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STOCHASTIC PERRON FOR STOCHASTIC TARGET GAMES'

BY ERHAN BAYRAKTAR AND JIAQI LI
University of Michigan

We extend the stochastic Perron method to analyze the framework of
stochastic target games, in which one player tries to find a strategy such that
the state process almost surely reaches a given target no matter which action
is chosen by the other player. Within this framework, our method produces a
viscosity sub-solution (super-solution) of a Hamilton—Jacobi—Bellman (HJB)
equation. We then characterize the value function as a viscosity solution to
the HJB equation using a comparison result and a byproduct to obtain the
dynamic programming principle.

1. Introduction. We will extend the stochastic Perron method to analyze a
stochastic (semi) game where a controller tries to find a strategy such that the
controlled state process almost surely reaches a given target at a given finite time,
no matter which control is chosen by an adverse player (nature). More precisely,
the controller has access to a filtration generated by a Brownian motion and can
observe and react to nature, who may choose a parametrization of the model to
be totally adverse to the controller, in a nonanticipative way. This stochastic target
game was introduced and analyzed in [8].

In this paper, we will have a fresh look at the problem of Bouchard and Nutz
[8] with a different methodology, namely the stochastic Perron method. Using this
method we will be able to drop the assumption on the concavity of the Hamiltonian
assumed in [8]. The stochastic Perron method was introduced in [3] for analyzing
linear problems, in [5] for Dynkin games involving free-boundary games and in
[4] for stochastic control problems. This method is a type of verification theo-
rem, which identifies the value function as the unique solution to a corresponding
HIJB equation without going through the dynamic programming principle, but does
not require the smoothness of the value function. It is a stochastic version of the
Perron method [9] in that it creates classes of sub- and super-solutions that enve-
lope the value function and are closed under maximization and minimization, re-
spectively. More recently, the stochastic Perron method was adjusted to solve exit
time problems in [12], state constraint problems in [11], singular control problems
in [6], stochastic games in [14] and control problems with model uncertainty in
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[13] and [1]. In this paper, we show how the main ideas of this method can be
modified to analyze the stochastic target games of Bouchard and Nutz [8].

The main difficulty of this analysis is identifying the correct collections of
stochastic sub- and super-solutions. Once this is established, the technical con-
tribution is in showing that in fact the supremum and the infimum of the respective
families are viscosity super- and sub-solutions, respectively. Then a comparison
result establishes the claim since the value function is already enveloped by these
two families. The identification of these classes and the technical proofs turn out to
be quite different from the works cited above because of the difference between na-
ture of the stochastic target problems and the nature of the stochastic control prob-
lems. Unlike the usual stochastic control problems, the goal of the target problems
is to beat a stochastic target almost surely by applying the admissible controls.
These problems, which are generalizations of the super-hedging problems that ap-
pear in mathematical finance, were introduced in the seminal papers [16] and [15];
see [17] for a more recent exposition. Stochastic target games, on the other hand,
were considered recently by Bouchard, Moreau and Nutz [7] when the target is
of controlled loss type. The more difficult case of an almost sure target was then
analyzed in [8].

In this paper we achieve the following:

e We give a proof of the result that the value function of the stochastic target
game is the unique viscosity solution of the associated HJB equation without
first going through the geometric dynamic programming principle. What we
have is a new method for analyzing stochastic target problems.

e We give a more elementary proof of the result in [8]. This way we are able to
avoid using Krylov’s method of shaken coefficients, which requires the concav-
ity of the Hamiltonian.

The rest of the paper is organized as follows: In Section 2, we present the setup
of the stochastic target game, introduce the related HIB equation and the defini-
tions of the sets of stochastic super- and sub-solutions (our conceptual contribu-
tion). The technical contribution of the paper is given in Section 3, where we char-
acterize the infimum (supremum) of the stochastic super-solutions (sub-solutions)
as the viscosity sub-solution (super-solution) of the HIB equation. A viscosity
comparison argument concludes that the value function is the unique bounded
continuous viscosity solution of the HIB equation. Finally, we obtain the dynamic
programming principle as a byproduct. Some technical results are deferred to the
Appendix.

2. Statement of the problem.

2.1. The value function. Let us denote

D:=[0,T] x R?, D_7:=1[0,T) x R, Dy :={T} x R%.
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Let €2 be the space of continuous functions w:[0, T] — R9, and let P be the
Wiener measure on 2. We will denote by W the canonical process on €2, that
is, Wi(w) = wy, and by F = (Fy)o<s<71 the augmented filtration generated by W.
For 0 <t < T let F' = (Fl)o<s<r be the augmented filtration generated by
(W — W;)s>;. By convention, F7 is trivial for s <.

We denote by U" (resp., A") the collection of all F’-predictable processes in
LP(P ® dt) with values in a given Borel subset U (resp., bounded set A) of R?,
where p > 2 is fixed.

Given (¢t,x,y) € D x Rand (u, ) e U" x A’, consider the stochastic differen-
tial equations (SDEs)

@1 dX(s)=pux(s, X(s),a5)ds +ox(s, X (s), a5) dWs,
' dY(s)=py(s, X(s),Y(s), ug, a5)ds + oy (s, X(s), Y (s), us, o) d W,

with initial data (X (1), Y (¢)) = (x, y).
ASSUMPTION 2.1. The coefficients uy, 1y, ox and oy are continuous in all

variables and take values in R¢, R, R? and M“ := R¢*¢  respectively. There exists
K > 0 such that

lux(t,x,) —px @, x', )| +|ox @, x,) —ox (', x', )| < K(|t — 1| + |x — X)),
lx (x| +[ox (x| < K,

ey Gy, ) =y (Y )+ oy Gy, ) —ov (LY ) < Ky =

Iy G,y u, )|+ oy Gy, u, )| < K(14 |ul + yl),

for all (x, y), (x’,y)eR? x Rand u € U.

’

This assumption ensures that the stochastic differential equations given in (2.1)
are well posed. Denote the solutions to (2.1) by (X{,, ¥,'")). Let r < T. We say
that a map u: A" — U’, o — u[a] is a r-admissible strategy if it is nonanticipating

in the sense that
{we Q@)1= (@15} C{we Q:ula)(®)r,s = u[e'[(@)q5]-as.

forall s € [t, T] and «, &’ € A’, where |1,s1 indicates the restriction to the interval
[¢, s]. We denote by 4(¢) the collection of all z-admissible strategies; moreover, we
write Y, tlf;ffy for Y, ,uj[caia Then we can introduce the value function of the stochastic
target game,

(22) v(t,x):=inf{y e R:Iue (1) s.t. Y} (T) = g(X] (T))-as. Va € A'},

where g:R? — R is a bounded and measurable function. We also need to define
strategies starting at a family of stopping times. Let S' be the set of F'-stopping
times valued in [z, T'].



STOCHASTIC PERRON FOR STOCHASTIC TARGET GAMES 1085

DEFINITION 2.1 (Nonanticipating family of stopping times). Let {t%}ycar C
S’ be a family of stopping times. This family is 7-nonanticipating if

{weQra(@)|ys) =o' (@15}
CloeQ:t <t%w)= ™ (w) < sfUfwe Qs <t%(w),s < r“,(a))}—a.s.
Denote the set of z-nonanticipating families of stopping times by &'.

We will use {t“} for short to represent {t},c 4:, Which will always denote a
t-nonanticipating family of stopping times.

DEFINITION 2.2 (Strategies starting at a nonanticipating family of stopping
times). Fix 7, and let {t%} € &’. We say that a map u: A" — U', o > u[a] is a
(t, {r*})-admissible strategy if it is nonanticipating in the sense that

{we Qa1 =o' ()15}
CloeQ:s <t¥w),s < t"‘/(a))}
UlweQ:ir <t%(w) = (W) <s,
ulal(@) e (@),s1 = W[ [(@)| o’ () 1}-2-S-
forall s € [r, T] and a, @’ € A’, denoted by u € LU(z, {t*}).

It is clear that from Definition 2.2 that if we set 7* = ¢ for all «, then LU(z, {t*})
is then the same as 4((¢). Hence the above definitions are consistent.

DEFINITION 2.3 (Concatenation). Letoay, oy € A’, 7 € S’ be a stopping time.
The concatenation of «, oo is defined as follows:

a] Qr ap =il ) + o2l 7).

The concatenation of elements in U’ is defined in a similar fashion.

LEMMA 2.1. Fixt,and let {t%} € &'. For u € (t) and i € (¢, {t*)), define
ue[o] i = u[a] e t[ae]. Then uy € (). For the rest of the paper, we will use
U Qe U] to represent ula] R« ufa].

PROOF. Itis obvious that u, maps A’ to U’. Let us check the nonanticipativity
of the map. For any fixed s € [t,T] and o, 0’ € A, o' € {w € Q:a(w)|.5) =
o' (®)|.51}, by Definition 2.1,

/ ’

(2.3) o eft<t*=1" <slUls <t%s<1"}as
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() If o € {r < 1% =1Y <35}, by the definition of 1,
ue[or(@)lir.s) = ulod (@) L v @y lir.s) + Wlod (@) e, 71lir.s1
uifo](@) 1,51 = w[@ [ (@)L, 1ot oy l1e.s1 + 80 1(@) Lot (o 11251
Since t%(@) = t* ('), u € $4(¢) and by Definition 2.2, we know
o' € {we Q:ulal(w)|,s) = u[a'[(@)[,5}-a.s.
) Ifo efs <195 < t"‘,}, using the definition of u,,
we[o](@) Ir,57 = ule] (@) |,57,
us[e'](@) .51 = ufe] (@) l1r.51-

Since o' € {w € Q:a ()| = ¢’ (W[5} and u € U(z), then o € {w € Q:
ufa](@)jr,s) = [l (@) |[r,51}-a.8. O

2.2. The HJB equation. Before giving the HJB equation, we will intro-
duce some notation and an assumption, which was also assumed in [8]. Given
(t,x,y,z,a) e D xR x RY x A, define the set

N(t,x,y,z,a):={ueU:oy(t,x,y,u,a)=z}.

ASSUMPTION 2.2. u +> oy(t,x,y,u,a) is invertible. More precisely, there
exists a measurable map 7i: D x R x R? x A — U such that N = {ii}. Moreover,
the map u (-, a) is continuous for each a € A.

Let us define for (¢, x,y, p, M) € D x R x RY x M4,

H(t,x,y,p,M):= SUP{—M‘{V(L x,y,0x(t,x,a)p,a)+ ux(t, x,a) p

acA

1
+ 3 Tr[oxag(t, x,a)M] },

where
/L’f,(t,x, v.z,a):=py(t,x, y,a(t, x,y,z,a),a), zeRY.
Consider the equation
¢+ H(t,x,¢,Dp,D*¢)=0  onD_r,

2.4)
=g on Dr.
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2.3. Stochastic solutions. We will introduce weak solution concepts to the
HJB equation that are stable under minimization and maximization, respectively,
and envelope the value function v of the stochastic target game.

DEFINITION 2.4 (Stochastic super-solutions). A function w:[0, T] x RY —
R is called a stochastic super-solution of (2.4) if:

(1) itis bounded, continuous and w(7, -) > g(-);
(2) for fixed (f,x,y) € D x R and {t%} € &', for any u € {(z), there exists a

strategy 1t € U(z, {t*}) such that for any o € A’ and each stopping time p € S,
o . u® e lifa],o
ro Y =Y 00

Y(p)>=w(p,X(p))  P-as.on{Y(t%) >w(z* X(z%))}.

7% < p < T with the simplifying notation X := X , we have

The set of stochastic super-solutions is denoted by U*. Assume it is nonempty
and v* := inf, ¢+ w. For any stochastic super-solution w, choose T* =t for all
a and p = T. Then there exists it € $4(¢) such that, for any o € A’,

YA (T) = w(T, X4 (1)) = g(XE(T))  P-as.on |y > w(r,x)).

Hence, y > w(t, x) implies y > v(¢, x) from (2.2). This gives w > v and vt > v.
Similarly, we could define the stochastic sub-solutions.

DEFINITION 2.5 (Stochastic sub-solutions). A function w:[0, 7] x R — R
is called a stochastic sub-solution of (2.4) if:

(1) itis bounded, continuous and w(7T, -) < g(-);
(2) for fixed (7, x,y) € D x R and {t%} € &', for any u € U(z), a € A’, there
exists & € A’ (may depend on u, o and %) such that for each stopping time p € §',

7% < p < T with the simplifying notation X := X7 .Y := Y,L’lff) ““ we have

P(Y (p) < w(p, X(p))|B) >0,
for any B C {Y (t%) < w(t*, X (%))}, B € Flo and P(B) > 0.

The set of stochastic sub-solutions is denoted by /~. Assume it is nonempty,
and let v~ :=sup,,,~ w. For any stochastic sub-solution w, choose t* = ¢ for all
a and p = T. Hence for any u € $4(¢), there exists & € A, such that

P(YE(T) < w(T, X% (1)) < g(XZ (D)) ly < w(t, x)) > 0.

Hence, y < w(¢, x) implies y < v(¢, x) from (2.2). This gives w < v and v~ < v.
As a result we have

2.5 v 2 sup w<v< inf w e

wel~ weut

We will show in Section 3 that under some suitable assumptions, v+ and v~ are
viscosity sub- and super-solutions of (2.4), respectively.
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2.4. Additional technical assumptions. We will need to make some more tech-
nical assumptions as in [8].

ASSUMPTION 2.3.  The map (t,x,y,2) € D x R x R? > ul(z,x,y,z,a) is
Lipschitz continuous, uniformly in a € A, and (v, z) € R x RY wy(t, x,y,z,a)
has linear growth, uniformly in (¢, x,a) € D x A.

For the derivation of the super-solution property of v—, we will impose a con-
dition on the growth of wy relative to oy.

ASSUMPTION 2.4.

Iy Gou, )|
sup
uer 1+ lloy G, u, )|l

where || - || is the Euclidean norm.

is locally bounded,

In (2.5) we implicitly assume that the sets /™ and &/~ are nonempty. The as-
sumptions we made already imply that /* is not empty, but the same may not be
true when U/~ is not empty.

ASSUMPTION 2.5. The collection ¢/~ is not empty.

2.5. When Ut and U~ are not empty. As the next result shows, the assump-
tions above already guarantee that /™ is not empty.

PROPOSITION 2.1.  Under Assumptions 2.1, 2.2 and 2.3 the collection U™ is
not empty.

PROOF. See the Appendix. [

In the above proposition the assumptions made can be replaced by the following
natural assumption (although this is not the route we will take):

ASSUMPTION 2.6. There exists u € U such that uy(t,x,y,u,a) =0,
oy(t,x,y,u,a) =0 for all (¢+,x,y,a) € Dot x R x A. (In these equations the
right-hand sides are denoted by just O for simplicity, but they in fact are collections
of 0’s matching the dimension on the left-hand side.)

In the context of super-hedging in mathematical finance, in which Y represents
the wealth of an investor and X the stock price, and g(X7) a financial contract,
the last assumption is equivalent to allowing the investor not to trade in the risky
assets.
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PROPOSITION 2.2. Under Assumptions 2.1 and 2.6 the collection U™ is not
empty.

PROOF. Choose the strategy i#[a] = u. For any given {t%} € &', we have i €
U(t, {t*}), and from Assumption 2.6, it holds for any u € $4(¢) that

Y;f;?’yaﬁ[a]’a(p) = Y;f?’yaﬁ[a]’a(t“) Vo e A and p € S" such that 7% < p < T.
From the boundedness of g, there exists a C, such that g(x) < C. Now take
w(t, x) = C, which clearly satisfies the first condition in Definition 2.4. On the
other hand, on the set {Y(z%) > w(z%, X(t%))}, we clearly have that {Y(p) >

w(p, X(p))} for any p such that t* < p < T, which gives the second condition in
Definition 2.4. [J

PROPOSITION 2.3. Ifin addition to Assumptions 2.1 there exists a € A such
that py(t,x,y,u,a)=0,0y(t,x,y,u,a)=0forall (t,x,y,u) e Dot xR x U,
then U™ is not empty.

PROOF. The proof is similar to that of Proposition 2.2. [J

The additional assumption in the latter proposition is not very reasonable. Below
we introduce an alternative assumption.

ASSUMPTION 2.7. % is bounded on N = {(t,x,y,u,a):ov(t,x,y,
u,a) #0}.

PROPOSITION 2.4. Under Assumptions 2.1, 2.2, 2.6 and 2.7, the collection
U™ is not empty.

PROOF. See the Appendix. [

3. The main result and its proof. To prove the main theorem, we need some
preparatory lemmas.

LEMMA 3.1. The set of stochastic super/sub solutions is upwards/downwards
directed; that is:

(1) ifwy, wr €UT, then wy Awp eUT;
Q) ifwi,wp e, thenwi Vwreld™.

PROOF. This lemma is in the spirit of Lemma 3.7 in [14]. Here we only sketch
the proof for (1). For wy, wy € U™, let w = w; A wy. Clearly w is bounded, con-
tinuous and w(7T, x) > g(x). For fixed (r,x,y) € Do7 x R and {t%} € &, let 1y
and uy be the strategies starting at {t*} for w; and w», respectively. Let

ula] = ugla]ljy, (z¢, X (19) <ws (¢, X (z¢))} + W2lo )Ly, (22, X (2%)) > wo (z¢, X (£2))} -
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It is easy to show that u works for w in the definition of stochastic super-solutions.
O

LEMMA 3.2. There exists a nonincreasing sequence U 3> w, \ v* and a
nondecreasing sequence U~ > v, S V™.

PROOF. The proof of the lemma follows directly from Proposition 4.1 in [3].
O

Let us also state the following well-known result without proof.

LEMMA 3.3. Given f: X x Y CR? x R? — R, define F(x) := supey f(x,
v).If x — f(x,y) is continuous, uniformly in y and F(x) < oo for all x € X, then
x — F(x) is continuous.

THEOREM 3.1 (Stochastic Perron for stochastic target games). Let Assump-
tions 2.1 and 2.2 hold.

(1) Ifin addition g is upper semi-continuous (USC) and Assumption 2.3 holds,
the function v™ is a bounded USC viscosity sub-solution of (2.4).

(2) On the other hand if g is lower semi-continuous (LSC) and Assumptions 2.4
and 2.5 hold, the function v~ is a bounded LSC viscosity super-solution of (2.4).

PROOF. Step 1 (v7 is the viscosity sub-solution). First due to Proposition 2.1
v™ is well defined. We will first show the interior viscosity sub-solution property
and then demonstrate the boundary condition.

Step 1.1. The interior sub-solution property: Let (tg, xg) be in the parabolic
interior [0, T') x R? such that a smooth function ¢ strictly touches v+ from above
at (#9, xo0). Assume, by contradiction, that

@+ H(t,x, 9, Dy, D2¢) <0 at (¢, x0).

From the uniform continuity of wy and ox in Assumption 2.1, the uniform con-
tinuity of ,uf{, in Assumption 2.3 and the smoothness of ¢, the map (¢, x, y,a) —
—,uf;‘/(t,x,y,UX(t,x,a)Dgo(t,x),a) + ,ux(t,x,a)TDgo + %Tr[axa;(t,x,a) X
D2<p(t, x)] is uniformly continuous in (¢,x,y). Hence the map (¢,x,y) —
H(t,x,y, Do(t, x), ngo(t, X)) is continuous due to Lemma 3.3. This implies that
there exists a € > 0 and § > O such that

o+ H(t,x,y, Dy, D*¢) <0
3.1)
V(1,x) € B(to, x0, €) and |y — ¢(t,x)| <3,

where B(tg, xo, ¢) = {(¢, x) € D:max{|t —ty|, |x — x0|} < €}. Now, on the compact
torus T = B(ty, x0, €) — B(to, x0, £/2), we have that ¢ > v, and the min of ¢ —v™
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is attained since vt is USC. Therefore, ¢ > v + 1 on T for some 1 > 0. Since
wy, \, v, a Dini-type argument shows that for large enough n, we have ¢ > w, +
n/2 on T and ¢ > w, — & on B(ty, xo, £/2). For simplicity, fix such an n, and
denote w = w,,. Now define, for small ¥ < g NS,

o) @—K)Aw, on B(t, xo, €),

w e B
w, outside B(ty, xg, €).

Since ¢ > w+n/2 > w+«k on T, then w = w" on 3 B(ty, xo; £/2), which implies
w¥ is continuous. Since w* (1, x9) < v (#y, xo), we would obtain a contradiction
if we can show w* e UT.

Fix 1, {t*} € & and u € 4(r). We need to construct a strategy Ui € U(z, {t%})
in the definition of stochastic super-solutions for w*. This can be done as follows:
since w is a stochastic super-solution, there exists an “optimal” strategy 1y in Def-
inition 2.4 for w starting at {t“}. We will construct 1t in two steps:

1) w*(r%, X7, (%) = w( X7, (t%)): setu=1uy;

(i) w(z%, X7, (%) < w(r?, X7, (r%)): In this case we necessarily start in-
side the ball. Let Y be the unique strong solution (which is thanks in particular to
Assumption 2.3) of the equation

V() =Y ()
vl o
+/ Mli{/(s’ X;:fx(s)’ Y(S), O—X(S5 X;x,x(s)a as)D‘p(S, X;‘v,x(s))s O[S) dS
o

VI
+/ ox(s, X7 (s),05)Do(s, X7 (s)) d Wy, [ >,
% ’ ’

for any u € $4(r) and o € A’, and set Y (s) = Y}f’ofy (s) for s < t¥. Define

lip :=Tip[a](s) = (s, X7 (), Y (5), ox (s, X[ (5), as) D (s, X[ (5)), ).

Let 6" is the first exit time of (s, X7, (s)) after t® from B(fo, xo; £/2) and 65 be
the first time after T* when |Y (s) — ¢(s, X tx(8))| = 8. More precisely,

o7 :=inf{s € [t T]: (s, X7 (s)) ¢ B(t0, x0,¢/2)}
and
65 :=inf{s € [t T]: Y (s) — @(s, X{'(5))| = 5}.

Let 0% =67 A 05. We know that {§*} € & from Example 1 in [2]. We will set it
to be {ip until 6. Starting at 8%, we will then follow the strategy u’ e 4l(z, {§%})
which is “optimal” for w.

In summary, (i) and (ii) together give us the following strategy:

fifa] = (Lafiy [er] + Lac (ol Ly goy + 1 [@]Tjge 7)) L re 71,
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where

A= {w* (r% X7 (r)) = w(r® X7 (t)}-
We note that iy € £i(¢) by the pathwise uniqueness of X’s, ¥Y’s and Y’s equa-
tions. Then applying Lemma 2.1, tip[a]1(; 9oy + u? [o]Ljge, 71 € UU(2). Since 1] €
(¢, {t*}), by Definition 2.2, it follows that 1t € $(z, {t%}) by the pathwise unique-

ness of X’s equation. Now, let us show the above construction actually works. We
need to show that for any p € S’ suchthat t* < p < T,

Y(p) > w(p, X(p)) P-a.s. on {Y (%) > w(z®, X (%))},
where

X:=X¢ and Y:=y'@riele

Note that Y (s) = ¥*& ﬁO[a]’a(s) for s > 7% and

t,x,y
(32) Y =1,y Tl gy Outlale g o < g <92

We will carry out the proof in two steps:
(i) On the set AN{Y (%) > w* (%, X (%))}, we have

Y (%) > w(t% X(z%)).
From (3.2) and the “optimality” of 1; (for w), we know
Y(p) = Ytlf?’yaﬁl[a]’a(p) >w(p, X(p)) = w"(p, X(p)) P-a.s on the above set.
(i1) On the set A°N{Y (%) > w*(t%, X (%))}, by the definition of iy and (3.2),

using It6’s formula,

V(A 8%) — g 7% X(A6) =Y ()~ ple X + [ y(o)ds,
where T
y =up (. X, Y, 0x(. X, e)Do(-, X), @) — x (- X, ) " Dgp(-, X)
— I Trfoxoy (. X, @) D?0(-, X)] — @ (-, X),

since the definition of # allows us to cancel the Brownian motion terms on
the right-hand side. On [t%, 6¢], (z, X) € B(tg, xo, ¢) and |Y () — ¢(z, X (t))| <4,
therefore from (3.1) we have that ¥ > 0. This implies that Y (- A 0%) — ¢(- A
0%, X (- A 6%)) is nondecreasing on [t%, T'] and

(3.3) Y (0%) — (6%, X(0%) + k> Y (%) —p(z% X (%) +k > 0.
As a result, on the one hand, we have
0<(Y(0F) — (O, X (7)) +«) < (Y (6F) —w(ey, X(07)))

34
on {67 < 65}.
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On the other hand,
Y(05) — (65, X(05)) =6  on {6} =67}

Observe that the right-hand side of the above expression cannot be —§ due to (3.3).
Therefore,

55) (Y(63) —w(63, X(65))) = (6 + ¢ (65, X(65)) — w(65, X(67))) > 0

on {6} > 67},
since ¢ > w — § on m. Combining (3.4) and (3.5) we obtain
(3.6) Y(0%) —w(0% X(6*%) >0 on A°N{Y(t%) > w"(z%, X%)}.
It follows from this conclusion and the “optimality” of u’ starting at {#%} that
(Y(pvO%)—w"(pVvo* X(pVvO9))) = (Y(pVvE*)—w(pVvo* X(pVvE))) >0,

on A N{Y (%) > w"(r%, XY)}.
Also, since Y (- A 0%) — (- A 0%, X (- A 6%)) is nondecreasing on [t%, T] it
follows that (Y (o A 0%) — (o A 0%, X (p A O%)) + k) > 0, which further gives
(Y(pAO%) —w(p AO*, X(p AEY))) >0

3.7
on A°N{Y(t%) > w*(z%, X*)}.

From (3.6) and (3.7) we have
Y(p) —w (p, X(p)) >0 on A°N{Y(t%) > w“(z%, X%)}.

Step 1.2. The boundary condition: R
Step A: In this step we will assume that 1} is nondecreasing in its y-variable.

Assume on the contrary that for some xo € R, we have

(3.8) v (T, x0) > g(x0).

Since g is USC, then from (3.8) there exists € > 0 such that
3.9) vI(T, x0) > gx)+e for |x — xg| <e.

Choose ¢ such that ¢ < 1. Since vt is USC, then vT is bounded above on the
compact (rectangular) torus T = B(T, xo; &) — B(T, xo0; £/2), where B(T, xo; €) =
{(t,x) e D:max {|T —¢|, |x — xo|} < ¢}. Choose B > 0 small enough, such that

&2
vI(T,x0) + — >¢e+ sup vt (t, x).
4p T

By a Dini-type argument there exists a w € U™ such that

2

(3.10) vH(T, x0) + —— > & + supw(t, x).
4B T
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For C > 0 let us denote

2
oPC (1, x) = v+ (T, x0) + % +C(T -1,

Hence, Do#C (1, x) = @ and D?¢P € (1, x) = %Idxd. From Assumption 2.2,
lx — xol - 2K

p
for (t,x) € B(T,xp;e)anda € A,

lux(t,x,a)" DPC(t,x)| < 2K
(3.11)

where we use ¢ < 1. Similarly,

1 1 ,2d K3
ETr[GXo;(t,x, a)Dz(pﬁ’C(t,x)] < EKzf = 7

(3.12)
for (t,x) € B(T,xp;e)anda € A,

where d is the dimension of the space where the variable x lives. From the linear
growth condition of py in Assumption 2.3, there exists a L > 0, such that
—,ug‘;(t, x,P0 — e ox(t, x,a)DpP?, a)
<L(l1+ {goﬂ’o(t,x) —¢|+|ox(, x,a)D(pﬁ’O(t,x)D
<L(14+v"(T,x0)+1/B+1+2K/p)
for (1, x) € B(T, xo; ¢) and a € A.

(3.13)

Noting that Def€ (1, x) = De?0(z, x), from the monotonicity assumption of u’f,
we have

—,Uvbg/(t,X, wﬁ’c —e&,0x(t, x, a)Dgoﬂ’C, a)
< —M%(Z,x, PO — ¢ ox(t, x,a) DP?, a).

The above equation, together with (3.11), (3.12) and (3.13), implies that H (-,
(pﬁ*c — &, D(pﬂ*c, Dzwﬁ’c)(t,x) is bounded from above on B(T, x¢; €), and the
bound is independent of C. As a result for a large enough C we have that
,C
o€+ H(-,y, DgPC, D2pPC) (1, x) <0

(3.14)
Y(t,x) € B(T,x0;¢) and y > P C(t,x) — ¢,

where we used the monotonicity assumption of ,u”;. Making sure that C > ¢/28,
we obtain from (3.10) that

(pﬁ C>etw on T.
Also,

(3.15) P (T, x) > v (T, x0) > g(x)+¢  for |x —xo| <e.
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Now we can choose « < ¢ and define

(3.16) phCxa | (@ —K)rw, on B(T x0.8).

w, outside B(T, xg, €).

From (3.15) and (3.16) it is easy to see that whCK (T, x) > g(x). By applying
similar arguments as in step 1.1, we can show that wf ¢ is a stochastic super-
solution with w? CX(T, x¢) < v+ (T, xo). This contradicts the definition of v™.

Step B: We now turn to showing the same result for more general u’f/ and follow
a proof similar to that in [8]. Fix ¢ > 0, and define Y,L,‘;ffy as the strong solution of

dY (s) = fiy (s, X2, (5), Y (5), ularly, ot5) ds + Gy (s, X2, (5), Y (), ulely, ors) d Wy
with initial data ¥ (t) =y, where

fy(t,x, y,u,a) :=cy+e uy(t,x,e”"y,u,a),

Gy (t,x,y,u,a):=e"oy(t,x,e "y, u,a).

Hence, I?;ffy (s)e " = YtL,l;cc,(ye_‘" (s) for any s € [, T] by the strong uniqueness.

Set g(x) := eT g(x), and define
Ut x) :=inf{y e R:Ju e 8 s.t. V57 (T) = §(X¥(T))-as. Yo € A'}.

Therefore, v(t, x) = e v(t, x). Since /,L’?, has linear growth in its second argu-
ment y, one can choose large enough ¢ > 0 so that

(3.17) it x,y,z,a) > ey + e pf(tx, ey, ez, a)

is nondecreasing in its y-variable. This means that these dynamics satisfy the
monotonicity assumption used in step A above. Moreover, all the assumptions
needed to apply step A to this new problem are also satisfied. Let

H(t,x,y,p, M)
(3.18) = sulj{—cy — e”;ﬂ;‘,(t, x,e "y, e “ox(t,x,a)p,a)
ae

1
(3,0 p+ 5 Tifoxo 1, a)M]},

where # is defined like # but now in terms of y. We will denote by U™ be the set
of stochastic super-solutions of

(p[+ﬁ('v(p9D(p7D2(p):0 OnD<T7
(3.19)
¢=g onDr

and 01 (¢, x) :=inf,, 7+ w(t, x).



1096 E. BAYRAKTAR AND J. LI

From step A, we know that 9 is a viscosity sub-solution of the above PDE.
Since any function w(¢, x) is a stochastic super-solution of (2.4) if and only
if W(t,x) = e“w(r,x) is a stochastic super-solution of (3.19), it follows that
07 (t,x) = e“"vT(t,x). Now it is easy to conclude that v™ is a viscosity sub-
solution of (2.4).

Step 2 (v~ is the viscosity super-solution). Due to Assumption 2.5, v~ is well
defined. Next we will show that it satisfies the interior viscosity super-solution
property followed by the boundary condition.

Step 2.1. The interior super-solution property: Let (fg, xo) in the parabolic inte-
rior [0, T') x R¥ such that a smooth function ¢ strictly touches v~ from below at
(to, x0). Assume by contradiction that

o+ H(-, ¢, Dp, D*¢) >0 at (9, xp).
Hence there exists ag € A, such that
(3.20) @ + H"(-, 0, Dp, D*¢) >0 at (19, x0),
where ug = ii(t, x0, ¢ (10, X0), o (fo, X0, ao) Dg (t0, x0), D*¢ (10, x0)) and

H"(t,x,y, p, M)
(3.21)
= —py(t,x, y,u,a) + px(t,x,a)" p+ 3 Trfoxoy (t,x,a)M].

From the continuity assumption on the coefficients in Assumption 2.1 and the
continuity of # in Assumption 2.2, there exists €, § > 0 such that

¢+ H"(,y, Dg, D*¢) >0 V(t,x) € Blto, X0, £)
and (y,u) e Rx U s.t. |y —o(t,x)| <8

and |oy (¢, x, y,u,ap) — ox(t,x,a0) De(t, x)| <$.

Now, on the compact torus T = B(ty, xo, &) — B(ty, X0, £€/2), we have that ¢ <
v~ and the max of ¢ — v~ is attained since v~ is LSC. Therefore, ¢ +n < v~
on T for some n > 0. Since w, /" v—, a Dini-type argument shows that for large
enough n, we have ¢ + n/2 < w, on T and ¢ < w, + § on B(ty, x9, €/2). For
simplicity, fix such an n and denote w = wj,. Now define for small x < % A8,

Wk L (p+k)Vw, on B(ty, x0, &),
w, outside B(rg, xq, €).

Since w” (ty, xo) > v~ (fy, x9), we obtain a contradiction if we can show that w* €
u .

In order to do so, fix # and {t%} € &. For a given u € (z) and o € A’, we will
construct an “optimal” & € A’ in the definition of stochastic sub-solutions for w*.

We will divide the construction into two cases:
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1) w(t?, X(t%)) = w" (%, X (r%)): Since w is a stochastic sub-solution, there
exists an &; for w in the definition which is “optimal” for the nature given u, & and
¥ Leta =aj.

(1) w(r¥, X (%) < w" (%, X(t%)): Let
0% :=inf{s € [t%, T]: (s, X\ $*“(s)) ¢ Blto, x0, £/2)}
and
6% :=infls € [t T]: [0 (s) — o(s, X; 27" (5))| = 8},

with the convention that inf @ = T'. Denote 6% = 6{ A65'. Then let & = ag until 6.
Starting from 6%, choose & = o™, where the latter is “optimal” for nature given o
and u this time onward.

In summary, the above construction yields a candidate “optimal” control for w*
given by

@ = (1a@1 + Lac(aoly ooy + @™ Ljge 71))L[re, 11,
where
A= {w(r® X7 (7%) = w (=, X7 (z%))}.
Let us check that what we constructed actually works: Let us abbreviate

(X, Y) — (XO[®T(X& YU.,O[®T(X&)‘

t,x s Ltx,y

Note that

X(s) = ﬂAX;)f?’a&l (s) + IlAanf;@Taao () for t% <s <6,
(3.22) ~
Y(S) — ]]_A Y;"l;cofg)‘raal (S) 4 ]]-ACYtL,l;CC’{f?taaO (S) for _[O( S s 5 001.

Again for brevity, let us introduce the following sets:
E={Y (%) <w"(r% X (%))}, Eo=ENA, Ei=ENAS,
G ={Y(p) <w(p, X(p))}, Go={Y(p) <w(p, X(p))}.
Observe that
E=EyUE], EoNEi=@ and GyCG.

The proof will be complete if we can show that P(G|B) > 0 for any nonnull set
B C E. In fact, it suffices to show that P(G N B) > 0. Relying on the decomposi-
tion P(GN B) =P(GN BN Ey) +P(GN BN E) (recall that B C E), we will
divide the proof into two steps:

(1) P(B N Ep) > 0: Directly from the way & is defined, the definition of the
stochastic sub-solutions and BN Ey C A, we get

P(Go| B N Eo) =P(Y;577 " () < w(p, X753 (0)|B N Eg) > 0.
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This further implies that P(G N B N Eg) > P(GoN BN Eg) > 0.
(i) P(BN Ey) > 0: From (3.22) and BN E| C A€,
P(Y(0%) < w* (0%, X (6%))|BNE})
= P15 (6%) < wk (6%, X7 (6%))|B N Ey).
The analysis in [8] shows that
A)=Y(s AO%) — (p(s A%, X(s AOY)) + k)

is a super-martingale up to a change of measure. We will summarize these argu-
ments here: Let

r(s) == oy (s, X(5), Y (s), ulaols, ao) — ox (s, X (s),a0) Dy(s, X (s)),
B(s) := (@i (s, X (5)) + H'D90(5 X (5), Y (5), Do(s, X (5)), D*¢(s, X (5))))

1) | A L) 1=4)-

From the definition of #* and the regularity and growth conditions in Assump-
tions 2.1 and 2.4, 8 is uniformly bounded on [t%, 8%]. This ensures that the posi-
tive exponential local martingale M defined by the SDE

o

M) =1 +/ M(s)B, dW;

o

is a true martingale. An application of 1t6’s formula immediately implies that M A
is a local super-martingale. By the definition of 6%, A is bounded by —§ — « from
below and by § — « from above on [t%, 8¢]. Therefore, M A is bounded above
by a martingale 2M§, and below by another martingale —2M§. An application of
Fatou’s lemma implies that M A is a super-martingale.

From the definition of £ and w*, A(t%) <0 on B N E. The super-martingale
property of M A implies that there exists a nonnull H C BN Ey, H € FL. such
that A(6% A p) <0 on H. Therefore, from the decomposition

A% A p)ia = (Y (0F) — (0(61 . X(61)) + ) Lanr <03 np)
+ (Y (63) — (¢(65, X (65)) + &) Lunios <02 ap)
+ (Y (p) — (¢(p. X () + &) Lun(p<oe),
we see that
(3.23)  Y(6F) — (e(0F, X(67)) +«) <0  on HN{Of <65 Ap},
(3.24)  Y(05) — (905, X(05)) +k) <0  on HN {65 <6 A p}
and that
(3.25) Y(p) — (p(p, X(p)) +«) <0 on HN{p <0}



STOCHASTIC PERRON FOR STOCHASTIC TARGET GAMES 1099

On the one hand, on H N{6} < 05 A p}, (0F, X (07)) +k <w (6}, X(67)). Then
from (3.23), we will have
(3.26) Y(0F) <w(6f, X(67))  on HN{O) <65 Ap}.

On the other hand, on H N {05 <67 A p}, we get Y (05) — ¢85, X (05)) = —6.
[The right-hand side cannot be equal to §; otherwise (3.24) would be contradicted.]
Recalling the fact that ¢ < w + & on B(ty, xo, €/2), this observation gives that

Y (03) —w(07, X(67)) = (¢ —w)(63, X (65)) =8 <0
(3.27)
on HN {65 <6f A p}.
We have obtained in (3.26) and (3.27) that
Y(0%) <w(0% X(6%)) on HN{6* <p}.

Now from the definition of stochastic sub-solutions and of o*, we have that

(3.28) P(GolHN{6* <p})>0 if P(H N {6* < p}) > 0.
On the other hand, (3.25) implies that
(3.29) P(GIHN{0* > p}) >0  if P(HN{6%> p})>0.

Since P(H) > 0,Go C G,and H C E1 N B, (3.28) and (3.29) imply P(GN E1 N
B) > 0.

Step 2.2. The boundary condition:

Assume that for some xo € R?, we have

(3.30) v (T, x9) < g(x0)-

Since g is LSC, then from (3.30) there exists € > 0 such that

(3.31) v (T, x0) <g(x)—e¢ for |x — xg| < e.

Since v~ is LSC, then v~ is bounded below on the compact (rectangular) torus

T = B(T, xo; ¢) — B(T, x¢; €/2). Choose 8 > 0 small enough, such that

&2
v (T, x9) —— <infv™ (¢t,x) — .

4 T
By a Dini-type argument, there exists a w € U™, such that

2
(3.32) v (T, xo) — :—ﬂ <infuw(t,x) —e.

We now define for C > 0,

o2
oPC = v (T, xo) — % —C(T —1).
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For any ag we can choose large enough C,>
o€ How(. PC DEPC D2PC) >0 on B(T, x0; ¢),

where H"-“ is the same as that in (3.21), ug = (T, xo, (T, x9), ox (T, x0, ag) X
Do(T, x¢), ag). Then from the continuity of the coefficients in Assumption 2.1 and
the continuity of &# in Assumption 2.2, for any ag, and there exists a small enough
8 > 0 such that

<p,’3’C+H“’“°(-,y,D(pﬁ’C,Dz(pﬂ’C) >0 Y(t, x) € B(T, xo, €)

and (y,u) € R x U s.t. |y —<p’3’c(t,x)| <34

and ||cry(t, xX,y,u,ag) —ox(t, x,ao)Dgoﬂ’C(t, x)|| <34.
Choosing C at least as large as ¢/28, we obtain from (3.32) that

(pﬁ’c <w-—¢ onT.

Also we have that
(3.33) P C(T,x) <v (T,x0) <g(x)—e  for|x —xg| <e.
Now for « < & A § define

(3.34) hCx s | @) vw, on B(T.xo.e).
w, outside B(T, xo, €).

From (3.33) and (3.34) it is easy to see that whCH(T, x) < g(x). By applying
arguments similar to those in step 2.1, we can show that w# € is a stochastic sub-
solution with w?C*(T, xo) > v (T, xo). This contradicts the definition of v~.

O

To characterize v as the unique viscosity solution of (2.4), we need a comparison
principle.

PROPOSITION 3.1 (Comparison principle). Under Assumptions 2.1, 2.2
and 2.3, the comparison principle for (2.4) holds. More precisely, let U (resp., V)
be a bounded USC viscosity sub-solution (resp., LSC viscosity super-solution) to
24).IfU <V onDr,then U <V onD.

PROOF. Step 1: Without loss of generality, assume that
Jy > 0, such that H(r,x,y, p, M) — H(t,x,y', p, M) < —y(y — ')

(3.35)
forall y > y'.

2Similar analysis for (3.14) will guarantee that choosing C is possible.
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Otherwise, let U (¢, x) = ! U(t,x) and V(t,x) = eV (t,x). Then a straightfor-
ward calculation shows that U (resp., V') is a sub-solution (resp., super-solution)
to

—@; —I-NI(-,w, Dgo,ngo):O onD_r,
(3.36)

=g on Dr,

where g(x) = ecT g(x) and H is the same as that in (3.18). We can choose ¢ large
enough such that (3.35) holds for H. In fact, from the Lipschitz continuity of u}
in Assumption 2.3, for y > y/,

H(t, x,y, p, M) — H(t,x,y’, p, M)

ct ./

=—c(y—y)+ e”(,u')zz(t, x,e "y e ox(t,x,a)p,a)

—pl(t,x, ey, e ox(t,x,a)p, a))
<—cly—y)+e'L-e"(y—y)
=—(c=L)(y-Y).

where L is the Lipschitz constant and

H%t, x, y, ps M) :=—cy — ey (t,x,e "y, e "ox(t,x,a)p,a)
+uxt,x,a) p+ %Tr[axa;—(t, x,a)M].

Then y := ¢ — L > 0 for large enough c. Since H() = SUP4c A H(), equa-
tion (3.35) holds for H.

Step 2: In this step, we claim that for large enough A, Vs :=V + Se M(1+ |x|2)
is a LSC viscosity super-solution to (2.4) for § > 0. Then, if we can show that
U — Vs <0onD forall § > 0, we will get the required result by sending § to zero.
Now we prove the above claim.

Obviously, the boundary condition is satisfied. Let ¢ be a smooth function
which strictly touches Vs from below at (#g, xo) € D-r. Let go‘s =@ — Se (1 4+
|x|?). Then V — <,o‘S has a strict minimum at (¢p, xo). Since V is a viscosity super-
solution, then it holds that

(3.37) 0} + H(t,x,¢°, Dg®, D*¢%) < 0.
Note that

0 =g +28e M (1+x?). D¢’ =Dp—25eHx,
(3.38)
Dz(p‘S = Dz(p — 26e_MId><d.

Consider the difference of H(z,x,¢%, D¢®, D?¢®) and H(t, x, ¢, Do, D).
From (3.38) and Assumption 2.1, we get

5 39)1u§<r,x, a)Do(t, x) — jux(t,x,a) Dg’ (1, x)| < K|Do(t, x) — D’ (t, x)|
' —2K8e M |x|.
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Similarly,

(3.40) ’% Tr(axo;(t, X, a))DZ(p(t, x) — % Tr(axg;(l’ X, a))D2<p5(;, )|
<K*dse™.

From the Lipschitz continuity of ,u?, in Assumption 2.3,

|u@(t,x,(p,ox(t,x,a)D(p,a) — ,uf;/(t,x,go‘s,ax(t,x,a)D(pa,aﬂ
4D < L(8e ™ (14 |x]*) 4+ 2K e |x]).
From (3.39), (3.40) and (3.41),
|H (1, x, ¢, D@’ D?¢ )— H(t,x, ¢, Dy, Dz(p)|
<8eM(1 4 |x*)(L+ LK + K*d + K).
Taking A > A* := L + LK + K?d + K, from the above inequality, we get
@+ H(t,x, ¢, Do, Dz(p) < wf + H(t, x, ¢°, D°, Dz(p‘S) — )»86‘”(1 + |x|2)
+|H(t,x,¢°, Dg®, D*¢®) — H(t, x, 9, D, D*9)|
< (,0;S + H(t, x, ¢°, D¢°, chp‘s) <0.

Step 3: In this step, we show that U — Vs <0 on D for all § > 0. From bound-
edness of U and V, for all § > O,

(3.42) lim sup (U — Vs)(¢t, x) = —o0.

lxI=0010,7]

This implies the supremum of U — Vs on D is attained on [0, T] x O for some
open bounded set O of R?. We assume

M* :=sup(U — Vs) = max (U — Vs) >0,
DP( s) [O,T)XO( )
and we will obtain a contradiction to the above equation. We consider a bounded

sequence (Zg, Ss, Xg, Ye)e that maximizes &, on [0, T1? x R? x R? with ®, =

U(t,x) — Vs(s,y) — e(t,5,x,y) and e (¢, 5, x, y) := 5- (|t — s[>+ [x — y[»). By
arguments similar to those in Theorem 4.4.4 of [10], we know that (., s¢, X¢, Vs)e
converges to (fo, to, X0, Xo) for some (¢, x9) € [0, T] x O and

(3.43) Ms=<1>(te,se,xa,ya)—>M* and @ (g, Sg, xg, Ye) — 0.

In view of Ishii’s lemma (Lemma A.2), there exist M, N € S¢ such that

1 1 =24
(;(rg — 500, = ), M) e P U ),

1 1 L,
(g(ts—ss),g(xs_YS),N> epP V5(t5x)
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From the viscosity sub-solution and super-solution characterization of U and V;
in terms of super-jets and sub-jets, we then have

1 1
_g(ts —Sg) — H<ts»xs» U(te, x¢), g(xs — Ye), M) <0,

1 1
_g(ts —8g) — H<ss’ Ve, Vs(Se, ye), g(xs — Ye), N) > 0.

By subtracting the two inequalities above, we get
1 1
H(té‘v Xe, Ulte, x¢), g(xs — Ye)s M) > H<Se7 Yes Vs (e, ye), g(xs — Ye)s N)-

Subtracting H (t¢, x¢, Vs(se, Ye), %(xg — ¥¢), M) from both sides of the equation
above, we get

1
LHS 1= H (1e 50, U, 0). (50 = 30, M )
&
1
- H(ts’xs’ Vs (se, Ye), g(xe — Ye), M>
1
(3.44) = H(Sea Ve, Vs(Se, ¥e), g(xe — Ye)s N)

— H (te ke Voo 3005 (e — 300, M )
=: RHS.
On the one hand, since U (tg, xo) — Vs(se, ye) = M*,
(3.45) LHS < —y (U(te, xe) — Vs (se. ye)) < —y M*.

On the other hand, applying inequality (A.5) to C = ox(t;,x.,a) and D =
ox (Se, ye, a), we get

1 1
I = 3 Tr[axa)—(r(tg, Xe,a)M] — 3 Tr[o*xcr;(sg, ye, a)N ]
3
< % Te[(0x (te, xe) — 0x (5, ¥e)) (0% (te, Xe) — ox (56, ye)) | |

1
=< go(h‘s _Ss|2+ | xe _ys|2) — 0.

In the last inequality, we use (3.43) and Lipschitz continuity of ox (uniformly
in a). Therefore,

(3.46) I1—0 as & — 0, uniformly ina € A.
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Similarly, from (3.43) and Lipschitz continuity of wx (uniformly in a)

—0

L= _Mx(tsa Xe,a)(Xe — yg) — gﬂx(sa Ve, @)(Xe — Ye)

(3.47)
uniformly ina € A.

From (3.43) and Lipschitz continuity of oy (Assumption 2.1) and u’f, (Assump-
tion 2.3), we get

) Xe — Y
I3 := ‘“L{’(l‘g,m, Va(Ss,ys)’UX(ts’xs’a)( : € 8)’a)

R Xe—y
_Mb}tf(se?ays» VS(SaYE),O'X(ss,yg,a)( = e 8>,a)

< v(|te — Se| + |xe — 1 —s5e)? — ) =0 0
= € e e y8|)+280(|t€ Sel” + |xe — Yel )_> ase — U,

where v(z) — 0 as z — 0. The first term in the last inequality above is the modulus
of continuity of uf in the variables (¢, x) (uniformly in a) and the second term
comes from similar arguments for /; and I,. Therefore,

(3.48) I3 — 0 uniformly ina € A.
Then (3.46), (3.47) and (3.48) imply that
(3.49) RHS — 0 as e — 0.

From (3.44), (3.45) and (3.49), we obtain a contradiction. []

COROLLARY 3.1. If g is continuous and Assumptions 2.1-2.5 hold, then v is
the unique bounded continuous viscosity solution of (2.4).

PROOF. From Theorem 3.1, v (resp., v™) is a bounded USC viscosity sub-
solution (resp., LSC viscosity super-solution) to (2.4). Then v (T, x) < g(x) <
v~ (T, x). This implies v < v~ on D from Proposition 3.1. Since v* > v > v~
by definition, vt = v = v~. We have shown that v is continuous and a bounded
viscosity solution of (2.4).

To check the uniqueness, let w be a bounded continuous viscosity solution of
(2.4). Note that w is a LSC viscosity super-solution and v is an USC viscosity
sub-solution of (2.4). From Proposition 3.1, v < w on D. Similarly, w < v on D.
This implies w=vonD. U

From Theorem 3.1 and Corollary 3.1, we obtain dynamic programming princi-
ple as a byproduct.

COROLLARY 3.2 (Dynamic programming principle). Assume g is continuous
and Assumptions 2.1-2.5 hold. For any (t, x) € D, the following two statements
hold:
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DPP 1. For any y > v(t, x), there exists u € $A(t) such that for all a € A" and
0es,

Vs (©) = v(0, X7(9)).

DPP 2. For any y < v(t,x) and u € $\(t), there exists a € A" such that for all
0es,

P(Y,‘jﬁy >v(0, X7,()) < 1.

PROOF. DPP 1:If y > v(t,x) = vT (¢, x) (due to Corollary 3.1), there exists
aw € U™ such that y > w(t, x). From the definition of stochastic super-solution,
there exists u € $L(¢) such that

Y 0) = w(6, XE L (0)) > v(0, X7 ,.(0))

forall @ € S' and o € A’.

DPP2:If y < v(t,x) = v (¢, x) = sup,,¢~ w(t, x), there existsa w € &~ such
that y < w(¢, x). From the definition of stochastic sub-solution, for any u € $l(¢),
there exits an o € A’ such that

P(Y,ﬁ‘;ffy(e) <w(0, X{(0))) >0

forall & € S'. Since w(0, X7:(0)) <v(0, X7 ,(0)), this gives us the desired result.
O

APPENDIX

A.1. Proof of Proposition 2.1. 'We carry out the proof in two steps. First un-
der Assumptions 2.2 and 2.3, we will show that there exists a classical solution
to (2.4). Next, we will show that if we additionally have Assumption 2.1, then
every classical super-solution is a stochastic super-solution, which implies in par-
ticular that ™ is not empty.

Step 1. Existence of a classical super-solution to (2.4):

Step 1A. In this step we will assume that ;1 is nondecreasing in its y-variable.
Letting ¢ (¢, x) = —e’' we have that

(A1) ¢+ H(t,x,p, Dp, D*¢p) = —re*' + sup{—pul(t, x,p(t, x),0,a))}.

acA

From the linear growth condition of u’{, in Assumption 2.3, we know there ex-
ists an L > 0, such that —,u”g,(t, x,¢(t,x),0,a) <L+ |¢(t,x)|) =L + ).
Therefore, from (A.1),

¢+ H(t,x,¢, Do, D*¢) < —re™ + L(1+¢) <0  inD, for r>2L.

Fix A > 2L, and choose N> such that —e*” + Ny > ||glloo. Then ¢'(T,x) =
¢(T,x) + Np > g(x). From the assumption that } is nondecreasing in its y-
variable, it holds that

¢+ H(t.x,¢/, D¢/, D’¢') <0  onD.r.
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Therefore, ¢’ is a classical super-solution. )

Step 1B. We now show the same result for more general . This follows the
same reparameterization argument outlined in step 1.2B in the proof of the main
theorem.

Step 2. Classical super-solutions are stochastic super-solutions. Let w be a clas-
sical super-solution. Fix (f,x,y) € D x R and {t%} € &. Let Y be the unique
strong solution (which is thanks to Assumption 2.3) of the equation

Y =Y0,(r%)
vl -
+/ wy (s, X7, (), Y (s), ox (s, X7, (s), o) Dw(s, X7 (5)), as) ds
-[(l

TYvVvI
—I—/ ox(s, X7, (s),a5)Dw(s, X7 . (s)) d Wy, [>1%,
¢ ’ '
for any u € 4(r) and o € A, and set Y (s) = ¥;';", (s) for s < 7% We will set il to
be
i :=ula](s) =ﬁ(s,Xffx(s),Y(s),oX(s, Xffx(s),as)Dw(s,Xffx(s)),as).

It is not difficult to check that &t € (¢, {t*}). We will show that for any u € $4(¢),
a € A’ and each stopping time p € §', t* < p < T with the simplifying notation

X:=X}.,Y:= Y,lf%fyaﬁ[a]’a, we have
Y(p)=w(p, X(p)) P-a.s.on {Y(t%) > w(r*, X(t%))}.
Note that Y = Y,Lf?’ya el gop > 7%, We will carry out the rest of the proof in two

steps.
Step 2A. In this step we will assume that py is nondecreasing in its y-variable.
Let

A={Y(r%) > w(r*, X (%))}, Z(s)=w(s, X(s)),
[(s) = (Z(s) — Y(s))1La.
Therefore, for s > %,
dy = ul);,(s, X(5),Y(s),0x(s, X(5), as) Dw(s, X (s)), os) ds
+ox(s, X(s),o5) Dw(s, X (s)) dW;,
dZ = {w;(s, X (5)) + px (s, X (5), &) Dw(s, X (5))
+ %Tr[oxo; (s, X (s), ozs)Dzw(s, X(s))]}ds
+ox(s, X(s),05) Dw(s, X (s)) dW;.

From above equations,

N

(A.2) I(s) = ILA/ (Ew) —y' (w))du for s > %,

-L—(!
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where
y' =l (X, w, X), ox (. X, @) Dw(-, X), &) — ux (- X, ) Dw(-, X)
— %Tr[axa;(-, X, a)D*w(-, X)] —wi (-, X)
and
£:=ul (. X, Z,ox(. X, ) Dw(-, X), &) — b (-, X, Y, 0x (-, X, @) Dw(-, X), ).

Since w is a classical super-solution y’ > 0. Then from (A.2) it follows that
I'(s) <14 /s Eu)du and TH(s) <14 /S ETw)du  fors> 1.
T« T«
From the Lipschitz continuity of u’;‘, in y-variable in Assumption 2.3,
TH(s) <1y4 /S ET(u)du < /S LT (w)du  fors> 1,
T T«

where we also use the assumption that ,u',;, is nondecreasing in its y-variable to
obtain the second inequality. Since EI'*(z%) = 0, an application of Gronwall’s
inequality implies that ET' " (p) < 0.

Step 2B: Now we will show the same result for more general M?/- However, this
again follows the same reparameterization argument outlined in step 1.2B in the
proof of the main theorem.

A.2. Proof of Proposition 2.4. Take w(¢, x) = m for any (¢, x) € D, where
the constant m is a lower bound of g. For any given u € $4(¢), « € A’, choose any
acA'. Let BC{Y (%) < w(z, X(r%))} and P(B) > 0. Set

HydTy

lloy 12

(S, X(S)’ Y(S)’ u[a ®IO‘ &]Sa [Ol ®‘L’D‘ az]s)»

if oy (s, X(5), Y (5), u[or ®ze &y, [ @ &]5) #0,
C, otherwise,

0, &

for some constant vector S in RY. Therefore, 0, satisfies Novikov’s condition due
to Assumption 2.7, and W(s) = W(s) — fos 0, du is a Brownian motion under the
probability measure Q, where

Q(A) = Ep(Z71,) forall A e F and

s 1 rs
Zs = exp(/o 0,dwW, — 5‘/(; ||9u”2d”)'

Zt € L4(P) for any g > 1 since 6 is a bounded. From Assumption 2.6 and the
assumption that oy is invertible in its u-variable (Assumption 2.2), it follows that
oy(t,x,y,u,a) =0implies uy(t, x, y, u, a) = 0. Therefore under Q

dY (s) =oy(s, X(s), Y (s), u[&@]y, &) dW,  fors > 1%,
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where Y = Y;fff? “¥ We will show that the Q-local martingale Y is actually a
Q-martingale. Assumption 2.1 implies that

(A.3) E]p[o supT|Y(s)}2] < 00;

see, for example, Theorem 1.3.5 in [10] or Theorem 2.2 in [17]. As a result an
application of Holder’s inequality yields

EQ[ sup \Y(s)]] =E[p>[ sup |Y(s)\-ZT]
0<s<T 0<s<T
(A4) )
§]Ep[ sup |Y(s)] ]EP[Z%] < 00.

0<s<T
From (A.4), Y is a martingale on [t*, T'] under Q. Moreover, since Q is equivalent
to P we have Q(B) > 0. As a result of the latter two statements, for any p > t¢,
Y(p) <Y(t%) on some set H C B with Q(H) > 0.
Since H C B,
Y(p)<Y(t%) <m=w(, x) on H.

This implies Q(Y (p) < m|B) > 0 and by equivalence of the measures P(Y (p) <
m|B) > 0. Therefore, w(t, x) = m is a stochastic sub-solution. Il

A.3. Some well-known results from the theory of viscosity solutions. In
this subsection, we introduce an alternative definition of viscosity solutions and
Ishii’s lemma following [10]. First, we define the second-order super-jet of an
USC function U at a point (¢,x) € [0, T) X R as the set of elements @, p, M) €
R x R? x 8¢ satisfying

Ult,x) <UGD) +qt—D+P-(x —X) + sM(x —X) - (x — %)
+o(lt = 7| + |x —XI%).
This set is denoted by P>t U (7, %). Similarly, P>~V (7, X), the second-order sub-
Jet of a LSC function V at the point (7,%) €[0,T) x R? is defined as the set of
elements (7, p, M) € R x RY x S? satisfying
Vit,x)=VEX)+qt —D+P- (x —X) + 3M((x —X) - (x —X)
+o(lt — 7|+ |x —X%).

For technical reasons related to Ishii’s lemma, we also need to consider the
limiting super-jets and sub-jets. More precisely, we define U (t,x) as the
set of elements (¢, p, M) € R x R x 8% for which there exists a sequence
(Tes X, Ges Pes Me)e satisfying (qe, pe, Me) € P2’+2U(ts, xg) and (fg, xe, U (te, Xe),
ge, e, M) — (t,x,U(t,x),q, p, M). The set P77 V(t,x) is defined similarly.
Now we state the alternative definition of viscosity solutions to (2.4).
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LEMMA A.1. A USC (resp., LSC) function w on D7 is a viscosity sub-
solution (resp., super-solution) to (2.4) if and only if for all (t,x) € D.r, and
all (q, p, M) € ?2’+w(t, x) [resp., FZ’_w(I,x)],

—q —H(t,x, w(t,x), p, M) < (resp.,>) 0.

Finally, we state Ishii’s lemma used in [10] without proof and refer the reader
to Theorem 8.3 in [9].

LEMMA A.2 (Ishii’s lemma). Let U (resp., V) be an USC (resp., LSC) function
onD_r,¢p€ Ch122(10, T)% x R4 x RY), and (19, so, X0, yo) € [0, T)2 x R x R4
a local maximum of U(t,x) — V(s,y) — ¢(t, s, x,y). Then, for all n > 0, there
exist M, N € 8¢ satisfying

and

—=2,+
(‘Pt(th 50, X0, )’O)a Dx(P(IO’ 50, X0, y0)7 M) ep U(ta -x)’

-2, —
(_(Ps(tO, 50, X0, YO), _Dy(p(th 50, X0, }’O), N) € P V(t’ .X)

M 0 2
( 0 N) < Df,yw(fo,SO,XO,yo) +77(D§,y</)(10,S0,XO,}’0)) .

REMARK A.l. From Remark 4.4.9 in [10], by choosing ¢.(¢,s,x,y) :=
%(lt — s>+ |x — y|2) and n = ¢, for any d x n matrices C, D, we get

(A.5) Tr(CC"M — DD'N) < gTr((C —D)(C—-D)").
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