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Consider the problem of estimating the mean of a Gaussian random vec-
tor when the mean vector is assumed to be in a given convex set. The most
natural solution is to take the Euclidean projection of the data vector on to
this convex set; in other words, performing “least squares under a convex
constraint.” Many problems in modern statistics and statistical signal pro-
cessing theory are special cases of this general situation. Examples include
the lasso and other high-dimensional regression techniques, function estima-
tion problems, matrix estimation and completion, shape-restricted regression,
constrained denoising, linear inverse problems, etc. This paper presents three
general results about this problem, namely, (a) an exact computation of the
main term in the estimation error by relating it to expected maxima of Gaus-
sian processes (existing results only give upper bounds), (b) a theorem show-
ing that the least squares estimator is always admissible up to a universal
constant in any problem of the above kind and (c) a counterexample showing
that least squares estimator may not always be minimax rate-optimal. The
result from part (a) is then used to compute the error of the least squares
estimator in two examples of contemporary interest.

1. Theory.
1.1. The setup. Throughout this manuscript, Z = (Z1, ..., Z,) denotes an
n-dimensional standard Gaussian random vector. Let u = (w1, ..., 4,) € R" be

apoint in R”, and let Y = Z + . We are interested in estimating u from the data
vector Y. If nothing more is known, the vector Y itself is the maximum likelihood
estimate of (.

Suppose now that u is known to belong to a closed convex set K € R". Let Px
denote the Euclidean projection on to K. That is, for a vector x € R”, Pk (x) is the
point in K that is closest to x in the Euclidean distance. It is a standard fact about
closed convex sets (see Lemma 4.2 in Section 4) that Pk is a well-defined map.
Under the assumption that 4 € K, the maximum likelihood estimate of w in the
Gaussian model is 1 := Pg (Y). We will refer to [i as the least squares estimator
(LSE) of 1 under the convex constraint K. As mentioned in the abstract, many

Received March 2014; revised June 2014.
1Supported in part by NSF Grant DMS-10-05312.
MSC2010 subject classifications. 62F10, 62F12, 62F30, 62G08.
Key words and phrases. Least squares, maximum likelihood, convex constraint, empirical pro-
cess, lasso, isotonic regression, denoising.

2340


http://www.imstat.org/aos/
http://dx.doi.org/10.1214/14-AOS1254
http://www.imstat.org
http://www.ams.org/mathscinet/msc/msc2010.html

LEAST SQUARES UNDER CONVEX CONSTRAINT 2341

problems in modern statistics are special cases of this general setup, including
the lasso and other high-dimensional regression techniques, function estimation
problems, matrix estimation and completion, shape-restricted regression, etc.

Let ||x]| denote the Euclidean norm of a vector x € R”. Our main goal is to un-
derstand the magnitude of the estimation error || — w||. The standard approach to
computing upper bounds on the expected squared value of this error (the “risk™) is
via empirical process theory and related entropy computations. As a consequence
of path-breaking contributions from a number of authors over a period of more
than thirty years, including Birgé [5], Tsirelson [62—64], Pollard [50], van de Geer
[65-67], Birgé and Massart [6], van der Vaart and Wellner [72] and many others,
we now have a fairly good idea about how to convert results for expected maxima
of empirical processes to upper bounds on estimation errors in problems of the
above type, especially in the context of regression. To know more about this im-
portant branch of theoretical statistics and machine learning, see the monographs
of Biihlmann and van de Geer [9], Massart [41], van de Geer [68] and van der
Vaart and Wellner [72].

In a different direction, this general problem has recently gained prominence
in the statistical signal processing literature. The least squares problem outlined
above is essentially equivalent to the problem of constrained denoising in signal
processing. It is also intimately connected with the so- called linear inverse prob-
lems. The history of this line of investigation, although of relatively recent origin,
is already quite formidable. Important papers include those of Rudelson and Ver-
shynin [54], Stojnic [56], Oymak and Hassibi [47, 48], Chandrasekaran et al. [16],
Chandrasekaran and Jordan [15] and Amelunxen et al. [1]. For some interesting
recent developments, see McCoy and Tropp [42, 43], Foygel and Mackey [31] and
Tropp [61].

In the signal processing context, the expected squared error E| i — ul|? is
closely related to the concept of “statistical dimension” recently introduced in
Amelunxen et al. [1]. It is also related to the older existing notions of “Gaus-
sian width” in probability, functional analysis and signal processing, “mean width”
in convex geometry and “Gaussian complexity” in learning theory and machine
learning.

1.2. Main result. One limitation of the theory based on empirical processes
in its current form is that it only gives upper bounds on the error. There are some
lower bounds “in spirit,” in the form of necessary and sufficient conditions for
consistency (e.g., in Tsirelson [62] and van de Geer and Wegkamp [70]) but the
lower bounds are not explicit. The first main result of this manuscript, presented
below, shows that if one looks at expected maxima of certain Gaussian processes
(instead of upper bounds on these maxima) then one can get an approximation for
the actual error instead of just an upper bound. Not only that, the theorem also
shows that the error || — || is typically concentrated around its expected value.



2342 S. CHATTERJEE

Let x - y denote the usual inner product on R” and let K be any nonempty closed
convex set. For any i € R"” and any ¢ > 0, let

2
fu =B sw  Z-0-w)-1.,
vekK : lv—ull<t

where Z is an n-dimensional standard Gaussian random vector. If p© ¢ K, then
there is no v € K satistying || — v|| <t if ¢ is strictly less than the distance of u
from K. In that case, define f,(¢) to be —oo, following the standard convention

that the supremum of an empty set is —00.
Let 7, be the point in [0, c0) where f,, attains its maximum. We will show
below that 7, exists and is unique. Recall that Px denotes the projection on to K,

and that

= Pg(Z + )

is the least squares estimate of p based on the data vector Z + w. The following
theorem shows that irrespective of the dimension n and the convex set K, it is
always true that

It — ll = t, + O(max{ /7, 1))

In particular, if 7, is large, then the random quantity |z — || is concentrated
around the nonrandom value 7.

THEOREM 1.1. Let K, u, it, f, and t, be as above. Let t. := inf,cg ||v — ]|
Then f, () is equal to —o0 when t < I, is a finite and strictly concave function of
t when t € [t., 00), and decays to —o0 as t — 00. Consequently, t,, exists and is
unique. Moreover, for any x > 0,

4
P(lIA - pl —tu] = x 1) < 3eXp<_32(1 +);/\/ﬂ)2>'

Note that u is not required to be in K in this theorem. The tail bound is valid
even if u is a point lying outside K.

The above theorem can potentially give rise to many corollaries. One basic
corollary, presented below, gives estimates for the expected squared error of fi. Al-
though Theorem 1.1 contains a lot more information than this corollary, expected
squared errors are culturally important.

COROLLARY 1.2. Let all notation be as in Theorem 1.1. Then there is a uni-
versal constant C such that if t,, > 1, then

th — Ct? <E|p— ul* <t; +Ct)/2,
and ift, <1, then

Ellp — ul* <C.
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It may be illuminating to see an example at this point. Consider the simplest
possible example, namely, that K is a p-dimensional subspace of R", where p < n.
This is nothing but the linear regression setup, assuming that © = X, where X is
an n x p matrix of full rank and 8 € R? is arbitrary.

Since K is a subspace, Z - x = Px(Z) - x for any x € K. Moreover, Pk (Z) is
a standard Gaussian random vector in K. A simple application of the rotational
invariance of Z shows that we may assume, without loss of generality, that K is
simply a copy of R? contained in R". Combining these observations, we see that
forany u € K and ¢ > 0,

2
fu)=E( sup  Wox)-T

9
xeRP, x| <t 2

where W is a p-dimensional standard Gaussian random vector. The above expres-
sion can be exactly evaluated, to give

2

t
fu@® =E{FIW]) - 3
Clearly, f,, is maximized at

w=EIW|={p+0),

where O(1) denotes a quantity that may be bounded by a constant that does not
depend on p or n. By Theorem 1.1, this shows that when K is a p-dimensional
subspace of R", then with high probability,

12— pll= P+ O0(p"%).

Of course, this result may be derived by other means. It is included here only to
serve as a simple illustration.

The above example is, in some sense, exceptionally simple. In general, it will be
very difficult to compute #,, exactly, since we have only limited tools at our disposal
to compute expected maxima of high-dimensional Gaussian processes. However,
the strict concavity of the function f, gives an easy way to calculate upper and
lower bounds on 7, (and hence, upper and lower bounds on the estimation error
L — wl) by calculating bounds on f;, at a small number of points.

PROPOSITION 1.3.  If0 <ry <rpare suchthat f,(r1) < f.(r2),thent, >ry.
On the other hand, if f,,(r1) > fu(r2), then t, < ra. In particular, if © € K and
r > 0 is such that f,(r) <0, thent, <r.

In Section 2, we will see applications of this proposition in computing matching
upper and lower bounds for estimation errors in two nontrivial problems.
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1.3. The LSE is admissible up to a universal constant. Does the constrained
least squares estimator & enjoy any kind of general optimality property that holds
for any K ? A priori, this may sound like a hopeless question due to the completely
arbitrary nature of the convex set K. One may hope that the LSE is minimax op-
timal in some asymptotic sense, but as we will show later, this is not the case.
Fortunately, it turns out that 2 indeed enjoys a certain other kind of universal op-
timality property, as shown in Theorem 1.4 below. From a purely mathematical
point of view, this is the deepest result of this paper.

The famous Stein paradox [55] shows that the least squares estimate / is inad-
missible under square loss when K = R”. Stein’s example gave birth to the flour-
ishing field of shrinkage estimates. The following theorem shows that although the
LSE [i may be inadmissible, it is always “admissible up to a universal constant,”
whatever be the set K. In particular, shrinkage—or any other clever idea—cannot
improve the risk beyond a universal constant factor everywhere on the parameter
space.

THEOREM 1.4. There is a universal constant C > 0 such that the following is
true. Take any n and any nonempty closed convex set K CR". Let g :R" — R" be
any Borel measurable map, and for each n € R" define the estimate i *= g(Z +
W), where Z is a standard Gaussian random vector. Let [i be the least squares
estimate Px (Z + ), as in Theorem 1.1. Then there exists o € K such that E| i —
1l = CEllA — ul>.

Again, it may be a good idea to understand the impact of Theorem 1.4 through
an example. Consider the problem of £'-penalized regression with p covariates,
where p may be bigger than n. Here, K is the set of all  of the form X, where X
is a given n x p matrix and g is a point in R? with £! norm bounded by some pre-
specified constant L. The convex-constrained least squares estimate in this prob-
lem is the same as the lasso estimate of Tibshirani [58] in its primal form. One may
consider various other procedures for computing estimates of 8 in this problem.
Theorem 1.4 says that no matter what procedure one considers, there is always
some B with £! norm < L where the prediction error of the new procedure is at
least as big as the prediction error of the lasso, multiplied by a universal constant.

It is interesting to figure out the optimal value of the universal constant in The-
orem 1.4. Note that by the Stein paradox, the largest possible value is strictly less
than 1.

1.4. The LSE may not be minimax rate-optimal. Theorem 1.4 shows that there
is always some region of the parameter space where the least squares estimate [i
does not perform too badly in comparison to any given competitor. This immedi-
ately raises the question as to whether the same is true about the maximum risk: is
the maximum risk of the least squares estimate always within a universal constant
multiple of the minimax risk? (Here the “risk” of an estimator { under square loss
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is defined, as usual, to be E||i — w||>.) Surprisingly, the answer turns out to be
negative, as shown by the following counterexample.

Take any n. Define a closed convex set K C R" as follows: take any « € [0, 1],
01,...,0, €e[—1,1], and let

Wi = an~ /4 —i—a@in_l/z, i=1,...,n.

Let K be the set of all # = (i1, ..., u,) obtained as above.

PROPOSITION 1.5. The set K defined above is closed and convex. As before,
let i = Pg(Z + 1) be the least squares estimate of u € K obtained by projecting
the data vector Y = Z 4+  on to K. Let [i be the estimate whose coordinates
are all equal to the average of the coordinates of Y. Then, under square loss, the
maximum risk of i is bounded below by C\n'/? whereas the maximum risk of i is
bounded above by Cy, where C and C3 are positive constants that do not depend
onn.

It is interesting to understand whether this example is a pathological exception,
or if there is a general rule that dictates whether the LSE is minimax rate-optimal
or not in a given problem. Theorem 1.4 gives a sufficient condition for minimax
rate-optimality, namely, that the risk is of the same order everywhere on K. This
is expressed quantitatively in the following proposition. But this condition may be
difficult to verify in examples.

PROPOSITION 1.6. Let ji and [i be as in Theorem 1.4. For each u € K, let
R1(w) be the risk of i at i and Ry () be the risk of i at . Then

sup Ra(n) > CL sup Ry(u),
nek nek

where C is the universal constant from Theorem 1.4 and

__infyex Ri(w)
. SupMeK Rl (M) .

The counterexample given in Proposition 1.5 also raises the question as to
whether there is a general estimator that is guaranteed to be minimax up to a uni-
versal constant.

2. Examples. This section contains two nontrivial applications of Theo-
rem 1.1, to supplement the easy example worked out in Section 1.2. We only
present the results here. The details are worked out in Section 4.
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2.1. Lasso with nonsingular design. Let p > 1 and n > 2 be two integers, and
let X be a given n x p matrix with real entries. Let L be a positive real number,
and let

(D Ko:={BeR’:|pl1 <L},

where |B|; stands for the £! norm of B, that is, the sum of the absolute values of
the components of 8. Let

) K :={XB:pB e Ko).

The least squares estimator for the convex constraint K is nothing but the lasso
estimator in its primal form as defined by Tibshirani [58]. The number L is called
the “penalty parameter.”

The theoretical properties of the lasso and related procedures have been exten-
sively studied over the last ten years, notably by Donoho and coauthors [20-26],
Knight and Fu [38], Zou [78], Wainwright [73], Candes and Tao [11, 12], Mein-
shausen and Biihlmann [44], Meinshausen and Yu [45], Koltchinskii [39], Wang
and Leng [74], Zhao and Yu [77], Bunea et al. [10], van de Geer [71], Greenshtein
and Ritov [32], Bickel et al. [4], Bartlett et al. [3], Rigollet and Tsybakov [52], Oy-
mak et al. [49] and many others. For a more complete set of references and a clear
exposition of the results and techniques, see the wonderful recent monograph of
Biihlmann and van de Geer [9]. The investigators have tried to understand a num-
ber of different kinds of consistency for the lasso estimator. The expected squared
error E||ft — || translates into what is known as the “squared prediction error” in
the lasso literature. Among the papers cited above, the ones dealing mainly with
the behavior of the prediction error are [10, 32, 71]. If the prediction error vanishes
on an appropriate scale, the lasso procedure is called “risk consistent.”

Risk consistency does not require too many assumptions [9, 17, 32], but the
available bounds on the expected squared prediction error are solely upper bounds.
Matching lower bounds are not known in any case. In particular, it is not known
how the error depends on the choice of the penalty parameter L. Practitioners be-
lieve from experience that choosing the penalty parameter correctly is of crucial
importance, and this is usually done using cross-validation of some sort, for ex-
ample, in Tibshirani [58, 59], Greenshtein and Ritov [32], Hastie et al. [35], Efron
et al. [30], and van de Geer and Lederer [69], although some other techniques have
also been proposed, for example, in Tibshirani and Taylor [60] and Zou et al. [79].
For some nascent theoretical progress on cross-validation for the lasso and further
references, see Homrighausen and McDonald [36].

The following theorem demonstrates, for the first time, the critical importance
of choosing the correct penalty parameter value. If the penalty parameter L is cho-
sen to be equal to |B];, then the prediction error is vastly smaller than if the two
quantities are unequal. Although the theorem is restricted to the case of nonsingu-
lar design matrices, we may expect the phenomenon to hold in greater generality.
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THEOREM 2.1. Take any L > 0 and let K be defined as in (2). Let ¥ :=
XTX/n, and let a and b be the smallest and largest eigenvalues of .. Assume that
a > 0, and that all the diagonal entries of ¥ are equal to 1. Take any B € R? and
let w:= XB. Let s be the number of nonzero entries of . Let

§:=L—1BI

and r := p/n. Let t,, be as in Theorem 1.1, for the set K defined in (2). If § > 0,
then given any € > 0 there is a constant C1| depending onlyon é, ¢, a, b, s, r and L
such that whenever n > C1, we have

n1/4—£ <1, < n1/4+s‘

If 6 =0, then there is a constant Co depending only on a, b, s, r and L such that

t, < Ca/logn.

Finally, if 5 < 0, there are positive constants Cz and C4 depending only on 8, a, b,
s, r and L such that

C3v/n <t, < Ca/n.

The reader may easily check the implications of the above bounds on the pre-
diction error by looking back at Theorem 1.1. In particular, they show that the
squared prediction error E|| X ,3 — XB|1? equals n'/>+°( if the penalty parameter
L is greater than |B|1, is of order n if L is less than |8]1, and is bounded above by
some constant multiple of logn if the penalty parameter is chosen correctly, to be
equal to |B|1. Therefore, it is very important that L is chosen correctly when im-
plementing the lasso procedure. However, there is a caveat: Theorem 2.1 does not
prove anything in the case where L is chosen using the data. It only shows the im-
portance of choosing the correct value of the penalty parameter, besides being the
first result that establishes a lower bound on the lasso error. To prove an analogous
result for the case where L is chosen using the data requires further work.

2.2. Isotonic regression. Define the convex set

3) K:={(p1,....pun) €R" 1ty <o < -+ < pn .

The least squares problem for this convex constraint, popularly known as “isotonic
regression” or “monotone regression,” has a long history in the statistics litera-
ture, possibly beginning in Ayer et al. [2] and Grenander [33]. The LSE is easily
computed using the so-called “pool adjusted violators algorithm” (see Robertson
et al. [53], Chapter 1).

There is substantial literature on the properties of individual [i;, as i /n is fixed
and n goes to infinity, with some appropriate limiting behavior assumed for the
mean vector 1. Some notable papers on such local errors are those of Prakasa Rao
[51], Brunk [8], Groeneboom and Pyke [34], Durot [28], Carolan and Dykstra [13],
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Cator [14] and Jankowski [37]. The global error || 1 — 1] has also received consid-
erable attention, notably in van de Geer [66, 67], Donoho [20], Birgé and Massart
[6], Wang [75], Meyer and Woodroofe [46], Zhang [76] and Chatterjee, Gunto-
boyina and Sen [18].

It is now generally understood that if the w;’s are “strictly increasing” in some
limiting sense, then f1; — w; is typically of order n~1/3, whereas the error is smaller
if the w;’s have “flat stretches” [18]. Therefore, it is natural to expect that in the
strictly increasing case, ||t — || should be of order n!/®. Using Theorem 1.1, it
turns out that we may not only get finite sample upper and lower bounds for the
global risk E||x — ullz, but also show that || — || is concentrated around its
mean value; that is, there is some constant C (i) depending on w such that with
high probability,

) 12— pl=Cun'/® + 0(n'").

The following theorem makes this precise.

THEOREM 2.2. Let K be the convex set defined in (3). Take any n € K and
let i = Px(Z + 1) be the LSE of i obtained from the data vector Z + . Let

D = maX{IU/I’l - /-’Lly 1}7

A:= min ln(ui+1 — [i)s

1<i<n-—

B:= max ln(um — [i)-

1<i<n-—
Let t,, be as in Theorem 1.1, for the set K defined in (3). Then
CA8/31/6
B*3D

where C1 and C; are positive universal constants.

<1, <CyD'3ull0,

The reader may easily check the consequences of the above bounds on 7, by
looking back at Theorem 1.1 and Corollary 1.2, and in particular, that it proves (4)
when D, A and B are all of constant order.

Just to be clear, the upper bound on the expected mean-squared error that we get
from Theorem 2.2 can be derived from existing results such as those in Zhang [76].
The new contribution of Theorem 2.2 is the lower bound, and also the conclusion
(in combination with Theorem 1.1) that the squared error concentrates around its
expected value.

3. Proof sketches. Since the proofs of the main results (Theorems 1.1
and 1.4) are somewhat technical, I will try to give a readable sketch of the main
ideas in this section. The details are given in Section 4.
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The proof of Theorem 1.1 goes roughly as follows. Define a random function

2
Fu@) = sup Z-(v—u)—%,
veK :[lv—pll<t
so that f,,(t) = E(F,(¢)). Using the convexity of K, prove that F,, and f, are
both strictly concave functions. Let t* be the unique point at which F, is maxi-
mized. Again, use convexity of K and some algebraic manipulation to prove the
key identity

I — =t

Note that this is a purely deterministic identity, having nothing to do with the
modeling assumptions.

Next, using the concentration of Gaussian maxima, show that F, (), although
random, is close to f,(¢) with high probability. Since F}, and f,, are two strictly
concave functions that are close to each other with high probability, their points of
maxima must also be close. That is, 7, ~ t* = ||t — || with high probability.

The proof of Theorem 1.4 is more complex and it is quite hard to present the
ideas in a nutshell. Still, a high level overview of the main steps may be given as
follows.

Throughout this proof sketch, “constant” will mean “positive universal con-
stant.” Take any u* € K and let By be a ball of radius C#,+ around u*, where C;
is a small constant that will be chosen later. Let p be a probability measure on By,
also to be chosen later. Let g(Z + w) be any estimator of . Suppose that we are
able to prove

5) /B E|n—g(Z +w|>dp(w) = Cat?.
0

for some constant C,. Upon solving some technical hurdles, it can be shown that
the dependence of 7, on w is smooth enough to guarantee that if the constant
C is chosen small enough, then there is a constant C3 such that ,« > C3t,, for
all u € Byp. Combined with (5) and Corollary 1.2, this implies the existence of
Lo € Bo such that

E|no — g(Z + uo)|* = Cat2e = C2C312, = C4E| o — Px(Z + o) |

for some constant C4, completing the proof.

The main challenge, therefore, is to show (5). We now make a specific choice
of p. Let p be the probability measure of the point v* that maximizes Z - (u — u™)
among all u € By. Let Z’ be an independent copy of Z, and let Y' = Z" + v*.
Then observe that the expression on the left-hand side of (5) is nothing but E||v* —
(Y.
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The main trick now is the following. Let v’ be another K -valued random vari-
able, such that v* and v’ are i.i.d. given Y’. Then it is not difficult to argue that for
any measurable function 4,

Ev* —h(¥')|* = 3B — ']

In particular, this holds for # = g. Thus, it suffices to show that
(6) E|v* —v'|* = Cst2

for some constant Cs.

Let B; be the ball of radius Cet,+ around v*, where Cg is a constant that will
be chosen later. Note that unlike By, Bj is a random set. If we can show that
P(v' ¢ By) is larger than a universal threshold, it will complete the proof of (6).

To prove this, the first step is to explicitly write down

iy e Z T =)=120 vl g )
Jg e 2 OO g ()

PV € Bi|Y',v*) =

After a sequence of relatively complicated technical steps involving concentration
inequalities and second moment lower bounds, one can produce an upper bound
on the expectation of the right-hand side. The complications arise from the fact
that the right-hand side is a ratio of random variables. When the dust settles, we

get the inequality
P(l)/ S Bl) < C7,/E(p(Bl)).

The proof, therefore, will be complete if we can show that E(po(B1)) can be made
as small as we like by choosing C¢ small enough. By the definition of p, it is clear
that

p(B1) <P(Mp > M;|v¥),
where

My = sup Z'- (. — u'), My = sup Z'- (n — u*).
1eBy HEB)
Consequently, E(p(B1)) < P(M> > M1). To make the right-hand side as small
as we need it to be, it makes sense to choose u* such that E(M)) is as large as
possible, and then choose Cg so small that E(M>) is small enough. Working out
the details of this step involves delicate technical problems. Carefully solving these
problems leads to the completion of the proof of Theorem 1.4.
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4. Proofs. This section contains the proofs of all the results stated in Sec-
tions 1 and 2. We will follow a certain notational convention about universal
constants throughout this section. Within the proof of each lemma or theorem or
proposition, Cp, Ca, ... will denote positive universal constants. The values of the
C;’s may change from one lemma to the next. On the other hand, cy, c3, ... will
denote universal constants whose values are important; once defined, they will not
change.

The first goal is to prove Theorem 1.1. We need the following ingredient from
measure concentration theory.

LEMMA 4.1 (Cirelson, Ibragimov and Sudakov [19]). Let Vi,...,V, be
jointly Gaussian random variables, each with mean zero and second moment
bounded above by 1 (but not necessarily independent). Let M := maxj<;<, V;.
Then for any t > 0,

max{P(M — E(M) >t),P(M —E(M) < —t)} < o2

The above inequalities were proved in [19], although they follow (with slightly
worse constants) from the earlier papers [7] and [57].

We also need a standard fact from convex geometry. A proof is included for the
sake of completeness.

LEMMA 4.2 (Projection on to convex sets). Let K be a nonempty closed con-
vex subset of R". For any x € R", there is a unique point in K, that we call Pk (x),
which is closest to x.

PROOF. Let s :=infycx ||x — y||. Since K is nonempty, s is finite. Let K’ be
the set of all points in K that are within distance s + 1 from x. This is clearly
nonempty, convex and bounded. Furthermore, since K is closed, so is K'. The
compactness of K’ ensures the existence of at least one point in K’ that is at dis-
tance exactly s from x. This proves the existence of a projection. Suppose now that
there are two points y and z in K that are both at distance exactly s from x. Then
the three points x, y and z form an isosceles triangle with the line segment joining
y and z as the base. But this line segment is contained in K, because K is convex.
Since y # z, this proves that there is a point in K that is at distance strictly less
than s from x, which is impossible. [J

We are now ready to prove Theorem 1.1, Corollary 1.2 and Proposition 1.3.

PROOF OF THEOREM 1.1. Fix u € R” and let Y = Z + p. Define two random
functions M and F from [0, c0) into [—00, 00) as

M(t) = sup Z-(v—pu)
vekK : |lv—ull<t
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and

12
F@t)y=M@)— —,
2
with the usual convention that the supremum of an empty set is —oco. Let m(¢) :=
E(M(t)). Note that E(F (¢)) = f,,(t) = m(t) — t>/2.
Note that M (), F(t), m(¢) and f,(¢) are all finite if r > 7., and —o0 if 1 < 1..
Take any t. < s <t. Let v and v, be points in K such that

(7 [vi —pll=s and [lv2—pll <t

Take any u € [0, 1] and let v :=uv; + (1 —u)vy. Then ||v — pu|| <r:=us+ (1 —
u)t. On the other hand,

Z-v-—pwy=uZ - —w)+A-u)Z (2 —p).
Maximizing over all v; and v, satisfying (7), this gives
®) M@)=>uM(s)+ (1 —u)M(t).

Thus, M is a concave function of 7. Consequently, F is strictly concave. Note that
lim;_, o F(t) = —00, since

9) M) < sup Z-(v—p)=t|Z].

veR": lv—ull<t
The strict concavity and the decay to —oo prove the existence and uniqueness of a
(random) point t* € [f., o0) where F is maximized.

Taking expectation on both sides in (8) implies that m is also concave, and
therefore f), is strictly concave. Similarly by (9), m(t) < tE| Z|, which proves
that lim, _, o f,(#) = —o0. Therefore, 7,, exists and is unique.

Let v* be a point in K that maximizes Z - (v — i) among all v € K satisfying
lv — |l <t* Letty:=|v* — u|. If ty < ¢*, then

2 12
Fto)>Z (v —p)— g =M(t*) - g > F(t%),

which is false. Therefore, ty = ¢*. This shows that for any v € K,

2
v —
v —pl? _

Z-(v—p)— > <F(llv—mpl)

v = wl?

SF() =2 (" —p) 1

Since

v —ul?
1Y = vlP = ¥ = pll? —2<Z - — T)
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this proves that ||Y — v|| > ||Y — v*| for all v € K. Therefore, by the uniqueness
of projection on to closed convex sets, 1 = v*. In particular,

I — [l =1t*.
Now note that for any ¢ > 7., the inequality f,,(r) < f,.(¢,) may be rewritten as
2 —12

(10) m() <mty) + — =

By concavity of m, for any ¢ € (0, 1),
(11) m((1—e)t, +et) > (1 —e)m(t,) +em(r).
Applying (10) to (1 — &), + &t instead of ¢ gives

(=26 +&2)t2 +2(1 — e)etyt +&212
m((1 — &)t, +¢e1) <m(t,) + K 5 - .
Combining this inequality with (11) gives
(—2¢ + D2 +2(1 — e)et,t + £

> .
Dividing both sides by ¢ and taking ¢ — 0, we get

em(t) <em(t,) +

(12) m(t) < m(ty) — 1 + tut,
which may be rewritten as

(t —1,)?

Fu®) = fult) = =5

Note that the above two inequalities hold even if ¢ < #.. Take any x > 0 and let
ry =1, —x\/ty and ry :==t, + x,/t,. First assume that r; > 7.. Then by the above
inequality,

x%t,

maX{fM(}”]), fu(rZ)} < futy) — >

By the concentration inequality for maxima of Gaussian random variables
(Lemma 4.1), forany t > 0 and y > 0,

max{P(F (1) > f,(t) +y),P(F(t) < fu(t) — y)} < o2

Taking y = thM /4 and z = f,(t,) — y, a combination of the last two displays
gives the inequalities

P(F(r1) > z) <P(F(r1) = fu(ri) +y) < /27
P(F(r) >2) <P(F(r2) > fu(r) +y) < e

P(F(t,) <z) =P(F (1)) < fulty) — y) < oV 2
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Let E be the event that F (1) < z, F(r2) <z and F(t,) > z. By the above three
inequalities,

P(EC) Se—yz/Zrl2 +e—y2/2r22 +efy2/2t§ < 3e—y2/2r22.

On the other hand, by the concavity of F, if E happens then t* must lie in the
interval (rq, r). Together with our previous observation that t* = || — fi||, this
completes the proof of the theorem when r| > ..

If ri <1, the inequality f, (r2) < f.(tn) — xztu/2 is still true. Redefine E to
be the event that F (1) < z and F(¢,,) > z. Then the upper bound on P(E€) is still
valid, and the occurrence of E implies that t* € [¢., r2) C (r1, r2). This finishes the
argument in the case r; <t.. U

PROOF OF COROLLARY 1.2. Throughout this proof, C denotes an arbitrary
universal constant whose value may change from line to line. First, suppose that
t, > 1. Then by Theorem 1.1,

P(I2 — il = 1] = % /1) < 3¢ /320507,
This shows that
(i — ull = 1,)* < Cry,
which gives the first set of inequalities. On the other hand, if 7, < 1, then putting
7 = x,/t;;, Theorem 1.1 gives
P(I = ol = 1] = 2) < 3732042 < 373200427,

which gives the second inequality. [J

PROOF OF PROPOSITION 1.3. The first two assertions are obvious by the strict
concavity of f,. For the third one, observe thatif © € K, then f,,(0) =0, and apply
the second assertion. [

The next goal is to prove Theorem 1.4. In addition to Lemmas 4.1 and 4.2,
we need a few more standard results. The first result, stated below, is called the
“Gaussian concentration inequality.”

LEMMA 4.3 (Gaussian concentration inequality). Let Z be an n-dimensional
standard Gaussian random vector, and let f:R" — R be a function that satisfies
| f(x) — f(»)| < L|lx — vyl for all x and y, where L is a positive constant. Then
forany 0 € R,

E(e!V DB (20 < oL70%/2.
Consequently, for any t > 0,

max{P(f(Z) — E(£(2)) = 1), P(f(Z) — E(f(2)) < —1)} < e " ?L,
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This famous result possibly appeared for the first time as an implied conse-
quence of the theorems in [7, 19, 57]. For a simple proof, originally appearing
in [19], see the argument following equation (2.35) in [40].

We also need the fact that the projection Px on to a closed convex set is a
contraction with respect to the Euclidean norm. This, again, is quite standard but
we provide a short proof for the sake of completeness.

LEMMA 4.4. For any closed convex set K C R" and any x,y, ||Px(x) —
Pk < llx = yll.

PROOF. Let z = Pg(x) and w = Pk (y). If z = w, there is nothing to prove.
So assume that z 7 w. Let S be the line segment joining z and w. Then § is entirely
contained in K. Let H; be the hyperplane passing through z that is orthogonal to S,
and H» be the hyperplane passing through w that is orthogonal to S.

The hyperplane H; divides R" \ H; into two open half-spaces, one of which
contains w. If x belongs to the half-space that contains w, then there is a point on
S that is closer to x than z. This is impossible. Similarly, H, divides R" \ H; into
two open half-spaces, and y cannot belong to the one that contains z. Therefore,
both of the parallel hyperplanes H; and H> must lie between x and y. This proves
that || x — y|| > the distance between H; and H;, which is equal to ||z — w]|. O

Finally, we need the so-called “second moment inequality,” also known as the
“Paley—Zygmund inequality.”

LEMMA 4.5 (Second moment inequality). If X is a nonnegative random vari-
able with E(X) > 0 and finite second moment, then for any a € [0, E(X)],

(E(X) —a)?

P(X >a)> EX?)

The proof of this standard inequality may be found in graduate probability text
books such as [29].

We now embark on the proof of Theorem 1.4. Several preparatory lemmas are
required.

LEMMA 4.6. Let K CR" be a line segment of length l. Let Z be an n-
dimensional standard Gaussian random vector. Let f:R" — R" be any Borel
measurable map. Then there exists | € K such that

E|f(Z+ w) — u|* > ey min{i?, 4},

where cy is a positive universal constant.
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PROOF. Let A denote the uniform distribution on K. Let v be point chosen
uniformly at random from K. Let Y := Z + v. Given Y and v, let V' be drawn
from the posterior distribution of v given Y. Explicitly, if 6 denotes the joint law
of (v,Y,1), then

) e 1/20y=w'I? g=1/20ly—pl)? )
13 do(u,y,n)= d (pu)dydi(p').
(13) (s y, 1) Gy 2 [ e AT i) (1) dydr(w)
The above expression clearly shows that v and v’ are i.i.d. given Y and, therefore,

E(|f(¥) = v|?IY) = E(|E@[Y) - v]?|Y)

(14)

=E(]v = v[*1y).
[In the above display, E(v|Y) denotes the random vector whose ith coordinate is
E(v;|Y). The inequality in the first line is simply a consequence of the fact that for
any random variable X, E(X — @)? is minimized when a = E(X).] Next, let

M :=sup|Z - (x —v)|.
xekK
Note that since the function being maximized is convex and the set K is a line
segment, therefore the maximum is necessarily attained at one of the endpoints of
the line segment K. From this, it easy to see that

(15) E(e2M) < €111,

Take any ¢ > 0. Given Y and v, let I denote the set of all points in K that are
within distance ¢ from v. Then by (13),

fl eZ.(x—v)—l/lex—v\lz dk(x) - 2€2M+128
fx eZ-(x=v)=1/21x=vII> gy (x) ~ l
Taking expectation and applying (15), we get

B —v] <617 v) =

Cyl2
Py — o] <e) = 25,

and, therefore,

)

If [ <2, then combined with (14) and taking ¢ = C3/ for some small enough C3,
this proves that

CreC2l*
E|v —v|? = 2B(|v = v| > ) = 82(1 - LE)

E|f(Z+v)—v|* = Cal®.
In particular, there exists i € K such that
E|f(Z + ) — ] = Cal®.

If > 2, then choose a subinterval K’ C K of length < 2 and work with K’ instead
of K. O
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LEMMA 4.7. There is a positive universal constant cy such that following is
true. Let K be a closed convex subset of R" with diameter > 2. For each u € K,
let t,, be defined as in Theorem 1.1. Then t, > con~ V2 forall p e K.

PROOF. Take any u € K. Since the diameter of K is >2, there exists v € K
such that ||v — u|| > 1. By the convexity of K, this implies that there exists v € K
such that ||[v — u|| = 1. Foreach t € [0, 1] let v; := (1 —¢t)u +tv. Then v; € K and
|lv; — ]l = t. Therefore, there exists positive C1 and C; such that if ¢+ < C; then

2
fu@®) = E(max{0, Z - (v, — p)}) — % > Cot.

On the other hand, by (9),

fu(®) < Cst/n.
Thus, with C4 := C{C2/C3,

fu(Can™1%) < C2C1 < fu(C).
Taking C3 large enough, we have cn 1?2 <. By Proposition 1.3, this shows
thatt, > Cqn~1/2. O
LEMMA 4.8.  Let K be a closed convex subset of R" and let t,, be defined as

in Theorem 1.1. Then for any p,v € K such that || — v|| <t,/24,

11z, -y < 50z,

24 — V7 247

PROOF. If #, = O there is nothing to prove. So assume that 7, > 0. For any
y €K andt >0, let

(16) Bly,n):={y' eK:|y —v| =t}

and

(17) my (1) := IE( sup Z-(y' — y)) = IE( sup Z- y/).
v €B(y,1) y'€B(y,1)

Let By := B(u, r), where r :=1,,/24. Take any v € Bj. Note that for any positive
integer k,

B(w, (k — r) € B(v,kr) € B(u, (k+ 1)r),
and, therefore,
(18) my((k = Dr) <my(kr) <my,((k+ Dr).
Applying (18) with k =11 gives
my(11r) <my (12r) = m,(1,,/2),
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and with &k =25, we get
my(25r) > m;, (24r) =m(t,).
Therefore, by the inequality (12) from the proof of Theorem 1.1,

(257 — 112)r?
fr(25r) — f,(11r) =m, (25r) —m,(11r) — ——

2
252t 2 T3
> 1) — 1,)2) — L
_mu(u) mu(u/ ) 376 = 2 16 =
Therefore, by Proposition 1.3,
11«7
f>11r=—£.
24
Next, note that by (18),
1875r2
£2(50r) = f2(25r) = my(50r) — my (25r) — — 2t

1875r2
o

<m,(5lr) —m,(24r) —

By the inequality (12),
mu(51r) — my, (24r) = my, (27r +1,) —m,,(t,) < 27rt, = 64812,
Combining the last two displays gives

2
1875r <o.

fo(50r) — £,(25r) <6481 —

By Proposition 1.3, this proves that 7, < 50r. [
We are now ready to prove Theorem 1.4.

PROOF OF THEOREM 1.4. First, suppose that [ := diam(K) < 2. Choose
a line segment / € K of length /. By Lemma 4.6, there exists po € I such that
Elg(Z + wo) — poll* = c11?. But E|| Pk (Z + p0) — poll* < 2, since any two el-
ements of K are within distance [ of each other. This completes the proof of the
theorem when diam(K') < 2. For the rest of the proof, assume that diam(K) > 2.

For w € K and r > 0, let m,(t) be defined as in (17). Since diam(K) > 2,
Lemma 4.7 implies that for all u € K,
(19) ty > con~ V2.
Let

s := sup m,, (107%1,).
nek
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Then there exists at least one point ©* € K such that

2
)

106"
For v € K and ¢ > 0 let B(v, ) be defined as in (16). Let By := B(u™, r), where
ri= 10*3tu*. Lemma 4.8 implies that for all v € By,
lll‘l,_* <1, < 5OZ‘M* .

24 24
Define a probability measure p on By as follows. Let v* be the point that maxi-
mizes Z - (v — u*) among all v € By. If there are more than one such points, take
the one that is the least in the lexicographic ordering (it is easy to prove that there
is a least element since the set of maximizers is closed). Let p be the law of v*. Let

Z' be a standard Gaussian random vector, independent of Z. Let Y/ := Z' 4 v*.
Let p’ be the conditional distribution of v* given Y. It is easy to see that

m“*(10_3tu*) =85 —

(20)

dp'(v)= L' P2 gp),  veB,

where
L:= / e~ 121 vl dp(v).
By

Given Y’ and v*, let v’ be a random point generated from the distribution p’. Then
V" and v* are conditionally i.i.d. given Y’, as is evident from the joint law 6 of the
triple (v*, Y’,v'):

e 1/21y=ml? p=172ly—v1 |I?

@m)"/2 [, e~ /2= dp (v)

do(vy,y, ) = dp(v)dydp(v2),

where vi, vy € Bg and y € R”.

Let E(v¥|Y’) be the random vector whose ith coordinate is EQ@rY "y and g be an
arbitrary Borel measurable map from R” into itself, as in the statement of Theo-
rem 1.4. Then

E(Jv* —v'[*1Y) = 2B(|v* = E(*IY') 1Y)
< 2E(|v — g(V') 1Y),
Thus,
1) Ev* —v'|* < 2E|v* — g(Y)]*.
Let B; denote the (random) set B(v*, 1073r) N By. Then

]P)(l)/ € B |Y/, V*) — L—l e—1/2||Y/_v||2 dp(v)
B

fpy e E 0TSV g )
[, =7 =12 =R gp ()

(22)
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Let L| and L, denote the numerator and the denominator in the last expression.
First, note that

]E(L%|V*) §/~B E(e—22/~(v*—v)—||v*—vH2|v>l<)dp(v)
1

(23) 2 6.2
=/B VP gp() <0 o (By).
1

Next, note that [E(L,|v*) =1, and
E(L3v")

:/B/BE(e—Z/-<<v*—v1>+<v*—vz))—l/z(nv*—vl||2+||v*—vz\\2>)dp(vl)dp(vz)
0 0

- / / eV T dp (v dp (1) < .
By /By
Therefore by the second moment inequality (Lemma 4.5),

_ (E(Ly|v¥)?
T AE(L3|vY)

—4r2

(24) P(Ly > 1/2[v¥) > %e

Now note that, by a slight abuse of notation,

d 1 1o %
—logLy=—— | (v — v,-)e_z (vF=v)=1/2]v* -] dp(v).

3Zl{ Ly Jp,
Consequently,
(1% * 2
3 (A O bt L
2 — 1. (v* *
o AZ; fBo e=Z" (=) =12 =2 g (1)
(25) 5
<d4r-.

Therefore, by the Gaussian concentration inequality (Lemma 4.3), for any x > 0,
(26) P(log Ly > E(log Ly[v*) + x|v*) < e~ /87,
Now suppose that 472 > log4, or in other words,
27 tx > 500,/2log 2.
Under the above condition, taking x = 82 in (26) gives
P(log Ly > E(log La|v*) + 8r%|v*) < e 8 < %e_‘"z.

Comparing this with (24), we realize that under (27), it must be true that

E(log Ly|v*) > —8r% —log2.
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Therefore, if (27) holds, then
E(Lz—Zlv*) — e—ZE(longlv*)E(e—Z(logLZ—E(long\v*))|v*)

< 4el6r2E(672(10g Ly—E(log L |v*)) | v*).

But by the Gaussian concentration inequality (Lemma 4.3) and the estimate (25),
E(e—Z(long—IE(longw*))|v*) Sesr{
Combining the last two displays gives
(28) E(Ly2v*) < 42,
By (22), (23) and (28), we see that under condition (27),
P(v' € Bi[v*) =E(LiL; ' |v¥)

(29) < (B(LiIv)E(Ly ")

< 2" /o (By).
Define

My :=sup Z'- (v —pu¥), My :=sup Z'- (v —v¥),

veBy veB

M3 :=Z"- (v —pu*).
The basic fact, easy to see, is that

p(By) < ]P’(sup Z-(v—p*)y=sup Z'- (v - M*)|v*)
vEB) veEBy
(30)
<P(My+ M3 > M;|v¥).

Having understood this, note that by the definitions of ©* and s and the lower
bounds (19) and (20),

2
EA -3 6'2
E(M1|V )—mu*(lo ZM*)ZS_ 106n
€2y
12,
= mys (107 0) = <00 = mye (11r/24) = 12,
On the other hand,

(32) E(M|v*) < my(10737).
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Let § := 11r/24 — 1073r. By the concavity of m,«, and the inequalities (12)
and (20),
mye(11r/24) — myx (1073r)

=myx(11r/24) —m«(11r/24 — §)
(33)

> myx (fyx) — myx(tyx — 6)
- 112,48 - 110851
- 24 T 242
By (31), (32) and (33), we see that

E(M;|v*) — E(Ma|v*) > 9972

> 100r2.

ty*

Let x = 33r2. Then by the above inequality,
P(M> + M3 > M;|v*)
<P(M; <E(M;|v*) — x|v*¥)
+P(My > E(M;|v*) — 2x|v*) + P(M3 > x|v¥)
<P(M; <E(M;|v*) — x[v*)
+P(My > E(Ma|v*) + x|v*) + P(M3 > x|v™).

By the concentration inequality for Gaussian maxima (Lemma 4.1) and the fact
that E(M3|v*) = 0, this shows that

P(Ms + M3 > My|v*) < X2 L pmx?20007)7 a2
< 3exp(—500r?).
Combined with (29) and (30), this shows that if (27) holds, then
P(v' € Bi|v*) < C exp(—Cztﬁ*).

Therefore, there is a universal constant C3 > 5004/21og2 such that if #,+ > C3,
then

E[v' —v*|* = (1073r)’P(v ¢ B1) = Cat’s,
and so by (21),
E|v* —g(Z' +v*)|* = Cst2..
Since

By —o(Z'+ )P = [ Elu—g(Z'+ ) doc.

0

this shows that there exists g € By such that

E|no — g(Z + po)|* = Cst2e.
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By (20), t,+ > 24t,,/50. On the other hand if #,+ > C3, then by (20), #,, >
112+ /24 > 2004/210g 2. Therefore, by Corollary 1.2,

E|po — g(Z + po)|* = Cot2, = C1E| o — P (Z + o).

This completes the proof of the theorem when #,+ > C3 and diam(K) > 2.
Suppose now that 7, < C3 and diam(K) > 2. For each p, let

12 :=E|Px(Z+ 1) — 1|*.

Then by Corollary 1.2, [+ < Cg. Let I be a line segment in K of length 1, with
one endpoint at u*. By Lemma 4.6, there exists g € I such that

(34) E|g(Z + po) — ol * = e1.
On the other hand, by Lemma 4.4,
| P (Z + 110) — 1o

< [Pk (Z + o) = P (Z + p*) | + | P& (Z + 17) = "] + [ 1" = mo]

< [Pk (Z + 17) = [ + 2" = mo]

< |Px(Z +w*) — | +2.
Consequently,

E| Pk (Z + po) — nol)> <212, +8 < Co.

Together with (34), this completes the proof of the theorem when 7, < C3 and
diam(K) > 2. O

The next goal is to prove Proposition 1.5. The proof is a simple consequence
of Proposition 1.3. We just have to carry out some computations to verify the
conditions of Proposition 1.3.

PROOF OF PROPOSITION 1.5. We have to first prove that the set K is closed
and convex. It is obviously closed, and it is convex because for any «, &’ € [0, 1]
and 6;, 0] € [—1,1],

tlan Y4 4 abn™1?) + (1 =) (@'n™V* + o'0/n=1/?)
= a,n_1/4 + a,@i,,n_l/z,
where
a=ta+ (1 —ta’ €[0,1]
and
ot + (1 - Na'o!
T e+ (1=

e[—1,1].
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Let Y := > i—1 Yi/n, so that the components of ji are all equal to Y. Defining
p=737_;pni/nand @ =3""_,6;/n, we have

1+ o2(6; —0)?

5
<=,
n n

E(fi; — wi)* = Var(ii;) + (it — pi)?> =
Therefore,
Ellj — ul* <5,

which proves one part of the proposition.
Next, let u = (0,0, ...,0). Take any t > 0 and any v € K such that ||v — u| <t.
Suppose that

V= an_l/4+a9in_l/z,
where o € [0, 1] and 6; € [—1, 1]. Note that
v — 1l = e?J/n(1 —n~ 142,
Therefore, o < tn_1/4/(1 —n—1/%). Since
n n
Z-(v—pu) =an_1/4ZZ,- —i—om_l/zZZ,-Ol-,
i=1 i=1

this proves that

n

%

tn71/2

sup Z-v-—p)S——7
vek : v—pll<t 1 —n=l/4

8
Zi|+ T_ 173 ; |Z;i].

Consequently,

2

(35) Fult) < Crn'l — %

On the other hand, if ¢ < n'/4, then taking 6; = sign(Z;) and o = tn_1/4/2, we get
lv— |l <t and
m-1/2 n —3/4 n

z- ="y z+ "zl
1

i=1 i=1

proving that

2
(36) fu@®) z Cotn!t — =
Without loss of generality, assume that C» < 1 < Cy. Let

ol
4Cy

r =
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and r := Con'/*. Then by (35),
C% 172
4
On the other hand, since r, < n'/4, therefore, by (36),
C2 1/2

f,u(rl) =

Su(r2) =

Since r| < r2, Proposition 1.3 shows that #, > ry. [

Finally, we give the proof of Proposition 1.6, which is an easy corollary of
Theorem 1.4.

PROOF OF PROPOSITION 1.6. By Theorem 1.4, there exists o € K such that
R>(10) = CR1 (o), where C is a universal constant. Therefore,

sup Ro(u) = Ra(ro) = CR1(o) = C lnf Ri(n) =CL sup Ry(u).
nekK nek

This completes the proof of the proposition. [
We now turn to the proofs of the theorems from Section 2. The first goal is to

prove Theorem 2.1. Let us begin with some basic facts about Gaussian random
variables.

LEMMA 4.9 (Gaussian tails). Let V be a standard Gaussian random variable.
Then for any x > 0,

1 1\ 2e* /2 2 —x2/2
<— )67 P(V| > x) < =

x x3) Vax x27
) —x%)2
E(|VI];|V]>x)= and
(4 ) o
2(x2 41 —x22
x/2m

PROOF. The upper bound in the first inequality is well known as the Mills
ratio upper bound for the Gaussian tail. To prove this, just note that

eV /2 -y /2 2e—*"/2
ye e
(V] >x) 2/ a’ 2/ = .
BV v= R

For the lower bound, we apply integration by parts two times to get

2
00 1 1 00 =Y /2
/ e_yz/zdy: (_ _ _3)e—x2/2+/ e - dy
X X X x y
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For the second assertion, note that

00 ye=¥/2 20—%/2
E(V;|V|>x =2/ dy = :
( ) X «/27‘[ Y \/271

Finally, for the third claim, note that

I S 00 =Y*/2
e Xe +2/ e dy
X

2. 2 [T —
E(V,|V|>x)_2/x N T

and apply the first inequality to bound the second term on the right-hand side. [J

LEMMA 4.10 (Size of Gaussian maxima). Let Vy,...,V, be standard Gaus-
sian random variables, not necessarily independent. Then

E( max |Vi1) < y/2log(2n).

PROOF. Take any § > 0. Then by Jensen’s inequality,

1 o :
]E( max I‘/l|> = EE(]ogeﬂmdxlilfn |Vl|)

< %E(]Ogieﬂwﬂ) - %bgimemvn)

i=1 i=1

< Liog 3 E(AY) 4 B = 0820 L B
B i B 2

The proof is completed by taking 8 = +/2log(2n). U

For any n and r, let C"(R") be the set of r-times continuously differentiable
functions from R" into R, and let C} (R") be the set of all g € C"(R") such that g

and all its derivatives up to order r are bounded. For any g € C g (R), let Ug be the
solution to the differential equation

[l —xf(x) = g(x) —E(g(V)),
where V ~ N(0, 1). Explicitly, we have

Ug(x)= e<12 /_XOO e_uz/z(g(u) —E(g(V)))du.

It is not difficult to prove that Ug maps C bl (R) into C g (R). The following lemma
is well known, and follows directly from integration by parts:

LEMMA 4.11. LetV =(Vy,...,V,) be a Gaussian random vector with zero
mean and arbitrary covariance matrix. Then for any g € C g (R™) and any i, we
have

n ag
E(V; = E(V;,VHEl — .
(Vig(V)) ; Vi) (axjm)
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Using this, we easily get the following lemma.

LEMMA 4.12. Take any g1, g2 € Cg(]R), and let fi =Ugy, f>» =Ugs. Sup-
pose V| and V; are jointly Gaussian random variables with E(V{) =E(V,) =0,
E(V3) =E(V}) =1 and E(V\V2) = p. Then

Cov(g1(V1), 22(V2)) = pE(f1(V1) f2(V2)) + p°E(f](V1) f5(V2)).

PROOF. Using Lemma 4.11 in two steps, we have
Cov(g1(V1), g2(V2)) = E((f{(VD) = Vi fi(VD)(f2(V2) = V2 f2(V2)))
= —pE(fiVD(f5 (V2) = 2(V2) = V2 f3(V2))
=—pE(A(VD(ff (V2) = f2(V2)))
+PE(fi(VD) 5 (V) + 0 E(f{ (VD) f5(V2))
= PE(fi1(V1) f2(V2) + p*E(f{ (V1) f5(V2).

This completes the proof of the lemma. [J

Using Lemma 4.12, we now prove the following set of inequalities for additive
functions of Gaussian random variables. This is probably a new result.

LEMMA 4.13. LetV = (Vy,..., Vy) be a Gaussian random vector with mean
zero and covariance matrix X. Let Ayax and Amin be the largest and smallest eigen-
values of X. Assume that E(Viz) =1 foreachi. Let g1, ..., g, be functions such
that E(g; (V;i)?) < oo for each i. Then

Amin Y, Var(gi (Vi) < Var(Z g,-<vl~>) < hmax Y Var(gi (V).

PROOF. First, let us make some reductions. Recall that we have assumed that
IE(Viz) =1 for each i. Next, note that if g is a function such that E(g(Z)z) < 00,
where Z ~ N (0, 1), then there is a sequence of step functions {g,} such that g, (Z)
converges to g(Z) in L?. Again, if g is a step function, then there is a sequence
{gn} of C ; functions such that g, (Z) converges to g(Z) in L?. Hence, assume
without loss of generality that g;’s are elements of C bl (R).

Now let f; :=Ug; and 0;; :=E(V;V;). Let (Y1, ..., ¥,) be an independent copy
of (Vi,..., V). Then by Lemma 4.12, we have

Var(Zg,-<v,-)) =Y (o B(fi (V) £ (V) + o5 E(f (Vi) £ (V)

i=1 ij

- E(Z oij (i (V) f1(V)) + Yiﬁw,-)ij;(vj)))

i,J
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< xmaxE<Z<fi<vi>2 + Y?ﬁ’<Vi>2)>

i=1

n
= hmax 2 E(fi (V)2 + £ (VD)?).
i=1
But by Lemma 4.12, Var(g; (V;)) = E(f (V;)®) +E(f/(V;)?). This gives the upper
bound. The lower bound follows similarly. [

We need a few more lemmas before proving Theorem 2.1. Let all notation be
as in the statement of the theorem. Additionally, let S := {i : §; #£ 0}, and let V :=
n~1/2XT 7. Then V is a Gaussian random vector with mean zero and covariance
matrix X.

LEMMA 4.14. Suppose that § > 0. Take any o > 0. Then there is a constant
c3 depending only on o, 8, a, b, s, r and L such that
n2a

%) < logn)!'/4 @/l 28,/anlogn — —.
fu(n®) < c3/n(logn)'/* + c3n® /logn + anlogn — —

PROOF. Throughout this proof, we will use Cy, Co, ... to denote constants
that may depend only on «, 8, a, b, s, r and L. Let K, be the set of all y € Ko
such that | Xy — XB|| <n“. Let

M:=sup Z-(Xy —XB)=+/n sup V- (y — B).
vk vek;

Note that for any y € K,

(37) nally — BI* < IXy — XBII* < n**.

Next, note that

(38) Vo(y =B =Y Villyi — Bil + Y IVillyil.
ieS i¢S

Now, by (37),

172

> WVillyi = Bil <

ieS

TN

VY —,31‘)2>

ieS ieS§

< (Z v,-z)mny —BI
ieS

e <Z N
—(xv)
na ieS

IA
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Since ]E(Vl.z) =1 for each i, this shows that

(39) B sup S IWillv — Ail) <n%

yeKjics na

T:={i¢S:|Vi|>2/alogn}.

Then by (37) and the fact that |y|; < L,

STWVillvil < D WVillyil +2y/alogn > 1yl

i¢S ieT i¢SUT

=(x Vf)l/zuy = Bl +2fatogn (L~ Il

ieT ieS
) 1/2 e
< V: 2 Jal S . B:1).
< (ZT ?) =2 atozn( + i il)
Again, by the Cauchy—Schwarz inequality and (37),
s
>l = Bil < slly = Bl =n/—.
ieS ha

From the last two displays, we get

Define the random set

o

12
Z|Vi||)’i| = [(Z Viz) +2,/salogn]:}ﬁ +28JOTgn.

i¢S ieT
Therefore, by Lemma 4.9,

B sup 3 Vil

yeKyi¢s

o

» 172
< |:<ZIE(VI»2;|VZ-|22,/alogn)) +2,/salogn:| " 426 alogn
na

i=1

ﬁ

o

< [C1n 17292 (logn)/* 42 /sa logn]j% +28,/alogn
logn

< Ca(logn)'/* + C3n® | —— +25,/alogn.

<Cr(logn) /" 4+ Czn ” + alogn

From the above display, and the inequalities (38) and (39), we get
2a 2

fM(n“)Z]E(M)— n_:ﬁE( sup V'(V_lg)> -

n2¢x

< Ca/n(logn)'/* + ano‘\/logn + 28\/om logn — -
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This completes the proof of the lemma. [

LEMMA 4.15. Suppose that § > 0. Take any 0 < o1 < ap < 1/2. Then there
is a constant c4 depending only on a1, a2, 8, a, b, s, r and L such that if n > cy,
then

20p

fu(n®?) >=28,/anlogn — 2n*> — -

PROOF. Choose some o € (o1, «p). Throughout this proof, we will use
C1,Cs, ... to denote constants that may depend only on «, oy, a2,8,a,b,s,r
and L.

Let V and T be as in the proof of Lemma 4.14. Let K, and M be as in the proof
of Lemma 4.14, with « replaced by «5. Let us make the following specific choice
of y:

sign(V;)§/|T], ifieT,
vi =1 Bi, ifies,
0, in all other cases.
Then note that

(40) lyli <IBli +8=L.

(The above inequality is an equality if 7" is nonempty, but we are allowing for the
possibility that 7 may be empty.) Next, note that if 7" is nonempty, then

bn
41 IIXﬂ—XVIIvanllﬁ—yllfrx/m
and
)
42) Vely =B =—>_lVil
|T| ieT
By Lemma 4.9,
1 _ —2a —u
43) (1- )(p I g2
4alogn/ /2malogn J2ralogn
and
2(p —s)n~
@h BT IVil) = BVl Vil = 2 falogn) = e
ieT i¢S 27

On the other hand, by Lemma 4.13,

C n—2a
45) Var(|T|) by P(|Vi| = 2,/alogn) < %m

i¢S
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and

@6 Var( Y 1Vil) =b Y E(V51Vi| = 2 falogn) < Copn flogn.

ieT i¢S
Let ¢’ be a positive constant depending only on «, a1, a2, 8, a, b, s, r and L.
The value of ¢’ will be determined later. As a consequence of (41), (43), (44), (45),
(46), the fact that a» < 1/2, and Chebychev’s inequality, it follows that there exists

C3 depending only on «, a1, a2, 8, a, b, s, r and L and our choice of &', such that
if n > Cs, then

1 _ —2a —2a
o0~ ) i e
4o logn 2rralogn 2ralogn
2(p —s)n~ 1
and Vil > (1—¢" —>>—.
,-EZT| i1z (=) =)=

Note that if C3 is chosen large enough, and |T| indeed turns out to be bigger
than the lower bound on |T'| in the above expression, then |T'| > §2bn'~2%2 since
a» > «. Thus, under this circumstance (40) and (41) imply that y € Ké. Combined
with (42) and the lower bound on the probability displayed above, this gives

IP(M > w%,/an 10gn> > %

4

By the concentration of Gaussian maxima (Lemma 4.1) and the above inequality,

it follows that
1—&)(p—
By > L= 79 o funlogn — 20,
P

The proof is now completed by taking & small enough and C3 large enough to
satisfy the required inequality. [J

LEMMA 4.16. Suppose that 5§ = 0. Then there is a constant c5 depending only
ona,b,s,r and L such that for any u > 0,

u®logn

fuluy/logn) < csulogn — —

PROOF. Throughout this proof, we will use Ci, Ca, ... to denote constants
that may depend only on 8, a, b, s, r and L. Fix u > 0 and let K|, be the set of
all y € Ko such that | Xy — XB| < u+/logn. Let M and V be as in the proof of
Lemma 4.14. Additionally, let G :=maxj<;<, |V;|.

Take any y € K). Note that the inequality (38) from the proof of Lemma 4.14
is still valid, and that (37) and (39) are also valid, after replacing n® with u/logn.



2372 S. CHATTERJEE

In addition to that, note that by Lemma 4.10,

2(XVillnl) <26 il

i¢S i¢Ss

< \21052p) (L = ¥ 1)

ieS
=/2log2p) D (IBil = Ivil) </210g2p) Y 1B — vl
ieS ieS
Ciulogn

<2slogCp)lB —vIl = 7

Combining the above observations, we get
u®logn

E(M) < Cyu,/logn + Ciulogn —

This completes the proof of the lemma. [

2

LEMMA 4.17. Suppose that 5 < 0. Then there are positive constants ce¢ and
c7 depending only on 8, a, b, s, r and L such that ce/n <t, < c74/n.

PROOF. Note that for any y € Ko,

IXy — XBI* = nally — BII* =na (v; — Bi)*
ieS

z%(Zm—m)zz

ieS

nad?

This shows that there is a small enough C; depending only on §, a and s such that
fu(t) = —o0 if t < Cy4/n. By Proposition 1.3 and the fact that f,(¢) is finite for
at least one ¢ (from Theorem 1.1), this implies the lower bound on .

Next, note that since 0 € Ko,

e — Al <l =Y+ 1Y — 4l
<lu=YI+IYI
<20lu =Y+l
ButE|x — Y||?=n and
Il = 1XBIl < v/nb| Bll < V/nb|Bl1 < /nbL.

Thus, E|ju — 2]|> < (8 + 2bL%)n. By Corollary 1.2, this shows that ty < Ca/n
for some constant C»> depending only on b and L. This completes the proof of the
lemma. [J
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We are now ready to prove Theorem 2.1.

PROOF OF THEOREM 2.1. First, suppose that § > 0. Take any 0 < o < a1 <
az < 1/4. By Lemmas 4.14 and 4.15, it follows that if n is large enough (depending
only on o, a1, a2, 8, a, b, s, r and L), then f,,(n%) < f,(n*?) and, therefore, by
Proposition 1.3, t,, > n®. Next, take any « > 1/4. Lemma 4.14 implies that if n is
large enough, then f,(n*) < 0 and, therefore, by Proposition 1.3, < n“.

If 6 =0, the conclusion follows directly from a combination of Lemma 4.16
and Proposition 1.3. If § < 0, simply invoke Lemma 4.17. [

Our final task is to prove Theorem 2.2. As before, we need some standard results
and notations from the literature.

If F is a subset of a normed space with norm || - || and ¢ is a positive real
number, the covering number N (¢, F, || - ||) is defined as the minimum number of
open balls of radius ¢ (with respect to the norm || - ||) with centers in F that are

needed to cover F.
The following result, known as “Dudley’s entropy bound,” connects the cover-
ing numbers of F with the expected maximum of a certain Gaussian process.

LEMMA 4.18 (Dudley’s entropy bound [27]). Let F be as above. Suppose
that (X r) reF is a Gaussian process on F such that E(X y) =0 for each f € F,
and E(X y — Xg)2 =\ f — gl for each f, g € F. Then

E( ) diam(F) \/1 ( I )d
sup X §C/ ogN(e, F, |l -1l)de,
feFr ! 0

where C is a universal constant.

Suppose now that F is a set of functions from some set S into R, and || - ||
is a norm on a vector space of functions containing . Suppose that / and u are
two elements of F such that / <u everywhere on S. If ||l — u|| < ¢, then the set
of all f € F such that [ < f < u everywhere on S is called an e-bracket, and is

denoted by [/, u]. The bracketing number Nyj(e, F, || - ||) is the minimum number
of e-brackets needed to cover F. It is quite easy to see that
47 N(e, F,II-1I) < N (2e, o0 11)-

The following result is quoted from van der Vaart and Wellner [72], Theorem 2.7.5,
page 159.

LEMMA 4.19 (van der Vaart and Wellner [72]). Let P be any probability mea-
sure on R and let || - || denote the L" (P) norm. Let F be the set of all monotone
functions from R into [0, 1]. Then for any ¢ > 0,

log Nyj(e, F, Il - II;) < Ce™ 1,

where C is a constant that depends on r only.
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The statement of Lemma 4.19 has to be modified in a certain way to suit our
purpose in the proof of Theorem 2.2. The following lemma gives the modified
statement.

LEMMA 4.20. Take any two real numbers a < b, and a positive integer n. Let
Q denote the set of all vectors u € R" such that

as<pr<p2=<--=<pp<bh.
Let || - || denote the Euclidean norm on Q. Then for any t > 0,

Cy/n(b—
logN(t,Q,II-II)SM,

where C is a universal constant.

PROOF. First, assume thata =0 and b = 1. Let
L t
&= ﬁ
Let P be the uniform probability distribution on [0, 1], and let || - || .2(py denote

the L? norm induced by P. Let F be the set of all monotone functions from R into
[0, 1]. Let G be a finite subset of F such that for any f € F there exists g € G such
that || f — gl 2(py < &- By Lemma 4.19 and the inequality (47), G can be chosen
such that log |G| < Ce™!, where C is a universal constant.

Now take any p € Q. Define a function f#:R — [0, 1] as

0, if x <0,
fr) =1 i if(i—1)/n<x<i/n,
1, if x> 1.

Then clearly f* € F. For each g € G, inspect whether there exists some y € Q
such that || f* — g]| r2(py < €. If there exists such a u, choose one according to
some pre-specified rule and call it «(g). Let Q' be the subset of Q consisting of
all such w(g). Then clearly |Q’| < |G|. On the other hand, for any u € Q, there
exists g € G such that || f* — gl ;2(p) < €. Consequently,

| fr— HLZ(P) <2e.
But

n

1 1
2 2 2
H - f/l(g) HLz(P) :/(; (f“(x) _ f“(g)(x)) dx = - Z('ui — Mi(g)) .
i=1
Thus, || —pn(g)|l = V/n| f*— fH& l12(py < 2+/ne =t. This completes the proof
of the lemma whena =0and b = 1.

For general a and b, let [ be the unique linear map that takes a to 0 and b to 1.
Let L:R" — R”" be the map that applies / to each coordinate. Given ¢ > 0, we now
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know that there exists a set Q¢ C L(Q) of size < C/n(b — a)/t such that for any
U € Q, there exists v € Qg satisfying

t
L V| < —.
LG —v] =
To complete the proof, note that L~1(Q¢) € Q, and || — L~ ' (v)|| <tr. O
We are now ready to prove Theorem 2.2.
PROOF OF THEOREM 2.2. Fix u € K. Let! be a positive integer, to be chosen
later. Let K’ be the subset of K consisting of all v such that
v > =20 v, <, + 20
Fix t > 0. Let
K":={veK:|v—pu| <t}
and

m :=E< sup Z - (v —M))-
vekK”
Given any s > 0, Lemma 4.20 implies that there exists a set A € K’ of size
< exp(Co2! D/n/s) such that for any v € K’ there exists y € A satisfying
lv — |l <s.Combined with Dudley’s entropy bound (Lemma 4.18), this gives

td
(48) m < C1\/21Dn1/4/ 7S_ —2Cv2 Din'/4,
0 S

Now take any v € K such that ||v — u|| <¢. Forany L > 0,
, 1< , t?
Hlllvi—uil>L}|§ﬁ2(w—ui) =17
i=1

Consequently, if (L) is the largest i such that |v; — u;| < L, then

2

t
r(L)y>n— 77

Similarly, if s(L) is the smallest i such that |v; — ;| < L, then
12
s(L) <1+ I

Define v’ as
wi+2L i > r(2)),
vii={ =2, ifi <s(2)),
Vi, ifs(21) <j §r(21).
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Since v, o1y < 1) + 2! and Vsaly = g2ty — 2!, we see that v/ € K. Again by
definition it is clear that v}, < u, +2! and V] > [ —2!. Therefore, v’ € K’. Finally,
note that for any 7, |u; — v/| <|u; — vi|, implying that v’ € K”. Thus,
(49) Z-(V —p)< sup Z-(y —p).

yeK”
Next, note that

Z-(v=v)< Y 1Zillvi —=vi[+ Y 1Zillvi = v]]

i>r2h) i<s(2h
o0 o
<> > zidli—vil+), Y. 1Zillvi— ]
k=l r(2k)y<i<r(2ktl) k=l s(2k+1)<j<s(2k)
o0 o0
<> Nz Y. >z
k=l y(2k)<i<r(2k+1) k=l s (2k+1)<i <s5(2K)
o0 o
<>y 1Y Yzt
k=li>n—12/22% k=lj<1+¢2/22
This shows that
00 2 2
(50) E( sup Z-(v—v’))fz%:;z—_tl.
vekK : lv—ull<t k=l

Combining (48), (49) and (50) gives
IE( sup Z-(v— M)) < E( sup zZ-(v - ,u))

vek :|lv—pll=t vek :|lv—p =t

+ E( sup  Z-(v— v’))

vekK :|lv—pll=t

C2t2
<E(sup Z-(y —w))+—+
<y€K” ) 21_1

Cot?
<20,V Din'* + #

Now choose [ so large that C2~0-D <1 /4. With this choice of [, the above
inequality implies that
2

t
(51) fu(®) < C3¥/Din'/* — T
In particular, f,(r) <0, where r = (4C3\/5n1/4)2/3. By Proposition 1.3, this im-
plies that 7, < r. This completes the proof of the upper bound for 7, in the state-
ment of the theorem.
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Next, fix r € [Bn~Y2, /n]. Let k := [t/n/B] and m := |n/k]. For j =
1,2,...,m, let

Sjt= > Zin  aji=pg-vkets bji=
(—Dk<i<jk
and if mk < n, let
Sm41 = Z Zi, am+1 ‘= Umk+1, b1 := n.
mk<i<n
For each i, let
Y = aj+o;j
2
Additionally, define
(aj,  if(j—Dk<i<jkand$; <0,
Vii= {bj, if (j — Dk <i < jkand S; > 0.

if (j — Dk <i < jk.

Notice that for each i,

" < Bk - t
Vi — HKil = " _\/ﬁ.
Consequently,
ly —nl =t
Moreover, y € K. Next, note that
m+1 Ak
Z-(y—v)=5Z|Sj|<bj—aj>22—2|sj|.
j=1 "=

Therefore,

E( sup Z-(0— M)) = IE( sup Z-(0— v))
ek |0—pll<t ek |0—pn| <t
>E(Z-(y —v))
Ak & CsAkmk
> E|S:|>————
— 2n Z 1512 n
j=l1
> CsA«/;Z C5AB_1/2t1/2n1/4.
Thus,

2
t
(52) fu(t) = CsAB™/2¢1/2p1/% 5
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Let o and B be two positive constants, to be chosen later. Let
r = aA8/3B_4/3D_1n1/6, ry = ,8A2/3B_1/3n1/6.
Then by (52),
fulr2) = (CsV/B — 2/2)AYP B0,
and by (51),
fulr) < Caa\2A%3B=213,1/3,

Suppose that A > 0. Choosing 8 sufficiently small, and then choosing « even
smaller (depending on f), it is now easy to arrange that ri < ry and f,(r1) <
fu(r2). By Proposition 1.3, this implies that ¢, > ry. If A =0, the lower bound in
the statement of the theorem is automatically true. [J
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