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We study the statistical mechanics of classical two-dimensional
“Coulomb gases” with general potential and arbitrary B, the inverse of the
temperature. Such ensembles also correspond to random matrix models in
some particular cases. The formal limit case 8 = oo corresponds to “weighted
Fekete sets” and also falls within our analysis.

It is known that in such a system points should be asymptotically dis-
tributed according to a macroscopic “equilibrium measure,” and that a large
deviations principle holds for this, as proven by Petz and Hiai [In Advances in
Differential Equations and Mathematical Physics (Atlanta, GA, 1997) (1998)
Amer. Math. Soc.] and Ben Arous and Zeitouni [ESAIM Probab. Statist. 2
(1998) 123-134].

By a suitable splitting of the Hamiltonian, we connect the problem to the
“renormalized energy” W, a Coulombian interaction for points in the plane
introduced in [Comm. Math. Phys. 313 (2012) 635-743], which is expected
to be a good way of measuring the disorder of an infinite configuration of
points in the plane. By so doing, we are able to examine the situation at the
microscopic scale, and obtain several new results: a next order asymptotic
expansion of the partition function, estimates on the probability of fluctua-
tion from the equilibrium measure at microscale, and a large deviations type
result, which states that configurations above a certain threshhold of W have
exponentially small probability. When g — oo, the estimate becomes sharp,
showing that the system has to “crystallize” to a minimizer of W. In the case
of weighted Fekete sets, this corresponds to saying that these sets should
microscopically look almost everywhere like minimizers of W, which are
conjectured to be “Abrikosov” triangular lattices.

1. Introduction. Our goal in this paper is to improve the understanding of the
n — +o00 asymptotics of the probability law
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where Z,’“? is the associated partition function and

n
(1.2) W (X1, .. xn) =— Y _loglxi — x| +n ) V(x),
i#] i=1

is the Hamiltonian. Here, the x;’s belong to R? (identified with the complex
plane C), § > 0 is a parameter corresponding to the inverse of the temperature
and V is a potential satisfying some growth and regularity assumptions, which we
will detail below.

When V(x) = |x|> and B = 2, this probability law happens to be the one
obeyed by the eigenvalues of random matrices with independent complex Gaus-
sian entries—the so-called Ginibre ensemble—as shown in [27] (see also [32],
Chapter 15). In statistical mechanics, for any value of 8 and possibly different po-
tentials, this is the law for the two-dimensional Coulomb gas with confining poten-
tial V, also known as the two-dimensional one-component plasma, the Gaussian
B-ensemble or the Dyson gas.

The fact that Coulomb gases are naturally related to random matrices was first
pointed out by Wigner [50] and later exploited by Dyson [20]. For the general
background and references to the literature, we refer to the book by Forrester [22].
Particularly relevant references in the physics literature are [2, 29, 43]. Note that
one aspect of the current research on the random matrix aspect in the complex
case is to study the more general case of random matrices with entries that are not
necessarily Gaussian and to show that the average behavior is the same as for the
Ginibre ensemble, see [8, 48, 49]. Our results only apply to Gaussian ensembles,
but allow a large class of potentials, and any value of §.

The problem of minimizing w,, which we call the 8 = 400 case, also falls
within the scope of our results. In this case, the minimizers of w, are known as
weighted Fekete sets, which are of interest for interpolation and have been studied
for about a century (cf. [38, 39]).

Known results. The first category of results regarding the limit of IP),‘E (or the
limits of minimizers of w,, in the case § = 4-00) takes as the converging object the
empirical measure

1 n
Mn = _Z(Sx,-7
i3

and in this sense can be dubbed macroscopic, mean-field, or density results. In the
case of finite 8, the measure u, is random and its law is ]P’E, modulo a change
of variables. In the case 8 = +o00, the measure u, is almost surely of the form
%Z;’:l 8x;, where (x;)1<j<, minimizes wy,.

In the B = +o00 case, it was shown by Fekete [21] and Szegd [47] at the be-
ginning of the twentieth century that, in modern language, the functions w, /n?
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Gamma converge as n — 400 to a functional defined on probability measures
over R2, that one may call the mean-field limit in the language of statistical me-
chanics:

(13) ”’”:/RzXRz‘IOg Ix—yIdM(X)dM(y)-i-fRzV(X)dM(X)~

The minimization of I was first studied by Gauss, who noted that the unique
minimizing measure g, is characterized by the fact that the potential it gener-
ates achieves its minimum on the support of 1. This characterization was made
rigourous, and generalized to other interaction potentials by Frostman [25].

The main consequence of the Gamma-convergence (for a definition we refer
to [15, 18]) statement is that, as n — +o00, the minimum of w,,/ n? converges to
I (i9) = min [ and that u, converges to . We refer to the book [39] for more on
this subject. The measure (g is commonly referred to as the equilibrium measure,
and its support as the droplet.

In the case of finite B, the corresponding result is that the limit of u,, which

can be seen as a point process with law ]P’,’f , is in fact deterministic and equal to
wo. In the case V(x) = |x|*> and B =2, then po = %13, where B is the unit disc

in R? and 1 denotes a characteristic function. This is the celebrated circle law or
circular law, attributed to Ginibre, Mehta, an unpublished paper of Silverstein in
1984, and then Girko [28]. Moreover, a corresponding large deviation statement
was established by Petz and Hiai [33] and Ben Arous and Zeitouni (in a slightly
different setting) [10]; see Theorem 5.1 below, in particular, the following holds,
as n — 400:

14 (M > 1 (j10) + 8) <exp(=8n° +o(n?)).

n2
For the case of a general V and a general §, a similar result holds, adapting the
proof of [10]. Such results are proven in possibly higher complex dimensions
in [11].

The second category of results concerns the microscopic or local behavior. In
this case, one is interested in studying the behavior of the point process, or the
minimizers of w;, at a smaller scale—ideally the scale 1/4/n which is the scale
at which points are at finite distance from their neighbors. In the 8 = +o00 case,
precise bounds on the discrepancy between the measure p, minimizing w, an
o can be found in [6] the paper [36] improves them using techniques introduced
in [42] and in the present paper. In the so-called determinantal case 8 = 2, it is
proved in [4, 5] that the law of the linear statistics of the fluctuations is a Gaussian
with specific variance and mean; see also [34] for related results. Also, a local
version of the circle law is proved in [14] for matrices with i.i.d. entries which are
not necessarily Gaussian.

We finally note that much more precise results are known in the much better
studied—and generally considered easier—case where the x;’s belong to R in-
stead of R?, or where one considers cases in which pg is a measure with a one-
dimensional support. The application of our techniques to that case is the object
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of [40] which also contains references to the vast literature on this topic. Let us also
mention that the analogue of the present study is undertaken for higher dimensions
(x; € R? for any d > 2, and the corresponding Coulomb interaction kernel) in [37],
using a partly different approach.

Sketch of our results. Our point of view is to start from an object whose limit
will be more discriminating then that of the measures {1, },, and to obtain results
valid for arbitrary B (the nondeterminantal case) and quite general V’s. To simplify
the exposition, let us consider first the case V (x) = |x|2 and 8 = 400, that is, the
minimization of w,. In this case, we have seen that u, — %1 g- To study p, at
the scale n~1/2, we introduce a measure on the blow-ups of (x;)1<;<y at this scale.
This scheme is similar to ideas developed in [3] for abstract two-scale Gamma-
convergence, and was in fact suggested to us in a conversation with Varadhan; we
first used it in [42]. The idea is to associate to any point x in the droplet B the set

of points blown up with origin at x:

Apx = {«/E(xi —x) |1 fifn}-

We then define P, to be the probability measure which makes the A, ’s equiprob-
able with respect to x € B. We write this as

Pn =f~ 8A”dx.
B .

In the limit n — 400, the measures P, converge to a probability measure P on the
set of discrete subsets of R2, or a point process. In the case of finite j, the limiting
measure P is itself random, and obeys a certain law that we wish to describe, as
much as possible.

The description of P (in the case 8 = +00) or its law (in the case 8 < +00) is
done in terms of the renormalized Coulombian interaction energy W introduced
in [42], which corresponds to total Coulomb interaction of the system known in the
physics literature as a jellium. It is defined below precisely, but for now suffice it to
say that it is defined for any discrete subset A of R? which has bounded density at
infinity, and corresponds to the average interaction energy on large balls of a set of
unit singular charges placed at the points of A with a uniform negative background.
It is proved in [42] that W is bounded below and that its infimum is achieved. It
is also proved there that among Bravais lattices, the unique minimizer of W is the
triangular lattice, consisting of the vertices of identical equilateral triangles tiling
the plane.

Our results are as follows: In the case 8 = +00, we prove that P is supported on
the set of minimizers of W. To be more precise, we compute a second term in the
expansion by Gamma-convergence of w,, which implies the following statement:

1 _ _ >
—(wn — %1 (o) + glogn> W where W(P) = ufW(A)dP(A).
n T
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In the case B < +00, where P is random, we show that there exists Cg > 0 such
that, almost surely, W(P) < o + Cg, where « is the minimum of W, equal to %'
times the minimum of W. Moreover, we prove that Cg — 0 as B — +00, so that
we recover the 8 = 400 statement. In fact, this will follow (after some work) from
a large deviations type result, in particular using the previous Gamma-convergence

result. As further consequences, we will obtain the following asymptotics:
P 1 2 n np
log P p w, —n-I(uy) + Elogn >a+n) < —7(77 — Cp) +o(n),
(1.4)

2 2

where Cg tends to 0 as 8 — +o0.
Inequality (1.4) improves on known results which only give the expansion

1
logz,ﬁ9 + @(nl(uo) — —logn —i—a)‘ < Cgnp,

log Zf ~ gnzl (mo). It can also be compared to a formula derived by nonrigor-
ous arguments in [51]: our results contradicts their formula, however, it seems that
the contradiction can be resolved by seeing their formula as an expansion for Z,’?
relative to the expansion for a reference potential. Let us recall that an exact value
for Z,’f is only known for the Ginibre ensemble case 8 =2 and V (x) = |x|?: it
is Zﬁ = p~1/DnntD) on [Ti—; k! (see [32], Chapter 15). For comparison, known
asymptotics allow us to deduce (cf. [22], equation (4.184))

2 3n> n 1 3
logZ;, = T + Elogn +n<—1 + ElogZ—i— Elogn + O(logn)
(1.5)

as n — 0o,

where we note that the value % indeed coincides with I (u) for this potential. On
the other hand, no exact formula exists for general potentials,? nor for quadratic po-
tentials if 8 # 2. This is in contrast with the one-dimensional situation for which,
at least in the case of quadratic V, Z,’? has an explicit expression for every S, given
by the famous Selberg integral formulas (see, e.g., [7]). In statistical mechanics
language, the existence of an exact asymptotic expansion up to order n for log Z,’,3
is essentially the existence of a thermodynamic limit. This is established in a non-
rigorous way in [43] in two dimensions. The existence of the thermodynamic limit
here remains to be completed by getting upper and lower bounds which match up
to o(n) in (2.9).

The above results will be stated as theorems in the next section, for a class of
potentials V which includes smooth strictly convex potentials which grow suffi-
ciently fast at infinity. Some differences from the above statements will arise from
the fact that, under our assumptions, the equilibrium measure p is in general not

3An exception is the result of [19] for a quadrupole potential.
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uniform on the droplet. Also, the probability measures P, and P will in fact be
defined on the space of electric fields generated by the charges at A rather than on
the sets A themselves.

Connection to the crystallization problem. The definition of W in [42] arose in
the study of the Ginzburg—Landau model of superconductivity (for general refer-
ence on the topic, cf. [41]) where superconducting vortices in certain regimes can
be proven to be accurately approximated by points. These points, when densely
packed, form perfect triangular Abrikosov lattices,* named after the physicist who
predicted them [1]. These lattices are indeed observed in experiments on supercon-
ductors. In [42], we partly explained their appearance starting from the Ginzburg—
Landau model, by showing that minimizers of the Ginzburg—Landau energy have
vortices that minimize the renormalized energy W after blow-up by a factor \/n.
The conjecture made in [42], also supported by some mathematical evidence (see
Section 3.2), is that the minimal value of W is achieved by the triangular lattice—
proving this conjecture is a crystallization question, and there are very few in-
stances in which such questions are solved. If proven true, this would indeed ex-
plain why vortices form these patterns.

The results of this paper say that if indeed W was minimized by the triangular
lattice, then the same conclusion on the local behavior of weighted Fekete sets
would hold, that is, their blow-ups at the scale 1/4/n would look like the triangular
lattice. The picture for finite § would be that, as § — 400, the blow-ups tend to
minimize W, hence in some sense tend to crystallize onto a triangular lattice. To
our knowledge, this is the first time Coulomb gases and Fekete sets are rigorously
connected to triangular lattices—although in an averaged way—in agreement with
predictions in the physics literature (see [2] and references therein).

2. Statement of results. We now state our results precisely.

Assumptions on V. Our assumptions on V are made to ensure that the droplet
is a compact set with smooth boundary and that the equilibrium measure has a
strictly positive smooth density with respect to the restriction of the Lebesgue
measure to this set. They are mostly technical—we use them to simplify our
constructions—and could certainly be somewhat relaxed.

We begin by defining the equilibrium measure po. Assuming that
limjy |- 400 %x) — log|x| = 400, that V is lower semicontinuous and bounded
below and that V is finite on a set of positive capacity, there exists a unique min-
imizer (see [25] or [39], Chapter 1) of (1.3) among probability measures on R2,
denoted g (the equilibrium measure), and its support, the droplet, will be denoted
by X.

4For photos one can see http://www.fys.uio.no/super/vortex/.
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The following characterization of (g is in essence due to Gauss, see [25] or [39]
for a modern treatment. Defining the electrostatic potential generated by a mea-
sure [ to be

) Ut == [ loglx = yldu.

Wo is characterized by the fact that there exists ¢ € R such that

Vv
U“0+5 >c ge. inR?> and

(2.2) y

Uto + 5 =¢ g.e. in Supp(g) = X,
where g.e. means “quasi-everywhere” or outside of a set of zero capacity. Below
we will sometimes denote by A~! the operator of convolution by % log| - |, so

that A o A~! =1Id, where A is the usual Laplacian, and U* = =27 A~ ! 0.

Note that another way to characterize U0 is as the solution of the following
obstacle problem:’ Tt is the minimal superharmonic function bounded below by
the function ¢ — V /2 and harmonic outside the set

(2.3) w:={U" =c—V/2)

called the coincidence set and containing the droplet X. This implies in partic-
ular that UH0 is Cltcl if V is (see [23]). For more details and references on this
correspondence, see [44], Chapter 2.
We may now state our assumptions on V':
%
2.4) lim %) —log|x| = 400,

|x]—400

Vis C? and s.t. 9% is C! and o =moly dx
(2.5)
where m is C! and strictly positive in X,

(2.6) there exists 81 > 0 such that /2 e AIV20)=log kD) gy — 4 o0,
R

Assumption (2.4) on the growth of V is what is needed to apply the results
from [39] and to guarantee that (1.3) has a minimizer with compact support. As-
sumption (2.6) is a supplementary assumption on the growth of V at infinity,
needed for the case with temperature, to show that the partition function is well
defined. It is only slightly more restrictive than (2.4): It is satisfied, for example, if
limjy| o0 5 (x) — (1 + &) log x| = +o0.

5The obstacle problem is a free-boundary problem and a much studied classical problem in the
calculus of variations; for general reference, see [24, 30].
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Assumption (2.5) is technical and certainly not optimal, it is needed essen-
tially in the construction of recovery sequences (in the language of Gamma-
convergence). A class of potentials satisfying (2.5) are the smooth strictly convex
(in the sense that D>V > 0 everywhere) potentials satisfying the growth assump-
tion of (2.4). Indeed in this case, as discussed in [42], Section 7.1, the coinci-
dence set has a smooth boundary. Moreover, as soon as V is Cllo’cl, it follows from

1,1 2,00 .
UM e Cp. = W, , that we may write

AV (x)

2.7 dipg=mo(x)dx where mg(x) = 1,(x),
so that my is indeed strictly positive and C! if V is strictly convex and C3, and w
and X then coincide.

Finally, we denote by m (resp., ) the minimum (resp., the maximum) of mg
on X so that, on X, we have

(2.8) O<m<myg=<m.
Asymptotics for P,[f , Z,’f . Our main results are stated in terms of mathematical
objects like the renormalized energy, which will take some space to define, but

we can already state some consequences in terms of a constant « related to the
minimum of the renormalized energy and defined below.

THEOREM 2.1. Let V satisfy (2.4)—(2.6). For any B > 0, there exists Cg > 0
such that limg_, o Cg =0 and

il

log Z,’? + >

< Cg,

1 1
2.9) lim sup _,3 (nl(uo) —3 logn + a>

n—-+oo 1

where « is defined in (2.25). More generally, if

A, = {(m,---,xn) eC" |wy(x1, ..., x,) — (nzl(uo) - glogn) Zn(a+n)},
then we have

1
(2.10) limsup — log P?(A,) < —g(’? —Cp).
n

n—+00

As noted above, estimate (2.9) improves on known expansions for log Z,’? (ex-
cept for some special cases) in the following way: in addition to the leading term

n?1 (uo) we have a term gn logn which comes from a scaling argument, and then

the term gom with the constant « precisely characterized below. The error term in

the expansion is small compared to n8 in the limit of large n and 8. Thus, (2.9) may
be seen as a low-temperature asymptotic expansion of the partition function, even
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though it also provides information at finite temperature, namely that fixing 8 > 0,
as n — +o00 we have

1
log Zﬁ = —g(nzl(uo) — Enlogn) + O(n).

When g = +4oc the result should be read as the following next order asymptotic
expansion of the minimum of the Coulomb gas energy:

min w, = n21(/L0) — %nlogn +an + o(n).

We now define the mathematical objects which will allow us to define « and
state the results from which Theorem 2.1 will follow.

Definition of P, and existence of its limit. We choose some p € [1,2) once
and for all, and construct, from a given n-tuple (x1,...,x,) € C", a probability
measure P, on X := X X sz)c (RZ, R?), as follows.

First, we let

1 n
(2.11) Mn=_28xi, H, =UW"H0,
i3

where U* is defined in (2.1). Note that, by elliptic regularity, H,, belongs to
WoP (R?) since p € [1,2).

As already mentioned, a crucial point in our work is that we use blown-up co-
ordinates at the scale 1/,/n. We denote these by a prime, so that x’ = \/nx. We
then let m()(x/ ) = mo(x) where mqg(x) is as in (2.5), and define rescaled versions
of the measures w, and g, which are no longer probability measures, but rather,
positive measures of mass n, by letting

n
(2.12) Hy =D 8¢,  mo=mp(x)dx".
i=1

Finally, we define the (electric) field in blown-up coordinates associated to
(x1,...,x,) to be

x/
(2.13) E,(x") = —ﬁVHn<ﬁ>,
so that E, € LfZ)C(RZ, RR?) for p €1[1,2) and E,, is the only solution tending to 0 at
infinity of
(2.14) div E, =27 (), — 1g), curl E, = 0.

The probability measure P,, which plays the main role in our results is the
push-forward of the normalized Lebesgue measure on X by the map x — (x,
E,(x' +-)). Alternatively, we write it as

(2.15) P, = ][E 8 (x, Ey(y/x+)) 4%
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where {, will denote the integral average over A. P, is a probability measure
on X :=X% x L? (R2,R?) [couples of (blow-up centers, blown-up electric field

loc
around this center)]. We emphasize that P, should not be confused with IP’Q . Each
realization or configuration (xy, ..., X;) gives rise in a deterministic fashion to its
own P,, which encodes all the blown-up profiles of associated electric fields. We
denote by i, this encoding mapping (or embedding):
i: C"—> P(X)
(2.16)
(X1, ..., X)) = Py,

where P(X) denotes the space of probability measures on X = ¥ x L{;C (R2,R?),
endowed with the topology of weak convergence.

Our first result states that if the law of (xy, ..., x,) is Pf (including the case
B = +00) then, as n — 400, the law of P, converges to a probability law on a
space which we define now.

DEFINITION 2.1. Let m be a nonnegative number and E be a vector field
in R?. We say E belongs to the admissible class A,, if

2.17) divE =2n(v —m), curl E =0,
where v has the form
(2.18) V= Z Sp for some discrete set A C ]Rz,
PEA
and if
v(BR) . .
(2.19) is bounded by a constant independent of R > 1.

| BR|

DEFINITION 2.2. We say P € P(X) is T)(x)-invariant if, for any C! function
L: ¥ — RZ, P is invariant under (x, E) — (x, E(A(x) + -)).

‘We have:

THEOREM 2.2 (First properties of the limiting object). Let V satisfy (2.4)—
(2.6). Assume that for each n, the n-tuple (x1, ..., X,) minimizes wy or, more gen-
erally, that for some C > 0 independent of n

wy (X1, ..., X,) §n21(,u0) — glogn + Chn.

Then, modulo a subsequence, the associated probability measures P, € P(X) con-
verge to P € P(X) such that:

o The first marginal of P is the normalized Lebesgue measure on X.
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e It holds for P-a.e. (x, E) that E € Ap(x).
o P is T)(x)-invariant.

On the other hand, if B > 0 is finite, then the law of P,—that is, the push-forward
of Pg by i,—converges weakly to a probability measure PP on P(P(X)), and PP-
almost every P satisfies the above properties.

The above result motivates the following definition.

DEFINITION 2.3. We say P € P(X) is admissible if the first marginal of P
is the normalized Lebesgue measure on X, if it holds for P-a.e. (x, E) that E €
Apo(xy and if P is T (y)-invariant.

REMARK 2.4. Let

n
Hox = D8 Ji(ri—x)

i=1

and define

=4 &, dx.
0n =1 84,

This is equivalent to letting O, be the push-forward of P, by the map (x, E)
% div E 4+ m{(y/nx + -)dx’, which is continuous for a suitable topology on the
target space.

Then Theorem 2.2 implies for any B > 0 the existence of a limiting point pro-
cess QF, that is, a probability on the limiting Q’s, which themselves encode all the
(x,v)’s.

Renormalized energy. We now wish to describe further the law PP of P. This
is done in terms of the renormalized energy W introduced in [42], which is a way
of computing the Coulomb interaction between an infinite number of point charges
in the plane with a uniform neutralizing background of density m, in other words
a jellium of density m. We point out that, to our knowledge, each of the analo-
gous Coulomb systems studied in the physics literature (e.g., [2, 43]) comprise a
finite number of point charges, and hence implicitly extend only to a bounded do-
main on which there is charge neutrality. Here, we do not assume any local charge
neutrality.

The point of the definition of W below—the main properties will be de-
scribed in Section 3.2—is that we would like to define W(VH) for H solving
—AH =27(3,8, —m) as limsupg_, %fBR |V H|?, however, these integrals
diverge because of the logarithmic divergence of H near each point. Instead, we
compute [ |VH |2 in a “renormalized” way or in “finite parts,” by cutting out holes
around each p and subtracting off the corresponding divergence, in the manner
of [12], from which the name “renormalized energy” is borrowed.
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We denote by B(x, R) or Bg(x) the ball centered at x with radius R and let
Br = B(0, R). In all the paper, when U is a measurable set, |U| will denote its
Lebesgue measure, and when U is a finite set, #U will denote its cardinal.

DEFINITION 2.5. Let m be a nonnegative number. For any continuous func-
tion x and any vector-field E in R? satisfying (2.17) where v has the form (2.18),
we let

/1
(220)  W(E, ) = lim (-/ XER +mlogy ¥ )((p)).
n—=>0\2 JR2\U,cn B(p.n) beh

To see that the limit  — 0 exists, it suffices to observe that in view of (2.17)-
(2.18), E is a gradient and near each p € A we may write E = Vlog| - —p| +
Vf(-) where f is C' by elliptic regularity. The existence of the limit follows
easily. It also follows that E belongs to L?OC for any g < 2.

In the sequel, Kz will denote the two-dimensional squares [— R, R]>. We also
use the notation g, for positive cutoff functions satisfying, for some constant C
independent of R,

IVxkgl =C, Supp(xkz) C Kr,
(2.21)
Xkp(x) =1 if d(x, K%)= 1.

DEFINITION 2.6. The renormalized energy W is defined, for E € A,,, by

(2.22) W (E) = lim sup 2L XKr)

R—o0 |K R|

with {x k. } & satisfying (2.21). If E ¢ A, forany m >0 then we let W(E) = +o0.

Finally, for any probability measure P € P(X) we let W(P) = 4o0 if P is not
admissible (see Definition 2.3) and, if P is admissible,

’

— Iz
(2.23) W(P) = 7/W(E)d}D(x,E).

We note that we have taken a slightly different definition from [42]: first, the
vector-fields in (2.17) have been rotated by /2, second A,, here corresponds to
Aozm in [42] and finally in [42] we presented the definition with averages over
general sets; here, we have chosen for simplicity to introduce it only with square
averages.

We may guess the minimal value of W (P) for an admissible P: It is easy to
check that if E belongs to A,,, m > 0, then E' = ﬁE(-/ﬂ) belongs to A; and

that

(2.24) W(E)=m (W(E’) — % logm>.
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In particular, we have

Ay :=min W = m(min W — T logm>.

Am Al 2
Therefore, if E € Ay,(x) then W(E) > ,y, and it follows that if E € A, () for
P-a.e. (x, E) and if the first marginal of P is the normalized Lebesgue measure
on X then, using the fact that, from (2.7), [y mo =1, we find

~ 1
W (P) 2][ Qg (x) dx = “_ —f mo(x)logmo(x)dx.
o T 2Js

We may now define the constant « which appeared in our results above:

I3l L 1
(2.25) o= oy Um(x) dX = — — = - mo(x)logmo(x)dx,

T 2
and « is in fact really the minimum of W. Note that o only depends on V, via the
integral term involving the density of the equilibrium measure, and on the (so far)
unknown constant o1, conjectured to be the value of W at the triangular lattice of
volume 1.
We may now give more information about the law PP of P. We begin with the
case 8 = 4-o0.

THEOREM 2.3 (Microscopic behavior of weighted Fekete sets). Let V satis-
fies (2.4)—(2.6). Assume that for each n, the n-tuple (xy, ..., x,) minimizes wy.
Then

1 n
nlgrolo ;(wn(xl, oo xn) — 2T (o) + ) logn) =a.
Moreover, the limit P of P, = i,(x1,...,x,) is such that for P-almost every
(x, E), E minimizes W over Ay (x)-

This is an averaged statement about the microscopic behavior of minimizers.
In informal terms, it says that when blowing up around a point chosen uniformly
at random in X, the configurations converge to minimizers of W almost surely.
This result is improved in [36], where it is shown that this in fact holds in some
suitable sense when blowing up around any point in ¥, and, as in [6], that the
number of points in any ball which is large at the microscopic scale coincides with
the corresponding mass of the equilibrium measure.

The two theorems above are of course closely linked. They both follow from
the stronger statement (Theorem 4.1 below) that

1 ) n
o wp(x1, ..., x,) — 0T (o) + Elogn>
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Gamma-converges to W, whose minimum over admissible P’s is «. This theorem
is the analogue of the main result of [42] but for w, rather than the Ginzburg—
Landau energy. It is technically simpler to prove, except for the possibility of a
nonconstant weight mo(x) which was absent from [42].

We now turn to the case of finite 8. Assuming the law of (xi,...,x;) is
]P’ﬁ , then by Theorem 2.2 the law of i,(x1,...,x,) converges to PP and we
have:

THEOREM 2.4.  For any B > 0, there exists Cg > 0 such that limg_, 1o Cg =
0 and, for PA -almost every P, it holds that

W(P) <a+Cg.

This statement says that P, which is a random object if g is finite, might not
be a minimizer of W with probability one, but the value of W (P) is bounded by
a value which depends on 8 and tends to the minimal value « as 8 — 400, that
is, when the temperature tends to 0, which agrees with the § = 400 statement
of Theorem 4.1. This will follow from a more precise large-deviation type result
(Theorem 5.2 below).

REMARK 2.7. One could wonder whether the error Cg does indeed ex-
ist or if a more clever proof would show that Cg = 0, which would in some
sense show that P is after all a deterministic object. In fact we do not ex-
pect that, at nonzero temperature, P is concentrated with probability one on
minimizers of W: Indeed numerical simulations of the Ginibre ensemble® cor-
responding to f = 2 show patterns of points with a certain microscopic dis-
order, which are certainly not crystalline. This is probably explained by the
fact that at finite temperature, and at this scale, an entropy term should come
into the computation of the law of P and compete with the minimization
of W.

The rest of the paper is organized as follows: Section 3 contains the proof of
the splitting formula which relates w,, and W, and properties of W. Section 4 con-
tains the proof of the main Gamma-convergence statement (Theorem 4.1), less the
recovery sequence construction which is the object of Section 6. In Section 5, we
prove the large deviations statement Theorem 5.2 as well as Theorem 2.1, and
in Section 5.2 we deduce from Theorems 4.1 and 5.2 the theorems of this sec-
tion.

6Cf., for example, Benedek Valko’s webpage http://www.math.wisc.edu/~valko/courses/833/833.
html.
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3. Preliminary results.

3.1. The splitting formula. Set ¢ = UM0 + % — ¢ where ¢ is the constant
in (2.2) and (2.3). Thanks to our assumption (2.5), we have seen that the droplet X
and the coincidence set w coincide (up to sets of measure zero). It follows that ¢
satisfies

AL =5AVIp s,
(3.1) ¢ =0, quasi-everywhere in X,
¢ >0, quasi-everywhere in R? \ .

It also follows from [16], Lemma 5, that there exists a constant ¥ > 0 such that for
every x € R?,

(3.2) C(x) > ke dist(x, )2,

and such a rate is in fact optimal [16], Lemma 2. The quantities introduced so far,
o, X, ¢, only depend on V.

The connection between w, and W originates in the following (simple but cru-
cial) identity.

LEMMA 3.1. Forany n and any x1,...,xX, € R2, we have

1 ) n
;(wn(xl,...,xn)—n I(/Lo)—kilogn)
(3.3) 1 .
=—W(E,1 2 ),
— W(Ey, Ip2) + ;;(m

where W is defined as in (2.20), and E,, is defined in (2.13).

PROOF. Letp, =137 5, andlet, asin (2.11),
(3.4) Hy =U""" = =21 A (1 — po).

We note that since u, and o have same mass and compact support for any n we
have H,(x) = O(1/|x|) and VH,(x) = O(1/|x|?) as |x| = +o0.
We prove that, denoting by D the diagonal in R? x R?, we have

f “log |x — yld(ttn — o)) d(Gn — 10)(3)
(R2xR2)\ D

(3.5) )
= %W(HVH,,,, IRZ).

First, using Green’s formula, we have

n
/ |VHn|2:/ H,,VHn-T)—i—Z/ H,VH, v
Br\UJ_, B(xi.n) dBR i=1 OB

3.6)
+2r / Hyd(pen — o).
Br\U/_; B(xi.n)
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Here, and throughout the paper, v denotes the outer unit normal vector.

Let H (x) := H,(x) + %log |x — x;|. We have H' = —log*(u' — o), with
,ui =y — %&q, and near x;, H' is C!. Therefore, using (3.4) and the boundedness
of mg in L®, we have that, as n — 0

. 27 27
/ HnVHn'vz——zlogn—i-—H (x;) +o(1),
9B(xi,m) n n

while the integral on d Bg tends to 0 as R — +oo from the decay properties of H,,.
We thus obtain, as n — 0 and R — +00,

2 or .
IVH 2= ="logn+ == )" H'(x) 2 /R H,y dpto + o(1),
i=1

and, therefore, by the definition of W in (2.20),

/BR\Ui B(xi,n)

n
(3.7) WV Hy o) =7n Y H'(x;) —nnszn d .
i=1
Second, we note that

/ “loglxi — yld(un — 1o)(y) = H' (1),
R2\{x;}
and if x ¢ {x;} then
/ “loglx — vl d(n — p0)(y) = Ha(x).
R2\{x}
It follows that

[ =108l = 514Gt = 1)) d 14 = ) )

1 ;
- ;H () — /RZ H,(x) dpo(x).

which together with (3.7) proves (3.5).
On the other hand, we may rewrite w,, as

wnGar, o) =2 [ ~logle = yldpn () diua () + [V ()

and, splitting u, as wo + (U, — o) and using the fact that (uo ® wo)(D) =0, we
obtain

WXL, ... x) = n21 (o) + 20> / UM (x) d (y — 20) (x)
+n? f V() d (it — po)(x)

n® [ —toglx = y1dan = ko) (0) (i = o) ().
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Since U0 + % = c + ¢ and since u, and o have same mass 1, we have
20 [ U ()Gt = 100 + 0% [ V6 d Gt = p10) )

=2n2f§d(un —Mo)=2n2/§dun,

where we used the fact that { = 0 on the support of pg. Therefore, in view of (3.5)
we have found

1
(3.8)  wxi,...,xn) =n>I(10) +2n2/§d,un + ;W(nVHn,le).

But, changing variables, we find in view of (2.13) that

1 1
= nV H,|* = >
2 JRnUL, B 2 JRA\UL B/

and by adding mnlogn on both sides and letting n — O we deduce that
W (nVHy, 1g2) = W(E,, 1g2) — Fnlogn. Together with (3.8) this proves (3.3).
O

2
|En| ’

DEFINITION 3.2. Given a measure & of the form %Zi dy;» where (x1,...,
x,) € C", we define

1 n
(3.9) Fa(p) = — W (En, Ig2) +23 ¢ ().

i=I

If u is not a measure of this type, we let F,, (i) = —+o00.

Now the relation (3.3) can be rewritten, using the notation (2.11),
n
(3.10) Wa (X1, ) =021 () = > logn + 1 Fy ().

This allows us to separate orders as announced since we will see that F, (u,) is
typically of order 1. We may next cancel out leading order terms and rewrite the
probability law (1.1) as
ﬂ 1
(3.11) dIP’n(xl,...,xn)z—ﬂ
K

n

e*n(ﬂ/z)Fn(,U«n) dxl . dxn’

where @, = % > 8y and
(3.12) KB := 7P B/ G10)~(n/Dlogn)

As we will see below log K ,’? is of order nB, which leads to Theorem 2.1.

We will also denote

~ 1
(3.13) Fo) = Fal) =20 [ £ = W(E, 150).
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Since ¢ > 0, the term in ¢ will not play any major role, other than act as an
effective potential which confines the points to X. In view of (3.3), the main task
in our proof is to pass to the limit » — oo in %W(En, 1p2) and obtain W as a
limiting energy. Passing to the limit in (2.14) will lead to a curl-free E such that
divE =2n(3_, 8, — cste) where the sum is now infinite. The passage to the limit
W is not obvious for several reasons. The first is the lack of local charge neutrality,
and the fact that the energy density associated to W (E,, 1p2) is not pointwise
bounded below. The second is the need of the “averaged formulation” alluded to
above; this will be provided by an abstract method relying on the ergodic theorem,
and inspired by Varadhan.

3.2. Further properties of the renormalized energy. We list here some proper-
ties of the energy W defined in Section 2. These are proven in [42].

First, we note that W was defined as a function of the electric field E satisfy-
ing (2.17) rather than of the measure v = }_ peA d,. The fields satisfying (2.17) for
a given v differ by the gradient of a harmonic function, but as it turns out, they
only differ by a constant if we consider only those fields for which W is finite.

LEMMA 3.3. Letm >0 and v = ZpeA 8p, where A C R2 is discrete, and
assume there exists E such that

3.14) divE =2n(v — m), curl E=0and W(E) < 4o0.
Then any other E’ satisfying (3.14) is such that E — E' is constant.
If there exists E such that (3.14) holds and such that

(3.15) lim E =0,

R—ooJKp

then any other E' satisfying (3.14) is such that W(E') > W (E).

PROOF. Let E, E’ be as above. We may view them as complex functions of a
complex variable. From (3.14), we have div(E — E’) = curl(E — E’) = 0, and thus
E — E' is holomorphic. We can write it as a power series ) .- a,z" with infinite
radius of convergence. On the other hand, from the finiteness of W (E) and W (E’)
we deduce from [45], Corollary 1.2 (see Lemma 3.9 below) that there exists C > 0
such that

(3.16) VR > 1 / |E — E'| <CR*?1log!? R
Br+1\Br

But by Cauchy’s formula, we have, forany R > 0and t € [R, R + 1]

1 (E-FE )(Z) R+1 (E—-E"z)
LB, Lt BB,
2im JaB(0,1) "t ~2n 3B(0,1) "
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It follows with (3.16) that

C
la,| < |E — E' |< R:‘s/zlogl/2

~ 2g Rl /B(O,R-H)\B(O,R)
Letting R — oo, we find that a, = 0 for any n > 1, and thus E — E’ is constant.
For the second statement, we deduce from the first statement that £’ = E 4 C for
some constant vector C # 0, and then

2

so that dividing by |Kg], passmg to the limit as R — 400 and in view of (3.15),
we find W(E') = W(E) + L|C|>. O

. |c|?
W(E', xkz) = W(E, XKR)+C‘/EXKR +—/XKR,

Note that given v, the above lemma shows that either for all E’s satisfying (3.14)
the limit limp_s oo fKR E exists, or it exists for none of them. Both cases may occur.
The following additional facts and remarks about W are mostly from [42]:

— In [42], we introduced W as being computed with averages over general shapes
(say balls, squares, etc.). We showed that the minimum of W over A, does not
depend on the shape used. Since squares are the most useful ones, we restricted
to them here for the sake of simplicity.

— It was shown in [42], Theorem 1, that the value of W does not depend on the
choice of {xx,}r as long as it satisfies (2.21).

— W is bounded below and admits a minimizer over Ay; cf. [42], Theorem 1.

— Because the number of points is in general infinite, the interaction over large
balls needs to be normalized by the volume, as in a thermodynamic limit. Thus,
W does not feel compact perturbations of the configuration of points. Even
though the interactions are long-range, this is not difficult to justify rigorously.

— In [26], some necessary and some sufficient conditions on the configuration of
points for which W (E) < oo are given.

— We may define W as a function of the point measure v only, by setting for every
v satisfying (2.18),

(3'17) W(V) o E such the}tn(g.ﬁ) holds W(E)’
and W(v) = +o0 if v is not of the form }_ ,c 5 8. This definition is somehow
“relaxed” since W(v) < W(E) for any E satisfying (2.17). The main point to
check is the measurability of W, which we will discuss below in Section 5.3.

— In the case m = 1 and when the set of points A is periodic with respect to some
lattice Zu + Zv, then it can be viewed as a set of n points ay, ..., a, over the
torus T 3y := R2/(Zﬁ + Zv) with |T; 3| = n. In this case, the infimum of
W (E) among E’s which satisfy (3.14) is achieved by E{,;; = —Vh, where h is
the periodic solution to —Ah =27 (}_; 64 — 1), and

(3.18)  W(Eq)

—aj)+m lin})(G(x) + log |x]),
l#l x—
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where G is the Green function of the torus with respect to its volume form, that
is, the solution to

—AG(x)=2m (80 — ) in T 3.
T @,
An explicit expression for G can be found via Fourier series and this leads to an
explicit expression for W of the form } ;. ; E(a; —a;) where E is an Eisenstein
series (for more details, see [42], Lemma 1.3 and also [13]). In this periodic
setting, the expression of W is thus much simpler than (2.22) and reduces to
the computation of a sum of explicit pairwise interaction.

— When the set of points A is itself exactly a lattice Zu + Zv then W can be
expressed explicitly through the Epstein Zeta function of the lattice. Moreover,
using results from number theory, it is proved in [42], Theorem 2, that the
unique minimizer of W over lattice configurations of fixed volume is the trian-
gular lattice. This supports the conjecture that the Abrikosov triangular lattice
is a global minimizer of W, with a slight abuse of language since W is here not
a function of the points, but of their associated “electric fields” Ey;).

This last fact allows us to think of W as a way of measuring the disorder and
lack of homogeneity of a configuration of points in the plane (this point of view is
pursued in [13] with explicit computations for random point processes). Another
way to see it is to view W as measuring the distance between } ¢ 5 3, and the con-

stant m in H~!, the dual space to the Sobolev space HO1 (with || f] H = IV flz2)

which only makes sense modulo the “renormalization” as n — 0 and modulo nor-
malizing by the volume.

3.3. Mass spreading and upper bound on Z,/? . The main technical problem
in dealing with the limit of the functional F}, is that it involves the renormalized
energy W which is the finite part of a divergent integral and thus corresponds to
an energy density which is not bounded from below. The following result—proved
in [42], Proposition 4.9 and Remark 4.10 (with slightly different notation)—allows
us to replace this finite part with the integral of a density bounded below by a
universal constant, which also implies a lower bound for F),.

For any set €2, Q denotes its 1-tubular neighborhood, that is, {x € R2,
dist(x, 2) < 1}.

PROPOSITION 3.4. Assume 2 C ]RAZ is open and (v, E) are such that v =
27 3 pe 8p for some finite subset A of 2 and div E =27 (v — a(x) dx), curl E =
0 in 2, where a € L®°(R2). Then, given any p > 0, there exists a measure g sup-
ported on Q2 and such that:

— there exists a family B, of disjoint closed balls covering Supp(v), with the sum
of the radii of the balls in B, intersecting with any ball of radius 1 bounded



2046 E. SANDIER AND S. SERFATY

by p, and such that
(3.19) g=—C(lal~+1) +1EP1as,  in <,
where C depends only on p.

1
(3.20) g= §|E|2 outside | ) B(p,A)
PEA

where )\ depends only on p.
— For any function x compactly supported in 2, we have

W(E, x) —/ng‘ < CN(log N + llall o)1V X lloos

where N =#{p € A: B(p, X)) N Supp(Vx) # O} for some A and C depending
only on p.
— Forany U C Q,

(3.22) #ANU) < C(1 + llallzU] + g@)).

(3.21)

Note that the result in [42] is not stated for any p but a careful inspection of the
proof there allows us to show that it can be readapted to make p arbitrarily small.
From now on, we fix some p < 1/8.

DEFINITION 3.5.  Assume (xi,...,x,) € C". Letting u,, = >7_, 8,/ be the
measure in blown-up coordinates (2.12), and E,, be defined by (2.13), we denote
by g, the result of applying the previous proposition to (u,,, E,) in R2.

Even though we will not use the following result in the sequel, we state it to
show how we can quickly derive a first upper bound on Z,"? from what precedes.

PROPOSITION 3.6. We have
(3.23) log K? < CnB +n(log|T| + o(1)),
where we recall ¥ = Supp(uo), and
G24) logzf =Lt uoy + T togn + Cnp 4 n(log 131 +0(1)

where o(1) — 0 as n — oo uniformly with respect to B > By, for any Bo > 0,
and C depends only on V.

The proof uses two lemmas.

LEMMA 3.7. Forany (x1,...,x,) € C", and letting u,, = %Zi 8y, we have
1 n
(3.25) Fatun) =~ [ dgn+23"c0x),
nw JR? i—1

where F, is as in (3.9) and g, is defined above.
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PROOF. This follows from (3.21) applied to xg,, where xg, is as in (2.21).
If R is large enough then, A being the constant of Proposition 3.4 and letting u, =
>i 8, wehave #{p € Supp(u;,): B(p, L) NSupp(V xk,) # &} = 0 and, therefore,
(3.21) reads

W (En, 1) = [ xq dn
Letting R — +oo yields W(E,, 1p2) = [ dg, and the result, in view of (3.9). [

LEMMA 3.8. For any constant y > 0 and uniformly w.r.t. B greater than any
arbitrary positive constant o, we have

Y 1/n
(3.26) lim (/ e—Vﬂ"Zi—ﬂ(Xf)dxl---dxn) =|Z|.

n—oo

PROOF. This is where we use assumption (2.6). We recall that ¢ = U*0 4 % —
¢, and note that since (o is a compactly supported probability measure U#0(x) =
— [log |x — y|dpo(y) behaves asymptotically like —log |x| when |x| — oo, more
precisely one can easily show that there exists C such that |U*0(x) 4+ log |x|]| < C
for |x| large enough. It thus follows that ¢ (x) > —log|x| + %(x) — C for |x| large
enough, and in view of (2.6), this implies that for some 3; > 0, f(c e Pl gy
converges.

Next, by separation of variables, we have

/ e VA EiL 8@ gy, = (/ e~ VPnE(x) dx>n_
n (C

On the other hand, we have ¢ > 0 and {¢ =0} = X by (3.1), hence we have
e VP 5 1+ pointwise, as fn — oo. In addition, if B > Bo > 0, for n large
enough depending on By, e VP74 is dominated by e #2¢™) which is integrable.
Therefore, by dominated convergence theorem, it follows that (3.26) holds uni-
formly w.r.t. 8 > o, for any fp > 0. U

PROOF OF PROPOSITION 3.6. From (3.20), we have g, > 0 outside
U; B(xi, }) and from (3.19) we have g, > —C (depending only on ||mg| > hence
on V)in |J; B(x;, 1). Inserting into (3.25), we deduce that

n
Fu(un) = —C+2) ¢ (x),
i=1
where C depends only on V. Inserting into (3.11) and integrating over C", we find
1< Lﬂecnﬂ e MBIz CCD gxy - dx,y,.

Ky cr
Inserting (3.26) and taking logarithms, it follows that

log Kf < CnB +n(log|Z| 4 o(1)).
The relation (3.24) follows using (3.12). [
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3'4; Control of E by W(E). In this section, we show, via tools from [42, 45],
how F,, or W control the discrepancy between w, and ug.

LEMMA 3.9. Let u, =)}, 8x; and E, be associated through (2.11), (2.13).
Let Br be any ball of radius R (not necessarily centered at 0). Assume x is a
smooth nonnegative function compactly supported in U. Then for any 1 < q < 2,
we have

/X EnllLew)
(3.27) < C, Uiz

s (W(En, x) + iy (@) (llx Nl + Vx| o) + N log N) 72,

where N =#{i €[1,n] |0 < x(x;) < %||X||L<>°} and |, = ?zl‘sx,f- Thus

(3.28) / |Enl? < C,(n + R?)™9202(B (1) + 1)1/

Br

and

C -
(329 s — ollw-14(pg) < 7"%(1 + RV (B ) + 1)1,

PROOF. The first item is a rewriting of [45] Corollary 1.2. We then choose x
such that x =1 on U := X' U (U, B(x], 2)) U Bgr and | x |lco> ||V)(||OQ <1,
compactly supported on U={x:dx U)<1}. Using the fact that U <Cn +
R?) where C only depends on X, from (3.27) we find

(330) VX EnlLaw) < Cqln+ RV (W(E,, x) +n)'".

Since u,, = 0 in the support of 1 — x, we have

1
W(Ep, 1 x) = 5/(1 —OIEP 0.

In particular, W(Ey,, x) < W(Ep, x) + W(Ey, 1 — x) = W(E,, 1R2). It then fol-
lows from (3.30) and the fact that F (un) = 1 W (Ey, 1g2) [cf. (3.13)] that (3.28)
holds.

By scaling, given a domain 2 and denoting Q' = \/n2 the rescaled domain, we
have in view of (2.13) that

f |E,lf =nq/2+1f IV H, 9,
Q/ Q

where H, = —2m A (n — o), while [ln — pollw-14(q) < CIIVHyllLa(o)-
Thus, (3.29) follows from (3.28). [
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4. Gamma-convergence. We start by stating, and proving, the Gamma-
convergence statement mentioned in the Introduction and which is an important
ingredient in the proof of the other results.

THEOREM 4.1 (Gamma convergence of F, to W). As above, let the poten-
tial 'V satisfy assumptions (2.4)—(2.6) and mq be the density of the equilibrium

measure [g. Fix fromnowon 1 < p <2andlet X =X x Lﬁ)C(RZ, R2).

A. Lower bound. Let u, = % f’=1 8y, be a sequence such that fn (up) <C.
Then P, defined by (2.15) is a probability measure on X and:

1. Any subsequence of { P, }, has a convergent subsequence converging to some
P eP(X)asn— oo.

2. P is admissible in the sense of Definition 2.3.

3. Defining o as in (2.25), it holds that

4.1) liminf F, (i,) > liminf F, (un) > W(P) > c.
n—oo n—oo

B. Recovery sequence. Conversely, assume P is admissible. Then there exists a
sequence {, = %Z;‘:l Oy, In With x; € ¥ and a sequence {E,}, in LﬁC(RZ, R2)
such that

divE, =2n (Z 8y — m6>
i

and such that, defining P, as in (2.15) with E, replacing E,, we have P,, — P as
n — oo and

4.2) limsup F, (in) < W(P).
n—o0
C. Consequences for minimizers. If (x1, ..., x,) minimizes w, for every n and

Un = ,ll Y7 8y, . then the limit P of P, as defined in (2.15) satisfies the following.

1. For P-almost every (x, E), E minimizes W over Ay (x)-
2. We have

n
Jim, Fuu) = Jlim Fue) = WP = Jim Y dise' (. ) =0,
1=

Note that part B of the theorem is only a partial converse to part A because the
constructed E, need not be curl free.

REMARK 4.1. Defining Q, as in Remark 2.4, we can also express this lim-
iting result in terms of the limit Q to Q,, which is the push-forward of P by
(x,E)—~ % div E + mg(x). The limiting energy for both the upper bound and the
lower bound is then

B/VV(\))a’Q(x, V).
b4
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Of course such a statement is a bit weaker than Theorem 4.1 since some infor-
mation is lost: namely we do not keep the information of which E corresponded
to v.

4.1. Abstract result via the ergodic theorem. In this section, we present the
ergodic framework introduced in [42] for obtaining “lower bounds for 2-scale en-
ergies” and inspired by Varadhan. We cannot directly use the result there because
it is written for a uniform “macroscopic environment,” which would correspond to
the case where m(x) is constant on its support (as in the circle law). To account
for the possibility of varying environment or weight at the macroscopic, we can
however adapt Theorem 3 of [42] and easily prove the following variant.

Let X denote a Polish metric space, when we speak of measurable functions
on X we will always mean Borel-measurable. We assume there is a d-parameter
group of transformations 6, acting continuously on X. More precisely, we require
that:

— Forallu e X and A, u € R, 0,.(Opu) = Oy pu, Bou =u.
— The map (X, u) — 6,u is continuous with respect to each variable (hence mea-
surable with respect to both).

Typically we think of X as a space of functions defined on R? and 6 as the
action of translations, that is, 6,u(x) = u(x 4+ A). Then we consider the follow-
ing d-parameter group of transformations 7, acting continuously on R? x X by
TS (x,u) = (x + e, Ohu). We also define T, (x, u) = (x, Opu).

For a probability measure P on R? x X, we say that P is translation-invariant
if it is invariant under the action 7', and we say it is 7} (y)-invariant if for every
function A(x) of class C!, it is invariant under the mapping (x, u) = (x, O x)u).
Note that T} (y)-invariant implies translation-invariant.

Let G denote a compact set in R? such that

G AG
4.3) G|>0, lim (GFEVAGI_
e—0 |G|

’

for every x € R%, where A denotes the symmetric difference of sets. We let { f}¢
and f be measurable nonnegative functions on G x X, and assume that for any
family {(xg, ug)}e such that

VR >0 lim sup Je (T (xg, ug)) drh < 400

s—0 VBg

the following hold.

1. (Coercivity). {(x¢, us)}s admits a convergent subsequence (note that {x.}.
subsequentially converges since G is compact).
2. (I-liminf). If {(x, u¢)}s converges to (x, u) then

liminf fe(xg, ue) > f(x,u).
e—0
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Then for the sake of generality, we consider an increasing family of bounded
open sets {Ugr}r~0 such that

0

A+Ur)AU
(4.4) (1) {Ug}rs>o is a Vitali family, (ii) lim |+ Ur) &l =
Ro>too |Ug]
for any X € R4, where Vitali means (see [35]) that the intersection of the closures
is {0}, that R +— |Ug]| is left continuous, and that [Uz — Ug| < C|Ug]|.
We have the following theorem.

THEOREM 4.2. Let G, X, {6y}, and { fc}e, [ be as above. For any u € X, let

Folu) = ][G fox, Ox jett) dx

and let ¢.(u) be the probability on G x X which is the image of the normalized
Lebesgue measure on G under the map x — (x, Oy /cu).

A. Assume that {u.}e, a family of elements of X, is such that {F¢(ug)}e is
bounded, and let P, = ¢.(u.). Then P, converges to a Borel probability mea-
sure P on G x X whose first marginal is the normalized Lebesgue measure on G,
which is Ty, x)-invariant, such that P-a.e. (x, u) is of the form limg_,o(x¢, Oy, /eUe)
and such that

4.5) limi(r)lng(ug)zjf(x,u)dP(x,u).
Moreover,
(4.6) /f(x,u)dP(x,u) :EP<REIEoo]€JR f(x,@w)d)»),

where EX denotes the expectation under the probability P.

B. Let P, be a probability on X such that limps_, 400 limg_ 0P ({Fe(u) >
M}) =0, then {¢p#P.}. is tight, that is, converges up to a subsequence to a prob-
ability measure on P(G x X).

The proof uses the following simple lemma, whose statement and proof can be
found in [42], Lemma 2.1.

LEMMA 4.2. Assume {P,}, are Borel probability measures on a Polish met-
ric space X and that for any § > 0 there exists {K,}, such that P,(K,)>1—§
for every n and such that if {x,}, satisfies for every n that x, € K, then any sub-
sequence of {x,}, admits a convergent subsequence (note that we do not assume
K, to be compact). Then P,, admits a subsequence which converges tightly, that is,
converges weakly to a probability measure P.

PROOF OF THEOREM 4.2. It follows the steps of [42], Section 2:
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1. P; is tight hence has a limit P. This follows from the coercivity property of
fe as in [42], Section 2, step 1 and uses Lemma 4.2.

2. P is T (y-invariant. Let ® be bounded and continuous, and let P, be the
push-forward of P by (x, u) — (x, 63 (x)u). Then from the definition of P;, P, P,
we have

f¢(x,u)dPA(x,u)=/d>(x,9x(x)u)dP(x,u)
= lin}) D(x, O (xyu)d Pe(x,u)
e—

= 811_r)n D(x, Ox feqan(x)tte) dx

0JG
. ][ O(( +e1)”' (). Oyyette)
e=0J+en(G) | det(I +eDA( +er) 1)

where the last equality follows by the change of variables y = (I + ¢A)(x). Using
the boundedness of ®, the C! character of A, the compactness of G and (4.3), we
may replace (I 4+ e€1)(G) by G and the denominator by 1 in the last integral and
we find, using the definition of P,

4.7 f@(x,u)dPA(x,u)ngr})/CID((I+8A)_1(x),u)dP8(x,u).

Since { P} is tight, for any § > 0 there exists K5 such that P;(K§) < & for every e.
Then by uniform continuity of & on Ks the map (x,u) — ®(({ + M) (), u)
converges uniformly on K to (x, u) — ®(x, u), and thus

lim / O((1 + 1)~ (), u) d Pa(x, u) = lim / O (x, u)d Py (x, ).
e—0JK; e—>0JKs
Since this is true for any é > 0, and using the boundedness of ®, we get

Eli_r)%/(b((l+8)~)71(x),u)dPs(x,u)zsli_r)r%)‘/‘@(x,u)dPg(x,u)

:/(D(x,u)dp(xvu),

by definition of P. Thus, in view of (4.7), we have P, = P and P is thus T) -
invariant.
3. liminf, 0 Fe(ue) > [ fdP. This follows from [42], Lemma 2.2, since

Fe(ug) = [fs dPs-
To conclude, as in [42], Section 2, the fact that P is T}, (y)-invariant (which implies

T).-invariant) and Wiener’s multiparametric ergodic theorem (see, e.g., [9]) implies
that

/f(x,u)dP(x,u):EP<Rlim ][ F(T(x,w) d2)

—>+00JU

=E”( I A).
<R$‘Eoo S d )
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We now turn to the proof of B. Let Ay . = {u € X, Fe(u) < M}. Then we have
PeHP, (d’e(A?w,e)) = Pe(Afvl,s) —0

as ¢ > 0 and M — oo. In view of Lemma 4.2 applied with K, = ¢.(Ap¢), in
order to prove the tightness of ¢ #P, it suffices to take M large enough and check
that if P. € ¢-(Apm.¢) then P, has a convergent subsequence. But this is a direct
application of what we have established in part A, since such a P; is the image by
¢, of a family u, for which F,(u.;) < M. Therefore, P is tight and ¢.#P, as well
by the lemma. [J

We now apply this abstract framework to our specific situation to obtain the
lower bound on F;,.

4.2. Proof of Theorem 4.1, part A. The proof follows essentially [42], Propo-
sition 4.1 and below. Let {u,}, and P, be as in the statement of Theorem 4.1.
We need to prove that any subsequence of {P,}, has a convergent subsequence
and that the limit P is a T)(y)-invariant probability measure such that P-almost
every (x, E) is such that E € A, (x) and (4.1) holds. Note that the fact that the
first marginal of P is dx|x /| X| follows from the fact that, by definition, this is true
of P,.

We thus take a subsequence of {1, } (which we do not relabel). We may assume
that it has a subsequence, denoted fi,, such that fn () < C, otherwise there is
nothing to prove. This implies in particular that [, is of the form % Yo 8y We
let E,, denote the current and gn the measures associated to ft,, as in Definition 3.5
and note that [ dg, = W(E,, 1g2). As usual, i, = ¥, 8 Jx; -

A first consequence of ﬁ,, (n) < C is that, in view of (3.29), we have

(4.8) Hn = [0,

in the weak sense of measures.

Step 1: We set up the framework of Section 4.1. 'We will use integers n instead
of ¢ to label sequences, and the correspondence will be ¢ = 1/,/n. We let G = T
and X = M, x Lﬁc(Rz, R2) x M, where p € (1,2), where M denotes the set
of positive Radon measures on R?> and M the set of those which are bounded
below by the constant —C (||mg||eo + 1) of Proposition 3.4, both equipped with the
topology of weak convergence.

For A € R? and abusing notation we let 6 denote both the translation x — x + A

and the action
(v, E, g) = (0:#v, E 0 6,, 0,#g).
Accordingly, the action 7" is defined for A € R? by

A
Tf(x, v, E,g)= (x + ﬁ,ek#v, Eo@k,ek#g).
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Then we let x be a smooth cut-off function with integral 1 and support in B(0, 1)
and define

f,(x,v,E,g)
4.9)

1 . , _
_ { ™ /]Rz x(Mdg(y),  if (v, E, 8) =0 s (it En. &n),

+00, otherwise.

Finally, we let in agreement with Section 4.1
(4.10) F,(v,E,g) =][):fn(x,0xﬁ(v, E,g))dx.

We have the following relation between F,, and E,, as n — +oo:

P , o
@.11) F,(v,E, g)is [5|E_|F"(“n)+0(1)v if (v, E. 8) = (3 En 8n)

=400, otherwise.

Indeed it is obvious from (4.9) that if (v, E,g) # (4, En, gn) then F,(v, E, g) =
+00. On the other hand, if (v, E, g) = ([L;, E,, g,), then from the definition of the
image measure 6, #g,,

1
7|2

1
Fn<v,E,g>=;][E/x(y—xﬁ)dgm)dx= fx*lz/dg'n-

Since x % 1s is bounded above by 1 and is equal to 1 on U := {x’:dist(x’, R \
¥’y > 1}, we deduce that

g2 TR =g, (U)  ga(RH)+ g, (U°)
2| B n|z|

_ wF(in) | 8, (U9

Iz n|Z|

7F,(v,E, g) <

(4.12)

Then we note that from (3.19)—(3.20) in Proposition 3.4 the measure g, is sup-
ported in the union of balls B(x’, C) for x” € Supp(,,), and bounded above by a
constant. Thus, g, (U¢) is bounded by a constant times the number of balls inter-
secting U, hence by C i, {x’:dist(x’, U¢) < C}. From (4.8), this is equal to

Cnpo{x:dist(x, d%) < C/y/n} 4+ o(n) < Cnl{x:dist(x, dX) < C/+/n}| + o(n)

since my is bounded. Using standard estimates on the volumes of tubular neighbor-
hoods, since 3% is C! by assumption (2.5), we conclude that this is o(n). Plugging
this into (4.12) proves (4.11).
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Step 2: We check the hypotheses in Section 4.1.  We must now check the I'-
liminf and coercivity properties of {f,},. The main point is again that F,, controls
Un — 1o by Lemma 3.9.

LEMMA 4.3. Assume that {(x, vy, Ep, gn)}n converges to (x,v, E, g). Then

1
lin}linffn(xn, Vi En, gn) > f(x, v, E, g) := —/ng-
T

PROOF. We may assume that the left-hand side is finite, in which case
f,(xn, vi, En, gn) = nl [ x dgy for every large enough n, from which the result
follows by passing to the limit. [J

LEMMA 4.4.  Assume that for any R > 0 we have

A
4.13) lim sup f, (xn + —, 6, (vy, E,, gn)> d\ < +o00.
n—4o00 J Bg \/ﬁ

Then a subsequence of {(x,, vy, En, gn)}n converges to some (x,v, E, g) € ¥ x X.

PROOF. Assume (4.13). Then the integrand there is bounded for a.e. A and
from the definition (4.9) we deduce that

0 (v, En, gn) = eﬁx,1+)» (ﬁ;p E,, gn)

and then that (v, En, 8n) = 6 sy, (U, En, 80). Thus, (4.13) gives, in view
of (4.9), that for every R > O there exists Cg > 0 such that for any n

/B fX(y - \/Exn —A)dgn(y)da :/X * IBR(\/ﬁxn) dgn < Cg.
R

This and the fact that g, is bounded below implies that g,(Bgr(y/nx,)) is
bounded independently of n and then, using (3.22), that the same is true of
@, (Br(s/nx,)). In other words, {v, =6 S L), }n is a locally bounded sequence
of (positive) measures hence converges weakly after taking a subsequence, and
the same is true of {g, =0 i &n}n- On the other hand {x,}, is a sequence in the
compact set X hence converges modulo a subsequence.

It remains to study the convergence of {£, = E, o eﬁxn+x}n- From (3.21)

in Proposition 3.4 and the local boundedness of {v,},, we get that W(En, X *
1g,( ix,)) = W(En, x * 1p;) is bounded independently of n for any R > 0

and then, using (3.27), that {E,}, is locally bounded in LY (R? R?), for any

loc

1 < p < 2 hence a subsequence locally weakly converges in Lﬁ)c (R?, R?). More-

over, curl E,, =0 and by the above div E;, is locally bounded in the sense of mea-
sures, hence weakly compact in ngcl P for p < 2. By elliptic regularity, it follows

that the convergence of E,, is strong in Lf;c (R?,R?). This concludes the proof of
coercivity. [J
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Step 3: Conclusion. From the previous steps, we may apply Theorem 4.2 in
this setting (choosing Ur = K g) and we deduce in view of (4.11) that, temporarily
denoting Q,, the push-forward of the normalized Lebesgue measure on X by the

map X = (x’ Gﬁx(ﬁ;p En, gn)), and Q = hmn Qn,

1 -~ -
lirr}linf_|Fn (in) = 1in}1iann (/1;» E,, gn)

b
z/(%/xdg>dQ(x,v, E.g)

:/ lim ][K / %X(y — ) dg(y)drdQ(x,v, E, g)

R—+o00

1
= i 1x,dg)dO(x,v, E, g).
/R—1>r—r|—loo<n|KR|/X* Kr g) Qx,v, E, g)

Now we use the fact that for Q-almost every (x, v, E, g):

(4.14)

(i) There exists a sequence {x,}, in X such that
(x,v, E, g) = lim(xn, 6 sy, (L7, Ens &n))-

(i) As aconsequence of the above ﬁ J x *1k, dg converges to a finite limit
as R — +o0.

The first point implies, since div E, = ji}, — m{, and curl E, = 0, that by passing
to the limit n — oo we have div E = v — mg(x) and curl £ = 0. The second point
implies in particular using (3.22) that v(Bg) < C R?, proving that (E, v) € Ao x)-

Moreover, the second point implies that for any C > 0 we have g(Kg+c \
Kr_c) =o0(R?) as R — +00, and thus from point (i) above

1
lim lim ﬁgﬂ (KR-i—C(\/ﬁxn)) \ (Kr—C(\/ﬁx")) =0.

R—+4oon—+00

Using (3.22), we deduce that

1
lim lim ﬁﬁ;(KR+C(\/ﬁxn))\(Kr—C(\/Exn)):O

R—+o00n—+00

and then from (3.21),

=0.

. : 1 = -
llm llm E‘W(En,x *1KR(\/EXH)) —/X *IKR(ﬁxn)dgn

R—+4o0on——+00
Thus, using [42], Lemma 4.8, we may take the limit n — oo and deduce

lim

R—+o0o R2

W(E,X*IKR)—/X *IKRdg‘ =0.
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Together with (4.14) this yields, by definition of W,

(4.15) 1iminfifn(;ln) > l/W(E)alQ(x,v,E,g)
no | X T
and, we recall, Q-a.e. (E,v) € Ay(x).
Now we let P, (resp., P) be the marginal of Q, (resp., Q) with respect to the
variables (x, E). Then the first marginal of P is the normalized Lebesgue measure
on X and P-a.e. we have E € A,,,(x), in particular

W(E)> min W = mo(x)(min w-2Z logmo(x)).
mey (x) Al 2

Integrating with respect to P and noting that since only x appears on the right-

hand side we may replace P by its first marginal there we find, in view of (2.25)

that the lower bound (4.1) holds.

4.3. Proof of Theorem 4.1, part B. In this section, we construct a set of explicit
configurations whose W is not too large, and show that their probability is not too
small, which will lead to a lower bound on Zf . This is the longest part of our
proof. The method is borrowed from [42] but requires various adjustments that we
shall detail in Section 6. We will need (2.5) in order to simplify the construction
and estimates near the boundary.

The following proves Theorem 4.1, part B and contains a bit more information
useful for proving Theorem 5.2 below.

PROPOSITION 4.5. Let P € P(X) be admissible. Then, for any n > 0, there
exists 8 > 0 and, for any n, a subset A, C C" such that |A,| > n!(w8%/n)" and for
every sequence {jL, = % "1 8yt with (y1, ..., yn) € Ay, the following hold:

(i) We have the upper bound

. 1 n —
@16) timsup = (1w, 1,0 30) =21 (o) + 5 logn ) < W(P)+ .

n—oo

(ii) There exists {E,}, in L} (R*,R?) such that divE, = 2m(u,, — mp),

loc

where ), =¥, 8y, and such that the image P, of dxiz/|1Z| by the map x
(x, En(\/nx +-)) is such that
4.17) limsupdist(P,, P) <7,

n—0o0
where dist is a distance which metrizes the topology of weak convergence on P(X).
Respectively, the image Q,, of dx|x/|Z| by the map x > (x, u,,(v/nx + -)) is
such that
(4.18) limsupdist(Q,,, Q) <1,

n—oo

where dist is a distance which metrizes the topology of weak convergence, and Q
is the push-forward of P by (x, E) +—> % div E + m{)(x).
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Applying the above proposition with n = 1/k, we get a subset A, x in which we
choose any n-tuple (y; x)1<i<n. This yields in turn a family {P, x} of probability
measures on X. A standard diagonal extraction argument then yields the following
corollary.

COROLLARY 4.6 (Theorem 4.1, part B). Let P € [P(X)_be admissible. Then
there exists a sequence {un = % "_10x;In and a sequence {E,}, in Lﬁ)c (R?, R?)
such that div E,, = 27 (;, — myy(x") dx') and

n—o0

1 _
4.19)  limsup — (wn(xl, co X)) — 02T (o) + glogn> <W(p).

Moreover, denoting P, the image of dx|s /|2 | by the map x +— (x, E,(/nx +-)),
we have P,, — P as n — +00.

Another consequence of Proposition 4.5 is recalling (2.25) and (3.12).

COROLLARY 4.7. For any B > 0, there exists Cg > 0 such that

B
K
L > —g(a+cﬁ).

1
(4.20) lim inf —2

n—400 n

PROOF. Choose Eg € A; such that W(Ep) = «; = min 4, W. Such an E( ex-
ists by [42], Theorem 1. Let P be the image of the normalized Lebesgue measure
on ¥ by the map x — (x, 0y,5(x) E0), Where

(4.21) omE(y) := /mE(/my).

Then by construction P-almost every (x, E) satisfies E € A,,,(x) and the first
marginal of P is dx|z /| Z].

Given 1 > 0, applying Proposition 4.5 and using the notation there, we have
|A,| > n!(Sz/n)”, and from (3.11) we have

1
(4.22) 1 2/ Fe—n(ﬂ/Z)Fn(an)dyl - dy,,
n n

where u, = % i—18y;. From (3.10) and (4.16), when (y1, ..., y,) € A, we have

~ 1
Falin) <+ W(P)=n+ — />: W (0 ) Eo) dx.

From (2.24), and since [y, mo = 1, we obtain

1 o 1
—/ W(omgx)Eo) dx = — — —/ mo(x)logmp(x)dx = «,
T Jxy T 2Js
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by definition (2.25). We deduce
Fu(pn) <o+ 1.
Together with (4.22), we find 1 > %’%le*”(ﬂ/ 2(n+@) Taking logarithms, we are led
to
log K? >logn! +nlogs® —nlogn — snf(n + a).
From Stirling’s formula, logn! > nlogn — Cn and we deduce that

_logK) _ B
liminf . 2—§(a+n)—Cn,

with C;, = —log 82 4 C. But, for any n > 0, if B is large enough the right-hand
side is greater than —g(a + 2n). This proves the corollary. [J

4.4. Proof of Theorem 4.1, completed. As mentioned above, part B of the the-
orem is a direct consequence of Proposition 4.5, see Corollary 4.6.

Part C follows from the comparison of parts A and B: for minimizers, the chains
of inequalities (4.1) and (4.2) are in fact equalities and W must be minimized hence
equal to . Also we must have lim,,_, o (F}; — fn)(un) =lim, 00 ) 1 C(x;) =0,
which in view of (3.2), implies that lim ¥, dist(x;, )? =0.

This completes the proof of Theorem 4.1.

5. Large deviations and proofs of the remaining results. We now turn to
Coulomb gases, that is, to the case with temperature. Our next result mostly ex-
presses Theorem 4.1 in a “moderate” deviations language. Before stating it, let us
recall for comparison the result of [10, 33].

THEOREM 5.1. Let B =2 and V(x) = |x|>. Denote by f”g the image of the
law (1.1) by the map (x1,...,X,) > WUn, where u, = % i—10x;. Then for any
subset A of the set of probability measures on R? (endowed with the topology of
weak convergence), we have

~ 1. ~ | ~
— inf 7(p) <liminf — logPf (A) < limsup — logPf (4) < — inf I(w),
,uez n—oo p n—oo N neA

where I =1 —min .

Our result is the following theorem.

THEOREM 5.2. Let V satisfy assumptions (2.4)—(2.6). For any B > 0, there
exists Cg > 0 such that limg_, 1 oo Cg = 0 and the following holds.
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Foranyn > 0 let A,, C C". Denote

(5.1) A= [ U in(An).

m>0n>m

where iy, is as in (2.16), and the topology is the weak convergence on P(X) [in
other words, A is the set of weak limits, up to subsequences, of P, € i,(A,)].
Then, a being as in (2.25),
logPR(Aw) _ B . =
2 1 — < f P)—a-— .
(5.2) imsup —=—" > (Pg&m W(P)—a—Cp)

n—oo

Conversely, let A C P(X) be a set of Ty (x)-invariant probability measures on X

and let A be the interior of A. Then there exists a sequence of subsets A, C X"
such that

B
~ logIP;, (A
(5.3) —é(inf W(P) —a+Cp) < liminf 0257 (An).
2 PeA n—ee n
and such that for any sequence {|L, = %Z?:l Oy, In Such that (xy,...,x,) € Ay

for every n there exists a sequence of fields E,, € Lf;c (R?, R?) such that divE, =
2 (), — ,u{)) and such that—defining P, as in (2.15) with E,, replacing E,—we
have

(5.4) lim P,, A.

Note that if P, was P,, then (5.4) would be equivalent to saying that
M Unsmin(An) C A. The difference between P, and P, is that the latter is
generated by a field E,, which is not necessarily a gradient.

Compared to Theorem 5.1, this result can be seen as a next order (speed n in-
stead of n?) deviations result, where W plays the role of a rate function, with a
margin which becomes small as 8 — co. While Theorem 5.1 said that empirical
measures at macroscopic scale converge to (g, except for a set of exponentially
decaying probability, Theorem 5.2 says that within the empirical measures which
do converge to (o, the ones with large w (computed after blow-up) also have ex-
ponentially decaying probability, but at the slower rate e™” instead of e More
precisely, there is a threshhold Cg such that configurations satisfying

W(P)>a+Cp

have exponentially small probability, where we recall « is also the minimal value
of W(P). Since we believe that W measures the disorder of a (limit) configura-
tion of (blown up) points in the plane, this means that most configurations have a
certain order. The threshhold, or gap, Cg tends to 0 as 8 tends to 0o, hence in this
limit, configurations have to be closer and closer to the minimum of the average of
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W, or have more and more order. Modulo the conjecture that the minimum of W is
achieved by the perfect “Abrikosov” triangular lattice, this constitutes a crystalliza-
tion result. Note that to solve this conjecture, it would suffice to evaluate «, which
in view of Theorem 2.1 is equivalent to being able to compute the asymptotics of

Zfasﬂ—>oo.

5.1. Proofs of Theorems 5.2 and 2.1. 'We start with the upper bound on log IP’,’? .

Let A, be a subset of C". We denote as usual pu, = - > 7_; x,. From (3.11), we
have
P (Ay) = K_ i e~ (/2 BnFn(un) dxiy - dxy,
hence
log Ps (A,) logKy 1 1/2)BnF,
(55) " = — . +;log . e_( /2)Bn n(ﬂn)dxl”_dxn.

We deduce, since Fy, (1n) = Fy, (1n) — 23, £(x;), that
log P/ (An) _ log Ky
n - n

n llog<e—(1/2)ﬂninmn Fn/ e BT gy dxn>.
n

n

(5.6)

Let u, such that F (un) <infy, F + 1/n. Then from (4 1) in Theorem 4.1 we
have, using the notation there, liminf,_, F (un) = W(P) where P = lim, P,
and P, =i,(x1,...,x,). Since P, €i,(A,), by definition we have P € A, since
by definition Aoo =50 Up=m in(Ay). We may thus write

. liminf F, > inf W(P).
(5.7) lim inf n(tn) > o W(P)

oo

Inserting into (5.6) we are led to

logPh(A) _ B . W(P)_logK/f
T 2 PeAw

n
(5.8)

1
+ —log</ e PPLitCD gy dx,,) +o(1)
n n

thus in view of Lemma 3.8 and (4.20), we have established (5.2). An fimmediate
corollary of (5.8), choosing A, to be the full space and using min W = « and
Lemma 3.8, is that

8
log K
o8 B 5—%“+1og|2|.

(5.9 lim sup

n—oo n
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We next turn to the lower bound. Fix n > 0. Given A, let P € A be such that

(5.10) W(P) < inf W(P)+ .
PeA 2

Since P € fi, if n is chosen small enough (which we assume) then B(P,2n) C A,
where the ball is for a distance metrizing weak convergence as in Proposition 4.5.

We then apply Proposition 4.5 to P and 1. We find 6 > 0 and for any » large
enough a set A, such that |A,| > n!(w8?/n)" and, rewriting (4.16) with (3.3),
(5.11) limsupsup F,, < W(P)—I—n.

n—oo A”

Moreover, for every (yi, ..., ) € A, and letting {u, = %((Sy1 +---+38y,)}n, there
exists {E,}, in L{ (R?, R?) such that div E,, = 27 (1), — 11{) and such that the

image P, of dx|x/|Z| by the map x > (x, E,(y/nx + -)) is such that
(5.12) lim supdist(P,, P) <.

n—0o0
In particular, (5.4) holds. Moreover, inserting (5.11) and (5.10) into (3.11), we find
that
logPE(A,)  logkf B~ 1 1
> — — — inf W(P) — =fn+ —log
PeA 2 n

+o(1).

Ay, ‘
Jn
On the other hand, using |A,| > n!(x8%/n)" and Stirling’s formula, we have

log|A,| > 2nlogé — Cn. Combining with (5.9), we find

log PJ/(An) _ ﬁ(

n n

liminf ——
n—oo n

e Cy
nf W(P)+n+—),
PeA 'B

with C,, = —2log § 4 C +log|X|. The right-hand side is greater than — g (inf;l W+

2n) if B is large enough. Since this is true for any n > 0, this proves (5.3).

Statement (2.9) of Theorem 2.1 immediately follows by combining (5.9), Corol-
lary 4.7 and (3.12). Statement (2.10) in Theorem 2.1 is a consequence of (2.9): Let
A, be the set of n-tuples (x, ..., x,) such that

n
W (X1, ..., x0) = 021 (110) — S logn +n(@+n).

From (3.11), we have
g 1 p
(5.13) P, (Ap) = —ﬁf exp| —n—F,(un) ) dxy--- dx,.
Kh /A 2

Now we use Lemma 3.7 and the fact that g,, > —C, where C is a universal con-
stant: we split A, as A, U A/, where A), denotes the n-tuples in A, for which
Y ¢(xi) > C(|Z|+ 1)/ and A] those for which }~; {(x;) < C(|Z|+ 1)/m.
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Using (3.25) and the fact that g, = 0 outside X’ |J; B(x/, 1), so that # [dgy, >
—C(|Z|4+1)/m, wehaveif (xi,...,x,) € A), that F,,(i,) > >_; {(x;). Then, using
Lemma 3.8, we deduce

: L oA (A - oo k8
limsup — loglP/(A)) < |Z| — limsup( —log K} ).
n n n n
Now if (x1,...,x,) € A}, and writing C' = C(|X| 4 1)/ we have
Fu(in) = Fa(pa) +)_¢0i) =C' za+n+) ¢(x) = C.
i i

Inserting into (5.13) and in view of Lemma 3.8, we find
1 1
limsup — logP? (A)) < —é(a +n)+C— limsup(— log K,’?)
n n 2 n n

where C is independent of 8 > 1. Combining the asymptotics for ]P’f (A)) and
Pf (A)) with (2.9), we deduce

1
limsup — logP?(A,) < —é(n +Cp),
n n 2
where limg_, 4 o Cg = 0. This proves (2.10).

5.2. Proofs of Theorems 2.2, 2.3, 2.4. The B = +o00 part of Theorem 2.2 is
clearly contained in Theorem 4.1. So is Theorem 2.3.

For the finite B case of Theorem 2.2, we apply the method of Theorem 4.2
part B: Let A, a7 = {(x1,..., %) | Fn(% Y"1 8x) < M}. In view of (5.6), Corol-

lary 4.7 and Lemma 3.8, if M is chosen large enough we have Pg (Ay, y) — Oas

n — oo. In view of Lemma 4.2, to prove the tightness of in#IP’f it thus suffices to
check that if P, €i,(A, m) then P, has a convergent subsequence. But this is the

case from Theorem 4.1, part Av Therefore, i n#Pg does indeed converge, modulo a
subsequence, to a certain law PP, _

It remains to prove Theorem 2.4, and the fact that P#-almost every P is admis-
sible. For this, we use Theorem 2.1 and let, for a given 8 > 0, A, be the set of
n-tuples (x1, ..., x,) such that

n
W (X1, ey xn) > 121 (o) — Elogn +n(a +2Cp),

and A, = i,(A,). Then from (2.10) we have in#]P’,’? (Ap) = ]P’,’f (Ay) > 0asn—
+00. Therefore, letting A = (1, U~ Afl, we have that P# (A) = 1. On the other
hand, if P € A then there exists a sequence P, € An such that P, — P, and
Py =in(x1,...,x,) where wy(x1, ..., x,) <n*I (o) — %logn + n(x +2Cp) by
definition of A,. Using Theorem 4.1, part A, we deduce that P is admissible, and
that W(P) < a +2Cg. This proves Theorem 2.4 and the fact that PPA-almost every
P is admissible.
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5.3. Definition of W. In this subsection, we briefly examine how to define the
renormalized energy as a function of the points only, via (3.17). We prove the
following.

LEMMA 5.1. The function W be defined by (3.17) is Borel-measurable on the
set of locally finite measures.

PROOF. First we show that there exists a measurable map v +— E,, where E,
satisfies (2.17). The set

A={E e A,, W(E) < oo}

is Borel measurable, since W is (as proven in [42], Theorem 1). We may par-
tition A into equivalence classes for the relation E ~ E’ if divE = divE’. In
view of Lemma 3.3, denoting by E* the equivalence class of E € A, we have
E*={E + C Ce RR?}. In particular, this implies that if U is an open set in A,
then U* = Uy E* is open too in A/ ~. By Effros’s theorem (cf., e.g., [46], The-
orem 5.4.3) there thus exists a Borel section B of A which contains exactly one
element of each equivalence class. The map E* — % div E 4+ m is then a Borel
measurable and injective map from B to {v € My :W(v) < co} where M is the
set of positive Radon measures on R2. By [17], Proposition 8.3.5, its inverse is also
Borel measurable and injective. This provides a measurable selection {:v > E
satisfying (2.17) on {v € M4 :W(v) < oo}. Since E* = {E + C,Ce R?} we may
write

W) = inf W(y )+ C).
CecR?

Using again the fact that W is Borel measurable and v — ¥ (v) 4 C, too, it follows
that W is measurable as claimed. [J

We may then without too much difficulty translate the results of Theorems 4.1,
5.2 with [W(v)d Q(x, v) instead of [ W(E)dP(x, E).

6. Proof of Proposition 4.5. The construction consists of the following. We
are given ¢ > 0, which is the error we can afford. First, we select a finite set of
vector fields Jp, ..., Jy (N will depend on ¢) which will represent the probability
P(x, E) with respect to its E dependence, and whose renormalized energies are
well controlled. Since P is T}, y)-invariant, we need it to be well approximated by
measures supported on the orbits of the J;’s under translations. Second, we work
in blown-up coordinates and split the region ¥’ (whose diameter is order /n)
into many rectangles K with centers xx and side-lengths of order R large enough.
Even though we choose R to be large, it will still be very small compared to the size
of X/, as n — 00, so that the Diracs at xg //n approximate P(x, E) with respect
to its x dependence. On each rectangle K , the weight my, is temporarily replaced by
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its average m . Then we split each rectangle K into ¢ identical rectangles, with
side-lengths of order 2R = R/q, where both R and g will be sufficiently large.
We then select the proportion of the rectangles that corresponds to the weight that
the orbit of each J; carries in the approximation of P. In these rectangles, we
paste a (translated) copy of J; at the scale mk and suitably modified near the
boundary according to a construction of [42] (Proposition 6.4 below) so that its
tangential component on the boundary is O (this can be done while inducing only
an error € on W). In the few rectangles that may remain unfilled, we paste a copy of
an arbitrary Jo whose renormalized energy is finite. We perform the construction
above provided we are far enough from dX’. The layer near the boundary must
be treated separately, and there again an arbitrary (translated and rescaled) current
can be pasted. Finally, we add a vector field to correct the discrepancy between
mg and m{) in each of the rectangles.

To complete the proof of Proposition 4.5, we collect all of the estimates on the
constructed vector field to show that its energy w, is bounded above in terms of
W and that the probability measures associated to the construction have remained
close to P.

6.1. Estimates on distances between probabilities. First, we choose distances
which metrize the topologies of LfZ)C(RZ, R?) and B(X), the set of finite Borel
measureson X = ¥ x L? (Rz, Rz). For Ey, E; € LY (Rz, Rz) we let

loc loc

o0

_x IE1— E2|lLr(B0.k
dp(E\, Ep) =) 27* o
o L+ IEL— ExllLeso.k)

and on X we use the sum of the Euclidean distance on ¥ and d),, which we de-
note dy. It is a distance on X. On B(X) we define a distance by choosing a se-
quence of bounded continuous functions {¢y}r which is dense in Cp(X) and we
let, for any w1, o € B(X),

o0

. Hok, m1 — p2)l
dg(ui, pa) =Y 27% ,
sk 12) ,; L+ [{ges 1 — p2)]

where we have used the notation (¢, u) = [ dpu.
We have the following general facts.

LEMMA 6.1. Forany & > 0, there exists no > 0 such that if P, Q € B(X) and
IP — QI < no, then dg(P, Q) < €. Here | P — Q|| denotes the total variation of
the signed measure P — Q, that is, the supremum of (¢, P — Q) over measurable
functions ¢ such that |¢| < 1.

In particular, if P =372, o8y, and Q = Y 72, B;Sy, with Y-, |a; — Bil < no,
then dg(P, Q) < ¢.
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LEMMA 6.2. Let K C X be compact. For any € > 0, there exists n; > 0 such
thatif x € K,y € X and dx(x, y) <n; then dg(3,,8y) <e.

LEMMA 6.3. Let 0 <& < 1. If u is a probability measure on a set A and
f.8&:A — X are measurable and such that dg(§f(x), 8g(x)) < € for every x € A,
then

ds(f*u, g"u) < Ce(|loge| + 1).

PROOF. Take any bounded continuous function ¢; defining the distance on
B(X). Then if dg(8 (x), 8¢(x)) < € for any x € X we have in particular

o (f () — (gDl _ ok
L+ 1ok (f () — (g —

It follows that
dp(f*p, g% ) < D27  min(e2%, 1)
k

o0

<e(flogyel+ 1)+ > 27 <Ce(lloge| +1).
k=[log, e]+1 O

6.2. Preliminary results. In what follows X' = \/n%, my(x) = mo(x//n):

We work in blown-up coordinates. We consider a probability measure P on ¥ x

Lio. P (R?,R?) which is as in the proposition. We let P be the probability measure
on ¥ x A; which is the image of P under (x, E) > (x, 01 /m(x) E), so that

(6.1) ﬁ:/ax ® 801y EAP X, E), P :fax ® 80y, E AP (x, E).

It is easy to check that since P is T} (y)-invariant, P is as well, and in particular it
is translation-invariant.

The construction is based on the following statement which is a rewriting of
Proposition 4.2 in [42] and the remark following it.

PROPOSITION 6.4 (Screening of an arbitrary vector field). Let Kg = [—R,
RV, let {xr}r satisfy (2.21).
Let G C A be such that there exists C > 0 such that for any E € G we have

K
(6.2) vR>1 EB o
|KR|
for the associated v’s, and
W(E,
(6.3) fim WEXR) oy

R—+oo  |KR]
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where the convergence is uniform w.rt. E € G.

Then for any & > O there exists Ry > 0, ny > 0 such that if R > Rg and L is a
rectangle centered at 0 whose side-lengths belong to [2R,2R(1 + n2)] and such
that |L| € N, then for every E € G there exists a Ej, € LfZ)C(RZ, R?) such that the
following hold:

(i) Epr =0in L¢,
(ii) There is a discrete subset A C L such that

diVEL:ZJT(Z 5p—1L).

peEA

In particular, E -V =0 on L, there is no singular part of the divergence on 9L,
and thus #A = |L]|.
(iii) Ifd(x, L) > R3/* then Er (x) = E(x).
(iv)
W(EL, 11)

6.4) T <W(E) +e.

We note that if E is such that div E = 271'(2], 8, — 1) and we have curl E =0
in a neighborhood of each p € A, then the definition (2.20) still makes sense, in
particular the limit exists. This is what is meant by W in (6.4), as well as in the rest
of the section.

The next lemma explains how to partition X into rectangles. The main point is
to cut X into stripes and then each stripe into rectangles in such a way that [ m
over each rectangle is a large integer.

LEMMA 6.5. There exists a constant Co > 0 such that, given any R > 1 and
q € N*, there exists for any n € N* a collection KC,, of closed rectangles in X" with
disjoint interiors, whose side-lengths are between R =2q R and R+ CoR/R?, and
which are such that

{xex:d(x,02) <R} c T\ | KC{xeX:d(x,0%) < CoR}
KeK,

and, for all K € K,

(6.5) / my € g°N.
K
PROOF. For each j € Z, we let

t (j+DR ,
mj(t)=/ / _ my(x,y)dydx.
=—00Jy=jR
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Then each strip {jR <y < (j + )R} is cut into rectangles [tij, tivy,j] X
[jR. (j + 1)R] where ty; = —co and

tiv1,j = min{t > tij +F:mj(t,~j) € q2N}.

Since by assumption (2.5), we have mé)(x) € [m, m] for any x € ¥/, it is not diffi-
cult to check that if such a rectangle is included in X’ then
2

tj +R<tip1;<tij+R+ q__
mR

and thus its side-lengths are between R and R + CR/R? since R/R*> = 4¢*/R. We
let K, be the set of rectangles of the form [#;;, 711, j] ¥ [iR, (j +1)R] which are
included in {x :d(x, dX’) > R}. From the above, it follows that these rectangles in
fact cover the set {x :d(x,dX’) > CR} for some C > 0 independent of R > 1, q.
By construction, each K € C;, is such that

/I<m6:mj(t(i+l),j)_mj(tij)equ- 0

The next lemma explains how to select a good subset of L{;C R2,R?).

LEMMA 6.6. Let P be a translation invariant measure on X such that P-a.e.
E € Ay and W(E) < 00. Then for any ¢ > 0, for any R, > 0, there exist subsets
H, C G, in L? (R2, R?) which are compact and such that:

loc

(i) no being given by Lemma 6.1 we have

(6.6) 16(2 x G¢) < min(ng, noe), [5(2 x Hf) < min(no, &).
(ii) For every E € H, there exists I'(E) C Kyg, such that

(6.7) IT(E)| <CR?n9 and A¢T(E)= 0,E € Ge.

(iii) The convergence in the definition of W (E) is uniform w.rt. (x, E) € G,
and, writing div E =2m (v — 1),

v(KR)

R2

(6.8) W(E) and are bounded uniformly w.rt. (x, E) € G, and R > 1.

(iv) We have

dg(P, P") < Ce(|loge| + 1)
(6.9) |

where P” =/ _— 5, ®38

gdudP(x, E).
SxH, mo(X)|KR,| J/moGx)K g, \I'(E)

Umo(X)QH
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Moreover, there exists a partition of H, into U,N:sl H; satisfying diam(Héf) < n3,
where n3 is such that

E € H, dy(E,E') <n3,m & [m,m), € VmKg, \T'(E)
(6.10)
- dg(sngME, aamGME/) <e¢;

and there exists for all i, J; € H! such that

(6.11) W(J;) <inf W +¢.
Hl

&

At this point, denoting Q the projection of P under E > % div E + 1, we may
always choose J; such that W (J;) < inf Hi W+ e.

PROOF OF LEMMA 6.6. Step 1: Choice of G,. Since L{ (R? R?) is Polish
we can always find a compact set G satisfying (6.6) and P(G¢) < no. Then from
Lemma 6.1, PLG, (the restriction of P to G.) satisfies dg(P, PLG;) < €.

From the translation invariance of P and for any A, we have p (2 x 0,Gg) >
1 — no and therefore dg(ﬁ, ﬁl_e)\Gg) < &. In view of (6.1), it follows that for any
% € R2 we have ||P — Py|| < no and then dg(P, P,) < &, where

P, =/;: 0.G Oy ®8"mo<x)5dﬁ(x’ D) :/2 G 8x ®59N”10(X)Edﬁ(x, E).
XOpGe xXGe
Then using Lemma 6.3 we deduce that if A C R? is any measurable set of positive
measure, then

dg(P, P') < Ce(|loge| + 1)
(6.12)

where P’ = /

][ 8x ® 80,0, E ANd P (x, E).
YxG.JA

Moreover, since P is Tj(x)-invariant, choosing x to be a smooth positive func-
tion with integral 1 supported in B(0, 1), the ergodic theorem (as in Section 4.1 or
see again [9]) ensures that for P-almost every (x, E) the limit

1
lim —— W(EMX4+), x(A+))dr
R Rl S VEG A xO)
exists. Then 1k, * x is a family of functions which satisfies (2.21) with respect to
the family of squares {Kg}r, and from the definition of the renormalized energy
relative to { K g} g we may rewrite the limit above as

1
1 E)= lim ——W(E,1 .
(6.13) W(E) = lim e WE. g )

By Egoroff’s theorem, we may choose the compact set G, above to be such that,
in addition to (6.12), the convergence in (6.13) is uniform on G,. In fact, since
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W(E) < 400 and limsupg v(KR)/R2 < +oo for P-a.e. (x, E), where divE =
2 (v — 1), we may choose G, such that (6.8) holds.

The arguments above show that the properties (6.12), (6.8) can be satisfied for
a compact set G, of measure arbitrarily close to 1. We choose G, such that (6.6)
holds.

The next difficulty we have to face is that 8, E need not belong to G, if E does.

Step 2: Choice of H,. For E € G, let I'(E) be the set of A’s in «/—KR such that
0, E ¢ G‘,3 Since, from (6.6) and the translation-invariance of P for any A € R?
we have P(E X 05 (G)°) < no, it follows from Fubini’s theorem that

/ IT(E)|dP(x, E) = /ﬂm P(Z x (6,G))dA < 4m R min(n3, noe).

Therefore, letting
(6.14) H.=|E € G.:|T(E)| <4mR2no},

we have that (6.6) holds.
Combining (6.6) and (6.14) with Lemma 6.1, we deduce from (6.12) that (6.9)
holds, where we have used the fact that 6, 0,, E = 0,,,0 ﬂXE to change the integra-

tion variable to = /mg(x)A in (6.12).
Step 3: Choice of Ji, ..., Jn,. We use the fact that G is relatively compact in
Ly P (R?,R?), Lemma 6.2, and the fact that (m, E) — o,, E is continuous to find
that there exists 14 > 0 such that for any m € [m, m] and any E € G, it holds that

(6.15) d,(E, EY<m = dg(Se,E,00,E) <E.
Moreover, from the continuity of (u, E) — 6, E, there exists n3 > 0 such that
E € G, dy(E, E') < n3,
(6.16)
pevmkKg, = dy(0.E,0.E") <na.

If E€ Heand u € K\I'(E), then 6, E € G, hence applying (6.15), we get (6.10).

Now we cover the relatively compact set H. by a finite number of balls
By, ..., By, of radius n3/2, derive from it a partition of H, by sets with diam-
eter less than 73, by letting HE1 = B; N H, and

HM' =B N H,\ (BiU---UB))

we then have
N¢ ‘ ‘
(6.17) H.=|JH,,  diam(H}) <n3,

where the union is disjoint. Then we may choose J; € Hgi such that (6.11) holds.
O
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6.3. Completing the construction. Step 1. Choice of R.. We apply Proposi-
tion 6.4 with G = G and \/m R, where m € [m, m]. The proposition yields 1, > 0,
R. > 1 such that for any E € G, and any m € [m, m] and any rectangle L centered
at 0 with side-lengths in [2/m R, 2/m R (1 +n2)], (6.4) is satisfied for some E,
with R replaced by /mR.. The reason for including /m is that we will need to
scale the construction to account for the varying weight mg(x).

Since our rectangles will be obtained from Lemma 6.5 and we wish to use the
approximation by E in them, we choose R, large enough so that if m € [m, m]
and L is a rectangle centered at zero with side-lengths in [2./mR;, 2/mR:(1 +
Co/R?)] then

Co Cq
R2 <n2, R2 < 1o,
. 3/4
K ik, -y © {%:d(x, L) > SmRI} CK g, (1)
where Cy is the constant in Lemma 6.5, C| > 1 is to be determined later, and 7 is

the constant in Lemma 6.1. .
If A € K g, (1—y, and since E = Ep if d(x,L) > ng/ , we deduce

from (6.18) that 6, E;, = 6, E in B(0, \/m Rg/ ), so that from the definition of d),
taking R, larger if necessary,

(6.18)

VEeG,,me[m,m],Ae K Re(1—=10)°
6.19) € VMR (1—n)

m
dp(GAUmEa OhomEL) < E,

where 1| comes from Lemma 6.2 applied on {0, E :m € [m, m], E € G.}, that is,
such that

me[m,m),E€Gy E €L,

(R?,R?) and
(6.20)
dp(E’ E/) <mnm ad dB(SUmEv SormE’) <é.

Step 2: Choice of q. and the rectangles. We choose an integer g, large enough
so that

(6.21) Ne Ne Wk (omJ;)
. — <o, — X max ondi) <é,
Crg2 =™ g2~ osisn, o
m<m=<m

where C1 > 1 is to be determined later. We apply Lemma 6.5 with R, ¢, and
N, to obtain for any n a collection /C,, of rectangles (we omit to mention the &
dependence) which cover most of ¥’, and we also apply Lemma 6.6. We rewrite
P” given by (6.9) as

=2 /;</ﬁ><HF mo(x)IKRg|

Kek,
(6.22)

% /Jmo(x)KR \['(E) O ® Sonyul A AP, ).
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Now we claim that if n is large enough and x € K/ /n, E € Hg, n € /mo(x)Kpg, \
I'(E), then

(6.23) dp(x ® San,O(X)QMEa ‘sxK ® ‘samKGﬂJ,-) < 2,

where x is the center of K /</n and m is the average of mg over K //m. Indeed,
since mg is C! we have |x —xg | < C//n, |mo(x) —my| < C//n thus if n is large
enough, since 0, E € G, we find

dp(6x ® 8(7m0(x)9uE’ SxK ® SamKQME) <é.
Moreover, since d,(E, J;) < n3, we deduce from (6.10) that
dg(8xx ® 65, 0,E: 6xg ® B, 0,0,) <E,

which together with the previous estimate proves (6.23).
Using (6.23) together with Lemmas 6.2, 6.1 and (6.7), we deduce from (6.9)
and (6.22) that dg(P, P"") < Ce(|loge| + 1), where

P = Spe ®8 dudP(x,E
Z /;(/ﬁXHéf/mKKRg « o i CI ( )

Kek,

1<i<N,
(6.24)

= Z pi,Kf 5x1< ®60’"K d,Uva

Kek, Vmg Kgg

1<i<N,
where

~/ K ;

(625) PDi, K = P «/_ﬁ X H8>

Step 3: Choice of subrectangles and vector field E,. We now replace p; k in the
definition (6.24) by

(6.26) qéIKE!’Ini'K where n; gk = [%Pi K:|.
We have, since P(f x LT (R?,R?)) =|K|/|Z],
6.27) %n,( 4e |’ |P( x L? (R, Rz)) 42
' MK =T NS e
and
Igﬁilnix —Dik| < C(qlzﬁ;’l + R,:2i|§’|>'
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Summing with respect to i and K, using the facts that 3~ g |K| < |X], (6.27),

and the fact that the cardinal of K, is 45%, we find
|KR,| ‘ <Ns 1
> < ik —Pik|<C —2+—4>~
1<i<N; Kek, 2] q: R
We may always choose Cy large enough in (6.18) and (6.21) so that the right-hand

side is < 1g. Then Lemma 6.1 implies that dg(P, P™®) < Ce(|loge| + 1) is still

true after replacing p; x by %ni, k 1n (6.24), that is, where

1 ni K
6.28 PW=_— L / 8y, @8 du.
( ) |X] K;cn mg J/mgKg, w o Ol CH
1<i<N,

Next, we divide each K € K, into a collection L of qu identical subrectangles
in the obvious way and we partition Lx into collections Lk ;, 0 <i < N, such
that if K > 1 then Lg ; contains n; ¢ subrectangles. This is clearly possible from
(6.27). If the inequality is strict we put the extra subrectangles in Lk o, there will
be ng,x of them and then

N
(6.29) Y ik =q;.
k=0
We rewrite (6.28) as
1 1
(630) PO=— S [ 5 @, 0 du
=] Kgcn mg J gk, ¢ K
1<i<N,
ZGL‘,K,,'

Now, for L € Lk, let L= «/mK(i — xj), where x; denotes the center of

L. From Lemma 6.5, a rectangle K € K, has side-lengths between 2¢. R, and
2g:R:(1 + Co/ Rgz). Therefore, L is a rectangle centered at zero with side-lengths
between 2,/mg R, and 2,/mg R (1 + CO/RE), and (6.19) holds.

This, and the results of Lemma 6.6, allow us to apply Proposition 6.4 on L to
any J;, 1 <i < N,. Note that |L| € N follows from the fact that

|L|—mK|i|—][ m/|K|— ! /m’
- - 0" 2 — o 0
k ar 4tk

and (6.5). In this way, we define currents J; ; which satisfy (6.4) and (6.19). We
claim that, as a consequence of the latter, we have

E'=JiponL

(631) — dB( BX[( ® ao-mKGuJi d,bL,

meRs
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mKlKR8| / 5)6]( ®8Gm](9;LE dﬂ)

< Cs.

This goes as follows: (i) using Lemma 6.1 and (6.7), (6.18), we find that integrating
on /mg Kq_,pr, \T'(J;) instead of \/mg Kg, and L induces an error of Ce. (ii)
From (6.19), and (6.20) applied to 6,,J; and 6, E" we have dB(SQMji, CSQME/) <e,
and thus in view of Lemma 6.3 we may replace 0,,J; by 6, E’ in the integral with
an error of Ce|loge| at most. (iii) Using (6.18), (6.7) and Lemma 6.1 again, we
may integrate back on \/mg Kg, and L rather than on K(_,,g, \ I'(J;), with an
additional error of Ce. This proves (6.31).

Combining (6.31) with (6.30) and dz(P, P™®) < Ce(|loge| + 1), using
Lemma 6.3 we find dg(P, P©) < Ce(l loge| + 1), where

5
p<>_|? » /5XK®5GmK9 j,dn
Kek,
1<i<N,
ZEE](,‘
(6.32)

® 36 dx,
W Kgc /Wm—K Prom St
1<i<N,

liEEKYi

Where the last equality follows by changing variables to A = u/\/m g, and where
Ji.1 denotes an arbitrarily chosen element of L10C (R2, R?) such that f, L =JiLon
L, the constant C being independent of this choice.
If we choose an arbitrary Jy in .4; and let the sum in (6.32) range over 0 <i <
N, instead of 1 <i < N, we obtain a measure P© guch that, by (6.21),

| N.IK]|
”P(S)_P(6)HS|E/| Z 82 = 10,

KelkC, qe

hence using Lemma 6.1 we have dg(P®, P®) < ¢ and then dg(P, P©®) <
Ce(lloge| + 1).

We now define the vector field Ei": R? — R? by letting E™(x) = oy Ji.1 (x —
xj)on L= xj +L//mg, forevery K € K,,0<i < N, and Le Lk ;. Then, for
every L € Lk ; we have E,i?m(xi + ) =0omgJi,L on Z, therefore, we may choose
f,-yL = O1/mg E,il“t(xi + -) in (6.32), and then we may summarize the above by
writing

dg(P, P®) < Ce(|loge| + 1),

(6)_? Z / 8)61{ ®89 Emtd)\,
| Kek,

(6.33)
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Note that since J; ;, = 0 outside L, we also have

int

EN'= 3" omgdiL(-—xj),
Kek,
1<i<N,
Z,EEK’,‘

divEM =21 Y (8, —mg),
Kek,
PEAK

(6.34)

where Ak is a finite subset of the interior of K. The second equation is satisfied
in the sense of distributions on RZ.

Step 4: Treating the boundary. Let ¥/ := X'\ Ukex, K. We let t € [0, £,/n]
denote arc length on 3 X’—where £ is the length of 3 ¥—and s denote the distance
to d%/, so that (¢, s) is a C! coordinate system on {x € X' :d(x, (£)¢) < c/n}, if
¢ > 0 is small enough, since the boundary of X is C 1 by (2.5). We let C; denote
the curvilinear rectangle of points with coordinates in [0, ] x [0, CR,], where
R: = q.R. and C is large enough so that ' C {x € £":d(x, dX’') < CR,}, and
define m(t) = [ s mg. Since the distance of Ugex, K to a given x € 9% is
between R, and CoR, from Lemma 6.5 and since m6 is bounded above and below
by (2.8), the derivative of ¢ > m(t) is between R./C and CR, for some C > 0
large enough.

We let

(6.35) ke = [gﬁ}

&

and choose 0 =1y, ..., f, = £./n to be such that
l
m(ty) = [k—m(ﬂﬁ)].
t)

We note that indeed 7, = £4/n: Since the integral of m(, on each square K € K,
is an integer as well as the integral on X', we have [s m( € N and, therefore,

m(€/n) € N.

From the above remark about the derivative of r — m(r), we deduce that miem

n
belongs to the interval [R:/C,CR,] for_some C > 0 and then it is easy to deduce
that if 4/n is large enough compared to R, then

np:=m(t41) —m(t) € [R,/C,CR,], tiy1 — 1 € [Re/C, CRe].

This means that the side-lengths of the curvilinear rectangle C;,,, \ Cy, are compa-

rable to R, and that the number of points n; to put there in is of order Eg.
We may then include each of the sets K; := 3N (Cyyy \ Cy) inaball B; with
radius in [R, /C, CR,] and we may also choose a set of n; points A; which are at
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distance at least 1/C from each other and the complement of K;. Let E; = —VH,
where H solves —AH = 27T(Zp€Al dp—my)in Byand VH - v =0 on 9 B;, where

ny
1k
|K;|

Then we have div E; = 271(21,6/\1 8p —my) in By and E; - v =0 on dB; and we
claim that for any g > 1,

(6.36) W(E;, 1) < Cq, NEillLaB\k)) < Ce.q>

my =

where the constants do not depend on n, but do depend on & through R,. This is
proved by noting that these quantities are finite, and that a compactness argument
shows that the bound is uniform for any choice of points which are at distance at
least 1/C from each other and the complement of some K; C By, using, for in-
stance, the explicit formulas for W in [31]. Note that because the sets {K;} and the

rectangles {K'} are disjoint, have measure between R’ ./Cand C R and diameter
between R./C and CR,, we know that their overlap is bounded by a constant C
independent of ¢, n.

Step 5: Rectification of the weight. We rectify the weights m g, m;: For K € IC,
we let Hg solve —AHg = 2mn(my —mg) on K and VHg - v =0 on 3K.
Similarly we let H; solve —AH; = 2n(mylg, —m;), VH; - v = 0. By elliptic
regularity, we deduce for any g > 1 that |VHg| rak) (resp., IVH|racg)) is
bounded by Cy ¢llmy — mi Loy (resp., Cq¢llmy — myllLop)). Since myq is
C!, we have [Vmy| < C//n, therefore, ||my — mg||p~k) < CR.//n, while
llmg — my g, < C. We deduce that

C
(6.37) IVHk | La < \;’{ IVHillLe < Cq.e.
We let
(6.38) Ex =E) «
and
J— . ks
E,=EM+ Y —VHg+) —VH
Kek, i=1
(6.39) = Y Ex—VHg+ Z E;— VH,
Kek,
An=J Ak U Ar,
Kek

where E and V Hg are set to 0 outside K and similarly for E;, V H; outside By
Then div E,, =27 (3 ,ep, 6p — myg) in R2. This completes the construction of E,,.
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6.4. Estimating the energy. Step 1: Energy estimate. We have

W(Ek,1k) = Z W(UmKJi,L('_xL),i)-
0<i<N,
Z,EE[(,,‘

From (6.4) we find, letting L = | /mx (L — xj),using (6.29) and |L| = |K|/q§ that

W(Ek, 1k)= Y W(O'mKJi,L,li_xZ)
0<i<N;

I:Gﬁl(,,'
(6.40)

Ne¢
.
< |K|(Zl—’fW<am,(Ji>+cg>.

i=0 7¢

We estimate the integral of [E,|*> on R?\ Upea, B(p,n). From (6.39), this
integral involves on the one hand the square terms

ke
(6.41) S [ e -vaP+ ¥ [ 1Ec-VHP,
1=17(BDn Kek, 7 Kn

where Ky = K\ U e, B(p,n) and similarly for (B;);, and on the other hand the
rectangle terms

> f (Ex —VHg)-(Ex/ —=VHg)+ 3 4t 3+
K. K'ek, * KKy 1<l#i<ke Kek,
K#K’ 1<l<k,

We estimate the latter as follows: Since the rectangles in /C,, do not overlap, the
first sum is equal to zero. A nonzero rectangle term must involve some B;, and
moreover a given B; can only be present in a number of terms bounded indepen-
dently of n, ¢ because the overlap of the balls B; and the rectangles K is bounded.
Thus, from (6.35) we have at most C/n /R, nonzero rectangle terms. Moreover,
since the K;’s are disjoint, and disjoint from the K’s, in a rectangle term involving
B; N K the integral can be taken over B; \ K;, and in a term involving B; N B; it
can be taken over (B; N B; \ K;) U (B; N By \ K).

In any case, we use Holder’s inequality and the bound || E; — VH;| La(B)\k;) <
Ce 4 for some g > 2, which follows from (6.36), (6.37), together with the bound

I Er — VHl”Lq/(Bl)a IEx — VHK”Lq/(K) = Cs,q,

which follows from (6.40), (6.36) using Lemma 3.9, to conclude that each rectan-
gle term is bounded by C, and then that their sum is O (y/n), meaning a quantity
bounded by a constant depending on ¢ times /n.



2078 E. SANDIER AND S. SERFATY

The limit as #n — O of the terms in (6.41) is estimated as above by expanding
the squares and using Holder’s inequality with (6.37), (6.36), (6.40), together with
the bound (6.35) to show that

11%2<Z/ |E; — VH|> + Z/ |Ex — VHg |*> + n#A, logn)
n— l)r]

Kek,

< Y W(Ek. 1) + 0.

Kek,

In view of the bound O (4/n) for the rectangle terms and (6.40) we find using (6.29)
that

642)  WElp)< Y KK

KeK, €
0<i<N,

Step 2: We proceed to estimating W_(Fn, 1R2). We have, using (6.26), (6.25),
(6.21), then the fact that my, — mg < CR,/+/n on K, then (6.11) with (2.24), then
(6.11) and finally (6.1), that

>

i=1 5

W(omy Ji) + Cne + O(\/n).

|K|I’l,[{

W(UmKJz)
Ng -/ K )
<1 ZP(% x H;)meKJ» +IKle

(6.43) <|¥| Z / NG

(K //m)x H’

|z|2/ %

:|2/|/ W(E)dP(x,E)+|K|<£+C8).
(K //m)x H, N

Here, we have used the fact that W is bounded below by some (negative) constant,
a fact proved in [42] that we use below several times.
We proceed by estimating ng, g . From (6.26), we deduce that

Ng 2 / 2 /
q8|2|~(K ) q8|2|(|K| ~<K ))
; 1) > P|—xH:)> — — P|— x H, ,
2 (mx + D) 2 T PLE e ) = = (1 Jn e

i=1
and then it follows from (6. 29) that

215/
q:1%"| 5( K
nox =q: — E nig < Ne+ 7K| P<ﬁxH£C )

(K//n)x H’
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Summing over K € K,,, using the fact that

(6.44) ‘E/\UK‘ < Co/n
Kn

and then (6.21), (6.6), we find that

> @nO’KW(O‘mKJO) < C|2/|<IS(E x Hf) + L +s> < Cn(& +s).
P Vn Vn

Summing (6.43) with respect to K € K, and adding the above estimate we find,
in view of (6.44), (6.42) and (6.6) that

Ce
W(E)dP(x,E)+Cn (e + ﬁ)

Note that at this point if we had chosen J; such that W (J;) < inf Hi W+ ¢, we
obtain

(6.45)  W(Ep, 1g2) 5n|2|/)S

14
><Lloc

%—l—s).

Step 3: Energy bound for (x1,..., xy). From (6.45), the constructed fields {E,,}
and points {A,}, satisfy divE, = 277(ZpeA,, dp — m6) in R? with #A,, = n [cf.
item (iii) in Proposition 6.4] and

W(Fn, 1R2)
n

W(f,,,le)§n|E|/E “ W(v)dQ(x,v)+Cn(
XM+

(6.46) lim sup

n

< |E|/W(E)dP(x, E) + Ce.

Now let {x;}; = {p/+/n}pea, be the points in A, in the initial scale. The next
step is to show that we can project E, onto curl-free vectors and decrease its
energy. This is well known is we replace the renormalized energy with the square
of the L? norm, there is only a minor difference due to the fact that we take the
finite part. To see this, let H, be the unique solution of —AH, = div E, which
decays at infinity. Then E, = —VH) + \% f, for some function f,. But E,, =0
outside of X, by construction, while H, decays fast at infinity since div E, has
integral 0. Letting Uy = U yep,, B(p, 1), we first have

/ |vif,,—VH,;|2—/ \VH!
Br\Uj, Br\Uy

=-2 vif,,.VH,;Jr/ IV fl?
Br\Uj Br\Uj

> -2 vt f,-VH).
BR\U,]

Since E, € L{’OC for any ¢ < 2 and since f, € Wli)’cq (R?) for all g, the last term on
the right-hand side converges as  — 0 to the integral over Bg. Also integrating by
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parts, using the Jacobian structure and the decay of f,, and H,,, we have |, Br VEfy-
VH, — 0 as R — +o0. Therefore, letting n — 0 then R — 400 in the above
ylelds

W(E,, 1g2) — W(VH,, 1p2) > 0.

Since A, C ¥’ by construction, we have Y_; £(x;) = 0. Together with (6.46),
we deduce in view of (3.3) that

1
lim sup — <wn X1, ...,x5) — nzl(,uo) + E log n)
n—oo N 2

(6.47) 5
l |/W(E)dP(x E)+ Ce.

Step 4: Existence of A,. We claim that if »n is large enough and if E €
loc (R?, R?) is such that

(6.48) dp(E(Wnx + ), EM(Jnx +-)) < n1/2

forany x € X \ E for some set E satisfying | 2| < no|X|, then

(6.49) dg(][): Oy ®89ﬁxE dx,][zéx ®89ﬁXE’i1mdx> < Ce(|loge| +1).

[Resp., < ZL fW(w)dQ(x,v) + Ce.]

This would follow immediately from Lemmas 6.1, 6.2 and 6.3 if 6 i E,"f“ be-
longed to some compact set independent of x ¢ & and n. In our case, we note that
if x belongs to some L € Lk ;, where K € I, and 0 <i < N,, then

EM(x 4 ) =0pm  Jip(-+x —Xj).
Moreover, since J; € H, from (6.14) it follows that if x — x; ¢ I'(J;)//mk then
E :=0p Ji(-+x —xj) € G¢. If in addition, dist(x, dL) > noR;, then we deduce
from (6.19) that d, (E"(x +-), E") < n1/2 and d,(E(x +-), E') < n1. Then, from
Lemma 6.2, we deduce that dB(SELm(X_‘_‘), 8p) < e and dg(8g(x+.), 0g’) < € thus
dB((SE’i1nl(x+.), 8E(x+~)) < 2e.

In view of Lemma 6.3, we find

d6(|§13_|/2 éé ® 39 EdX, |21:| 2\é8x ®89ﬁinl"‘dx> < Ce(|loge| + 1),
where Z is the union of & and of the union with respect to 0 <i < N, K €
K, and L € Lg; of 7 + T U/ /mg), of n{x e L:dist(x,dL) < noR.)},
and of X\ U,Cn R It turns out that |E| < Cny if n is large enough, C being of

course independent of ¢, and thus using Lemma 6.1 we deduce (6.49). The claim
is proved.

To prove the existence of the set A,, we note that the vector fields J; used in
constructing £ ,i{“ depend on ¢ but are independent on n. Then they are truncated to
obtain J; ¢ where the side-lengths of L are in [R;/C, CR,], that is, in an interval
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independent of 7. It follows at once that there exists § > 0 such that the points in L
may be perturbed by an amount § so that for every i, K and L € Lk ; the perturbed

J}?Eﬂ is at a distance at most 11 /4 of J; g, for every n. Then in view of (6.44) and

(6.37) it follows that for n large enough the resulting EEert will satisfy (6.48) for x
far enough from 9 X', that is, outside a set of proportion relative to | X’| tending to
0 as n — 0o. We deduce that E,Efen satisfies (6.49), hence if n is large enough

dB(PEpert, P) < C8(|10g8| + 1)

The same reasoning implies that if we let {xy, ..., x,} be the points in A, in origi-
nal coordinates, then perturbing the points in A, by an amount § > 0 small enough,
that is, perturbing the x;’s by an amount §/+/n at most we obtain points y; such
that w, (y;) < w,(x;) 4+ ne. Since the ordering of the points is irrelevant, we let S,
denote the set of permutations of 1, ..., n and define

A, = {(yl, ...,yn)ZHO' €S, |xi —yo(,-)l <8}.

Then, given n > 0, from the previous discussion and choosing & > 0 small enough
we have for any n and any (y1, ..., ys) € A, that (4.16) is satisfied and the ex-
istence of E, such that divE, =27(}_; Syl_/ — m6) and such that the associated

{Py}n satisfies (4.17).
This completes the proof of Proposition 4.5.
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