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Sparse Bayesian factor models are routinely implemented for par-
simonious dependence modeling and dimensionality reduction in high-
dimensional applications. We provide theoretical understanding of such
Bayesian procedures in terms of posterior convergence rates in inferring
high-dimensional covariance matrices where the dimension can be larger
than the sample size. Under relevant sparsity assumptions on the true covari-
ance matrix, we show that commonly-used point mass mixture priors on the
factor loadings lead to consistent estimation in the operator norm even when
p > n. One of our major contributions is to develop a new class of contin-
uous shrinkage priors and provide insights into their concentration around
sparse vectors. Using such priors for the factor loadings, we obtain similar
rate of convergence as obtained with point mass mixture priors. To obtain the
convergence rates, we construct test functions to separate points in the space
of high-dimensional covariance matrices using insights from random matrix
theory; the tools developed may be of independent interest. We also derive
minimax rates and show that the Bayesian posterior rates of convergence
coincide with the minimax rates upto a \/logn term.

1. Introduction. It is now routine to collect data where the dimension p is
much larger than the sample size n, and interest focuses on the covariance struc-
ture. In this context, even a simple parametric model like the Gaussian distribution
leads to a high-dimensional model space and it becomes necessary to reduce the
effective number of parameters via imposing sparsity or some lower-dimensional
structure. Sparse Bayesian factor models [41] provide one popular choice in appli-
cations, but currently lack theoretical support. In this paper, we close this gap by
studying asymptotic properties for scenarios in which p grows faster than n.

Factor models [5] aim to explain dependence among multivariate observations
through shared dependence on a smaller number of latent factors. Given n i.i.d.
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observations y; € R?, a latent factor model is given by
(11) yl:Anl+817 SZNN[)(O’Q)’lzlv"na

where A is a p x k factor loadings matrix with k < p, n; ~ Ng(0,I) are stan-
dard normal latent factors, and ¢; is a residual having diagonal covariance 2 =
diag(o*lz, s ol%). Marginalizing out the latent factors, y; ~ N, (0, ) with

(1.2) »=AAT+Q,

so that the right-hand side has at most p(k 4+ 1) parameters compared to O (p?)
parameters in an unstructured covariance matrix.

A prior distribution on (A, €2) induces a prior distribution on ¥ and we are in-
terested in studying concentration of the corresponding posterior measure around a
“true” covariance matrix in operator norm when the dimensionality p = p, can be
much larger than the sample size n. This setting has motivated abundant frequen-
tist work, with rates of convergence of various regularized covariance estimators
derived in [7, 8, 11, 12, 18, 30] among others. Minimax optimal rates for specific
sparsity classes have also been derived in [13, 14]. There is a relatively smaller but
increasing literature on asymptotic properties of Bayesian procedures in models
with growing dimension, primarily focused on linear or generalized linear mod-
els; refer to [2, 6, 10, 17, 22, 23] among others. To the best of our knowledge, the
present paper is the first to study the asymptotic properties of Bayesian covariance
estimation via factor models in the p, > n regime.

We now summarize the main results obtained in this paper. Although the orig-
inal specification of the factor model reduces the number of parameters from
quadratic to linear in p,, the estimation problem is still challenging when p,, > n.
To address this challenge, [41] introduced sparse factor modeling to allow many
of the loadings to be exactly equal to zero through a point mass mixture prior hav-
ing a probability mass at zero; see also [15, 33] for modifications and applications
in genomics. Recently, [17] studied posterior concentration in estimating a sparse
high-dimensional mean using such point mass mixture priors. However, it is not
clear whether the induced prior on the covariance from such sparsity favoring pri-
ors on the factor loadings would lead to consistent covariance estimation in the
pn > n setting. We answer the question in the affirmative and derive the rate of
convergence of the posterior in Section 5, explicitly characterizing the dependence
on the dimensionality p,, the true number of factor ko,, the column sparsity s,
in the true loadings and the growth rate of the largest eigenvalue ¢, of the true
covariance. In particular, the dimensionality enters the rate through a logarithmic
factor, providing justification of usage of such methods in ultra high-dimensional
settings. It may be remarked here that the usual practice of assuming the eigenval-
ues of the true covariance to be bounded is restrictive in our context and we relax
that assumption.

Although point mass mixture priors are amenable to incorporate sparsity, ex-
ploring the model space via MCMC can be daunting and may lead to slow mixing
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and convergence of the algorithm [36]. To address such problems through block
updating, while allowing a weaker notion of sparsity in which elements are close
to zero instead of exactly zero, continuous shrinkage priors can be used. Such
priors have become common in regression [2, 16, 28, 35], with [36] providing a
unifying local-global scale mixture representation. Although computationally at-
tractive, the lack of tight concentration bounds for such priors has limited the study
of their asymptotic properties. One of our main contributions is to develop a novel
class of continuous shrinkage priors and derive nonasymptotic bounds on the con-
centration and dimensionality of such priors. Based on these results, we show that
the proposed continuous shrinkage prior leads to the same rate of posterior con-
vergence as the point mass mixture priors in estimating large covariance matrices.

The Birgé-Le Cam testing theory [9, 32] for the Hellinger metric is commonly
used in Bayesian asymptotics [24] to separate points in the parameter space. How-
ever, generalization of the testing argument to other norms has been relatively
unexplored. A notable exception is [26] who advocated the use of concentration
inequalities based on empirical process techniques to derive tests in the L, metric
in a nonparametric function estimation context. See also [37] for an usage of con-
centration bounds for centered linear estimators in the context of test construction
in Bayesian inverse problems. In the setting of large covariance estimation in op-
erator norm, we construct tests inspired by results from the nonasymptotic theory
of random matrices, which might be of independent interest in related settings.

Finally, we use Fano’s lemma to derive the minimax rate of convergence for the
class of covariance matrices considered in this paper and show that the posterior
indeed convergences at the minimax rate up to a ,/logn term.

There is a sizeable literature studying asymptotic properties of various aspects
of factor analysis, including consistent estimation of factor loadings and latent
factors [3] and the number of factors [4, 31]. Fan, Fan and Lv [19] studied rates
of convergence of high-dimensional covariance estimates based on factor models,
with [20] extending their results to approximate factor models that allow nondi-
agonal €2 in (1.2). This work assumes that the factor scores n; are known, while
we consider the fundamentally different setting in which the factor scores are un-
known while also studying concentration of a Bayesian posterior instead of con-
vergence of a point estimate.

The rest of the paper is organized as follows. After setting up the basic notation
and definitions in Section 2, we state our assumptions and their implications in
Section 3. In Section 4, we discuss our prior distributions. The main results of this
paper are stated in Section 5. Section 6 contains some numerical simulations. In
Section 7, we prove a number of concentration bounds for the shrinkage prior in-
troduced in Section 4, while in Section 8, we elucidate our test construction. These
results are used to prove the main results in Section 9. Proof of some technical
lemmas are given in a supporting document.
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2. Preliminaries. Given sequences a,, b,, we shall denote a, = O(b,) or
an < by, if there exists a global constant C such that a,, < Cb,. Similarly, we define
an 2 b, and a, < by,.

Given a metric space (X, d), let N(g; X, d) denote its e-covering number, that
is, the minimum number of balls of radius ¢ needed to cover X.

For a vector x € R, ||x||» denotes its Euclidean norm. We will use S"~! to de-
note the unit Euclidean sphere {x € R" : ||x|» = 1} and A" ! to denote the (r — 1)-
dimensional simplex {x = (xg, ..., xr)T:xj >0, Z;:l xj = 1}. Further, let A(r)_l
denote {x = (x1,...,%—1)":x; >0, Z;;{ xj <1}

For a square matrix A, tr(A) and |A|, respectively, denote the trace and the de-
terminant of A. For a p x r matrix A = (a;;) with p >r, let s(;) > s2) > -+ >
sy > 0 denote the singular values of A (or equivalently the eigenvalues of v ATA)
arranged in decreasing order. We shall use spmin(A) and spax(A) to denote the
smallest and largest singular values, respectively. The Frobenius norm (|| - || 7) and
the operator norm (|| - ||2) are defined in the usual way, with ||A|  := V/tr(ATA)
and [|A[l2 := sup, o1 | Ax[12 = Smax (A). Also [|All1 = X0_ S |Ajn] is the
/1 norm of vec(A). We will derive posterior convergence rates in the operator
norm.

For a subset S C {1, ..., p}, let |S| denote the cardinality of S and define 05 =
(0j:j €S) for a vector 6 € R”. Denote supp(6) to be the support of 6, that is, the
subset So C {1, ..., p} corresponding to the nonzero entries of 6. We shall continue
to use the same notation for a subset of entries and support for matrices A, where
it has to be interpreted that A is vectorized column-wise. Let [g[s; p] be the space
of s-sparse vectors 6 € R” with | supp(9)| <.

Throughout C, C’ are generically used to denote positive constants whose val-
ues might change from one line to the next but are independent from everything
else.

Finally, let C,, denote the cone of covariance matrices of size p, x p, and let
Yon € C, denote a true sequence of covariance matrices.> We observe

iid
Yo eoos = Np, (0, o)
and set y* = (y1, ..., y,). We model the data as
iid
(2.1) Vi NN (0, %), EZp=AAT 9,2, =07,

We will denote our prior distribution on C, (constructed in Section 4) by IT,(-)
and the corresponding posterior distribution by IT,, (-[y™).

3 As a convention, we make the dependence of all quantities on n explicit, and only omit that in a
few places for notational convenience.
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3. Assumptions. In this section, we state our assumptions on the true data
generating model and briefly discuss their implications. Let R?** denote the class
of real-valued p x k matrices. We start with the following assumptions on the true
covariance matrix of the observed data y.

ASSUMPTION 3.1. The true sequence of covariance matrices X, are of the
form

(AO0) X0, = Ao Agn + Qon, Aon € anxkon’ kon < pn, Qon = 6()2n1p,,-

Assumption (3.1) says that the true sequence of covariances X, admit a factor
decomposition as in (1.2) with g, = ognI pn- We make the following assumptions

2
on Ao, and oy, .

ASSUMPTION 3.2. There exist sequences of positive real numbers ¢,, s, with
¢n < sy, such that:

(A1) 1imy o0 okl /210820 flogm = 0; kg \/ 19821 (log )2 = O(1).
(A2) Each column of Ag, belongs to ly[s,; pnl.

(A3) [l Ag, Aon — Tig, ll2 = 0(konv/Togkou /1).

(A4) There exists a constant aél) such that aél) < agn <cp.

We now discuss implications of each of the above assumptions.

o If ko, = O(1), ¢y, s, < log py, the first part of (Al) allows p, to grow faster
than n under the mild assumption of (log p,)> logn/n — 0. In this case, p, can
be of the order of exp(n®) for any o € (0, 1/5). The second part is a very mild
requirement given the first part; indeed if p, = exp(n%), s, = n? and kg, = n"
for appropriate «, 8, ¥ > 0 such that the first part of (A1) holds, then the second
part follows from the first.

e In gene-expression studies, we expect each factor is related to only a relatively
small number of variables, representing a sparse, parsimonious structure un-
derlying the associations among genes. Following the motivation in [41], usu-
ally a small number of latent factors associate with the response so that only
those genes with nonzero loadings on those factors are relevant. This is reflected
through (A2), requiring the loadings columns to be sparse with s, < p, many
signals per column.

e Conditions similar to (A3) appear in the econometric factor model setting [19,
20] referred to as “pervasive.” We provide an intuition based on random matrix
theory which suggests that (A3) is indeed mild and expected to be satisfied by
a large class of loadings. As our emphasis is on sparse factor models, a realistic
generative model for the true loadings would be

rojn ~ (I — )80 + muN(O, 1),
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where Agjn = [Aonljn, S0 denotes a point mass at zero and we set 7, = s,/ px
to reflect the sparsity assumption in (A2). Using a modification of Theo-

Ton .
rem 5.39 of [40], | -LAJ, Aoy — Tulky, ll2 < C%llnnlkm 2, or equivalently,
| éAgnAOn — I, 2 <C %, with probability at least 1 — e~C'kon We can thus

choose ¢, = s, and /ko,/ pp is smaller than kg, +/log ko, /1 if p, = exp(n%).
e (A4) simply posits an upper and lower bound on the residual variance. The lower

bound is used to avoid X, being ill-conditioned,* while the upper bound en-
sures that the larger contribution to || Xg, |2 comes from the loadings Ag,. In
particular, (A3) and (A4) imply || Xox |2 < ¢,, allowing the largest eigenvalue to
grow with increasing dimension.

We denote by Cp, the class of covariance matrices satisfying (A0)-(A4) in
Assumptions 3.1 and 3.2. Clearly, any ¥g, € Co, can be parameterized by
(kon, Aon, 03,), Where Ag, € RPn>kon,

4. Prior distribution. We consider model (2.1) with A,, € RP»*k, We specify
priors on the residual variance o2, the number of factors k and the factor loadings
(conditional on the number of factors) A, | kK below.

For the residual variance o2, we assign a gamma prior f, on (0, 00),

(PR) 0%~ Ga(a, b).

For the number of factors k, we assume a prior distribution 73 which decays
exponentially,

4.1 mk(k > j) < exp(=Cj),
for all j > jp for some jy € N. Additionally, assume
4.2) 7 (k = kon) = exp(—Csukon logn),

where s, is the sequence appearing in (A2). For instance, a Poisson distribution on
k with rate parameter 1 will satisfy (4.1) and (4.2) if logko, < s, logn, which is
automatically satisfied given (A1).

Conditional on k, we consider two classes of prior distributions on the factor
loadings A,,. We first consider a class of point mass mixture priors on the loadings
similar to that advocated by [41],

Ajn |k, a~(1—-mn)so+mg(), j=1,....p0sh=1,...k,
(PL1)
k ~ my, m ~ Beta(l, kkop pn + 1), k>0,

where dg denotes a point mass at zero and g is an absolutely continuous density on
R with exponential tails or heavier.

4The constant lower bound on agn can be relaxed as long as smax (Zop)/Smin (Zon) S 7.
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For linear models, [38] showed that such point mass mixture priors with a beta
hyper-prior on the mixture probability lead to an automatic multiplicity correction.
[29] proved optimality results in estimating the predictive distribution under such
priors in generalized linear models accommodating diverging numbers of predic-
tors. Castillo and van der Vaart [17] studied concentration properties of a class
of prior distributions similar to (PL1) on a high-dimensional normal mean and
showed that they lead to the minimax optimal rate of convergence.

As mentioned in the Introduction, although point mass mixture priors are con-
ceptually appealing in allowing exact sparsity and often leading to appealing the-
oretical properties, posterior computation under such priors can be daunting in
high-dimensional cases. As an alternative, a rich variety of continuous shrinkage
priors have been developed that admit a scale mixture representation [36]. A fun-
damental hurdle in studying theoretical properties of such priors is the difficulty
of obtaining tight bounds on their concentration and implied dimensionality. With
the motivation of developing a continuous shrinkage prior that can be shown to
concentrate near sparse vectors and approximate point mass mixture priors, we
propose a novel class of priors. We use such priors for the factor loadings, but they
should be broadly applicable in other high-dimensional settings.

Let DE(y) denote the Laplace or double-exponential density with scale param-
eter ¢ with a density given by

1
(4.3) fx)= ﬁe—'”/‘/ﬂ x eR.
Draw the elements of a high-dimensional vector 8 € R” through the following
hierarchical mechanism:

(PS) 6; ~DE(ty;), T~ fo, =W vp) ~ fye

In (PS), T > 0 is a global scale parameter and ¥ € A”~! is a vector of local scale
parameters. We set f; to be an exp(1/2) density. We draw y = (y1, ..., yp_l)T €
Ag_l from a Dir(a/p, ..., a/p) density and set y, =1 — 5;11 y;. For a detailed
discussion on the properties of the prior (PS), refer to Section 7.

Given k, we consider the prior (PS) on the vectorized loadings vec(A,) € RPnk
as an alternative to (PL1); note that the Dirichlet concentration parameter becomes
o/(pnpk) in this case.

5. Main results. With the prior specification complete, we now state the main
results of this paper. The proofs are available in Section 9. Theorems 5.1 and 5.2
assume the true number of factors to be bounded, which is generalized in Theo-
rem 5.3. Recall the class of “true” covariance matrices Cop, from Section 3. We first
establish the rate of posterior convergence in operator norm using the point mass
priors (PL1) on the loadings in Theorem 5.1.
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THEOREM 5.1. Suppose X, € Co, with s, 2 log p, and ko, = O(1), and
model (2.1) is fitted with a prior distribution on the number of factors satisfy-
ing (4.1) and (4.2). Assume independent priors T1(A | k) and H(oz) on the load-

ings and the residual variances as in (PL1) and (PR), respectively. Then, with

En = Cny/ s”lo%a/logn and for some constant M > 0,

(5.1 lim Ex,, [,(1Zx — Zonll2 > Men |y™) =0,
n—o0
where Ex,, denotes an expectation with respect to the joint distribution of y™.

We next show in Theorem 5.2 that our proposed shrinkage prior on the loadings
achieves the same posterior rate of convergence as for the point mass mixture
priors.

THEOREM 5.2. Assume the same setup as in Theorem 5.1, with the point mass
prior (PL1) on the loadings replaced by the shrinkage prior (PS) on the vectorized

loadings given k. Then (5.1) is satisfied with &, = c;+/ s”lo%a/logn.

We show in Section 5.1 that ¢,+/s, log p,/n is the minimax rate of estimating
Yon € Con in operator norm with kg, = O(1). Thus, the posterior rate of conver-
gence obtained in both Theorems 5.1 and 5.2 is equal to the minimax rate up to a
J/Togn term. For a general ko,, we establish analogous versions of Theorems 5.1
and 5.2 below.

THEOREM 5.3. If Xo, € Con with spkon 2 10g pp, the convergence rates in
. 3/2 [s,log py
both Theorems 5.1 and 5.2 are modified to cyky, "/ == =" +/logn.

Clearly, Theorem 5.3 permits consistent estimation in operator norm even if
pn =exp(n®), s, =n? and ko, = n? for appropriate «, 8, y > 0. At this point, we
do not know whether the rate obtained in Theorem 5.3 is minimax-optimal and
substantial further work seems necessary to prove such a result.

5.1. A lower bound to the minimax rate. Minimax optimal rates in operator
norm for high-dimensional covariance matrix estimation have been established
for a class of bandable matrices by [13] and a class of covariance matrices with
sparse columns by [14]. Although Cp, has a nonempty intersection with the class
Go(cn,p) in [14], there exists a large subclass of matrices which lie in one and not
in the other. Moreover, the existing minimax results on large covariance estimation
assume the eigenvalues of the true sequence of covariance matrices to be bounded.
For example, [13] and [14] assume that y; is sub-Gaussian, that is, for all # > 0 and
v e R? with [[v]l2 = 1, P(JvT(y; — Ey1)| > 1) < exp(—t2/27?). The parameter
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T 1s assumed to be a constant and its role in the rate is not characterized. For
y1 ~ N, (0, X), a standard tail bound for the normal distribution implies

12 12
(ol sen(gr,) =0l )
(vinl>n = e 55y ) == 355y,

For ¥ = AAT + 0621, € Con, |1 Z]l2 = | All3 + 0% < ¢, by Assumption 3.2, so that
T < ,/c, in our case. Hence, the growth rate of || X||2 needs to be accounted for in
our calculations. With this motivation, we study minimax lower bounds for Cy, in
Theorem 5.4 below.

THEOREM 5.4. If S, is a sequence of estimators of Xo, € Con with ko, =
0(1), then

R 1
(5.2) mprum—EWMZ%sﬁﬁ”.

2n Zon€Con

PROOF. We will use Fano’s lemma to derive a lower bound for the mini-
max risk. Let F be a parameter space of covariance matrices and we observe
Vi, ooy Yo ~ N, X) with ¥ € F. Let © = {2(1), ey E(m,,)}’mn > 2 be a finite
subset of F and let PU) denote the joint distribution of yi, ..., v, independently
distributed as N(0, X(jy), 1 < j < m,;. Let 3 be an estimator for . Suppose for
all j # j/, we have that

(), £(j)) Zdm,,  KLEY,PV) < Kp,.
Letting [E; denote the expectation under PY), Fano’s lemma (as in [42]) implies

Km, +10g2)
logm, /)

- d
(5.3) max E;d(¥,%)> —" (1
I<j=<my 2

We first introduce notation and then proceed to construct our finite parameter
set ®. Let g, = py, — 1. Define M := {x e R% :x; € {0,1} V], [[x|ly = s,} to
be the collection of all binary vectors of length g, with exactly s, ones. Let || - || g
denote the Hamming distance between two binary strings, so that ||x — y||lg =

‘JZ”: | 1(xj # yj). Let b; = (0}, 0) denote the p,-dimensional vector obtained by
appending zero at the end of 6;. With this notation, set

z(j)zﬁlpn+ybjb}+xe,,ne;n, jeM,

where e, € R” is the vector with 1 in the pth coordinate and zero elsewhere, and
y < B < k are sequences to be chosen below.

We now state Lemmas 5.5 and 5.6; for clarity in notation, we drop the subscript
n in both lemmata. Refer to the Appendix for a proof.



BAYESIAN COVARIANCE MATRIX ESTIMATION 1111

LEMMA 5.5. For j# j and0<r <s,if |0; —0jllg =2(s —r), then

/ . y n 12
”2(1)—2(1/)”2:)/ s2_r2, KL(P(j)aP(j))ZE—(SZ—Vz),

ts +1
wheret =y /.

LEMMA 5.6. Given s > 6, there exists a subset Mo = {01, ..., 0} of M with
m < exp(Cslogp) and 0; — 6/|lg = s/3 forall 1 < j # j" <m, where C is a
positive constant independent of p.

We set © = {X(;):6; € My}. Since |0; — 0j/|p > s,/3 by Lemma 5.6, the
quantity r, = r,(j, j') appearing in Lemma 5.5 is bounded above by 5s,, /6 for all
pairs j # j' € My. Hence, we can choose d,,, = C1ys, and K,,, = n(z‘sn)2 =
n(ysn/B)? in (5.3). To obtain d,,, as a lower bound to the minimax risk up
to a constant, we need to set K,,, /logm, = C’ for some constant C’ € (0, 1).
Since logm,, < Cs, log p,, we obtain, by choosing 8 = ¢, that d,znn =C(ysy)? =

2
1
C w for some absolute constant C. [

6. Simulation studies. In this section, we consider a number of simulation
cases to compare our proposed continuous shrinkage prior (PS) with existing meth-
ods including the point mass priors (PL1) on the loadings matrix and the sample
covariance matrix S = (n — 1)~! i =i — y)T. For prior (PL1), we use
a standard Laplace distribution on the signal coefficients.

We also compare our methods with Principal Orthogonal complement Thresh-
olding (POET) of [21] which is based on an additive decomposition of the co-
variance matrix in terms of a low rank matrix and a sparse residual covariance
matrix. POET estimates the factors and the loadings by thresholding the princi-
pal components of the sample covariance matrix. Finally, we provide results for
the adaptive thresholding method (AT) of [12] which thresholds the entries of the
sample covariance matrix, with the resulting thresholded estimator )y being of
the form fljj/ = S§;j/1(|S}j’| > 8k jjr), where § is a tuning parameter and «;;/ is a
threshold specific to the corresponding entry of S. We chose the tuning parameter
& by 5-fold cross-validation as suggested by [12]. We also implemented the same
procedure with the default choice of § = 2; the results were worse in all cases, and
hence are not reported.

We describe the two simulation settings below:

1. yi,i =1,...,n are generated from N, (0, Xo,), where X, = AOnA(T)n +
aozlpn and Aoy is a p, X ko, matrix with s, = log p, nonzero entries per column
and ko, = 1 or log p,. The nonzero entries were drawn uniformly between 1 and 2.
These simulations were designed to mimic assumptions (A0)—(A4) in Section 3.
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TABLE 1
Simulation setting 1. Comparative performance in covariance matrix estimation for (PL1), (PS),
POET, AT. The average error in operator norm across simulation replicates is tabulated

n 50 100
Pn 100 200 100 200

kon 1 log pn 1 log pn 1 log pn 1 log pn

(PL1) 0.98 (0.43) 2.84 (1.12) 10.06 (5.68) 9.79(4.90) 8.83(0.12) 12.82 (1.42) 15.90 (0.26) 16.07 (1.77)
(PS) 1.03(0.38) 3.95(1.69) 5.96(1.81) 7.01(2.01) 1.74(0.83) 3.43(1.10) 3.66(1.83) 4.21(1.20)

POET 2.89 (0.41) 6.98 (1.28) 8.90 (2.11) 12.41 (2.69) 3.08 (0.64) 5.72(1.09) 7.32(1.51) 7.51(1.44)
AT 1.93(0.57) 4.71(2.97) 6.92(5.43) 8.86(3.79) 2.11(0.71) 3.26 (1.08) 3.80 (2.03) 4.37(1.34)
SC  2.79(0.36) 7.08(1.33) 9.01(2.22) 12.73 (2.80) 3.06 (0.65) 5.73(1.14) 7.34(1.52) 7.52(1.46)

2. This setting is designed to illustrate the performance of our method under
model misspecification. We let X, = Agp Agn + Qon, where Ag, is as in simula-
tion setting (1), but €2, is nondiagonal, corresponding to the covariance matrix of
an autoregressive sequence with pure error variance 0.4 and autoregressive coeffi-
cient 0.1.

For each simulation setting, we choose two sample sizes, namely n = 50, 100
and for each value of n, we let p,, = 100, 200. For each (n, p,) pair, we consider
50 simulation replicates. For the Bayesian methods, the posterior mean is used
as a point estimate. Tables 1 and 2 summarize the results across the simulation
replicates for the two simulation settings, respectively, to compare the operator
norm difference between the estimator resulting from the different methods and
the truth. In particular, the average error across 50 replicates is provided, with
standard error in parenthesis.

The results for (PS) and (PL1) were reported based on 10,000 runs of the Gibbs
sampler with 5000 burn-in. From Tables 1 and 2, it becomes evident that when

TABLE 2
Simulation Setting 2. Comparative performance in covariance matrix estimation for (PL1), (PS),
POET, AT. The average error in operator norm across simulation replicates is tabulated

n 50 100
Pn 100 200 100 200

kon 1 log pn 1 log pn 1 log pn 1 log py

(PL1) 1.73(1.26) 5.30 (3.92) 11.92 (2.82) 13.41 (4.03) 17.01 (0.22) 19.37 (1.74) 10.04 (0.08) 22.10 (0.52)
(PS) 2.44(1.40) 542 (2.67) 4.12(2.86) 7.98(3.23) 2.01(1.44) 4.56(1.49) 2.04 (1.12) 5.23 (2.10)

POET 3.59 (0.84) 7.16 (1.84) 7.14(1.59) 12.63 (2.89) 3.93(1.17) 7.39(1.69) 3.90 (0.71) 10.13 (2.09)
AT 232(1.49) 550(3.09) 4.04(2.99) 8.26(4.16) 2.12(1.62) 4.45(1.63) 1.97(0.90) 4.96 (2.28)
SC  3.63(0.88) 7.32(1.95) 7.26(1.66) 12.85(3.07) 3.95(1.19) 7.44(1.75) 3.88(0.72) 10.24 (0.26)
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the number of model parameters increase, the performance of (PL1) deteriorates
due to possibly slower convergence of the MCMC, while (PS) has more robust
performance. Even in Table 2, where the truth is misspecified for both (PS) and
AT, and in fact designed to favor POET, (PS) performs at least equally or better
than the competitors. For each MCMC iteration, the runtime for (PS) scaled ap-
proximately linearly with n and p, though we are not aware of sharp theoretical
bounds on MCMC convergence in high dimensions guaranteeing polynomial time
convergence unlike many frequentist estimators.

7. Some properties of shrinkage priors in high-dimensional settings. We
develop a number of properties of the proposed shrinkage prior (PS) in high-
dimensional settings; the results are used to prove the main results on posterior
concentration, but are also of independent interest. Proofs of all the results are
deferred to the Appendix.

Let 6 be a p-dimensional vector and 6y € ly[s; p] be an s-sparse vector with
s < p. Depending on the problem, 6 might correspond to a high-dimensional
mean vector, a vector of regression coefficients or a column of the factor loadings,
with 0y corresponding to a sparse truth.’> A quantity of fundamental importance in
studying the behavior of the posterior distribution in high-dimensional problems
is the prior concentration around an arbitrary sparse vector 8y, which is defined as
the noncentered small ball probability

(7.1) P16 — 6o ll2 < ),
for & small. It can be shown that if 6;’s are i.i.d. standard normal,

sup ]P)(He — 90”2 < 8) < e—Cplog(l/g)’
Oo<lpls; pl

which decays exponentially with p for fixed s limiting the ability of the posterior
to concentrate on sparse 6g. However, with appropriate point mass mixture priors
having a probability mass at zero and ||6p || bounded, the small ball probability (7.1)
can be improved to e~ ¢s102/8) 117,

For reasons mentioned in Section 4, there has been a recent thrust on developing
one-group alternatives to the two-group mixture priors using continuous shrinkage
priors, which can be often represented as a global-local scale mixture [36] of
Gaussians. Despite computational advantages with this family of shrinkage priors,
their concentration properties are understudied. Our proposed prior (PS), which
can be expressed as a Gaussian scale mixture, favors a large subset of the 6; to
be simultaneously close to zero while inflicting minimal shrinkage on the rest, and
thus achieve a concentration similar to point mass mixture priors. In the following
Lemma 7.1, we present a nonasymptotic bound to the prior concentration for (PS).

SFor us, 6 and 6p correspond to the vectorized loadings A, and Ag,,, respectively.
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LEMMA 7.1. Suppose 6 ~ (PS). Let 6y € lpls; pl,1 <s<pands/p <1/2.
Then, for any ¢ € (0, 1) small enough,

P(l6 — 6oll2 < €) > exp[—C max{ll@ollg, slog(s/e), log p}]

for some constant C > 0.

We also state an auxiliary Lemma 7.2 which is used to prove Lemma 7.1; refer
to the supplemental document for a proof.

LEMMA 7.2. Let n € R® denote a random vector with independent compo-
nents 1; ~ DE(Y ;). If there exist numbers a, b > 0, such that ; € [a, b] for all
j=1,...,s,then for any § > 0 and ng € R?,

C N
P(lln —noll2 < 8) = eXp{—a—z1 > 10;1* — Cas — s[log{8/(b/5)}|
j=1

for constant Cy, C > 0.

We next show that the shrinkage prior (PS) does not spread its mass across too
many dimensions. A point mass mixture prior allows a high-dimensional vector to
collapse onto fewer dimensions and the implied dimensionality can be naturally
studied through appropriate tail bounds for the induced prior on | supp(6)|, which
is a random variable supported on {0, 1, ..., p}. Such bounds on the prior dimen-
sionality are useful to control the posterior model size [17]. However, continuous
shrinkage priors do not allow exact zeroes in 6 and clearly P(| supp(6)| = p) = 1.
We instead use a generalized definition of the support of a vector as the subset of
entries which are larger than a small number § in magnitude. For any § > 0, we
denote the corresponding subset to be supp;(¢), so that supps(0) = {;j :|6;] > §}.

In the following Lemma 7.3, we provide a nonasymptotic tail bound for
| supps (0)[, the number of entries in 6 larger than § in magnitude.

LEMMA 7.3. Lete € (0,1) and 8§ =¢/p with ¢ > 1/p® for some B > 0. If
0 is drawn according to the prior (PS) and s 2 log p, then there exists a constant
A > 0 such that

P(|supps(0)] > As) < e €8

for some constant C > 0. Moreover, the constant C appearing in the exponent can
be made arbitrarily large by choosing A large enough.

A final important property of (PS) is established through the following deviation
result on the /; norm of 6.

LEMMA 7.4. Fort>1,P[||0]1>1¢] < 2eCVI,
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8. Construction of test functions. An important step [24] in Bayesian
asymptotic theory for establishing posterior contraction rates is to develop a test
function for the true parameter versus the complement of a ball of radius € > 0 (in
an appropriate norm) around the truth with type-I and II error rates of the order
exp(—Cne?). Under the Hellinger or L distance between densities, existence of
such tests is guaranteed by the seminal work of [9] and [32]; the same is true for
norms compatible to the above norms [25]. However, when the object of interest
is not the density itself, but rather some high-dimensional parameter indexing the
density with a norm of discrepancy relevant to the space the parameter lives in, the
test arising from Birgé—Le Cam theory might fail to produce the desired error rates
in the norm of interest.

In the context of nonparametric function estimation in general L, norms,
[26] advocated using concentration inequalities based on empirical process tech-
niques as an alternative to the traditional testing framework. Castillo and Van Der
Vaart [17] used deviation bounds for the likelihood ratio test in estimating a high
dimensional mean in Euclidean norm. An important contribution of the present pa-
per is to utilize recently developed concentration results for random (self-adjoint)
matrices [39, 40] to devise a test function.

Using a version of the matrix Bernsteln inequality (Theorem 6.2 in [39)), it
can be shown that the sample estimator S=n"! Y i yl has appropriate con-

centration around EX. = Y0 when the “effective rank” r.(Xg) := tr(Xg) /|| Zoll2 is
modest compared to p [11, 40]. However, for 2o = AOAOT + 0021,, € Con, re(Xp)
can scale in the order of p, prohibiting us from using 3 as an estimator to con-
struct the test. A crucial observation is that even if ¥y € Cg, does not necessarily
have a small effective rank, the larger contribution to the operator norm of X
(IIZoll2 = ||Ao||% + ag) comes from the low rank part by (A3). We exploit this to
design a novel projection based test in Theorem 8.1 below, where the types I and 11
error rates can be expressed in terms of deviation bounds of a kg, X ko, sample
covariance matrix from its mean. Dependence of all quantities on n has been made
explicit from this point onwards.

THEOREM 8.1. Recall the sequences ko, and c, from Assumptions 3.1
and 3.2, respectively. Let Yo, € Co, with the corresponding Ao, € RPn>kon | I et
Bin={X,€C:jen =120 — Zonll2 < (j + ey} denote an annulus of inner
radius je&, and outer radius (j + 1)&, in operator norm around Xo, for some inte-

ger j > 1 and sequence &, > 0. Assume &, > c, ko, gnko” and e,log j < c¢,. Fix

Yimwe€Bjyandlet Ej , ={Z, € Bj:||X, — X142 < jen/2} denote an operator
norm ball in Bj ,, around X1, of radius je, /2.

Based onn i.i.d. samples yy, ..., y, from N, (0, ,), consider testing the point
null vs. composite alternative hypothesis

(8.1 Hy:Z, =X, versus Hi:X,€kEj,.
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Define x; = (l/cn)Agnyi and z; = Aopx; for i = 1,...,n, so that x; € Rkon
and z; € RPr. Let EA]y =n"! > yiyiT and define Ty = (l/cﬁ)Agnf]onn, f)z =
Aon )y onTn. Let ¢, denote a test function for (8.1) defined as

(8.2) Pin =118, 122 jeu /4

Then, the type-1 and type-II error rates of ¢ , satisfy:

Cnj?e?
(8.3) Eodjin fe"p{‘ }
c2kg,
Cn(log j)2&2
(8.4) sup Eg,(1—9;,) =< CXP{—%}
h€Ejn anOn

for some constant C > 0, where Ey, denotes an expectation under the distribution
of y(”) under N(0, X,) and Eq is a shorthand for Ex,, .

REMARK. If the condition ¢, log j < ¢, is replaced by j‘sgn < ¢, for some
0 < 8 <1, the type-II error bound in (8.4) becomes exp{—Cnj 288,21 / (c%k(z)n)}.

PROOF OF THEOREM 8.1. We shall make use of a matrix concentration result
from [11]. Let uy, ..., u, i Ny (0, ) and Yi=n"! Y u,-uiT denote the sam-
ple covariance matrix. Proposition A.4 in [11] implies that for any s > 0 such that
s +logg <n,

) ]
(8.5) IP’[”E — Sy > Ctr(Z)‘/m] <e .
n

We adapt a fact from Lemma 5.36 of [40]. For a p x k matrix B with p > k,
suppose || BTB — Ix||» < max{8, §2} for some § > 0. Then

(8.6) I — 8 < Smin(B) < Smax(B) < 1+34.

Finally, we index matrices that appear frequently in the sequel. Define

1 T 1 T
G, = C_AOnAOn - IkOn’ W, = C_AOHAOH - IPn’
(8.7) " !
2
T, (1 —a°”>
n-— + Ik0n~
Cn

Note that G,, is the matrix appearing in (A3). The nonzero eigenvalues of G, and
W, are the same; hence, |G, l|l2 = || W, ]l2.

Type-1 error: Recall f]z and ¥, from the theorem statement. We proceed
to bound Eo¢;, = IP)O[HZA]Z — Zonll2 = jen/4]. By the triangle inequality and
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Lemma 1.1 in the supplemental document,

1% = Zoull2
~ 0’2
68 =|AnEad - Al - DA,

n

2
2+00n||\11,,||2

< Ao 51Zx —EoSxll2 + 1 Aon 30 Ex — Tulla + 08,11 Galla-

A simple calculation yields
A 1
EoXy = C_QAgn [AOHAE)Fn + U()anpll]Aon
(8.9) "
_<1ATA )2+G()2n IATA
- Cn 0n £} 0n Cn Cn On4MOn-
Substituting this in (8.8) and using triangle inequality, the sum of the second and

third term in (8.8) can be bounded above by

2
[ Aonll2

1 2
—_— T —
Ao, Aon Lo,
Cn

Recall [| G ll2 = o(koa+/Togkon/m) by (A3). In addition, || Agull2 <2/ by (A3)
and G()zn < ¢y, from (A4). Note that ||A — I, |2 < é for A symmetric and some § €
(0, 1) implies that || AZ — Iy, l2 < 36. Using these facts, the expression in the above
display can be bounded above by (13c,, + 1)||G,||2. Since we have assumed &, >

cnkony/ 2250 in the condition of the theorem, (13¢, + 1)[|Gyll2 can be bounded

above by je,/8 for n large enough. Substituting this bound in (8.8),

i + 04, (1/cn + DIGyll2.

Po[1S; — Zonll2 > jen/4] < Po[lAonl31Zx — EoSxll2 > jen/8)-
Using || Aon ||% < ¢, one more time, we have

(8.10) Eopjn < Poll|Sx — EoZxlla > Cjen/cal-

By definition, X, = n! ?:lx,-xiT is a ko, X ko, sample covariance ma-

trix. We now invoke (8.5) to bound the deviation of ﬁx from its expecta-
tion under Py in (8.10). From (8.9) and using tr(A?%) = ||A||fv for A sym-
metric, tr(Eo2y) = [ Ag, Aon/callz + (95, /cn)llAon//CnllF- Recall of, < ¢y
by (A4). By Lemma 1.1 in the supplemental document, ||AgnA0n/Cn|| F <
1 Aon//Cnll Fl Aon//Cnll2 < 2| Aon//CnlF. Hence, tr(EoXy) < 5| Aon/A/Cnll%-
Using |[|AonllF < vVkonllAonllz < 24/cnkon, tr(EgXy) can be bounded above
by Ckoy,.

Choose s = anzsﬁ/(k(z)nc,zl). Since &, > cpkon/10g kon/n, we have s 2 log ko,

and hence C tr(Eo2y)+/(s + 1ogkon)/n < Ctr(BoSy)/s/n < Cjen/cn. By (8.5),



1118 PATI, BHATTACHARYA, PILLAI AND DUNSON

the expression in the right-hand side of (8.10) is then bounded above by e™* =
exp{—anzs,%/(kgncﬁ)}, proving (8.3).

Type-Il error: Fix £, € E ,,. We proceed to bound Ex, (1 —¢; ,) =Py, [l XA]Z —
Yonll2 < jen/4]. By repeatedly using the triangle inequality, we obtain

2
A (o
On
Ex - IkOn - IkOn
Cn

> [[Aonl3{IEs, Ex — Tallz — 125 — Ex, Sella} — 08, W ll2.

- 2 2
12, — Zonll2 = ||A0n||2 — Opy

1 T
—AonAg, —1p,
Cn

Recall ||V, |2 = ||G]l2. Therefore, on the set {||f)Z — Xonll2 < jen/4},
~ A A je
I A l31%x = Es, Bell2 > [ A0nl31Ez, X = Tull = 06, Gall = =~

@.11) = [ Aoul3IEx, £y — BoZxl2
2 & 2 Jé€n
— 1Aonl2I1E0 Xy — Tall2 — 09, 1Gall2 — R
Recalling the definition of £, and invoking Lemma 1.1 in the supplemental docu-
ment,

Ao l3IEs, £y —Eo2y]l2 =

Aon | L AT (5, — SoA

\/a Sl on\<n On) £ 0n

Aon | (AOTnAon

@ ) min

Aon 2 (AgnAOn)jgn
Smin -

Vel 2

The last inequality in (8.12) used the triangle inequality to obtain || X, — 2,2 >

1Z1n — Xonll2 — 1Xn — Zinll2 = jén — jen/2 = jen/2. By (A3) and (8.6),

both || Agn/+/cnll2 and smin(AgnAon/cn) can be bounded below by 4/5. Hence,

||A0n||%||f]x —Eys, f)x||2 is bounded below by 64 je,/250. Further, based on the
calculations following (8.8),

2

(8.12)

v

)nzn — Soull2

n

=

Cn

4
can be bounded above 63 j¢, /250 for n large enough. Substituting in (8.11),

Ao l3IE0S: — Tulla + 0, 1Gall2 +

Ps, [12; — Zonll2 < jen/2] < Ps, [1A0n 13125 — Ex, i ll2 > Cjen].

As in case of the type-I error, using || Ag, ||% < ¢, we conclude that

(8.13) Esx, (1 —¢jn) <Ps,[IS: —Ex, Sl > Cjen/ca].
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We are now in a position to invoke (8.5) to bound the right-hand side of (8.13).
Using triangle inequality and von Neumann’s trace inequality [34],°

tr(Ex, 2,) < tr(Boy) + |tr(Ex, 3 — EoSy)|
< r(Bo%y) + kon |Ex, £x — EoZyl2.
Since ¥, € Bj 5, 127 — Zoull2 < (j + Dep < 2jey,, and hence
IEs, £x — EoZilla = [ A, (Zn — Zon)Aon |5/
< Cl|Zn — Zonll2/cn <2Cjen/cn.

Substituting in the previous display and using tr(Eg%y) < Ckon, one has
tr(Es, ﬁ]x) < kop max{l, je,/cn} < Ckon(j/log j), with the last inequality using
enlogj <cy. A

Choosing s = Cn(logj)zs%/(k(%ncﬁ), one has s 2 logkp, and Ctr(Ex, X,) X
V(s +Togko,)/n < Cjey/cn. By (8.5), the expression in the right-hand side
of (8.13) is bounded above by e™* = exp{—Cn(logj)zs,%/(kgnc%)}. Since the
bound is independent of ¥, € E; ,, (8.4) follows. []

9. Proof of the main results. We now proceed to prove the results stated in
Section 5. We prove Theorem 5.3 with the shrinkage prior (PS); the special case
of ko, = O(1) in Theorem 5.2 follows immediately. For the point mass prior, we
only sketch an argument. We introduce a number of auxiliary Lemmata 9.1, 9.2,
9.3 whose proofs can be found in the supplemental document.

9.1. Proof of Theorem 5.3. Set &, = cyky) /%821 /logn and define U, =

{Zn: 120 — Zonll2 < Mey}. The posterior probability assigned to the complement
of U, is given by

_ fU,f ;:l:l(on (yi)/fzon(yi))dnn(zn) _ Nn

T (fe, 00/ fr0,60) dTa(S0) Dy’

where fy, denotes a p,-dimensional N(0, £,) distribution and A\, and D,, denote
the numerator and denominator of the fraction in (9.1).

Leto(y1, ..., yn) denote the o-field generated by yy, ..., y,. We first claim that
we can lower-bound D, on an event A, € o(y1, ..., y,) With large probability
under f¥,, in Lemma 9.1.

9.1) M, (U |y™)

LEMMA 9.1. Let Yo, € Co,. Let 1, be a sequence satisfying 1y /Smin(Zon) —
0 and nn,zl /smin(Eo,,)2 — 00, and define 0, = 2Smax (Xon)/Smin(Zon ). Then there
exists Ap €0 (y1,¥2, ..., yu) with Px,, (A,) — 1 such that on A,

2 ) 2
D, >e Cnn;log(en) /Smin (Zon) nn(zn NEn = ZonllF < 77n)-

6|tr(A)| <k||A|lp for a k x k matrix A.
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We shall set 1, = +/syko,/n in all future usage of Lemma 9.1. Based
on our prior specification, X, can be parameterized by (k, An,anz) with k €
{1,...,00}, A, € RPn >k, anz € (0,00), and %, = AnAE + crnzlpn. We use this to
bound IT, (|| X, — ZonllF < n,) from below in the following Lemma 9.2.

LEMMA 9.2. If Xo, € Con, the prior T, on X, is as in Theorem 5.2, and

Nn = /Snkon /1, then

L, (120 — SonllF < 1) = e~ Cnkonlogn,

We now introduce some notation. Let
2
en = Spkon logn, Iy =Cen, O = &n/(entn),

8;, =38n/(Pnen).

9.2)

Recalling that the true loadings has s, ko, many nonzero entries, e, can be thought
of as an effective sparsity parameter. Also, recall the supps notation from Sec-
tion 7. Given k, let suppg; (Ay) denote the set S C {1, ..., p,k} corresponding to
the entries in vec(A,) larger than &), in absolute magnitude.

Since Py, (A,) — 1 by Lemma 9.1, it is enough to show

Jim BT (UF 1y")14,] =0

to prove Theorem 5.2, where [y is a shorthand for Ey,, . For some H > 0 to be
chosen later,

Eo[ T, (Uy 1y™)14,] < Eo[T (U 1y™)14,]
(9.3) + Eo[TT, (Wg N Vi | y™)14,]
+ 2Eo[ T, (Vi [y™)14,],
where U = US N W, NV, with

Wy = {|suppy (An)| < Hep, [ Anlly < tn, 0% <1y},
(9.4)
V, = {k < Cep).

Thus, U, consists of (strictly speaking, can be identified with the class of) co-
variance matrices X, = AHAE + anzlpn satisfying || 2, — Xonll2 > Me,, where
A € Rk with k < Cey, || Anll1 < tn, | suppy (Ay)| < He, and 0> < t,,.

We now show in Lemma 9.3 that the expregsion in (9.3) goes to zero, so that
we can focus on IT, (U | y™). This will be crucial in reducing the entropy of the
model space.
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LEMMA 9.3. Recall the sequences and sets in (9.2) and (9.4), respectively.
There exist constants H, C > 0 such that

Jim Bo[ T, (W 0V, [¥)14,] =0,
Jim Eo[TT, (V] | y")14,1=0.

For k < Cey, aset S C{1,..., pyk} with |S| < He,, and j > M, let By s jn
denote the following subset of U,

03 Bis.jn=1{Zn=AAF + 671, 1Ay e R k< Ceyp, | Ayl < t,
0,12 <1y, Suppg;l(An) =S, jen < 120 — Zonll2 < (] + 1)8}1}—

Then, using a standard testing argument (see, e.g., the proof of Proposition 5.1
in [17]),

Eo[P(U; | y™)14,]

9.6) <Y Y Y [Ee®isn

k<Cey S:|S|<Heyn j>M

+Br.s.jn  sup Esx (11— q)k,s,j,n)],

EneBk,s_j,,,
where @y s ; , is a (point vs. composite) test function for
9.7) Hy:%p =20, versus Hy:X, € Brs,jn
whose construction is provided below and

Hn(Bk,S,j,n) <e
emmilogon/suinZ00* I, (| B — ZoullF <) ~

To obtain the upper bound on B s ;. in the above display, bound IT, (B, s, j n)
above by 1, use the fact that logo, < logc, <logn by (Al) and (A4) and use
Lemma 9.2 to conclude that B¢ 5 j, < eCen,

To construct the test function & s ; , in (9.6), we cover By g j,, with a union
of balls and obtain local tests for X, versus the centers of each of the balls us-
ing Theorem 8.1. Since we are inside W,, N V,;, the number of such balls can be
controlled and ® s, ; » is obtained as the maximum of the local tests.

Let Zn,ﬂ forl € Ix,s,jn be a je,/2-net of By s . in operator norm and for
each [, define Ex s j n1 =1{2n € Bi,s,jn: 120 — 2y 1ll2 < jen/2}. By definition,

BisjnC | Exsjni

le]k_gyj,n

9.8)  Brsjni= Cen,

TWe suppress the dependence on &, S and j.
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Clearly’ an = ||En,l - EOn”Z < (] + Dey and &n = anOn\/W- For %, €
U;;ka I Anll2 < «/atn and || 3, — Zonll2 < 1Zall2+cn < entr%+tn +cn 5 62- Hence,
By,s,j.n C Uy implies j < e /en, and hence log j < logn, so that &, log j < ¢, by
the second part of (Al). Therefore, the conditions of Theorem 8.1 for the point
versus composite test Hy: X, = X, versus Hy: X, € Ei s jn, are satisfied. Let
&1, s, jn, denote the corresponding test function from Theorem 8.1 with type-I
error e~ Ci*en/(ks,) — ¢=Ci*enlogpn and type-II error e—Cnogi)’en/(ciks,) —

N2 .
e—Clog jYenlogpu [ etting Ok 5,jn = MaXiel; 5, Pk.S. j.n.1> We therefore have

—Cj%e,1
Eo(®r,s,j.n) < k.5, jnle” "/ 08P,

_ 2
sup Ezn(l _ ch,S,j,n) <e C(log j)~en log pn_
EnEBj,S,n

To estimate |/ s, j »|, that is, the covering number of By g, j , in operator norm,
we embed By s, j , inside By s j ., whose covering number is easier to calculate:

B . T 21 . (N) 2
Bk,S,j,n = {Zn = AnAn —i—OnIpn A, € Bk,S,j,n’ o, <In,

Jen <1 Zn — Zonll2 < (j + Denl,

where B'Y ., = (An € RPK:k < Cey,suppy (An) = S. [ AullF < enta}. The
containment By s j, C ék,s,j,n follows since || Anllr < VK| Anll2 < k| Anll1
enty.

We now proceed to explicitly construct a je,/2-net for Bk,g,‘,-,,,. Let &, =
je&n/(8enty). For notational convenience, we use Ps(6) below to denote 65 defined
in Section 2. Let {AI}ZL:1 be a &,-net of B,E’AS),J-’H. Also, let {crrz}f:1 be a je&, /4-net
of [0, t,]. We show below that {AlAlT + Grz}l,r form a je,/2-net of ék,&j,n in
operator norm.

Let ¥ = AAT + 62 bein ék,S’j,n. Find A; and arz from the respective nets so
that |A; — AllF <&, and |02 — 6| < jen/4. Let & = AjAT + o2 Then

IA

IZ =22 < jen/d+ |MA] — AAT| < jen/d+ [ A1z + 1 AN12)E0 < jen/2.

We have thus proved our claim, and hence [/ s, j x| < L x R. Note the use of the
control on || A|l over By s, j , in the above display.

Clearly, R can be chosen to smaller than t,,/(2j&,). With s = |§], let {HI}IL:1 be
a &, /2-net of the Euclidean sphere in R® of radius e,t,. By Lemma 5.2 of [40], the
cardinality of such a net L can be chosen to be smaller than (1+e¢,t,/&,)*. We now

exhibit a &,-net {AZ}IL:1 for B,EAS) in in Frobenius norm as follows. Set Ps(A;) =

0; and Psc(A;) = 0. Let A € B,E’AS)J’” and 8 = Ps(A). There exists 0; such that
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160 — 612 < &,/2. Also, since supps; (A) =S, || Psc(A)]l2 < 6,. By choosing j
larger than some constant J, we can make &, > 2§,. Hence, |A; — AllrF <&,.
Thus, L x R can be bounded above by e€$108(ntn) < ¢Cs10gpn and hence

)
(9.9) Eo(®p.s.j.n) < eCS108Pne=Cii enlogpn,

9.10) sup  Ex, (1 = @5,j) < e~ 2008 enloemn,
Xn EBk.&,j,n
Substitute the bounds obtained in (9.8), (9.9) and (9.10) in (9.6). Observing that
all the bounds are free of k, we can bound the expression in (9.6) by

He,
(911) (Cen) Z <p”) |: Z eCS logpne_cljze” lngn + eceﬂe_CZ(logj)zen logpn].
N
s=0 j=M

The first term in the inner sum over j can be bounded above by eC¢102Pn x
e~ C3M2en logpn - while the second one by ¢Ceng=CallogM)?ey log pu Noting that
(Cey) x (He, + 1)max(o<i<ne,) (I') < exp{Ce,log p,}, (9.11) goes to O as
n — oo for a large enough constant M > 0. This completes the proof of Theo-
rem 5.3 with the shrinkage prior (PS).

The proof for the point mass priors (PL1) follows similarly. Since the point
mass mixture priors allow exact zeros in the loadings, we can condition on
supp(A,) = S. By properties of point mass mixture priors shown in [17],
analogues of Lemmata 9.2 and 9.3 can be obtained to complete the theo-
rem.

APPENDIX

PROOF OF LEMMA 5.5. Observe that if [|6; — 0;/|lg = 2(s — r), then
(bj,bjr)y =r.For j#j, Sy — B = y(bjb]T- — bj/b},). The nonzero eigen-
values of the matrix B = (bjb;r — bjerT./) are {+/s2 —r2, —/s2 —r2}, since
tk(B) =2, tr(B) = 0 and tr(B?) = 2(s% — r?).

Since 0; € M for all j, by symmetry, det(X;)) = det(X;) for all j # j".
Hence, KL(IPQL PU)) = (4/2){tr(2(—j§z(j,)) — p}. Write £(j) = (A + ;b,b}),
where A is a diagonal matrix with the first (p — 1) diagonal entries equaling one
and the pth entry being (1 4+ x/B). An application of the Woodbury matrix inver-
sion formula produces

N1 _ ,—1 ! T
so that
2
~1 _ ! T T rrooor
E(J)E(J/)—IP—H_—ISbeJ+tbj/bjr—mbjb]/

The proof is completed by observing that tr(b; bjT) =ys and tr(b jb]T.,) =r. U
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PROOF OF LEMMA 5.6. Let t € M with supp(r) = S. We show that for
any x € M, |lx — 7llg =23 j¢5 1(x; = 1). To that end, we have ||x — 7|z =
Yjeslxj =0)+ > jesl(xj=1)=s5+a—0b, where a =3 j451(x; = 1),
b =3 jes1l(xj =1). Since x € M, we also have a + b = s, which implies
lx —7llg =2a.

Let k& denote the integer part of s/6. Let M be a maximal set of points in
M, with each pair at least 2(k + 1) apart in Hamming distance. Note here that
2(k+1) > s/3. Since M is maximal and d(x, y) is even for any x, y € M by the
above calculation, it follows that M C |, Mo B(t; 2k), where

B(t;2k) ={x e M:||x — t||g < 2k}.

By symmetry, B(t; 2k) is independent of t, so that | M| < |Myl||B(t; 2k)| for any
T € M. Itis easy to see that

s —s
|B(r; 2k)|—Z|A |—Z< ><‘1 . )
J J
j=0

where A; = {x € M:|lx — 7| =2j},0 < j < k. Since k < s/2, the expres-
sion in the above display can be bounded above by k(})(’;'). One thus has
M| = (P71 < mk()(PL"). Using (n/r)" < (") < (ne/r) for 0 <r <n/2, we
obtain m > exp(Cslog p) for some constant C > 0. Also, clearly m < |[M]| <
exp(Cislogp). O

PROOF OF LEMMA 7.1. Let é = ¢/p. To lower-bound P(]|0 — 6y]|2 < &), we
first obtain a lower bound conditioned on the hyper parameters T and y:

P(l6 — 6ol <el7,¥)

(A.T) = P(16;1 <8 Vj e S5 1 7. 7)P(I6s, — bosoll2 < /217, 7)
= [ [Ta- e“Wf)} x B(lfs, —os, 12 < £/2] 7. 7).
JES§
Let7 = (y1,....vp-)T and yp, =1 — Zp | vj- We now have to integrate out

7 and y in (A.1). By a relabeling of indices, we can always make sure that the pth
index lies in So. Let S1 = So \ {p} so that S§U Sy = {1,. ..,p — 1} Fix numbers

a,b € (0, 1) with b =4a. Observe that if T € [25,4s], y;7 log(p/s) Vj € S; and
yjT €la,b]Vj € Sy, thenfore <b/2,

l)b
(A.2) Zy, Zyj+2y]<8+ <b<l.

JjeS§ JjeST
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Define B C Ag I« R+ such that

B:{(y,f):Ogyjrf VjeSy vitela,blVje S,

)
1
(A3) og(p/s)

TE [2s,4s]}.

Clearly, B is a measurable subset of Ag ~! x R*. For a fixed 7 in the interval
[2s, 4s5], the section A; C Ag s given by

(A4) A—{0< <% vjese ~e[ab}V'eS}
. T — — J/] — log(p/s)‘L' J 0> yj T, T J 1¢(-

Thus,
P(||e—eo||z<s)=/

(T.7)eR+x AL
(A.5)

= /(‘r,y)eBP(HQ — 6ol <elz,y)fydP)fr(dT).

We now substitute the lower bound for P(||0 — 6|2 < € | T, ) from (A.1) in (A.5)
and lower-bound the two terms on the right-hand side of (A.1) individually.

For the first term, observe that for (z,y) € B, Hjesg(l —e iy > (1 —
s/p)Pr.

To tackle the second term, we make use of Lemma 7.2. By definition, ¥; €
[a,b] for all j € S; whenever (t,y) € B. Further, along the lines of (A.2),
27;11 vj € la/8,b], and hence y, € [1 — b, 1 —a/8] on B. Hence, ¥, € [25(1 —
b),4s(1 — a/8)]. Since a, b are constants, by a slight abuse of notation, we shall
assume V; € [a, b] for all j € Sy and ¥, € [25sa, 4sb] on B. It thus follows from
Lemma 7.2 that

P(| s, () — s, (00) |, <€/2 |7, 7)

C
> exp{—a—21 > 1601 — Cas — s|1og{e/(2b¢§)}|}.

JE€So

P(I6 — 6ol <e | 7,7) f, @) fr (dT)

We conclude that for (7, ) € B, the integrand in (A.5) can be bounded below as
follows:

where the last inequality uses (1 — x)1/x > 1/Q2e) for 0 < x <1/2 and C =
log(2e). It thus remains to obtain a lower bound to

4s
A7) PB) = /( o AP D) = /

P16 — 6ol <elt,v)
(A.6)

C
> e_CS exp{——zl Z |00]|2 — CZS — S}log{é‘/(zb\/})}
as
J€So

P(A; | 7) fz(d7).
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Now, since y ~ Dir(«/p, ..., a/p), recalling the definition of A, from (A.4) and
using (A.2),

P(A¢ | 7)

_ - /p—1
F(O{) /‘ p—1 «/p—1 p—1 o
T(a/p)P j 1 / d ...d _
C(a/p)P Jyea, |:I I Yj 12::1 Vj 12! Vp—1

j=l1

(A.8)
> Cp(1 —b)“‘/‘”_l/~ []_[ yf‘/p_l] x []_[ V}"/”_l]dyl cdypo
veds JESI jes§
S a(p=9)/p(/p\Y/P a\%/Pys—1
_pe/p-t)y 7 e (=
A {log(p/S)} {<r> (r> } ’
where
c,= @ (B)p_l
P Ta/p)? \«
= exp{log ' (&) + (p — 1) log(p/a) — plogT («/p)}
(A9)

> exp{logI' (@) — log T (er/ p)}
> exp{logI' (@) — log(p/a)}

with the last two inequalities using I"(x) < 1/x for all x € (0, 1). Moreover, since
b > 4a, we have for T € [2s, 45],

oo GGG
) (%)“‘”“/zﬂ[l B exp{—%10g<zb/a>ﬂ.

Equations (A.9) and (A.10), in conjunction with the fact that 1 — e™* > x/2 for
x € (0, 1) implies that the expression in (A.8), and thus P(A; | t) in (A.7), is
bounded below by

P(A; | 7)
A.11
( ) Ot(p—S)1 ) p

P
>C P A S P
= T B oa(pss) B a T logh/2a) Ba }

for some constant C > 0. Finally, (A.6) and (A.11) substituted into (A.5) gives us
P(116 — 6oll2 < €) > P[r € (25, 4s)]e~C maxllfbll3.slox(s/e).log p}.

—Cs .

O

The proof of Lemma 7.1 is completed upon observing that P[t € (2s,4s)] > e
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PROOF OF LEMMA 7.3. Without loss of generality, we provide the proof for
o = 1. Lemma IV.3 of [43] implies that under (PS),
ind. iid.
(1.12) 0; |v; ~ DE(W)),  ¥; = Ga(l/p,1/2).
By (1.12), 6;’s are independent and identically distributed, so that | supps(6)| ~
Binomial(p, ¢), with ¢ := P(|6;] > §). We first show that ¢ < log p/p for § =
g/ p. Observe that

]P’(|01| >3)
1

_ w ooe—a/xxl/p—le—x/zdx

' 0
(1.13) ( /5) 45

_ 472 p{f eS/xxl/pleX/de+/ooe3/Xx1/Plex/zdx}
I'd/p) o 43
1/)l/p 0o ,—x/2 1/)l/p 0o ,—t
r'a/p) 45 X r'a/p) 26t

Using a bound for the incomplete gamma function from Theorem 2 of [1],

00 1
(1.14) / ——dr < —log(1 — ™) < —log(s),
28

for § small. Since I'(1/p) > p/2 for large p, and C + log(1/5) < 2log(1/6) for
p large, we have P(16;| > §) <log(1/8)/p < log p/p; the last inequality follows
since ¢ > 1/p® implies 8§ > 1/pB+1.

A version of Chernoff’s inequality for the binomial distribution [27] states that
for B ~ Binomial(p,¢) and ¢ <a < 1,

(1.15) P(B > ap) < {(E)ae“_c}p.
a

In (1.15), set a = As/p. Since s 2 log p, we can ensure { < a by choosing A

larger than some constant. Hence, by (1.15), P(| supps(6)| > As) < (e¢/a)d <
e—Alog(A/eC)s‘ ]

PROOF OF LEMMA 7.4. Recall 6; | y,7 ~ DE(y;7) for 1 < j < p. Let
X;=0j/(yj7), so that X; | y, T ~ DE(l) independently. Let ¥/; = y;7 and fix
t > 1. Using a Bernstein-type tail inequality for subexponential random variables
(Proposition 5.16 of [40]),

p P
]P(Z 10;] > 1 ] y,r) :P(Z [y Xl >t ]y, r)
j=1 j=1

< exp{—Cmin(ﬁ, W)}

< maX{eiClz/Tz, efCt/r}.
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The last inequality in the above display uses ||y||% <lylli =1 and e~/* is
increasing in x. Fix ¢ > 1. Since T ~ Exp(1/2), P(t > /t) < e~ CV1, Also,
max_, < /7 max{e~C"*/** ¢=C1/x} < ¢=C The result follows by noting that

i
P16 > 1) < / max{e_czz/xz, e_C’/x}f,(x)dx + P>t > 1)

x=0

< 2eCVI, 4
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