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We aim to provide a Feynman—Kac type representation for Hamilton—
Jacobi-Bellman equation, in terms of forward backward stochastic differen-
tial equation (FBSDE) with a simulatable forward process. For this purpose,
we introduce a class of BSDE where the jumps component of the solution
is subject to a partial nonpositive constraint. Existence and approximation of
a unique minimal solution is proved by a penalization method under mild
assumptions. We then show how minimal solution to this BSDE class pro-
vides a new probabilistic representation for nonlinear integro-partial differen-
tial equations (IPDEs) of Hamilton—Jacobi—-Bellman (HJB) type, when con-
sidering a regime switching forward SDE in a Markovian framework, and
importantly we do not make any ellipticity condition. Moreover, we state a
dual formula of this BSDE minimal solution involving equivalent change of
probability measures. This gives in particular an original representation for
value functions of stochastic control problems including controlled diffusion
coefficient.

1. Introduction. The classical Feynman—Kac theorem states that the solution
to the linear parabolic partial differential equation (PDE) of second order:

2—;’ + b(x).Dyv + %tr(ooT(x)Dﬁv) +f(x)=0,  (,x)€[0,T) xR,

o(T,x)=g(x), xeR’

may be probabilistically represented under some general conditions as (see, e.g.,

[11]):
T
(1.1) v(t,x)=E[/t f(Xé”‘)ds+g(X§r’x)],

where X' is the solution to the stochastic differential equation (SDE) driven
by a d-dimensional Brownian motion W on a filtered probability space (€2, F,
(F)i, P):

dXs = b(Xs)ds + O-(Xs)dWs,
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starting from x € R? at t € [0, T]. By considering the process Y; = v(¢, X;),
and from It6’s formula (when v is smooth) or in general from martingale rep-
resentation theorem w.r.t. the Brownian motion W, the Feynman—Kac formula
(1.1) is formulated equivalently in terms of (linear) backward stochastic equa-
tion

T T
Y,=g<XT>+/ f(Xs)ds—/ Z,dW,,  1<T,
t t

with Z an adapted process, which is identified to: Z; = o T(X;) D, v(¢, X;) when v
is smooth.

Let us now consider the Hamilton—-Jacobi—-Bellman (HJB) equation in the
form:

av 1 2
—+ sup[b(x,a).va + —tr(coT(x,a)Dv) + f(x, a)]
0 acA 2

(1.2) =0, on [0, T) x RY,
v(T,x)=gx), x eRY,

where A is a subset of RY. It is well known (see, e.g., [23]) that such nonlinear
PDE is the dynamic programming equation associated to the stochastic control
problem with value function defined by

T
(1.3) v(t, x) 1= supE[/ f(Xé’x’“,as)ds+g(X;x*°‘)],
o t

where X% is the solution to the controlled diffusion
dX? =b(XY, a5)ds + o0 (XY, o) dWy,

starting from x at ¢, and given a predictable control process « valued in A.

Our main goal is to provide a probabilistic representation for the nonlinear HIB
equation using backward stochastic differential equations (BSDEs), namely the
so-called nonlinear Feynman—Kac formula, which involves a simulatable forward
process. One can then hope to use such representation for deriving a probabilistic
numerical scheme for the solution to HIB equation, hence the stochastic control
problem. Such issues have attracted a lot of interest and generated an important
literature over the recent years. Actually, there is a crucial distinction between the
case where the diffusion coefficient is controlled or not.

Consider first the case where o (x) does not depend on a € A, and assume that
oo T(x) is of full rank. Denoting by 6 (x, a) = o T(x)(coT(x)) " 'b(x, a) a solution
to o (x)0(x,a) = b(x, a), we notice that the HIB equation reduces into a semilin-
ear PDE:

0 1
ad + = tr(aaT(x)va) + F(x,07Dv) =0,

(1.4) o T3
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where F(x,z) =sup,calf(x,a) + 6(x,a).z] is the 0-Fenchel-Legendre trans-
form of f. In this case, we know from the seminal works by Pardoux and Peng
[18, 19], that the (viscosity) solution v to the semilinear PDE (1.4) is connected to
the BSDE

T T
(1.5) Y,:g(x(})+/ F(X?,Zs)ds—/ Z,dW,,  t<T,
t t

through the relation Y; = v (¢, X ?), with a forward diffusion process
dX?=o (X% dw;.

This probabilistic representation leads to a probabilistic numerical scheme for the
resolution to (1.4) by discretization and simulation of the BSDE (1.5); see [4].
Alternatively, when the function F(x, z) is of polynomial type on z, the semilinear
PDE (1.4) can be numerically solved by a forward Monte—Carlo scheme relying on
marked branching diffusion, as recently pointed out in [13]. Moreover, as showed
in [9], the solution to the BSDE (1.5) admits a dual representation in terms of
equivalent change of probability measures as

T
(1.6) Y; =esssupEPa [f f(X?,as) dS+g(X(7)")"/—"t:|7
o t

where for a control o, P* is the equivalent probability measure to [P under which
dX?=b(X?, a)ds + o (X2)aw?,

with W* a P*-Brownian motion by Girsanov’s theorem. In other words, the pro-
cess X© has the same dynamics under P* than the controlled process X¢ under P,
and the representation (1.6) can be viewed as a weak formulation (see [8]) of the
stochastic control problem (1.3) in the case of uncontrolled diffusion coefficient.

The general case with controlled diffusion coefficient o (x, a) associated to fully
nonlinear PDE is challenging and led to recent theoretical advances. Consider the
motivating example from uncertain volatility model in finance formulated here in
dimension 1 for simplicity of notation:

ng :OldeS,

where the control process « is valued in A = [a@,a] with 0 <a < a < oo, and
define the value function of the stochastic control problem

v(t,x) :=supE[g(X7")], (. x)€[0,T]xR.
o
The associated HIB equation takes the form

(1.7) 2—: +G(D) =0,  (1,x)€[0,T) xR, v(T,x) =g(x),x €R,
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where G(M) = % supaeA[azM] =a’M* —a’*M~.The unique (viscosity) solution
to (1.7) is represented in terms of the so-called G-Brownian motion B, and G-
expectation Eg, concepts introduced in [21]:

v(t,x) =Eg[g(x + Br—,)].

Moreover, G-expectation is closely related to second-order BSDE studied in [26],
namely the process Y; = v(¢, B;) satisfies a 2BSDE, which is formulated under
a nondominated family of singular probability measures given by the law of X¢
under P. This gives a nice theory and representation for nonlinear PDE, but it re-
quires a nondegeneracy assumption on the diffusion coefficient, and does not cover
general HJB equation (i.e., control both on drift and diffusion arising for instance
in portfolio optimization). On the other hand, it is not clear how to simulate G-
Brownian motion.

We provide here an alternative BSDE representation including general HIB
equation, formulated under a single probability measure (thus avoiding nondomi-
nated singular measures), and under which the forward process can be simulated.
The idea, used in [16] for quasi-variational inequalities arising in impulse control
problems, is the following. We introduce a Poisson random measure w4 (dt, da)
on R x A with finite intensity measure A4 (da) dt associated to the marked point
process (7;, &;)i, independent of W, and consider the pure jump process (I;); equal
to the mark ¢; valued in A between two jump times t; and 7;41. We next consider
the forward regime switching diffusion process

dX; =b(Xs, 1) ds + o (Xy, I) dWy,

and observe that the (uncontrolled) pair process (X, /) is Markov. Let us then
consider the BSDE with jumps w.r.t. the Brownian—Poisson filtration F = FW-#4

T T
V=e(Xn+ [ X 1ods— [ Zaw,
(] 8) t t
. ’ )
- [ [ v@iatas. da),
t JA

where ji4 is the compensated measure of 1 4. This linear BSDE is the Feynman—
Kac formula for the linear integro-partial differential equation (IPDE):

v

(1.9 o7

1 )
+b(x,a).Dv + 3 tr(coT(x, a)Div)

+/:4(v(t,x,a/) —v(t,x,a))ra(dd’) + f(x,a) =0,

(t,x,a)€[0,T) x R x A,
(1.10) (T, x,a)=g(x), (x,a) eR? x A,



FEYNMAN-KAC REPRESENTATION FOR HJB EQUATION 1827

through the relation: Y; = v(¢, X;, I;). Now, in order to pass from the above linear
IPDE with the additional auxiliary variable a € A to the nonlinear HJB PDE (1.2),
we constrain the jump component to the BSDE (1.8) to be nonpositive, that is,

(1.11) Ui(a) <0, Y(t,a).

Then, since U;(a) represents the jump of Y; = v(¢, X;, I;) induced by a jump of
the random measure u, that is of 7, and assuming that v is continuous, the con-
straint (1.11) means that U; (a) = v(t, X;,a) — v(t, X;, I;,-) <0 for all (¢, a). This
formally implies that v (¢, x) should not depend on a € A. Once we get the nonde-
pendence of v in a, equation (1.9) becomes a PDE on [0, T') x R? with a parameter
a € A. By taking the supremum over a € A in (1.9), we then obtain the nonlinear
HIJB equation (1.2).

Inspired by the above discussion, we now introduce the following general class
of BSDE with partially nonpositive jumps, which is a non-Markovian extension of
(1.8)—(1.11):

Y, = s+[ F(s,, Yy, Zy, Uy)ds + K7 — K,
(1.12)

/ ZydWs — / / Us(e)ia(ds, de), 0<t<T, as.
with
(1.13)  Us(e) <0, dP Q@ dt ® A(de) ae.on Q2 x [0, T] x A.

Here, 1 is a Poisson random measure on R x E with intensity measure A(de) dt,
A a subset of E, £ an Fr measurable random variable, and F a generator func-
tion. The solution to this BSDE is a quadruple (Y, Z, U, K) where, besides the
usual component (Y, Z, U), the fourth component K is a predictable nondecreas-
ing process, which makes the A-constraint (1.13) feasible. We thus look at the
minimal solution (Y, Z, U, K) in the sense that for any other solution (Y,Z,U,K)
to (1.12)—~(1.13), we must have Y < Y.

We use a penalization method for constructing an approximating sequence
(Y",z",U", K", of BSDEs with jumps, and prove that it converges to the min-
imal solution that we are looking for. The proof relies on comparison results, uni-
form estimates and monotonic convergence theorem for BSDEs with jumps. No-
tice that compared to [16], we do not assume that the intensity measure A of u is
finite on the whole set E, but only on the subset A on which the jump constraint
is imposed. Moreover in [16], the process I does not influence directly the coeffi-
cients of the process X, which is Markov in itself. In contrast, in this paper, we need
to enlarge the state variables by considering the additional state variable I, which
makes Markov the forward regime switching jump-diffusion process (X, /). Our
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main result is then to relate the minimal solution to the BSDE with A-nonpositive
jumps to a fully nonlinear IPDE of HJB type

0 1
v + sup[b(x, a).Dyv(t, x) + = tr(oca T (x, a) D2v(t, x))
at acA 2

+ _/;E\A[v(t,x + B(x,a,e)) —v(t, x)
— B(x,a,e).Dyv(t, x)|r(de)
+ f(x,a, v,aT(x,a)va)} =0,

on[0,T) x RY.

This equation clearly extends HIB equation (1.2) by incorporating integral terms,
and with a function f depending on v, D,v (actually, we may also allow f to de-
pend on integral terms). By the Markov property of the forward regime switching
jump-diffusion process, we easily see that the minimal solution to the BSDE with
A-nonpositive jumps is a deterministic function v of (¢, x, a). The main task is to
derive the key property that v does not actually depend on a, as a consequence of
the A-nonpositive constrained jumps. This issue is a novelty with respect to the
framework of [16] where there is a positive cost at each change of the regime 7,
while in the current paper, the cost is identically degenerate to zero. The proof re-
lies on sharp arguments from viscosity solutions, inf-convolution and semiconcave
approximation, as we do not know a priori any continuity results on v.

In the case where the generator function F or f does not depend on y, z, u,
which corresponds to the stochastic control framework, we provide a dual repre-
sentation of the minimal solution to the BSDE by means of a family of equiva-
lent change of probability measures in the spirit of (1.6). This gives in particular
an original representation for value functions of stochastic control problems, and
unifies the weak formulation for both uncontrolled and controlled diffusion coef-
ficient.

We conclude this introduction by pointing out that our results are stated without
any ellipticity assumption on the diffusion coefficient, and includes the case of
control affecting independently drift and diffusion, in contrast with the theory of
second-order BSDE. Moreover, our probabilistic BSDE representation leads to a
new numerical scheme for HIB equation, based on the simulation of the forward
process (X, I) and empirical regression methods, hence taking advantage of the
high dimensional properties of Monte—Carlo method. Convergence analysis for
the discrete time approximation of the BSDE with nonpositive jumps is studied
in [14], while numerous numerical tests illustrate the efficiency of the method in
[15].

The rest of the paper is organized as follows. In Section 2, we give a detailed for-
mulation of BSDE with partially nonpositive jumps. We develop the penalization
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approach for studying the existence and the approximation of a unique minimal
solution to our BSDE class, and give a dual representation of the minimal BSDE
solution in the stochastic control case. We show in Section 3 how the minimal
BSDE solution is related by means of viscosity solutions to the nonlinear IPDE of
HIJB type. Finally, we conclude in Section 4 by indicating extensions to our paper,
and discussing probabilistic numerical scheme for the resolution of HIB equations.

2. BSDE with partially nonpositive jumps.

2.1. Formulation and assumptions. Let (2, F,[P) be a complete probability
space on which are defined a d-dimensional Brownian motion W = (W;);>0, and
an independent integer valued Poisson random measure 1 on Ry x E, where E is
a Borelian subset of RY, endowed with its Borel o-field B(E). We assume that the
random measure u has the intensity measure A(de) dt for some o-finite measure
Aon (E, B(E)) satisfying

f (1 Alel*)A(de) < oc.
E

We set ji(dt,de) = u(dt,de) — A(de) dt, the compensated martingale measure
associated to , and denote by FF = (F;);>0 the completion of the natural filtration
generated by W and u.

We fix a finite time duration 7 < oo and we denote by P the o-algebra of F-
predictable subsets of 2 x [0, T']. Let us introduce some additional notations. We
denote by:

e S? the set of real-valued cadlag adapted processes ¥ = (Y;)o</<7 such that
1Y llg2 == (Elsupg<, <7 1Y:[*D!/* < 0.

e LP(0,T), p> 1, the set of real-valued adapted processes (¢;)o</<7 such that
E[fS ;|7 dt] < oo.

o LP(W), p > 1, the set of R9-valued P-measurable processes Z = (Z;)o<i<T
such that || Z||Lpw) := (E[fOT | Z:|P dt]DV/?P < 0.

e LP(f1), p> 1, the set of P ® B(E)-measurable maps U:Q x [0,T] x E - R
such that [|U |lpe) == (E[fOT(fE |U; (e)|*1(de))P2 dt])V/P < .

e L2()) is the set of B(E)-measurable maps u:E — R such that |uly2(,) =
([5 lu(e)*r(de))!/? < oo.

e K? the closed subset of S? consisting of nondecreasing processes K =
(K1)o<t<t with Ko =0.

We are then given three objects:

—

. A terminal condition &, which is an F7-measurable random variable.

2. A generator function F:Q x [0, T] x R x R x L2(A) > R, whichisa P ®
B®R) ® B(RY) ® B(L2(A))-measurable map.

3. A Borelian subset A of E such that A(A) < oo.
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We shall impose the following assumption on these objects:
(HO)

(1) The random variable £ and the generator function F' satisfy the square inte-
grability condition

2 T 2
E[¢| ]+EUO IF(£,0,0,0)| dt] < 0.

(i1) The generator function F satisfies the uniform Lipschitz condition: there ex-
ists a constant C g such that

[F(t,y,z,u) = F(t,y, 2, u')| < Crly = ¥'| + |z = 2| + |u = u/|25,),

forallt €[0,T],y,y €R, z,2 € R? and u, u’ € L2()).
(iii)) The generator function F satisfies the monotonicity condition

F(t,y,z,u) — F(t,y,z,u) fny(t,e,y,z,u,u/)(u(e)—u/(e))A(de),

forallt € [0,T],z€R?, y e Rand u, u’ € L2(A), where y : [0, T] x Q x E x
RxRY xL*(A) x L2(A) - Risa P ® B(E) ® B(R) @ BRY) @ BAL2(L)) ®
B(LZ(X))—measurable map satisfying: Ci(1 A |e]) < y(t,e,y,z,u,u’) <
C>(1 A le]), for all e € E, with two constants —1 < C; <0 < C».

Let us now introduce our class of backward stochastic differential equations
(BSDEs) with partially nonpositive jumps written in the form

T
Y, =& +/ F(s, Yy, Zs. Uy ds + K7 — K,
2.1) !

T T
—/ ZydW; —/ / Us(e)in(ds, de), 0<t<T, as.
t t E
with
(2.2) U;(e) <0, dP® dt ® A(de) ae.on 2 x[0,T] x A.

DEFINITION 2.1. A minimal solution to the BSDE with terminal data/gener-
ator (¢, F') and A-nonpositive jumps is a quadruple of processes (¥, Z, U, K) €
S2 x L2(W) x L2 () x K2 satisfying (2.1)—(2.2) such that for any other quadruple
(Y,Z,U,K)eS*x LA(W) x L2(j1) x K2 satisfying (2.1)—(2.2), we have

Y, <Y, 0<t<T, as.

REMARK 2.1. Notice that when it exists, there is a unique minimal solution.
Indeed, by definition, we clearly have uniqueness of the component Y. The unique-
ness of Z follows by identifying the Brownian parts and the finite variation parts,
and then the uniqueness of (U, K) is obtained by identifying the predictable parts
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and by recalling that the jumps of u are inaccessible. By misuse of language, we
say sometimes that Y [instead of the quadruple (Y, Z, U, K)] is the minimal solu-
tion to (2.1)—(2.2).

In order to ensure that the problem of getting a minimal solution is well posed,
we shall need to assume:

(H1) There exists a quadruple (Y,Z,K,U) € S? x LZ(W) X Lz(;l) x K2 sat-
isfying (2.1)—(2.2).

‘We shall see later in Lemma 3.1 how such a condition is satisfied in a Markovian
framework.

2.2. Existence and approximation by penalization. In this paragraph, we
prove the existence of a minimal solution to (2.1)-(2.2), based on approximation
via penalization. For each n € N, we introduce the penalized BSDE with jumps

T
y;l:g+/ F(s,Y", 2", U")ds + K" — K"
t
(2.3) r .
- [ zaw, - [ [ vi@iwsde,  0si=T.
t t E

where K" is the nondecreasing process in K? defined by
t
K" :n/ /[U:(e)]+,\(de)ds, 0<t<T.
0 JA

Here, [u]" = max(u, 0) denotes the positive part of u. Notice that this penalized
BSDE can be rewritten as

§+/ w(s, Y, Z, Ul ds—/ Z7 dW;

—/ [ vr@nds.de,  0<e=T,
t E

where the generator F), is defined by
Rty 0 = Ft.y.z0 +n [ [u@] ade),

forall (r, y, z, u) € [0, T] x R x R? x L?(1). Under (HO)(ii)—(iii) and since A(A) <
00, we see that F;, is Lipschitz continuous w.r.t. (y, z, u) for all n € N. Therefore,
we obtain from Lemma 2.4 in [27], that under (HO), BSDE (2.3) admits a unique
solution (Y”, Z", U™) € 8* x L2(W) x L2(ji) for any n € N.

LEMMA 2.1. Let Assumption (HO) hold. The sequence (Y"),, is nondecreas-
ing, that is, Y]' < Y forallt €10, T] and all n € N.
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PrROOF. Fixn € N, and observe that
Fn(taeayaz9u) 5 F;1+](tvevyyzau)’

for all (¢t,e,y,z,u) € [0,T] x E x R x RY x Lz(l). Under Assumption (HO),
we can apply the comparison Theorem 2.5 in [25], which shows that ¥;* <Y/ +
0<t<T,as. U

The next result shows that the sequence (Y""),, is upper-bounded by any solution
to the constrained BSDE.

LEMMA 2.2. Let Assumption (HO) hold. For any quadruple (Y, Z,U,K) €
S? x L2(W) x L2(jt) x K2 satisfying (2.1)—(2.2), we have

(2.4) Y'<Y,, 0<t<T,neN.

PROOF. Fix n € N, and consider a quadruple (}_’, Z, U, K) eS? x LZ(W) X
L?(ji) x K? solution to (2.1)~(2.2). Then, U clearly satisfies [j [4[Us(e)]T x
Mde)ds =0 for all + € [0, T], and so (}_’, Z, U, K) is a supersolution to the pe-
nalized BSDE (2.3), that is,

_ T o _ _
Yt=s+/ Fo(s, ¥y, Zy, Uy)ds + Ky — K,
t

T T 0
—/ zdes—/ /Us(e)ﬁ(ds,de), 0<i=<T.
t t E

By a slight adaptation of the comparison Theorem 2.5 in [25] under (HO), we
obtain the required inequality: Y;' <Y;,0<¢t<T. 0O

We now establish a priori uniform estimates on the sequence (Y", Z", U",
K™),.

LEMMA 2.3. Under (HO) and (H1), there exists some constant C depending
only on T and the monotonicity condition of F in (HO)(iii) such that

2 2 2 2
1Y 52 + 12" L2y + 10" (L2 + | K" (52

2 r 2 = 2
(2.5) §C<E|§| HEUO |F(t,0,0,0)] dr}HE[ sup |7 ])

0<t<T

Vn € N.

PROOF. In what follows, we shall denote by C > 0 a generic positive constant
depending only on 7', and the linear growth condition of F in (HO)(ii), which may
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vary from line to line. By applying 1t6’s formula to |Y}* |2

is continuous and AY/" = [, U/'(e)u({t}, de), we have

, and observing that K"

T
E|§|2=E|Y,”|2—2E/ YI'F(s, Yy, Z7, UY)ds
t
T T 5

—211-3/ Y;‘dKj,’JrEf | Z!|" ds

1t t

T n ne N2 un 2 R
+E : E{|Y57+Us (e)| _‘st| _2Ys7Us (e)}u(de,ds)

2 LS T 2
_E|y”| +E/ 17| ds+Ef /(U;’@} A(de) ds
t

T
—2IE/ Y'F(s, Y], Z},U}) ds—ZE/ Yy dK, 0<r<T.
t

From (HO)(iii) the inequality Y/" < Y; by Lemma 2.2 under (H1), and the inequal-
ity 2ab < a2 + ab? for any constant & > 0, we have

2 LR T 2
E|Y| +IE/ |Z7| ds—i—E/ /]Us”(e)] A(de)ds
t t E
T
<EIEP + CE [ [YI(F5,0,0,00+ Y7 4120 + |02 2 ds
1 _
+—E[ sup |YS|2]+aE\K;—K;’]2.
@ E5el0,T]
Using again the inequality ab < % + %, and (HO)(i), we get
1 r 1 r
E\Y[’|2+—E/ |zg|2ds+—E/ /[Uf(e)]zx(de)ds
2 i 2 Jt JE
oo, 1 T
n 2 2
2.6) §C1Ef Y2 ds + Elg] +§E/ |F(s5,0,0,0)ds
t 0
1 _
+ —]E[ sup |Y,|2] +oE|K? — K"
O “te[0,T]
Now, from the relation (2.3), we have

T
Kf =K =Y =&~ [ F(s.¥).2.02)ds

T T
+/ Z;’dWs—I—f /Us”(e);l(ds,de).
t t E
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Thus, there exists some positive constant C depending only on the linear growth

condition of F in (HO)(ii) such that
E|K7 — K|’

T
2.7) §C1(E|§|2+]Ef |F(s,0,0,0)[*ds + E|v"|?
0

T n|2 n|2 n2
+E [ (¥ + 257+ [0S |20y ds ), 0<t<T.
t

Hence, by choosing o > 0 s.t. Cjax < %, and plugging into (2.6), we get

3 a2 1 T ni2 1 T w12
“EJY| +ZIE/t 12| ds—i—Z]E/t /E|US (©)[2r(de) ds
T 2 5 2 1 r 2
§CE/ 7 [ ds + JEIE] +ZE/ |F(s,0,0,0)|*ds
t 0

1 _
+—IE[ sup |Ys|2], 0<t<T.
o 5e[0,T]

Thus application of Gronwall’s lemma to ¢ > E|Y*|? yields

2 L. T 2
sup E|Y/| —HE/ |Z7| dt—I-IE/ /|Ut”(e)| r(de) dt
0<t<T 0 0 JE

(2.8)

T -
§C<E|§|2+E/ [F(t,0,0,0)dr +E[ sup |Y,|2]>,
0 1€[0,T]

which gives the required uniform estimates (2.5) for (2", U™), and also (K"), by
(2.7). Finally, by writing from (2.3) that

T
supTIY,”|s|$|+/0 (. Y", 28, U")|dt + K

0<tr<
t
| [ vr@nas.ae),
0 JE

we obtain the required uniform estimate (2.5) for (Y"),, by the Burkholder-Davis—
Gundy inequality, linear growth condition in (HO)(ii), and the uniform estimates
for (Zz",U",K"),. O

+ sup

0<t<T

+ sup

0<t<T

t
f Z" aw,
0

We can now state the main result of this paragraph.

THEOREM 2.1. Under (HO) and (H1), there exists a unique minimal solution
(Y, Z,U,K) eS*x L2(W) x L2(f1) x K2 with K predictable, to (2.1)—~(2.2). Y is
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the increasing limit of (Y™"),, and also in L2(0,T), K, is the weak limit of (K[')n
inL2(Q, F, P) forall t € [0, T], and for any p €[1,2),

|z" - Z”LP(W) +[U" - U“Lp(,z) — 0,

as n goes to infinity.

PROOF. By the Lemmata 2.1 and 2.2, (Y"),, converges increasingly to some
adapted process Y, satisfying: ||Y|lgz2 < oo by the uniform estimate for (¥Y"),
in Lemma 2.3 and Fatou’s lemma. Moreover, by dominated convergence theo-
rem, the convergence of (Y"), to Y also holds in L2(0, T). Next, by the uni-
form estimates for (2", U", K"), in Lemma 2.3, we can apply the monotonic
convergence Theorem 3.1 in [10], which extends to the jump case the mono-
tonic convergence theorem of Peng [20] for BSDE. This provides the existence
of (Z,U) € L2 (W) x L2 (i), and K predictable, nondecreasing with E[ K %] < 00,
such that the sequence (Z", U", K"), converges in the sense of Theorem 2.1 to
(Z,U, K) satistying

T
Y, = € +/ F(s, Yy, Z,, Uy)ds + K7 — K,
t

T T
—/ zsdws—/ /Us(e)ﬂ(ds,de), 0<i=<T.
t t E

Thus, the process Y is the difference of a cadlag process and the nondecreasing
process K, and by Lemma 2.2 in [20], this implies that ¥ and K are also cadlag,
hence respectively in $? and K2. Moreover, from the strong convergence in L (jt)
of (U™), to U and since A(A) < oo, we have

T n + r +
]E/O /A[US ()] )»(de)ds—)E/O /A[Us(e)] rlde) ds,

as n goes to infinity. Since K7 = nfOT [4lU"(e)]"A(de)ds is bounded in
L2(R, Fr,P), this implies

T
+ _
E/O A[Us(e)] A(de)ds =0,

which means that the A-nonpositive constraint (2.2) is satisfied. Hence, (Y, Z,
K, U) is a solution to the constrained BSDE (2.1)-(2.2), and by Lemma 2.2, Y =
lim Y is the minimal solution. Finally, the uniqueness of the solution (Y, Z, U, K)
is given by Remark 2.1. [

2.3. Dual representation. In this subsection, we consider the case where the
generator function F (¢, w) does not depend on y, z, #. Our main goal is to provide
a dual representation of the minimal solution to the BSDE with A-nonpositive
jumps in terms of a family of equivalent probability measures.
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Let V be the set of P ® B(E)-measurable processes valued in (0, 00), and con-
sider for any v € V, the Doléans—Dade exponential local martingale

L’ :=8</0"/E(vs(e) - l)ﬂ(ds,de)>t

(2.9) = exp(/(;t/Elnvs(e)u(ds,de) — /Ot/E(vs(e) —1)A(de) ds),

0<tr<T.

When L" is a true martingale, that is, E[L'.] = 1, it defines a probability measure
PV equivalent to P on (€2, Fr) with Radon—Nikodym density

dpv
dpP

and we denote by £V the expectation operator under P. Notice that W remains
a Brownian motion under P¥, and the effect of the probability measure P”, by
Girsanov’s theorem, is to change the compensator A(de)dt of pu under P to
v;(e)A(de) dt under P¥. We denote by 1V (dt, de) = u(dt, de) — vi(e)L(de) dt the
compensated martingale measure of © under P¥. We then introduce the subset V4
of V by

(2.10)

Fi

V4 ={v eV, valuedin [1, co) and essentially bounded :
vi(e)=1,e€c E\A,dP®dt @ A(de) ae.},

and the subset 1} as the elements of v € V4 essentially bounded by n + 1, for
neN.

LEMMA 2.4. For any v € V4, LY is a uniformly integrable martingale, and
L7 is square integrable.

PROOF. Several sufficient criteria for L" to be a uniformly integrable martin-
gale are known. We refer, for example, to the recent paper [24], which shows that

if
T
Sy = exp<f0 /E]v,(e) —1/*A(de) dt>

is integrable, then LV is uniformly integrable. By definition of V4, we see that for

UEVA,
v T 2
ST:exp(fo fA|vt(e)—1| k(de)dt),

which is essentially bounded since v is essentially bounded and A(A) < oo.

Moreover, from the explicit form (2.9) of LY, we have |L‘%|2 = L"T2 S7, and so
EILY 1> < (S}l O
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We can then associate to each v € V4 the probability measure PV through (2.10).
We first provide a dual representation of the penalized BSDEs in terms of such P”.
To this end, we need the following lemma.

LEMMA 2.5. Let ¢ € L2(W) and /S Lz(ﬁ,). Then for every v € Vy, the
processes [y dW; and [, [ Y:(e)i”(dt, de) are P¥-martingales.

PROOF. Fix ¢ € L2(W) and v € V4 and denote by M? the process Jo e dW;.

Since W remains a P'-Brownian motion, we know that M? is a P'-local mar-
tingale. From the Burkholder—Davis—Gundy and Cauchy—Schwarz inequalites, we

have
E* LS[%F’T]W ] = CELY(M2),] = CIE[L“T,/ /0 ' |¢t|2dr}
< C\/E[|L;|Z]‘/E[/OT b |2 dt} < 0,

since Ly is square integrable by Lemma 2.4, and ¢ € L?(W). This implies that
M? is PV-uniformly integrable, and hence a true P"-martingale. The proof for
Jo [ :(e)n” (dt, de) follows exactly the same lines and is therefore omitted. [

PROPOSITION 2.1. For all n € N, the solution to the penalized BSDE (2.3) is
explicitly represented as

T
@2.11) Y,”:esssup}E”[$+/ F(s)ds)f,], 0<t<T.
t

veVy
PROOF. Fix n € N. For any v € V', and by introducing the compensated mar-
tingale measure 1V (dt,de) = ji(dt,de) — (v;(e) — 1)A(de) dt under PV, we see
that the solution (Y”, Z", U™) to the BSDE (2.3) satisfies
T
Y'=¢& —}—/ |:F(s) + /A(n[Uf(e)]+ — (vs(e) — I)US"(e)))»(de)i| ds
t
T
(2.12) — f / (vs(e) — 1)U (e)A(de) ds
t E\A

T T
—/ ZdWy —f / Ul (e)ii’ (ds, de).
t t E

By the definition of V4, we have

fT/ (vs(e) — 1)U (e)A(de)ds =0,  0<t<T, as.
t JE\A
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By taking expectation in (2.12) under PV (~ P), we then get from Lemma 2.5

Y/ :E”[é—l—/tT(F(s)

(2.13)
+ /A m[U" ()] = (vs(e) — 1)U (e))k(de)) ds‘]-",]
Now, observe that for any v € Vﬁ, hence valued in [1, n + 1], we have
n[UM@)]" = (vie) = 1)U"(e) =0,  dP®dt ® A(de) ae.
which yields by (2.13)
(2.14) Y/ > esssupE [g + /T F(s)ds’}',].
vev! !
On the other hand, let us consider the process v* € 1} defined by
vi(€) =Leer\a + (Lu,e)<0 + (1 + 1)1y, (e)=0)Leea, 0<t<T,ecE.
By construction, we clearly have
n[UMe)]" = (i) —1)U"(@e) =0, VYO<t<T,ecA,

and thus for this choice of v =v™* in (2.13),
. T
Y" =B [g n f F(s) ds‘]—}].
t
Together with (2.14), this proves the required representation of Y”. [

REMARK 2.2. Arguments in the proof of Proposition 2.1 show that relation
(2.11) holds for general generator function F depending on (y, z, u), that is,

T

Y =esssupE’ [E —i—f F(s, Y Z7, Us”)ds‘]-"t},
veVy !

which is in this case an implicit relation for Y. Moreover, the essential supremum

in this dual representation is attained for some v*, which takes extreme values 1 or

n + 1 depending on the sign of U", that is, of bang-bang form.

Let us then focus on the limiting behavior of the above dual representation for
Y" when n goes to infinity.

THEOREM 2.2. Under (H1), the minimal solution to (2.1)—(2.2) is explicitly
represented as

T
(2.15) Y, = esssupE [s +f F(s)ds‘]-",:|, 0<t<T.
t

veVy
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PROOF. Let (Y, Z,U, K) be the minimal solution to (2.1)—(2.2). Let us de-
note by Y the process defined in the right-hand side of (2.15). Since Vi CVa,itis
clear from the representation (2.11) that ¥/" < Y,, for all n. Recalling from Theo-
rem 2.1 that Y is the pointwise limit of Y", we deduce that ¥; =1lim, o ¥/ < Y,
0<t<T.

Conversely, for any v € Vy, let us consider the compensated martingale mea-
sure iV (dt,de) = ji(dt,de) — (vi(e) — 1)A(de)dt under P¥, and observe that
(Y, Z, U, K) satisfies

T
Y, =g+/t |:F(s) —A(vs(e) - l)Us(e)k(de)} ds + Ky — K,
T
(2.16) _ /t /E \A(vs(e) — 1)U, (e)r(de) ds

[ zeaw— [ [ v as.dor

By the definition of v € V4, we have [, [z, 4 (v(e) — 1)Us(e)A(de) ds = 0. Thus,
by taking expectation in (2.16) under P¥ from Lemma 2.5, and recalling that K is
nondecreasing, we have

Y, > Ev[g + flT(F(s) ~ [ (o) - 1)Us(e),\(de)> ds‘]—",]

> E”[S +/IT F(s)ds‘]-}],

since v is valued in [1, 00), and U satisfies the nonpositive constraint (2.2). Since
v is arbitrary in V4, this proves the inequality Y; > Y;, and finally the required
relation Y =Y. [

3. Nonlinear IPDE and Feynman-Kac formula. In this section, we shall
show how minimal solutions to our BSDE class with partially nonpositive jumps
provides actually a new probabilistic representation (or the Feynman—Kac for-
mula) to fully nonlinear integro-partial differential equation (IPDE) of Hamilton—
Jacobi—Bellman (HJB) type, when dealing with a suitable Markovian framework.

3.1. The Markovian framework. We are given a compact set A of R?, and a
Borelian subset L C R/ \ {0}, equipped with respective Borel o-fields B(A) and
B(L). We assume that:

(HA) The interior set A of A is connex, and A = Adh(ﬁi), the closure of its
interior.

We consider the case where E = L U A and we may assume w.l.o.g. that LNA =
& by identifying A and L, respectively, with the sets A x {0} and {0} x L in
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R? x R!. We consider two independent Poisson random measures 9 and 7 defined
respectively on Ry x L and R x A. We suppose that ¢ and & have respective
intensity measures Ay (d€)dt and A, (da)dt where Ay and A, are two o-finite
measures with respective supports L and A, and satisfying

fL(1A|E|2),\ﬁ(dz)<oo and /Axn(da)<oo,

and we denote by 5(dt, det) =9(dt,dl)— A y(dl)dt and 7 (dt, da) = w(dt,da) —
Ax (da) dt the compensated martingale measures of ¢ and m, respectively. We also
assume that:

(Hax)

(i) The measure A, supports the whole set A: for any a € A and any open neigh-
borhood O of a in R? we have A, (O N A) > 0.
(i) The boundary of A: dA = A\ A, is negligible w.r.t. A, thatis, A5 (0A) =0.

In this context, by taking a random measure i on Ry x E in the form, u =
¥ + m, we notice that it remains a Poisson random measure with intensity measure
A(de) dt given by

fw(e))»(de)=/ sﬂ(ﬁ)kﬂ(dﬁ)nL/ @(a)rx (da),
E L A

for any measurable function ¢ from E to R, and we have the following identifica-
tions:

(3.1) LX) =L?(#) x L2(®),  L*) =L*(k) x L2(Ag),
where:

° L2(1§) is the set of P ® B(L)-measurable maps U :Q2 x [0, T] x L — R such

that
T 1/2
1Ullp25) = (EUO /L|Ut(2)yzxﬂ(de)dz]> < 00.

° Lz(ﬁ:) is the set of P ® B(A)-measurable maps R: Q2 x [0, T] x A — R such

that
T 12
IRllg2) = (E[ [ |Rz(a)}2kﬂ(da)dt]> <.

e L2(\y) is the set of B(L)-measurable maps u : L — R such that

1/2
uli2y) = (/L}u(z)}zxﬁ(dz)> < 0.
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o L2(),) is the set of B(A)-measurable maps r : A — R such that

1/2
|”|L2(x,,) = </A|r(a)|2)»ﬂ(da)) < 00.

Given some measurable functions b:R? x R? — R?, ¢ :RY x R? — R?*“ and
B:R? xR x L — R, we introduce the forward Markov regime-switching jump-
diffusion process (X, I) governed by

3.2) dXS:b(Xs,Is)ds—i-G(Xs,Is)dWs+/,B(Xsf,lyf,ﬁ)ﬁ(ds,dﬂ),
L

3.3) dI,= / (a—I;-)m(ds,da).
A

In other words, [ is the pure jump process valued in A associated to the Poisson
random measure 7, which changes the coefficients of jump-diffusion process X.
We make the usual assumptions on the forward jump-diffusion coefficients:

(HFC)
(i) There exists a constant C such that
|b(x,a) —b(x',d")|+|o(x,a) —o(x",a)| <C(|x —x'|+|a—d

forall x,x’ e R? and a, a’ € RY.
(i1) There exists a constant C such that

B(x,a, )] < C(1+|x])(1 Ale]),
|B(x,a,0) —B(x'.a', )] < C(lx —x'|+ |a —d'|)(1 A I£]),

forall x,x’ e R?, a,a’ € R? and ¢ € L.

).

REMARK 3.1. We do not make any ellipticity assumption on o. In particu-
lar, some lines and columns of ¢ may be equal to zero, and so there is no loss of
generality by considering that the dimension of X and W are equal. We can also
make the coefficients b, 0 and B depend on time with the following standard pro-
cedure: we introduce the time variable as a state component ®; = ¢, and consider
the forward Markov system:

dXs = b(Xy, Oy, 1) ds + o (Xy, Oy, 1) W, + / B(X,-. O, I, )P (ds. do).
L
dO; =ds,
dl, = / (a—I,-)n(ds,da),
A

which is of the form given above, but with an enlarged state (X, ®, I) (with de-
generate noise), and with the resulting assumptions on b(x, 0, a), o(x, 8, a) and
ﬂ('x7 97 a7 E)‘



1842 I. KHARROUBI AND H. PHAM

Under these conditions, existence and uniqueness of a solution (X §*x’“,
11, <s<7 to (3.2)=(3.3) starting from (x,a) € RY x RY at time s = ¢ € [0, T],
is well known, and we have the standard estimate: for all p > 2, there exists some
positive constant C), s.t.

(3.4) E[ sup X007+ (1097 ] < Cp(1+ %17 + |al?),

t<s<T

for all (7, x,a) € [0, T] x R? x RY.

In this Markovian framework, the terminal data and generator of our class of
BSDE are given by two continuous functions g: RY x R? — R and f:R? x R? x
R x R? x L2(A3) — R. We make the following assumptions on the BSDE coeffi-
cients:

(HBC1)
(1) The functions g and f (-, 0, 0, 0) satisfy a polynomial growth condition:

lg(x,a)|+|f(x,a,0,0,0)]
xeR4 aeRY I+ |x|™ + |a|™

for some m > 0.
(i) There exists some constant C s.t.

|f(x,a,y,z,u)— f(x',d',y' 2/ )|
<C(x—x|+|a=d|+|y—-y|+]z=2|+|u— ”,|L2(x1,))’
forall x,x’ €R4, y,y €R,z,7 € R, a,a’ e R? and u, u’ € L>(Ay).
(HBC2) The generator function f satisfies the monotonicity condition:
fx,a,y,z,u)— f(x,a,y,z,u)
< /; y(x,a, €, y,zu,u’)(u(@) —u' (£))ry(dl),

forall x e R4, a E]Rq,zGRd,yG]Randu,u/ELZ(X,y),wherey:Rd x E xR x
R? x L2(Ag) x L2(A3) — Risa B(RY) @ B(E) @ B(R) @ B(RY) @ B(L2(A9)) @
B(Lz(kﬂ))-measurable map satisfying: C1(1 A [£]) < y(x,a,€,y,z,u,u’) <
Cr(1 A |€]), for £ € L, with two constants —1 < C; <0 < (.

Let us also consider an assumption on the dependence of f w.r.t. the jump
component used in [2], and stronger than (HBC2).

(HBC2') The generator function f is of the form
fx,a,y,z,u) =h<x,a, y,Z,/ u(5)5(x,13))»79(d€)>
L

for (x,a,y,z,u) € R x R x R x R¢ x L%()), where:
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e § is a measurable function on R? x L satisfying:
0<8(x,0) <C(1 AL,
8(x, ) —8(x", €)| <Clx —x'|(1 A 1€)?), x,x'eRitelL,

for some positive constant C.

e /1 is a continuous function on R x R? x R x R? x R such that p >
h(x,a,y,z, p) is nondecreasing for all (x,a, y,z) € R? x R? x R x R?, and
satisfying for some positive constant C:

, p.p €ER,

|h(x,a.y,2,p) —h(x.a,y.z.p)| <Clp—p'
forall (x,a,y,z) €e R x R? x R x RY.

Now with the identification (3.1), the BSDE problem (2.1)—(2.2) takes the fol-
lowing form: find the minimal solution (Y, Z, U, R, K) € S? x LZ(W) X Lz(ﬂ) X
L2(7#) x K2 to

T
Yf=g<XT,1T>+/ F(Xs s, Y, Zs, Us)ds + K — K,
(3.5) '
) T T 5 T
—/ Zs.dWs—/ /Us(ﬁ)z?(ds,dﬁ)—/ /Rs(a)fr(ds,da),

t t L t A
with
(3.6) R:(a) <0, dP® dt ® A, (da) a.e.

The main goal of this paper is to relate the BSDE (3.5) with A-nonpositive
jumps (3.6) to the following nonlinear IPDE of HJB type:

3
(3.7) —a—w —sup[ LW + £ (- a, w, 0T (-, a) Dyw, Mw)] =0,
acA
on [0, T) x RY,
(3.8) w(T, x) =sup g(x, a), x € RY,

acA

where

Lw(t,x) =b(x,a).Dyw(t,x)+ %tr(aaT(x, a)D)%w(t,x))

+ /L[w(z‘,x +B(x,a, ) —w(t,x)
— B(x,a,0).Dyw(t, x)]ry(d0),
MAw(t,x) = (w(t, x + B(x,a,0) —wt,x)) e
for (t,x,a) € [0, T] x RY x RY.
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Notice that under (HBC1), (HBC2) and (3.4) [which follows from (HFC)], and
with the identification (3.1), the generator F (¢, w, y, z,u,r) = f (X (), I;(w), v,
z,u) and the terminal condition & = g(Xr, IT) satisfy clearly Assumption (HO).
Let us now show that Assumption (H1) is satisfied. More precisely, we have the
following result.

LEMMA 3.1.  Let Assumptions (HFC), (HBC1) hold. Then, for any initial con-
dition (t,x,a) € [0, T] x RY x RY, there exists a solution {(Y1-54, ZL-%a (x4,
R4 K44y 1 < s < T} to the BSDE (3.5)—~(3.6) when (X, I) = {(XLra, 109,
t <s < T}, with Ys”x’a = v(s, X;’x’“) for some deterministic function v on
[0, T] x RY satisfying a polynomial growth condition: for some p > 2,

[u(z, x)|

3.9 sup
(t.x)e[0.7)xRd 1 +1x]?

PROOF. Under (HBC1) and since A is compact, we observe that there exists
some m > 0 such that

(G.10)  Cpp= s SHAlEay 2wl
XGRd,IJGA 1 + |‘x|m + |J’| + |Z| + |M|L2()~1’)

Let us then consider the smooth function v(¢, x) = Ce? T~ (1 + |x|?) for some
positive constants C and p to be determined later, and with p = max(2, m). We
claim that for C and p large enough, the function ¥ is a classical supersolution
to (3.7)—(3.8). Indeed, observe first that from the growth condition on g in (3.10),
there exists C > 0 s.t. g(x) := SUp,ca 8(x,a) < C(1 + |x|?) for all x € R¥. For
such C, we then have: v(T, -) > g. On the other hand, we see after straightforward
calculation that there exists a positive constant C depending only on C, C f.g» and
the linear growth condition in x on b, o, 8 by (HFC) (recall that A is compact),
such that
o sup[LV+ f(,a,0,07(-,a)Dyv, M?0)] > (p — C)v
ot acA

by choosing p > C. Let us now define the quintuple (Y, Z, U, R, K) by
Yy =v@t, X))  fort <T,Yr=g(Xr. Ir),
Z;=0"(X,;~ [-)D0(t, X-), =T,
U = M5, X,-), R =0,1<T,
_ ro9v o
K; :/ [_E(S, Xy) — Elsl_)(sa Xs) = [ (Xs, Is, Zs, Ué)] ds, t<T,
0

Kt =Kp- +0(T, X1) — (X7, IT).
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From the supersolution property of o to (3.7)—(3.8), the process K is nondecreas-
ing. Moreover, from the polynomial growth condition on v, linear growth condi-
tion on b, o, growth condition (3.10) on f, g and the estimate (3.4), we see that
(Y,Z,U, R, K) lies in 8% x L2(W) x L2(#) x L2(7) x K2. Finally, by applying
Itd’s formula to ©(z, X;), we conclude that (Y, Z, U, R, K) is solution a to (3.5),
and the constraint (3.6) is trivially satisfied. [

Under (HFC), (HBC1) and (HBC2), we then get from Theorem 2.1 the existence
of a unique minimal solution {(Y-*-4, Z!.-%-4 yl-x.a RLx.a KL.Y.a) t <3 <T}to
(3.5)-(3.6) when (X, I) = {(XL**, 11%),t <s < T}. Moreover, as we shall see
in the next paragraph, this minimal solution is written in this Markovian context
as: YH4 = (s, XL, [154) where v is the deterministic function defined on
[0,T] x R x R? — R by

(3.11) o(t, x,a) =Y/, (t,x,a) €[0,T] x RY x RY.

We aim at proving that the function v defined by (3.11) does not depend actually
on its argument a, and is a solution in a sense to be precise to the parabolic IPDE
(3.7)—(3.8). Notice that we do not have a priori any smoothness or even continuity
properties on v.

To this end, we first recall the definition of (discontinuous) viscosity solutions to
(3.7)—(3.8). For a locally bounded function w on [0, T") x R4, we define its lower
semicontinuous (L.s.c. for short) envelope w,., and upper semicontinuous (u.s.c. for
short) envelope w* by

wy(t,x)= liminf w(t,x’) and w*(,x)= limsup w(,x’),

(" x")—(t.x) (t',x")—(t,x)
t'<T t'<T

for all (r, x) € [0, T] x R4.

DEFINITION 3.1 [Viscosity solutions to (3.7)—(3.8)].

(i) A function w, Ls.c. (resp., u.s.c.) on [0, T] x R4, is called a viscosity su-
persolution (resp., subsolution) to (3.7)—(3.8) if

w(T, x) > (resp., <) sup g(x,a),

acA
for any x € RY, and
a(p a a
T sup[L% + f(-,a, w,0T(-,a)Dyp, Mp)] ) (2, x) > (resp., <) 0,
acA
for any (, x) € [0, T) x R? and any ¢ € C12([0, T] x R¥) such that

(w—@)(t,x)= min (w—¢) [resp. max (w — (p)].
[0, T]1xRd ,

[0, T]xR4
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(i1) A locally bounded function w on [0, T) x R is called a viscosity solution
to (3.7)—(3.8) if w, is a viscosity supersolution and w* is a viscosity subsolution
to (3.7)—(3.8).

We can now state the main result of this paper.

THEOREM 3.1. Assume that conditions (HA), (HA;), (HFC), (HBC1) and
(HBC2) hold. The function v in (3.11) does not depend on the variable a on

[0, T) x R x A, that is,
v(t, x,a) =v(t, x,d), ‘v’a,a'Efi,

forall (t,x) € [0, T) x R?. Let us then define by misuse of notation the function v
on [0, T) x R? by

(3.12) v(t,x) =v(t,x,a), (t,x)€[0,T) x RY,

foranya e A.Thenvisa viscosity solution to (3.7) and a viscosity subsolution to
(3.8). Moreover, if (HBC2') holds, v is a viscosity supersolution to (3.8).

REMARK 3.2. 1. Once we have a uniqueness result for the fully nonlinear
IPDE (3.7)-(3.8), Theorem 3.1 provides a Feynman—Kac representation of this
unique solution by means of the minimal solution to the BSDE (3.5)—(3.6). This
suggests consequently an original probabilistic numerical approximation of the
nonlinear IPDE (3.7)—(3.8) by discretization and simulation of the minimal solu-
tion to the BSDE (3.5)—(3.6). This issue, especially the treatment of the nonpositive
jump constraint, has been recently investigated in [14] and [15], where the authors
analyze the convergence rate of the approximation scheme, and illustrate their re-
sults with several numerical tests arising for instance in the super-replication of
options in uncertain volatilities and correlations models. We mention here that a
nice feature of our scheme is the fact that the forward process (X, I) can be easily
simulated: indeed, notice that the jump times of I follow a Poisson distribution
of parameter A, := | 4 Ax(da), and so the pure jump process [ is perfectly sim-
ulatable once we know how to simulate the distribution A, (da)/A, of the jump
marks. Then we can use a standard Euler scheme for simulating the component
X. Our scheme does not suffer the curse of dimensionality encountered in finite
difference methods or controlled Markov chains, and takes advantage of the high
dimensional properties of Monte—Carlo methods.

2. We do not address here comparison principles (and so uniqueness results) for
the general parabolic nonlinear IPDE (3.7)—(3.8). In the case where the generator
function f(x, a) does not depend on (y, z, u) (see Remark 3.3 below), comparison
principle is proved in [22], and the result can be extended by same arguments when
f(x,a,y, z) depends also on y, z under the Lipschitz condition (HBC1)(ii). When
f also depends on u, comparison principle is proved by [2] in the semilinear [IPDE
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case, that is, when A is reduced to a singleton, under condition (HBC2). We also
mention recent results on comparison principles for IPDE in [3] and references
therein.

REMARK 3.3 (Stochastic control problem). 1. Let us now consider the partic-
ular and important case where the generator f(x, a) does not depend on (y, z, u).
We then observe that the nonlinear IPDE (3.7) is the Hamilton—Jacobi—Bellman
(HJB) equation associated to the following stochastic control problem: let us in-
troduce the controlled jump-diffusion process:

(3.13)  dX® =b(xg,as)ds+a(xg,as)dws+/ B(XY, ay, £)B (ds, de),
L

where W is a Brownian motion independent of a random measure ¢ on a filtered
probability space (€2, F, IFO, IP), the control « lies in Ago, the set of Fo—predictable
process valued in A, and define the value function for the control problem

T
w(t,x):= sup IE|:/ f(Xé’x’“,ozs)ds—l—g(X;x’a,aT)],
t

acApo
(t,x) €0, T] x RY,

where {Xﬁ,’x’“, t <s < T} denotes the solution to (3.13) starting from x at s =1,
given a control o € Apo. It is well known (see, e.g., [22] or [17]) that the value
function w is characterized as the unique viscosity solution to the dynamic pro-
gramming HJB equation (3.7)—(3.8) and, therefore, by Theorem 3.1, w = v. In
other words, we have provided a representation of fully nonlinear stochastic con-
trol problem, including especially control in the diffusion term, possibly degener-
ate, in terms of minimal solution to the BSDE (3.5)—(3.6).

2. Combining the BSDE representation of Theorem 3.1 together with the dual
representation in Theorem 2.2, we obtain an original representation for the value
function of stochastic control problem

sup E[/()Tf(Xf‘,a,)dt +g(X%,OlT)]

o G.A]Fo

T
= sup E”[/ f(Xe, I)dt + g(Xr, IT)]
VEV, 0
The right-hand side in the above relation may be viewed as a weak formulation
of the stochastic control problem. Indeed, it is well known that when there is only
control on the drift, the value function may be represented in terms of control
on change of equivalent probability measures via Girsanov’s theorem for Brown-
ian motion. Such representation is called weak formulation for stochastic control
problem; see [8]. In the general case, when there is control on the diffusion coeffi-
cient, such “Brownian” Girsanov’s transformation cannot be applied, and the idea
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here is to introduce an exogenous process I valued in the control set A, indepen-
dent of W and ¢ governing the controlled state process X*, and then to control the
change of equivalent probability measures through a Girsanov’s transformation on
this auxiliary process.

3. Non-Markovian extension. An interesting issue is to extend our BSDE repre-
sentation of stochastic control problem to a non-Markovian context, that is, when
the coefficients b, o and B of the controlled process are path-dependent. In this
case, we know from the recent works by Ekren, Touzi and Zhang [7] that the
value function to the path-dependent stochastic control is a viscosity solution to a
path-dependent fully nonlinear HJB equation. One possible approach for getting a
BSDE representation to path-dependent stochastic control, would be to prove that
our minimal solution to the BSDE with nonpositive jumps is a viscosity solution
to the path-dependent fully nonlinear HJB equation, and then to conclude with
a uniqueness result for path-dependent nonlinear PDE. However, to the best of
our knowledge, there is not yet such comparison result for viscosity supersolution
and subsolution of path-dependent nonlinear PDEs. Instead, we recently proved
in [12] by purely probabilistic arguments that the minimal solution to the BSDE
with nonpositive jumps is equal to the value function of a path-dependent stochas-
tic control problem, and our approach circumvents the delicate issue of dynamic
programming principle and viscosity solution in the non-Markovian context. Our
result is also obtained without assuming that o is nondegenerate, in contrast with
[7] (see their Assumption 4.7).

The rest of this paper is devoted to the proof of Theorem 3.1.

3.2. Viscosity property of the penalized BSDE. Let us consider the Markov
penalized BSDE associated to (3.5)—(3.6)

T
yn =g(xr,1T)+f F(Xss Iy, Y2, 20, UMY ds
t
T n T
(3.14) +n/ /[R;’(a)] Aﬂ(da)ds—/ Zr.dW
t A t

—ftT/LU;’(E)f?(ds,dﬁ)—[TARf(a)ﬁ(ds,da),

and denote by {(Y;"%¢, Zbh5e gptaa RIN4) (1 < g < T} the unique solu-
tion to (3.14) when (X, I) = {(X,*4, Il**),t <s < T} for any initial condition
(t,x,a) € [0, T] x R? x RY. From the Markov property of the jump-diffusion pro-
cess (X, I), we recall from [2] that Y]/ = v, (s, X4, I1%), t <5 <T, where
vy, is the deterministic function defined on [0, T'] x R¢ x RY by

(3.15) O (2, x,a) == YPH0, (t,x,a) €[0,T] x RY x RY.
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From the convergence result (Theorem 2.1) of the penalized solution, we deduce
that the minimal solution of the constrained BSDE is actually in the form Y?*¢ =
v(s, X604 [yt <5 < T, with a deterministic function v defined in (3.11).

Moreover, from the uniform estimate (2.5) and Lemma 3.1, there exists some
positive constant C s.t. for all n,

T
va (2, x, ) |* < C(E|g(X;x’“, L2 +IE[/ | F(Xb5e 15 0,0, 0)|2ds}
t

+E[ sup [, X79)] ).
t<s<T
for all (t,x,a) € [0,T] x R4 x RY. From the polynomial growth condition in
(HBC1)@) for g and f, (3.9) for v, and the estimate (3.4) for (X, I), we obtain that
vy, and thus also v by passing to the limit, satisfy a polynomial growth condition:
there exists some positive constant C,, and some p > 2, such that for all n
[ua(t, x, @) + |v(t, x, a)| < Cy(1 +|x]” +al?),

(3.16)

V(t,x,a) €[0,T] x R? x RY.

We now consider the parabolic semilinear penalized IPDE for any n

(317) —88%(1’,)(,61) - ‘Cavn(t’x’a) - f(.X,Cl, vn,O'T(x,a)vana Mavn)
—/[vn(t,x,a/)—v,,(t,x,a)])»n(da/)
A

— N _ + n_
n/A[vn(t,x,a) Un(t,x,a)] Ay (da’) =0,

on[0,7) x RY x RY,
(3.18) v (T,-,) =g, on R? x RY.

From Theorem 3.4 in Barles et al. [2], we have the well-known property that
the penalized BSDE with jumps (2.3) provides a viscosity solution to the penal-
ized IPDE (3.17)—(3.18). Actually, the relation in their paper is obtained under
(HBC?2'), which allows the authors to get comparison theorem for BSDE, but such
comparison theorem also holds under the weaker condition (HBC2) as shown in
[25], and we then get the following result.

PROPOSITION 3.1. Let Assumptions (HFC), (HBC1) and (HBC2) hold. The
function v, in (3.15) is a continuous viscosity solution to (3.17)—(3.18), that is, it
is continuous on [0, T] x R? x RY, a viscosity supersolution (resp., subsolution)
to (3.18),

vl’l(Tax,a) 2 (resp" S) g(xva)’
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for any (x,a) € R? x RY, and a viscosity supersolution (resp., subsolution) to
(3.17),

d
(3.19) —ZE(tx.@) = L9 x.a)
— f(x,a,v,(t,x,a),07(x,a)Dyp(t,x,a), M@(t, x, a))

- /A[(p(t’ X, a/) - @(f’ X, a)])‘vrr (da/)

- n/ [p(r,x,a") — (1, x, a)]+)w (da') = (resp., <) 0,
A

forany (t,x,a) € [0,T) x R x RY and any ¢ € C2([0, T] x (R? x R?)) such
that
(v —@)(t,x,a)= min (v, — @)
[0,T]1x R4 xRY
(3.20)

[resp., max (v, — go)].
[0,T]x R4 xRY

In contrast to local PDEs with no integro-differential terms, we cannot restrict
in general the global minimum (resp., maximum) condition on the test functions
for the definition of viscosity supersolution (resp., subsolution) to local minimum
(resp., maximum) condition. In our IPDE case, the nonlocal terms appearing in
(3.17) involve the values w.r.t. the variable a only on the set A. Therefore, we are
able to restrict the global extremum condition on the test functions to extremum
on [0, T] x R? x A. More precisely, we have the following equivalent definition
of viscosity solutions, which will be used later.

LEMMA 3.2. Assume that (HA;), (HFC), and (HBC1) hold. In the defini-
tion of v, being a viscosity supersolution (resp., subsolution) to (3.17) at a point

(t,x,a)€[0,T) x R x fi, we can replace condition (3.20) by

0= —@)t,x,a)= min (v, —¢) [resp., max (v, — (p)],
[0,T]xR9x A [0,T1xR4 x A

and suppose that the test function ¢ is in C129([0, T] x R? x RY).

PROOF. We treat only the supersolution case as the subsolution case is proved
by same arguments, and proceed in two steps.
Step 1. Fix (t,x,a) €[0,T) x RY x R4, and let us show that the viscosity superso-
lution inequality (3.19) also holds for any test function ¢ in C129([0, T] x RY x
RY) s.t.

(3.21) (v —)(t,x,a) = min (v, — Q).
[0,T1xR4 xRq
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We may assume w.l.0.g. that the minimum for such test function ¢ is zero, and let
us define for r > 0 the function ¢” by

12 /2
w’(t/,x/,a/) z(p(t/,x/,a/)<l _ q><|x | '2|a | ))

r

|x/|2 + |al|2
—co( B g o),

where C,, > 0 and p > 2 are the constant and degree appearing in the polynomial
growth condition (3.16) for v,, ®: R4 — [0, 1] is a function in C*°(R ) such that
®|j0.11 =0 and ®|[2,+00) = 1. Notice that " € C129([0, T] x R? x RY),

(3.22) (¢", Dyg", D2¢") —> (¢, Dxg, D2¢) as r — 00

locally uniformly on [0, 7] x R? x RY, and that there exists a constant C, > 0
such that

(3.23) lo" (', x",a")| < C-(1+ |x'|” + |d'|")

forall (', x',a’) € [0, T] x RY x R?. Since ® is valued in [0, 1], we deduce from
the polynomial growth condition (3.16) satisfied by v, and (3.21) that ¢" < v,
on [0, 7] x R? x RY for all » > 0. Moreover, we have o"(t,x,a) = ¢(t,x,a)
[= vn (2, x, a)] for r large enough. Therefore, we get

(3.24) (v —@")(t,x,0) = min (v, —¢"),

[0, T]xR4 xRY
for r large enough, and we may assume w.l.o.g. that this minimum is strict. Let
(¢;)x be a sequence of function in C L2(10, T] x (R4 x RY)) satisfying (3.23) and
such that
(3.25) (05, Dyoy, D2¢}) —> (9", D", D2¢") as k — oo,

X

locally uniformly on [0, 7] x RY x R?. From the growth conditions (3.16) and
(3.23) on the continuous functions v, and ¢;, we can assume w.l.o.g. [up to an
usual negative perturbation of the function gof for large (x’, a’)], that there exists a
bounded sequence (f, xk, ag)x in [0, T'] x R4 x R4 such that

3.26 v, — ) (te, Xk, ag) = min v, — ©).
(3.26) (vn — @g) (tk, xi, ag) [o,T]dequ(" o)

The sequence (#, xx, ax)r converges up to a subsequence, and thus, by (3.24),
(3.25) and (3.26), we have

(3.27) (te, Xk, ap) — (t,x,a), as k — oo.
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Now, from the viscosity supersolution property of v, at (fx, xx, ax) with the test
function ¢; , we have

(pr
atk (tks Xk ag) — L%y (e, Xx, ax)

— f (%K, aic, va (ti, Xk, ak), o T (xk, ar) Dxgy (e, Xk, ax), M%@p (t, Xk, ax))

—/A[fﬂzz(tk,xk,a/) — @ty Xk, a) |Ax (da’)

—-n /A[fpzi (tk, xx, @) — @5 (1, X, ax) ] An (da’) = 0.

Sending k and r to infinity, and using (3.22), (3.25) and (3.27), we obtain the
viscosity supersolution inequality at (¢, x, a) with the test function ¢.

Step 2. Fix (t,x,a) €[0,T) x RY x fi, and let ¢ be a test function in Cl’z([O, T]x
(R? x RY)) such that

(3.28) 0= (v, —@)(t,x,a)=  min (o —9).
[0,T]xR4 x A

By the same arguments as in (3.23), we can assume w.l.o.g. that ¢ satisfies the
polynomial growth condition

lp(t', x',a")| < C(1+|x'|)" +|d'|"), (t',x',a") €10, T] x R x RY,

for some positive constant C. Together with (3.16), and since A is compact, we
have

(3.29) (n — @), x',a") > —C(1 + |x'|" + |da(a)|"),
for all (¢/,x’,a’) € [0, T] x R? x R4, where d(a’) is the distance from a’ to A.
Fix & > 0 and define the function ¢, € C120([0, T] x R¢ x R?) by
A A dAe(al) P NP
e (', x' a)y=o(t',x",a)— ® — C(1+|x'|" +|da(@")|?)
forall (', x',a’) € [0, T] x RY x RY, where
(3.30) A, = {a/ € A:daA(a/) > 8},

and ®:R; — [0,1] is a function in C*°(R4) such that ®[jg 1,2 = 0 and
®|[1,+00) = 1. Notice that

(3.31) (¢es Dxge, Df(ps) —> (¢, Dy, D)%go) as e — 0,

locally uniformly on [0, T'] x R? x A. We notice from (3.29) and the definition of
@e that ¢, < v, on [0, T] X RY x A¢. Moreover, since ¢, < ¢ on [0, T'] x RY x RY,

we =¢on [0, T] x RY x fis and a € ;‘,’ we get by (3.28) for & small enough

0=, —p)(t,x,a) = min (Vv — @e).
[0,T1xR4 xRY
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From Step 1, we then have

Qe
ot

(t,x,a) — L(t, x, a)
- f(x’av Un(t’xaa),UT(xaa)Dx(/’s(tyx’ a)’ Magoé‘(tvx’a))

—/A[(pg(t,x,a’)—(pg(t,x,a)]kﬂ(da/)

_nA[ws(t’xva,) _(p&‘(t’-x’a)]+)\n(dal) ZO

By sending ¢ to zero with (3.31), and using a € A with (HA,)(i1), we get the
required viscosity subsolution inequality at (¢, x, a) for the test function ¢. [J

3.3. The nondependence of the function v in the variable a. In this subsec-
tion, we aim to prove that the function v(¢, x,a) does not depend on a. From
the relation defining the Markov BSDE (3.5), and since for the minimal solu-
tion (Y'-¥4 ztx.a yhxa RLx.a gLi.ayio (3.5)—(3.6), the process K% is pre-
dictable, we observe that the A-jump component R"*:¢ is expressed in terms of
Yt,x,a — U(-, Xt,x,a’ It,x,a) as

RYa')y =v(s, X0, a) —v(s, X250, 1109, t<s<T,d €A,

for all (¢, x,a) € [0, T] x R? x RY. From the A-nonpositive constraint (3.6), this
yields

t+h I
EU /[v(s,Xé’x’“,a/) —v(s, XL 115 ] Ay (da) a’s} =0,
t A

for any h > 0. If we knew a priori that the function v was continuous on [0, T') X
R? x A, we could obtain by sending % to zero in the above equality divided by &
(and by dominated convergence theorem), and from the mean-value theorem

/A[v(t,x, a') —v(t, x, a)]+)»n(da/) =0.

Under condition (HA;)(i), this would prove that v(z, x,a) > v(¢, x,a’) for any
a,a’ € A, and thus the function v would not depend on a in A.

Unfortunately, we are not able to prove directly the continuity of v from its
very definition (3.11), and instead, we shall rely on viscosity solutions approach to
derive the nondependence of v(t, x,a) ina € fi To this end, let us introduce the
following first-order PDE:

(3.32) —|Dav(t, x,a)| =0,  (t.x,a)€[0,T) x RY x A.

LEMMA 3.3. Let assumptions (HA;), (HFC), (HBC1) and (HBC2) hold. The
function v is a viscosity supersolution to (3.32): for any (t, x,a) € [0, T) x R x
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A and any function ¢ € CL2([0, T1 x (RY x R?)) such that (v — ©)(t,x,a) =
mingg 7y« rd xge (V — @), we have

—|Dag(t,x,a)| >0, thatis Dap(t,x,a)=0.

PROOF. We know that v is the pointwise limit of the nondecreasing sequence
of functions (v,). By continuity of v,, the function v is l.s.c. and we have (see,

e.g., [1], page 91)

(3.33) vV = vy = liminf ,v,,
n—oo
where
liminf v, (¢, x,a) :=  liminf  v,(',x",d’),
n—oo n—oo
(', x",a")—(t,x,a)
t'<T

(t,x,a) €[0,T] x RY x RY.

Let (t,x,a) €[0,T) x R? x f({, and ¢ € C12([0, T] x (R? x RY)), such that (v —
@)(t, x,a) = ming 71, rdxre (V — ¢). We may assume w.l.o.g. that this minimum
is strict:

(3.34) (v —@)(t, x,a) = strict min (v — ).
[0,T1xR4 xRY

Up to a suitable negative perturbation of ¢ for large (x, a), we can assume w.l.0.g.
that there exists a bounded sequence (#,, x,,, a,), in [0, T] x R4 x R such that

(3.35) (Vn — @)y, X, ay) = min (vn — @).
[0,T]xR4 xRY

From (3.33), (3.34) and (3.35), we then have, up to a subsequence
(3.36)  (tn, Xn, An, Vu (ty, Xn, an)) — (t,x,a, v(t, x, a)) as n — oo.

Now, from the viscosity supersolution property of v, at (¢, x,, a,) with the test
function ¢, we have by (3.35),

dp
_E(tn, Xp, Qn) — ﬁan(/’(tn’ Xn, Q)

- f(xn» an, UV (ty, Xn, an), UT(xn’ an) Dy @(tn, Xn, ayn), Ma"(ﬂ(ln, Xns an))

- /A[(P(tn»xn,a/) _¢(tnaxnaan)])\n (da,)

- nA[¢(tn, Xns a/) — @(tn, Xn, an)]+)\n (da/) >0,
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which implies

/A [0(t0s 20, ') — @t 3y )] T (dd)

1T dgp
S _[__(tnaxns an) - ‘Can(p(tn’xn’ an)
n dt
- f(xn, an, Vn(tn, Xn, An), 0T (Xn, an) Dx@(tn, Xn, an),

Man(p(tfh Xns a}’l))

B f,4[¢(tn’ Xn, @') = @(tn, Xn, an) Ax (da,)i|‘

Sending n to infinity, we get from (3.36), the continuity of coefficients b, o, 8 and
f, and the dominated convergence theorem

A[(p(t,x, d') —o(t, x,a)] iz (da’) = 0.

Under (HA), this means that ¢(¢, x,a) = max,cq ¢(t,x,a’). Since a € fi, we
deduce that D, ¢(t,x,a) =0. O

We notice that the PDE (3.32) involves only differential terms in the variable a.
Therefore, we can freeze the terms (7, x) € [0, T) x R< in the PDE (3.32), that is,
we can take test functions not depending on the variables (¢, x) in the definition of
the viscosity solution, as shown in the following lemma.

LEMMA 3.4. Let assumptions (HA;), (HFC), (HBC1) and (HBC2) hold. For
any (t,x) €[0,T) x R4, the function v(t, x, -) is a viscosity supersolution to

—|Dav(t,x,a)|=0, aE/i,

that is, for any a € A and any function ¢ € C%(RY) such that (v(t, x,-) — ©)(a) =
minge (v(t, x, -) — @), we have: —|Dyp(a)| > 0 (and so = 0).

PROOF. Fix (1,x) €[0,T) x RY, a € A and ¢ € C2(RY) such that
(3.37) (v(t, %, ) = ¢)(@ =min(u(t, x, ) — 9).

As usual, we may assume w.l.0.g. that this minimum is strict and that ¢ satisfies the
growth condition sup,/cgrq % < 00. Let us then define for n > 1, the function
@" € CL2([0, T] x (R? x RY)) by

o"(t',x',a"y=p(a") —n(|f —t|2 + |x —x{zP) —|a’ —a|2p
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forall (', x",a’) € [0, T1x R? x R?. From the growth condition (3.16) on the Ls.c.
function v, and the growth condition on the continuous function ¢, one can find
for any n > 1 an element (%, x,,, a,) of [0, T] x R4 x RY such that

v—")(ty, Xn, a,) = min v—o").
( <P)(n " n) [O,T]deXR‘I( QD)

In particular, we have
v(t,x,a) —g(a) = (v—¢")(t, x,a) = (v—¢")(tn, Xn, an)

= V(ln, Xn, an) — ¢(an)

(3.38) +n(lty — t* + |x0 — xI1*P) + |a, — a|*”
> V(ty, Xn,an) —v(t, x,ay) +v(t,x,a) —pa)

+n(lty — t1* + |x0 — xI1?P) + |ay, — al*”
by (3.37), which implies from the growth condition (3.16) on v
n(ltw — 117 + 1xn — x17) + lan — al?’ < C(1+ |x, — x|7 + |an, — al?).

Therefore, the sequences {n(|t, —t|*>+|x, —x|*”)}, and (|a —a,|*"),, are bounded
and (up to a subsequence) we have: (#,, x,, a,) — (t, X, doo) as n goes to infinity,
for some as, € R?. Actually, since v(t, x,a) — ¢(a) > v(ty, xn, ay) — @(a,) by
(3.38), we obtain by sending » to infinity and since the minimum in (3.37) is strict,
that aoc = a, and so

(tq, Xn,an) — (t,x,a) asn — oQ.

On the other hand, from Lemma 3.3 applied to (¢,, x,, a,) with the test function

", we have
0= Du¢" (tn, Xn, an) = Dag(an) — 2p(ay — a)la, —a|*’ 7!,

for all n > 1. Sending n to infinity we get the required result: D,¢(a) =0. O
We are now able to state the main result of this subsection.

PROPOSITION 3.2. Let assumptions (HA), (HA;), (HFC), (HBC1) and
(HBC2) hold. The function v does not depend on the variable a on [0, T) x R x A:
v(t, x,a) =v(t, x,d’), a,a/eg,

forany (t,x) € [0,T) x R4,
PROOF. We proceed in four steps.

Step 1. Approximation by inf-convolution. We introduce the family of functions
(upn)y, defined by

up(t,x,a) = ing[v(t,x,a/) +nla —a'|2p], (t,x,a) [0, T] x RY x A.
a'e
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It is clear that the sequence (u;), is nondecreasing and upper-bounded by v.
Moreover, since v is l.s.c., we have the pointwise convergence of u, to v on
[0, T] x R? x A. Indeed, fix some (¢, x,a) € [0, T] x R? x A. Since v is Ls.c.,
there exists a sequence (ay), valued in A such that

un(t,x,a) = v(t, x, ap) +nla — ay|*”,

for all n > 1. Since A is compact, the sequence (a,) converges, up to a subse-
quence, to some d~, € A. Moreover, since u, is upper-bounded by v and v is L.s.c.,
we see that a,o = a and

(3.39) u,(t,x,a) — v(t,x,a) asn — oQ.

Step 2. A test function for u, seen as a test function for v. For r, § > 0 let us define

the integer N (r, §) by

2C,(1+ 22P=3 4y 4 2P~ 1 maxgea |al?)
(8/2)%F

N(r,(S):min{neN:nz +Cv},

where C, is the constant in the growth condition (3.16), and define the set fi(g by

As=laeA:d@ dA):= mina—d|>s].
a’'€edA

Fix (¢,x) € [0, T) x R?. We now prove that for any 6 > 0, n > N(|x], ), a € fi,;
and ¢ € C2(R?) such that

(3.40) 0= (un(t,x,-) —¢)a) = r%iqn(un(t, x,)— ),
there exists a,, € A and v eC 2(RY) such that

(3.41) 0=(v(t,x,-) —w)(an)zrﬁiqn(v(t,x,')—W),
and

(3.42) Dgyr(an) = Dag(a).

To this end, we proceed in two substeps.

Substep 2.1. We prove that for any § > 0, (¢,x,a) € [0,T) x RY x fig, and any
n > N(|x|,d)

argmin{v(t, x,a') +nla' —a|*’} C A.
a'eA

Fix (7, x,a) €[0,T) x R? x fia and let a, € A such that
u(t, X, ap) +nla, —al*? = mig[v(t, x,d)+nla' —al*"].
a'e
Then we have

u(t, x, ap) + nla, —al* <v(t, x,a),
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and by (3.16), this gives
—Cv(l +1xI? + 2P " max |a|? + 2P V)a, — a|P) 4 nlay —al??
acA

<Cy(1+|x|” +|al?).
Then using the inequality 208 < o + B2 to the product 208 = 2P~ |a, —a|?, we
get
(n — Cy)lan —al*? < 2CU(1 + 2275 4 |x|P + 2P max |a|p>.
acA
Forn > N(|x|, §), we get from the definition of N (r, §)

la, —al < 5,
which shows that a,, € A since a € fia.
Substep 2.2. Fix 6§ > 0, (t,x,a) € [0,T) x RY x As, and ¢ € CZ(RQ) satisfying
(3.40). Let us then choose a,, € argmin{v(z, x,a’) +nla’ — a|*’ :a’ € A}, and de-
fine ¥ € C2(RY) by
y(a)=gla+d —a,) —nla, —al?”, a eRe.
It is clear that i satisfies (3.42). Moreover, we have by (3.40) and the inf-
convolution definition of u,,
V(@) <un(t,x,a+a —a,)—nla, — al*’ < v(t, x,d’), a eRY,

Moreover, since a, € A attains the infimum in the inf-convolution definition of
u,(t,x,a), we have

2 2
V(an) = ¢(a) —nlay —al™ =u,(t,x,a) —nla, —al™” = v(t, x, a),

which shows (3.41).

Step 3. The function u, does not depend locally on the variable a. From Step 2
and Lemma 3.4, we obtain that for any fixed (¢,x) € [0, T) x R4, the function
u,(t, x, -) inherits from v(z, x, -) the viscosity supersolution to

(3.43) —|Daun(t, x,a)| =0,  a€As,

for any § > 0, n > N(]x|, §). Let us then show that u, (¢, x, -) is locally constant in
the sense that for all a € As

(3.44) un(t,x,a) =un(t,x,a), Va' € B(a,n),
for all n > 0 such that B(a, n) C fi,g. We first notice from the inf-convolution defi-

nition that u, (¢, x, -) is semiconcave on As. From Theorem 2.1.7 in [5], we deduce
that u, (¢, x, -) is locally Lipschitz continuous on As. By Rademacher theorem, this
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implies that u,(¢, x, -) is differentiable almost everywhere on fi(g. Therefore, by
Corollary 2.1(ii) in [1], and the viscosity supersolution property (3.43), we get that

this relation (3.43) holds actually in the classical sense for almost all a’ € A)g. In
other words, u, (¢, x, -) is a locally Lipschitz continuous function with derivatives

equal to zero almost everywhere on zzig. This means that it is locally constant (easy
exercise in analysis left to the reader).

Step 4. From the convergence (3.39) of u, to v, and the relation (3.44), we get by
sending n to infinity that for any § > O the function v satisfies: for any (¢, x,a) €

[0, 7T) x R? x fi(s

v(t,x,a) =v(t,x,a’)
for all > O such that B(a, n) C fi(s and all @’ € B(a, n). Then by sending § to zero
we obtain that v does not depend on the variable a locally on [0, T) x RY x A.

Since A is assumed to be convex, we obtain that v does not depend on the variable
aon[0,T)xRY x A. [

3.4. Viscosity properties of the minimal solution to the BSDE with A-nonposi-
tive jumps. From Proposition 3.2, we can define by misuse of notation the func-
tion v on [0, T) x R4 by

(3.45) u(t,x) =v(t, x,a),  (t,x)€[0,T) x RY,
for any a € A. Moreover, by the growth condition (3.16), we have for some p > 2

(3.46) v, o)l

(t.x0el0,71xrd 1+ X7
The aim of this section is to prove that the function v is a viscosity solution to
(3.7)—(3.8).

PROOF OF THE VISCOSITY SUPERSOLUTION PROPERTY TO (3.7). We first
notice from (3.33) and (3.45) that v is l.s.c. and
(3.47) v(t, x) = vy (t,x) = lilrgg%f*vn(t, x,a)
for all (t,x,a) € [0,T] x RY x A. Let (t,x) be a point in [0, T') x R4, and Q€
C12([0, T x R%), such that
(v—@)t,x)= min (v—g).
[0,T]x R4

We may assume w.l.o.g. that ¢ satisfies sup; ,)cp0.77xRr? % < 00. Fix some

a € A, and define for € > 0, the test function

o (1 x" a Y=ot x) — ([t —t]* + |x' = x|?” + |a' — a|*P),



1860 I. KHARROUBI AND H. PHAM

forall (t',x',a’) € [0, T] x R? x RY. Since ¢° (¢, x,a) = ¢(t, x), and ¢¢ < ¢ with
equality iff (¢, x", a’) = (¢, x, a), we then have
(3.48) (v—¢°)(t,x,a) =strict  min (v —¢°).

[0,T]xR4 xRY

From the growth conditions on the continuous functions v, and ¢, there exists a
bounded sequence (¢, x,, a,), (we omit the dependence in &) in [0, T'] x RY x RY
such that

(3.49) (v — %) (tn, Xn, an) = min (v, — ¢°).
[0,T]xR4 xRY

From (3.47) and (3.48), we obtain by standard arguments that up to a subsequence
(tns Xns An, Vu (b, X, an)) —> (¢, x,a, v(t, x)), as n goes to infinity.
Now from the viscosity supersolution property of v, at (t,, x,, a,) with the test

function ¢, we have
dp°
_W(In, Xn, An) — ‘Ca"(ps(tna Xp, Qp)

- f(xn, An, Vn(tn, Xn, an), 0T (X, an)DxQDS(tn, Xn,dn), Ma"(pg(tn, Xns an))

- /A[goe(tn,xn,a/) — % (tn, Xn, an) Az (da’)

_n/ [(pg(tn’xn’a/) _(pg(tl’hxnaan)]—‘r)\f[ (da,) ZO‘
A

Sending 7 to infinity in the above inequality, we get from the definition of ¢f and
the dominated convergence theorem

&

dp
at
(3.50) — f(x,a,v(t,x),07(x,a) Dy (t, x,a), M @*(t, x, a))

(t,x,a) — L°*(t, x,a)

+£f la' — a|*" Az (da') > 0.
A
Sending ¢ to zero, and since ¢°(z, x, a) = ¢(t, x), we get
0
—a—(tp(t,x) — L%(t,x) — f(x,a,v(t,x),0T(x,a)Dyp(t, x), M?@(t, x)) > 0.

Since a is arbitrarily chosen in fi, we get from (HA) and the continuity of the
coefficients b, o, y and f in the variable a

_%—f(t,x) —sup[L%(t, x) + f(x,a, v(t,x),0T(x,a) Dyp(t, x), Mp(t, x))]

acA

20,
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which is the viscosity supersolution property. [J

PROOF OF THE VISCOSITY SUBSOLUTION PROPERTY TO (3.7). Since v is
the pointwise limit of the nondecreasing sequence of continuous functions (vy),
and recalling (3.45), we have by [1], page 91:

(3.51) v*(¢, x) = limsup *v, (¢, x, a)

n—oo
forall (t,x,a) €[0,T] x RY x fi, where

limsup *v, (7, x,a) ;== limsup  v,(¢',x’,d’).
n—oo n—o00
(t'.x",a" )= (t.x,a)

t/<T,a’eX
Fix (t,x) € [0, T) x R? and ¢ € C1%([0, T] x R¥) such that

(3.52) (v — ), x) = [O?r?faXde(v — ).

We may assume w.l.0.g. that this maximum is strict and that ¢ satisfies
lp(t, x)|

(3.53)
(t.x)e0.T)xRd 1+ 1x[P

Fix a € A and consider a sequence (f,, X, dy), in [0, T) X R? x A such that
(3.54)  (tn, xn, an, Vu(tn, Xn, an)) — (¢, x,a, v*(1, x)) asn — 00.
Let us define for n > 1 the function ¢, € C129([0, T] x R? x RY) by

Nn

where A, is defined by (3.30) for ¢ = n, and (1,), is a positive sequence con-
verging to 0 s.t. [such sequence exists by (HA, )(ii)]

(3.55) Az (A\Ay) — 0  asn—> o0.

en(t',x',a") = o(t', x') +n( AL+ |7 —tn|2 + |x —xn|2p),

From the growth conditions (3.46) and (3.53) on v and ¢, we can find a sequence
(tn> Xn, @n) in [0, T] x RY x A such that

(3.56) (vy — (Pn)(t_n’ Xp,Qp) = max (v, — @), n>1.
[0,T]xR4 x A

Using (3.51) and (3.52), we obtain by standard arguments that up to a subsequence

1 _
(3.57) n(—dA,m (ay) + |ty — t,|? + |xn —xn|2p) —0 asn — 0o,
Mn

and

vi’l(ffhil’h&n)_)v*(t,x) asn — oQ.
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We deduce from (3.57) and (3.54) that, up to a subsequence
(3.58) (tw, Xn, an) — (t,x,a), as n — 0o,

for some a € A. Moreover, for n large enough, we have a, € A. Indeed, sup-
pose that, up to a subsequence, a, € dA for n > 1. Then we have nLndAnn (ap) > 1,
which contradicts (3.57). Now, from the viscosity subsolution property of v, at
(ty, Xu, a,) with the test function ¢, satisfying (3.56), Lemma 3.2, and since

a, € A, we have

9¢n

ot

(3.59) - f(ina an, Un(lrn, Xn,dn), O'T()En» an)Dx(P(fn» Xn), Mﬁn(ﬂ(fn, Xn, C_ln))
da, (a'

(L() A 1)xn (da') <0,

Tn

(fn, fn’ c_ln) - ['an(pn (fn» )Em C_ln)

—(n—f—l)n/

A
for all n > 1. From (3.55), we get

da,, (@) ,
(3.60) (n+ l)n/ <””7 A 1>kﬂ(da )—0 asn — 00.
A Nn
Sending 7 to infinity into (3.59), and using (3.51), (3.58) and (3.60), we get

—%—(f(t,x) —L%(t,x) — f(x,a,v*(t,x),07(x,a)Dyo(t, x), ./\/l‘_’(p(t,x)) <0.

Since a € A, this gives

_E;—(f(t,X) — suP[L“gD(t,X) + f(x, a, v*(t,x)’ O'T()C, a)Dx(ﬂ(t,X), M“(p(l‘,x))]

acA

<0,
which is the viscosity subsolution property. [

PROOF OF THE VISCOSITY SUPERSOLUTION PROPERTY TO (3.8). Let

(x,a) € RY x fi From (3.47), we can find a sequence (¢,, x,, a,), valued in
[0, T) x RY x RY such that

(tns Xns An, Vn(tny Xn, an)) —> (T, x, a, v4(T, X)) asn — 00.

The sequence of continuous functions (v, ), being nondecreasing and v, (T, -) = g
we have

Vo(T, x) > lim v (t,, xu, ay) = g(x, a).
n—oo

Since a is arbitrarily chosen in fi, we deduce that v, (T, x) > sup__» glx,a) =
Sup,c4 &(x,a) by (HA) and continuity of g ina. [
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PROOF OF THE VISCOSITY SUBSOLUTION PROPERTY TO (3.8). Letx € RY.
Then we can find by (3.51) a sequence (¢, X, a,), in [0, T') X R? x A such that

(3.61) (tns Xns Vu(tn, Xn, an)) = (T, x, v*(T, x)), as n — oo.
Define the function 4:[0, T] x R? - R by
h(t,x)=~T —t+sup g(x,a)

acA
for all (7, x) € [0, T) x R4. From (HFC), (HBC1) and (HBC2'), we see that 1 is a
continuous viscosity supersolution to (3.17)—(3.18), on [T — n, T'] x B(x, n) for n
small enough. We can then apply Theorem 3.5 in [2] which gives that

vw<h on[T—nT]xB(x,n) xA

for all n > 0. By applying the above inequality at (¢, x,, a,), and sending n to
infinity, together with (3.61), we get the required result. [

4. Conclusion. We introduced a class of BSDEs with partially nonpositive
jumps and showed how the minimal solution is related to a fully nonlinear IPDE of
HIJB type, when considering a Markovian framework with forward regime switch-
ing jump-diffusion process. Such BSDE representation can be extended to cover
also the case of the Hamilton—Jacobi-Bellman—Isaacs equation arising in con-
troller/stopper differential games; see [6]. It is also extended to the non-Markovian
context in [12]. From a numerical application viewpoint, our BSDE representa-
tion leads to original probabilistic approximation scheme for the resolution in high
dimension of fully nonlinear HIB equations, as recently investigated in [14] and
[15]. We believe that this opens new perspectives for dealing with more general
nonlinear equations and control problems, like for instance mean field games or
control of McKean—Vlasov equations.
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