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The Gaussian graphical model, a popular paradigm for studying rela-
tionship among variables in a wide range of applications, has attracted great
attention in recent years. This paper considers a fundamental question: When
is it possible to estimate low-dimensional parameters at parametric square-
root rate in a large Gaussian graphical model? A novel regression approach is
proposed to obtain asymptotically efficient estimation of each entry of a pre-
cision matrix under a sparseness condition relative to the sample size. When
the precision matrix is not sufficiently sparse, or equivalently the sample size
is not sufficiently large, a lower bound is established to show that it is no
longer possible to achieve the parametric rate in the estimation of each entry.
This lower bound result, which provides an answer to the delicate sample size
question, is established with a novel construction of a subset of sparse preci-
sion matrices in an application of Le Cam’s lemma. Moreover, the proposed
estimator is proven to have optimal convergence rate when the parametric
rate cannot be achieved, under a minimal sample requirement.

The proposed estimator is applied to test the presence of an edge in the
Gaussian graphical model or to recover the support of the entire model, to
obtain adaptive rate-optimal estimation of the entire precision matrix as mea-
sured by the matrix £4 operator norm and to make inference in latent variables
in the graphical model. All of this is achieved under a sparsity condition on
the precision matrix and a side condition on the range of its spectrum. This
significantly relaxes the commonly imposed uniform signal strength condi-
tion on the precision matrix, irrepresentability condition on the Hessian tensor
operator of the covariance matrix or the £ constraint on the precision matrix.
Numerical results confirm our theoretical findings. The ROC curve of the
proposed algorithm, Asymptotic Normal Thresholding (ANT), for support
recovery significantly outperforms that of the popular GLasso algorithm.
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1. Introduction. The Gaussian graphical model, a powerful tool for inves-
tigating the relationship among a large number of random variables in a com-
plex system, is used in a wide range of scientific applications. A central ques-
tion for Gaussian graphical models is how to recover the structure of an undi-
rected Gaussian graph. Let G = (V, E) be an undirected graph representing the
conditional dependence relationship between components of a random vector
Z=(Z,. ..,Zp)T as follows. The vertex set V = {Vi,..., V,} represents the
components of Z. The edge set E consists of pairs (i, j) indicating the conditional
dependence between Z; and Z; given all other components. In applications, the
following question is fundamental: Is there an edge between V; and V;? It is well
known that recovering the structure of an undirected Gaussian graph G = (V, E)
is equivalent to recovering the support of the population precision matrix of the
data in the Gaussian graphical model. Let

Z=(Z\,2Z2,...,Z))" ~N(u, %),

where X = (0;;) is the population covariance matrix. The precision matrix, de-
noted by Q2 = (w;;), is defined as the inverse of covariance matrix, 2 = >-1
There is an edge between V; and V;, that is, (i, j) € E, if and only if w;; # 0; see,
for example, Lauritzen (1996). Consequently, the support recovery of the precision
matrix 2 yields the recovery of the structure of the graph G.

Suppose n i.i.d. p-variate random vectors X M x@  xX®™ are observed
from the same distribution as Z, that is, the Gaussian N (1, Q1. Assume without
loss of generality that u = O hereafter. In this paper, we address the following two
fundamental questions: When is it possible to make statistical inference for each
individual entry of a precision matrix € at the parametric n~'/2 rate? When and in
what sense is it possible to recover the support of €2 in the presence of some small
nonzero |w;;|?

The problems of estimating a large sparse precision matrix and recovering
its support have drawn considerable recent attention. There are mainly two ap-
proaches in the literature. The first approach is a penalized likelihood estimation
approach with a lasso-type penalty on entries of the precision matrix. Yuan and
Lin (2007) proposed to use the lasso penalty and studied its asymptotic proper-
ties when p is fixed. Ravikumar et al. (2011) derived the selection consistency
and related error bounds under an irrepresentability condition on the Hessian ten-
sor operator and a constraint on the matrix £; norm of the precision matrix. See
also Rothman et al. (2008) for Frobenius-based error bounds and LLam and Fan
(2009) for concave penalized likelihood estimation without the irrepresentability
condition. The second approach, proposed earlier by Meinshausen and Biihlmann
(2006), is neighborhood-based. It estimates the precision matrix column by col-
umn by running the lasso or Dantzig selector for each variable against all the rest
of variables; see Yuan (2010), Cai, Liu and Luo (2011), Cai, Liu and Zhou (2012)
and Sun and Zhang (2013). The irrepresentability condition is no longer needed
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in Cai, Liu and Luo (2011) and Cai, Liu and Zhou (2012) for support recovery,
but the thresholding level for support recovery depends on the matrix £; norm of
the precision matrix. The matrix £; norm is unknown and large, which makes the
support recovery procedures there nonadaptive and thus less practical. In Sun and
Zhang (2013), optimal convergence rate in the spectral norm is achieved without
requiring the matrix £; norm constraint or the irrepresentability condition. How-
ever, support recovery properties of the estimator were not analyzed.

In spite of an extensive literature on the topic, the fundamental limit of support
recovery in the Gaussian graphical model is still largely unknown, let alone an
adaptive procedure to achieve the limit.

Statistical inference of low-dimensional parameters at the n rate has been
considered in the closely related linear regression model. Sun and Zhang (2012a)
proposed an efficient scaled lasso estimator of the noise level under the sample
size condition n >> (slog p)?, where s is the £ or capped-£; measure of the size
of the unknown regression coefficient vector. Zhang and Zhang (2014) proposed
an asymptotically normal low-dimensional projection estimator (LDPE) for the
regression coefficients under the same sample size condition. Both estimators con-
verge at the n~!/? rate, and their asymptotic efficiency can be understood from the
minimum Fisher information in a more general context [Zhang (2011)]. A proof of
the asymptotic efficiency of the LDPE was given in van de Geer et al. (2014) where
the generalized linear model was also considered. Alternative methods for testing
and estimation of regression coefficients were proposed in Belloni, Chernozhukov
and Hansen (2014), Biihlmann (2013), Javanmard and Montanari (2014) and Liu
(2013). However, the optimal rate of convergence is unclear from these papers
when the sample size condition n >> (s log p)? fails to hold. Please see Section 5.3
for more details of their connection with this paper.

This paper makes important advancements in the understanding of statistical in-
ference of low-dimensional parameters in the Gaussian graphical model in the fol-
lowing ways. Let s be the maximum degree of the graph or a certain more relaxed
capped-£; measure of the complexity of the precision matrix. We prove that the
estimation of each w;; at the parametric n~1/2 convergence rate requires the spar-
sity condition s = O (n'/2/1og p) or equivalently a sample size of order (s log p)?.
We propose an adaptive estimator of individual w;; and prove its asymptotic nor-
mality and efficiency when n > (s log p)2. Moreover, we prove that the proposed
estimator achieves the optimal convergence rate when the sparsity condition is re-
laxed to s < con/log p for a certain positive constant cg. The efficient estimator
of the individual w;; is then used to construct fully data-driven procedures to re-
cover the support of 2 and to make statistical inference about latent variables in
the graphical model.

The methodology we are proposing is a novel regression approach briefly de-
scribed in Sun and Zhang (2012b). In this regression approach, the main task is not
to estimate the slope, as seen in Meinshausen and Biihlmann (2006), Yuan (2010),
Cai, Liu and Luo (2011), Cai, Liu and Zhou (2012) and Sun and Zhang (2012a),

—1/2
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but to estimate the noise level. For a vector Z of length p and any index subset
Aof {1,2,..., p}, we denote by Z4 the sub-vector of Z with elements indexed
by A. Similarly for a matrix U and two index subsets A and B of {1,2,..., p},
we denote by Uy p the |A| x |B| sub-matrix of U with elements in rows in A
and columns in B. Consider A = {i, j} with i # j, so that Z4 = (Z;, Z‘,-)T and
Qaa= (Z)’;’l “”f ) It is well known that

ZalZae ~ N (=9 QaacZac, 25 1).

This observation motivates us to consider the estimation of individual entries of
Q, w;; and w;;, by estimating the noise level in the regression of the two response
variables in A against the variables in A. The noise level ", has only three
parameters. When €2 is sufficiently sparse, a penalized regressmn approach is pro-
posed in Section 2 to obtain an asymptotically efficient estimation of w;; in the
following sense: The estimator is asymptotically normal, and its asymptotic vari-
ance matches that of the maximum likelihood estimator in the classical setting
where the dimension p is a fixed constant. Consider the class of parameter spaces
modeling sparse precision matrices with at most k, , nonzero elements in each
column,

= (wij)1<ij<p: max Zl{a),j # 0} < k. p,
i=1 ’
and 1/M < Amin(2) < Amax(2) <M

(D Go(M, ky,p) =

where 1{-} is the indicator function, and M is some constant greater than 1. The
following theorem shows that a necessary and sufﬁcient condition to obtain a

~1/2

n -consistent estimation of w;; is ky, p = O (355, p) and when k, , = o(%)

the procedure to be proposed in Section 2 is asymptotlcally efficient.

THEOREM 1. Let XN, (u, £),i=1,2,...,n. Assume that 3 < k, , <
con/ log p with a sufficiently small constant co > 0 and p > k,‘l’vp with some v > 2.

(1) There exists a constant gy > 0 such that

infinf sup P{|ai; — wij| > 80maX{n_lkn,p10gP’”_1/2}} Z €0
i J (1)1/ g()(M kn p)

Moreover, the minimax risk of estimating w;; over the class Go(M, ky, ) satisfies

) inf  sup E|@;j — w;j| < max{n~ %, plogp,n -1z}
wl] gO(M kn p)

uniformly in (i, j), provided that n = O (p%) with some & > 0.
(ii) The estimator &;;j defined in (10) in Section 2 is rate optimal in the sense of

max sup P{|di; — wij| > Cmax{n_lkn,plogp, n—1/2}} =0.

lim
(C.n)—(00,00) i\ Go(M kn, )
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. A : : N
Furthermore, the estimator ;;j is asymptotically efficient when k, , = 0(@),
that is, with Fij = (wjjwj; + a)l.zj)*1 being the Fisher information for estimating

w;j and ﬁij = (®ji®j; + c?)l.zj)*1 its estimate,
~ . D ~
3) Vi Fij (@ — o) = N(0,1), Fij/Fij — 1.

The lower bound is established through Le Cam’s lemma and a novel construc-
tion of a subset of sparse precision matrices. An important implication of the lower
bound is that the difficulty of support recovery for sparse precision matrices is dif-

ferent from that for sparse covariance matrices when kj , > (%), and when

kn,p = 0(%) the difficulty of support recovery for sparse precision matrices is
just the same as that for sparse covariance matrices.

It is worthwhile to point out that the asymptotic efficiency result is obtained
without the need to assume the irrepresentability condition or the £; constraint of
the precision matrix which are commonly required in the literature. For precon-
ceived (i, j), two immediate consequences of (3) are efficient interval estimation
of w;; and efficient test for the existence of an edge between V; and V; in the graph-
ical model, that is, the hypotheses w;; = 0. However, the impact of Theorem 1 is
much broader. We derive fully adaptive thresholded versions of the estimator and
prove that the thresholded estimators achieve rate optimality in support recovery
without assuming the irrepresentability condition and in various matrix norms for
the estimation of the entire precision matrix €2 under weaker assumptions than the
requirements of existing results in the literature. In addition, we extend our infer-
ence and estimation framework to a class of latent variable graphical models. See
Section 3 for details.

Our work on optimal estimation of precision matrices given in the present pa-
per is closely connected to a growing literature on the estimation of large covari-
ance matrices. Many regularization methods have been proposed and studied. For
example, Bickel and Levina (2008a, 2008b) proposed banding and thresholding
estimators for estimating bandable and sparse covariance matrices, respectively,
and obtained rate of convergence for the two estimators. See also El Karoui (2008)
and Lam and Fan (2009). Cai, Zhang and Zhou (2010) established the optimal
rates of convergence for estimating bandable covariance matrices. Cai and Zhou
(2012) and Cai, Liu and Zhou (2012) obtained the minimax rate of convergence
for estimating sparse covariance and precision matrices under a range of losses in-
cluding the spectral norm loss. In particular, a new general lower bound technique
for matrix estimation was developed there. More recently, Sun and Zhang (2013)
proposed to apply a scaled lasso to estimate 2 and proved its rate optimality in
spectrum norm without imposing an £; norm assumption on £2.

The proposed estimator was briefly described in Sun and Zhang (2012b) along
with a statement of the efficiency of the estimator without proof under the spar-
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sity assumption k, , = o(n~"?1og p). While we are working on the delicate is-
sue of the necessity of the sparsity condition k, , = o(n'/?/log p) and the op-
timality of the method for support recovery and estimation under the general
sparsity condition k, , = o(n/log p), Liu (2013) developed p-values for testing
w;j = 0 and related FDR control methods under the stronger sparsity condition
kn,p = o(n'/?/1og p). However, his method cannot be directly converted into con-
fidence intervals, and the optimality of his method is unclear under either sparsity
conditions.

The paper is organized as follows. In Section 2, we introduce our methodology
and main results for statistical inference. Applications to the estimation under the
spectral norm, support recovery and the estimation of latent variable graphical
models are presented in Section 3. Results on linear regression are presented in
Section 4 to support the main theory. Section 5 discusses possible extensions of
our results and the connection between our and existing results. Numerical studies
are presented in Section 6. The proof for the novel lower bound result is given in
Section 7. Additional proofs are provided in Ren et al. (2015).

Notation. We summarize here some notation to be used throughout the paper.
For 1 < w < oo, we use |lull, and ||Al|, to denote the usual vector £,, norm,
given a vector u € R” and a matrix A = (a;;) px p, respectively. In particular, || A
denote the entry-wise maximum max;; |a;;|. We shall write || - || without a subscript
for the vector ¢> norm. The matrix £,, operator norm of a matrix A is defined by
IIAllw = maxjy, =1 |Ax|lw. The commonly used spectral norm || - || coincides
with the matrix £, operator norm || - ||2.

2. Methodology and statistical inference. In this section we introduce our
methodology for estimating each entry and more generally, a smooth functional
of any square submatrix of fixed size. Asymptotic efficiency results are stated in
Section 2.3 under a sparseness assumption. The lower bound in Section 2.4 shows
that the sparseness condition is sharp for the asymptotic efficiency proved in Sec-
tion 2.3.

2.1. Methodology. We will first introduce the methodology to estimate each
entry w;;, and discuss its extension to the estimation of functionals of a submatrix
of the precision matrix.

The methodology is motivated by the following simple observation with A =

{i, j):

) Zi )| Zuijre ~ N (=5 4 Q8,40 Zii jye. Q3 1a)-
Equivalently we write a bivariate linear model
(5) (Zi. Zj)=Z{; B+ (ni.n)).

where the coefficients and error distributions are

(6) ﬂ = ﬁAc’A = _QA",AQZ}A, (i, nj)T NN(O’ QZ}A)‘
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Denote the covariance matrix of (n;, n j)T by

01—l :<9ii Qij).
AT 0 0y

We will estimate ®4 4 and expect that an efficient estimator of ®4 4 yields an
efficient estimation of the entries of €24 4 by inverting the estimator of @4 4.

Denote the n by p-dimensional data matrix by X. The ith row of the data ma-
trix is the ith sample X¥). Let X4 be the sub-matrix of X composed of columns
indexed by A. Based on the regression interpretation (5), we have the following
data version of the multivariate regression model

(7 X4 =XacB +ea.

Here each row of (7) is a sample of the linear model (5). Note that B = B 4 4 is a
p — 2 by 2-dimensional coefficient matrix. Denote a sample version of ®4 4 by

ora ora T
®) Aoa = (0")ica, jea = €a€a/n,

which is an oracle MLE of ®4 4 based on the extra knowledge of . The oracle
MLE of Q AA is

ora __ (, .ora __ (yora \—1
) AA= (wij )ieA,jeA = A,A) .
Of course B is unknown, and we will need to estimate 8 and plug in its estimator
to estimate & 4. This general scheme can be formally written as

A - Al A A AT
(10) Qa4 =(@ijlica,jea =OL 4. Oa,4a = (0ij)ijer = Ep€a/n,

where &4 is the estimated residual corresponding to a suitable estimator of B 4c 4,
that is,

(11) éa=Xa —XpcBye 4

Now we introduce specific estimators of B = ﬁ ACA = ([9 i fS ;). For each m €
A ={i, j}, we apply a scaled lasso estimator to the univariate linear regression of
X, against X 4c as follows:

(12) {B,. 012} = argmin

beRP—2 geR+

1 X5 —XA‘b||2 k|| }
_— + A —1b
{ 2no 2 Z | Kl

keAc

with a weighted £ penalty, where the vector b is indexed by A€. This is equivalent
to standardizing the design vector to length /n and then applying the £ penalty to
the new coefficients (|| Xy ||/+/7)bx. The penalty level A will be specified explicitly
later. It can be shown that the definition of émm in (10) is consistent with the émm
obtained from the scaled lasso (12) for each m € A and each A. We also consider
the following least squares estimator (LSE) in the model §mm selected in (12):

{nx — X ch|?

13)  {B,,.012) = i
13) | } arg min 5

m> Ymm
beRP~2 geR+

+ 5 supp(b) - Smm}
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where supp(b) denotes the support of vector b.

Different versions of scaled lasso, in the sense of scale-free simultaneous es-
timation of the regression coefficients and noise level, have been considered in
Stéddler, Biihlmann and van de Geer (2010), Antoniadis (2010) and Sun and Zhang
(2010, 2012a) among others. The B = 10 (12) is equivalent to the square-root lasso
in Belloni, Chernozhukov and Wang (2011). Theoretical properties of the LSE
after model selection, given in (13), were studied in Sun and Zhang (2012a, 2013).

Our methodology can be routinely extended into a more general form. For any
subset B C {1,2,..., p} with a bounded size, the conditional distribution of Zp
given Zpc is

(14) ZB|Zpe =N(—QE,IBQB,BCZBC, QE,IB),

so that the associated multivariate linear regression model is Xp = XpcBp pc +
ep with Bgec p = —QBc,BQ?B and e ~ N (0, QEIB). Consider a more general
problem of estimating a smooth functional of QEIB, denoted by

¢ =¢(Q5p).

When B gc p is known, ¢p is sufficient for QEIB due to the independence of ¢p
and X pc, so that an oracle maximum likelihood estimator of ¢ can be defined as

¢ =¢(eLep/n).

We apply an adaptive regularized estimator B e, p by regressing Xp against Xpe,
for example, a penalized LSE or the LSE after model selection. We estimate the
residual matrix by é5 = Xp — XpeBpe p,and ;(QE}B) by

(15) r=c(ehep/n).

2.2. Computational complexity. For statistical inference about a single entry
w;; of the precision matrix €2 with preconceived i and j, the computational cost
of the estimator (10) is of the same order as that of a single run of the scaled
lasso (12).

For the estimation of the entire precision matrix €2, the definition of (10) re-
quires the computation of @;; for (%) different A = {i, j}, i < j. However, the
computational cost for these (g) different &;; is no greater than that of (1 4 5)p
runs of (12) where s is the average size of the selected model for regressing a sin-
gle X; against the other p — 1 variables. This can be seen as follows. Define the
“one-versus-rest” estimator as

/2 . IXi — XDl I Xkl
{ﬂ_”, 01'([1)}: arg min {—l} _+)"Z—|bk|}

beRP—! g R+ 2no ki
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and S(l) supp(ﬂ_l i) For jel{itu S(l) the “two-versus-rest” estimator (12)

satisfies {ﬂm, ,711/,7% = {ﬂ{i’j}c’i, Qi(l-l } when m =i and A = {i, j}. Thus we only

need to carry out 1 4 |3'(1)| runs of (12) to compute the two-versus-rest estimator

{ ﬂ 1 / 2
m»

of the set Si(l) . Consequently, the total required runs of the scaled lasso (12) is

>P_ (14 18)) = (1 +5) p. It follows from Theorem 11 below that (1 + 5)p is

of the order #{(i, j) : w;; # 0}. Thus for the computation of the estimator (10) for

the entire precision matrix €2, the order of the total number of runs of (12) is the

total number of edges of the graphical model corresponding to €2.

m} forallm =i and A ={i, j}, j #i, where |S( )| denotes the cardinality

2.3. Statistical inference. Our analysis can be outlined as follows. We prove
that estimators in the form of (10) possess the asymptotic normality and efficiency
properties claimed in Theorem 1 when the following conditions hold for certain
fixed constant Cg, e — 0 and all § > 1:

(16) A P{|Xac(Bac 4 — Bac.))|* = Cosslog p} < p~*Heg,

(1) max BB Bac s~ Bac )y = Cosyatlog py/n} < p~* e,

with D = diag(X” X/n), and for 05 = ||X; — XacB 5c ; 11/,

6i;
(18) max }IP’{ g 1’ > Cos5(logp)/n} g,

AA={i,j

with a certain complexity measure s of the precision matrix €2, provided that the
spectrum of € is bounded, and the sample size n is no smaller than (s log p)?/co
for a sufficiently small cg > 0. This is carried out by comparing the estimator
in (10) with the oracle MLE in (8) and (9) and proving

ora
w::* —

ora tj @ij
ki) =ﬁ—2 — N0, 1),
V@i @jj + @

or equivalently the asymptotic normality of the oracle MLE in (9) with mean w;;
and variance n_l(a)iia)jj + a)lzj) We then prove (16), (17) and (18) for both the
scaled lasso estimator (12) and the LSE after the scaled lasso selection (13). More-
over, we prove that certain thresholded versions of the proposed estimator pos-
sesses global optimality properties, as discussed below Theorem 1, under the same
boundedness condition on the spectrum of 2 and a more relaxed condition on the
sample size.

For the £ class Go(M, k. ) in (1), the complexity measure for the precision
matrix €2 is the maximum degree s =k, , of the corresponding graph. The £g
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complexity measure can be relaxed to a capped-£; measure as follows. For A > 0,
define capped-£; balls as

(19 G"(M,5,2) = {Q:52(2) <5, 1/M < Amin(Q) < Amax(Q) < M},

where 53 =5, (£2) = max; le:l min{1, |w;;j|/A} for Q = (w;j)1<i, j<p. In this pa-
per, A is of the order 4/(log p)/n. We omit the subscript A from s when it is clear
from the context. When |w;;| is either O or larger than A, s; is the maximum
node degree of the graph. In general, maximum node degree is an upper bound
of the capped-f; measure s,. The spectrum of ¥ is bounded in the matrix class
G*(M, s,)) as in the £¢ ball (1). The following theorem bounds the difference
between our estimator and the oracle estimators and the difference between the
standardized oracle estimator and a standard normal variable.

THEOREM 2. Let ©9* A and Q5°y be the oracle MLE defined in (8) and (9),

respectively, and ® A,A and Q A.A be estimators of © 4 4 and Q4 4 defined in (10).
Let § > 1. Suppose s < con/log p for a sufficiently small constant co > 0.

(1) Suppose that conditions (16), (17) and (18) hold with Co and eq. Then
Slog 4p—o+l
V2logp

with a positive constant Cy depending on {Co, maxX,,e o={i, j} Omm} only, and

dlog

(20) o max IP{H@AA— Al > Cis p}§68gzp_8+l+

4p—8+1

2logp
with a constant C1 > 0 depending on {coC1, maxXea=(i, j}{@mm> Omm}} only.

(i) Let A= (1 + 8),/281# with ¢ > 0 in (12), ,éAc’A be the scaled lasso
estimator (12) or the LSE after the scaled lasso selection (13). Then (16), (17)
and (18), and thus (20) and (21), hold for all Q € G*(M, s, \.) with a certain con-
stant Cqo depending on {¢e, co, M} only and

(22) max eq=o(1).
Qeg*(M,s,\)

(iii) Let K;; =.n (a)ora — i)/ wiwj; + wlzj There exist constants D1 and

Y € (0, 00), and four marglnally standard normal random variables Z', Zy;, where
kl =ii,ij, jj, such that whenever |Zy;| < O +/n for all kl, we have

@), max. IP’{HQAA— o > Cis p}§68g2p_8+1+

Dy 2 2 2
(23) Ora -Z'|< ﬁ(1+Zii+Zij+ij).
Moreover, Z' can be defined as a linear combination of Zy;, kl =ii,ij, jj.

Theorem 2 immediately yields the following results of estimation and inference
for Wjj.
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THEOREM 3. Let SAZA,A be the estimator of Q24 4 in (10) with the components
of &4 being the estimated residuals (11) of (12) or (13). Set A = (1 + &),/ 22122
in (12) with certain 6 > 1 and ¢ > 0. Suppose s < con/log p for a sufficiently
small constant cy > 0. For any small constant g > 0, there exists a constant Cp =
Cy (&g, &, co, M) such that

. logp |1
24) max max P{lw;j —w;j| > Comaxys Al — (< €0
QeG*(M,s,\) 1<i<j<p n n

Moreover, there exists a constant C3 = C3(8, €, co, M) such that

N 1 1
(25) max P{HQ — Qoo > C3 max{s 08P 08P }} =o(p~°").
QeG*(M,s,)) » n

Furthermore, &;; is asymptotically efficient with a consistent variance estimate
~ D ~
(26) JrFij(wij — wij) > N(O,1), Fij/Fij — 1,

uniformly for all i, j and Q € G*(M, s, 1), provided that s = o(\/n/log p), where

Fij = (wiiwjj+a),-2j)_l, Fij = (@iid); +c?),-2j)_1

REMARK 1. The upper bounds max{slo%, \/g} and max{slo%, 10%} in
equations (24) and (25), respectively, are shown to be rate-optimal in Section 2.4.

REMARK 2. The choice of A = (1 + ¢),/ 281# is common in the literature,
but can be too big and too conservative, which usually leads to some estimation
bias in practice. Let L, (f) be the negative quantile function of A (0, 1/n), which
satisfies L, () = 4/(2/n)log p. In Sections 4 and 5.1 we show the value of A can
be reduced to (1 + &)L, (k/p) when § vV k =o(y/n/log p).

REMARK 3. InTheorems 2 and 3, our goal is to estimate each entry w;; of the
precision matrix €2. Sometimes it is more natural to consider estimating the partial
correlation r;; = —a),-j/(a)i,-a)jj)l/z between Z; and Z;. Let SAZA,A be estimator of
Q4,4 defined in (10). Our estimator of partial correlation r;; is defined as 7;; =
— i [ (i @] j)l/ 2. Then the results above can be easily extended to the case of
estimating r;;. In particular, under the assumptions of Theorem 3, the estimator

Fij is asymptotically efficient: \/n(1 — rizl.)—z(fi j —rij) converges to A/ (0, 1) when

s = o(y/n/log p). This asymptotic normality result was stated as Corollary 1 in
Sun and Zhang (2012b) without proof.

The following theorem extends Theorems 2 and 3 to the estimation of ¢ (QE,IB),
a smooth functional of QE}B for a fixed size subset B. Assume that ¢ : RIBIXIBI
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R is a unit Lipschitz function in a neighborhood {G : ||G — 91_3,13 Il <k}, that is,
27) [€(G) = ¢(2 )| = [IG — 25 sl

THEOREM 4. Let E be the estimator of ¢ defined in (15) with the components
of €p being the estimated residuals (11) of the estimators (12) or (13). Set the

penalty level .. = (1 + &) 251% in (12) with certain § > 1 and & > 0. Suppose

s < con/log p for a sufficiently small constant co > 0. Then

~ log p _
28 Pilc — ¢ >C }: Blp~°th),
(28) el {Ic % > Cys - o(|Blp~°"")

with a constant C1 = C1 (g, co, M, |B|). Furthermore, gA' is asymptotically efficient
A D

(29) nFe (¢ —¢)—> N(O,1),

when Q € G*(M, s, 1) and s = o(y/n/log p), where F; is the Fisher information

of estimating ¢ for the Gaussian model N (0, QE,IB)'

The results in this section can be easily extended to the weak £, ball with 0 <
g < 1 to model the sparsity of the precision matrix. A weak £, ball of radius ¢ in
R? is defined as follows:

By(c)=1{6 eRP: |7 <cj !, forall j=1,..., p},
where [y > [§2)| = -+ > |§(p)|. Let

Q= (wij)1<i,j<p:w.j € By(kn,p),

G0 Ga M- Knp) = 400 1/M = Jomin(2) < Aman (@) < M [

Since & € By(k) implies Y ;min{1,|&;|/A} < |k/A9] + {q/(1 — q)}k'/4 x
Lie/ad )11 /5,

(31) gq(M,kn,p)gg*(MsSa)\), O§q<15

when Cyky, /29 <5, where Cy = 1+¢2"471/(1 —¢) for0 <g < 1and Co = 1.

We state the extension in the following corollary.

COROLLARY 1. The conclusions of Theorems 2, 3 and 4 hold with G*(M,
s, A) replaced by G,(M, k) and s by ky p(n/log p)q/z, 0<g<1.

2.4. Lower bound. In this section, we derive a lower bound for estimating w;;
over the matrix class Go(M, ky, ;) defined in (1). Assume that

(32) p=ky,  withy>2
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and
n
(33) 3 = kn,p =< CO
log p
for some Cy > 0. Theorem 5 below implies that the assumption k., pl"i P2 5 0is

necessary for consistent estimation of any single entry of 2.
We carefully construct a finite collection of distributions Go C Go(M, k,,_ ) and
apply Le Cam’s method to show that for any estimator @;;,

logp}
—1,

(34) SupIP’{Ic?)ij — wjj| > Cikp, p
Go

for some constant C; > 0. It is relatively easy to establish the parametric lower
bound \/g . These two lower bounds together immediately yield Theorem 5 below.

THEOREM 5. Suppose we observe independent and identically distributed p-
variate Gaussian random variables XV, X (2), oo, X ith zero mean and pre-
cision matrix Q = (wp) px p € Go(M, ky p). Under assumptions (32) and (33), we
have the following minimax lower bounds:

k] 1
(35) inf sup ]P’{ 1631 — i > max{C1 Tn.p 08P Cz\/j” >¢1>0
Wij gO(Mskn,p) n n

and

) Ky 1 )
(36) inf sup P{||Q-Q||oo>max{c; np 98P ¢y | ngH > >0,
SA? gO(kalL[)) n n

where ¢y, c2, C1, Cp, C { and Cé are positive constants depending on M, v and Cy
only.

ky 1 . . .
REMARK 4. The lower bound “:2-°22 in Theorem 5 shows that estimation of

sparse precision matrix can be very different from estimation of sparse covariance
matrix. The sample covariance always gives a parametric rate of estimation for

N

every entry o;;. But for estimation of sparse precision matrix, when &, , > @,

Theorem 5 implies that it is impossible to obtain the parametric rate.

REMARK 5. Since Go(M, k, p) S G*(M, ky,p, A) by the definitions in (1)
and (19), Theorem 5 also provides the lower bound for the larger class. Simi-
larly, Theorem 5 can be easily extended to the weak £, ball, 0 < g < 1, defined
in (30) and the capped-£; ball defined in (19). For these parameter spaces, in the
proof of Theorem 5 we only need to define H as the collection of all p x p sym-
metric matrices with exactly (ky, , (=% )4/2 — 1) rather than (kn,p — 1) elements

log p
equal to 1 between the third and the last elements on the first row (column) and the
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rest all zeros. Then it is easy to check that the sub-parameter space Gg in (77) is

indeed in G, (M, ky ;). Now under assumptions p > (kn,p(logp)‘l/z)“ with v > 2

and k, p < Co(5 Og - y1=4/2 e have the following minimax lower bounds:

) . log p I=q/2 1
inf  sup PPy|w;j —w;j| > max Clkn,p(—> ,Co—tt>c1 >0
Dij Gg(M kn, p) n n

and

A 1 1=q/2 1
inf sup ]P’{||Q—Q||oo>max{Cikn,p(£) ,Ch ng”>cz>0.
Q G, (M ky ) n V' n

These lower bounds match the upper bounds in Corollary 1 for the proposed esti-
mator.

3. Applications. The asymptotic normality result is applied to obtain rate-
optimal estimation of the precision matrix under various matrix £,, norms, to re-
cover the support of €2 adaptively and to estimate latent graphical models without
the need of the irrepresentability condition or the £ constraint of the precision ma-
trix commonly required in literature. In our procedure, we first obtain an asymp-
totically normal estimation and then thresholding. We thus call it ANT.

3.1. ANT for adaptive support recovery. The support recovery of precision
matrix has been studied by several papers. See, for example, Friedman, Hastie and
Tibshirani (2008), d’ Aspremont, Banerjee and El Ghaoui (2008), Rothman et al.
(2008), Ravikumar et al. (2011), Cai, Liu and Luo (2011) and Cai, Liu and Zhou
(2012). In these works, the theoretical properties of the graphical lasso (GLasso),
CLIME and ACLIME on the support recovery were obtained. Ravikumar et al.
(2011) studied the theoretical properties of GLasso, and showed that GLasso can
correctly recover the support under a strong irrepresentability condition and a

uniform signal strength condition min; )t wij#0 lwij| > ¢y/ k’% for some ¢ > 0.
Cai, Liu and Luo (2011) do not require irrepresentability conditions, but need

to assume that min(l',j);wij#()l(l)ijl > CM,% 10%, where M), , is the matrix

£1 norm of . In Cai, Liu and Zhou (2012), they weakened the condition to
ming, j): w20 [@ij| = C My, py/ loip, but the threshold level there is %Mn,p log p

where C is unknown and M, ,, can be very large, which makes the support rec’Z)V—
ery procedure there impractical.

In this section we introduce an adaptive support recovery procedure based on the
variance of the oracle estimator of each entry w;; to recover the sign of nonzero en-
tries of €2 with high probability. The lower bound condition for ming; ;). i #0 |wi |

is significantly weakened. In particular, we remove the unpleasant matrix £; norm
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N

M. p. In Theorem 3, when the precision matrix is sparse enough s = o(;3 o7

have the asymptotic normality result for each entry w;;, i # j, that s,

A D
JFij(wij — o)) > N, 1),
where F;j = (w;jwjj+ a)l-zl-)_1 is the Fisher information of estimating w; ;. The total
number of edges is p(p — 1)/2. We may apply thresholding to &;; to correctly

), we

distinguish zero and nonzero entries. However, the variance w;;w;; + a)?] needs to
be estimated. We define the adaptive support recovery procedure as follows:

(37) Qute = (@11)

where C’c\)}?r = @;; and C,L\)glr = c?)ij 1{|(I)ij| > fl'j} for i #£ j with
A 280 (@iid;; + %) log p

(38) £ :\/ i Jjn L )

Here @;;@;; + é)lz is the natural estimate of the asymptotic variance of @;; defined
in (10), and & is a tuning parameter which can be taken as fixed at any &y > 2. This
thresholding estimator is adaptive. The sufficient conditions in Theorem 6 below
for support recovery are much weaker than other results in literature.

Define a thresholded population precision matrix as

(39) Qe = (1)

where of' = w;; and O = w;j {jw;j| > \/Sg(wiiwjj + ;) (log p)/n}, with a

certain & > &y. Recall that £ = E(2) = {(i, j) :w;; # 0} is the edge set of the
Gauss—Markov graph associated with the precision matrix 2. Since Q, is com-
posed of relatively large components of €2, (V, E(S2,,)) can be viewed as a graph
of strong edges. Define

S(Q) = [sen(w;j), 1 <i,j < p}.

The following theorem shows that with high probability, ANT recovers all the
strong edges without false recovery. Moreover, under the uniform signal strength
condition,

2% (wiiwjj + o}y log p

(40) lw;j| > 2\/ "
that is, Qe = 2, and the ANT also recovers the sign matrix S(€2).

Vwij #0;

THEOREM 6. Let A= (1+¢),/ 2’Sl#for any§>3ande > 0. Let flthr be the
ANT estimator defined in (37) with & > 2 in the thresholding level (38). Suppose

Qe G*(M,s, r) withs = o(/n/log p). Then
(41) lim P(E(Qun) € E(Qu) € E(Q) =1,
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where Qun, is defined in (39) with & > &y. If in addition (40) holds, then
(42) lim P(S(Qu) = S(Q) = 1.

3.2. ANT for adaptive estimation under the matrix £, norm. In this section,
we consider the rate of convergence under the matrix £,, norm. To control the im-
pact of extremely small tail probability of near singularity of the low-dimensional
estimator ® 4 4, we define a truncated version of the estimator Q,, defined in (37),

) |
(43) Oy = (a)g!fmin{l, 08P }) .
|wij| pPXp

Theorem 7 below follows mainly from the convergence rate under element-wise
norm and the fact that the upper bound holds for the matrix £ norm. This argument
uses the inequality [|M |||, < IM||1 for symmetric matrices M and 1 < w < oo,
which follows from the Riesz—Thorin interpolation theorem; see, for example,
Thorin (1948). Note that under the assumption s2=0(n /log p), it can be seen
from the equations (21) and (23) in Theorem 2 that with high probability the

12 — Q|loo is dominated by [|2°% — Qlloc = Op(y/ lo%). From there the details
of the proof is similar in nature to those of Theorem 3 in Cai and Zhou (2012) and
thus will be omitted due to the limit of space.

THEOREM 7. Under the assumptions s> = O (n/log p) and n = O(p%) with

some & > 0, the Qe defined in (43) with A = (1 + ¢) %lnﬂ for sufficiently large
8 > 3+ 2§ and ¢ > O satisfies, for all 1 <w < oo and ky,,, <s,

. ¥ log p
44 sup EllQm—Qlk < sup  EflSm — QI < O 2L,
gO(kan,p) g*(M,kn,ps)t) n

REMARK 6. It follows from equation (31) that result (44) also holds for
the classes of weak £, balls G,(M, k, ,) defined in equation (30), with s =

Ckn,p ()72,

3 1 =4
(45) sup Bl — S, < k(<22 ) .
Gg(M k., p) ’ n

REMARK 7. Cai, Liu and Zhou (2012) showed that the rates obtained in
equations (44) and (45) are optimal when p > cn® for some o9 > 1 and k,, ,, =
o(n'/?(log p)=>?).

REMARK 8. Although the estimator chr is symmetrjc, it is not guaranteed
to be positive definite. It follows from Theorem 7 that Qg is positive definite
with high probability. When it is not positive definite, we can always pick the
smallest ¢, > 0 such that c,I + chr is positive semidefinite. It is trivial to see
that (¢, + 1/n)1 + Quhr is positive definite, sparse and enjoys the same rate of
convergence as Q, for the loss functions considered in this paper.
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3.3. Estimation and inference for latent variable graphical model. Chandra-
sekaran, Parrilo and Willsky (2012) first proposed a very natural penalized estima-
tion approach and studied its theoretical properties. Their work has been discussed
and appreciated by several researchers, but it has never been clear if the conditions
in their paper are necessary and the results optimal. Ren and Zhou (2012) observed
that the support recovery boundary can be significantly improved from an order of

\/g to 4/ k’% under certain conditions including a bounded £; norm constraint
for the precision matrix. In this section we extend the methodology and results in
Section 2 to study latent variable graphical models. The results in Ren and Zhou
(2012) are significantly improved under weaker assumptions.

Let O and H be two subsets of {1,2,...,p + h} with Card(O) = p,
Card(H) = h and O U H = {1,2,..., p 4+ h}. Assume that (X% xV), i =
1,...,n, are i.i.d. (p + h)-variate Gaussian random vectors with a positive co-
variance matrix X(p4p)x(p+h). Denote the corresponding precision matrix by

= _ 1 2
Qptrmyx(p+h) = Z(lerh)X(erh). We only have access to {X(O),X(O),...,X(O")},
while {X 2) , X g) s oo X I(Z})} are hid_den and the number of latent components is

unknown. Write X(p1n)x (p+h) and (p1n)x (p+h) as follows:

Y0,0 X0.H

Qo.0 QO,H)
YH 0 XHH '

) and Q<p+h)x<p+h)=<—

2(pth h :( _
(p+h)x(p+h) QH,O QH,H

where ¥, 0 and Xy p are covariance matrices of X g) and X g), respectively, and
from the Schur complement we have

(46) 25,10 =Qo.0— QO,HQ;}HQH,OZ
see, for example, Horn and Johnson (1990). Define
S=Qo,0, L:QO,HQI_.[}HQH,O,

and i’ = rank(L). We note that 4’ = rank(Qp_ g) < h.

We focus on the estimation of 25}0 and S, as the estimation of L can be nat-
urally carried out based on our results as in Chandrasekaran, Parrilo and Willsky
(2012) and Ren and Zhou (2012). To make the problem identifiable we assume
that S is sparse, and the observed and latent variables are weakly correlated in the
following sense:

p
47 S=(8ij)1<i,j<p» lgaéip; 1{sij # 0} < kn,p,

and that for certain a,, — 0

(48) L= (iph=i.j<p: mfoz?j < (an/n)log p.
i
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The sparseness of S = Q¢ o can be seen as inherited from that of the full precision
matrix Q(p+h)x(p+h)- 1t is particularly interesting for us to identify the support of
S = Q0,0 and make inference for each entry of S. The ¢, condition (48) on L is
of a weaker form than the ¢; and ¢, conditions imposed in Ren and Zhou (2012).
In addition, we assume that for some universal constant M,

(49) 1/]VI = )\min(E(p-i—h)x(p-i—h)) = )Vmax(E(p-i-h)x(p-i—h)) <M,

which implies that both the covariance X, o of observations X 8) and the sparse
component S = Q¢ ¢ have bounded spectrum.

With a slight abuse of notation, we denote the precision matrix 25}0 of X g)
by 2 and its inverse by ®. We propose the application of the methodology in
Section 2 to i.i.d. observations X© from NV'(0, £, 0) with Q@ = (sij — lij)1<i,j<p
by considering the following regression:

(50) Xa=Xp\aB + €4

for A= {i, j} C O with B = Qo425 and e4 = N0, 25,).
To obtain the asymptotic normality result, condition (19) of Theorem 2 requires

maXme{ |su,xl”|} 0(1;@9):0(@)

with A < /(log p)/n. However, when L is coherent [Candes and Recht (2009)] in
the sense of {max; }; |l,~j|}2 X pmax; ) ; ll-zj = p(a,/n)logp,

|Sl] ll]|} |lij|
max m1n max e
Z {1 P max 3

S,‘j:O

- \/ﬁ_ Vkn.p (anlogp
A A

n

1/2
) = Ja,p.

Thus the conditions of Theorem 2 are not satisfied for the latent variable graphical
model when a, p(log p)? > n. We overcome the difficulty through a new analysis.

THEOREM 8. Let SAZA,A be the estimator of Q24 4 defined in (10) with A =
{i, j} for the regression (50), where the components of & s are the estimated resid-

uals of (12) or (13). Let A= (1 + ¢) Zalogp for certain § > 1 and &€ > 0. Under
assumptions (47)—(49) and ky , < con/ log p with a small co, we have

P{|@ij — wij| > C3 m:':lx{k,w,lf1 logp,nfl/z}} = o(p*‘SH)

for a certain constant C3, and

P{l@ij — sij| > C3 rnax{kn’pn*1 log p,n~'"2, J(an/n)logpt} = o(p*‘Hl).
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If the condition on ky, p is strengthened to k; , = 0(%), then

n ~ D
(51) - (@ij — wij) > N, 1).
\ wiiwjj + wjj

REMARK 9. If, in addition, ¢;; = o(n~1/?), then (51) implies

n N D
(52) (@i — sij) > N(0, 1).
wiiwjj + &

Define the adaptive thresholded estimator chr = (c?)lt.l}r) pxp asin (37) and (38).
Following the proof of Theorems 6 and 7, we are able to obtain the following
results. We shall omit the proof due to the limit of space.

THEOREM 9. Let A= (1 +¢),/ 261#for some § >3 and € > 0 in (12). As-
sume assumptions (47)—(49) hold. Then:

(1) Under the assumptions ky ;, = o( log p) and

20 (wjiw;; + w?)log p
uﬁ|zz/ — Vsij #0

n

for some &y > 2, we have

lim P(S(Qu) = S(S) = 1.

(i1) Under the assumption kﬁ’p =0(n/logp)andn = O(p‘f) with some & > 0,

the Shr defined in (43) with sufficiently large § > 3+ 2£ satisfies, forall 1 < w <
oo,

< log p
EllSne = Slly, = Chi ==

4. Regression revisited. The key element of our analysis is to establish (16),
(17) and (18) for the scaled lasso estimator (12) and the LSE after the scaled
lasso selection (13). The existing literature has provided theorems and arguments
to carry out this task. However, several issues still require extension of existing
results or explanation and modification of existing proofs. For example, the LSE
after model selection is not as well understood as the lasso, and biased regression
models are typically studied inexplicably, if at all. Another issue is that the penalty
level used in theorems in previous sections could be too large for good numerical
performance, especially for § > 3 in (25) of Theorems 3 and Theorems 6, 7 and 9.
These issues were addressed in previous versions of this paper (arXiv:1309.6024)
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in separate lemmas. In this section, we provide a streamlined presentation of these
regression results requlred in our analy31s

Let X = (Xl, R ) be an n x p standardized design matrix with ||Xk ||2 =n
forallk=1,...,p, and Ybea response vector satisfying
(53) YIX ~N(Xy,0H,0).
For the scaled lasso {me, 0 /2} in (12), {Dl/zﬂm, 1/2} can be written as

- IY =Xp|?
(54) {y,o}=argmin Lk 4 M4 +Xolly g
{y.o} 2no 2
with m € A = {i, j}, X = X4D,.”*, D = diag(X"X/n), Y = X, and y =
5}45 B,,. For the LSE after model selection in (13), {Dl/zﬂm, Al/z} can be writ-
ten as
— Xy
(55) 36 = argmin{M supp(y) € supp(7) .
{y.o} 2no 2

Moreover, for both estimators, conditions (16), (17) and (18) are consequences of

(56)  PX(P —y )| < Cos(o*) slog 5} = 1 — 5%,
and
. P Ha(;a - 1\ < Coss(log p)/n < 1/2} = 1 - 7',

with 6% = |Y — Xp®@eet||/ /n, p€t = and § > 1, provided that Cy is fixed
and £y — O uniformly in m € A = {i, j} and Q in the class in (19); see Proposi-
tion 1. In the latent variable graphical model, Theorems 8 and 9 require (56), (57)
and (58) for a certain sparse '€ in a biased linear model when (53) does not
provide a sufficiently sparse y. We note that both y and py'@€ are allowed to be
random variables here.

To carry out an analysis of the lasso, one has to make a choice among different
ways of controlling the correlations between the design and noise vectors in (53),

= = ~ . XIY-Xp)

59 72=(Z,....25)=—=—=~—.
> e 20 = =R

A popular choice is to bound Z with the £o, norm as it is the dual of the £, penalty.
This has led to the sparse Riesz [Zhang and Huang (2008)], restricted eigenvalue
[Bickel, Ritov and Tsybakov (2009), Koltchinskii (2009)], compatibility [van de
Geer and Biihlmann (2009)], cone invertibility [ Ye and Zhang (2010), Zhang and
Zhang (2012)] and other similar conditions on the design matrix. Sun and Zhang
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(2012a) took this approach to analyze (54) and (55) with the compatibility and
cone invertibility factors. Another approach is to control the sparse £, norm of Z
to allow smaller penalty levels in the analysis; See Zhang (2009) and Ye and Zhang
(2010) for analyses of the lasso and Sun and Zhang (2013) for an analysis of the
scaled estimators (54) and (55).

Here we take a different approach by using two threshold levels, a smaller one
to bound an overwhelming majority of the components of Z and a larger one to
bound its £, norm. This allows us to use both a small penalty level associated
with the smaller threshold level and the compatibility condition.

For « > 0 and index sets K, the compatibility constant is defined as

{IKII/ZIIX ul|

beomp (e, K, X) = m

uelCla,K),u# 0}

where | K | is the cardinality of K and C(«, K) = {u € R? : lugel < allugli}). We
may want to control the size of selected models with the upper sparse eigenvalue,
defined as

Km,X)=  max | Xul?/n.
lull=1, lullo<m

We impose the following conditions on the target coefficient vector and the
design:

target/ ora|
60 P{Cond;} >1—7%], Condy =1{|K
60) P{Condi}=1—F ond; {| |+k¢ZK = }

for a certain index set K, and

61) PConds}=1-F,  Condy={ max e/, %) =0l

For small penalty levels and the LSE after model selection, we also need

(62) P{Cond3} > 1—%;,  Cond; = {«*(s3,X) < C3).

target

Finally, for y # y, we need the condition

P{Cond4} > 1 -7,

Condy = {C4|X(p e — p)| < 02 [log(p/E1)}.

In (60), (61), (62) and (63), s; are allowed to change with {n, p}, while o and
C; are fixed constants. These conditions also make sense for deterministic designs
with €] = 0 for deterministic conditions.

Let k and ¢ be positive real numbers and XA be a penalty level satisfying

(64) ro = (1+e)Ly—3,2(k/P),

(63)
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where L, (1) =n~12®d~1(1 — 1) is the N (0, 1/n) negative quantile function. Let

Lo OOl (Ll@/ﬁ) e1/<4"—6)2/¢2n> C3

> _ _ L A =3
Lik/p)+2L3k/p)  \ Li(k/p) Li(k/p)

We note that L, (1) =n~ /2L (t) < «/(2/n)log(1/1) for t < 1/2, so that the right-

hand side of (65) is of the order k/{s>(log p)z} + +/8/s2. Thus condition (65) is

easily satisfied even when ¢ is a small positive number and & is a moderately large
number. Moreover, A depends on § only through /§/s> in (65).

(65)

sy

THEOREM 10. Let {y, &} be as in (54) with data in (53) and a penalty level
in(64). Letgy < 1and \* = L,_3/2(€1/p). Suppose 1* < 1 and 8s(log p)/n < co.
(i) Let yPEt =y, s> 51,50 =0,k <% in (64), a =1+ 2/e and 48, <
1798, Then there exists a constant Cy depending on {a, C2} only such that when
Coco < 1/2, (60) and (61) imply (56), (57) and (58).

(ii) Let yet =1y s>51 45,1 <50 <53, k> 1ande; < ¢ in(64) and (65),
a>2(e—e); (1 +&+Li@&1/P)/Li(k/p)} and (5 + oM/ 4n=67 7, < 51-9%,
Then there exists a constant Cy depending on {«, €, €1, C2} only such that when
Coco < 1/2, (60), (61) and (62) imply (56), (57) and (58).

(ii1) Lets > s1+s2,1 <sp) <s3,k>1ande; <ein(64)and (65),e1 <&y <&,
o > 2e — e (1 + &+ LiG1/P)/Lik/ D)), (64 /@08 < p1-%%) and

Cy> \/(4/L%(k/ﬁ)) log(p/z1)/ min(~/2— 1, &2 — &1). Then there exists a constant
Co depending on {«, €, &2, Ca2} only such that when Cocy < 1/2, (60), (61), (62)
and (63) imply (56), (57) and (58).

In Theorem 10, 57 in (60) represents the complexity or the size of the coefficient
vector, and s, represents the number of false positives we are willing to accept with
the penalty level in (64). Thus s is an upper bound for the total number of estimated
coefficients, true or false. We summarize parallel results for the LSE after model
selection as follows.

THEOREM 11. Let {p, 6} be as in (54) and {;7186, 61} as in (55).
(1) The following bounds always hold:

- 510)2|8
(66) 52 _ (6.lse)2 _ “X(}A’lse _ )7)||2/” < (oXo) |A |~
2 (0, 8, %)

with 8§ = supp(p) and

ke &holS|
(67) ”ylse 4 “ < — .
LT G20, 5.X)
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(ii) Let Ao be a penalty level satisfying (64) and €| < g3 < €3 < &. Suppose
the conditions of Theorem 10 hold and that the constant factor Cq in Theorem 10
satisfies

Cosd(og p)/n < =23, Cosé(logp)  _ 53
T l+e’ (s3—e)Lik/P) T C3

Then, for the parameters defined in the respective parts of Theorem 10,
(68) P{|S] <s3+s) > 1—p'7%%.

If in addition, condition (61) is strengthened to

(69) P{(”{I}{ax Beomp(@t: 1, X)) v (ljllgax+ Seomp(0. 1, %)) > O} <71,

156 A lse}

then the conclusions of Theorem 10 hold with {y, 6} replaced by {y

We collect some probability bounds for the regularity conditions in the follow-
ing proposition. Consider deterministic coefficient vectors €' satisfying

|13target|
(70) K|+
J% J@/mlogp
PROPOSITION 1. Let X be a n x p matrix with i.i.d. N'(0, X) rows, A° C
(1,.... p} with |A°| = 7, D = diag(X"X/n), X = XD ./%, y = DY’B 4 and

plarget — Dl/2 target . Suppose 1/M < Anin(X) < Amax(X) < M with a fixed M.

Let M1 = «/(2/n)log(p/81 ). Then, for a certain constant Cy depending on M
only,

(71) (70) = (60)  when Cy > /M1 + A1),
(72) Cy > Co{1 + max{|K| + 52,5 + 53}23} = (69) = (61),
(73) C3 > Cif{l + 5307} = (62),

and for hy = /(2/n)1og(1/21) and any coefficient vectors B¢ and B,
(74) C4Cu(1+22) | B — B|| < 11 = (63).

Moreover, when Ay < 1/2, 0°? can be replaced by VE(c°)% or Cy in (56)
and (57).
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5. Discussion.

5.1. Alternative choice of penalty level for finite sample performance. In The-
orem 2 and nearly all consequent results in Theorems 3—4 and 6-9, we have picked
the penalty level A = (1 + ¢)/(25/n)log p for § > 1 (§ > 3 for support recov-
ery) and ¢ > 0. This choice of A can be too conservative and may cause some
finite sample estimation bias. However, in view of Theorem 10(ii) and (iii), the
results in these theorems in Sections 2 and 3 still hold for penalty levels no smaller

than A = (1+¢)L,(k/p) =~ (1 + ¢)/(2/n)log(p/k), which weakly depends on §
through (65) and the requirement of ¢ > ¢;.

Condition (65), with ¢ < &1, & = p'~% and p = p — 2 for the estimation of
precision matrix, is the key for the choice of the smaller penalty level A = (1 +
&)L, (k/p). It provides theoretical justifications for the choice of k € [1, n] or even
up to k < nlog p for the theory to work. Let smax = con/log p with a sufficiently
small constant ¢y > 0, which can be viewed as the largest possible s > 51 + 52
in our theory. Suppose n < p™ for some fixed 7y < 1 and the bound C3 for the
upper sparse eigenvalue can be treated as fixed in (62) for sp < syax. For A =

(1 4+ ¢e)/(2/n)log(p/k) with k < nlog p and s3 < smax, condition (65) can be
written as

o L+ o)) (k/n)smax/(cos2)
£>¢€1> x/g—l—o(l) VC3/s2,
(l—to)(1+(1—to)10gp) * )
which holds for sufficiently small ksmax/(ns2log p). This allows k =< nlog p for
$2 = Smax. For the asymptotic normality, we need s, = o(4/n/log p), so that k =
o(n'/?1og p) is sufficient.

5.2. Statistical inference under unbounded condition number. The main re-
sults in this paper assume that the spectrum of the precision matrix €2 is bounded
below and above by a universal constant M in (1). Then the dependency of the key
result (20) on M is hidden in the constant Cy in front of the rate sloﬂ for bound-

ing ||6?A A= Qora lloo in Theorem 2. The inference result in (26) follows as long

as this bound Cls% is dominated by the parametric square-root rate of 63,

or equivalently s = o(4/n/log p). In fact, following the proof of Theorem 2, the
requirement can be somewhat weakened to Amax(£2) < M and max;o;; < M.

It would be interesting to consider a slightly more general case, where we as-
sume max; o;j; < C and Apax(§2) < M), , with absolute constant C and possibly
a large constant M, , — o0 as (n, p)—> oo. In this setting, the condition number
of 2 may not be bounded. Suppose we would like to make inference for w12 and
assume max{wi1, w2} < C to make its inverse Fisher information bounded. We
are able to show that (26) holds as long as s = o(/n/(M,, plog p)) under this
setting. In fact, the regression model (4) is still valid with bounded noise level
Omm < omm < C for m € A = {1, 2}. However, the compatibility condition (61)
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may not hold with absolute constant because the smallest eigenvalue of the pop-
ulation Gram matrix Amin (2 Ac Ac) is possibly as small as M *1 . Taking this pos-

sible compatibility constant M, 1nt0 account, we can obtaln ||9A A= 03% lloo=

Op(sM,, pk’f 2y while the sufﬁc1ent statistics 63" still has square-root rate. As a
consequence, the inference result in (26) holds as long ass =o(/n/(My, plogp)).
We would like to point out that to guarantee compatibility condition (61) indeed
holds at the level C3 < M, ,, an extra condition /s(log p)/n = o(M,, ;,) is re-
quired; see Corollary 1 in Raskutti, Wainwright and Yu (2010). However, when
s = o(/n/ (M, plog p)), this condition is automatically satisfied. The argument
above can be made rigorous.

5.3. Related works. Our methodology in this paper is related to Zhang and
Zhang (2014) who proposed a LDPE approach for making inference in a high-
dimensional linear model. Since &4 can be viewed as an approximate projection
of X 4 to the direction of & 4 in (10), the estimator in (10) can be viewed as an LDPE
as Zhang and Zhang (2014) discussed in the regression context. See also van de
Geer et al. (2014) and Javanmard and Montanari (2014). When appropriately ap-
plying their approach to our setting, their result is asymptotically equivalent to ours
and also obtains the asymptotic normality. In this section, we briefly discuss their
approach in the large graphical model setting.

Consider A = {1, 2}. While our method regresses two nodes X 4 against all other
nodes X 4c and focuses on the estimation of the two by two dimensional covariance
matrix le 4 of the noise, their approach consists of the following two steps. First,
one node X is regressed against all other nodes X¢ using scaled lasso with coef-
ficient BV As equation (4) suggests, the noise level is a)l_ll, and the coefficient

for the column X3 is 8, = —a)ua)l_ll. Then in the second step, to correct the bias

of the initial estimator ,B(Imt) obtained in the first step for the coefficient vector S,

a score vector z is picked and applied to obtain the final estimator of 8 as follows:
Bo= B 2 (Xo = X B /27 X,

where z is the residue after regressing X, against all remaining columns in step one
XAL using scaled lasso again. To obtain the final estimator of wj,, the estimator
/32 of —wpwy, 1 should be scaled by an accurate estimator of a)lll, which uses
the variance component of the scaled lasso estimator in the first step. It seems
that two approaches are quite different. However, both approaches do the same
thing: they try to estimate the partial correlation of node Z; and Z, and hence
are asymptotically equivalent. Compared with their approach, our method enjoys
simper form and clearer interpretation. It is worthwhile to point out that the main
contribution of this paper is understanding the fundamental limit of the Gaussian
graphical model in making statistical inference, which is not covered by other
works.
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5.4. Unknown mean . In the Introduction, we assume Z ~ A (u, ¥) and
u = 0 without loss of generality. This can be seen as follows. Suppose we observe
an n x p data matrix X with i.i.d. rows from A (u, ¥). Let ud i=1,...,n, be
n-dimensional orthonormal row vectors with ™ = (1,...,1) /+/n. Then uDX
are i.i.d. p-dimensional row vectors from N (0, ). Thus we can simply apply our
methods and theory to the sample {u®@X,i=1,...,n —1}.

6. Numerical studies. In this section, we present some numerical results for
both asymptotic distribution and support recovery. We generate the data from p x p
precision matrices with three blocks. Two cases are considered: p = 200, 800. The
ratio of block sizes is 2 : 1 : 1; that is, for a 200 x 200 matrix, the block sizes are
100 x 100, 50 x 50 and 50 x 50, respectively. The diagonal entries are o1, @2, @3 in
three blocks, respectively, where (a1, oz, @3) = (1, 2,4). When the entry is in the
kth block, Wj—1,j =0j j-1= 0.5ay, and Wj—2,j=wjj-2= 04ar, k=1,2,3.
The asymptotic variance for estimating each entry can be very different. Thus a
simple procedure with a single threshold level for all entries is not likely to perform
well.

We first estimate the entries in the precision matrix and partial correlations as
discussed in Remark 3, and consider the distributions of these estimators. We gen-
erate a random sample of size n = 400 from a multivariate Gaussian distribution
N0, X) with & = Q™. For the proposed estimators defined through (10) and
(11) with the scaled lasso (12) or the LSE after model selection (13), we pick
A= n_l/an(l/p) ~ /(2/n)log p; that is, k = 1 in (64) with small adjustment
in n and p ignored. This is justified by our theoretical results as discussed in Sec-
tion 5.1.

Table 1 reports the mean and standard error of our estimators for four entries in
the precision matrices and the corresponding correlations. In addition, we report
the point estimates by the GLasso [Friedman, Hastie and Tibshirani (2008)] and
CLIME [Cai, Liu and Luo (2011)] for comparison. For p = 800, the results for the
GLasso are based on 10 replications, while all other entries in the table are based on
100 replications. The GLasso is computed by the R package “glasso” with penal-
ized diagonal (default option), while the CLIME estimators are computed by the R
package “fastclime” [Pang, Liu and Vanderbei (2014)]. As the GLasso and CLIME
are designed for estimating precision matrices as high-dimensional objects, it is
not surprising that the proposed estimator outperforms them in estimation accu-
racy for individual entries. Figures 1 and 2 show the histograms of the proposed
estimates with the theoretical Gaussian density in Theorem 3 super-imposed. They
demonstrated that the histograms match pretty well to the asymptotic distribution,
especially for the LSE after model selection. The asymptotic normality leads to
the following (1 — o) confidence intervals for w;; and r;;:

(C?)ij - Za/z\/(c?)i,ic?)j,j +a7)/n, wij +Za/2\/(6?)i,ic?)j,j +@%j)/n),
(Fi,j — zaj2(1 — f[%j)/\/ﬁ’ Fi.j+ zap(1— fl-zyl,-)/x/ﬁ),
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TABLE 1
Mean and standard error of GLasso, CLIME and proposed estimators

P @1,2=0.5 w1,3=0.4 w1,4=0 01,10 =0
200  GLasso 0.368 & 0.039 0.282 4 0.038 —0.056 £ 0.03 —0.001 % 0.01
CLIME 0.776 & 0.479 0.789 & 0.556 0.482 & 1.181 0.002 & 0.017
& 0.459 £ 0.05 0.372 & 0.052 —0.049 £ 0.041  —0.003 £ 0.044
wf‘?E 0.503 & 0.059 0.401 & 0.061 —0.006 £0.049  —0.002 £ 0.052
800  GLasso 0.801 & 0.039 0.258 4 0.031 0.19£0.014  —0.063 & 0.028
CLIME 1.006 & 0.255 0.046 & 0.140 0.022 & 0.071 0.018 & 0.099
& 0.436 = 0.049 0.361 £ 0.047 —0.057 & 0.044 0.001 =+ 0.044
wf‘?E 0.491 & 0.059 0.396 & 0.058 040052  —0.003 £ 0.05
P rj2= -0.5 rj3= -04 ry4= 0 ry10= 0
200 Fi —0477 £0.037  —0.391 & 0.043 0.051 & 0.043 0.003 & 0.046
f}]S.E —0.485 £ 0.04 —0.386 %+ 0.046 0.006 & 0.047 0.002 & 0.049
800 Fi —0.468 +0.039  —0.392 + 0.041 0.06 % 0.045 —0.001 = 0.048
FLSE —0475 £0.041  —0.382 £ 0.044 0 4 0.049 0.002 & 0.048

i,j

where z4/7 is the z-score such that PN(,1) > z4 ,2) = /2. Table 2 reports the
empirical coverage probabilities for 95% confidence intervals, which matches well
to the assigned confidence level.

Support recovery of a precision matrix is of great interest. We compare our
selection results with the GLasso and CLIME. In addition to the training sam-
ple, we generate an independent sample of size 400 from the same distribution
for validating the tuning parameter for the GLasso and CLIME. These estimators
are computed based on the entire training sample with a range of penalty lev-
els and a proper penalty level is chosen by minimizing the negative likelihood
{trace (ffZ) —log det(fZ)} on the validation sample, where ¥ is the sample covari-
ance matrix. The proposed ANT estimators are computed based on the training
sample only with £y = 2 in the thresholding step as in (38). Tables 3 and 4 present
the average selection performances as measured in the true positive, false positive
and the corresponding rates. In addition to the overall performance, the summary
statistics are reported for each block. The results demonstrate the selection consis-
tency property of both ANT methods and substantial false positive for the GLasso
and CLIME. It should be pointed out that the ANT takes the advantage of an addi-
tional thresholding step, while the GLasso and CLIME do not. A possible expla-
nation of the false positive for the GLasso is a tendency for the likelihood criterion
with the validation sample to pick a small penalty level. However, such an expla-
nation seems not to hold for the CLIME, which demonstrated much lower false
positive than the GLasso, as the true positive rate of the CLIME is consistently
maintained at about 95% for p = 200 and 85% for p = 800.
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FIG. 1. Histograms of estimated entries for p = 200. The first row: scaled lasso for entries w) »
and w) 3 in the precision matrix; the second row: scaled lasso for entries w1 4 and w1 10; the third
and fourth rows: LSE after scaled lasso selection.

Moreover, we compare the ANT with the GLasso and CLIME in a range of
penalty levels. Figure 3 plots the ROC curves for the GLasso and CLIME with
various penalty levels and the ANT with various thresholding levels in the follow-
up procedure. It demonstrates that the CLIME outperforms the GLasso, but the
two methods perform significantly more poorly than the ANT in the experiment.
In addition, the circle in the plot represents the performance of the ANT with the
selected threshold level as in (38). The triangle and diamond in the plot repre-
sents the performance of the GLasso and CLIME with the penalty level chosen by
cross-validation, respectively. This again indicates that our method simultaneously
achieves a very high true positive rate and a very low false positive rate.

7. Proof of Theorem 5. In this section we show that the upper bound given
in Section 2.3 is indeed rate optimal. We will only establish equation (35). Equa-
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FIG. 2. Histograms of estimated entries for p = 800. The first row: scaled lasso for entries w| 2
and w 3 in the precision matrix; the second row: scaled lasso for entries w1 4 and wy 10; the third
and fourth rows: LSE after scaled lasso selection.

tion (36) is an immediate consequence of equation (35) and the lower bound logp
for estimation of diagonal covariance matrices in Cai, Zhang and Zhou (2010).

The lower bound is established by Le Cam’s method. To introduce Le Cam’s
method we first introduce some notation. Consider a finite parameter set Gy =
{Q0,Q1,...,Qm,} CGo(M, k). Let Pg,, denote the joint distribution of inde-
pendent observations XD, x@ X" with each X ~ A(0, Q;l), 0<m<
my and f,, denoting the corresponding joint density, and we define

_ 1
75 P=— Pqo .
(75) mZ_j o

For two distributions P and QQ with densities p and g with respect to any common
dominating measure p, we denote the total variation affinity by [PA Q| = [p A
q d . The following lemma is a version of Le Cam’s method; cf. Le Cam (1973),
Yu (1997).
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TABLE 2
Empirical coverage probabilities of the 95% confidence intervals

P ((5)) 1,2) 1,3 1,4 (1, 10)
200 o j 0.87 0.89 0.87 0.98
wlLfE 0.96 0.91 0.94 0.98
P 0.94 0.94 0.87 0.98
rlLJSE 0.93 0.94 0.94 0.97
800 o 0.74 0.88 0.84 0.95
w}?E 0.93 0.93 0.96 0.96
P 0.89 0.98 0.83 0.95
FLSE 0.90 0.94 0.96 0.96

LEMMA 1. Let X be iid. N©,Q7"), i=1,2,....n, with Q € Gy. Let
Q= (Dk1) px p be an estimator of Q@ = (wl(cT))PXP’ then

R o 1 _
sup Pa, {la; — of)"| > 5 | = S1Pa, A Bl
0<m<m, 2 2
where oo = inf| <<, |a)i(;1) - a)i(;))|.
TABLE 3

The performance of support recovery (p = 200, 100 replications)

Block Method TP TPR FP FPR

Overall GLasso 391 1 5322.24 0.2728
CLIME 372.61 0.953 588.34 0.0302

ANT 391 1 0.04 0

ANT-LSE 390.97 0.9999 0.01 0
Block 1 GLasso 197 1 1981.1 0.4168
CLIME 188.47 0.9567 205.58 0.0433

ANT 197 1 0 0

ANT-LSE 196.98 0.9999 0 0
Block 2 GLasso 97 1 293.93 0.2606
CLIME 92.29 0.9514 72.89 0.0646

ANT 97 1 0 0

ANT-LSE 96.99 0.9999 0 0
Block 3 GLasso 97 1 160.93 0.1427
CLIME 91.85 0.9469 72.94 0.0647

ANT 97 1 0 0

ANT-LSE 97 1 0 0
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TABLE 4
The performance of support recovery (p = 800, 10 replications)

1021

Block Method TP TPR FP FPR
Overall GLasso 1590.7 0.9998 44785.6 0.1408
CLIME 1365.9 0.8585 134.6 4e-04
ANT 1589 0.9987 0 0
ANT-LSE 1586.2 0.997 0 0
Block 1 GLasso 797 1 19694.5 0.2493
CLIME 687.5 0.8626 71.4 9e-04
ANT 795.8 0.9985 0 0
ANT-LSE 794.8 0.9972 0 0
Block 2 GLasso 397 1 2133.4 0.1094
CLIME 3394 0.8549 29.6 0.0015
ANT 396.7 0.9992 0 0
ANT-LSE 395.8 0.997 0 0
Block 3 GLasso 396.7 0.9992 664.7 0.0341
CLIME 339 0.8539 32.6 0.0017
ANT 396.5 0.9987 0 0
ANT-LSE 395.6 0.9965 0 0

PROOF OF THEOREM 5.

We shall divide the proof into three steps. Without

loss of generality, consider only the cases (i, j) = (1, 1) and (i, j) = (1, 2). For the
general case w;; or w;j with i # j, we could always permute the coordinates and

F1G. 3.

p=200 p=800
S— /—-— .............. Y 37,/ e A
f ]
U
|’ < i
1
@ _f o |
c ) o
1
53, 53+
1
1
5
~ ) ~
S 7, =}
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S : A~ Glasso st & Glasso
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The ROC curves. Circle: ANT with the proposed thresholding. Triangle: GLasso with
penalty level by CV. Diamond: CLIME with penalty level by CV.
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rearrange them to the special case w| or w>.
Step 1: Constructing the parameter set. We first define Q,

1 b 0 - 0
b 1 0 - 0
=10 0 1 --- 0 and
6 000 0 1
1 —b
=2 1o, 00
= 1 0 .- 0
902261: 1—-62 1-b2 :
0 0 1 - 0
0 0 0 0 I

that is, g = (O’k(?)) pxp 18 a matrix with all diagonal entries equal to 1, al(g) =
02((1)) = b and the rest all zeros. Here the constant 0 < b < 1 is to be determined
later. For 2,,, 1 <m < m,, the construction is as follows. Without loss of gen-
erality we assume k,_ , > 3. Denote by H the collection of all p x p symmetric
matrices with exactly (k,, , — 2) elements equal to 1 between the third and the last

elements on the first row (column) and the rest all zeros. Define

(77) Go=1{R:Q=Qpor Q= (Zg+aH)"", forsome H € 1},

where a =/ Tllnﬂ for some constant 71 which is determined later. The cardinality
of Go \ {0} is

m* = Card(Go) — 1 = Card(H) = ( kp B 22) .
}’l,p -

We pick the constant b = %(1 —1/M) and

(1—1/M)?—b> (1 —-10b%? (1—b2)2}
Co "2Co(1+b2) 4v(1+5b2) )’

and prove that Go C Go(M, ky, ).
First we show that for all 2;,

(78) I/M < Amin(£2;) < Amax(£2)) < M.

0<1 <min{

For any matrix €2,,,, 1 <m < m,, some elementary calculations yield that

() = 14+ 02+ (knp — a2, 3p() =1 — /B2 + (kn,p — D2,

Ma(@) = a(@)) =+ =yt () = 1.

m
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2_ 32
%, we have

1= /B2 + (kn,p —2)a2 = 1 =2 + 1,Co > 1/ M,

14 /B2 + (kn,p — 2)a% <2— 1/M < M,

Since b= (1 —1/M) and 0 < 7; < U=/

(79

which imply
1/M < )ul_l(Qm ) Amin (£2m) < Amax (§27) = (Q_l) =M.

m

As for matrix €2, similarly we have
M) =14b,4,(Q")=1-b,
ha(Q") =23(Q ) = =hp-1(R ) = 1.

and thus 1/ M < Apin(20) < Amax(20) < M for the choice of b = %(1 —1/M).

Now we show that the number of nonzero elements in 2,,, 0 < m < m, is
no more than k, , per row/column. From the construction of Q-1 there exists
some permutation matrix P, such that P, anl PJTT is a two-block diagonal matrix
with dimensions k, , and (p — k), of which the second block is an identity
matrix. Then (P, ' PT)~! = P, Q,, PI has the same blocking structure with the
first block of dimension kj, , and the second block being an identity matrix. Thus
the number of nonzero elements is no more than %, ; per row/column for £2,,.
Therefore, we have Go C Go(M, k;, ) from equation (78).

Step 2: Bounding o«. From the construction of SZ,;] and the matrix inverse for-
mula, we have that for any precision matrix €2,

™ = ! and o = b
71— b2 — (ky,p — 2)a? 2 71— b2 — (ky,p — 2)a?

for 1 <m < m,, and for the precision matrix €2,

o_ 1 L0 _ P
11_1_b2’ Wiy = _b2'

Since b% + (kn,p — 2)a’? < (1 — 1/M)? < 1 in equation (79), we have

(kn,p — 2)a?
£ ™ _ p© 2, ok
l<:nn<m ’a) a)ll } b2)(1 (k” » —2)612) = L3Kp Pa )
(80)
bkn.p — 2)a?
£ le™ O _ . . Cik
it e —en | = T T ,—2a%) P

for some constants C3, C4 > 0.
Step 3: Bounding the affinity. The following lemma is proved in Ren et al.
(2015).
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LEMMA 2. Let P be defined in (75). We have
(81) IPoy AP > Cs

for some constant Cs5 > 0.

Lemma 1, together with equations (80), (81) and a =/ Tllnﬂ, imply

1 Cstiky,plogp

- > Cs5/2,
2 n }_ s/

sup IP’{](Z)H —a)ﬁ"m >

0<m<my
1 Catiky, plogp

sup P{|&)12 — oy > 7 } > Cs/2,

0<m<my
which match the lower bound in (35) by setting C; = min{C311/2, C471/2} and
c1=0Cs/2. O

REMARK 10. Note that [|2,[l; is of the order &, , 10%, which implies

kn. pl . . . .
%"g” = kn.p /1"% : /k’% = N2 ll1+/ 10}%”. This observation partially explains

why in the literature we need to assume the bounded matrix £; norm of €2 to derive

the lower bound rate ./ k’%. For the least favorable parameter space, the matrix £
norm of €2 cannot be avoided in the upper bound. However, the methodology pro-
posed in this paper improves the upper bounds in the literature by replacing the
matrix £ norm for every €2 by only matrix £; norm bound of €2 in the least favor-
able parameter space.

SUPPLEMENTARY MATERIAL

Supplement to “Asymptotic normality and optimalities in estimation of
large Gaussian graphical model” (DOI: 10.1214/14-A0S1286SUPP; .pdf). In
this supplement we collect proofs of Theorems 1-3 in Section 2, proofs of Theo-
rems 6, 8 in Section 3 and proofs of Theorems 10-11 as well as Proposition 1 in
Section 4.
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