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Abstract. Let i and v be two probability measures on R?, where u(dx) = T e V) dx for some V € C! (Rd ). Explicit sufficient

Rd eV dx
conditions on V and v are presented such that 1 * v satisfies the log-Sobolev, Poincaré and super Poincaré inequalities. In particular,
if V(x) = Alx|? for some A > 0 and v(e)‘eHz) < oo for some 6 > 1, then p * v satisfies the log-Sobolev inequality. This improves
and extends the recent results on the log-Sobolev inequality derived in (J. Funct. Anal. 265 (2013) 1064-1083) for convolutions
of the Gaussian measure and compactly supported probability measures. On the other hand, it is well known that the log-Sobolev

2
inequality for p * v implies v(ef!'") < oo for some & > 0.

. . . ez N —Vx) .. ..
Résumé. Soit u et v deux mesures de probabilité sur R, ob u(dx) = T e Udx  avec Vel (Rd ). Des conditions explicites

V) (.
rd € x
suffisantes sur V et v sont présentées telles que w * v satisfait des inégalités de Sobolev logarithmique, de Poincaré et de super-

Poincaré. En particulier, si V(x) = A x|2 pour quelque A > O et v(esz) < oo avec 6 > 1, alors p* v satisfait I'inégalité de Sobolev
logarithmique. Cela améliore et étend des résultats récents sur ’inégalité de Sobolev logarithmique obtenus dans (J. Funct. Anal.
265 (2013) 1064-1083) pour des convolutions de la mesure de Gauss et des mesures de probabilité a support compact. D’autre

. . C ey . . . . 2
part, il est bien connu que I’inégalité de Sobolev logarithmique pour p * v implique vty < oo pour quelque ¢ > 0.
MSC: 60]75; 47G20; 60G52
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1. Introduction

Functional inequalities of Dirichlet forms are powerful tools in characterizing the properties of Markov semigroups
and their generators, see, e.g., [19] and references within. To establish functional inequalities for less explicit or less
regular probability measures, one regards the measures as perturbations from better ones satisfying the underlying
functional inequalities. For a probability measure w on R?, the perturbation to s can be made in the following two

senses. The first type perturbation is in the sense of exponential potential: the perturbation of u by a potential W
" pu(dx)
. . L ew) . . . . . .
and references within. Another kind of perturbation is in the sense of independent sum of random variables: the
perturbation of x by a probability measure v on R is given by their convolution

is given by uw (dx) := , for which functional inequalities have been studied in many papers, see [2,5,10]

(o v)(A) = /R Ly D@y,
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Functional inequalities for the latter case is not yet well investigated, and the study is useful in characterizing distri-
bution properties of random variables under independent perturbations, see, e.g., [20], Section 3, for an application in
the study of random matrices.

In general, let  and v be two probability measures on R?. A straightforward result on functional inequalities of
W * v can be derived from the sub-additivity property; that is, if both y and v satisfy a type of functional inequality,
w x v will satisfy the same type inequality. In this paper, we will consider the Poincaré inequality and the super
Poincaré inequality. We say that a probability measure u satisfies the Poincaré inequality with constant C > 0, if

w(17) < Cr(VIP) +u(f) feChRY). (W

We say that u satisfies the super Poincaré inequality with 8 : (0, co) — (0, 00), if

w(12) < (VR +BOu(f) >0, feChRY). (1.2)

It is shown in [16], Corollary 3.3, or [17], Corollary 1.3, that the super Poincaré inequality holds with B(r) = e°/"
for some constant ¢ > 0 if and only if the following Gross log-Sobolev inequality (see [12]) holds for some constant
C>0:

w(f*log f2) <Cu(IVFP),  feCyR), u(f?)=1. (1.3)

Proposition 1.1. Let i and v be two probability measures on R?.

(1) If n and v satisfy the Poincaré (resp. log-Sobolev) inequality with constants C1 and Co > 0 respectively, then
W * v satisfies the same inequality with constant C = C1 + C».

(2) If w and v satisfy the super Poincaré inequality with 81 and B> respectively, then (v v satisfies the super Poincaré
inequality with

B(r) :=inf{B1(r)B2(r2): ri.r2 >0, r1 +np1(r)) <r}, r=>0.

Since the proof of this result is almost trivial by using functional inequalities for product measures (cf. [9], Corol-
lary 13), we simply omit it. Due to Proposition 1.1, in this paper the perturbation measure v may not satisfy the
Poincaré inequality, it is in particular the case if the support of v is disconnected.

Recently, when p is the Gaussian measure with variance matrix §/ for some § > 0, it is proved in [20] that u * v
satisfies the log-Sobolev inequality if v has a compact support and either d = 1 or § > 2R?d, where R is the radius of
a ball containing the support of v, see [20], Theorem 2 and Theorem 17. The first purpose of this paper is to extend
this result to more general  and to drop the restriction 8 > 2R?d for high dimensions. The main tool used in [20]
is the Hardy type criterion for the log-Sobolev inequality due to [6], which is qualitatively sharp in dimension one.
In this paper we will use a perturbation result of [2] and a Lyapunov type criterion introduced in [8] to derive more
general and better results. In particular, as a consequence of Corollary 2.2 below, we have the following result where
the compact support condition of v is relaxed by an exponential integrability condition. We would like to indicate
that the exponential integrability condition v(e® |"2) < oo for some ¢ > 0 is also necessary for u * v to satisfy the
log-Sobolev inequality. Indeed, it is well known that the log-Sobolev inequality for p * v implies (@ * v)(e”"‘z) < 00
for some ¢ > 0, so that v(ef HZ) < oo for € € (0, ¢). However, it is not clear whether “6 > 1” in the following result is
sharp or not.

Theorem 1.2. Let V = A| - |2 for some constant A > 0, and p(dx) = fe_V(X>dx be a probability measure on R?.

Ra €~V @) dx

Then for any probability measure v on R? with v(e)‘g"‘z) < oo for some constant 6 > 1, the log-Sobolev inequality

(uxv)(flog f2) < Cux(IVFP),  feClRY), (wxv)(f?) =1

holds for some constant C > 0.
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According to the above-mentioned results in [20], one may wish to prove that the log-Sobolev inequality is stable
under convolution with compactly supported probability measures; i.e., if u satisfies the log-Sobolev inequality, then
so does u * v for a probability measure v having compact support. This is however not true, a simple counterexample
is that u = o, the Dirac measure at point 0, which obviously satisfies the log-Sobolev inequality, but @ * v = v does
not have to satisfy the log-Sobolev inequality even if v is compactly supported. Thus, to ensure that u * v satisfies the
log-Sobolev inequality for any compactly supported probability measure v, one needs additional assumptions on p.
Moreover, since when A — 0o, the Gaussian measure x in Theorem 1.2 converges to §g, this counterexample also fits
to the assertion of Theorem 1.2 that for large A we need a stronger concentration condition on v.

In the remainder of this paper, let x(dx) = e~ ™) dx be a probability measure on R such that V € C'(R?). For a
probability measure v on R¢, we define

Do (x) :/ eiwx*Z)V(dZ)v Vv(x) = —logp,(x), x¢€ RY.
Rd

Then
( * v)(dx) = py(x)dx =e ™" dx. (1.4)

Moreover, let

Ve (dz) = e V0Iy(dz), xeRY

pv(x)

In the following three sections, we will investigate the log-Sobolev inequality, Poincaré and super Poincaré inequalities
for u * v respectively.

As a complement to the present paper, Cheng and Zhang investigated the weak Poincaré inequality in [11] for
convolution probability measures, by using the Lyapunov type conditions as we did in Sections 3 and 4 for the
Poincaré and super Poincaré inequalities respectively.

2. Log-Sobolev inequality

In this section we will use two different arguments to study the log-Sobolev inequality for  * v. One is the perturbation
argument due to [1,2], and the other is the Lyapunov criterion presented in [8].

2.1. Perturbation argument

Theorem 2.1. Assume that the log-Sobolev inequality (1.3) holds for ju with some constant C > 0. If V € C'(R?)
such that

@, (x) = /d(Ve_V)(x —2)v(dz), xeR?
R

is well-defined and continuous, and there exists a constant § > 1 such that

/Rd exp{%c(/w VV(x) = VV(x — z)|vx(dz)>2}u(dx) < 00, .1
then u x v also satisfies the log-Sobolev inequality, i.e., for some constant C' > 0,
(e v)(flog f2) < C'(uwxv)(IVFI?),  f e Ch(RY), (uxw)(f?) =1.
Obviously, @, € C(R?; R?) holds if either v has compact support or Ve~V is bounded. Moreover, (2.2) below

holds for bounded Hessy and compactly supported v. So, the following direct consequence of Theorem 2.1 improves
the above-mentioned main results in [20]. Indeed, this corollary implies Theorem 1.2.
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Corollary 2.2. Assume that (1.3) holds and ®,, is well defined and continuous. If V € C*(R%) with bounded Hessy
such that

8C ) 2
/ exp{—HHessvlloo(/ |z]vyx (dz)) }u(dx) <00 2.2)
R4 4 Rd

holds for some constant § > 1, then | * v satisfies the log-Sobolev inequality.

Before presenting the proof of Theorem 2.1, we first prove Theorem 1.2 using Corollary 2.2.
Proof of Theorem 1.2. Let Z = f]Rd e’“’C|2 dx. Since, in the framework of Corollary 2.2, V (x) = )»|x|2 +log Z, we

have ||Hessy ||go =422 and (1.3) holds for C = % Moreover, since 6 > 1, there exists a constant € € (0, 1) such that
8 :=60 — 1= > 1. So, by the Jensen inequality

6C 2 P2
I:= / exp{—||Hessv||§ovx(|-|) }u(dx)f / () 1 ()
R4 4 R4

2 2
fRd eABIz\ —Alx—z| v(dz)

R fpae 2P u(dz)

< 831217, (dz)u(dx) = dx 2.3

< e”* vy (dz)pu(dx) p(dx). (2.3)
R4 x R4

Take R > 0 such that v(B(0, R)) > % We have

Clyr—r|? P2 2 1 02 2
/ o=tz v(dz)i/ e MR RII=ANP ) (4 oy > Lo ARP=2ARIx|=AIx]?
R? B(O,R) 2

Moreover, for the above € € (0, 1) we have

&

2 2 2 2 2
—hr =2l =20x] -z = e = 2] = el T+ 2l

—¢
Combining this with (2.3), we obtain

zeARZ
I <
- Z

2_ _ 12
R4 xR4

zemz

<
- Z

/ eAB|z|2—A6|x\2+(A5)/(1—e)|z|2+2AR|x| dxv(dz)
R4 xR4

ZeARZ

2_ 2
— e)»9|2‘ A.Slxl +2kR\x| dXU(dZ) < 00.
Z  Jrixrd

Then the proof is finished by Corollary 2.2. (]
To prove Theorem 2.1, we introduce the following perturbation result due to [2], Lemma 3.1, and [1], Lemma 4.1.
Lemma 2.3. Assume that the probability measure u(dx) = e~"V®) dx satisfies the log-Sobolev inequality (1.3) with

some constant C > 0. Let iy, (dx) = e~ YW dx pe a probability measure on R4, If F:= %(V — Vo) € CHR?) such
that

/Rd exp(8C|VF|?)du < oo, (2.4)

holds for some constant § > 1, then the defective log-Sobolev inequality

vy (f2log f2) < Ciwvy IV + Cay £ e CLRY), puy, () =1, (2.5)

holds for some constants C1, Cy > 0.
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Proof of Theorem 2.1. Since by (1.4) we have (i * v)(dx) = e~ "™ dx, to apply Lemma 2.3 we take Vo = V,, so
that

F(x)= %(V(x) - Vo(x)) = %log /Rd eV I=VO=ay (dp).

Since @, is locally bounded, for any x € R? we have
1
lim (p, (x +y) — py(x)) = lim / (y, @y (x +5y))ds =0.
y—0 y—=0Jo

So, p, € C(RY). Then the continuity of @, implies that

D) (x)
pv(x)

¥(x) = f (VV)(x — 2)ve(dz) = —
Rd

is continuous in x as well. Therefore, for any x, v € R4,

F —F 1o
lim £+ £¥) (x):lim—/ (0. VV (x +5v) — ¥ (x + sv))ds
€0 ) el0 2¢ Jy

1
= E(U’ VV()C) - l,[/(x))

Thus, by the continuity of ¥ and VV we conclude that F € C'(R?) and

1 1 z
IVF()| = A w ()| < Z(/]Rd IVV(x) = VV(x — z)|vx(dz)) .

Combining this with (2.1), we are able to apply Lemma 2.3 to derive the defective log-Sobolev inequality for u * v.
Moreover, the form

E(f.g) = /R (VYR e, figeCl(R))

is closable in L%(u % v), and its closure is a symmetric, conservative, irreducible Dirichlet form. Thus, according to
[18], Corollary 1.3 (see also [14], Theorem 1), the defective log-Sobolev inequality implies the desired log-Sobolev
inequality. Then the proof is finished. ]

To see that Corollary 2.2 has a broad range of application beyond [20], Theorem 2, and Proposition 1.1(1) for the
log-Sobolev inequality, we present below an example where the support of v is unbounded and disconnected.

Example 2.4. Lerd =1, V(x) = L logn + x% and
1 —ai? —ai?
V) ==Y e M 5i(dz),  yi=) e,
i€Z i€Z
where §; is the Dirac measure at point i and A > 0. Then wu x v satisfies the log-Sobolev inequality.

Proof. For the present V it is well known from [12] that the log-Sobolev inequality (1.3) holds with C = 1. On the
other hand, it is easy to see that for any i € Z, x € R and A > 0, we have

2 2
.9 2 . X AX
- M=+ - . 2.6
|x —i|“ 4+ i a1+ )(z A+1> +1+A (2.6)
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Let p(x) =Y ;7 e—(+0)—x/(14+1)* Then

1 , ,
ve(dd) = o e IP4 s (dz)
i€Z
= L e—(1+)»)(l—x/(1+?»))25 (dz), 2.7
p(x)

i€eZ

where y (x) = Y, o e~ =747 S,

d e~ (M) (i —x/(1+2))?
/Rd elu(d2) = = )Zm

|x| 1

__x ‘e—(1+k)(i—x/(l+k))2

< + =
I1+Xx  pk) P 14+ A
x|
, eR
=1ia +c X
holds for
. X —(14+2) (i —x /(141))?
c:= sup ——e < o0 2.8)
xe[01+x (X) 1+A

since the underlying function is periodic with a period [0, 1 + A]. Noting that C = 1 and |Hessy ||> = 4, we conclude
from this that condition (2.2) holds for § € (1, 1 4+ A). Then the proof is finished by Corollary 2.2. |

Finally, the following example shows that Theorem 2.1 may also work for unbounded Hessy .
Example 2.5. Let V(x) = ¢ + |x|? with p € [2,4) for some constant ¢ such that pu(dx) :=e~"%) dx is a probability
measure on R?. Let v be a probability measure on R? with compact support. Then w * v satisfies the log-Sobolev
inequality.

Proof. Since p > 2, we have V € C2(R?) and @, € C(R?,R?). Let R = sup{|z|: z € suppv}. Then

/|VV(x)—VV(x—Z)|vx(dz)§R sup |Hessv(z)|§C(R)(1+|x|”_2)
R4 z€B(x,R)

holds for some constant C(R) > 0 and all x € R?. Combining this with 2(p — 2) < p implied by p < 4, we see that
(2.1) holds. Then the proof is finished by Theorem 2.1. (]

We will see in Remark 4.1 below that the assertion in Example 2.5 remains true for p > 4. Indeed, when p > 2
the super Poincaré inequality presented in Example 4.4 below is stronger than the log-Sobolev inequality, see [16],
Corollary 3.3.

2.2. Lyapunov criterion
Theorem 2.6. Assume that V € C*(R?) with bounded Hessy such that
Hessy > K I outside a compact set 2.9)

holds for some constant K > 0. Then u x v satisfies the log-Sobolev inequality provided the following two conditions
hold:
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(C1) There exists a constant ¢ > 0 such that

ve(f2) = (P <elVFI%,  feCh(RY), xR

Jra IVV (=2)|v:(d2) <K

|x|

(C2) limsup|_, o

We believe that Theorems 2.1 and 2.6 are incomparable, since (2.9) is neither necessary for (1.3) to hold, nor
provides explicit upper bound of C in (1.3) which is involved in condition (2.1) for Theorem 2.1. But it would be
rather complicated to construct proper counterexamples confirming this observation.

The proof of Theorem 2.6 is based on the following Lyapunov type criterion due to [8], Theorem 1.2.

Lemma 2.7 [8]. Let uo(dx) = e~"0%) dx be a probability measure on R for some Vy € C2(R?). Then o satisfies
the log-Sobolev inequality provided the following two conditions hold:

(i) There exists a constant Ko € R such that Hessy, > Kol.
(ii) There exists W € C2(R%) with W > 1 such that

AW (x) = (VVo, VW) (x) < (1 —ealxP)W(x), xeR?
holds for some constants c1,cy > 0.
Proof of Theorem 2.6. By (1.4) and Lemma 2.7, it suffices to verify conditions (i) and (ii) for Vo = V,, := —log p,,.

(a) Proof of (i). By the boundedness of Hessy and the condition (2.9), it is to see that p, € C 2(R”l) and for any
X € R? with | X| = 1, we have

Hessy, (X, X) = pi%((vxp)2 — pyHess,, (X, X)). (2.10)
Moreover,

Vx pv(x) = —pu(x) /Rd (VxV(x —2))ve(dz).
Then, letting K1 := ||Hessy || < oo, we obtain

Hess,, (X, X)(x) = / (|VxV(x — z)|2 — Hessy (X, X)(x — 2))e” V"9 u(dz)
Rd

< pu(x) /H; [VxV(x —2)| v (dz) + K1 po (x).

Combining these with (2.10) and (C1), we conclude that

2
Hessy, (X, X)(x) > — K| — /d(VXV(x —z))zvx(dz) + </d VxV(x — z)vx(dz))
R R
> —K; —cKj.

Thus, (i) holds for Ko = —K| — cK?.
(b) Proof of (ii). Let W(x) = ¢?1* for some constant & > 0. Then

AW — (VV,, VW)
W

(x) = 2de + 4&*|x|> — e/d (x, VV(x — 2))ve (d2). (2.11)
R
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Since Hessy is bounded and (2.9) holds, we know that fRd (x, VV(x — 2))vy(dz) is well defined and locally bounded.
By (2.9), there exists a constant ro > 0 such that Hessy > K I holds on the set {|z| > ro}. So, for x € R? with |x| > 2rg,

Ix] X X rx

(VV(x—2) = VV(-2).x)= |x|/ Hessy (—, —) (— —z) dr
0 x| Ix] /X x|

{re[O, |x|]: ﬁ—z

> K|x|* — 2K rolx|.

> K|x|* — Kilx|

o)

Combining this with (2.11) and (C2), and noting that

(x, VV(x —2)) < (VV(x —2) = VV(=2),x) + x| -

we conclude that there exist constants C, C» > 0 such that

AW — (VVy, VW)
W

(x) <2de +4&?|x)* — eCy|x|* + €Cs.

Taking ¢ = 8 , we prove (ii) for some constants c1, ¢z > 0. U

Since when v has compact support, we have

v (£2) = ve ()P = /R o 1@ = PO oo @) < RV,

where R :=sup{|z — y|: z,y € suppVv} < oo, and

fRd [VV(=2z)|vy(dz) < 1 SUPsupp v IVV]

|x]—00 |x| T xl—=o0 | x|

=0.
The following direct consequence of Theorem 2.6 improves the above mentioned results in [20] as well.

Corollary 2.8. Assume that V € C*(R?) with bounded Hessy such that (2.9) holds. Then [ % v satisfies the log-
Sobolev inequality for any compactly supported probability measure v.

To show that Theorem 2.6 also has a range of application beyond Corollary 2.8 and Proposition 1.1(1) for the
log-Sobolev inequality, we reprove Example 2.4 by using Theorem 2.6.

Proof of Example 2.4 using Theorem 2.6. Obviously, (2.9) holds for K = 2. Let

Ze*(lJrk)(z s, 7(x) = Zef(l+k)(i7x)2‘

)/(x) ieZ i€Z

By (2.6) we have Uy = v(145)x. Thus, we only need to verify conditions (C1) and (C2) for v, in place of v,.

(a) To prove condition (C1), we make use of a Hardy type inequality for birth—death processes with Dirichlet
boundary introduced in [13]. Let x € R be fixed. For any bounded function f on Z, let f(i) = f(i) — f(ix), where
iy :=supfi € Z: i <x} is the integer part of x. Then

B (f2) = (N7 D0 F@R@+ ) F) (). (2.12)

i=—00 =iy
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It is easy to see that there exists a constant ¢ > 0 independent of x such that for any m > i, > x — 1,

m o0
Z eHME=x < Lo(1+M)m=0)? Z e~ IHDE=0? o =(14M) m+1-2)7
i=i, i=m+1
Therefore,
" 2 > 2
sup (ZC(H_M(Z_X) ) Z e—(1+k)(l—x)
mix \j—;, i=m-+1

< cze(l+k){(mfx)27(m+l7x)2 2 (I+0) 2 —m)~1} < c2elth

b=
By this and the Hardy inequality (see [19], Theorem 1.3.9), we have
o o
3 F@P0.0) <42 Y (F+ 1) = £@) 0 ().
i=iy i=iy
Similarly,
ix ix )
D F@e) 4cte Y (= 1) = f() (D).
i=—o00 i=—o00

Combining these with (2.12) we prove (C1) for Uy and some constant ¢ > 0 (independent of x € R).
() Let p(x) =Y,y e~ (142 (=x/(142)” Noting that V'V (z) = 2z, by (2.7) we obtain

/ VY (=2)|ny(dz) = 2 3 e (R —x/(142)?
R? px) =
< 2|x] + i i e (R G—x/40)?
I+x  pk) ps 14+ A
coy 2
- I+

for ¢ > 0 in (2.8). Therefore,

2=K.

VV(=2)|ve(d 2
lim sup fRd| (—2)|vx(dz) < -
|x]—00 x| 14+ A

Thus, condition (C2) holds.

At the end of this section, we present the following two remarks for perturbation argument and Lyapunov criteria

to deal with convolution probability measures.

Remark 2.1. (1) Both Theorems 2.1 and 2.6 are concerned with qualitative conditions ensuring the existence of the
log-Sobolev inequality for convolution probability measures. It would be interesting to derive explicit estimates on the
log-Sobolev constant, i.e., the smallest constant such that the log-Sobolev inequality holds. Recently, by using refining
the conditions in Lemma 2.7, Zimmermann has estimated the log-Sobolev constant in [21] for the convolution of a
Gaussian measure with a compactly supported measure (see [21], Theorem 10, for more details). Similar things can
be done under the present general framework. However, as it is well known that estimates derived from perturbation
arguments are in general less sharp, we will not go further in this direction and leave the quantitative estimates to a

forthcoming paper by other means.
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(2) As mentioned in Section 1, the convolution of probability measures refers to the sum of independent ran-
dom variables. So, by induction we may use the Lyapunov criteria to investigate functional inequalities for multi-
convolution measures. In this case it is interesting to study the behavior of the optimal constant (e.g., the log-Sobolev
constant) as multiplicity goes to 0o. For this we need fine estimates on the constant in terms of the multiplicity, which
is related to what we have discussed in Remark 2.1(1). Of course, for functional inequalities having the sub-additivity
property, it is possible to derive multiplicity-free estimates on the optimal constant, see, e.g., the recent paper [15] for
Beckner-type inequalities of convolution measures on the abstract Wiener space.

3. Poincaré inequality

In the spirit of the proof of Theorem 2.6, in this section we study the Poincaré inequality for convolution measures
using the Lyapunov conditions presented in [3,4]. One may also wish to use the following easy to check perturbation
result on the Poincaré inequality corresponding to Lemma 2.3.

If the probability measure py (dx) = e~V dx satisfies the Poincaré inequality (1.1) with some constant C > 0,
then for any Vy € CY(R?) such that fe_v"(") dx=1and C||V(V — V0)||go < 2, the probability measure Ly, (dx) =
e~ "W dx satisfies the Poincaré inequality (1.1) (with a different constant) as well.

Since the boundedness condition on V(V — Vj) is rather strong (for instance, it excludes Example 3.3(1) below for
p > 2), here, and also in the next section for the super Poincaré inequality, we will use the Lyapunov criteria rather
than this perturbation result. By combining the following Theorem 3.1 below with [3], Theorem 1.4, one may derive
quantitative estimates on the Poincaré constant (or the spectral gap).

Theorem 3.1. Ler pu(dx) = e~V ™ dx be a probability measure on R? and let v be a probability measure on RY.
Assume that @, in Theorem 2.1 is well-defined and continuous. Then p * v satisfies the Poincaré inequality (1.1), if
at least one of the following conditions holds:

Jra (X, VV(x — 2))vi(d2)

' x|

(2) V € CE2RY) such that @,(x) := fRd (V2V)(x — 2)ve(dz) is well-defined and continuous in x, and there is a
constant § € (0, 1) such that

(1) V e CLR?) such that liminf|y|— & > 0.

liminf/ (8|VV(x —2)|* = AV(x = 2))v:(d2) > 0.
R4

|x]—o00

Proof. Let L, = A — VV,,. According to [4], Theorem 3.5, or [3], Theorem 1.4, (u * v)(dx) := e~ dx satisfies
the Poincaré inequality if there exist a C>-function W > 1 and some positive constants 6, b, R such that for all x € R?,

LyW(x) < —0W(x) + blp,r) (). 3.1
In particular, by [3], Corollary 1.6, if either

liminfw >0, 3.2)

|x]—o00 |x|

or there is a constant § € (0, 1) such that

}irlninf(8|VVU(x)‘2 — AV, (1)) >0, (3.3)

then the inequality (3.1) fulfills.
Now, as shown in the proof of Theorem 2.1 that the continuity of ®,, implies that V,, € C!(R?) and

(VVy(x),x)= /d<VV(x —2), x)ve(dz).
R

Then condition (1) in Theorem 3.1 implies (3.2), and hence the Poincaré inequality for p * v.
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On the other hand, repeating the argument leading to F' € C I(R?) in the proof of Theorem 2.1, we conclude that
the continuity of @, and @, implies V,, € C 2(]R”l) and

Vo)’ = (fR VV(x —z)vx(dz)>2,
AV, (x) = |VVU(x)|2+/Rd{AV(x —2) = |VV(x — )} (da).
Then for any § € (0, 1),
S|VV,(0)|)* = AV, (x) = /Rd(|VV(x — )P = AV —2)ue(d) — (1 = 9| V(o)

> /d(5|VV(x — )P = AV(x — )1 (d2).
R
Combining this with condition (2) in Theorem 3.1 we prove (3.3), and hence the Poincaré inequality for u * v. O
When the measure v is compactly supported, we have the following consequence of Theorem 3.1.

Corollary 3.2. Let v be a probability measure on R with compact support such that R := sup{|z|: z € suppv} < 0.
If either V € CY(R?) with
.. AVV(x),x) = RIVV(x)]
liminf >

|x|—>00 x|

0, (3.4)

or Ve C2(RY) and there is a constant § € (0, 1) such that

1|iminf(8|VV(x)|2 — AV () >0, (3.5)

x|—00
then w * v satisfies the Poincaré inequality.
Proof. Since the support of v is compact, the continuity of @, when V € C'(R?) and that of &, when V € C2(R%)

are obvious. Below we prove conditions (1) and (2) in Theorem 3.1 using (3.4) and (3.5) respectively.
(a) By (3.4) we obtain

/d(x, VV(x —2))(dz) = /d((x — 2, VV(x — )+ (2, VV(x — 2)))ve (d2)
R R
> fd((x — 2z, VV(x —2)) = R|VV(x — 2)|)1x(d2)
R

z/ (clx — 2] — c2)ve (d2)
Rd
zcl(IXI—R)+—62

for some constants ¢y, ¢ > 0. Then condition (1) in Theorem 3.1 holds.
(b) According to (3.5), there are constants 71, c3 and ¢4 > 0 such that for all x € R4

/ﬂ;{d (B|VVx =) = AV(x = 2)ue(da)

> / ve(dz) — s / v (dz). (3.6)
{lx—z|>r1} {lx—z|<r}
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Since for x € R? with |x| > R + r| we have

/ by (dz) = / be(dz) = 1
{lx—z|>r1} {IzI<R}

and

/ vy (dz) < / vy (dz) =0,
{lx—z|<r1} {lz|>R}

then (3.6) implies condition (2) in Theorem 3.1. U
Finally, we present the following examples to illustrate Theorem 3.1 and Corollary 3.2.

Example 3.3. (1) Let V(x) = ¢ + |x|? for some p > 1 and constant c such that u(dx) := e~V ™) dx is a probability
measure on RY. Then % v satisfies the Poincaré inequality for every compactly supported probability measure v
on R4,

Q) Letd=1,V(x)=c++1+x2%and

v(dz)=%Ze*'i'ai(dz), yi= el

i€Z i€Z
/ 2 . . . . . . 4. .
where ¢ = log flR e~ V1" dx and 8; is the Dirac measure at point i. Then w v satisfies the Poincaré inequality.

Proof. Since when p < 2 the function V(x) = ¢ + |x|? is not in C? at point 0, we take V e C2(R?) such that
V(x) = V(x) for |x| > 1. Let a(dx) = CeV® dx, where C > 0 is a constant such that [t is a probability measure.
By the stability of Poincaré inequality under the bounded perturbations (e.g., see [9], Proposition 17), it suffices to
prove that fi x v satisfies the Poincaré inequality.

In case (1) the assertion is a direct consequence of Corollary 3.2. So, we only have to verify condition (1) in
Theorem 3.1 for case (2). For simplicity, we only verify for x — oo, i.e.,

i JrxV'(x = 2)v(dz) N

xX—>00 |x|

0. (3.7)

Let i, be the integer part of x, and h, = x — i,.. Note that for any x > 0,

foV/(x — )y (dz) .
x| -

/ V/(x = 2)ue(d2)
R

ez =D/ 1+ (x—i)eV (e —i)2 =i
ZiEZ eimf‘il

Y ken i A0 /N1 + (hy + k)Ze™V 1R ik
Sy eV A=l k]

= 1=p,0)7" Y (abi)(v), (3.3)

keZ

V14 (hy + k)2 — (hy + k)
i+ +02

bi(x) i= e~ VIHEAHD K ) =3 b ().
keZ

ag(x) =
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It is easy to see that

0<ar(x) < (4572 k=0,
- 12 k <0.

Then for any n > 1,

D (ab)(x) = (ab) )+ Y (arb)(x) + Y arbi(x)
keZ k=<0 k=1 k=n+1
<2 b+ Zbk(x) +— Z by (x).
k<0 k n+1

Thus, forany x > 0and 1 <n <iy,

-1

Zbk(x) <e ¥4 Z e~ (Fh=h0) ==k < (Ze2 +1)e™

k<0 k=—00

Dby <ne™, py(0) =) br(x) = ie !

k=1

Then for any n > 1,

lim sup
X—>00 l)( )

x+1(262+1+n)e_x+ 1 } 1

Z(dkbk)(x) < hm { - poel Ry

Letting n — oo we obtain limy_, pl,()c)_1 Zkez(akbk)(x) = 0. Combining this with (3.8) we prove (3.7). O

4. Super Poincaré inequality
In this section we extend the results in Section 3 for the super Poincaré inequality.

Theorem 4.1. Let pu(dx) = e~V dx be a probability measure on R? and let v be a probability measure on RY.
Define

—d/2 (SUpIX‘Sr e_V(X))d/z_H

a(r,s)=(1+s il =y V)77 s,r>0.
(1) If V e CYRY) such that
,VV(x —2))ve(d
liming J20 0 VYV G —D)vea) (4.1)
|x]—00 |x|

then | * v satisfies the super Poincaré inequality (1.2) with

B(r) =c(l+a(v2/r),r/2))

for some constant ¢ > 0, where

Y(r) = inf{s >(0: inf fRd W, VYO = 2))ve(d2) > r} <oo, r>0.

|x]|>s |x]
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(2) Suppose that V € C*(R?) and there is a constant § € (0, 1) such that

liminf/d(8|VV(x — )P = AV(x — )1, (d2) = 0. (4.2)
R

|x]—o00
Then, u * v satisfies the super Poincaré inequality (1.2) with
B(r)=c(l+a(¥2/r),r/2))

for some constant ¢ > 0, where
U (r) :=inf{s > 0: lin f (8|VV(x — z)|2 — AV(x —2))vy(dz) > r} <00, r>0.
x|=s JRd

The proof of Theorem 4.1 is based on the following lemma.

Lemma 4.2. Let pu(dx) = e~V ® dx be a probability measure on R?. Assume that there are functions W > 1, ¢ > 0
with liminf|y|— o ¢ (x) = 00 and constants b, ro > 0 such that

AW — (VW,VV)
w

< —¢+blp,r-
Then, the following super Poincaré inequality holds

wv (£2) <ruv (IVFP) + By (1£1)
with
B(r)=c(l+a(yy2/r),r/2)), r>0

for some constant ¢ > 0 and
Vo(r) = inf{s > 0: inf ¢(x) > r}.
[x]>s

Proof. It is well known that (e.g., see [7], Proposition 3.1) there exists a constant C > 0 such that for any 7, s > 0 and
feC'RY,

2
f f2(x)dx5s/ \Vf(x)\zdx+c(1+s—d/2)</ |f|(x)dx> )
B(0,1) B(0,1) B(0,1)

Therefore,
[ Powv@s(set) [ e
B(0,1) [x|<t B(0,1)

supy e~

infmit e V)

—V(x) 2
_ sup e
+C(1+s d/%L(/O IfI(X)uv(dx)>
B(0.1)

(infmf, e—V(x))Z

—V(x)
SUp|y )<, € .
s By (V) 4 (1 +572)

/ V£ ()| ey (dx)
B(0,1)

SUP x| </ e V™

(infloyz e V)2 Y

(1)

inf‘x|§[ €
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inf\x\fl eV

] in the inequality above, we arrive at that for any 7,7 > 0 and f € C'(R?),
lxl<t

Taking s =r

/B(O )fz(x)mdx) <ruy(IVF12) + Ca(t, v (1)
N3

Thus, the proof is finished by [7], Theorem 2.10, and the fact that the function «/(r, s) is increasing with respect to r
and decreasing with respect to s. O

Proof of Theorem 4.1. As the same to the proof of Theorem 3.1,let L, = A — VV,,.
In case (1), we consider a smooth function such that W (x) = e?*! for |x| > 1 and W(x) > 1 for all x € R?. We
have
L,W(x) -_ (x, VV,(x))
Wx) — x|

Ljxj=1y + b 1gx<ny

for some constant b > 0. Then, the required assertion follows from Lemma 4.2 and the proof of Theorem 3.1(1).
In case (2), we consider a smooth function such that W (x) = ed=OVE) for x| >1and W(x) > 1 forall x € R,
Then,

LyW(x)
Wx; =—(1=8)(AVE@) = 8|VV@[*) + bl

for some constant b > 0. This along with Lemma 4.2 and the proof of Theorem 3.1(2) also yields the desired asser-
tion. O

According to the proof of Corollary 3.2, when the measure v has the compact support, we can obtain the following
statement from Theorem 4.1.

Corollary 4.3. Let v be a probability measure on RY with compact support such that R := sup{|z|: z € supp v} < oo.
M If
.. AVV(x),x) = RIVV(x)]
liminf =

|x|—>00 |x]

00, (4.3)

then | * v satisfies the super Poincaré inequality (1.2) with

B(r)=c(1+a(y(2/r),r/2))

for some constant ¢ > 0, where

¥ (r) :=inf{s >0: inf (VV ), x) — RIVV(0)] > r}.

x|>2s x|

(2) Ifthere is a constant § € (0, 1) such that

1|iminf(5]vv<x)\2 — AV (%)) = o0, (4.4)

x|—00
then | * v satisfies the super Poincaré inequality (1.2) with
B =c(1+a(F@2/r).r/2))

for some constant ¢ > 0, where

V() ::inf{s > 0: | inf (8|VV()C)|2 —AV(x)) > r}.

x|>2s
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The proof of Corollary 4.3 is similar to that of Corollary 3.2, and is thus omitted. Finally, we consider the following
example to illustrate Corollary 4.3.

Example 4.4. Let V (x) = ¢ + |x|? for some p > 1 and ¢ € R such that u(dx) :=e~"®) dx is a probability measure
on RY. Then for any compactly supported probability measure v, there exists a constant ¢ > 0 such that ju % v satisfies
the super Poincaré inequality (1.2) with

B(r) =exp (cr P/CP=) "y 0. 4.5

Proof. Since by [18], Corollary 1.2, the super Poincaré inequality implies the Poincaré inequality, we may take
B(r) =1{forlarge r > 0. So, it suffices to prove the assertion for small » > 0. As explained in the proof of Example 3.3
up to a bounded perturbation, we may simply assume that V € CZ(R?). For any § € (0, 1) and any x € R? with |x]|
large enough,

SIVV)|* - AV = n(V @),
where 7 is a non-decreasing function such that n(r) = 8r2(P=2/P for some constant § > 0 and all » > 1. So,
Y <c(1+ ul/(z(p_z))), u>0
holds for some constant c; > 0. Next, it is easy to see that
a(r,s) < cz(l +s7d/2)e"2’p, s,r>0
holds for some constant ¢; > 0. Therefore, the desired assertion for small » > 0 follows from Corollary 4.3(2). (I

Remark 4.1. (1) By letting v = 8y we have u = u * v. So, Example 4.4 implies that | satisfies the super Poincaré
inequality with B given in (4.5) for some constant ¢ > 0, and moreover, the inequality is stable under convolutions of
compactly supported probability measures. It is easy to see from [16], Theorem 6.2, that the rate function B given in
(4.5) is sharp, i.e., u * v does not satisfy the super Poincaré inequality with B such that lim, rP/Cr=D) 1og B(r) =0.

(2) On the other hand, however, if v has worse concentration property, | * v may only satisfy a weaker functional
inequality. For instance, let | be in Example 4.4 but v(dz) = Ce " dz for some constant q € (1, p) and normal-
ization constant C > 0. As explained in Remark 4.1(1) for q in place p we see that v satisfies the super Poincaré
inequality with

B(r) =exp (crfq/(z(qfl))), r>0 (4.6)

for some constant ¢ > 0. Combining this with the super Poincaré inequality for i with B given in (4.5), from Propo-
sition 1.1 we conclude that u x v also satisfies the super Poincaré inequality with 8 given in (4.6) for some (different)
constant ¢ > 0, which is sharp according to [16], Theorem 6.2, as explained above. However, it is less straightforward
to verify this super Poincaré inequality for u x v using Theorem 4.1 instead of Proposition 1.1.
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