)go(dy) < oo and f satisfies Assumption 3, then iy
goes in probability to L((Y;)1>0), where (Y;);>0 is the unique solution to (2).

Points (i), (ii) and (iii) are not very difficult. The fact that f is not globally Lipschitz continuous is not really a
problem when working by compactness. And of course, point (iv), which is usually called propagation of chaos, is a
consequence of points (ii) and (iii) and of the uniqueness results of Theorem 4. Again, the above theorem has already
been proven in the case of compact support in [6]; but the techniques employed in [6] cannot be used in the general
case where g is not compactly supported. Under a few additional conditions, we get a quantified version of the above
convergence, at least concerning the time marginals.

Assumption 6. There is a constant C such that forall x,y e Ry, f(x +y) <C( 4+ f(x)+ f(¥)).

Theorem 7. Grant Assumptions 1, 3 and 6 and suppose that A > 0 and that fooo F2(y)go(dy) < oo. Consider, for
each N > 1, the unique solution (X;N)tzo to (1) starting from some i.i.d. go-distributed initial conditions X(])V’l.
Consider also the unique solution (Y,N’l)lzo to (2) starting from Yy = X(I)V 1 and driven by the Poisson random

measure N'(ds, dz). The law of (Y,N’l)tzo does not depend on N, and we denote by g(t) := C(YZN’I). Introduce
H(x) = f(x)+arctan(x). Then for all T > 0, there is a constant Ct, depending onlyon T, A, f and fooo fz(y)go(dy)
such that

c
E[lx =y ]+ B[N - HEMY|]) < —=.
[%1’1%( [1X; CTHE[JEX) - H)]]) < ~

Assume furthermore that fooo y2teeq(dy) < oo for some € > 0. Then for all T > 0, there is a constant Ct, depending
onlyon T, A, f,&and [°[f2(y) + y**1g0(dy) such that

1< Cr
sup E| Wi | — Syni, g(t) < —.
s (2o v

The Monge—Kantorovich—Wasserstein distance between two probability measures ¢ and v on Ry with fi-
nite expectations is defined by W (u, v) = inf{E[|U — V|], L(U) = n and L£(V) = v}. The moment condition
fooo f2(y)go(dy) < oo is very reasonable: somewhere in the proof, we will have to study the convergence of

N1 Zj-v:l f(YlN’j) to IE[f(Y,N’l)]. If we want a rate of convergence of order 1/+/ N, such an assumption is needed.
1.6. Large time behavior of the limit process
First, we study the possible invariant measures.

Theorem 8. Grant Assumption 1 and let . > 0. Then the nonlinear equation (2) has exactly two invariant probability
measures supported in R. The first one is §y. The second one is of the form g(dx) = g(x)dx, with g : [0, 00) >
[0, 00) defined as follows.

) If x>0, then

g(x):*exp(—/xﬂd))l 0< A
p+Am — Ax 0 pH+Am—y) (0=x<m+p/rh

where p > 0 and m > 0 are uniquely determined by the constraints fooo g(dx) =1, fooo xg(dx) = m. Furthermore,
we have fooo f(x)gdx)=pandm+ p/r > 1.
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@) If A =0, then

1 X
g(x)=eXp(——/ f(y)dy),
r Jo

where p > 0 is uniquely determined by the constraint fooog(x) dx = 1. Furthermore, it holds that fooo fx) x
g(x)dx = p.

Starting from a (reasonable) nontrivial initial condition, it is likely that ¥; goes in law to g as t — co. When A =0,
we can prove such a result under a few assumptions.

Proposition 9. Grant Assumptions 1 and 3 and assume that » = 0. Suppose moreover that the solution (¥;);>0 to (2)
starts from Yo ~ go(x) dx where go € Cg([O, 00)) satisfies go(0) =1, fooo fz(x)go(x) dx < oo and fooo |g6(x)| dx <
00. Denote by g(t) the law of Y; and write g for the invariant probability measure defined in Theorem 8(ii). Then we
have lim;_, || g(¢) — gllTv = 0, where || - [Ty denotes the total variation distance. If furthermore there are ¢ > 0 and
£ > 1 such that f(x) > cx for all x € [0, 1], then we have the estimate ||g(t) — g|ltv < C(1 +1)~1/&.

Our proof, which is probably not optimal, relies on the use of the strong version of the PDE satisfied by g(¢).
The regularity conditions on gg, as well as the structure condition go(0) = 1, will imply that g(¢) has a sufficiently
regular density. As can be seen in the next subsection (see also (20) in Section 7.3), if go(0) # 1, then g(z, y) will be
discontinuous for all ¢ > 0 (it will have one jump at some value y; € (0, co) depending on ¢).

When A > 0, the situation is more intricate and we have not been able to prove the convergence to equilibrium. One
reason is that the nondegenerate invariant probability measure is more complicated, compactly supported and possibly
not continuous at the right extremity of its support. In any case, the computation handled to treat the case A = 0 does
not extend. A natural approach would be to show first that lim,_, .o E[AY; 4+ f(¥;)] exists. However, E[LY; + f(Y;)]
does not solve a closed equation, and we did not succeed. The only result we are able to prove is that ¥, cannot go
in law to the invariant measure 8. Our proof, which was as usual elaborated in the case where f(x) = x%, actually
extends to the following situation.

Assumption 10.
(i) It holds that limsup,._, . [ f'(x)/f (x)] < 1.

(ii) There are & > 1,¢ > & — 1 and some constants 0 < ¢ < C such that cxt < f(x) < C(x5~1 4 x%).

Proposition 11. Let A > 0 and grant Assumptions 1 and 3. Assume that P(Yy = 0) < 1 and that E[ f2(Y)] < 0o and

consider the unique solution (Y;);>0 to (2). If A > 0, grant moreover Assumption 10 and suppose that ]E[Yg“] < 0.
Then Y; does not go to 0 in law as t — oo.

1.7. Shape of the time-marginals of the nonlinear SDE

The next theorem shows that random spiking creates density near 0, even if the system starts from a singular initial
condition (see also Theorem 2 of [6] in the case of a smooth initial condition).

Theorem 12. Letr 1 > 0, grant Assumptions 1 and 3 and suppose that E[ f2(Yo)] < oo and that P(Yy = 0) < 1.
Consider the unique solution (Y;);>0 to (2), set p; =E[f(Y1)], a; = AE[Y:] + E[f (Y:)] and denote by g(t) the law
of Y;. The functions t — a; and t — p; are continuous and positive on [0, 00). Introduce the deterministic flow as
follows: for x € [0,00) and 0 < s <t,

t
@s,r(x) = e M9y +/ e Mg, du.
N
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Fort > 0 fixed and y € [0, g0, (0)], let B;(y) € [0, t] be uniquely determined by @g,(y),:(0) =y. For y > ¢ (0), let
vi(y) = — (po,;(O))eM, which satisfies ¢ ;(y;(¥)) = y. It holds that for any t > 0,

p t
(1, dy) = 2L eXP(/ (A= (28,5 ()) ds>1{y€[0,§00.r(0))} dy
“ﬂr(y) B (y)

t
+ eXP<—/O fwos(v()) ds)l{ye[%,,(()),oo)}(go o V;_l)(dy)~

In particular, since B;(0) =t, the density of g(t) at 0 is given by g(t,0) = p;/a;.
1.8. Plan of the paper

Section 2 consists of collecting some useful a priori bounds for the particle system and the limit process. In Section 3,
we check the path-wise uniqueness of the limit process. Section 4 is devoted to the proof of Theorem 4, the propagation
of chaos without rate of convergence. Section 5 shows the quantified propagation of chaos result. In Section 6, we
investigate the possible invariant distributions of the limit process. The shape of the time-marginals is studied in
Section 7, in which we also prove the nonextinction result (Proposition 11) and the trend to equilibrium when A = 0
(Proposition 9).

1.9. Constants

In the whole paper, C stands for a (large) finite constant and ¢ stands for a (small) positive constant. Their values may
change from line to line. They are allowed to depend only on f, A and g¢, any other dependence will be indicated in
subscript. For example, C7 is a finite constant depending only on f, A, go and 7.

2. A priori bounds

The aim of this section is to establish some fundamental bounds for the particle system and for the limit process.
Before that, we proceed to some elementary considerations.

Remark 13. Grant Assumptions 1 and 3 and additionally Assumption 6 for point (iv).

(i) There is ¢ > 0 such that f(x) > cx forall x > 1.

(ii) Forall A > 0, there is C4 > 0 such that for all x > 0, f(x + A) < Ca(1 + f(x)).
(iii) There is C > 0 such that f(x) < Cexp(Cx) for all x > 0.
(iv) Forall A > 0, thereis C4 >0, f(A(x +y)) <Ca(1+ f(x)+ f(y)) forall x,y > 0.

Proof. Point (i) is obvious since f is convex increasing and since f(0) = 0. Point (iii) is easily checked using that
f is increasing as well as point (ii) with A = 1. Point (iv) is an immediate consequence of Assumption 6. To check
(i1), we will prove that there is a > 0 such that f(x +a) <2f(x) + 1 for all x > 0, which clearly suffices. By
Assumption 3, there is B > 0 such that f'(x) < B(1 + f(x)) for all x > 0. Fix a := 1/(2B) and write f(x +a) =
F@ + [5G dy < £ +aBA+5upy i) ) = f) +aBA+ f@+a) = f() + L+ fx +a)/2,
whence f(x +a) <2f(x)+ 1 as desired. ([l

We now study the limit equation.

Proposition 14. Grant Assumption 1, suppose that » > 0 and that E[Yy] < o0o. There is a constant C > 0 depending
only on A, f and E[Yy] such that a solution (Y;);>0 to (2) a priori satisfies

as.forallt >0, Y, <Yy+C(l+1), 3

t
forallt >0, / E[Y, f(Ys)]ds < 2E[Yo] + 2 f (2. 4)
0
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Proof. Taking expectations in (2), we see that

t

! 1
E[Y:]=E[Yo] +/0 E[f(Yo)(1 = Yy)]ds <E[Yol + f(2)t — 5/0 E[Y f(Yy)]ds

because f(x)(1 —x) = —xf(x)/2 4+ f(x)(1 —x/2) < —xf(x)/2+ f(2) for x > 0, since f is nonnegative and
nondecreasing. Inequality (4) then follows from the fact that E[Y;] > 0. Recalling the nonlinear SDE (2), we see
that Y; < Yy + f(; E[LY; 4+ f(Ys)]ds for all ¢+ > 0 a.s. But there exists a constant C, depending on f and X, such
that Ay + f(y) < C(1 4+ yf(y)) for all y > 0: it suffices to use that f is positive and nondecreasing. Consequently,
E[AYs + f(Y,)] < C 4+ E[Y f(Yy)]) for all s > 0 and (3) follows from (4). O

We now turn to the particle system.

Proposition 15. Grant Assumption 1 and suppose that ). > 0. Any solution (X tN )i=0 to (1) a.s. satisfies that for all
t>0,alli=1,...,N,

XV <X+ @+ (XY + 2z, )
1 N t o0 Nj N
NZ[) /(; (1+XS_’) {2<f(XN’)}N (ds dz)<3XO +4zZ), )

where ZN .= N~! Zj-v:l fot fooo l{zgf(z)}Nj (ds, dz). Furthermore, it holds that for any T > 0,

P(Vi =1.....N.sup XV < x4 @1 + 4y (XD + 2f(2)T)) > 1 — e NT/@G=0), )
(0.7]

Proof. We start with the following observation: taking the (empirical) mean of (1), we find

N
XN—XNJFLE [ N-b xni)q . Ni(ds, dz) 8)
PR TN “Jo Jo N s= JHe=rxoh) 4z

1=

which implies, since X’ >0 and (N — 1)/N < 1, that

—Z// {<f(XN1 N (ds, dz)<XO

Using that x — 1> (x +1)/3 — (4/3)1(x<2) for all x > 0 and that f is nondecreasing, we deduce that

—Zf[ L XD iy N (ds, d2)

<3x) +— Z/ / (i <oy Loz p iy N s, d2).

Since f is nondecreasing, (6) follows. Recalling (8) and using (6), we realize that

XN <Xy +— Z/f 1 soviyN (s, d2) <4Xy 4z,
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Now, for all 1 <i < N, starting from (1),
N Ni r_ 1 N t poo )
XN < x N +,\/0 XNds + NZ/O /O 1{Z§f(X£V_,,-)}NJ(ds,dz)
j=1

. t - -
<X +xf (XY +4zN)ds +3X) +4zV.
0

Hence (5) follows from the fact that ZZN is a.s. a nondecreasing function of time. Finally, the deviation estimate (7)
simply relies on (5) and the inequality

IE”(Z¥ >2f()T) < 672f(2)NTE[eNZ’TV] — ¢ NTFG-e) 9)
which uses that Z¥ is the empirical mean of N i.i.d. Poisson( f(2)T)-random variables. O
The above estimate is largely sufficient to give the

Proof of Proposition 2. Suppose first that f is bounded. Then using only that f is measurable (and nonnegative),
we can apply Theorem 9.1 in Chapter IV of Ikeda and Watanabe [15]: there is a path-wise unique solution (X ,N )i>0
to (1) defined on [0, 00).

For a general f satisfying Assumption 1 and a fixed truncation level K > 0, we consider the unique solution
(X,N’K),Zo to (1) with f replaced by f A K and we introduce tx = inf{r > 0: |XtN’K| > K}. By path-wise uniqueness,
it holds that X,N’K = X?LK'H forall K e Nandallt € [0, tg] and that Ty < 7k forall K € N, almost surely. Setting
T = SUpg Tk, it is not hard to conclude that there is a path-wise unique solution (X ,N )ref0,7) to (1) defined on [0, 7)
and that limsup,_, , |XtN| = 00 on the event {T < 00}.

Recall now (5): a.s., XV < X(I)V” +CA+1)(X) +ZN)foralli=1,..., N,allt > 0. Observe also that obviously,
Sup(o. 7] ZN < oo as. forall T > 0. Hence T = oo a.s., which completes the proof. ]

3. Path-wise uniqueness for the nonlinear SDE

Let us first consider the case with compact support.

Proposition 16. Suppose Assumption 1 and that ) > 0. Path-wise uniqueness holds true for the nonlinear SDE (2),
in the class of processes (Y;);>0 such that there is a deterministic locally bounded function A : Ry — Ry such that
a.s., sup,o(¥y/A(t)) < oo.

Note that the above condition is a priori satisfied for ggp compactly supported thanks to (3).

Proof of Proposition 16. Consider two solutions (¥;);>0 and (X;);>0 to (2), driven by the same Poisson measure N
and with Yy = X¢. A very rough computation shows that there is a constant C, depending only on A, such that

t

E[|1X; - Y]] < C/o E[1Xs — YsI(1+ f(Xo) + f(Yy) + | f(Xs) — FY)|(1+ X5 + Yy)]ds

t
+C [ (B = Bir| + B o] ~ELF (0] ds. (10)
But we know by assumption that a.s., max{Y;, X;} < A(¢) for some deterministic locally bounded function A. Since

fisC Lon [0, 00), it is Lipschitz continuous and bounded on compacts. We thus easily check that for all T, there is a
constant Cr such that for all # € [0, T'],

t
E[1X, - ¥;l] < CT/O E[|X, — Y,I] ds.
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Finally, we know by assumption that the function # — E[|X; — Y;|] is locally bounded. We thus may apply the
Gronwall Lemma and deduce that E[| X; — Y;|] = O for all # > 0 as desired. U

Proposition 17. Let A > 0 and grant Assumptions 1 and 3. Path-wise uniqueness holds true for the nonlinear SDE
(2) in the class of processes (Y;);>0 such that supjy 71 E[f (Y:)] < 0o forall T > 0.

More generally, for any pair of solutions (X;)s>0 and (Y;)s>0 to (2), satisfying Supyo, 77 ELfF(XDH]I+E[f(Y)]) <00
for all T > 0, driven by the same Poisson measure but with possibly different initial conditions, it holds that for all
T >0,

[sou?]EHH(Xt) — H(Y»)|] < CrE[|H (Xo) — H (Yo)

! (1n

where H(x) = f(x) + arctan x.

Here again, (3) (and Remark 13(ii)) shows that the condition is a priori satisfied if E[ f(Yp)] < co. As already
mentioned, a proof based on E[|X; — Y;|] does not seem to work: one finds an inequality like (10) (even with a finer
computation using the Itd6 formula), from which it seems difficult to conclude.

The rest of the section is devoted to the proof of Proposition 17.

Lemma 18. Grant Assumptions 1 and 3 and let H(x) = f(x) 4 arctan(x). There is a constant C such that for all
x,y € Ry, we have

) |[H"(x)] = CH'(x),

() x+H'(x) <C(+ f(x)),

(i) |x =yl +|H' () = HWI+1f(x) = fOWI = CIH(x) = HY)I,

(i) —sg(x — y)(xH'(x) — yH'(y)) < C|H (x) — H(y)l,

V) =(fIAFONIH ) = HW)| 4 1f ) = FOIIH @) AH(y) = |Hx) — Hy)) < C[H(x) = H(y)|.

Proof. First, |H" (x)| < |arctan”(x)| + f"(x) < C + f"(x). If x <1, we deduce that |H"(x)| < C < CH'(x), while
if x > 1, we recall that f”(x) < Cf’(x), whence |[H"(x)| < C(1 + f'(x)) < Cf'(x) < CH'(x) as desired.

We next check (i). We have x + H'(x) <x + f/(x) + 1. If x <1, we just write x + H'(x) < C < C(1 + f(x)).If
now x > 1, since f'(x) < Cf(x) by Assumption 3, we find that x + H’'(x) <2x + Cf(x) < Cf (x) by Remark 13(i).

In order to prove (ii), it is sufficient to check that 1 + |H”(x)| + f/(x) < CH'(x) for all x > 0. First, | < CH'(x)
for all x > 0, because H'(x) > f/(1) > 0 if x > 1, while H'(x) > arctan’(x) > 1/2 if x < 1. Next, f'(x) < H'(x) is
obvious. Finally, |H"” (x)| < C H'(x) has already been seen.

Concerning point (iii),

—sg(x — y)(xH'(x) — yH'(y)) = —sg(x — y) (xf'(x) — yf'(y)) — sg(x — y)<l sz - %yz)

The first term on the RHS is negative, because x f’(x) is nondecreasing. The second one can be roughly bounded by
C|x — y| which in turn is bounded by C|H (x) — H(y)| due to point (ii).
Finally, we rewrite the LHS of point (iv) as

—(f) vV fOM)|H&) —H)| + (Hx) AHW)| ) = fOD)].

Using that | f(x) — f(¥)| < |H(x) — H(y)| because H(x) = f(x) + arctan(x) with both f and arctan nondecreasing,
that f(x) VvV f(y) > f(x) and H(x) A H(y) < H(x), we get an upper-bound in

—f()|H(x) = H(y)| + Hx)|H(x) — H(y)| = (arctanx) | H (x) — H(y)| < 7 |H(x) — H(y)|/2.
This completes the proof. ]

Proof of Proposition 17. Let thus (X,);>0 and (¥;);>0 be two solutions of (2) driven by the same Poisson measure
and satisfying supy 7 E[f(X;) + f(¥:)] < oo for all T > 0. We apply the It6 formula for jump processes and take
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expectations to compute E[| H (X;) — H(Y;)|]. Actually, one has to first consider a regularized version of the absolute

value and then to pass to the limit, but this causes no difficulty. See the proof of Theorem 7 where such a regularization
procedure is handled. We find, using that H is increasing (whence sg(H (x) — H(y)) = sg(x — y)) and that H (0) =0,

t
E[|H (X)) — H(Yy)|] =E[|H(X0) — HYo)|] - A/O E[sg(Xy — Yo (H' (X)) Xy — H' (Yy)Ys)]ds
t
+A/ E[Sg(Xs - YY)(H/(XY)]E[XY] - H/(YY)E[YS‘])]ds
0

+/0tE[—(f<Xs> A f(Y0))|H (X)) — H(Yy)|

+ | F(X5) = FYD|(H(X5) AH(Y) — |H(X,) — H(Yy)|)]ds

+ fo tE[sg(XS — YO (H' (XOE[f(X»)] = H' (YOE[f(Y5)])] ds
=E[|H(Xo) — HY))|]+ I + s + K, + L,.

First, it follows from Lemma 18(iii)—(iv) that I; + K; < C fot E[|H(Xs) — H(Y,)|lds. Next we write
t
s+ L= [ E[HO0) — BB + B[ (] ds
0

+/0 E[H'(Y)](MELX; = Ys1[ + [E[f (Xs) — f(¥5)]]) ds.

Using Lemma 18(i)—(ii), we thus find

t
Bt L= cf B[|H(X,) — HOW[JE[1+ F(X0) + f(¥o)]ds.
0
Since Supyo, 77 E[f(X;)+ f(Y;)] < oo by assumption, we conclude that for all 7 > 0, there is a constant Ct such that
forallt € [0, T],

t
E[|H(X) — H(Y)|] <E[|H (Xo) — H(Yo)|] + CT/O E[|H(X,) — H(Y;)|]ds.

We know by assumption that ¢ — E[|H (X;) — H(Y;)|] is locally bounded. Hence (11) follows from the Gronwall
Lemma. Path-wise uniqueness is immediately deduced by injectivity of H. O

4. Propagation of chaos without rate
In this section, we prove Theorem 5 and conclude the proof of Theorem 4. We start with tightness.

Proof of Theorem 5(i)—(ii). First, it is well known that point (ii) follows from point (i) and the exchangeability of
the system, see Sznitman [26, Proposition 2.2(ii)]. We thus only prove (i). We consider a probability distribution go
on R such that fooo xgo(dx) < oo and, for each N > 1, the unique solution (X ZN )r>0 to (1) starting from some i.i.d.
go-distributed initial conditions X (I)V *'. To show that the family ((X tN ’1),20) ~N>1 1s tight D(R,), we use the criterion of
Aldous, see Jacod and Shiryaev [17, Theorem 4.5, page 356]. It is sufficient to prove that

(a) forall T > 0, all € > 0, limgolimsu su / IP’(IXN,’l - XN’ll > ¢) =0, where As 7 is the set of
il PN— oo SUP(S, 8 eAs 1 s S ,
all pairs of stopping times (S, ') suchthat 0 < S <S8 <S+68 <T as,
(b) forall T > 0, limg jo0 supy P(sup,cgo.71 X; ' = K) =0.
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Point (b) follows from (5): we know that supyg 7, X,N’l < X(I)V’l + (4AT + 4)()_((])\’ + ZJTV), with ZITv the mean of N

i.i.d. Poisson(T f(2))-distributed random variables. Hence, setting m = fooo xgo(dx),

supE[sup X,N‘l] <m+ AT +4)(m+ fQ)T) < oo
N Lo

To check (a), we will use several times thatfor0 <¢ <T,all N> 1,all j=1,..., N,
t . .
/ E[Xﬁv’ff(xﬁv’f)]dsgs’m +4fQt <Cr. (12)
0

Indeed, take expectations in (6), use exchangeability and recall that IE[)_((I)V ] =m and E[ZZN 1=tf(2).
We next consider (S, S) € As,r and write

N1 yN.1 S v | RN ;
1 N, , _§ : N
Xy =X |5/S /0 Xl Ve gy N @ d) + 5 2/5 /0 Lo ooy N (du. d2)
]=

s s’
+A/ X;V’ldu+A/ XN du
s s
=:Is g+ Jss+Ks s+ Lssg.

We first note that I g > 0 implies that I g := fSS/ fooo 1{ N,l)}Ni (du,dz) > 1, whence

=< f(X,-

S+6

B(ls,s >0) < P(ls.s > 1) <Ells,5] < E[/ F(xN du:|.
S

But forall A > 0, f(x) < f(A) + A~ 'xf(x) because f is nondecreasing. Hence, by (12),

T
B(lss > 0) < 8f(A) + %/ B[X) F(x)]du <of () + L.
0

Choosing A = f —1(671/2) (recall that lims, f = oo and consider a generalized notion of inverse function if neces-
sary), we end with

Cr
O

We proceed similarly to check that

P(Iss > 0) < 8% +

N S48

1
ElJg ¢ — E
[s,s]flng2 [/;

Next, we write, for any A > 0, using that x < A + xf (x)/f (A) and then (12),

Cr

)] 814

ACT
fy

S+38 A T
E[KS’S/]S)\E[/ Xg’*‘du} §A3A+m E[XN1F(X) ") du <284 +
S 0

We choose A =871/% and get

ACr

E[Kg g1 <82 4 —— .
[Ks,s']=< +f(5*1/2)
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The same arguments show that

ACT
f@=2

‘We can now conclude that for ¢ > 0,

E[Ls.s]<xs'/+

P(|x)" —X{! > €) <PUs s > 0) + P(Js s > £/4) + P(Ks.5 > £/4) + P(Ls s > &/4)

c 4 c 2.C
! +—<(1+2x)51/2+ r r )

12
=Tt ey Ty e e

This last quantity does not depend on N > 1 nor on (S, S’) € As,r and tends to 0 as § — 0. This completes the
proof. (|

We now turn to the consistency result.

Proof of Theorem 5(iii). We consider a probability distribution go on R such that fooo xgo(dx) < oo and, for each
N > 1, the unique solution (X tN )t>0 to (1) starting from some i.i.d. go-distributed initial conditions X (])v ' 'We introduce
un =N -1 Z,N: 10 XN,y which is a P(D(R))-valued random variable. By Theorem 5(ii), this sequence is tight.
We thus consider a énotfrelabeled) subsequence py going in law to some P(ID(R;))-valued random variable .
We want to show that p a.s. belongs to S := {L((¥;);>0) : (¥1);>0 solution to (2) with £(¥p) = go and satisfying
Jo ELY £ (¥5)1ds < oo for all ¢ > 0},

Step 1. For t > 0, we introduce r; : D(R;) — Ry defined by 7;(y) = y;. We claim that Q € P(D(R)) belongs
to S if the following conditions are satisfied:

@ Qomy' =g
(b) forall >0, [y ) Jo vs f (1) ds Q(dy) < oo;
(c) forany0<s) <---<sp<s<t, anygol,...,wker(R+),any<p€C,3(R+),

F(Q) :=/ / ody)0dy)p1(vs,) - - ox(vs)
D(R+) JDRY)

0.

t t
x [sﬂ(yz) —o(¥s) —/ F @) (9©0) — o(yu)) du —f 0" [ f ) + 2 G _Vu)]d”i|

Indeed, consider a process (¥;);>0 of which the law Q satisfies the above three points. By (a), £(Yo) = go. By (b),
f(; E[Ys f (Ys)]ds < oo for all ¢+ > 0. Finally, (c) implies that for all ¢ € Cg(R.Q,

t

t
w(Yr)—/o [cp(O)—w(Ys)]f(Ys)ds—/o o' (YO[E[ £ (¥o)] + A(E[Ys] — Y;)]ds

is a martingale. By Jacod and Shiryaev [17, Theorem I1.2.42, page 86], this implies that ¥ is a semimartingale with
characteristics (B, C, v) given by

t
B = / [L(ELY,] = ¥,) + E[f (Y] + Y, f(¥)]ds,  Ci=0,  v(ds,dx)= f(Ys_)dsd_y,_(dx).
0

We have chosen the truncation function 4 (x) = x (i.e. no truncation) since Y possesses only large jumps. Finally, [17,
Theorem II1.2.26, page 157] implies that there is a Poisson measure N(ds, dz) on Ry x R with intensity ds dz such
that Y solves (2).

Step 2. Here we check that for any ¢ > 0, a.s., u({y : Ay(¢) # 0}) = 0. We assume by contradiction that there
exists > 0 such that u({y : Ay (¢) # 0}) > 0 with positive probability. Hence there are a, b > 0 such that the event
E :={u({y :|Ay(@)| > a}) > b} has a positive probability. For every ¢ > 0, we have E C {u(B}) > b}, where B}, :=
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{y 1 SUPse(s—g.s4e) [AY ()| > a}, which is an open subset of D(R4). Thus P; , :={Q € P(D(R4)) : Q(B;) > b} is
an open subset of P(ID(R.)). The Portmanteau theorem implies then that for any e>0,

11'1VmianP’(;LN €P;,) =P(neP;,)=PE)>0.
—00

But, for all N > 1/a (so that foreachi =1, ..., N, the only jumps of X N.i that may exceed a are those produced by
the Poisson measure N'),

{[LNEP { Zl{f[H—sl

whence, using exchangeability,

. >by,
cepoeiy N @edd=1 }

1 tte 1 [re N1
Py € PE,) < ﬁZEU,_S Lz N (@, dz)) b/, E[f (X)) du.

—&

We now observe that for any A > 0, ["**E[f(X)"")]du < 2ef(A) + A~ [TPRIXY! FXYD1du < 26f(A) +

CA~! by (12). Choosing A = f~"(¢~!/?), we conclude that [ E[f(X)" l)]du < C(Jz +1/f~ (/%)) which
does not depend on N and tends to 0 as ¢ — 0. We thus have the contradiction

0 < P(E) <liminfliminfP(uy € P£ ) =0.
e—>0 N—>oo ’

Step 3. Our limit u a.s. satisﬁes (a), because u o 710_1 is the limit in law of u" b = N1 Zl 1 XN;, which

goes to go because the X " are i.i.d. with common law gy. It also a.s. satisfies (b) since for all > 0 and K > 0, using
the Fatou lemma and (12)

t
E[f / (v f () A K]dsu(dy)} <11m1nf1E[ / [(vsf () A K]dSMN(dJ/):|
D(R4) D®R4)

t . .
:]in]lvian_l X]:/o E[xN F(x))]ds < oo.
=

The conclusion follows by letting K — oo.
Step 4. It remains to check that u a.s. satisfies (c). We thus consider F : D(R4) — R as in (c).
Step 4.1. Here we prove that limy E[|F (ux)|] = 0. We have

Fuy) = — Zcm (X0 o (X))

x [mxiv )=o) = [ PO 00 o du = [ e (Y~ 1)

N
t
_/ XNI
N

But recalling (1) and using the Itd formula for jump processes,

. t . - .
o(X) = p(x) // [0(0) = (X)L _ v N (du, dz)+k/ o (XN (XY - x)")du

N.i 1 N.i .
+Z// ( <XMZ+N — (X, l{zif(xﬁf_,j)}N’(du,dZ)

J#

5]

j=1

ZIH
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Consequently, using the notation N (du, dz) = N (du, dz) — du dz and setting

MM = // [0 — (X)L v N (du, d2),

i 1 i ; r ol N y
At Z// < ( ﬁ)_‘p(XZ‘V;))1{z<f<x,’f-")}Nj(d”’dZ)_/ ‘P(Xﬁv’)ﬁZf(XﬁVj)du,

J#i 0 =1

we see that
Fun = Zw (XY (X[ (MY = M) 4+ (AN = M)

Since the Poisson measures N are i.i.d., the martingales MY -" are orthogonal. Using exchangeability and the bound-
edness of the ¢, we thus find that

1
E[|F @) = cr =Bl = M) 4 coBl[al ]+ Al ]] (13)

First, since ¢ is bounded and using (12) (recall that f(x) < f(1) + xf(x)),
t t
B[(" — M¥Y] = [ B[00 — o (¥ ) £ (i) du = i [ B[ ()] au =
K 0
Next,

1 Nl N(dbt dZ)

le=f(X,2

N1 Y AR W
A= ) el Xt oy ) me(x)
N

t o0 1 o
N1 N1 .
A ((p(XM_ + N) — (X, ))1{Z<ﬂxy,_,)}Nf(du,dz)

N,j

f(Xu’ )du

! 1 1
1 1 B
o(X1 3 ) o) = o ()
=IN+JN + kN
Using that ¢’ is bounded and (12), we find

Cr
N

Cr

81 = SE [ Bl (e ) au < <F
0

Moreover, since ¢” is bounded and by (12) again,

KN Z/ duf%.

Finally, using the independence of the Poisson measures N/, that ¢’ is bounded and (12),

ot [ G R PR IOy G
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All this implies that E[|AN!|] < Cr/+/N whence, coming back to (13), E[|F (un)|] < Cr/+/N.

Step 4.2. Clearly, F is continuous at any point Q € P(D(R,)) suchthat Q(y : Ay(s1) =--- = Ay(sp) = Ay (s) =
Ay () = 0) = 1 and such that fD(R+) fot[yu + f(Y)1duQ(dy) < co. Our limit point u a.s. satisfies these two con-
ditions by Steps 2 and 3 (because x + f(x) < C(1 4+ xf(x))). Since w is the limit in law of wy and since F is
a.s. continuous at u, we thus deduce that for any K > 0, E[|F(u)| A K] =limy E[|F(uyn)| A K]. Consequently,
E[|F(w)| A K] <limsupy E[|F(un)|] for all K > 0. Using Step 4.1, we deduce that E[|F ()| A K] =0 for any
K > 0. By the monotone convergence theorem, we conclude that E[| F'(i)|] = 0, whence F(u) =0 a.s. O

We can finally study the well posedness of the nonlinear SDE.

Proof of Theorem 4. Point (i) (weak existence assuming only Assumption 1 and that E[Yy] < oo) follows from
Theorem 5(ii)—(iii): we have built at least one weak solution, passing to the limit in the particle system, and we have
seen that this solution satisfies that fé E[Y; f(Ys)]ds < oo for all t > 0.

For point (ii) (strong well posedness under Assumption 1 when go = £(Yp) is compactly supported), we only have
to check that the solution built in point (i) satisfies that there is a deterministic locally bounded function A : R} — R
such thata.s., Yy < A(¢) for all # > 0. This will conclude the proof, since such a weak existence result, together with the
path-wise uniqueness proven in Proposition 16, will imply the strong well posedness. We thus assume that Supp go C
[0, K] and set A(t) := K + fé(kE[Ys] +E[f(Ys)]) ds, which is clearly locally bounded since fot E[Y, f(Ys)]ds < o0
for all > 0. Then it is obvious, recalling (2), that a.s., forall t > 0, ¥, < A(¢).

To check point (iii) (strong well posedness under Assumptions 1 and 3 when E[ f(Yp)] < 00), it suffices to prove
that the solution built in point (i) satisfies Supyg 4] E[f(Y;)] < oo for all £ > 0. Again, this weak existence, together
with the strong uniqueness of Proposition 17, will complete the proof. Put C(¢) := f(; (AE[Ys]+E[f(Ys)]) ds, which
is again locally bounded, and observe from (2), that a.s., for all # > 0, ¥; < Yy + C(¢). Since E[f(Yo)] < oo, we

immediately conclude, using Remark 13(ii), that SUp[o./] E[f(Ys)] < oo for all £ > 0, as desired. O
Finally, we can give the

Proof of Theorem 5(iv). First grant Assumption 1 and assume that go is compactly supported. We have seen in
Theorem 5(ii)—(iii) that wy is tight and that any limit point w a.s. belongs to S = {L((Y;)r>0) : (Y¢)¢>0 solution to (2)
with £(Yp) = go and satisfying fé E[Ys f (Ys)]ds < oo for all ¢+ > 0}. But arguing as in the proof of Theorem 4(ii),
we see that S = &', where S’ = {L((Y;);>0) : (¥1)r>0 solution to (2) with £(Yp) = go and such that a.s., for all # > 0,
Y; < A(¢) for some deterministic locally bounded function A}. As seen in Theorem 4(ii), S’ is reduced to one point.
The conclusion follows: wy goes in probability, as N — oo, to the unique element of S’.

Next grant Assumptions 1 and 3 and assume that fooo f(»ego(dy) < oo. We have seen in Theorem S5(ii)—(iii)
that pp is tight and that any limit point u a.s. belongs to S = {L£((Y;);>0) : (Y1)r>0 solution to (2) satisfying
fot E[Y, f(Ys)]ds < oo for all ¢ > 0}. But arguing as in the proof of Theorem 4(ii), we see that S = S”, where
S" ={L((Y1)i>0) : (Y;);>0 solution to (2) with L£(¥p) = go and such that suppo. ELf (¥s)] < oo forall 7 > 0}. As seen
in Theorem 4(iii), S” is reduced to one point. The conclusion follows. (|

5. Quantified propagation of chaos

The aim of this section is to prove Theorem 7. We thus impose Assumptions 1, 3 and 6 and we fix an initial distribution
go such that fooo f 2(x)go(a'x) < 0o0. We consider an i.i.d. family X(I)V 4 of go-distributed random variables, an i.i.d.
family of Poisson measures N'(ds, dz) on Ry x Ry with intensity measure ds dz, we denote, for each N > 1, by
(X,N),zo = (va’l, e, X,N’N),zo the solution to (1). Finally, we denote by (YZN’[),EO, for every N > 1, every i =
1,..., N, the path-wise unique (thanks to Theorem 4(iii)) solution to (2) starting from X (z)v I and driven by the Poisson
measure N Obviously, for every N > 1, the processes (Y,N’i),zo, i=1,...,N,arei.i.d.

To prove Theorem 7, we will essentially mimic the path-wise uniqueness proof of Theorem 4 to control
Supyo, 77 E[|H(X,N‘l) — H(YIN’1)|] by CT/\/N. But there are a number of technical difficulties. First, we need to
work on [0, 115 ], for some well-chosen stopping time r; that is asymptotically greater than 7. Next, we will rather
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study E[(N~'+ (H(XtN’l) — H(YIN’I))z) 1727 this changes nothing to the result, but allows for a more rigorous proof
(we apply the It6 formula to a true C? function) and allows for the control of a second derivative, see Lemma 20(i),
that would explode without the additional N~! term. We start with some more moment estimates.

Lemma 19.
(i) Forall T > 0, there is C7 depending only on T, A, go and f such that
E[sup fz(Y,N’l)] <Cr and supIE[sup fz(XlN’l)] <Cy.
[0.7] N Lo,

(ii) Forall T > 1, we can find a constant Rt > 0 such that the stopping time

N
™ :=inf{r > 0N (P () + £ () 2 RT}

i=1

satisfies, for some constants C > 0 (and Ct) depending only on A, go and f (and T).

N,1 N,1 CT
[%?%,](1+f(x, )+ (Y ))l{rgsT}]—ﬁ'

C
P(r; < T) < — and E[

N
Proof. Recalling (3), it a.s. holds that for all r > 0, YtN’1 < X(I)V’1 4+ C(1 + t). Using Remark 13(ii) and that
]E[fz(X(])v’l)] = [o° f2(x)go(dx) < oo, we immediately deduce that E[supyo 7 2N h<cr.

Next, (5) tells us that a.s., forall 7 > 0, X' < X' + (1 + T)(X) + Z)). By Remark 13(iv),
, 1 %
sup fA(X) = Cr(14 2 (Xg™) + 72(X9) +72(27)).

But f2 being convex, fz()_((’)v) <N~! ZlNzl fz(X(I)V’i). Consequently, E[sup[O,T] fz(X,N’l)] <Cr(l1+ fooo fz(x) X
go(dx) + IE[fZ(Z]TV)]). To end the proof of (i), it suffices to recall that Zy is the mean of N i.i.d. Poisson(7T f(2))-
distributed random variables: since f(x) < Ce€* by Remark 13(iii), a simple computation shows that indeed,
supy E[f2(ZM)] < cc. ’ ‘

Using again (3) and (5), we see that a.s., forall 1 € [0, T], all i =1,..., N, XM < X(I)V” +CA+ )XY +
ZITV ) and YtN T < X(I)V "' + C(1 + 1). Consequently, using Remark 13(iv) and the convexity of f (whence f ()_((I)V ) <
NS F X,

L ' . 1 Y ,
s )+ 07 <€ 14528 6 21
: i=1 i

The bounds P(ZN > 2f2Q)T) <exp(—NTf(2)(3 —e)), see (9), and

R var(f (X)) €
P(N;f(xév’ ) 2/0 f@)go(dx) + 1) A
imply that, with the choice Ry = Cr (1 + fQf()T) + [;° f(x)go(dx) + 1),
P(ch <T) <exp(-NTf()(3—e)) + C/N <C/N

as desired. The last inequality immediately follows, using (i) and the Cauchy—Schwarz inequality. (]

We carry on with a technical lemma similar to Lemma 18.
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Lemma 20. Grant Assumptions 1 and 3 and recall that H(x) = f(x) + arctanx. Define, for N > 1, any(x,y) :=
[N7'+ (H(x) — H(y))*1"/2.
() It holds that |dyan (x, y)| < H'(x) and |dccan (x, y)| < |H" (x)| + vV N(H'(x))2.
(i) We have [dyan (x, y) + dyan(x, y)| < |H'(x) — H'(y)|.
(iii) There is C > 0 such that —[x9xan (x, y) + ydyan (x, y)] < Can(x, y).
(iv) Finally, there is C > 0 such that
An(x,y) = (F@) A F)][an0,0) —an e, ]+ (f) = fF) [an (0, ) —an(x, y)]
+(f) = F), [an(x,0) —an(x, y)]
_SOAFD)
- JN

Proof. Points (i) and (ii) follow from direct computations. For (iii), using the expression of H,

+ Can(x,y).

_ —(Hx) —H®©)) ey ol
_[xaxaN(-x7 Y)+yayaN(xa y)]_ [N_l +(H(x)—H(y))2]1/2 [-XH (x) )’H ()’)]

—(H(x) —H(y) , ,
- [N-1+ (H(x) — H(y))?]'/2 [xf" () = yf' (]

—(H(x)— H(y)) [ Xy }
INTV+ (Hx) — HONAV2[1+x2 1+y2]

The first term on the RHS is nonpositive, because both H (x) and xf’(x) are nondecreasing. The second one is roughly
bounded by |x/(1 + x2) —y/(1 4+ y?)| < |x — y| which is bounded, recalling Lemma 18(ii), by C|H (x) — H(y)| <
Cap (x,y). To prove (iv), we first observe, since ay is symmetric and f is nondecreasing, that

An(x,y) = wﬁm) —(fG)V fOM)an @, y) + | f@x) = F)]an(0,x A y).

Noting that | f(x) — f(y)| < |H(x) — H(y)| <apn(x,y), we deduce that

An(x,y) < w +aN(x,y)(aN(0,x AYy)—fx)V f(y)).
The conclusion follows, since an (0, x Ay) — f(x)V f(y) < N2+ Hx)AH(y)— f(x)V f(y), which is obviously
bounded by 1 + 7/2. |

We are now ready to give the

Proof of Theorem 7. We fix T > 0 and define Ry and t ,5 as in Lemma 19(ii). In the whole proof, we work on the
time interval [0, T']. Recall that ay and Ay were defined in Lemma 20.

Step 1. This is the main step of the proof. We show that there is a constant C7 such that for all N > 1,
supyo. 71 Elan (X:\irl{/ Y ;X’TLT/)] < CrN~1/2. Applying the It6 formula for jump processes, we find that

Elay (X)L YN )= N2 4 14T +0K +4L,

T
t/\TN t/\TN

where

T

_ o N1 yN.1
I=E An(Xh v ds |,
0
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N tAath ) 1
I = ZE[/O N f(Xiv’])[aN<X§v’l + N’ YSN’I> —an (X" YsN’l)] ds]

j=2
Mt}c N,1 N,1 N, 1
+E 0 ayaN(Xs ’Ys )E[f(Ys )]ds ’
tnth
k=8| [ a2 X g (XYY as |

inth
L :IEUO " (Bean (XN YYDV 4+ aay (XN YSN’l)E[YSN’l])ds}.

By Lemma 20(iv) and Lemma 19(i),

t

<L NV ds
1= ["Elras+ca] [

T
INTy

S/\N

C t
ol r )| ve el ke

Lemma 20(iii) implies that

T

INT t
k= cr [ an (e |as = [l (a0 v s
0 0

SA‘[N S/\‘L'N

We next write L = L1 + L, + L3, with

Li=FE MTlca xN-UyNNXN _yNlg
1= A xaN(s’s)[s s]s’

ATl
L,=E /0 N[axaN(Xf.V’], YN + dyay (xV1 YN PN ds:|,

T

r INT
=] [ a0 ) [ - 7 as |

Using the Cauchy—Schwarz inequality, Lemma 20(i) and the fact that the Y, SN’i are i.i.d.,

1 ! 24172 172 Cr
L3§—/ E[H'(YN! Var YN ds < —.
e [ 0 ) s <
We used Lemma 18(i), which tells us that x + H'(x) < C(1 + f(x)), whence sup[O’T]E[H’(YVN’l)Z] < Cr and
supyg, 7 Var YSN‘1 < Cr by Lemma 19(i). Next, Lemmas 20(ii) and 18(ii) tell us that |dyay (x,y) + dyan(x, y)| <
|H'(x) — H'(y)| < C|H(x) — H(y)| < Cay(x, y). Consequently,
A T

tAT t
L25CEUO N|YSN|aN(X§V’1,YSN’1)ds]SCT[) Efay (X™!, vN! )] ds.

S/\‘[N S/\TN
We used that, by definition of 7}, and since x < C(1+ f(x)) (see Lemma 18(i)), [YN| < C(1+N"' 3N, F(xVh) <
C(14 Ry) forall s € [0, ‘L'Iz;] a.s. Finally, using that T]C does not break the exchangeability and Lemma 20(i), we write
1 N t/\tjc 1 1 N N
L= NZ]E[/O deay (XN YN [x5 - ¥y "’]ds]

~
—

z| =

ATy N yN\[yN.d oy
E A acan (X5 7 Yo [ x M =y ds
J

=1
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NS Ny ) [N
51@/0 N;H(XX ) || XNt =y N as

t
< CT/ E[aN(XN’lr, YN’lT)]dS.
0

SA‘[N S/\TN

The last inequality uses that, by definition of r1€ and since H'(x) < C(1 + f(x)) (see Lemma 18(i)), [N -1 x
ZII.V:IH’(X;VJN < Cr for all s € [0, rlg] a.s. It also uses that |x — y| < C|H(x) — H(y)| < Can(x,y) by
Lemma 18(ii).

We finally write J = J1 + J2 + J3 + Ja, where, using again exchangeability,

t/\TIC 1
Ji=E / f(xﬁ”)((N - 1)[aN(X§V»1 + 5 YSN’1> —ayn(xM1, YSN’I)} — dean (XM, YSN’I)) ds},
0

- T

INT
= [ ) (1) (75 s |

tAth
n=i[ [ (L) - () as |

s=[ [ a0 RN EL ()] - (1) as].

We start with J;. Using Lemma 20(i),

|(N = D[an(x + 1/N,y) —an(x, )] — dcan(x, )|
<lan(x+1/N,y) —an(x,y)|+ |N[an & +1/N,y) —an(x, y)] — dcan(x, y)]|

<N sup [|ocan(z )|+ [dxran (z, ¥)|]
z€[x,x+1/N]

<N sup  [H'@+]|H'@)|+VN(H )]
z€[x,x+1/N]

<CN7V2(1+ f2(x)).

The last inequality uses that | H” (x)| < C H'(x) (see Lemma 18), the fact that H'(x) < C(1+ f(x)) (see Lemma 18(i))
and that SUP[x x+1/N] f(@) <C+ f(x)) (see Remark 13(iv)). Consequently,

n= Sl [ e poca]

By Lemmas 20(ii) and 18(ii), |dxan (x, y) + dyan (x, )| < [H'(x) — H'(y)| < C|H (x) — H(y)| < Can(x, y). Hence

T

Nty N2 N1 yN,1
JH <CE A f(XY )aN(Xs Yy ) :

Lemmas 20(i) and 18(i) imply that |0yan (x, y)| < H'(y) < C( + f(y)) and we obviously have | f(x) — f(¥)| <
|H(x) — H()| <an(x,y). It follows that

T

J3 = CE[/WN(I + £ (YN ))an (x)2, ySN,z)} = CE[/
0 0

T
INTy

(14 £(¥r]N?))an (xN1, YSN'I)].
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‘We have checked that

tntlh
Ji+Dh+J3<CE /O "+ F(xM?) + f(YSN»Q))(aN(Xﬁv’l, yMh) +

1+f2(st’1>>ds]
VN ’

Using exchangeability and then the definition of r; , we thus can write

nantrnecr [T IS s pxvy o pe vy LD
1+t < /O NJZ_‘:(”Lf(S )+ £(¥:)) (aN(s Y, HT) s
tAt]C 2 N,1

5c<1+RT)EUO (aN(xgv,l,ysN,l)JrL;fs))ds]

t
NI NI Cr
= CT/O Elan (X 3o Yyr)]ds + ik

The last inequality uses that sup sup 71 E[f 2(x ,N ’l)] < 0o by Lemma 19(i). Finally, using again exchangeability,
that [dyan (x, y)| < C(1+ f(y)), the Cauchy—Schwarz inequality and that the YSN” are 1.i.d.,

tnth N ,
sl [ s (s > 1) )as|

12 [Var f(v;V-1y)1/2
N —1

t
< [CE[0+ (X)) as
0
Again, we conclude that J4 < CrN~Y2 since Sup[o. 77 E[f2(YlN’1)] < Cr, as shown in Lemma 19.
. N1 yN.1 — N1 N,1
All in all, we have checked that IE[aN(XMT[C, YW;)] <CrN~V2+Cr E[aN(XW;, Y_Wﬁ)] ds. We conclude
the step using the Gronwall lemma.

Step 2. It is not hard to complete the proof. First, gathering Step 1 (recall that |H (x) — H(y)| < an(x,y)) and
Lemma 19(ii) (recall that H(x) <7 /2 + f(x)), we find, for all ¢ € [0, T,

N1 N1 N1 N1 N1 N1 Cr
E[|H(X;"")— H(Y, )|]5E[|H(X,MI§)_H(YMUT])H"‘E[(H(Xt )+ H(Y; ))l{r,\T,ST}]S\/N‘
Moreover, |x — y| < C|H (x) — H(y)| by Lemma 18(ii), whence supyo 7 E[|X"! = V"' [] < C7N—1/2,
00 [ 2+¢

We next assume additionally that fo ¥ go(dy) < oo for some ¢ > 0. Recalling (3), this obviously implies

that Sup[o, 7] IE[(Y[N’I)Z“] < Cr. Since the Y,N” are i.i.d. R-valued random variables, it is well known, see e.g. [10,
Theorem 1 withd =1, p=1, g =2+ ¢], that

N N, 1N2+4e71/(2+¢)
_ CE[(Y,)"™] Cr
E[Wl <N "y :aYN,,-,ﬁ(Y,N’l))} < <—.
= ~vN VN

But it follows from exchangeability that

N N N
E| Wi <N‘ > Syni N Z(SY[N,,)} < %ZEHX?”" ~vM =E[x) -] < r
i=1 i=1

i=1

3

Using the triangular inequality for WW;, we conclude that for all ¢ € [0, T,

N
c
Elwi (NS s v c(vVh)) | < =L
(v p o) |= 5

as desired. O
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6. Invariant distributions
Here we prove Theorem 7. We thus only impose Assumption 1. We start with the following remark.

Proposition 21. Let N be a Poisson measure on Ry x Ry with intensity dsdz, let A > 0 and a > 0.

(i) The Ry-valued SDE

t oo t
Z,=7Zy— / / Zs_l{sz(zﬁ)}N(dS, dz) +f (a—AZg)ds (14)
0 JO 0

has a path-wise unique solution for every nonnegative initial condition Z.
(ii) Furthermore, (14) has a unique invariant probability measure g,. It is given by go = 8y if a = 0 and by
ga(dx) = g4 (x)dx if a > 0, where (with the convention that a/) = oo if A =0),

p )
8a(x) = p _an eXP(‘/O 2=y dy |Lo<y<a/i}»

where p, > 0 is such that fooo 8a(x)dx = 1. It automatically holds that fooo f(x)ga(dx) = pg.

Proof. Point (i) is straightforward. All the coefficients being locally Lipschitz-continuous, we have local strong ex-
istence and uniqueness, i.e. strong existence and uniqueness on [0, 7), where T = inf{t > 0: Z; = oo}. But having a
look at (14), we see that a.s., forall t > 0, Z; < Zy+ at. Hence T = 00 a.s.

Point (ii) is straightforward if a = 0. Indeed, 9 is clearly an invariant distribution. It is unique, because for any
initial condition, Z; tends a.s. to 0 as t+ — oco. Indeed, if A > 0, then 0 < Z; < e Z;. If now A =0, then Z; =
Z01{; <7y}, Where 7 follows an exponential distribution with parameter f(Zo) (conditionally on Zy).

We next prove (ii) when a > 0. We first claim that the homogeneous Markov process Z has exactly one invariant
probability distribution which is supported in [0, a/A] (or [0, oo) if A = 0). This follows from the classical theory
of Markov processes, since 0 is a positive Harris recurrent state of Z. Indeed, let 79 = inf{t > 0 : Z; = 0}. Then
for any initial condition z > 0, [E,(t9) < oo. This can be easily checked, using e.g. that starting from z > 0, Z; =
e Mz (1 — e’“)a/)\ > min{z, a/A} for all ¢ € [0, 79), so that Z jumps to zero with a rate bounded from below by
min{ f(z), f(a/))} > 0. As a consequence, the successive jump times of Z to 0 induce a regeneration scheme, and
Z is positive Harris recurrent implying the uniqueness of the invariant probability measure. Moreover, it is clear that
Z; <a/) for every t > 109, which implies that the support of the invariant probability is included in [0, a/A].

It thus only remains to check that g, is indeed an invariant probability measure for (14). The computations below
include the case where A = 0. It suffices to prove that for all ¢ € Cg Ry),

/0 [6(0) — 6 ()] f (V) ga(drx) + /0 ¢/ (1)@ — Ax)ga(dx) =0, (15)

Indeed, the infinitesimal generator associated to the SDE (14) is given by L,¢(x) = [¢(0) — ¢ (x)]1f (x) + ¢'(x)(a —
Ax). First, a direct computation shows that

0 a/i X X x=a/i
/ f(x)galdx) = pa/ /) eXp(— T dy) dx =—pa [exp(— T dy)} = Pa-
0 0 a-—Ax 0o a—»Ay 0o a—»Ay =0

The last equality uses that f(a/X) > 0. Hence, (15) reduces to

a/i a/x
/O () f(x)ga(x)dx — /0 @' (x)(a — Ax)ga(x)dx = ¢(0) pq.

Proceeding to an integration by parts in the second integral and using that f(x)g,(x) + [(a — Ax)g.(x)] = 0 for all
x € (0,a/)), we see that (15) reduces to

x=a/i

—[p0)@—2rx)ga)],Zy"" = ¢ (0) pa.
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This is easily checked, since ag,(0) = p, and since limyyq /3 (a — Ax)gq(x) =0. O
We now study for which values of a an invariant measure of (14) is an invariant measure of (2).

Lemma 22. Adopt the notation of Proposition 21. When a = 0, we define po =0 = fooo f(x)go(dx). We also intro-
duce, for a > 0, my 1= fooo xgq(dx). The equation a = Am, + p, has the solution a = 0 and exactly one positive
solution ay. Furthermore, it holds that as > A.

Proof. The proof below works whenever A > 0 or A = 0. Evidently, a = 0 solves a = Am, + p,. Let now a > 0.
Since [;° ga(dx) = 1, we have

1 a/i 1 X
— :/ exp(— &dy> dx =:T1(a).
0 a—Ax 0 a—Ay

Next,

a/r X
mg = pa/ u exp(— &dy> dx =: p,Ta(a).
0 a—Ax 0o a-— )\.y

Hence a solves a = Amg, + pg if and only if a/p, — Am,/pa = 1,1.e. al'1(a) — Al'2(a) =1, i.e.

a/r X
T'(a) :=aT}(a) —xrz(a)zf exp(— &dy> dx =1.
0 0 a—Ay
But I' is continuous and strictly increasing, I'(0) = 0 and I"(00) = oo, so that the equation I'(a) = 1 has exactly one
solution a,. Finally, we obviously have I'(X) < 1, so that a, > A. O

We are now able to give the

Proof of Theorem 8. Consider an invariant probability measure g, supported by R, for the nonlinear SDE (2).
Let Yo ~ g and consider (Y;);>0 solution to (2). Then for all + > 0, ¥; ~ g, so that E[Y;] =m and E[f(Y,)] = p,
where m = [ xg(dx) and p = [;° f(x)g(dx). Consequently, (¥;);>0 solves (14) with @ = p + Am. Since (¥;)r=0
is stationary, we deduce from Proposition 21 that g = g,. But of course we have the constraint that a = p, + Am,,
whence a =0 or a = a, by Lemma 22. Hence either g = g or g = gq,.

Consider now Yy ~ g, with g = 8p or g = g,,. Then the solution (¥;);>0 to (14) (with a =0 or a = a..) is stationary
by Proposition 21. Since furthermore E[AY; + f(Y;)] = fooo[kx + f(x)]g(dx) = Am, + p, = a by Lemma 22 since
a =0 or a = as, we conclude that (¥;);>¢ also solves (2). Consequently, g is an invariant measure for (2).

We thus have checked that (2) has exactly two invariant probability distributions, which are §p and g,,. Finally
ga, 1s indeed the probability measure g defined in the statement (where p = p,, and m = m,,) and we have that
m+ p/r=a,/r>1. ([

7. Shape of the time-marginals and large-time behavior

The aim of this section is to prove Theorem 12 and Propositions 11 and 9. We thus consider A > 0, grant Assumptions
1 and 3 and suppose that E[fz(YO)] < oo and P(Yp = 0) < 1. We consider the unique solution (¥;);>0 to (2), we set
pr =E[f(Y)], m; = E[Y;], a; = Am; + p; and denote by g(¢) the law of Y,. We also recall that for x € [0, oo0) and
0<s<t, @ (x)=e =% 4 f; e M= g du. We also introduce

t
Ks,z(X)=eXP(—/ f((ﬂs,u(X))du) (16)

Notice that ¢ satisfies the flow property: one can directly check that for all 0 <r <s <1, all x € [0, 00), ¢, ,(y) =
¢s,t(¢r,s()’))-
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7.1. Time-marginals
Let us first proceed to a few technical considerations.

Lemma 23. Under the above conditions,

(1) t > my, t — p; and t — a; are locally Lipschitz continuous on [0, 00),
(ii) forallt >0, limy o hE[l — Ki—nt(Yi—p)] = p:.

Proof. Using Remark 13(ii) and (3), we observe that ¢t — E[ f 2(Y)] is locally bounded. We now prove (i). By the
1t6 formula, we have m, = mo + [y E[(1 — Y) f (Y,)1ds and p; = po + [y ELf'(Ys)(ps + A(mg — Y)) — f2(Y,)]ds.
But under Assumptions 1 and 3, there is C > 0 such that x + f/(x) < C(1 + f(x)). We easily conclude that s —
E[(1 — Ys) f(Yy)] and s — E[f'(Ys)(ps + A(ms — Ys)) — f2(Y,)] are locally bounded. The conclusion follows.

We next fix ¢ > 0 and prove (ii). We write |p; — h'E[1 — k—p,(Yi—p)1| < A} + A2 + A3, where

A} = 1pt — pionl,

2. -1
A/’l .=h

’

t
E[hf(Yz—h) —f \ F(@r—nuYin)) du}
i

3. -1
Ah .:h

t
E[/ .\ f(fpt—h,u(Yt—h)) du — (1 - Kt—h,t(Yt—h))] ‘
—

First, we have limy, o A}l = 0 by point (i). Next, we see that for & € (0,t A 1], for u € [t — h, t] and for x > 0, it holds
that @;—p , (x) <x + Cih and |x — @r—p , (x)| < C;(1 4 x)h, for some constant C;. Hence | f (x) — f(@r—p.u(x))]| <
(SUp[o.x+c,n) f7) x C¢(1 + x)h. Using Assumption 3 and Remark 13(ii), we get that | f (x) — f(@r—n..(x))| < C;(1 +
f(x))(1 + x)h. All this implies that Ai < CihE[(1 + Yi—p)(1 + f(Y:—p))] < Cih (because, as already seen, s
E[Y; f (Y5)] is locally bounded), which tends to 0 as 4 |, 0. Finally, since |y — (1 — exp(—y))| < y2 for all y > 0,

t 2 t
A:;’, = h_lE[(/ Y f((pt—h,u(yt—h)) du) :| = E|:/ N f2(<ﬂz—h,u(Yt—11)) dui|

As previously, we use Remark 13(ii) to get f2(<pt_h’u(x)) < f2(x 4+ C;h) < C/(1+ f2(x)) (if h € (0, t A 1]), whence
AZ < ChE[1+ fZ(Y,_h)] < C;h (since s ]E[fz(Ys)] is locally bounded), which tends to 0 as / |, 0. This completes
the proof. (]

We now introduce, for t > 0, 7, := sup{s € [0, ¢] : AY, 5 0}, the last jump instant before . We adopt the convention
that sup @ = 0: if there is no jump during [0, 7], we set t; = 0.

Lemma 24. Under the above conditions,

() a.s., forallt >0, Y, = @0, (Yo)1{,=0} + ¢1,.: (017,50},
(i) forallt > 0,P(r; =0 Yo) = ko.:(Y0),
(iii) forallt > 0,P(Y; =0) < 1.

Proof. From (2), we have Y, = Yo1{,—0) + frr, (as —AYs)ds forall t > 0 and all r € [1y, t]. Solving this ODE, we find
Y, =e M Yolir,—0) + f; e =9  ds, which proves point (i). But t; = 0 implies that 7, = 0 for all s € [0, ¢], whence
Ys = ¢.5(Yp) on [0, 7]. As a consequence, {t; = 0} = {fot fooo 1i:< £ (g0, (Y0)))N(ds, dz) = 0}, so that P(t; =0 | Yp) =
exp(— f(; f(90,s(Yo))ds), as claimed in point (ii). Using that ¥; > Yoe ™ on {r; =0} and point (ii), we see that

P(Y; > 0) > P(Yo > 0, 7 = 0) = E[x0,: (Y0)1{v,>03] > 0

since Yy > 0 occurs with positive probability. This proves (iii). (]
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The law of t; is absolutely continuous on (0, ¢], as shown in the next proposition. This smoothness property will
allow us to show that jumps indeed create a density for Y;.

Proposition 25. Under the above conditions, for all t > 0, the law of t; is given by h;(ds) = Elko,(Y0)1d0(ds) +
pSKS,l‘(O)l{O<s<t} ds.

Proof. First, P(t; = 0) = E[xo;(Yo)] as desired by Lemma 24(ii). We next introduce the filtration F; = o ({Y)p,
N([0,r] x A) : 7 € [0,5], A € B([0,00))}) and the process Js = 3, 1. Liav,20) = I fooo 1< s(v,_yN(dr, dz)
which counts the number of jumps of Y. We consider 0 < s — h < s <t and observe that {t; € (s — h, s]} = {J; >
Js—n}N{J; = Js}. The event {J; > Js_p} is Fs-measurable. When Y does not jump during (s, ], Yr— =Y, = @5 (¥s)
for all r € (s, t]: this follows from Lemma 24(i), from the semi-group property of the flow ¢, and from the fact that
7, = 7, = 7, when Y does not jump during (s, t]. Consequently, {J; = J;} = {f; fooo 1< (g, , (v N(dr, dz) = 0},
whence

t o0
P(Jr = Js | Fy) =P</ / 1< f(p, (rN(dr, dz) =0 ‘ Fs> = k5, (Ys).
K 0

We conclude that P(t; € (s — h, s]) = El«;,: (Ys)1{y,>,_,1]. On the event {J; > Jy_;}, the process Y jumps (at least
once) to 0 during (s — &, 5], so that Y € [0, ¢s—p s(0)] by Lemma 24(i). Hence,

[B(z € (s = s1) = E[kcos OLy=son]| < sup Jiese(0) = kg (O] x ELJy = Jopl.
XE[Os‘ﬂs—h,s(O)]

Using that E[J; — J;_p] = j;s_h prdr < Ch (by Lemma 23(i)), that ¢5_p ¢(0) — 0 as & — 0, and the (obvious)
continuity of x — k; ;(x), we conclude that

1
lim sup A |P(z € (s — h, 51) — k5,1 (OP(Js > J_p)| =0. (17)
h—0

Next, arguing exactly as in Lemma 24(ii), we get P(J; > Js—p) = 1 — E[ks—pn s (Ys—p)]. Hence, we deduce from
Lemma 23(ii) that

o1
lim —P(Js > Jo) =E[f (10)] = ps. (18)

Gathering (17) and (18), we deduce that indeed, the density of the law of 7, at point s € (0, ¢) exists and equals
PsKs,t(O)~ |

We are now able to give the
Proof of Theorem 12. We have already seen that t — a; and ¢ — p; are continuous (by Lemma 23(i)) and positive

(by Lemma 24(iii)). We now fix t > 0. By Lemma 24(1), Y; = @o,; (Y0)1{z,=0} + ¢1,,: (0)1{z, >0} Hence for any bounded
measurable ¢ : [0, c0) — R,

E[¢(Y)] =E[¢(¢r.: (D)1 (500 ] + E[¢ (0. (Y0)) 11,0 | =: A(p) + B(¢)).
Clearly, ¢y, :(0) < ¢o,,(0) when t; > 0 and ¢ ;(Yo) > ¢o,;(0). Using Proposition 25, we can write
t
A) = /0 B (¢5.(0)) pys 0) ds.

Recall that for y € [0, g0, (0)], B (y) € [0, t] is uniquely defined by ¢g, (y),,(0) = y. The change of variables s — y =
¢5.1(0), for which dy = —e *=9)q ds and s = B; (), gives us

©0,:(0)

§ p L (y By

Ap) = / ()LD kg (1) ()P gy
0 aﬂt(y)
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Next recall that y,(y) = (y — (po,,(O))e)" for y > ¢o.;(0). Using Lemma 24(ii) and the change of variables x — y =
@0, (x), for which y;(y) = x, we find

o]

B(®) = E[(¢0. (Yo)) o, (Yo)] = /0 (0. (1) )00 (¥)go(dx) = / 6 o () (20077 ) ().

©0.:(0)

We have proved that

o0

p _ _

E[cﬁ(Yz)]:/O ¢(y)[—a2’((y;Kﬂ,m,t(O)eW POy g0 A + K01 (Y (0)) Liyzg0, 0 (80 0 7, 1)(dy)}
1y

Replacing « by its expression, one finds the formula claimed in the statement. ]
7.2. Nonextinction
We first consider the easy case where A = 0.

Proof of Proposition 11 when A = 0. Using Theorem 12, we see that the law of Y; has a density bounded by 1, on
[0, ¢o./(0)) (because for all x € [0, ¢g(0)), thereis s € (0, ¢] such that ¢, ,(0) = x). Forall t > 1, ¢g ;(0) = fot agds >
fol asds =: o > 0 by Lemma 24(iii). Hence, for ¢ := min{«, 1/2}, it holds that Pr(Y; <¢) <e <1/2 forall t > 1.
Consequently, ¥; cannot tend to 0 in probability as t — co. ]

To study the case where A > 0, we need the following lemma.

Lemma 26. Grant Assumptions 1, 3, 10(1) and suppose that A > 0. Assume that E[ f (Yy)] < oo and consider the
unique solution (Y;);>0 to (2) built in Theorem 4(iii). There is g > 1 such that sup,-, E[ f9(Y;)] < oo for all ty > 0.

Proof. By Assumption 10(i), there exists ¢ > 1 such that g limsup,_, .. [ f'(x)/f (x)] < 1. We now divide the proof
into two steps.

Step 1. Here we assume that Y has a bounded support, so that Y; is uniformly bounded on each compact time
interval by (3). This ensures that all the computations below are licit. Applying the It6 formula for jump processes
and taking expectations, we easily check that

d / /
L7 (0] = —aE[(f) () (Y = EIY)] = B[ )] + E[(f9) () JE[£ ()]
Now, as shown e.g. in [24], it holds that E[¢] (X)]E[¢2(X)] < E[¢1 (X)@2(X)] for any [0, co)-valued random vari-
able X and any pair of nondecreasing functions ¢1, ¢; : [0, 00) — R. Using that f¢ is convex (since ¢ > 1 and by
Assumption 3), we deduce that E[(f7)'(Y,)(Y; — E[Y;])] > 0 and that E[(f9)"(Y)IELf (Y)] < E[(f9) (Y2) f (YD)].
We thus have

d ’
EE[f"(Yt)] <-E[r7 ) - (£9) ¥ f(¥D)].

Recalling now that g limsup,._, ., [ f'(x)/f (x)] < 1, we can find two constants ¢ > 0 and C > 0 such that f‘fJrl (x) —
(D' (x) f(x) > ch“(x) — C for all x > 0. Indeed, find xg > 0 such that a := supx>x0[f’(x)/f(x)] < 1/q, observe
that f9T1(x) — (f9)' (x) f(x) = fIT(x) — qf (x) f(x) = (1 — aq) f9(x) for x > x, and conclude by setting
c=((0—-aq)>0and C = sup[o,xO](fq)’(x)f(x). We deduce that

%E[fqm)] <C—cE[f7 (Y] < C — cE[f1(xn]".

The conclusion classically follows: there is a constant K, not depending on E[ f9(Y)] such that E[ f4(Y;)] < K(1 +
t=9).
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Step 2. We next only assume that E[ f(Yy)] < co. We introduce Y, A — min{Yy, A} and the unique solution (Y,A)zzo
to (2) starting from YOA. By Step 1, we know that for all #+ > 0, uniformly in A, IE[f‘i(Y,A)] < K({ +t7%). But
we also know by Proposition 17 that for each ¢t > 0, YtA goes in law to ¥; as A — oo (we have to verify that
]E[|H(YOA) — H(Yp)|] — 0, which is not difficult by dominated convergence since E[H (Yy)] < 7w /2 + E[f (Yo)] < 00
by assumption). The conclusion follows. O

Proof of Proposition 11 when 1 > 0. We work by contradiction and assume that ¥; goes in law (and thus in prob-
ability) to 0 as + — oo. By Lemma 26, we know that there is ¢ > 1 such that sup,.; E[ f9(Y;)] < oco. This implies
that sup,..; E[Y, [q] < 00 by Remark 13(i). Consequently, Y; and f(Y;) are uniformly integrable (for ¢ > 1), so that the
Lebesgug theorem tells us, since Y; goes in probability to 0, that a;, = AE[Y;] 4+ E[f(Y;)] tends to 0.

We use Lemma 24(i) to write ¥; = e Yoliz,—0) + ¢<,,:(0). First, there is #o > 0 such that

forall 1> 19, ¢:(0) <¢o,(0) <1/2. 19)

Indeed, we consider #{ > 0 such that a; < A/4 for all # > #;. Then we see that ¢, ;(0) < ¢ ;(0) < eM fotl eMa, du +
(A/4) ffl e M= gy < Ce™™ 4 1/4, whence the conclusion.

Taking expectations in (2), we see that (d/dt)E[Y;] = E[(1 — Y;) f (Y;)]. But for t > 13 and on the event {r; > 0}, we
have ¥; = ¢, /(0) < 1/2 and thus (1 —Y;) f(Y;) > 0. Next on the event {t; = 0}, we have ¥; = ¢ ;(Yy). Consequently,

d
SElY = E[(1 — 0.1 (Y0)) f (90, (Y0)) Lz, =03 ]

Hence, by Lemma 24(ii),

d
EE[YI] > E[(1 — ¢0,:(Y0)) f (0.0 (Y0)) k0. (Y0) | = 1 — s,

I :=E[(1 — ¢0,:(Y0)) f (0,:(Y0) ) k0,1 (Y0) Ligy., (o) <3/4 ]
Jr :=E[(g0.r (Yo) — 1) f (90, (Y0) )0,: (Y0) Ligq , (¥o)=1} ]

We will now prove that there is 7, > #o such that I, > J; forall t > ,. This will end the proof, since then (d/dt)E[Y;] >
0 for all ¢ > 1>, so that E[Y;], and thus a fortiori a;, cannot go to 0. To prove that I; is eventually greater than J;, we
will check that, with £ > 1 defined in Assumption 10(ii),

AEL At
(a) liminf I; >0, (b) limsup

100 k(0 t—oo Kk0,:(0)

Jt=0.

Let us first prove (b). It holds that «o(Yp)/k0,(0) < 1. Next, recalling that ¢g,(Yp) = e MYy + ©0.1(0) <
e MYy +1/2 for t > 1y by (19), we see that 1iy,(v)>1) < L—iy,~1/2)- On the set e*' Yy > 1/2, it holds that
001 (Yo) < e MYy + 1/2 < 2e~*'Y,. Finally, by Assumption 10(ii), we write that e**(¢g; (Yo) — 1) f (¢0.1(Y0)) <
CeM1[(2eMYp)s + 2e MYyt < C[Yg + YOHI] <Cl+ YOCH) because ¢ > & — 1 by assumption. All in all, we
have checked that for ¢ > 1,

o

«0,1(0)

Jt S CE[(I + Y()C+I)I{Yo>e)‘t/2}]'

Since ]E[Yg +1] < oo by assumption, the monotone convergence theorem shows the validity of (b).
We finally prove (a). We have ¢o ;(Yp) > e MY,. Hence by Assumption 10(ii), we may write, on the event
{0, (Yo) < 3/4}, that (1 — ¢o ;(Y0)) f (po,: (Y0)) > ce‘kgth. We next recall that, as previously, for ¢ > #g, @o ;(Yo) <
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e M Yo + 1/2. Consequently, 1{¢0,1(Y0)<3/4} > l{ef)hzyo<l/4}. Finally,

«0,:(Yo) :exp<_/o [f (0.5 (Y0)) — f(wo,s(o))]ds>

«0,1(0)

t
zexp(—/ e MYy x ( sup f/> ds),
0 [0,¢0,5 (Y0)]

because ¢ s (Yp) = e MYy + ©0,5(0). But SUP; =0 90, s(Yo) < Yo + C: this follows from the expression of ¢ and the
fact that t — a; is a bounded function, since it is locally bounded and tends to 0. Hence, using Assumptions 1, 3 and
Remark 13(ii), SUP[0, g, (Yo)] f'<Cd+ f(Yy)), and we end with

Ko,: (Yo)
K0, +(0)

All in all, we see that for ¢ > 1,

> exp( CYo(l + f(Yo))).

A&t

w00 CE[Yg exp(=CYo(1+ f (Y)) Ly <eirsa) |

This last quantity tends, by monotone convergence, to c]E[Yg exp(—CYo(l + f(Yo)))] > 0. We have checked (a). [
7.3. Trend to equilibrium when ). =0

This final part is dedicated to the proof of Proposition 9. We thus work under all the assumptions above and suppose
furthermore that A = 0 and that the initial condition go has a density go € Cg([O, o0)) satisfying go(0) = 1 and
157 186l dy < oo.

Since A =0, we simply have ¢, ;(x) =x + A; — A, where A; = fo agds.Fort>0and y € [0, A/], B:(y) € [0, ¢]
is defined by A; — Ag,(yy =y. Andfort >0 and y > A;, y,(y) =y — A;. We thus know from Theorem 12 that g ()
has a density on [0, co) given by

8, y) =k, (OLy<a,y + 0, (y — Ago(y — Al{y=4,). (20)

Observe that g(t, A, —) = g(t, A +) = k0., (0). A little study, using our assumptions on go and that the map ¢ — a; is
continuous and positive, shows that g(¢, y) is continuous on [0, 00)2, of class C! on {(z, y) € [0, 00)% : y # A,;} and
that supj 71(I19yg(#, )l Low) + 19y 8 (7, ')”L](]R)) <ooforall T > 0.

Let¢p € C ;([0, 00)). Applying the Itd formula to compute ¢ (Y;), taking expectations and differentiating the ob-
tained formula, we find that

d oo o0
Z/o ¢(X)g(t,X)dX=/0 [6(0) = ¢ (x) + pid' ()] (t, x) dx

o
—/ ([ f(x)g(t, x) + pdeg(t, x)]dx
0
The second equality follows from an integration by parts, which is licit because for ¢ fixed, g(¢, -) is continuous,
piece-wise C! and fooo [dyg(t, y)|dy < oo. The boundary term disappears since g(¢,0) = 1.

We introduce now g(x) = exp(—p’1 fox f(y)dy) as in Theorem 8(ii), which solves pa,g(x) + f(x)g(x) = 0.
Hence, for any ¢ € C é,

/ ¢ (x)(g(r.x) —g(x))d / ¢ (x) f(x) (g, x) — g(x) dx—pz/ ¢ (x)(3x (g(r, x) — g(x)) dx

+(p— Pt)/o @ (x)0xg(x)dx.



On a toy model of interacting neurons 1873

We thus can apply Lemma 27 below with a(¢, x) = g(¢t,x) — g(x) and b(r, x) = — f(x)(g(t, x) — g(x)) — p: 9, (g(t,
x) — g(x)) + (p — py)dxg(x), which both belong to Li» ([0, T], L'([0, 00)) because (1 + f(x))g(x) + |d,g(x)| is
integrable, because py is locally bounded, because fooo f(x)g(t, x)dx = p, and because supo, 7 10xg (7, )l 11 ®) < 00
for all T > 0, to deduce that t +— fooo |g(t, x) — g(x)| dx is continuous and satisfies, for a.e. > 0,

o0

a ) |g(t,x) — g(x)|dx = — fo sg(g(t,x) — g(x)) f(x)(g(t, x) — g(x)) dx

- Pz/o sg(g(r, x) — g(x))dx (g1, x) — g(x)) dx

+(P—pz)/0 sg(g(r, x) — g(x1))dxg (x).

The second term on the RHS equals — p; fooo ox[lg(t, x) —g(x)|1dx = ps|g(t,0) — g(0)| = 0. Using that g is decreas-
ing, we easily check that the last term is bounded by

Ipz—pl/0 |8xg(x)|dx=Ip—pz|g(0)=|p—pz|=‘/0 fx) (g, x) — g(x)) dx

Thus, fora.e. t >0,

d o o
e =gl = —/0 F@)|g(t, x) — g(x)|dx + ’/0 @) (g, x) — g(x))dx

=—2min{/0 f(JC)(g(l,JC)—4g(JC))+ci)€,f0 f(X)(g(t,X)—g(X))_dX}-

But by (20), g(t,x) <1 forallr>1,allx € [0,A;]and A| = fol agds > 0. Consequently, for t > 1, all € € [0, A1],
since f is nondecreasing,

o0

/0 F)(g(t.x) = g()), dx = f(e) / (8(t.x) — g(), dx = f(e) [ /0 (g(t.x) —g()), dx — s}.

But g(¢) and g being two probability density functions, fooo (gt,x)—gx))+dx=g(t)—gll;1/2. Thus forall t > 1,
alle €0, Aq],

/0 F@)(gt,x) —g), dx = f(&)[|e) — g ;1/2—¢].

Since g(x) < 1 for all x > 0, a similar estimate holds true for fooo f(x)(g(t, x)—g(x))—dx. Allin all, we have proved
that fora.e. t > 1,all € € [0, A{],

d
e =gl ==r@[le® — g1 —2¢]

Choosing € = min{Aj1, [|g(¢) — gll ;1 /4} and introducing the function ®(x) = xf (A1 A (x/4))/2, this implies, still for
a.e.t > 1, that

d
s =gl =-2(ls®-gf.).

Since @ is nonnegative increasing on (0, o) and vanishes only at 0, we easily conclude, using that ¢ — [|g(¢) — gl ;1
is continuous, that indeed, lim;_,  [|g(¢#) — gl ;1 = 0. Recalling that 2||g(¢) — g|lTv = I|g(t) — gl| ;.1 implies the result.

If now f(x) > cx on [0, 1] for some & > 1, there clearly exists another constant ¢ > 0 such that & (x) > cxTl
for all x € [0, 2] (recall that f is nondecreasing). But ||g(¢) — g||;1 always belongs to [0, 2]. We thus have, for a.e.
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t>1,(d/dt)lgt) — gl < —cllg®) — g||SLJ1r1. It is then not hard to deduce that there is a constant C such that

lg®) — gl <CA+1)~"% forall t > 0.
It remains to check the following lemma, which is well-known folklore since the seminal work of DiPerna and
Lions [7]. We unfortunately found no precise reference.

Lemma 27. Let a,b:[0,00) x R R belong to Ly, ([0, c0), L'(R)), that is Supyo, 77 fR(|a(t, X))+ |b(t, x)])dx <
oo forall T > 0. Assume that for all ¢ € Cg R), all t >0,

d
d—/ ¢(y)a(t,y)dy=/ o ()b(t,y)dy. 21
tJr R

Then t — fR la(t, x)|dx is continuous and for a.e. t > 0,

i/|a(z,x)}dx=/ sg(a(t,x))b(t, x)dx,
dtr Jr R

where sg(u) = 1u>0; — Lu<o}-

Proof. We introduce p, = (2re)~1/2 exp(—xz/(Zs)) for ¢ > 0 and x € R and define a. (¢, x) = [a(t, ) *x p](x) =
fRa(t,y)ps(x — y)dy and b.(t,x) = [b(t,-) x p<](x). It is well known that for all ¢+ > 0, lim._o(|la(z,-) —
ag(t, ) + 1b(, ) — be(2,-)|l;1) = 0. It is also clear that for all # > 0, all ¢ > 0, |la:(z, )|l;1 < lla(t, )|+ and

b (2, )Lt < b, )L
Step 1. Applying (21) with ¢ (y) = ps(x — y), we find that for all # > 0, all x € R, 9;a, (¢, x) = b (¢, x). Hence for
any ¥ € C}l (R), 8; ¥ (as(t,x)) =¥’ (as(t, x))b(t, x). We conclude that for all r > 0,

'
/Iﬁ(as(t,x))dxzf Iﬂ(as(O,x))dx—i—/ fW’(as(s,x))bg(s,x)dxds. 22)
R R 0 JR

Step 2. We now pass to the limit as ¢ — 0 in (22) to deduce that for all > 0, all ¢ € Cg (R),

t
/I/f(a(t,x))dxzfW(a(O,x))dx—i—/ /W’(a(s,x))b(s,x)dxds. 23)
R R 0 JR

First, we clearly have that lim;_, ¢ fR Yag(t,x))dx = fR Y(a(t,x))dx because ¥ is globally Lipschitz continuous
and because lim;—q |la(t, ) — ag(t,-)||;1 = 0. The first term on the RHS is of course treated similarly. We next
introduce A, = |f0[ Jr ¥ (as(s, x))be(s, x)dx ds — f(; Jr ¥ (a(s, x))b(s, x) dx ds| and write

t t
A < UWUOO/ f’bg(s,x)—b(s,x)‘dxds—kf /}b(s,x)Hlﬂ’(aE(s,x))—W’(a(s,x))‘dxds:IS—l-Jg.
0 JR 0 JR

First, lim,_, ¢ I, = 0 by dominated convergence, because fR |be (s, x) — b(s, x)| dx is bounded on [0, ¢] and tends to 0
for each s > 0. Next, we observe that for all (large) K > 0,

t t
e =2 [ [ 1060 ey aras 4 [u | K [ [ s = ats. 0] axas

The second term tends to 0 as ¢ — 0, for the same reasons as for I;. We thus conclude that limsup,_ o As <
201¥ oo fot Jr 1b(s, %) [1jp(s,x)|> k) dx ds for all K > 0. But this last quantity tends to 0 as K — oo, so that finally,
lim, .9 A, =0 and (23) is verified.

Step 3. Here we verify, and this will conclude the proof, that

t
/’a(t,x)|dx=/}a(0,x)‘dx+/ /sg(a(s,x))b(s,x)dxds. 24)
R R 0 JR
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We consider a sequence of even smooth nonnegative functions v, € C,f (R), such that v, (u) increases to |u|, for
each u € R, as n — oo, such that ¥, (u) tends to sg(u) for each u € R and such that sup,, |, [l < 2. The choice

Y, () = /x2 4 1/n — /1/n is possible. By Step 2, we find, for all t > 0, alln > 1,

t
/wn(a(t,x))dx=f wn(a(O,x))dx+f /w,’l(a(s,x))b(s,x)dxds.
R R 0 JR

By monotone convergence, we have lim, [ ¥,(a(t,x))dx = [ |a(t, x)|dx and lim, [ ¥,(a(0,x))dx = [ |a(0,
x)|dx. It also holds true that lim, [y [i ¥ (a(s, x))b(s, x)dx ds = [y [ sg(a(s, x))b(s, x) dx ds, by dominated con-
vergence. Indeed, we know that v/, (a(s, x)) — sg(a(s, x)) for each s, x, and |y, (a(s, x))b(s, x)| < 2|b(s, x)|, which
is integrable on [0, ] x R by assumption. (]
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