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nonparametric additive models in which the number of additive compo-
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is believed to include only a small number of components. Bayesian ap-
proaches can conduct stochastic model search and fulfill flexible parameter
estimation by stochastic draws. The theory shows that the proposed model
selection method has satisfactory properties. For instance, when the hyper-
parameter associated with the model prior is correctly specified, the true
model has posterior probability approaching one as the sample size goes
to infinity; when this hyperparameter is incorrectly specified, the selected
model is still acceptable since asymptotically it is shown to be nested in
the true model. To enhance model flexibility, two new g-priors are proposed
and their theoretical performance is investigated. We also propose an effi-
cient reversible jump MCMC algorithm to handle the computational issues.
Several simulation examples are provided to demonstrate the advantages
of our method.
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1. Introduction

Suppose the data {Y;, X1, ..., Xpi i, are 4d copies of Y, X1, ..., X, generated
from the following model

p
Y;:ij(in)—f—Ei, 1=1,...,n, (11)
=1
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where €;’s denote the zero-mean random errors, and for each j = 1,...,p, X;
is a random variable taking values in [0,1], f; is a function of X, satisfying
E{f;j(X;)} = 0. The zero-expectation constraint is assumed for identifiability
issue. Model (1.1) is called the additive component model; see [26, 41] for an
excellent introduction. Suppose model (1.1) contains s,, significant covariates,
and the remaining p — s,, covariates are insignificant. Here we assume p/n — oo
as n — oo, denoted as p > n or equivalently n < p, but ideally restrict
$n = o(n), i.e., the true model is sparse. Our goal is to explore an automatic fully
Bayesian procedure for selecting and estimating the significant (nonvanishing)
f;’s in model (1.1).

When each f; is linear in X, (1.1) reduces to a linear model. There have
been a considerable number of frequentist approaches exploring issues on model
selection in ultrahigh-dimensional situations, i.e., logp = O(n¥) for some k > 0.
The representative ones include regularization-based approaches such as [24, 32,
37, 39, 48, 50, 53, 54, 56], and correlation-based approaches such as [13, 15, 51].
An insightful review is given by [14].

Model selection on the basis of a Bayesian framework is conceptually differ-
ent. Specifically, Bayesian approaches conduct stochastic search of the models
and evaluate each model by its posterior probability. Three major advantages
of Bayesian selection methods are worth mentioning: (1) Bayesian approaches
can perform model selection, parameter estimation and inference in a unified
manner through posterior samples, no additional procedures such as prescreen-
ing, thresholding or data splitting are needed; (2) the choice of the hyperpa-
rameters is flexible by fulfilling stochastic draws; and (3) Bayesian methods
allow the practitioners to incorporate prior information in the process of model
search. The last feature might be attractive in small sample problems where
prior information may be useful to address data insufficiency. There has been
an amount of literature on Bayesian model selection in linear models. For ex-
ample, when p is fixed, [1, 7, 17, 21, 34] show that, under certain regularity
conditions, the posterior probability of the true model converges to one as n
increases, in other words, posterior model consistency holds. This means that
the proposed Bayesian selection method is asymptotically valid. Later on, these
results were generalized by [30, 42] to the growing p situation with p = O(n). In
ultrahigh-dimensional situations, [44] considered a fully Bayesian hierarchical
model with a prior controlling the model size and obtained posterior model con-
sistency. A straightforward MCMC algorithm was developed for model search.
Based on an extended Bayesian information criteria, [35] established posterior
model consistency in generalized linear models.

However, in many practical applications there might be little evidence con-
firming linearity of the f;’s, for which a nonparametric assumption on the f;’s
will largely enhance model flexibility, leading to the so-called nonparametric ad-
ditive models. Surprisingly, theoretical studies relating to model selection in non-
parametric additive models are almost all in frequentist settings. For instance,
[31, 36, 40] explored issues relating to component selection with smoothing con-
straints assumed on the nonparametric functions. [25, 38] proposed penalty-
based approaches and studied their asymptotic properties. [12] proposed a learn-
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ing approach based on independent correlation and proved selection consis-
tency. To the best of our knowledge, theoretical studies in Bayesian settings
are nonexistent, especially when p > n. In terms of empirical evaluation,
[46] proposed an objective Bayesian approach using penalized splines, [8] pro-
posed a Bayesian framework based on adaptive regression trees, and [45] pro-
posed a Bayesian framework based on a spike-and-slab prior induced from
normal-mixture-inverse-gamma distributions. However, theoretical validity of
these methods in ultrahigh-dimensional scenarios has not been justified.

In this paper, we propose a fully Bayesian hierarchical model which involves
a new spike-and-slab prior on the function coefficients and a novel prior control-
ling the model size, namely, the size-control prior. The spike-and-slab prior has
two important features: first, it either removes or includes the entire block of
function coeflicients, which is useful for model selection purpose; second, within
each block, suitable decay rates are assumed on the function coefficients via their
prior variances to produce smooth estimate of the nonparametric function. The
size-control prior, which involves a size-control parameter, effectively restricts
the scope of the target models, and facilitates both theoretical and comput-
ing issues. Based on the proposed Bayesian framework, we show that when the
size-control parameter is correctly specified, posterior model consistency uni-
formly holds when the hyperparameters are confined by suitable ranges; when
the size-control parameter is incorrectly specified, the selection results are still
acceptable in the sense that the selected model is asymptotically nested in the
true model, in other words, the number of false positives asymptotically van-
ishes. Interestingly, the asymptotic results are shown to be true even in the
hyper-g prior settings. Furthermore, a novel and nontrivial blockwise MCMC
procedure is proposed for computation. Our MCMC procedure allows stochas-
tic search of all critical hyperparameters including the blocks of the function
coefficients, the indicator variables representing inclusion/exclusion of the vari-
ables, the size-control parameter, and even the number of basis functions used
for model fitting. The most challenging part in computation is the so-called
trans-dimensional problem, which is successfully resolved by a novel and non-
trivial variation of the “dimension-matching” technique proposed by [19] in the
reversible jump MCMC approach. Simulation results demonstrate satisfactory
selection and estimation accuracy of the proposed method. Performance un-
der different basis structures is also examined. To the best of our knowledge,
our work is the first one establishing a both theoretically and empirically ef-
fective fully Bayesian procedure for function component selection in ultrahigh-
dimensional settings.

The rest of the paper is organized as follows. In Section 2, we carefully de-
scribe our fully Bayesian model and the prior distributions on the model param-
eters. In Section 3, asymptotic results are provided for both well specified and
misspecified model spaces. In the meantime, two new types of g-priors are con-
structed and their theoretical properties are carefully studied. Section 4 contains
the details of the MCMC algorithm. Section 5 includes the simulation exam-
ples showing the satisfactory performance of the proposed method. Section 7
summarizes the conclusions. Technical arguments are provided in Appendix.
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2. A Bayesian nonparametric size-control model

Before describing our model, we introduce some notation and assumptions that
are used frequently in this paper. We associate each f;, j =1,...,p, a 0\1 vari-
able v; indicating the exclusion\inclusion of f; in the model (1.1). Specifically,
when «; = 0, f; = 0 implies that f; is not included in model (1.1); when v; = 1,
fi # 0 implies that f; is included in model (1.1). Define v = (y1,...,7%)%.
For simplicity, we denote j € ~ to mean that 7; = 1, and denote j € —v
to mean v; = 0. Throughout we use |vy| to denote the number of ones in
~, which is called the size of ~. It is clear that there are totally 2P possi-
ble «’s representing 2P different models, each of which determines a subset of
{fj + 7 =1,...,p} that are included in model (1.1). In other words, under
7, model (1.1) is equivalent to Y; = 3>, fi(Xji) + €, 1 = 1,...,n. For any
¥ =) and ' = (1,97 let (9\Y); = I(y; = 1,7} = 0), and
(yN~"); =1(v; =1,7; = 1). Thus, v\~y" is the 0\1 vector indicating the func-
tional components present in model 4 but absent in model 4/, and 4N+’ is the
0\1 vector indicating the functional components present in both models v and
~’. We say that - is nested in 4 (denoted by v C v’) if v\’ is zero. We further
assume {f;—),j = 1,...,p} to be the true functional components, and denote
Y=, yp)" with A9 = I(f) # 0). That is, the data {Y;, X14, ..., Xpi}iey
are truly sampled from model Y; = 37, o f(Xji) + €, i =1,...,n. Thus, 4°
represents the true model where data are generated, and s,, = |y°| denotes the
size of the true model, i.e., the number of components f;’s included in the true
model.

For j =1,...,p, define an inner product (f;, f;); = E{f;(X;)f;(X;)} for any
fi, f; € H;, where H,; is the class of functions on [0, 1] satisfying E{|f;(X;)|*} <
oo and E{f;(X,)} = 0. This inner product induces a norm denoted by || - |;,
that is, || f;]l; = VE{|f;(X;)|?}. Suppose the density function d;(x;) of X; sat-
isfies 0 < Ky < d;(xj) < Ko < oo for any x; € [0,1] and j = 1,...,p, where
K1, Ky are constants. Clearly, under (-,-);, H; is a well-defined Hilbert space.
Let {yj;,l = 1,2,...} C H; be the orthonormal basis functions for H; under
(-,+);. Any function f; € H; thus admits the Fourier series f; = >.,°, Bjipji,
with 81 = (f;, @), being the Fourier coefficients. It can be shown that f; =0
if and only if all the Fourier coefficients f;’s are zero. Therefore, to detect
whether f; vanishes or not, it is sufficient to detect whether the 3;;’s are zero.
In general, f; might correspond to infinitely many Fourier coefficients. Han-
dling all the Fourier coefficients is computationally infeasible. Furthermore, it
is commonly believed that only a finite subset of the Fourier coefficients cap-
ture most of the information possessed by f;. Thus, we consider the partial
Fourier series f; ~ >, Bjip; with truncation parameter m, where m = m,,
is a sequence increasing with n. General theory on Fourier analysis leads to
that || f; — >, Bjejill; approaches zero as m — oo, showing the validity of
such approximation. We introduce some additional matrix notation to simplify
the expression of our model. For j = 1,...,p and [ = 1,...,m, define 8, =

(Bis - Bim)T @ = (@ (Xj1), - 0(Xjn)T, and Z; = (®j1,..., Bjm).
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Thus, each Z; is n by m. For and ~, define Z, = (Z;,j € ), the n by m|y|
matrix formed by Z;’s with j € ~, and define 8, to be the m|y|-vector of
Fourier coefficients formed by 3,’s with j € 5. Define Y = (Y7, ... ,Y)T to be
the response vector.

We assume that the model errors ¢;’s are 7id zero-mean Gaussian with vari-
ance o2, therefore, model (1.1), given =, f;’s and o2, becomes

Vi~ N fi(Xji),0%), i=1,...,n. (2.1)

Jjevy

Since each f; can be well approximated by >, ; Bjip;i for some sufficiently large
m, the mean of Y; is approximately >, Sty Bivpji(Xji). Thus, (2.1) is ap-
proximately Y; ~ N (3, Sy Bieji(Xji),0?). In matrix form, this becomes

Y1, By 02 ~ N(ZoyB, 0°L). (2.2)

When «v; =0, f; = 0 implies that all the Fourier coefficients 8;;’s are zero. When
v; =1, f; # 0, we place normal prior distributions over its Fourier coefficients.
Explicitly, for j =1,...,p, we adopt the spike-and-slab prior for 3;;’s, i.e,

Bitlvj, 0% ~ (1 =)0 + v N(0,¢;o ), 1=1,...,m, (2.3)

where o (+) is the point mass measure concentrating on zero, {77, > 1} is a fixed
nonincreasing sequence, and c;’s are temporarily assumed to be fixed. Note that
the c;’s are used to control the variance of the nonzero coefficients, and therefore
can be viewed as the variance-control parameters. In many applications we may
choose Tf =~ CwtD) for | > 1, where w > 1/2 is a fixed constant characterizing
the degree of smoothness; see, e.g., [4]. The prior (2.3) can be viewed as a
direct multivariate extension of the conventional spike-and-slab prior on scalar
coefficients considered by [9]. Note that v; = 0 or 1 will exclude or include
the entire block of the coefficients 3;;’s, and within the nonvanishing block, the
coefficients follow the zero-mean Gaussian priors with variances decaying at the
rates Tl2’s, which may be useful to produce smooth estimates of the functions.
In [45], a different type of spike-and-slab prior was considered. Specifically, each
coefficient block is represented as the product of a scalar with normal-mixture-
inverse-gamma prior and a vector whose entries follow the bivariate mixture
normal priors with a constant variance.
A variety of priors can be assumed on ¢?. For convenience, we consider the
inverse y? prior, i.e.,
1/02 ~ 2, (2.4)

where v is a fixed hyperparameter. Other priors such as the noninformative
priors or the inverse Gamma priors can also be applied. All the results developed
in this paper can be extended to such situations without substantial difficulty.

In high-dimensional inference, it is commonly believed that only a small sub-
set of covariates contribute substantially to the model. Treating this as prior
information, the models with larger sizes should be assigned with zero prior
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probabilities, and only the models with smaller sizes should be assigned with
positive weights. We call this a size-control prior on the model space. Namely,
we choose the prior on -+ as

o Ty if |'7| < tn,
p(y) = { 0, otherwise, (2:5)

where m, for |y| < ¢, are fixed positive numbers summing to one, i.e.,
ZI yl<t, Ty =1, and t,, € (0,n) is an integer-valued hyperparameter controlling
the sizes of the candidate models. We name the set of models whose sizes are
not exceeding t,, as the target model space.

Denote D,, = {Y;, X14,...,Xpi}]~; to be the full data variable. It can be
shown by direct calculations that, based on the above hierarchical model (2.2)—
(2.5), the joint posterior distribution of (v, 3,,0?) is

p(v,B,,0°|Dy)
o< p(Y],B4,0%X;78)p(B, 17, 0?)p(v)p(0?)

Y -Z 241
x U—(n+v+2) exp <_ H ’7'6‘7” ) p(‘Y)

202

Trp—1
X H («/27rcja)_m det(T,,) "% exp (—M> , (2.6)

! 2¢c;0?
J€Y

where || - || denotes the Euclidean norm of a vector, and T, = diag(7Z,...,72).

Integrating out 3, and ¢ in (2.6), it can be checked that the marginal posterior
of v is

—(n+v)/2
p(7ID,) o det(W) () (14 Y7 (1, - 2,05 2)y) L
where W, = 2)/?U, 52 U, = 5! + 27'Z,, and 2, = diag(c; Ty, j € 7) is
the m|v| by m|v| diagonal matrix with diagonal elements (c;7Z,...,¢;72,) for
Jj € ~. We adopt the convention Zy = 0 and Xy = Uy = Wy = 1, where
means the null model, i.e., the vector v with all elements being zero. So (2.7)
is meaningful for 4 = (). The selected model ¥ is defined to be the one that
maximizes p(vy|D,,). Clearly, 4 belongs to the target model space since any
model outside the target space has zero posterior probability.

3. Main results

Suppose the data are truly drawn from the model Y; = >, o fJQ(in) + €,
where ¢;'s N(0,03) are independent of X;’s, o is a fixed (unknown) positive
number, and fjO € H; for j € 4°. Recall that 4° is a p-dimensional 0\1-vector
representing the true model, and s, = |4°| denotes its size. We only consider
sp > 0, i.e., the true model is non-null. Any fJQ for j € 4% admits the Fourier
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expansion f9 = >7%, 89pj1, where B9)’s represent the “true” unknown Fourier
coefficients of f7. When m is sufficiently large, 7 is approximated by its partial
Fourier series, that is, fJQ S PN B?lcpjl. To insure that such partial Fourier
series is a valid approximation, we assume a uniform error rate on the tails of
the Fourier series. Specifically, we assume that there are some positive constants
a > 1 and Cp such that
o0
02
1Bl < Cp. (3.1)

max max m®

m21j€y? l=m+1
It is easy to see that (3.1) is equivalent to maxjcqo [ f) — 3220, Bwnll; =
O(m~%), uniformly for m > 1. That is, the errors of the partial Fourier series
of the nonzero f](J ’s uniformly decrease to zero at rate m~“. For instance, when
fJQ’s uniformly belong to the Sobolev’s ellipsoid of order a/2, i.e.,
max;eo o1 1%65]* < oo, for some constant a > 0, it can be checked that
(3.1) holds. Namely, a measures the degree of smoothness of the nonzero func-
tions. A larger a implies that the nonzero functions are more smooth.

Define 1, = 3 ;c 0 [£13 and 6, = minjeyo|[f7];. Define P, =
ZV(Z,?ZA,)*Z,? to be the n by n projection (or smoothing) matrix correspond-
ing to . We adopt the convention Py = 0. Let A_(A) and A;(A) be the
minimal and maximal eigenvalues of matrix A. Suppose the truncation param-
eter m is chosen within the range [my, ms], where m; = mq,, ma = ma, with
m1 < msy are positive sequences approaching infinity as n — oo. The variance-
control parameters c;’s are chosen within [Qn, én] for some positive sequences

6 dn.

3.1. Well specified target model space

In this section we present our first theorem on posterior consistency of our
model selection procedure. We consider the situation t, > s,, that is, the hy-
perparameter t, is correctly specified as being no less than the size of the true
model. Thus, the true model is among our target model space, for which we say
that the target model space is well specified. We will present a set of sufficient
conditions and show that under these conditions, the posterior probability of
the true model converges to one in probability. Thus, the selection procedure
asymptotically yields the true model.
Define

S1(tn) = {7’ €y, v #4017 < tad,

and
So(tn) = {v|7° is not nested in ~, |v| < t,}.

It is clear that Si(t,) and Sa(t,) are disjoint, and S(t,) defined by S(t,) =
S1(tn) U Sa(tn) U{~°} is the class of all models with size not exceeding t,, i.e.,
the target model space. We first list some conditions that are used to show our
theorem.
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Assumption A.1. There exists a positive constant cy such that, as n — oo,
with probability approaching one

1
1/¢o <  min min  A_ (_ZTO\,Y(In - P,Y)Z,YO\,Y>

mE[ml,mg]‘yeS’g(tn) n v

1
< max max A [ =ZLoZ < ¢,
" mé€[ma,ma] YES2(tn) + (n YO\ 70\7) = Co

and )
min min  A_ <EZ’:C\"/“(I" — P’YO)Z’Y\‘YO) > 1/co.

me[mi,ma] YES1(tn)

Assumption A.2. sup, maxycg(s,) % < 00.

Assumption A.2 clearly holds if p(«) is chosen to be constant for v € S(t,,).
More generally, one can use the following prior

p(y) = qu'”(l — q)p_l'”, |v| < 5; 0, otherwise, (3.2)

where C' > 0 is normalizing constant such that p(v) defines a valid probability
measure, and ¢ = ¢, € (0,1). We choose ¢ such that ﬁ =1+ 1/a, for some
positive sequence a,, satisfying t,, = O(ay,). The prior (3.2) satisfies Assumption
A.2. Next we verify this argument. If t,, > s,, then it can be shown that for any
v with |y| < tn,

[¥|=sn
p(v) < q ) Iyl .
= — =(1+1/a,)" " < (1+1/a,)™ = O(1),
o - \T=g (1+1/an) (1+1/an) (1)
where the O(1) term in the final equation is not depending on ~. This shows
that Assumption A.2 holds.

Assumption A.3. There exists a positive sequence {h,,m > 1} such that,
as m,mi, mg — 00, hy — 00, m~%h,, decreasingly converges to zero, mh,,
increasingly converges to oo, and Y 1/hy, = o(1). Furthermore, the
sequences M1, M2,y Snytn, On, l”’én’ oy satisfy

mi<m<mg

(1). mahmys, = o(nmin{1,6%2}) and miy®hp,s% = o(min{l,n"tm, log(¢, ),
07, 00});

(2). tn > sp and tylogp = o(nlog(l + min{1,62}));

(3). 1, = O(Qnrﬁw) and logp = o(m log (”9717'312));

(4). maspylog(l+né,) = o(nlog(l+ min{1,62})).

In the following proposition we show that Assumption A.1 holds under suit-
able dependence assumption among the predictors X;’s. To clearly describe
this assumption, let {X;}22; be a stationary sequence taking values in [0, 1],
and define its p-mixing coefficient to be p(|j — j'[) = sup; , |E{f(X;)g(X;7)} —
E{f(X;)}E{9(X;/)}|, where the supremum is taken over the measurable func-
tions f and g with E{f(X;)?} = E{g(X;/)?} = 1. Ideally we assume that the
predictors X1, ..., X, in model (1.1) are simply the first p elements of {X;}22,.
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Proposition 3.1. Suppose
o0
ZP(T) <1/2, tim% logp = o(n), and max sup ||@;illsup < o0,
1<i<p 1>1

where || - ||sup denotes the supnorm. Then there is a constant co > 0 such that
with probability approaching one

cgl <  min min  A_ Z£Z
me[my,ma] 0<|y|<2t, n

<  max max Ay ( Zrz > < ¢o. (3.3)

T meg[mi,ma] 0<|v| <2ty n 7
Furthermore, (3.3) implies Assumption A.1.

Assumption A.2 holds if we choose p(7y) to be constant for all |y| < ¢,
i.e., we adopt an indifference prior over the target model space. To see when
Assumption A.3 holds, we look at a special example. We choose 77 = [=° for
1 > 1. Suppose logp o< n* for 0 < k < 1, 1, o 1, and the smoothness parameter

= 4. Choose m; = Cn1/5 + c1p, and mo = Cn1/5 + con, where ¢ > 0 is
constant, ¢1, = o((logn)"), ca,, = o((logn)"), c1n < capn, and r > 0 is a constant.
Note that such choice of m; and mso yields minimax error rate in univariate
regression. Let h,, = (logm)” for m > 1. Ideally we suppose that the selected
tn is greater than s,. Choose ¢ and bn as log(¢ ) o n* and log(¢,) oc nk
with max{0,k — 1/5} < k1 < Ty < 4/5. In this simple situation, it can be
directly verified that Assumption A.3 holds if the true model size s,, satisfies
s = o(n™{1-kk /2 logn)~") and t, > s, with ¢, = O(s,). Furthermore,
Proposition 3.1 says that to satisfy Assumption A.1, an additional sufficient
condition is t2m3logp = o(n), which implies k¥ < 3/5. Therefore, if we further
require that t,, o< 1, then the dimension p cannot exceed the order exp(O(n3/%)),
which coincides with the finding by [40].

Theorem 3.2. Under Assumptions A.1 to A.3, as n — oo,

min inf  p(y°|D,) = 1, in probability. (3.4)
me[mi,ma] fngcl ..... cp<n

Theorem 3.2 says that under mild conditions the posterior probability of the
true model converges to one in probability. This means, with probability ap-
proaching one, our Bayesian method selects the true model, which guarantees
the validity of the proposed approach. Here, convergence holds uniformly over
¢j’'s €8, ¢n] and m € [my, ma]. This means, the selection result is insensitive
to the choice of ¢;’s and m when they belong to suitable ranges. It is well known
that choosing the truncation parameter m is a practically difficult problem in
nonparametrics; see [12, 40]. Therefore, a method that is insensitive to the choice
of the truncation parameter within certain range will be highly useful. In The-
orem 3.2 we theoretically show that the proposed Bayesian selection method is
among the ones which provide insensitive selection results. On the other hand,
we also show that our method is insensitive to the choice of the variance-control
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parameters c;’s. This is both theoretically and practically useful since it allows
us to place an additional prior, such as the g-priors, over the ¢;’s while preserv-
ing the desired posterior model consistency; see Section 3.4. To the best of our
knowledge, Theorem 3.2 is the first theoretical result showing the validity of
the Bayesian methods in function component selection in ultrahigh-dimensional
settings.

The proof of Theorem 3.2 relies on a uniform approximation of the posterior
odds ratios. Accurate probabilistic upper bounds are built uniformly for all these
ratios so that the aggregation of the ratios tends to zero. Then the posterior
probability of the true model is proven to approach one based on these upper
bounds.

Frequentist approaches such as penalized least squares typically require se-
lection of smoothing parameters for functional estimation and selection ([25, 38,
40]), or require certain procedures to improve performance, such as finding the
initial estimators ([25]) and thresholding ([40]). In our Bayesian approach, the
parameters c¢; play similar role as frequentist smoothing parameter. We avoid
manual selection of ¢; by placing a prior on it. Selection of ¢; is automatically
done in MCMC sampling. Besides, our approach does not require initial estima-
tors of the functional components, and does not need thresholding procedures.
Relevant papers in (generalized) linear regressions also include [28, 29] who
obtained posterior contraction results and [35] who applied a Laplace approxi-
mation approach. Instead, our interest is a fully Bayesian method with desired
posterior selection consistency.

3.2. Misspecified target model space

In this section, we investigate the case 0 < t,, < s,, that is, ¢, is misspecified
as being smaller than the size of the true model. Therefore, the true model is
outside the target model space, for which we say that the target model space
is misspecified. We conclude that in this false setting the selected model is still
not “bad” because it can be asymptotically nested in the true model, uniformly
for the choice of m and ¢;’s.

Define Ty(t,,) = {7|0 < 7] <ty A} Ti(tn) = {710 < || < o, yNY° #
0, ~ is not nested in 4°}, and T (t,) = {7|0 < |v| < tn,y N~ = 0}. It is easy
to see that Ty (tn), T1(tn), Ta(ty) are disjoint and T'(t,) = To(tn) UT1 (tn) UTo(tn)
is exactly the target model space, i.e., the class of v with |y| < ¢,,. Throughout
this section, we make the following assumptions.

Assumption B.1. There exist a positive constant dy and a positive sequence
pn Such that, when n — oo, with probability approaching one,

1
a1 < i in A\ (-2'Z
0 _mEFnl’Llll,lmg]0<I\I’ﬁI§15n (TL v ’7>

1
< max max Mg (—ZSZ.,) <dy, and (3.5)
n

T meg[mi,ma] 0<|y|<sn
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max max ))\+ (ZT,0\7P7Z70\7) < pn. (3.6)

me[my,ma] ye€T (sp—1

Assumption B.2. sup, max, yer(t,) % < 00.

It can be shown that the prior defined as in (3.2) satisfies Assumption B.2.
To see this, if ¢, < s,, then it can be shown that for any ~,~" with |y| < ¢,
and || < t,

Iy =1~
5((3/)) - (%—q> < (1+1/an)™ = O(1),

where the O(1) term in the final equation is not depending on v and ~’. This
shows that Assumption B.2 holds.

Assumption B.3. There exists a positive sequence {hy,,m > 1} such that,
as m,my, mg — 00, hy, — 00, m~%h,, decreasingly converges to zero, mh,,
increasingly converges to oo, and »-,. <. < 1/hy = o(1). Furthermore, the
sequences m1, M2, b, Sny On,y ln, ¢n satisfy

(1). mahy, s, =o(nmin{1,02}) and mi “h.,, s2 = o(min{1,n"1m, log(¢, ), 02}1);
(2). I, = O(Qnrgw);
(3). max{py,,s2logp} = o(min{n,m; log(n@nrﬁw)}).

The following result presents a situation in which Assumption B.1 holds.
For technical convenience, we require the predictors to be independent. It is
conjectured that this result may hold in more general settings.

Proposition 3.3. Suppose that the predictors Xi,..., X, are iid random vari-
ables taking values in [0, 1], sZm3logp = o(n), and maxi<j<p sup;> [|¢jillsup <
0o. Then Assumption B.1 holds with p, o mas? logp.

Assumption B.2 holds when we place indifference prior over the models with
size not exceeding t,,. To examine Assumption B.3, we again look at a special
case. For simplicity, we suppose the setting of Proposition 3.3 holds. Choose
72 =175 for | > 1. Suppose logp = n* for k € (0,4/5), 0,, « 1, I,, < 1, and
a=4. Let my = Cn1/5 + c1, and my = Cn1/5 + con, where ¢ > 0 is constant,
cin = o((logn)"), can, = o((logn)"), c1n < capn, and r > 0 is a constant. Let
hm = (logm)". Choose log(¢ ) = n* with k1 > k. It can be shown in this
special situation that Assumption B.3 holds if s, = o(n™"{1=*:*1/2} (logn)~T).
Furthermore, if s, = O(1), then the condition s2m3logp = o(n) (see Propo-
sition 3.3) implies &k < 3/5. So the growth rate of p is again not exceeding
exp(O(n%/%)).

Theorem 3.4. Suppose 0 < t,, < s, and Assumptions B.1-B.3 are satisfied.

(Z) Asn — 00, MaXycmy,ms] Supgnﬁch...,cpﬁén mdxl?li)fiz;;(ut:i(;z')yfl(lz‘)Dn)

0, in probability.
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(ii). Furthermore, suppose Assumption A.3 (4) is satisfied, and there is v €
To(tn)\{0} and a constant by > 0 such that for all m € [mq,ma],

o RN < bo Y A3 (3.7)
JET\Y Jey

_ p(0|Dy)
ep<6n p(v[Dn)

Then, as n — 00, MaXme(my,ms] SUPy <e,,.. — 0, wn proba-

bility.

When the hyperparameter ¢, is incorrectly specified as being smaller than
the size of the true model, the selected model 4 cannot be the true model since
necessarily |y| < s,. Theorem 3.4 (i) shows that in this false setting, 4 can
be asymptotically nested to the true model with probability approaching one.
This means, as n approaches infinity, all the selected components are the sig-
nificant ones which ought to be included in the model. Here, the result holds
uniformly for m and c¢;’ s within certain ranges, showing insensitivity of the
choice of these hyperparameters. Model selection in misspecified models is an
important problem which has been considered by [33] in the parametric frame-
work, who proposed novel generalized versions of Akaike information criterion
and Bayesian information criterion, and studied their asymptotic property. To
the best of our knowledge, Theorem 3.4 is the first theoretical examination of
the (nonparametric) function selection approach when the model space is mis-
specified.

We should mention that in Theorem 3.4 (i), it is possible that 4 = @) since 0 is
a natural subset of 4°. When ~" is non-null, we expect 4 to include some signifi-
cant variables. Theorem 3.4 (ii) says that this is possible if there exists a non-null
model that can be separated from the null model. Explicitly, the condition (3.7)
says that the functions {f},j € +} dominate the functions {f},j € v*\~v},
in terms of the corresponding norms || - ||;’s. This can be interpreted as that
the model ~ includes a larger amount of the information from the true model
than its completion v°\~. Theorem 3.4 (ii) says that under this condition, with
probability approaching one, v is more preferred than the null. Therefore, 7 is
asymptotically non-null.

3.3. Bastis functions

The proposed approach relies on a proper set of orthonormal basis functions
{¢ji,l > 1} in H; under the inner product (-,-);. In this section we briefly
describe how to empirically construct such functions.

Suppose for each j = 1,...,p, {Bj;, > 0} form a set of basis functions in
L?[0, 1]. Without loss of generality, assume Bjo to be the constant function. For
example, in empirical study we can choose the trigonometric polynomial basis,
i.e., Bjo = 1, Bji(z) = V2cos(2rkz) if | = 2k — 1, and Bji(z) = v/2sin(27kx)
if | = 2k, for integer £ > 1. Other choices such as Legendre’s polynomial ba-
sis (see [6]) is also examined. One may even choose {Bj;,l > 0} to be non-
orthogonal such as B-spline basis. However, B-spline basis requires selection of
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knots, while both trigonometric basis and Legendre basis do not have such issue.
In numerical study we only consider trigonometric basis and Legendre basis for
convenience.

We may choose a sufficiently large integer M with M < n. For j =1,....p
and 1 <[ < M, define le to be a real-valued function whose value at Xj; is
Bj(Xj) = Bu(Xj) — 5 301 Ba(Xji). Define Wy = (Bj(Xj),. ..,
Bijm(X;)T, and X = 13" W W Let A; be an M by M invertible
matrix such that A;‘-Fﬁlej = Iy Write A; = (aj1,...,a;0m), where aj; is the
[-th column, an M-vector. Then define ¢;; as a real-valued function whose value
at Xj; is (X)) = a;*-Flei, forj=1,...,pand [ =1,..., M. In the simplest

situation where Xj;’s are iid uniform in [0,1], for j = 1,...,p, it can be seen
that f]j ~ I, for which we can choose A; = I/, leading to ¢;; = By for
l=1,...,M.

Next we heuristically show that the functions ¢j;’s approximately form an or-
thonormal basis. By the law of large numbers, E{¢;(X;)} = L 37" | 0ji(X;;) =
Zz 1 Wi = 0, and E{p;(X;)eu (X;)} ~ + El 1P X)) e (Xji) =
Eaﬂ/ = 5”/ for l U = 1 M where 5”/ =1if ] = l/, and zero oth-
erw1se Thus, {pj,l = 1,. M } approximately form an orthonormal sys-
tem. Furthermore, any f; € ’Hj admits the approximate expansion f;(X;;) ~
El]\io Bi1Bji(X ;) for some real sequence fj;. So

n M
1
0=E{f;(X ij Ji NEZZ j1Bj1(Xji)-
i=11=0
Therefore, we obtain that
M 1 n M ~
[i(X) =Y BuBu(Xy) — - DO BuBu(X;)
1=0 i=1 1=0
Mo . .
= BuBj(Xji) = B; Wi = (A;"8,)" (01 (Xji), -, pina (X50) 7,
=1
where Bj = (le, ceey BjM)T. This means that the function f; can be approx-
imately represented by the ¢;;’s for I = 1,..., M. Consequently, {pj,l =
1,...,M} approximately form an orthonormal basis in H,; given that M is

large enough.

3.4. Mixtures of g-prior

The results in Sections 3.1 and 3.2 can also be extended to the g-prior setting.
Suppose ¢; = ¢ for j = 1,...,p. We assume c¢ to have prior density g(c), a
function of positive values over (0,00) satisfying fooo glc)de = 1, ie., g is a
proper prior. Then (2 7) is actually p(v|c, D,,). The posterior distribution of ~
is therefore py(v|Dy,) fo (7v|e, Dy )g(c)de, with the subscript g emphasizing
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the g-prior situation. Then we have the following results parallel to Theorems
3.2 and 3.4. The interpretations are similar to those for Theorems 3.2 and 3.4.
Their proofs are similar to those in [44], and thus are omitted.

Theorem 3.5. Suppose Assumptions A.1-A.3 are satisfied. Furthermore, g is
proper and, as n — 00, fog"g(c)dc = o(1) and fgo g(c)de = o(1). Then as
N — 00, Mily,e(m,,mo] pg(¥°|Dy) — 1, in probability.

Theorem 3.6. Suppose 0 < t, < s,. Let Assumptions B.1-B.3 be satisfied,
and g be proper and supported in [Qn, On], e, glc)=0ifcé¢ [Qn, On].

. MaXy T (tn)UTy (tn) Pa (Y| DPn)
(). Asmn — 00, MaXye(my,mo] maXiGTo(tni o (71 D)
(i1). If, in addition, Assumption A.3 (4) holds, and there exist a vy € Ty(t,)\{0}

and a constant by > 0 such that for all m € [my, ma], 3 ;0\ 17715 <

0|D,, . .
bo Ejey ||f_]0||_? Then as n — 00, MaXye(my ms) ;;Zj(("/‘\Dn)) — 0, in probabil-

ity.

— 0, in probability.

We propose two types of g-priors that generalize the Zellner-Siow prior by
[65] and generalize the hyper-g prior by [34]. We name them as the generalized
Zellner-Siow (GZS) prior and the generalized hyper-g (GHG) prior respectively.
Let b, > 0 be fixed hyperparameters. The GZS prior is defined to have the

form
b

g(c) = %) exp(—p /c), (3.8)

and the GHG prior is defined to have the form

o

T(p*+1+0b) P

9(e) = T(p' + D) (1 + c)prrite’ (3.9)

We conclude that both GZS and GHG priors can yield posterior consistency.
To see this, since we assume p > n, we have pH/VI°e" _y o0 as n — co. Let
Qn = pH/VIo8™ and ¢, = pt1°e™)” Tt can be directly examined that, as n — oo,

the GZS prior satisfies fog" g(c)de = (T'(b)) 1 fouo(b,l c*texp(—c)de = o(1), and

P
fg: g(e)de = (T(b))~1 f(f%;l c*texp(—c)de = o(1); the GHG prior satisfies

o g(e)de = O((p" + 1)P " exp(—(p" + 1)/(1 + ®,))) = o(1) and [* g(c)dc =
O((p" +1)°/(1+ ¢,)) = o(1). Furthermore, suppose 772 = 1=, a = 4, logp = n*
with k& € (0,3/5), 60, x 1,8, x 1,1, < 1,t, 1 witht, > s, by = (logn)", and
my1 = (n'/® + o((logn)"), ma = (n'/® + o((logn)"), where ¢ and r are positive
constants and r € (0,1/2). It can be examined directly that the above ¢ and
bn satisfy the assumptions of Theorem 3.5, implying posterior consistency of
the g-prior methods. Clearly, the modes of the GZS and GHG priors are both
p*/(b+ 1) which converges to infinity as n inflates, yielding consistent selection
results.
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4. Computational details

In this section, sampling details will be provided. Instead of fixing ¢,, and m, we
may place priors over them to make the procedure more flexible. Let ¢; = ¢ for
j=1,...,p. Assume a g-prior (either GZS or GHG) g(c) for ¢, and denote the
priors for ¢,, and m by p(t,,) and p(m) respectively. For convenience, we consider
the priors p(y|tn) x w‘n'YII(|7| < t,) for some prefixed wy, > 0, p(t,) = I(1 <
t, < T,) for some prefixed positive integer T),, and p(m) = I(m; < m < mag)
for some fixed positive integers m; and ms. In particular, w, = 1 yields flat
prior on 4. For other choices of p(t,,) and p(m), the computational details in this
section require corresponding modifications. In practice we suggest moT,, = n/2
or n/3, which as demonstrated in the simulation studies can yield satisfactory
selection results. The specification of T}, may also depend on the prior knowledge
on model sparsity. Generally speaking, moT,, cannot exceed n/2 to yield unique
solution; see [11, 32] as examples in sparse recovery.

It follows by (2.6) that the joint posterior distribution of (v, 3,02, ¢, m,t,) is

p(7’67 027 C’ m’ tn|Dn)

_ 2
x o~ () oxp Y -ZB|]"+1
202

> (\/ﬁg)fmhl det(Tm)fhlﬂ

BT B,
exp <_M> H 50(8,) - (It g(@p(m)p(ta),  (4.1)

2co? )
j€—

where d¢ denotes the probability measure concentrating on the m-dimensional
zero vector. The MCMC sampling procedure is described as follows. For ini-
tial values, let v = 0, 8 = 0. Let 0(20) and ¢(©) be uniformly drawn from

some compact subsets of (0,00), and m(®) and % be drawn from p(m) and

p(t,) respectively. Suppose at the g¢-th iteration, we have obtained samples
(v, 3D, o2, D m@ D).

Sampling (B, m,~). The sampling procedure proceeds in two steps. First,
one draws m(?t1) given (@), U%q),t%@. Second, one draws (819+Y (@D given
mlat1)] c<q>,a(2q),t${”. To complete the first step, by integrating out B3 in (4.1),
the conditional distribution of m given c(q),a(zq), (@) is found by

q)
o« p(m) Z (C(q))fmlv\/Zwlgldet(sg;z))m)fl/Z
Iy <t
Y (1, - 2,(UY )1zh)Yy
exp [ — ( ‘Y( 2‘7,m) 'y) 7 (42)
2079

where UL = (c@)~1A) +277., 8% = A, ,,UY  and A, ,,, = diag(Ty,

vm?
.., T;,) with T, therein appearing || times. In principle, one can draw math)
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based on (4.2). However, (4.2) involves a computationally expensive sum which is
hard to handle in practice. To overcome this difficulty, we propose an alternative
(approximate) way of sampling m. When (9 = §, draw m(?+1) randomly from
[m1,ms]. When (9 % (3, from (4.1) the conditional distribution of m given
~(D) | ela)] a?q),tg) is found by

p(mh,(q), 9, U(Zq)7 t;‘?), D,)
—m|~@ —
 pm)(e@) 712 der(81), )72
Y'(1, - Z(UY 17T Y
exp | — T A m R . (4.3)

2
2074

In practice, one can draw m from (4.3) by an Metropolis-Hastings step given
the current value 49, which avoids computing the expensive sum and thus is
more efficient. Explicitly, given the current value mgq, one draws mye, from

some proposal distribution Q(Muyew|Mord). Then accept mye,, with probabil-

o P(Mpewl|¥,6,0% 40, Dn) - Q(Mord|mnew) : S R
ity PGP i v M e s ooy B The choice of the proposal distribution

Q(m’|m) is not unique, but can be made very simple. For instance, when
m = my (or ms), one draws m’ randomly from {m,m + 1} (or {m,m — 1});
when my < m < mg, one draws m’ randomly from {m — 1,m, m + 1}.

To complete the second step, we apply a nontrivial variation of the con-
ventional blockwise technique (see [22, 49]) to sample 3,’s and ;’s, given an

updated sample m(?t1). Note that the sample ﬁ§Q)’s from the previous ¢-th

iteration have dimension m(? which might be different from m(?+?). This phe-
nomenon of different dimensions makes the conventional blockwise sampling
approach fail since there is an underlying conflict between the current state of
m and the (conditioning) blocks from the previous iteration. Motivated from
the “dimension-matching” technique in the reversible jump MCMC approach

(see [19]), we propose to modify the ng) s to be of dimension m(@*1) to match
the current state of m. Specifically, if m(4tD) < m(? define B;q) to be an

m2+1)_dimensional vector which consists of the first m(¢+1) elements of ﬁ;q). If
m@+t) > m(@ then define B;q) = ((ﬁ;q))T,Oﬁ(qﬂ)_m(q))T, where 0, denotes

the h-dimensional zero vector. That is, Bg»q) is m(¢+1)_dimensional with the first

m(? elements being exactly the ones of ﬁ;q), and the remaining m(4+1) — m/(®
elements being zero. If m(9+1) = m @) then set B;q) = B;q). Repeating the above

procedure for all j = 1,...,p, one obtains B;q)’s, a “modified” set of samples
from the previous stage.

Suppose we have updated samples (ﬁ§q+1),7§q+1))

which all ﬁ§?+l), for j/ = 1,...,5 — 1, are m(?tV_dimensional. Define b =

(ﬁg»?ﬂ),v](-?ﬂ)) forj’=1,...,57—1, by = (BE?),VJ(-?)) for j =4+1,...,p, and

s (B D) Cin
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b; = (B,,7;), where 3; is an m(?t1_dimensional nominal vector and both B,
and +y; will be updated. For convenience, define b_; = {b;,j' =1,...,p,5" # j}

to be the conditioning blocks. The full conditional of b; given b_; and other

variables highly depends on the size of v_; = (7£q+1), ... ,”y](ffgl), 7;?31, . ,”y,(,q)).

Specifically, for effective sampling, |v_;| cannot exceed tslq) since otherwise the

block b; will have zero posterior probability. When |y_;| = £, ”y](q“) has to

be zero since otherwise the conditional probability becomes zero. In this case,

one simply sets ﬁ;q“) =0,,+1) -
Next we suppose |y_;| < 9 For i'vi=1,...,p, define Z;’,H'l) = (®j1,...,

Zy), ' # ), ann

by m(tD (p — 1) matrix. Similarly, define B(jj) to be the m(@+1)(p — 1)-vector

formed by B, gD 30 B9 Let w; = Y - 2B Note

—j
p(7j,7-;) = 1. Then we have from (4.1) that

@/, ), an n by m@*t1) matrix, and define Z(f;rl) = (

p(/ij Vi = 1|b*j7 U(2q) ) C(q)v tgzq)v m(qul)’ Dn)

ly — 27811, —m(tD) ~1/2
o exp | — 5072 (V2meldogg)™™ " det(Tpen)
(@)

Tr—1
I' .
exp <_ B m(Q+1)’33> Wy, (4.4)

2
2c@Wat)

Integrating out 3; in (4.4), one obtains that
p(/Yj = 1|b—j7 0(2q)7 C(q)7 tgzq)u m(qul)’ Dn)
o< det(ng)Tm@ﬂ))_1/2(C(q))_m(q+l)/2

a2 — uTZ(Q+1)(Q(Q))fl(z(.q+1))Tu_
p(— ’ L 202] J ! Wy, (4.5)
(a)

where Q;’J) = (C(Q))’lT;}q“) + (Z§q+l))TZ§-q+l). Similarly, one obtains from
(4.1) that

1
-z,

[[u;
p(ﬁja ’YJ = O|b*J5 U(Qq)a C(q)atglq)v m(‘H’l),Dn) X exp <_ ! 50(6])

2
29() o
Integrating out 3; in (4.6) one obtains that
w2
p(fyj — 0|b7j7U?q),c(Q),t%q),m(‘Hl)’Dn) x exp <_%> ) (4.7)
(@)
Consequently, from (4.5) and (4.7) we draw ”y](q“) from
1
ply; = 1|b—j,0'(2q),C(Q),t;‘”,m(q“),Dn) = (4.8)
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where

0; = det(QUVT, i) /2 (@) /2

ulzlat) (Q@y-1(zatyT,
exp <_ V] (QJ ) ( J ) J w;l.

2
207,

It can be shown from (4.4) and (4.6) that
B, |7J(,‘1+1) =1,b_j, 0(2q) NEORTCURACESN o 8
~ N (@)@ ) 02, @) ),
p(B; = O|7(q+1) = O,b_j,0(2(1),c(‘J),tglq),m(qul),Dn) =1, (49
from which ﬁ§q+1)
(@)

uct Z(_q;r D ij is a time-consuming step. It is possible to avoid computing this
matrix product by iteratively using the following relation

is drawn. In the above procedure, finding the matrix prod-

P (@)
Q+1 /3 _11;‘1 /6—] —|—Z(q+1),3(q+l) th-]:il)ﬁji-l' (4.10)

In practice, one only needs to compute Z'" qH B since the subsequent products
can be iteratively updated through (4.10)

The proposed blockwise sampling scheme (4.8) and (4.9) can be viewed as
a generalization of [22] from m = 1 (without group structure) to general m
(with group structure). This generalization is nontrivial because we allow m,
the dimension of 3;, to change across the consecutive iterations. When updat-
ing b; given the blocks from the previous iteration whose dimensions might
be different from the current value of m, we have to apply the “dimension-
matching” technique to the previous samples of 3,’s so that they have the same
dimension as the current m. By doing so, one can apply the conventional block-
wise techniques to update the blocks consecutively. Note that when m does not
change across the iterations, there is no need to use such “dimension-matching”
procedure. Furthermore, the proposed blockwise technique can only be used for
the constrained situation, i.e., when |y_;| < t§{”, which is essentially a con-
strained version (with group structure) of the conventional blockwise sampling
approaches.

Sampling 0. From (4.1), it can be easily seen that the full conditional of o2
is

02|,),(q+1)7 B(‘IJrl), m(q+1)7 C(q), t£f), D,

(g+1) |~/ (q+1)
N1G<”+”+m [y(@+D)]

2 )

1 1
1Y = 2B |2 (BN TAL ) e Baaid ()71 + 1)
2 b)
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where IG(a,b) denotes the inverse Gamma distribution. Denote a(2q 41
updated sample.

Sampling c¢. When g(c) is chosen to be the GZS prior specified as (3.8), we
can use a Gibbs sampling step to draw ¢t Indeed, the full conditional of ¢
is found to be

1G (m D |12 4 b+ (BUE) T AT e B /(2010)) -

~(a

) as the

When g(c) is chosen to be the GHG prior specified as (3.9), we need an
Metropolis-Hastings step. Explicitly, the full conditional of ¢ is

plely@t, gt o oty m D 9. D,,)

—mlatD) |y a+1) | /o +1 ,1 +1
o TR exp (< (BT AL sy i B /(2002 11)) 9(0).
Write ¢ = exp(k), then the full conditional of « is

x exp (_ (m(Q+1)|7(‘Z+1)|/2 _ 1) K
1 - +1
(Bg,q:;z)) ~,<1q+1>,m<q+1> 7q<q+1))/(2 exp(k) (2q+1)))9(exp(“))-

Given an old value koiq, draw Kpew ~ N (Ko, 02) for some fixed 2. Then accept
Knew With probability

P(Fnewly @, 5(q+1)7 U(2q+1) ;e tgLQ) ,Dn)

p(ﬁold|’7(q+l)7 /B(qul), U(2q+1)7 m(q+1) ) tSIq)a Dn) .

Sampling t,. It is easy to see that the full conditional of ¢, is uniform over
(|7 @+ D], T3,], from which we obtain £*.

5. Simulation study

In this section we demonstrate the performance of the proposed method through
simulated data. Specifically, we compare our Bayesian method based on GZS
and GHG priors, denoted as BGZS and BGHG respectively, with the itera-
tive nonparametric independence screening combined with penGAM, denoted as
INIS-penGAM, and its greedy modification, denoted as g-INIS-penGAM, both
proposed by [12]. Other well-known approaches include the penalized method
for additive model (penGAM) proposed by [38], and the iterative sure indepen-
dence screening (ISIS) combined with SCAD proposed by [13, 16]; see [12] for
numerical details.

We adopted two simulation settings considered by [12, 25] in the following
examples in which p = 1000 and n = 400. We chose somewhat arbitrarily the
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hyperparameter v = 6 in the prior (2.4). In both the GZS and GHG priors
defined by (3.8) and (3.9), we chose b = 0. To see how sensitive the results are
with respect to the choice of u, we considered difference values of u. The test
functions are defined by

sin(2mx)

fl(x) =, f2(90) = (230 - 1)2, fs(w) = ——F——— and

2 —sin(27z)’
fa(z) = 0.1sin(27x)+0.2 cos(2mx)+0.3 sin(272)? 4-0.4 cos(2mz)> 4+0.5 sin(27x)3.

Example 5.1. We adopted the simulation setting of Example 3 in [12]. Specifi-
cally, the data were generated from the additive model Y = 5 f1(X1)+3 f2(X2)+
413(X3) +6f4(X4) + v 1.74¢, where € ~ N(0,1). The covariates were simulated
by X; = (W;+pU)/(1+p),j=1,...,p, where W;’s and U are id draws from
uniform distribution over [0, 1]. p = 0 yields independent X;’s and p = 1 yields
dependent covariates with pairwise correlation 0.5.

Example 5.2. We adopted the simulation setting of Example 4 in [12]. This ex-
ample is more challenging in that it contains more true functions than Example
5.1. Specifically, the data were generated from the following model

Y = filXa) + f2(X2) + f3(X3) + fa(Xa)
+1.5f1(X5) + 1.5f2(Xe) + 1.5 f3(X7) + 1.5f4(Xs)
+2f1(Xo) 4+ 2f2(X10) + 2f3(X11) + 2f2(X12) + V0.5184e,

where e ~ N (0, 1). The covariates X;’s were generated according to Example 5.1.

Example 5.3. We reconsidered the model of Example 5.1 by adopting a dif-
ferent signal-to-noise ratio. Specifically, the data were generated from Y =
5f1(X1) + 3f2(Xa) + 4f3(X3) + 6f1(X4) + V3¢, where X;’s and e were gen-
erated based on the same scheme as Example 5.1.

In Examples 5.1 and 5.2, [12] used five spline basis functions to represent
the nonparametric functions. In the present paper we considered both Legendre
polynomial basis and trigonometric polynomial basis. In both cases, we chose
my = 4 and mo = 6 so that the number of basis functions m varies around 5 to
enhance flexibility. We used p = 0.5,0.6,0.8 and 0.8,0.9,1.1 for the above two
bases, respectively, to demonstrate the insensitivity of the results. The MCMC
algorithm introduced in Section 4 was implemented for posterior sampling. Re-
sults were based on 100 replicated data sets. Based on each data, we generated
Markov chains with length 4000 for each model parameter. The prior for ¢,

was chosen as uniform in {1,...,7,}. Note in model (2.2) there are at most
m|y| nonzero Fourier coefficients. In the present setup, this quantity is upper
bounded by mT,. We chose T,, = [n/(3m)] so that the maximum number of

nonzero coefficients does not exceed n/3. In [11, 32] it was shown that the num-
ber of nonzero coefficients cannot exceed n/2 for uniqueness of the solution in
sparse recovery. Here we reduced the upper bound to n/3 to gain more sparse so-
lutions. For GHG prior, we chose 02 = 0.2 for the MH update of » in sampling c;
see Section 4 for detailed description.
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Recall that the Fourier coefficient vector 8; may change dimension across it-
erations, i.e., the so-called trans-dimensional problem. The resulting chains may
include varying-dimension components. It is well known in the literature that the
classic approaches for convergence diagnostics may fail. Following [20], we used
the chains of MSE, a natural scalar statistics, to monitor MCMC convergence of
the Fourier coefficients, which successfully resolves the trans-dimensional prob-
lem. Although we are aware that such scalar statistics cannot guarantee conver-
gence of the full chains, its computational convenience is attractive. Moreover,
the scope of the current paper focuses more about the selection and estimation
issues, for which monitoring convergence of the MSE chains is believed to be a
reasonable strategy. In our study we used Gelman-Rubin’s statistics (see [18])
to monitor convergence of the chains relating to MSE and the remaining param-
eters. Confirming chain convergence, we dropped the first half of the posterior
samples as burnings and only used the second half to conduct statistical proce-
dures.

We reported the average number of true positives (TP), the average number
of false positives (FP), the prediction errors (PE) based on BGZS and BGHG,
and compared them with INIS and g-INIS. Marginal inclusion rule is adopted
to select the model. That is, the jth variable is selected if its posterior exclusion
probability P; = 1 — p(y; = 1/D,) < p for some quantity p € (0,1). We
chose p = 0.5 to yield median probability models; see [1]. The TP/FP is the

number of true/false inclusions in the selected model. The PE was calculated

as Zqul 1Y — ?(q)Hz/(nQ), where ?(q) = 7939 ig the fitted response value

obtained from the gth iteration. In other words, PE is the average value of the
mean square errors (MSE) along with the iterations.

Results on TP, FP and PE using BGZS and BGHG were summarized in Ta-
bles 1-2 and Tables 3—4, based on Legendre polynomial basis and trigonometric
polynomial basis, respectively. Results on INIS and g-INIS were directly sum-
marized from [12]. In Example 5.1, we observed that, for both bases, BGZS and
BGHG perform equally well as INIS and g-INIS in terms of TP, but perform
better in terms of FP and PE.

In Example 5.2 where Legendre polynomial basis was used, both Bayesian
approaches perform better than INIS and g-INIS. Specifically, when p = 1 and
1 = 0.6, both BGZS and BGHG yield larger TP, smaller PE, and comparable
FP; when p = 0.8, both BGZS and BGHG yield smaller FP and PE, and
comparable TP.

In Example 5.2 where trigonometric basis was used, the performance is not
as good as using Legendre polynomial basis, but is still satisfactory. Specifi-
cally, when p = 1 and p = 0.8, both BGZS and BGHG yield slightly larger
TP and FP than INIS and g-INIS (implying less conservative selection results),
and when g = 1.1, both methods yield slightly smaller TP and FP (imply-
ing more conservative selection results); when p = 0, u = 0.8 or 0.9, both
BGZS and BGHG can select all the significant variables though they yield
slightly larger FP. In all the cases, the proposed Bayesian methods yield smaller
PE.
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TABLE 1
Simulation results of Example 5.1 using Legendre polynomial basis
p Method TP FP PE
0 INIS 4.00 (0.00) 2.58 (2.24)  3.02 (0.34)
g-INIS 4.00 (0.00) 0.67 (0.75) 2.92 (0.30)
BGZS p=0.5 4.00 (0.00) 0.03 (0.17) 2.25 (0.20)
nw=0.6 4.00 (0.00) 0.02 (0.14) 2.25 (0.16)
uw=0.8 4.00 (0.00) 0.03 (0.17) 2.23 (0.17)
BGHG p=0.5 4.00 (0.00) 0.03 (0.17) 2.25 (0.20)
uw=0.6 4.00 (0.00) 0.02 (0.14) 2.25 (0.16)
nw=0.8 4.00 (0.00) 0.03 (0.17) 2.24 (0.17)
1 INIS 3.98 (0.00) 15.76 (6.72) 2.97 (0.39)
g-INIS 4.00 (0.00) 0.98 (1.49) 2.61 (0.26)
BGZS =05 3.99 (0.10) 0.06 (0.28) 2.02 (0.16)
pw=0.6 3.99 (0.10) 0.05 (0.22) 2.00 (0.15)
nw=0.8 3.99 (0.10) 0.05 (0.22) 2.04 (0.15)
BGHG =05 3.98(0.14) 0.08 (0.30) 2.02 (0.16)
pw=0.6 3.99 (0.10) 0.06 (0.24) 2.00 (0.15)
w=0.8 3.99 (0.10) 0.05 (0.22) 2.04 (0.15)
TABLE 2
Simulation results of Example 5.2 using Legendre polynomial basis
p Method TP FP PE
0 INIS 11.97 (0.00) 3.22 (1.49) 0.97 (0.11)
g-INIS 12.00 (0.00) 0.73 (0.75) 0.91 (0.10)
BGZS =05 11.98 (0.14) 0.74 (1.00) 0.60 (0.05)
pw=0.6 11.98 (0.14) 0.54 (0.86) 0.59 (0.05)
pw=0.8 11.98 (0.14) 0.41 (0.65) 0.60 (0.05)
BGHG =05 11.98 (0.14) 0.70 (0.93) 0.60 (0.05)
pw=0.6 11.98 (0.14) 0.58 (0.90) 0.59 (0.05)
nw=0.8 11.98 (0.14) 0.44 (0.67) 0.60 (0.05)
1 INIS 10.01 (1.49) 15.56 (0.93) 1.03 (0.13)
g-INIS 10.78 (0.75) 1.08 (1.49) 0.87 (0.11)
BGZS =05 10.75 (0.80) 1.25 (1.30) 0.54 (0.05)
pw=20.6 10.92 (0.69) 1.08 (1.29) 0.54 (0.05)
w=20.8 10.76 (0.79) 0.88 (1.27) 0.54 (0.05)
BGHG =05 10.74 (0.75) 1.13 (1.20) 0.54 (0.05)
nw=20.6 10.86 (0.72) 1.10 (1.18) 0.54 (0.05)
nw=20.8 10.72 (0.80) 0.82 (1.13) 0.54 (0.05)

The above results are not sensitive to the choice of u, though certain p may
yield slightly better performance. Due to the essentially different basis struc-
tures, the feasible ranges of p should be slightly different. We found that, at
least in the above examples, u € [0.5,0.8] and u € [0.8,1.1] are feasible ranges
for Legendre polynomial basis and trigonometric polynomial basis. Any choice
of u within these ranges can provide satisfactory results. Values outside the
ranges may slightly lower the level of accuracy.

In Example 5.3, the values of mq, mo, ux and the prior for ¢, were chosen
to be the same as in Example 5.1. Results are summarized in Tables 5 and 6,
showing that when signal-to-noise ratio becomes smaller, our method still yields
satisfactory performance in terms of model selection and estimation, although
the results are slightly worse than the stronger signal-to-noise ratio situation as
summarized in Tables 1 and 3.
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TABLE 3
Simulation results of Example 5.1 using trigonometric polynomial basis

p Method TP FP PE
0 INIS 4.00 (0.00) 2.58 (2.24) 3.02 (0.34)
g-INIS 4.00 (0.00) 0.67 (0.75) 2.92 (0.30)
BGZS p=0.8 4.00 (0.00) 0.04 (0.19) 2.07 (0.14)
nw=20.9 4.00 (0.00) 0.06 (0.24) 2.07 (0.15)
pw=11 4.00 (0.00) 0.02 (0.14) 2.09 (0.17)
BGHG p=0.8 4.00 (0.00) 0.04 (0.19) 2.07 (0.14)
w=20.9 4.00 (0.00) 0.06 (0.24) 2.07 (0.15)
pw=11 4.00 (0.00) 0.02 (0.14) 2.09 (0.17)
1 INIS 3.98 (0.00) 15.76 (6.72)  2.97 (0.39)
g-INIS 4.00 (0.00) 0.98 (1.49) 2.61 (0.26)
BGZS p©=0.8 4.00 (0.00) 0.08 (0.44) 1.76 (0.15)
w=20.9 4.00 (0.00) 0.04 (0.20) 1.78 (0.12)
pw=11 4.00 (0.00) 0.00 (0.00) 1.76 (0.13)
BGHG p=0.8 4.00 (0.00) 0.10 (0.46) 1.76 (0.15)
w=0.9 4.00 (0.00) 0.04 (0.20) 1.78 (0.12)
pw=11 4.00 (0.00) 0.00 (0.00) 1.76 (0.13)

TABLE 4
Simulation results of Example 5.2 using trigonometric polynomial basis

p Method TP FP PE
0 INIS 11.97 (0.00) 3.22 (1.49) 0.97 (0.11)
g-INIS 12.00 (0.00) 0.73 (0.75) 0.91 (0.10)
BGZS px=0.8 12.00 (0.00) 1.22 (1.34) 0.54 (0.05)
©w=20.9 12.00 (0.00) 1.24 (1.27) 0.54 (0.06)
pw=11 11.88 (0.32) 0.34 (0.77) 0.58 (0.05)
BGHG p=0.8 12.00 (0.00) 1.16 (1.40) 0.54 (0.05)
w=20.9 12.00 (0.00) 1.10 (1.01) 0.54 (0.05)
pw=11 11.88 (0.33) 0.30 (0.68) 0.58 (0.05)
1 INIS 10.01 (1.49) 15.56 (0.93) 1.03 (0.13)
g-INIS 10.78 (0.75) 1.08 (1.49) 0.87 (0.11)
BGZS x4 =0.8 10.86 (0.67) 2.18 (1.81) 0.44 (0.05)
w=20.9 10.76 (0.82) 1.34 (1.56) 0.47 (0.05)
pw=11 10.46 (0.86) 0.50 (0.81) 0.53 (0.05)
BGHG p=0.8 10.88 (0.69) 2.06 (1.81) 0.44 (0.05)
nw=20.9 10.68 (0.82) 1.58 (1.75) 0.47 (0.05)
pw=11 10.44 (0.84) 0.48 (0.76) 0.53 (0.05)

6. A real data example

We apply our method to Near Infrared (NIR) data from the R package “chemo-
metrics.” The NIR data contains n = 166 alcoholic fermentation mashes of
different feedstock (rye, wheat and corn). There are p = 235 predictor vari-
ables containing the first derivatives of near infrared spectroscopy (NIR) ab-
sorbance values at 1115-2285 nm and two response variables containing glu-
cose and ethanol concentrations (in g/L) respectively. This data was recently
considered by [10] who used an approximated posterior likelihood approach.
Each of the 235 variables is believed to be nonlinearly associated with the re-
sponse variable, and hence, a nonparametric model with additive components
was fitted. In our Bayesian selection method we chose m; = 4 and my = 6,
T, = [n/(3*m2)] =9, i.e., the dimension of the target models does not ex-
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TABLE 5
Simulation results of Example 5.3 using Legendre polynomial basis
p Method TP FP PE
0 BGZS =05 4.00(0.00) 0.10 (0.36) 3.50 (0.31)
pw=0.6 4.00 (0.00) 0.16 (0.42) 3.47 (0.23)
pw=0.8 4.00 (0.00) 0.16 (0.55) 3.49 (0.31)
BGHG =05 4.00(0.00) 0.10 (0.36) 3.50 (0.31)
pw=0.6 4.00 (0.00) 0.16 (0.42) 3.47 (0.23)
nw=0.8 4.00(0.00) 0.14 (0.54) 3.49 (0.31)
1 BGZS =05 384(0.37) 0.92(1.96) 3.16 (0.36)
p=06 3.94(0.24) 0.34(1.04) 3.15 (0.27)
pw=0.8 3.78 (0.42) 0.06 (0.31) 3.31 (0.28)
BGHG =05 3.84(0.37) 0.98 (2.16) 3.17 (0.35)
pw=0.6 3.94(0.24) 0.46 (1.64) 3.14 (0.29)
pw=0.8 3.78 (0.42) 0.06 (0.24) 3.31 (0.28)
TABLE 6
Simulation results of Example 5.3 using Fourier basis
p Method TP FP PE
0 BGZS =05 4.00(0.00) 0.96(1.49) 3.12(0.32)
uw=20.6 4.00 (0.00) 0.70 (1.56) 3.20 (0.34)
n=0.8 4.00 (0.00) 0.10 (0.30) 3.30 (0.23)
BGHG =05 4.00(0.00) 0.96 (1.60) 3.11 (0.34)
uw=0.6 4.00 (0.00) 1.00 (2.10) 3.17 (0.34)
n=0.8 4.00 (0.00) 0.10 (0.30) 3.32 (0.25)
1 BGZS =05 396 (0.20) 2.66 (2.70) 2.49 (0.32)
p=06 3.92(0.27) 1.16(2.02) 2.66 (0.31)
pn=0.8 3.96 (0.20) 0.16 (0.54) 2.99 (0.28)
BCHG =05 3.94(0.24) 3.04 (2.79) 2.45 (0.31)
nw=20.6 3.92(0.27) 1.24 (2.08) 2.66 (0.33)
nw=0.8 3.96 (0.20) 0.14 (0.45) 2.99 (0.27)

ceed 9. All the hyperparameters were chosen to be the same as the simulation
setup in Section 5. Our BGHG and BGZS approaches both select five variables.
Interestingly, we found that our selected model includes the model selected by
[10] using an approximation method. Thus, our method yields a bit more con-
servative selection results.

7. Conclusions

A fully Bayesian approach is proposed to handle the ultrahigh-dimensional non-
parametric additive models, and the theoretical properties are carefully studied.
The numerical results demonstrate satisfactory performance of the method, in
terms of selection and estimation accuracy. The method can achieve high level
accuracy in both Legendre polynomial basis and trigonometric polynomial ba-
sis. Therefore, basis selection is not a critically important issue for the proposed
approach, though, to make the approach highly accurate, the choice of the hy-
perparameter p in the proposed g-priors should be slightly different in using
different bases. The numerical findings suggest us to use p € [0.5,0.8] and
w € [0.8,1.1] for Legendre polynomial basis and trigonometric polynomial basis,
respectively. The values outside these ranges are found to merely slightly lower
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the accuracy within an acceptable range. Besides, the choice of m may affect
selection accuracy which needs to be done carefully in practical applications.

The theory and algorithm proposed in this paper can be adapted for the usual
group selection problems where the model is linear and the model coefficients
are grouped. The proposed method in this paper can be adapted without much
difficulty to this setting.

Based on Laplace type approximations, [10] proposed an MCMC free selec-
tion approach in high-dimensional additive models. The method of [10] approxi-
mates the posterior likelihood while our approach directly handles the posterior
likelihood. And hence the difference between the two approaches is mainly due
to the approximation error, though it is believed that the approximation error
asymptotically vanishes.

As an alternative method, [1] proposed median probability selection method.
The median probability selection procedure is essentially a marginal selection
method in the sense that it marginally determines whether or not a variable is in-
cluded based on its marginal posterior probability. The variable is included if its
marginal posterior probability is greater than half. Posterior model consistency
says that the true model has posterior probability tending to one. Therefore,
the variables included in the true model all have posterior probabilities greater
than half. This means that posterior model selection is a stronger result than
median probability selection. In many situations, as a stronger result, posterior
consistency requires stronger conditions than median probability selection. And
hence, it might be more realistic to explore the latter, which is another future
extension of the current paper.

Acknowledgement

Zuofeng Shang was a postdoctorate researcher supported by NSF-DMS 0808864,
NSF-EAGER 1249316, a gift from Microsoft, and a gift from Google. The re-
search of Ping Li is also partially supported by NSF-ITI-1360971, NSF-Bigdata-
1419210, ONR-N00014-13-1-0764, and AFOSR-FA9550-13-1-0137.

Appendix: Proofs

To prove Theorem 3.2, we need the following preliminary lemma. The proof is
similar to that of Lemma 1 in [44] and thus is omitted.

Lemma 1. Suppose € ~ N(0,031,) is independent of Z;’s. Furthermore,
ma < n =o(p).

(i). Let vy, be an n-dimensional vector indexed by v € S, a subset of
the model space, and integer 1 < m < mso. Adopt the convention that
V,I;)me/HI/%m” = 0 when vy m = 0. Let #S denote the cardinality of S
with #8 > 2. Then

T

max maxM =0p (\/log(mg#é‘)) . (8.1)

1<m<maz yES HV‘YJTLH ;
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In particular, let Ve m = (I, — P"/)Z'y"\'rﬁgo\"/ for v € Sa(ty), we have

vl €l
y.m
max ax =0 logms + t, 1o =0 t, logp).
S S P p(y/logma gp) = Op(\/t,logp)
(8.2)
(ii). For any fized o > 4,
- T _ eV < an2 —1
nhﬂrr;oP (1<r7r711a<>§n2 "/6121&();)6 (Py — Pyo)e/(|y| — sn) < aoglogp 1
(iii). Adopt the convention that €' P~ye/|y| = 0 when v is null. Then for any
fized o > 4,
- T < o -1
nhﬁrrg()P (Krrnnauén2 wenslza()t(n) € Pye/ly| < aoglogp 1

Proof of Proposition 3.1

Let C, = maxi<j<p sup;>q [|©jilsup- We first show that (3.3) holds with %Z;FZA,
therein replaced with EY{ %ZSZA,}. Then we show (3.3) by using concentra-
tion inequalities which establish sharp approximations between %Z527 and
E{iz17.}.

For any a; = (aj1,...,ajm)", j =1,...,p, note Z;a; = >,"  a;;®;;. Define
a, to be the m|v|-vector formed by a;’s with j € . Therefore, we obtain that

T
FE sz‘aj sz‘aj

al F{Z]Z,}a, =
JE€Y Jj€y
_ TryT TryT
JjeEY Ji'ey
Ji#i’

Since ¢;;’s are orthonormal in H,, E{ajTZJTZjaj} =nE{(> %, ajpi(X;:))?} =
ny ", a%. On the other hand, for any j,j' € v, j # j/, |E{ajTZ;*-FZj/aj/}| =

n|E{Y0 aipii(Xji) Y omy ajupin (X))} < ”P(|j—j/|)\/zzl1 a3, \/E;ll at.

Therefore, by Cauchy’s inequality

' Z E{ajTZ]TZj/aj/}

J.i'€v
J#5"
m m
< s pli =Dy Do ak | Y e,
4,5 €y =1 =1

J#i
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m

Z“?l Z

= ny prd,
r=1

j€y \ =1 jen,|i—j'|=r
- 2
oo m
2
< nE p(r) E E:ajl Z
r=1 jEv 1=1 Jjevy \J'ev,li—j'l=r
[e'e) m m
2 2
= SVIGOND DD I NED DD DI S
r=1 jeEv I=1 JeY e, li—j'|=r =1
00 m
2
< 2”5 P(T)E E aj-
r=1 JjEY I=1

Therefore, for any m € [m1, ms] and ~ # 0,
1—221p(7°) <A (E{Ezizv}) <A (E{EZT,Z,Y}> < 1+2;p(7°). (8.3)

Next we look at the difference A = %(ZgZ,Y —E{z,fzw}). The representative
entry is

% Z[%l(in)Wl' (Xjri) — E{ou(Xji) e (Xji) ],

for j,j" € 4, and [,I" = 1,...,m. Since gj;’s are uniformly bounded by Cl,,
fixing C' > 0 such that C2? > SC;’;, by Hoeffding’s inequality,

P& 2C?nlogp Y-
< 2 E E 2exp <—W) < 2p4fc /2Ce) 0, as n — oo.
e

7,0'=1101U'=1
Therefore,
e > et (X (Xyi) — E{o(Xji)pjm (Xj/i)}]| = Op(y/nlogp).
J=1..., Pt
LI'=1,..., mo

Denote Aj ;. » to be the (j,1;7',1')-th entry of A. By [23], with probability
approaching one, for any v with |y| < 2t,,, and m € [my, ms], the spectral norm
of A is upper bounded by
v tam3logp

n )

HA”spectral < H}af,’( Z |Aj,l;j’,l’| <

T jey,1<i<m
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for some fixed large C’ > 0. That is, when n, p — oo,

t2m21
max  max || Aflgpectral < /2282 — (1),
[v|<2t, me[mi,m2] n

By Weyl’s inequality on eigenvalues (see [23]) and by (8.3), one can properly
choose a small ¢y > 0 to satisfy (3.3), which completes the proof. Using similar
proofs of Proposition 2.1 in [42], it can be shown that (3.3) implies Assump-
tion A.1. The details are straightforward and thus are omitted.

Proof of Theorem 3.2

Denote 52 = (B9, ..., 8% )" for j =1,...,p. Define k, = 2 jeno HBJO-HQ and
ty, = minjeqo HﬁgH Before giving the proof of Theorem 3.2, we should mention
that Assumption A.3 is actually equivalent to the following Assumption A.4
which assumes the growing rates on terms involving the Fourier coeflicients of
the partial Fourier series, i.e., k,, and v,,. The difference between Assumptions
A.3 and A4 is that [, and 6, in the former are replaced with k, and ¥, in
the latter, respectively. This modified assumption is easier to use in technical

proofs.

Assumption A.4. There exists a positive sequence {hy,,m > 1} such that,
as m,mi, mg — 00, hy — 00, m~%h,, decreasingly converges to zero, mh,,
increasingly converges to oo, and . . 1/hm = o(1). Furthermore, the

sequences M1, ma, b, Spy ty, U, k"’én’ on satisfy

(1). mahmys, = o(nmin{1,v2}) and mj “hy,s2 = o(min{l,n"tm, log(¢, ),
o Unb);

(2). tn > sp and t,logp = o(nlog(1l + min{1,2}));

(3). ky = O(QnTﬁLZ) and logp = o(m; log (nQnTgw));

(4). mas,log(1+ng,) = o(nlog(l + min{1,2})).

To see the equivalence, it can be directly shown by (3.1) that uniformly for
m € [my, ms]
n—kn= Y Y |BY* < Cpspmi®. (8.4)
FjENO I>m+1

On the other hand, for any j € 4° and any m € [m1, mg], we have || f7[|?

2t B + i 18RI < 3Ly 18RI + Cpmy® and, obviously, || /713
SO 18917, which lead to o7 < 67 < 1bp + Cgmy . Therefore,

AV

0 <62 — o2 < Camy ™ (8.5)

By (8.4) and (8.5) and direct examinations, it can be verified that Assumption
A 4 is equivalent to Assumption A.3. We will prove the desired theorem based
on the equivalent Assumptions A.1, A.2 and A.4.
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Throughout the entire section of proof, we use “w.p.a.1” to mean “with prob-
ability approaching one”. Using the trivial fact

1
0
p(v"Dn) = )
p(¥|Dn)
L4290 520D
to obtain the desired result it is sufficient to show >°__ o % approaches

zero in probability. For any 4 with || < t,,, consider the following decomposition

p(y/Dn) >
—lo
© <p<~/0|Dn>
(%) 1 det(W,)
= 10g< )—i——log(i
p(v°) 2 det(W.yo)
ntv, 1+Y"(1, - 2,U,'Z))Y
2 1+Y" (1, - Py)
LA 1+ Y (I, - Zp U, Z1,)Y
2 1+ Y (I, - Py)Y
ntv, ( 1+Y71, —P.,)Y)

+

2 1+Y"(I, - P)Y

Denote the five terms by J1, Js, J3, Jy, Js. It follows by Assumption A.2 that J;
is bounded below uniformly for v € S(t,). It is also easy to see that J3 > 0

almost surely. To prove J; is lower bounded, by Sherman-Morrison-Woodbury
(see [47]),

(Z30Zyo+ 220 )" = (Z30Zyo ) ' =(Z30Z0) (B0 +(Z30Zyo ) ) (250 Zyo ),

and by X 0 > QannImsn and similar calculations in the proof of Theorem 2.2
in [42], it can be shown that

1+ YT, - 20U Z20)Y
1+ Y (I, - Py)Y

Y Zyo (220 Z0) 2220 Y
1+Y"(I,-Py)Y

<149 '7,°

Note Y = Z,08% + 7, where ) = n+ €, n = > e Dorem1 B®ji, @ =
(X)), .., <pjl(Xjn))T, and € = (ey,...,€,)T. Since for any m,

E{e"P. o€} = ms,05, and

E{||nl*}

nE{(> " > Bhen(X;i))}

j€v0 l=m—+1

nsn Y B{( Y Bhen(X5i))}

JEYO l=m+1

IN
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o0
= ns, Z Z | ;-)l|2 < Cﬁnsflmf‘l,
jENO I=m—+1

where the last inequality follows by assumption (3.1), it can be shown by Bon-
ferroni inequality that as n — oo,

P < max mflh;lleTP.yoe < snag> — 1, and

mi1<m<ma

P ( max m®h,tn|? < ansi) — 1. (8.6)

mi1<m<ma

(8.6) will be frequently used in the proof of the main results in this paper. Since
n"P,om < ||n||?, we have, w.p.a.1, for m € [my, ms],

Y Zyo(220Z0) 220 Y

< 2 (HBSDHQ + ﬁTzvo(zflozvo)*Zzzoﬁ)

< 2 (Hggon“‘ n conflﬁTzﬁ,o(z,foz.,o)*lzfoﬁ)

< 2 (HB'OYO 1> + QConflnTP»yon + QConfleTP,yoe)

< 2 (H,@,Oyo 1?4+ 2coCasom™*hum + 2co05n™ " mhp,sy)

< 2(18% 1> + 2¢0Css7my “hm, + 2¢003n " Mighimysn) -

Since ky, > sp2 > s2mi%hpm, + n ' mohy, sy, wp.a.l, for m € [my,mal,
[YTZWO (]zfozwo)Zz,on < 2k, (1 + o(1)). On the other hand, w.p.a.1, for m €
miy,maj,

Y (I, -Py)Y
= 771, - P.o)=n"(1, = Pyo)n+2n" (I, —Pio)e— € Poe+e’e

= O <nsimlahm1 +ny/sZmy “hp, + mth2Sn> +ele
= e+ 0 <n\/ $2my “him, + mahm, sn) ) (8.7)

By (1) in Assumption A.4, (8.7) implies Y’ (I, — P,0)Y = noZ(1 + op(1)).
Therefore, w.p.a.1., for m € [my, ma],

i< og <1+ M) —0(1),

where the last upper bound follows by k, = O(QnTﬁw), i.e., Assumption A.4
(3). This shows that, w.p.a.1, Js is lower bounded uniformly for m € [m1,mo]

and ¢;’s € [Qn, On).
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Next we approximate Js in two situations. First, for v € Sa(t,), a direct
calculation leads to
YT(In - P'y)Y = H’/'y,m”2 + 2V$,m"7, + 7~7T(In - P'Y),f]u
where Vo, = (Iy = Py)Zq0\y 840\, Since w.p.a.1., for m € [m1, ma], n?(1, —

P.)n <|nl? < Csns?mi “hm,, and €’ (I, — P )e < €€ < 2no3, by Lemma 1
(iii), for a prefixed o > 4

7" (L, — P,)7 > €’'e — acit, logp — \/2Cg08n23721mfahm1.

Meanwhile, by Lemma 1 (i), for some large constant ¢/ > 0 and w.p.a.l.
uniformly for m € [my,mo], V], €l < C'V/i,logp|lvym| and [v] n| <

Cans2my “hu, |[Vaym |- By Assumption A.1, |[va,m|? > ¢ 'ny?2, therefore
we obtain that

Y (1, -P,)Y

t, 1 2m7 “hoy,

Y

+ Op (t" logp + nsymy “hm, )) 1+ ele

iy
= cg'np2(1+o0p(1)) +€e.
Note Assumption A.4 (1) leads to ny/s2miy “hp, + Mohm,s, = o(n?) and
na/s2my “hum, + mahm, s, = o(n). By (8.7), we have, w.p.a.l., uniformly for

m € [mq, mal,

—1,/2
1 1
gz T oy (14 DRl AN 5 B iop 14 ),
70

for some large constant C’ > 0.

Next we consider v € Si(t,). It can be checked by (8.7), Lemma 1 and
straightforward calculations that for a fixed a > 4, w.p.a.1., uniformly for m €
[mla mQ]a

~T ~

P,-P
Jo= (1o ?7~(Tw 70)?7~
2 1+7 (I, = Pyo)n

L nry (o 2l 2R P
2 1+7" (I, = Pyo)n
> I —;— v log | 1 - 2Csns2my “hum, + 2(|7y] — sn)ac logp

1+eTe+ 0 (nq [s2my “humy + mghm2sn)
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Y

n+v low (1 2Csns2my “hm, + 2(|7y] — sn)act logp
) na3 (1 + o(1))
> —(3Cﬁ052nsim;ahml +2(]y] = sn)ao logp),

where the last inequality follows by ¢, logp = o(n), i.e., Assumption A.4 (2),
the inequality that log(l — z) > —2z when = € (0,1/2), and a suitably fixed
oo € (4, ).

In the end we analyze the term J;. Using the proof of Lemma A.2 in [42], it
can be shown that for any ¢;’s € [¢ , ¢n] and m € [my, ma],

1
Jy > §m1(|'y| — $p) log (1 + calngnﬁw) for any v € S (t,), and

mos

Jo > — >

“log (1 + cond, 1) for any v € Sa(ty,). (8.8)

To make the proofs more readable, we give the brief proof of (8.8). When
~ € Si(tn), by Sylvester’s determinant formula (see [47]), Assumption A.1 and
straightforward calculations we have

det(U,) = det(Uso)det (2;\170 + 28 o (L — Zop UL ZT,O)Z.,\WO)
> det(Uyo) det (B30 0 + 200 (T = Poo)Zoyo )
> det(U,o) det (2;\170 + co_lnIm‘,y\,yo‘) .
Therefore,
det(Wy)  det(ZE,)  det(Uy)
det(Wo) det(X,0) det(U,po)

m(|y|—sn) mi(|y|—sn)
> (1 + co_annTﬁl) > (1 + cgananM) ' .

Taking logarithm on both sides, we obtain the first inequality in (8.8). When
v € Sa(tn), since det(W,) > 1, the second inequality in (8.8) follows by

1 1
S = =g log(det(Wo) = = log (det (L, + 220,20 5007) )
> _m28n log (14 cong,ti) > _m228n log (14 conentt) -

To the end of the proof, we notice that based on the above approximations
of Ji to J5, there exist some large positive constants C' and N such that when
n> N, w.p.a.l., for any ¢;’s € [¢ ,¢n] and m € [mq, ma],

p(v|Dy)
2 p(v°/Dy)

< C Z exp (3Cg0y *nsimy “h, + 2a0(|Y| — sn) logp
"/eSl(tn)

")’Esl (tn)
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_ (] = sn)
2

‘. (1+ calngnn%z)mlﬂ

log(1 + coananm))

N Otrf" p— Sn> pree eXp(3€fUS2n$im1—“hml) ’
v (1+cq nQnTﬁw)ml/Q

IN

SIS (120 exp(Cs0g nsimi ) |
(1+cy'ng 72,)m/?

N 2000+1 3C —2 2 —ahm
< C|exp b exp(_l £% 58"7:1}2 D) 1| =0, asn— oo,
(I+c¢o ng 77,)™

where the last limit follows by Assumption A.4 (1) & (3), and by Assumption A.4
(4) we can make N large enough so that mgs, log(1 + cone,77) < 2~ log(1 +

C"92) for n > N, which leads to

Z p(v[Dy)

0
NESa(tn) p(v°/Dn)
_ 1 _
< C Z exp (Emgsn log(1 4 conén i) — I ; v log(1 + C’wi))
’7652(tn)
< C Z exp (—nT—W log(1 + C’1/)i)>
YES2(tn)
< C-#Sa(tn) - (L+ Cly2)~ (/4
< Coptn - (1 +C2)~ /A 0 as n — oo,

where the last limit follows by Assumption A.4 (2). This completes the proof of
Theorem 3.2.

Before proving Theorem 3.4, we need the following lemma. The proof is sim-
ilar to that of Lemma 2 in [44] and thus is omitted.

Lemma 2. Suppose € ~ N(0,031,). Adopt the convention that vie/|vy|| =
0 when v = 0, and €/ Pye/|y| = 0 when v is null. Furthermore, my < n =
o(p)-

(1). For~ € To(tn), define vy = (I, — P»y)Z;YU\,-Yﬁ,OYO\,Y. Then

el o (v/5n + logm2)
max — = Sn + logma).
1<mSms veTo(tn) ol L g2
(ii). For v € Ti(tn), denote v* = ~ N~° which is non-null. For any fived
a> 6,
lim P( (P~ Py)e

max max —————— < aogsn 10gp> =1.

n—o00 1<m<ma veT(tn) |"}’| — |"}’*|
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(iii). Then for any fized o > 4,

lim P Tp < ac?l =1.
i (e € Puella| < aodlogs)

Proof of Proposition 3.3

Let C, = maxi<j<p Sup;>1 ||¢jillsup- By Proposition 3.1, we obtain that (3.5)
holds. Next we show that (3.6) holds with p, oc mgs?logp. Define A =
Z£0\7P7Z70\7. The diagonal entry of A is A;; = <I>jTlP,Y<I>jl for j € v°\~,
and [ = 1,...,m. By [5], any random variable £ almost surely bounded by
a number b > 0 satisfies E{exp(a&)} < exp(a?b?/2), i.e., £ is sub-Gaussian.
Since ¢;;(Xji), ¢ = 1,...,n, are independent and uniformly bounded by C.,, for
any n-vector a = (a1,...,a,)", E{exp(a’®;)} = [\, E{exp(aipj (X))} <
[T;_, exp(aiC2/2) = exp(||a]|*CZ/2), that is, ®; is sub-Gaussian. By Theorem
2.1 of [27], for some C' > 2 which implies 5CCZ |y|logp > C2(|v|+2+/|~[t +2t)
with ¢ = Clvy|logp, we have

P TP P, > CC21
mer[?n?(mﬂog\%??sn jg/%i(v e Jl/h' B v o8P

< Y ¥ Y r (@fle@jl > CCZ|~/|1ogp)
1<m<ms 0<|v|<sn jey\vy
I=1,....m
< Z Z Z E{P (@flPW@ﬂ > CCf,IvIlogp‘Pv)}
1<m<ms 0<|v|<sn jey\vy
I=1,....m
< Y 3 Y exp(-Clyllogp)
1<m<ma 0<|v[<sn jey\~y
1=1,..., m
sn—1 D sn—1 "
< mis, Z (T)p_CT < mis, Z ﬁP_CT < m3sn(exp(p' =) — 1)
r=1 r=1 '
= O(mgsn/p) - 0(1)7
therefore,

ma. ma. max PLP. P = Op(logp).
m€[m1)-,(m2]0<"7|§5n jG"/O)\("/ # ]l/|’7| P( gp)
=1,..., m

So with probability approaching one, for any m € [my, ms] and v € T'(s, —
\{0}, )\+(ZF:F/P.,Z7) < trace(Zr:F/P,YZ,,) < C'mys? logp, for some large con-
stant C’ > 0. This completes the proof.
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Proof of Theorem 3.4 (i)

Like in Assumption A.4, one can replace 6,, and [,, in Assumption B.3 by v,
and k,, while preserving an equivalent condition. Specifically, by the statements
in the beginning of Theorem 3.2, it can be shown that the following assumption
is an equivalent version of Assumption B.3.

Assumption B.4. There exists a positive sequence {h,,m > 1} such that,
as m,my,mg — 00, hy, — 00, m~%h,, decreasingly converges to zero, mh,,
increasingly converges to oo, and -, .. <. 1/hym = o(1). Furthermore, the
sequences My, Mo, hupy Spy Uy ks Qn satisfy

(1). mahym,s, =o(nmin{1,v2}) and my “hy,, s2 = o(min{1,n"tm; log(¢, ). V2 });
(2). kn = O(Qannz);
(3). max{py,,s2logp} = o(min{n,m; log(ngnﬁu)}).

Next we will prove the theorem based on Assumptions B.1, B.2 and B.4. We
first show that w.p.a.1, for m € [my, mo], max,er, t,) P(¥|Dn)/p(v¥ N ¥°|Dy;,)
converges to zero. Since the denominator is bounded by max,er,t,) P(Y[Dn),
it follows that maxyer, ¢,) P(7|Dn)/ maxyer,(t,) P(¥|Dn) — 0 in probability.
Second, we show, w.p.a.1, for m € [m1, ms], maxycr,1,,) P(¥|Dn)/p(0|Dy) — 0.
This will complete the proof. Next we proceed in two steps.

Step 1: Consider the following decomposition for v € T} (t,),

e (5

= —log (;((’7*))) * %log (%)

ntv, (1 +Y"(I, - Z.,U;lzT,)Y>

1+Y"(1, -P,)Y
ntv, (1t Y (1, - Z,-U'Z].)Y
1+Y'(1, - Py)Y

ntv, 1+Y"(1, -P,)Y
2 \1iyT@m, —pY)’

+

where v* = v N~Y # (. Denote the five items by Ji, Ja, J3, Ju, J5. We use the
methods in the proof of Theorem 3.2 to analyze the five terms. Note that J;
is bounded below by Assumption B.2, and J3 > 0 almost surely. To handle Jy,
using Sherman-Morrison-Woodbury matrix identity,

1+Y"(1, - 2,-U,!Z1.)Y
1+Y (1, - Py)Y
Y7, (2.2, )7t - U HZIY

1+Y"(1, - Py)Y
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Y2 (222 ) (B + (222 ) )N (2D. 2, )72
1+Y'(1, - P )Y
Y2y (222, )220 Y
1+Y (1, - Py)Y
(B50)" 2o Ty (23 2oy )22y Lo B 40 Loy (2 2oy ) 22y
1+Y"'T, - Py )Y

< 1+9;17nj2

< 1+2@;17,,;2

O)T

Without loss of generality, assume Z~o = (Zy~, Zyo0\~+) and 6970 = ((B4+

3

(ﬁgow*)T)T. By a direct calculation it can be examined that
VARY AV A A e AN A0
T 1T
< I (222 )22 2o - )
220\ T (2. 2y )™ 2L e T (2D 2y ) 22 T -
By Assumption B.1, w.p.a.l, for v € Ta(t,,) and m € [mq, ma],

d d
T T —2rT 0 0Pn
Mo (230 2o (232 ) 228 Ty ) < SN (Zigorge Py Zny) < 222,

which implies, w.l.p., )\_’_(Z:I;o Z- (Zg* Z,,*)_ng* Zy) <1+ d“%. Therefore, it
can be shown that

_ dopn
(B%0)T 2L 2 (22. 2 ) 222 20 850 < (1 + On

%

On the other hand, by (8.6) in the proof of Theorem 3.2, it can be shown that,
w.p.a.l, for m € [my,ma, ﬁTZV*(Zz*ZA,*)’QZ,f*ﬁ < 2o (|In||2 + €'Pjoe) <
240 (525, mahm, + Cemy “hm,ns2). Meanwhile, by (8.7), Y/ (I, — P4-)Y >

YT(In—P.Yo)Y = ele+0(ny/s2m] “hum, +Mahu,s,). So for m € [my, ma), and
ci’s€o, én], we have 0 < —J; < 2 log(1 + 2(1+d0;:¢/:3§,;(71§+01:(1))) =0p(1)
since k,, = O(QHTEW) (see Assumption B.4).

To approximate J5, without loss of generality, we may assume Z,o = (Z-,

Z.o\~+) and ﬁgo = ((ﬁg*)T, (69,0\7*)T)T. It can be shown by Assumption B.1,
B.4 (1), (8.6), and Lemma 2 (ii) that

Y'(P, - P,)Y

< 2B50\1-)" Zaorys (Py = Poye) 2oy B0 + 40" (Py = Poe )y
+4€T(P, — P )e
< 2pn||ﬁ9,0\7* 2 4 4(Cans2my “hon, + aols? logp)

< 29a(1B50\y- 117 + ),

where g, = max{p,,ns2mj “hm,,,s2logp}, @ > 4 and «; are fixed positive

constants. On the other hand, define v- ,,, = (I,, — Pw*)zvow*ﬁgow- Then
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2 By Lemma 2 (i), w.p.a.1,

by Assumption B.1, ||V m[|? > (daln—pn)HBgow*
for any m € [m1, meo] and v € T (L),

Y (1, -P,)Y

2 ml® + 205 i+ 07 (L — Py )

Vsn +logma + y/ns2mi “hy,,
VinE

Y

el [ 140

£ e ePooe—2n] - el
Vsn 4+ logma + /ns2mi “hm,
Vi
+ €'e — o2 spmahom, — 20"\ Csn2s2my “hy,
= ((dg'n = pu)llBo\y- I” +108) (1 + 0(1)),

for some constant C’ > 0. Therefore, for some large positive constant C”,
w.p.a.1l, for any m € [mq1,ms] and vy € T1(t,,),

el [ 140

T - *
Jo e Y g (1 Y (P = Py)Y
2 YT(L, - P, )Y
20 ([|B%0\ -
log (1 . — g (”f’yo\’y
((dO n— pn)”ﬁ'yo\'y*

By similar arguments in the proof of Theorem 3.2, it can be shown that for
any m € [mi,ma], ¢;’s € [Qn,gz_ﬁn], and v € Ti(t,), Jo > %log(l + (dy'n —
pn)gﬂ'ﬁh). So, w.p.a.1, for any m € [m,ms] and v € T(¢,), for some constant
C>0

p(y/Dy)
p(v*[Dn)

Thus, max,,cim;,ms] MaxXe e 5,

n-+v

Y

2+o¢1) ) > —C'/gn.
2+ no)(1+o0(1))

< Cexp (—% log (1 + (ndy* — pn)QnTﬁw) + C'/gn) — 0.

maxX~ e (tn)p(’7|Dn) _
max'yET(l)(tn)p(’Yan) B P(l)
Step 2: Next we consider the following decomposition for v € Ts(t,,),

Y (1 + Y (I, - Zqlezi)Y>
2

1+Y"(I, - P,)Y

ntv, 1+Y5(1, -P,)Y
(6] .
2 1+Y'Y

+
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Denote the above four terms by Jp, Ja, Js, Jy. It is clear that J; is lower bounded,
and J3 > 0. We approximate Jy. For v € Ty(t,,), let vy m = PyZ oﬁ 0. By
Assumption B.1, [|[v,n||? < pnky. Thus, by Lemma 2, for some ﬁxed a > 4, for
any m € [m17m2]
Y'P,Y < 2(|vyml?®+20n"Pyn + 26" Pye)
< 2(pukn +205n52m] “hyny + 20085, 10gp) < 295 (kn + a2),

where g, = max{p,,ns2mj “hm,, s, logp}, and as is some fixed positive con-
stant. On the other hand, since E{|(Z0350)7€?/[|Z40B8%?} = 03 we have
|(ZyoBy0) "€l /1 Z0 B0l = Op(1). Thus, |(Z4085) 0| < [|Zy0B5l - (IInll +
Op(1)). Since \/s2my “hpym, = o(¥2) = o(ky), we have

YTy

1Zy0 B30 1% + 2(Zyo B50) "0 + 70

1+ ns2m; “hp,

nk,,

X083 { 1+ 0p V

+Op (\ / n%%mf“hml)

X085 117 (1 + 0p(1)) + nog (1 + op(1))
> (dy'nk, +nod) - (1+o0p(1)).

) +nog(14o0p(1))

Therefore, w.p.a.1, for v € Ta(t,) and m € [m1, ms],

g (1 St o)

Jy > ————= | > —C'gy,
‘= do_lnkn—i—nog)) - g

for some large constant C’ > 0.
Meanwhile, by similar proof in Step 1, it can be verified that for v € Ta(t,)
and m € [ml,mg] Jo > Tt log(1 + ndy 1¢) 72.,) which holds for ¢;’s € 9, bn)-

Then w.p.a.1, for v € Tg( n), ¢j’'s €9, ¢n] and m € [mq, ma,

p(y[Dn) _

A _m -1 2 / _
@D, = Cexp( 5 log(1 + nd, ?nTm2)+an) op(1),

where C' is some large positive constant. This shows

D
max max  XyeTu(t » P(YID0) =op(1).

me[ml m2] CJ€[¢ ¢n] ma’X’YET()(tn)p(qu )

This shows the desired result.

Proof of Theorem 3.4 (ii)

Under Assumption B.4, it can be shown using similar arguments in the begin-
ning of the proof of Theorem 3.2 that Assumption A.3 (4) is equivalent to the
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following assumption, i.e., Assumption A.4 (4),
masy log(1 4 ne,) = o(nlog(1l + min{1,¢?2})). (8.9)
Similarly, (3.7) can be shown to be equivalent to
1850\ 1I* < b5 1185117, (8.10)

where b, > 0 is constant. To see this, using (3.1) and ¥2 > m]® (see As-
sumption B.4 (1)), it can be shown that 3. [|f7[? = IBYI1%(1 + o(1)) and
Yierovy 1713 = 1850\, 12(1 + o(1)), uniformly for m € [my, ma]. Then it can
be seen that (8.10) is equivalent to (3.7). Next we will prove the theorem based
on Assumptions B.1, B.2, B.4, (8.9) and (8.10).

For the ~ specified in the theorem, we consider the following decomposition
Z
s (202))
p(v|Z)
@)

= —log (p_ + llog (#)
p(v)) 2 %8 et (W)
v, (1 +Y'(1, - Z.,U,leg)Y)

2 1+Y"(1, - P,)Y

n+v 1+YTY
+ log T .
2 1+Y'(1, - P,)Y

Denote the above four terms by Ji, Js, J3, J4. Again, J; has finite lower bound.
By similar proof in Step 1 of Theorem 3.4, one can show that w.p.a.l, for
m € [m1,mg] and ¢;’s € [¢n,én], 0< —Js=0p(1).
T : ntv Y'P,Y _ 0
o0 analyze J4, note Jy = "3 log(l—!—m). Let oy, m = PyZyoB0.
It can be directly examined by property of P, that v ,, = Z762+P7270\7B20\7.
By Assumption B.1 and H,@g()\,7||2 < b6||ﬁ9/||2, i.e., (8.10), we have

(BT 25 Py Zyoy B0 | < 12485 - v/ b1 85 -

Meanwhile, HZ.Yﬁ?YH2 > nd51||ﬁ97||2. Therefore, by p, = o(n), it can be shown
that

2y.nl® = 1124852 <1 +

= (12485 1(1 + o(1)),

2(85) ZI Py Zoo\ 4B\ 1Py Zyory B0\, |12
1285112 1248512

for all m € [my,my]. Since for each m € [m1,ma], 2 €/|vymll ~ N(0,03),
we obtain maX,,eim, m,) (V2 €l/[|Vy.mll = Op(v/Iogms). Also note, w.p.a.l,
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for m € [my, mal, WL .0l < vymll - [0l < \/Cons2my b, [V mll, thus we
obtain that

Y'PY > vyl +207 .7
B 9 ns2my “hm, + logms
= anl® {1+ 0p \/ o
> ndy B3P (1 + op(1)).

To approximate Y (I, — P4)Y, let &y, = (I, — P»y)Z,YO\,-Yﬁ,OYO\,Y. It can be
verified that max,,e(m, mo] |f/r§7me|/HD%mH = Op(y/logms), and, by Assump-
tion B.l, we have [Dqn|> > (ndy' — pn)|\ﬁ970\,y|\2, and [|Dym|? <

nd0||ﬁ970\,y|\2 < ndob} 8512 Therefore, it can be shown by direct calculation
that w.p.a.1l, for m € [m1, ma],

Y (L =Py)Y < ([Fml* +105) (1+0p(1)) < (ndoby|B51° +n0g) (1+0p(1)).

Therefore, w.p.a.1, for m € [mq, ms],

do MBI (1 + o(1
00 o 1 BRI+ ol1)
2 (ndobgl| B2 + nog)
1+o0(1) 2 )
by v2+G)
where (o = 03 /(dob})) and the last inequality follows by |\ﬁ97||2 > 1)2. Therefore,
we can obtain that J; > 22 log(1 + 12??;61) ~min{1/2,%2/(2¢)}).
Finally, by the proof of (8.8), it can be shown that w.p.a.1, for m € [m1, ma],
Jo > =252 Jog(1+dong,11). So by (8.9), w.p.a.l, for m € [my, my], as n — oo,

p(0|D»)

p(v|/Dx)

Cexp (m;sn log(1 + dong,t?)

-t (14 Lt ming1/2.02/260)} ) ) =0,
0~0

Jy >

n+v
> +

log (1 +

IN

where C is a large positive constant. This completes the proof.
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