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Abstract. We focus on the existence and characterization of the limit for a certain critical branching random walks in time—space
random environment in one dimension which was introduced by Birkner, Geiger and Kersting in (In Interacting Stochastic Systems
(2005) 269-291 Springer). Each particle performs simple random walk on Z and branching mechanism depends on the time—space
site. The limit of this measure-valued processes is characterized as the unique solution to the non-trivial martingale problem and
called super-Brownian motion in a random environment by Mytnik in (Ann. Probab. 24 (1996) 1953-1978).

Résumé. Nous étudions I’existence et la caractérisation de la limite de marches branchantes critiques dans un environnement
spatio-temporel aléatoire en dimension 1 introduit par Birkner, Geiger and Kersting dans (In Interacting Stochastic Systems (2005)
269-291 Springer). Chaque particule effectue une marche aléatoire simple sur Z et le mécanisme de branchement dépend du site
indexé par I’espace et le temps. La limite de ce processus a valeur mesure est caractérisée comme 1’unique solution d’un probleme
de martingale non-trivial et correspond au super mouvement Brownien en environnement aléatoire par Mytnik dans (Ann. Probab.
24 (1996) 1953-1978).
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We denote by (£2, F, P) a probability space. Let N={0, 1,2, ...}, N*={1,2,3,...},and Z = {0, 1, +2,...}. Let
x, OF C(x1,...,xp) be anon-random constant which depends only on the parameters xi, ..., xp.

.....

1. Introduction

Super-Brownian motion (SBM) is a measure-valued process which was introduced by Dawson and Watanabe inde-
pendently [4,30] and is obtained as the limit of (asymptotically) critical branching Brownian motions (or branching
random walks). There are many books for introduction of super-Brownian motion [6,10] and dealing with several
aspects of it [8,9,15,25]. Also, super-Brownian motion appears in physics and population genetics.

An example of the construction is the following, where we always treat Euclidean space as the space, R? in this
paper. We assume that at time 0, there are N particles in Z¢ as the Oth generation particle. Each of N particles
chooses independently of each other a nearest neighbor site uniformly, moves there at time 1, and then each particle
independently of each other either dies or splits into two particles with probability 1/2 (1st generation). The newly
produced particles in the nth generation perform in the same manner, that is each of them chooses independently of
each other a nearest neighbor site uniformly, moves there at time n + 1, and then each particle independently of each
other either dies or splits into 2 particles with probability 1/2.
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Let X t(N) () be the measure-valued Markov processes defined by

g{particles in B+/N at [N |th generation at time ¢t N}
N

N
xM(B) =

)

where B € B(Rd ) are Borel sets in R? and BV/'N = {x = y+/N for y € B}. Then, under some conditions, they con-
verge as N — oo to a measure-valued processes, super-Brownian motion. In particular, the limit, X/, is characterized
as the unique solution to the martingale problem:

Forall ¢ € CZ(]R),

Z(9) = Xi() — Xo(¢) — [y 29 Xs(A)ds
is an FX -continuous square-integrable martingale
Zo@)=0 and (Z(@)): = [y X;(@)ds,

(1.1)

where v(¢) = [ ¢ dv for any measure v.

It is a well-known fact that one-dimensional super-Brownian motion is related to a stochastic heat equation [14,
26]. When d = 1, super-Brownian motion X/, (dx) is almost surely absolutely continuous with respect to the Lebesgue
measure and its density u(t, x) satisfies the following stochastic heat equation:

0 1 .
5l = 2Au +JuW(, x),
where W (¢, x) is time—space white noise. On the other hand, for d > 2, X, (-) is almost surely singular with respect to
the Lebesgue measure [7,16,23,24].

In this paper, we consider super-Brownian motion in a random environment, which was introduced in [19]. Mytnik
showed the existence and uniqueness of the scaling limit X,(-) for a certain critical branching diffusion in a random
environment with some conditions. It is characterized as the unique solution to the martingale problem:

For all ¢ € C3(RY),

Z1($) = X,(¢) — Xo(¢) — [y 5 X, (A¢)ds

is an FX -continuous square-integrable martingale and

(Z@)r = Jo Xs (@D ds + [ Jpapa §( PP (1) X (dX) X, (dy) ds,

where g(-, -) is bounded continuous function in a certain class. In this paper, we construct a super-Brownian motion in
arandom environment as the limit of scaled branching random walks in a random environment, which is a solution to
(1.2) for the case where g(x, y) is replaced by 6,,, and d = 1. The definition of such a martingale problem is formal.
The rigorous definition will be given later.

(1.2)

2. Branching random walks in a random environment

Before giving the system of the branching random walks in a random environment, we introduce the Ulam—Harris tree
T for labeling the particles. We set Ty = (N*)k*1 for k > 1. Then, the Ulam—Harris tree 7 is defined by T = UkzO Ty.
We will give a name to each particle by using elements of 7.

(i) When there are M particles at the Oth generation, we label them as 1,2, ..., M € Tj.
(ii) If the nth generation particle x = (xop,...,x,) € T,, gives birth to kx particles, then we name them as
(X0s - esXny 1), oony (X0, ..., Xn, kx) € Tn+l-

Thus, every particle in the branching systems has its own name in 7. We define |x| by its generation, that is if x is an
element of 7%, then |x| = k. For convenience, we denote by |x A y| the generation of the closest common ancestor of
x and y. If x and y have no common ancestor, then we define |x A y| = —oo. Also, we denote by y/x the last digit
of y when y is a child of x, that is

ky, ifx=(xo,...,x,) €T,y =(x0,...,%,ky) € T;41, forsomen €N,
00, otherwise.

y/X={
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Now, we give the definition of branching random walks in a random environment. In our case, a particle moves on
7 and the process evolves by the following rules:

(i) The initial particles are located at sites {x; € 2Z: i =1, ..., My}.
(i) Each particle located at site x at time n chooses a nearest neighbor site independently of each others with proba-
bility % and moves there at time n 4 1. Then, it is replaced by k-children with probability q,(,{\,’c) (k) independently

of each others,
where {{q,(lAQ (k)}32o: (n,x) € N x Z} are the offspring distributions assigned to each time—space site (n, x) which are
ii.d.in (n, x). We denote by B(N) and by B(N)

at site x at time n. Also, we denote by mn,x ) the pth moment of offsprings for offspring distribution {q,,,x) (k)}, that
is

the total number of particles at time n and the local number of particles

! = }:w<mw>

This model is called branching random walks in a random environment (BRWRE) whose properties as measure-
valued processes are studied well for “supercritical” case [12,13]. Also, the continuous counterpart, branching Brow-
nian motions in a random environment was introduced by Shiozawa [28,29]. We know that the normalized random
measure weakly converges to Gaussian measure in probability in one phase, whereas the localization has occurred in
the other phase.

In this paper, we focus on the scaled measure-valued processes X Z(N) associated to this branching random walks:

Rl
N
Xy = NZ‘S)«,-/NVL

and
g™

1
N z :
Xt( ) = ﬁ axi(l)/Nl/z’ fort =
i=1

1 LKN |
— ., for each K > 0,
N N

where x; () is the position of the ith particle at t Nth generation. We remark that if we identify Bt(]l\\,l?x as the measure
Bt(;\\,])sz then X, M) g represented as

1 LKN]
ZBINXX/NI/Z fortzﬁ,...,T.

er

(N)

Let M £ (R) be the set of the finite measures on R with the topology of weak convergence. For convenience, we extend
this model to the cadlag paths in Mg (R) by

1 1
N N
X >=N§ BN i, forr<i<it+ ¥

xX€Z
where we define ¢ for # and N by some positive number _ for i € N satisfying -+ v <t< l“ . Then, X; M e M F(R)

for each ¢t € [0, K]. Let ¢ € B,(R), where B,(R) is the set of the bounded Borel measurable functions on R. We
denote the product of v € Mr(R) and ¢ € B, (R) by v(¢), that is

wm=/¢mwmy
R

To describe the main theorem, we introduce the following assumption on the environment:
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Assumption A.

E[mgy "] = [qu,ixac)}:l, Jim E[mg%? ~1]=y >0,

(N,4) : 1/2 (N,1) _ 1\27_ p2
sup E[mog ] <oe. - fim NUEE[(mo —1)7] = £
sup Nl/zE[( (N D 1)4] < 00.

N>1

Example. The simplest example satisfying Assumption A is the case where q,(,{\;c) ) = é b 2&}\(;11 /)j) . qn, x) (2) = 2 +

ﬁflf;ﬁ’/i) for i.i.d. random variables {£(n, x): (n,x) € N x Z} such that P(E(n,x) =1)=P(Em,x) =—1) = i'

Theorem 2.1. We suppose that X (()N) () = Xo(-) in MFr(R) and Assumption A. Then, the sequence of measure-valued

processes {X M. N eN } converges to a continuous measure-valued process X. € C ([0, 00), M (R)). Moreover, for
any t > 0, X;(dx) is almost surely absolutely continuous with respect to the Lebesgue measure and its density u(t, x)
is the unique nonnegative solution to the following martingale problem:

For all ¢ € C(R),
Zi(p) = [ u(t, x)dx — [ () Xo(dx) — 1 [0 [ Ap(x)u(s, x)dx ds @.1)

is an .FIX -continuous square-integrable martingale and

(Z@))e = [y [ $* ) (yuls, x) +2B%u(s, x)?) dx ds.

Remark 1. We found in the Example after Assumption A that the fluctuation of the environment is mainly given by

(N b_ 1) and scaling factor is N~'/*. (It appears clearly in the Example after Assumption A.) This scaling factor
is dlﬂerent from N=V/2 the one in [19]. When the scaling factor is N~'/2, the limit is the usual super-Brownian
motion (1.1).

We roughly discuss how the scaling factor in our model is determined. For simplicity, we consider the model for
the case where the environment is the one given in the Example.

We scale the space by N~/2. Then, the summation of the fluctuation of the first moment of offsprings in the segment

y—x)N'/
2

{k} x [x,y]is ZZE[XN1/2’),N1/2] %. Since it is the summation of i.i.d. random variables of ( , the central

2
limit theorem holds and it weakly converges to a Gaussian random variable with distribution N (0, M). Similar
argument holds for random variables other than Bernoulli random variables.

Remark 2. The martingale problem (2.1) is the rigorous definition of the martingale problem when g(x,y) is re-
placed by 8y in (1.2). Also, the theorem implies the existence and the uniqueness of the nonnegative solution to the
stochastic heat equation

a 1 .
g - / 2,2
atu—zAu—i— yu+28%u*w, 2.2)

and limy_, you(t, x) dx = Xo(dx) in Mp(R), where W is time—space white noise. In [18], the existence of solutions
was proved for general SPDE containing (2.2) when the initial measure Xo(dx) has a continuous density with rapidly
decreasing at infinity.

Also, there are a lot of papers on uniqueness of the stochastic heat equation %u =1Au+ |u|*W. It is known that
weak uniqueness for nonnegative solutions holds for % <o <1 [20] and pathwise uniqueness holds for % <a<l
[21]. However, uniqueness in law and pathwise uniqueness fails when solutions are allowed to take negative values

3
fora < 7 [17].
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3. Proof of Theorem 2.1

In this section, we will give a proof of Theorem 2.1. The proof is divided into three steps:

(i) tightness,
(ii) identification of the limit point processes,
(iii) weak uniqueness of the limit points.

In this section, we consider the following setting for simplicity.

Assumption B. The number of initial particles is N and all of them locates at the origin at time 0. Also, q(N) 0) =
% — ﬂflf/"l/f) , q,%) (2) ﬂzsl\(/’i/)j) for i.i.d. random variables {£(n, x): (n,x) € N x Z} such that P(§(n,x) =1) =
PEMn. x)=—1)=3.

To consider the general model, it is almost enough to replace B i](f’/f ) by m (N ' _ 1. We sometimes need to consider

{{q,&{\;) (K)}k=0: (n,x) € N x Z}. Especially, y appears in the same situation as the construction of the usual super-
Brownian motion, so the reader will not have any difficulties extending the proof to the more general case.

Before starting the proof, we will look at the X ,(N) (¢). Since X ,(N) are constantin ¢ € [t,t + %), it is enough to see
the difference between X; ™) and x)

(+1/N>
1 Yy YX
(N) (N) INA+1 N
Xiryn @) =X (@) = ﬁZ(‘p( N1/2 )VX _¢<W>>’
X~t

where x ~ t means that the particle x is the  Nth generation, Yy X is the position of the particle x at time N for x ~ ¢,

VX is the number of children of x and for simplicity, we omit N We define Yff\, = Yg\, 41 fory which is a child
of x.
Also, we divide this summation into four parts:

(LHS)
__Z < 1N+1>< vE 1 ﬂ«‘?(LN,Yf‘N)>
= N1/2 N1/4
v\ BEAN, YY)
5 Z <N1/2 ) N1/4

tN+1 thl(v YN_’_1 Y;Igv_l
v E(e() -o(we) - (o (e ) ol(Faer) 20(50%) ) )
1 Y;fv-i-l Yt%\/_l Yﬁv
o3 (o) +o(B) 2 (50%) ) 2

=AM @) + aMN @) + AaMEY ()

1 YE +1 Yx —1 Y%,
+ N};@(—LNUZ ) +¢<—-N1/2 ) —2¢<Nﬁ/2))/2.

Thus, we have that

t
xM @) - xM @)= (MY (@) + M () + MV (¢) + /0 XM (AN ) ds, 3.1)
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where
IS s YL | L el
S§<t X~§
Mt(e,N)((ﬁ) _ % Z Z¢< ;/}\1/72] ) IBE(;],V],M X/\/) ’
s<t X~§
0= L5 3 (o) o) (oSt ) ot ) 222 ),
S<Z X’\-’S

and AN : B, (R) — By (R) is the following operator;

1
AN¢<x)=(¢(x+NU2>+¢< N1/2> ¢>(x>)/—

Actually, we have that

[RERTTES wapaii(e 8]

s<t X’\’S

Also, we remark that Mz(b’N) (@), MZ_(E’N) (¢), and ML(‘Y’N) (@) are ft(,{;])-martingales, where }",gN) is the o -algebra
o(V¥,YE &k, x): IxI<n—1Lk<n-—1,x€Z),
where féN) = {@, §2}. Indeed, since Y* -1 are independent of VX and &£(n, x),

E[M" @) — M\ @) Fiy ]
1 Y V) ﬂg(LN_lﬂYLXN_l) (N)
=N Z E|:¢<N1/2)‘]:w 1:| [Vx_l_ N1/ “FtN—l:I
X~i—1/N
=0,
E[M“™M () — M\ @I F N ]
1 YLN (N) ﬁé({N -1, Y;§\1_1) (N)
-N Z E|:¢<Nl/2>‘]:LN—li|E|: N4 ‘]:LN—li|
xX~t—1/N
=0,

and
E[MIM (@) - M @IF ] =0,

almost surely. _
Moreover, the decomposition (3.1) is very useful since the martingales ML(”N) (¢) (i = b, e,s) are orthogonal to
each others. Indeed, we have that

E[(aM"™ @) (am{N (@) FN]

1 YX YX
5o 2 (o5 (5l

X,X'~t—1/N
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x E[E[(VX _, kN 1,Y§V_l)) G }’%QN_ I’Yf?\;—l)‘]_-w) ])

N1/4 tN—1 N1/4 tN—1

=0,
where Q,SN) = .7-",§N) VvV o(é(m,x): x € Z) almost surely. Also, we can obtain by similar arguments that
ELAM ™ @) (aME @)1 FNL 1= ELaME ™ @) (aM™ (¢)| Fy) 1= 0 almost surely.

3.1. Tightness
In this subsection, we will prove the following lemma.
Lemma 3.1. The sequence { X))} is tight in D([0, 00), M r(R)), and each limit process is continuous.

To prove it, we will use the following theorem which reduces the problem to the tightness of real-valued process
[25], Theorem I1.4.1.

Theorem 3.2. Assume that E is a Polish space. Let Dg be a separating class of Cp,(E) containing 1. A sequence of
cadlag M (E)-valued processes {X'N): N € N} is C-relatively compact in D([0, 00), M p(E)) if and only if

(1) forevery e, T >0, there is a compact set Kt ¢ in E such that

sup P(sup X;N)(Kﬁ .) > 8) <e,
N t<T ’

(ii) and for all ¢ € Dy, { XN (¢): N € N} is C-relatively compact in D([0, 00), R).

Assumption. We choose le (R) as Dy, where Cg (R) is the set of bounded continuous function on R with bounded
derivatives of order 1 and 2.

Hereafter, we will check the conditions (i) and (ii) of Theorem 3.2 for our case. In the beginning, we give the proof
of (ii) by using the following lemmas:

2
Lemma 3.3. For ¢ € C}(R), sup, - |M,(S’N)(q>)| L 0as N — oo forall K > 0.

Lemma 3.4 (See [25], Lemma II 4.5). Let (ML(N), 72\7) be discrete time martingales with M(()N) =0. Let (M(N)),_ =
ZO5¥<! E[(M(fi/N — MéN))zLTg], and we extend M™ and (M(N)). to [0, 00) as right continuous step functions.

N

IfF{(MMN)) . N e N} is C-relatively compact in D([0, 00), R) and

t+1/N

sup (MY —M™M|5 0 as N ooforall K >0, (3.2)
0<t=<K -

then M™) is C-relatively compact in D([0, 00), R).
If, in addition,
{(ML(N))2 + <M(N))t: N € N} is uniformly integrable for all t,

then M0 = M. in D([0,00),R) implies that M is a continuous L2-martingale and (MA(N"), (MDY ) =
(M., (M).) in D([0, 00), R).

Lemma 3.5. Forany ¢ € CZ (R), the sequence C,(N) (p) = fOL XS(N) (ANqb) ds is C-relatively compact in D([0, 00), R).
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When we can verify the conditions of Lemma 3.4 for m&N (¢), and meN (¢), the sequence {X ) (¢): N eN}
is C-relatively compact in D([0, c0), R). Moreover, if we check the condition of (i) in Theorem 3.2, then the tightness

of {X M. NeN } follows immediately.
Before starting the proof of the above lemmas, we prepare the following lemma. It tells us the mean of the measure

X éN) is the same as the distribution of the scaled simple random walk.

Lemma 3.6. We define historical process by

1
Ht(N) =N Z(SY(X/V)N/NI/Z € Mp(D([0. 00), R)),
X~1

where Y = YY) for0<s <|x A y| + 1, that is Y is the position of the | s N ]-generation’s ancestor of X.
If ¥ : D([0, 00), R) — R is Borel, then for any t > 0

Yn
E[H™ )] = Ey [¢< ](\,175)] (3.3)

where Y. is the trajectory of simple random walk on Z. In particular, for all ¢ € B4 (R),

Yin
Moreover, for all x, K > 0, we have that

P<supx,<N)(1)zx) <x7 (3.5)
t<K

To prove this lemma, we introduce some notation. For x(-), y(-) € D([0, co), R) such that y(0) =0,

x(1) if0<r<s,
x(s)+y@—s) ifr>s.

/s = |
Then, (x/s/y)(-) € D([0, 00), R).
Proof. (3.3) follows from the Markov property. Indeed, we have
) - £ £ ()]

-yt

[ 1 Yow
ey X () v

L x~1—1/N

[ 1 Yoo /EN/Z)((- ADN)
:E_EZI[N 3 w( (A l/zv»zle/2 )H

x~t—1/N

where Z1(-) is a random function independent of Yj‘v such that Z;(s) =0for0<s < 1, P(Zi(s)=1fors > 1) =
P(Z1(s) = —1 for > 1) = }. Iterating this,

E[H™ ()]

((Y(yf/\LfZ/N)N/LN _2/22)/£N - I/Zl)((' /\L)N)>:|:|

1
:E[EZI,ZQ[N Z 1//< N1/2

X~1—2/N

Y((.AnN)
=Ey |:¢< Nz )|
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where Z, is independent copy of Z; and Y (-) is the trajectory of simple random walk. Also, (3.5) follows from the
fact that X EN)(I) is an .Ft(llvv )—martingale, from the L' inequality for nonnegative submartingales, and from (3.4). [

Proof of Lemma 3.5. We know X(()N) (¢) = ¢(0). Also, we have that for any K > 0

t
1™ () — V(@) < / XY (AN )| du

< sup C@H)XV (Dt — s, (3.6)

u<k

where we have used that the boundedness of AY¢. We can use the Arzela—Ascoli Theorem by (3.5) and (3.6) so
that {C @™ (¢): N € N} are C-relatively compact sequences in D([0, c0), R). (See Corollary 3.7.3, Remark 3.7.4, and
Theorem 3.10.2 in [11].) U

Proof of Lemma 3.3. Let iy (y) = Ey[(¢>(ﬁ — q&(%))z]. First, we remark that

X§N+l _¢ YSKN —lANqb YfN
¢ N1/2 N1/2 N N1/2

are orthogonal for x # x’ ~ s. Since M,(S‘N)(d)) is a martingale, we have that

E[(M" @)*]
=Y E[(aMEN ()]
s<K
1 Yivin Yoy 1 Yoy 2
=0 S Z (o) o) - o)) PV ]
s<K X~
<23 e] 5 3 () + 1461 |
=N =~ N = N sN N2

K
< 2E|:/ (XM (hy) + ||AN¢H20N_2X§.N)(1))ds]
0

K Yin+ Ysn 2 K N 12 (N)
([ (o) -ol(3i)) o]+ goswiatelixa)
— 0,

where we have used Lemma 3.6 and the fact that sup, AN @00 < 00 for ¢ € CE(R) and {X;N)(l): 0<t<K}isa

martingale with respect to .7:,(1]\\,] ) in the last line. (]

Next, we will check the conditions in Lemma 3.4 for moN (¢) and meN) (@), that is,

(1) {(MPN(@)). + (MM (¢)).: N e N}is C-relatively compact in D([0, o), R),

b,N b,N N N P
@) supg<<x IMN (@) — M"Y (@) + M (@) — MM (¢)] > 0as N — oo forall K >0,

3) {(M,_(b'N)(¢))2 i (Mz(e,N) ()% + (M©&N) (P)): + (M(e'N)(¢))£: N € N} is uniformly integrable for all 7.

As we verified that M®-N) (¢p) and M (e.N) (¢) are orthogonal, we have that

(MO @)+ MM (@), = MOV (@) + (M (@)..
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Moreover, since under fixed environment {&(n, x): (n,x) € N x Z}, VX and VY are independent for x # y, we
have that

(M),

= E[(MEN\ @) — MEN (@) IFNY]
s<t
g BE(SN, YX)\2
sSN+1 x S SN
NzZZ [ <N1/+2) ]-”;x)}E[(V _1_T> ;ﬁ(y}
SN+1 YVXN YfN 2 ‘32
- E (o) -o((5%)) +ol(5e)) 1) (0 - )

S<l X’\’S
1 B2 1 0) B?
_NZXQN)(&)(I_ N1/2)+N1/z N ZXQN)(D(l_W)

s<t s<t
4 o)
_ N[ 42
_/(; X, <¢ +W>d59
and
N
(MM (g)),
2
=Y E[(MG @) - MEV @) IFN]
s<t
Yivi YNt F YTy = Yiy)
sz Z N1/2 ¢ N2 ‘ sN N1/2
S<I X,X~t
Vi \?, O MY = Y
Z Z N1/2 N1/2 N1/2
S<I X,X~1

>, o (B
ﬂ ZZ( <N1/2> N1/2> N3/2

S<t xeZ

’ x )\, 0 Byl
=/32/0 %<¢<N1/2> +N1/2) s,

where |O(1)| < Cy for a constant Cy that depends only on ¢.
Therefore, we have that

(MM @), + (MM (@), — (M@ (@), — (MM (@)
= Co((MOV ), + (MM @), = (M), - (M D))

=C((xM ), = (xMm)), 3.7)

where we remark that {X(N) (1): 0 <t} is a martingale with respect to .F(N) and M,(S’N) (1) =0forany 0 <t < 0.
We will prove C-relative compactness of (3.7) by showing the followmg lemma.
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Lemma 3.7. For any K >0

st}i]p E[(Xg)(l))z] < 00,

and for any € > 0,

(N) _[xWN) _
(slgr%);li%P(OSs?EK(<X (1)>5+5 <X (1)>£)>8)—0.

Proof. We remark that for each N, B,(ZN) is a martingale with respect to the filtration }‘,EN).
Let B,(,”N) be the total number of particles at time n which are the descendants from ith initial particle. Then, we
remark that for i # j

E[Bln Blin)]= E[E[BRN HIE[B{ ) 1M]]

ﬂz {(i<|KN]:Y! =Y}
:Eyly2|:(1+N1/2) :|a

where H is the o-algebra generated by {£(n,x): (n,x) € N x Z}, and Y! and Y2 are independent simple random
walks on Z starting from the origin.
On the other hand,

. N) LKN]—1 ,82 {k<i<|KN]:Y!=Y?
i . vl 2
E[(BLKNJ —1+ Z CEyly2|:( +N1/2) N Yk :Yk:|+C

82 )ﬁ{i<LKNJ:Y,-‘=Y,-2}]

< LKNJElez[(l + — NI/2

where c =1 — # < 1[31], Lemma 2.3. Thus, we have that

,32 ) {ifLKNJ:YiI:YiZ}:|

1
E[(xg>(1))2] < m(N(N -1 +NLKNJ)EYW2[<1 + N1/

B2 )ﬁ{ifLKNJ:Y,-'—Y,-z}}

S C(K)Eyly2[<l + N1/2

2 . .
Since Eyiy2[(1 + %):‘{’SLK Nyl =y?) ]is bounded (Lemma 4.1), we complete the proof of the first statement.
Now, we turn to the proof of the latter part of the statement. Let § > 0. It follows from the above argument that
N N
(XM ), - XM m),

g™

2
f <X<N>(1) +62> %j;)) du.

X€ZL

We know that | f X (N)(l) du| < (sup,<x Xu (N) (1))]t — s| and Lemma 3.6 implies that this term converges in proba-
bility to 0 as |t — 5| — O uniformly in 0 <5 <t < K. So, it is enough to show that for any ¢ > 0

BM)

)2
lim sup P( sup / Z L}’(;ijx du > 8> =0.

>0 N> 0<s<K
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We consider the segments 1} 5 —[2k8,2(k 4+ 1)8] for 0 <k < L28J Then, we have that

BN

(/25 ]

1 2(k+1)6N 2(k+16N)
(N) (N) 2
S DO MR

s=2k6N t=2kSN x,yeZ

2(k+1)8N 5 2
(N) 1/
AW ) o

s=2kSN x€Z

Corollary 4.3 implies that
E[(B™) *
[( LsN], x) ]
782 )n{lsigsN:Yi"=Yib,a,be{1,2,3,4}}

<@V 1)4N4Eyly2y3y4|:<l + —

N2 :Y[gmzx,ae{l,z,3,4}], (3.9)

where we have used that for N large enough, E[(1 + B i,(?/f) ¥ <1+4 N’? 7> - Holder’s inequality and Lemma 4.1 imply
that

782 68{1<i<sN:Y!'=Y?}
N1/2>

(B39 <(sV 1)4N4Eylyz[(1 + Yy =YEn =x}

1 2
X Pyl(YLSNJ =x)
(s v 1)*N*

1 )3
7(SN v 1)1/2 PYI(Y\_SNJ —.x) .

Thus, the local limit theorem implies that

2(k+1)8N 2
(K v 1)2 1
3. 8)<_< 2 X:(stl)l/4 (SN v 1HI/4 Yl(YLSNJ_x))

s=2kSN x

< %(\/z(k + 1)6N — V2k8N)’.

Thus, we obtained that

(N) 2
(/ Z Blun) <) du>€> - CK*s
Bz N (V2R D) + V20?2
Since for each 0 < s < K, there is some k such that [s, s + 8] C I‘S U Ik+1, we have that
(N) 2 K/$§
(B luN|, x) CK*s
supP( sup / du>8)§2
N>l \0=s<K Z N3/2 /g) e2(V2(k + 1) + /2k)2
CK*5log(K /8
< CEPLEERD) 50, -
£

Also, we prove the following lemmas to check the conditions (1)—(3).
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Lemma 3.8. For ¢ € C2(R),

lim E[Z|AM,_(b’N) ®) + AM,_(“’N)(¢)\4} =0 forall K > 0.

N—o0
1<K

Lemma 3.9. For ¢ € C2(R),

supE[sup|Mt(b’N)(¢) + M,(E’N)(¢)|4] <oo forall K >0,
N 1<K - -

and
E[(M®N @) + MV (@), )*] <00 forall K > 0.

If we prove these lemmas, then we can verify the condition of Theorem 3.2(ii).

Proof of the C-relatively compactness of { X ™) (¢): N € N}. When we look at the process {X .(N)(q&)}, it is divided
into some processes, X" (¢), M"™N (@), M (), MM (@), and ¢ (9).

We know that M) (¢) and X (()N) (¢p) converges to constant by Assumptions and Lemma 3.3. C-relative compact-
ness of V) (¢) has been proved in Lemma 3.5.

Arzela—Ascoli’s theorem and Lemma 3.7 imply that {(M® ™M) (¢) + M©N)(¢)).: N € N} is C-relatively compact
in D([0, 00), R). Also, (3.2) follows from Lemma 3.8. The uniform integrability of {(M""(¢) + M“™ (¢))? +
(M©®N)(¢) + M©N)(¢)),} has been shown by Lemma 3.7 and Lemma 3.9. Thus, we have checked all conditions in
Lemma 3.4 so that {M "™ (¢) + M) (¢), (M®N) () + M©N)($)).} is C-relatively compact in D([0, c0), R).

Thus, {X.(N) (¢)} is C-relatively compact in D ([0, co), R) for each ¢ € C}% (R). O

To prove Lemma 3.8, we will use the following proposition (see [3]).

Proposition 3.10. Let ¢:R>o — Rxo is continuous, increasing, ¢(0) = 0 and ¢p(21) < cop(Ar) for all
A >0. (My, Fy) is a martingale, My = supy—, | M|, (M), = Yo E[(My — Mi_)?| Feo1l + E[Mg], and df =
maxi<k<n |My — Mi—1|. Then, there exists c = c(co) such that

1/2

E[o(M;)] = cE[¢(M)a7) + ¢(d7)]-

Proof of Lemma 3.8. It is enough to show that

lim_ E[Z|AM,_(b’N)(¢)|4 + |AM,_(8’N)(¢>)|4} =0 forall K > 0.

1<K
YX
Conditional on gl(ﬁ), AML(b’N)(qﬁ) is a sum of mean 0 independent random variables; wex.N) . — %qﬁ(%)(Vx —
(tN,YX) . . .
1— ﬁsgvf/f’v). Applying Proposition 3.10 into 3"y, W) we have

i 4
E|:( sup ZW(b’Xk'N)> QI(JI\Y)]
i<B{y k=1 -
Ci() (1 —ON"Y)N\E [ Cap)\*
= T () A (5)

i<BY
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where xy is the kth particle at time ¢ N. Thus,

5[ lam |

1<K

(cl(¢)2(1 — O(N~1/2y)
<c

4
- (KN)-E[NXM ()] + KN - Cﬁ) > 0.

Next, we will prove that

: (e,N) 4
| E AM, =0 forall K > 0.
W, [ZK)I @] =0 rorai k

It is clear that for ¢ € le (R)

(B(N)x) (B(N) )2
E[|am N @)['] < C(¢)E|: 3 z%}

X,YEZL

Then, it follows from Corollary 4.3 and a similar argument in the proof of Lemma 3.7 that
N N
E[(BL(N,)x)Z(Bz(N,)y)2]
NS

Ctv 1)4 7’32 Hl<i<tN:Yf=YP,a,be(1,2,3,4})
< TEY1Y2Y3Y4 1 + W

<C(LV1)4 I

Yy} 2 3 b
'YIN=YIN=X’YLN=Y£N=)7}
782 6{1<i<tN:Y{=Y}) /6
—_— . 1 2 3 b
Eyly2y3y4|:<1+N1/2> : YLN:YU\’_x’YtN—Y[N: i|
a,bef{1,2,3,4},a#b

Ctvl4
IE,\/») Py'(YN—x)Pyl(YzN— )(PYl(YzN—x)/\Pyl(YzN—y))'

Thus, we have that

(€N, 4\ 14 4 1
E[|aMM @) < C@o)yk v ZN

<k =

as N — oo. O

Proof of Lemma 3.9. We apply Proposition 3.10 into martingale M,_(b’N) () + Ml(e’N) (¢). Then, we have that

E[sup (" 9) + M 9))*] = (@) <E[((M<”’N>(1>)K + (MM D))

=

# L (amVwf + M)

t<K

The second term in the right hand side goes to 0 as N — oo by Lemma 3.8. The first term is bounded above by

XOXW) g B By
CE Z N— Z N5/2  N5/2 :

s, 1<K x,y€Z
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Since X{(1) is a martingale, E[X{" () X" ()] = E[x{™ (1) XV (1)] for s <. Thus,

xMmxMa)
E|: Z %} < KZE[(XEV)(I))Z]

s,t<K

is bounded in N for all K by Lemma 3.7.
Also, we know that from the proof of Lemma 3.7 that

B(N) B(N) 2 4
Z E[Z ( SNX)N(S x..) i|SC]I\§ (WKN)? < co.

s,t<K “x,yeZ

O

In the end of this subsection, we complete the proof of the tightness by checking the condition (i) in Theorem 3.2.
The proof follows the one in [25], p. 155.

Check for (i) in Theorem 3.2. Let ¢, 7 > 0 and n(e) > 0 (n will be chosen later). Let Ko C D([0, 00), R) be
a compact set such that sup, P(% € K§) <n. Let Kt ={y;,y,—: t <T,y € Ko}. Then, K7 is compact in R.
Clearly,

Yy
supP(Nl/2 € K7 for some t < T> <.
Let
RN = H™(y: y(s) € K5 for some s < 1)

—lZsul ﬁ
TN LR K\ N2 )

X~ =

First, we will claim that R,(N) is an fl(llvv)—submartingale. Clearly, R.(N) is constant on [¢,t + %). So, it is enough to
show that B
N N N
E[RY] v —RMIFP]=0 as. (3.10)

We have

RN —R(N)—lz sup 1 YSV VX —sup1l ﬁ
tH/N LN XNl‘s<t+11:’/N K N1/2 s<lt) Kt N1/2

1 YXN
s
Zﬁz(vx )sulec <—N1/2>.

S<t

The conditional expectation of the last term with respect to ]-'t(]lvv ) s equal to 0. Thus, (3.10) is proved. Now we apply

L'-inequality for submartingale into R™ 50 that

P(sup XM (k§) > s) < P(sup R™M > s)
s<T t<T
—lE[R(N)]
<e'p Yoy € Kf, forsomes <T
N2 =0T

by taking n(g) = &2. (]
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3.2. Identification of the limit point processes

From the lemmas in Section 3.1, we know that for ¢ € Cg (R), each term of

t
2" @)= X" @)~ 60 - / X (a%9) ds,
: : X
and
(zM @), = (M "N (@), + (MM (@), + (MM (),

are C-relatively compact in D([0, 00), R) and we found from Lemma 3.4 that the limit point processes satisfy

Zi(¢) = X1 (¢) — $(0) — [y A X (Ag)ds

is an ]-",X -continuous square integrable martingale and (3.11)

(Z(@)): = [y Xs(¢>) ds + M (9),

where M ,(e) (¢) is a limit point of Mée’N) (¢). Therefore, we need to identify M,(e) (®).
We will prove that

t
M (p) = 26> /O /R 62 (Vuls, )2 dy ds, (3.12)

where u(t, x) is the density of X; with respect to the Lebesgue measure, that is X;(dx) = u(¢, x) dx. We can find this
equation by the following rough argument.

First, we give an approximation of X ,(N) by some measure-valued processes which have densities. For (¢, y) €
R>o x R, we define u™ (t,y) by

(N)

B 1 x—1 x+1
(N) _ tN,x
! (t’y)_zﬁ f°r£§t<£+Nadee[Nl/2’Nl/Z)’er’

where x is an integer which particles can reach at time ¢ /N, that is x satisfies tN — x € 27Z. Actually, integrating
)
x—1 241y for each x € Z, they coincide with % Thus, we can regard u™) (¢, y) as an approxi-

NI/Z® NI/2

u™M(t, y) over [

mation of X,
Also, (M©N)(¢)) ; can be rewritten as

e t X
<M( 'N)((b))L:/O Z¢<N1/2

XEZL

\)

N
Z'BZ(BESI\)/J,X)z
N3/2

t
=26%(1 +(9(N_1/2))/0 R¢>(y)2u“v>(s,y)zdyds.
ye

Therefore, we can conjecture that the limit point Mt(e) (p) is
t
268 [ [ P02 dyas
0 JyeR

if uN) = y for some u(s, y) in some sense. In the following, we will check that (3.12) is true.

We denote by X t(N) new measure-valued processes associated to u™) (-, -), that is for ¢ € C}% (R),

XM (¢) = /R o ()u™(, x) dx.
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Then, it is clear that for any ¢ € Cﬁ(R) and for any K > 0

lim sup E[Sup P?I(N)@) - Xt(N)(¢)|] =0.

N—o0 t<K
Thus, {)~(.(N): N € N} is C-relative compact in D([0, o0), M (R)) and there are subsequences which weakly con-

verges to X., where X. is the one given in (3.11).
We will prove the following lemmas:

Lemma 3.11. Let X. be a limit point of the sequence {XFN): N € N}. Then, the measure-valued process {X;(-): 0 <
t < oo} is almost surely absolutely continuous for all t > 0, that is there exists an adapted continuous function-valued
process {u;: t > 0} such that

X:(dx) =us(x)dx, forallt >0, P-a.s.

Define a sequence of measure-valued processes {/L.(N) (dx): N e N} by
t
™M (dx) = Zﬁzf (u(N)(s, x))zdxds.
0

Lemma 3.12. For any € > 0 and for any T > 0, there exists a compact set K&T C R such that

sup P(sup qu) ((Ke’T)C) > 8) <e.
N M<T

By using Lemma 3.11 and Lemma 3.12, we can identify the limit point processes as follows:

Identification of the limit point processes. We will verify that if X™ (dx) = u(-, x) dx as Ny — oo, then
N, t
™ (dx) = <2ﬁ2/ u(s,x)2ds)dx. (3.13)
0

Actually, {(M;N)('))te[o,oo): N € N} are C-relatively compact in D([0, 00), M ¢ (R)) if the conditions in Theo-
rem 3.2 are satisfied. However, we have already checked them in the proof of the tightness of {X M. NeN } and

Lemma 3.12. Thus, for any ¢ € C(R),
ul(Nk)(¢) = 1, (¢p) for subsequences Ny — oo.
Also, we may consider this convergence is almost surely by Skorohod representation theorem, that is
Jim 1™ @) = (@), as. (3.14)
Let Gy (B, m) be the distributions of uN)(t, x) for B € B(R=( x R) and m € [0, c0), that is

9

Gn(B,m)=|{(t,x) € B: u™(t,x) <m}

where | - | represents the Lebesgue measure on R>g x R. Especially,

G ([0, 1] x R,m) = (n,x): n<{0,....[tN]},x €Z, By, < 2m/N}.

2
vt

Then, the convergence of ugN)(-) in (3.14) is equivalent to the convergence of the distributions G y (-, -).
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Let ,ut(M’N)(-) be the truncated measure of MI(N)(-) for M > 0, that is
t
;L,(M’N)(dx) = <2ﬁ2f (u(N)(s, X) A M)zds> dx.
0

Then, it is clear that for any bounded function ¢ € Clg, +(®)

t
/ / ¢ ) (™ (s, x) A M) dx ds
0 JR

t M
= 2/ / / & (x)m*>G y (ds dx dm)
0 JRJO

t o0
+2/ / / L) (5.x)> a) @ ()M Gy (ds dx dim).
0 JR/M
The last term converges to 0 in probability as N — oo and then M — oo. Indeed, we have that

t o0
05//[ Hu™ (s, x) > M} (x)M*G y (ds dx dm)
0

BM)y2
=C(9) N5/2) #{(n,x): n<{0,..., IN]},x € Z, By x = 2M~/N},

and the last term converges to 0 in probability by Lemma 3.9. Also, as Ny — oo fot Iz f0M¢>(x)m2GNk (ds dx dm)
converges almost surely to

t M t
/ f/ qﬁ(x)sz(dsdxdm):[ /¢(x)u(s,x)21{u(t,x)SM}dxds,
0 JRJO 0 JR

where G (-, -, -) is the distribution of u(#, x). Thus, we have that for any ¢ € C,%’ +([R)

t
//d)(x)u(s x)?dxds = lim lim /// ¢>(x)m Gy, (ds dx dm)
0 JR M —00 Ny— 00

< lim lim /f¢(x)(u(Nk)(t,x)AM)2dxds
R

M—00 Ny—>0o0 Jo
< m(9), as.

Also, we know that for bounded function ¢ € CZ +(R), for any ¢ > 0 and for any ¢ > 0

)

t
lim supP(‘/ / ¢(x)((u(N)(s,x))2 _ (u(N)(s,x) A M)z) dx ds

M—oo N
< hm supP( / q)(x)szN(dsdxdm) >8>
M—o0 N
=0,

by Lemma 3.9. Thus, for any bounded function ¢ € C,f’ +[®)
t
(@) = lim 2;32/ / ¢ (o) (4™ (1, x))” dx ds
Ni— o0 0 JR

t
<2p? f / ¢ (x)u(t, x)>dxds, in probability.
0 JR
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This is true for ¢ € CZ(R). Thus, we have proved (3.13). O

Proof of Lemma 3.12. First, we remark that M,(E’N) (¢) is an Ft(]]\,v)-martingale even if ¢(x) = 1g(x) for Borel
measurable set K. Then, B B

N ('BB%)X 2 1/2 ~
(M (K Z > e =2 (O (Ke)

A<l‘ xeKcN1/2

is an increasing process. Thus, we have that

P(suput(Kc) > 8) < P(3 sup(M(e’N)(K"))t > 8)

t<T t<T -

BN

N
Sy x P

s<T xeKcN!1/2

_ICZ Z ﬂZ(S\\;—l) Py (Ygn =)

s<T xeKc¢N1/2

S_IC,Bzﬁ<sup Py(YSN IS K”Nl/z))

s<T

<e

)

by taking K as a compact set in R such that C2+/K sup; 7 Py(Ysn € K°N'/2) < &2, where we have used Lemma 4.1
in the third inequality. B O

In the rest of this subsection, we will prove Lemma 3.11.
For ¢ € C;’Z([O, o0) x R, R), we define

XEN)(w[)=Zw( N1/2>/N (3.15)

X~

where v (x) = ¥ (¢, x). Also, we have the following equation

Xg(i];/}v(l/fgﬂ/N) - Xt(N)(lﬂg)
1 Yivn BEAN, YY)
=Z(‘/’(HN* ];1/2)/1\7)( W)
X~
N+1 ﬂé(LN’ Y_X]S\/')
+Z( ( N’ ];1/2 )/N> N1/4t
X~1
1 YA 1 Y5 +1 Y%,
+Z(2w<t+ ,(,]sz]) w(ﬁﬁ,—%m) <t+1/N 7 ))/(ZN)

X~t

1oYE+1 | oYE -1 YE,
R (vl ) o) (e ) e

bN
AM( 1/N(’»”t+1/N)+AM,+1/N(%+1/N)

+AM +1/N(1/ft+1/N) + ACI_,_]/N(WH-I/N)
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Fori=bh,e,s, Ml(i’N) () which are the sums of AM,(i’N)(lp,) up to ¢ are martingales with respect to .Ft(jlvv) as well

as MM (¢) are.

: 1 x25.
We take  as the shift of WirT exp(—7;);

1 exp(_(y—xﬁ)
V2mt 2 )

Then, we have that forg,&’ >0andt > n > 0
E[(x™ () = XM (v)*]
= Z E[(AMSJ’N) (wlx-i-s—ﬁ - wtx+s/—g))2]

S=t

+ Z E[(AMS!N) (I/IIX+E—£ - I/IIXJrELQ))Z]

S=I

+ D E[(AMEN (e~ Vo))

S=I

2
+ E[(Z ACO (yi,o_, — w;;s/_s)) }

S=<t

vr(y) =

+ (U 0) = ¥, (0)°

th 2
+E [(Z (Ve = Wiy — V2 + V) (NT]/VQ / (NN)) }

X~1

We will prove that

lim  sup E[(X;(v¥) — X:(¥))’] =0, foranyy>0.

E’S,ﬁoxeR,tzn

Then, we have that

Xt(W§‘) = Xo(wtx+s) + Mf(wtx+s—<)

(Mb)

(Me)

(Ms)

©

(Initial term)

(Error term)

(3.16)

(3.17)

for a certain continuous L2-bounded martingale M, (¥ ._.), where the martingale property of M, (¥ ,_.) is obtained
by the same argument as the proof of Lemma 3.1. Also, we take L2-limit in (3.17) as ¢ — 0 and choose &, — 0 so

that for any ¢ and x € R,

lim X, (W) =Xo(¥) + M (¥;_.) as.andin L*.

(3.18)

We define u(t, x) = liminf,, o X ,(w;‘n) for all ¢+ > 0, x € R. Standard differential theory shows that for each # > 0

with probability 1,

X;(dx) = u(t, x)dx + X; (dx),

where X7 is a random measure such that X7 (dx) L dx. Also, (3.18) implies that

E[/Ru(t,x)dx}:A;{Xo(l/ftx)dlezE[Xt(l)].
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Thus, E[X](1)] =0 and
X,;(dx) =u(t,x)dx, a.s.forallt > 0.

If we show that there exists of a continuous version of u, then we can complete the proof. First, we will prove
(3.16).
Clearly, for fixed ¢ > 0, sup, Wl (y) — ¢f+87£(y)| < % So (Error term) is bounded above by

/ 2
E|:(X,(N)<w>> ]—>O, as N — oo.

Also,
(Initial term) < (e — &')*((t + &) A (t +&'))
where we have used [25], Lemma III 4.5(a), that is for 0 < § < p,
W) = 9" < (=) (W7 e )70+ ()" 70) (3.19)

forallx,yeR, > 0,and ¢ > 0.

Lemma 3.13. Fore, ¢’ >0andt>n >0,

2
lim E[(Z ACM (s — w;;s/_s)) } =0.

N—o00
S<t

Proof.

AC (¥ie—y)

x YLXIKV +1 X YLXIX\’ —1 x YLXIS\’ +1 x YL)}({V —1
= Z(WH@-S—I/N (W) + wt-i—s—g—l/N (W) - ¢t+a—g<W) - wt+8—§<W))

X~s
/@2N)
Y;\f\]—i-l YtS\;v_l Yfi/
+XZ;<%X+S—;( _N1/2 >+wtx+s—£( _N1/2 )—2¢f+8_£<N‘1/2>>/(2N)
1 (Yt +e—s. Y] /N2 O(N-112
< — = N~
<l s R )
X~s S
1 (Y~ (t+e—s,
+Z_2< vt + i S, ) +(’)(N1/2)>.
XNEN 29y y=YX /N2

P . 2.,x _
Since ¥ (’gsgﬂ’}) + & %;82 $:9) — (), the last equation is bounded above by

xM)
|AC™ (v, )| < Cee. ”)W'

Thus,

gl

AcﬁN)(Wf+s—s_Wf+s’—g)> } = E[(C(S’ ) +C(e'.n)) SuP( ;vl/Z ) }

S=L

[

=t

—0 as N — oo.
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Indeed, for each N, X éN) (1) is a martingale so that by L?-maximum inequality and by Lemma 3.7,

supE[sup(X(N)(l)) ] = 451}\1/PE[(X(N)(1))L] <

S<t
Thus, we have by Fatou’s lemma that

E[(X:(v2) = Xi(v2))"]
<(e—&)(t+ere) Xo(1)> + lim ((Mb)+ (Me) + (Ms)).

N—o0

Hereafter, we will see the right hand side.
Lemma 3.14. Suppose e > &' >0,t>n>0,and0 <48 < % Then, for any x € R

lim (Mb) < Cs(s —&')° (1 + /)

N—o0

Proof. By Lemma 3.6, we have that for ¢ > ¢’ > 0, fort > n > 0, and for 0 < § < %

(Mb)
(- TE B () - stn(5)) )22
< EY[Z (th+s—s<]z;1/2> Ve —v(N1/2>) /N}

S=t

and it follows from (3.19) that

t e {;‘/ K3 ) YQN ) . YgN )
<[ e (aroam) ((emGin)) o+ (v (5 "

Thus, we have from the invariance principle that

lim (Mb)

N—o0

_ $
/ / ( e ) ((WIX-Q—S—S(y))z_(S + (wt):_s,_s(y))z_g)wg(y) dy ds

(t+¢& — )32

f - 2-5 12
O R R R (e P B

' 1/2
— no /I *35/2 N 7]/2 r (671)/2 $
He 8)/0(t+8 ’ @=9 <(H—8 ‘) <t~|—£’+(1—6)s> )ds
t
<Cufe— e (rke) 2 [ =) P as s Cole—€) k)R e)
0

where we have used the fact that fR /A (y)l//t0 (y)dy = w,o " ¢(x) in the second inequality.

Lemma 3.15. Forallx eR, s> ¢ >0,andt > n > 0, we have

lim (Ms) =0.
N1—r>noo( s)
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Proof. The proof is the same as the proof of Lemma 3.5. (]

Lemma 3.16. Suppose ¢ >¢' > 0,1t >n>0, and0<3< . Then, for any x € R

lim (Me) < C()B* v D2 (1 +¢) (e =)’

N—o00

Proof. By Lemma 4.2, we have that

z 2 \\2, )\ (BYD?
(Me) = B E[ZZ((%H S<—N1/2>_wtx+e’—g(m>> /N>W]
S=L zeZ
C(sVv1)? . 2
<’8222 N5 (wtﬂ ‘<N1/2>_wt+s/—s(#)) P(Ysn =2)
S<t z€Z

! 1/ z . z 2
<Cp*(tv 1)2/0 ZEZZ f(w’+83<m> - 1/ft+s’—s<W)> P(Yyn =2)ds,

where we have used Lemma 4.1 in the third inequality. Let 0 < " < ¢. Then, we obtain by a similar argument in the
proof of Lemma 3.14 that

! 1
lim (Me) < CA2(1 v 1)2( f | /R S0 = Ve ) ) dyds

N—o0

) /n sup, (¥ e s (D) — ¥ ()2 ds)
0

Js
_ 0
<CB v 1) / f ( G :8 SS)m) ((w:‘+s_x<y>)2“s+(w:‘+yS(y))z“s)wfj;) dyds

8
E—€ _
+CB (tv1)2[ <7(t+8 S)3/2> 571/2((l+8—s)(278)/2+(t—i—e/—s)(z 8)/2)ds

0 _

(t v 1)2 5/"“/ _1 —1/2—5
<CB2—" L (e—¢ I2(r 46 — d
<C(©B (l‘+8’)1/2(8 &) A sTA(r 46 =) s

it —)ED2 (1 e —5)C0/2
C(®)p2(t v 1) —’3/ 172 d
+COB V1) (e —¢) A PR s
s (11 _
5C(S)ﬂz(t\/1)2(8—8/)8<(t+8/) 12 5B<§,§—8>+r]'1/2(t+8)(2_8)/2(t+5’—n’) 5).

Since n’ > 0 is arbitrary, we have that

lim (Me) < C(®)B2v )2 (t+¢) (e =)’

Ni—o0

O

Thus, we showed (3.16). In the rest of t~his subsection, we will prove the existence of a continuous version u(z, x)
of u(z, x) forall (¢, x) € (0, 00) x R. Let X,(dx) = u(¢, x) dx. Then, we have that

X, =X, as.foreacht>0.

For any ¢ € Cg (R), X ¢ (@) is continuous on (0, 00) a.s. by the dominated convergence theorem and the continuity of
u. Therefore,

X:(¢) = X, (¢), for any t > 0 a.s.
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and hence
X;(dx) = X,(dx) =ii(t,x)dx foranys >0 a.s.

Thus, we will complete the proof of Lemma 3.11.
To prove the existence of a continuous version of u(z, x), we will use the following lemma:

Lemma 3.17 ([25], Lemma I11.4.4). Let I : (ty, 00) X R — R be a process on (82, F, P) such that for some p > 1,
a,b>?2, forany T > ty, there is a c = ¢(T) so that

E[|[1¢,x) = 1(t', %) "] < e[|t = 7'|" + |x = x'|"].
forallt,t' € (tg, T], x,x" € [T, T]. Then, I has a continuous version.
Proof of the existence of a continuous version of . From (3.17) and (3.18) we have that for #y > 0
Xy (Vi) = Xo(¥i) + My (V77
and
u(t, x) = Xio (W) + Me(¥i) — My (977
Let I(t,x) = M,(wtx__) - Mto (¥.). Since X;O(I/ftx_to) is continuous in (fp, 00) X R, we will prove the existence

of a continuous version of 7. Let 0 <y <t <t <T, x,x’ € R. Let p > 2 be an integer. Then, it follows from the
Burkholder-Davis—Gundy inequality, (3.17) and Fatou’s lemma that

E[|1a,x)—1(/, <[]

, 25
< lim lim C(p,wE[( > Z(x/ff_m(ﬁ)—wz_m(ﬁ)) NN;> }

e—>0N—>00

tg<s<t' z€Z
Z(B(N) )2 V4
. . ’ Z SN,z
+ lim lim C(P,,B)E|:< Z Z(% s+€<N1/2>_l/,tx’—s+8<Nl/2>> N3/2 > :|
e—>0N—o00 ty<s<t' z€Z

where we define v} = 0 if < 0. By Holder’s inequality,

x < x' < zBs(x?z b
(5 X0t () )

tg<s<t' z€Z

’ Z ZE[(Bs(x.)z)p]]/p P
( Z Z(lpt H—S(Nl/z)_wt/—s-i-s(N]/z)) 7N2 ) .

tg<s<t' z€Z

Lemma 4.1 and Corollary 4.3 yield that for any 0 < § < %

t , p
lim lim (RHS) < ( [ [ (wfs(z)—lﬂﬁ_s(z))zdzds)
to R \/E

e—>0N—00

' ’ p
= </0 /ch, p.10) (¥ (2) — WLS(Z))zdzds)

< C(T,p,t())(‘t —t/} +C(8)T1/2_8’X _x/|6)p7
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where we have used Lemma II1.4.5(b) in [25] in the last line. Similarly, we can prove that

z Q(B(x) )2 p
. . 4 SIN,Z
iy (5 20 ) ) )]

tog<s<t' z€Z

<C(T, 0)(|t — 1| + TV |x —x'|)7.

Thus, we have checked the condition of Lemma 3.17 so that there exists a continuous version of u(z,x) of I and
u(t, x) on (fp9, 00) x R for all 7o > 0. Therefore, we have completed the proof of Lemma 3.11. U

3.3. Weak uniqueness of the limit point processes

In Sections 3.1 and 3.2, we verified the existence of the limit point processes X of {X t(N): t > 0} and gave an iden-
tification of them. In the end of this section, we will prove the weak uniqueness of the limit point process X and the
weak convergence of XN to X.

The main idea is to prove the existence of the “exponential dual process” {Y;: ¢ > 0}, which is C;r (R)-valued
process independent of X satisfying

Yox) =¢(x),  E[exp(—(X:,¢))] = E[exp(—(Xo, ¥1))] (3.20)

for each ¢ € C(R), where (v, ¢) fR¢(x)v(dx) for v e Mp(R) and ¢ € Cp(R) [11], Theorem 4.4.2. The reader
should be careful not to confuse the notation of quadratic variation of martingale. Also, we will identify v € L1 R)
as a finite measure on R by v(x) dx.

We introduce a set of functions on R, rapidly decreasing continuous functions:

Crap(R) = {g € Cp(R): Iglp =supep|x‘|g(x)| < o0, forall p > O}.
X

Since it is clear that the closure of Crtp(R), where the topology is bounded convergence pointwise, is the set of
nonnegative bounded measurable functions, uniqueness for one-dimensional distributions follows by showing (3.20)
for all ¢ € rap(R) from Lemma I1.5.9 in [25]. Then, we will find from [11], Corollary 4.4.3, that uniqueness of the
distributions for the process {X;(-): ¢ > 0} holds.

In our case, the dual process is a solution to the local martingale problem:

For all ¢ € Ci(R)
~ - Ly ‘ |
Zi(p) = (Y, ) — (Yo, 9) fo )ds_fO(Ys’QA(P)dS

3.21
is an ]-",Y -continuous square- 1ntegrab1e local martingale and ( )
(Z(@))i =28 [ (Y7 ¢?) ds.

A solution to such a martingale problem is a solution to the nonlinear stochastic heat equation:
Yo(x) = ¢ (x), EYt(x)Z EAYz(X) - EYz(x) +V2B1Y, ()W (2, x). (3.22)

The existence of nonnegative solutions to (3.22) for the case where Y € rap(R) follows from [27] by using Dawson’s
Girsanov theorem [5]. Indeed, the existence and the uniqueness of nonnegative solutions to

~ d ~ 1 - ~ =
Yo(x) = ¢(x), EYt(x)=EAYt(X)+\/§|ﬂ|Yt(X)W(t,X)

is already known, where W is a time—space white noise independent of X [1,27]. We denote by Py the law of Y. Let
Py be the probability measure with Radon—Nikodym derivatives

= Lt/? W(ds. d //ded>

dPy

dPi,
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Then, under Py, Y satisfies (3.21) and Y is also a Crtp (R)-valued process. Thus, we constructed a solution to (3.21).
Especially, we remark that the solutions to (3.22) satisfy for > 0

t
Yf(x)=/ 1P,’C(y)¢>(y)dy—%/ /W_s(y)Yf(y)dyds
R 0 JR

t
+ V2181 /0 /R U ()Y ()W (ds. dy), (3.23)

where ¥ (y) = 31— exp(~ O—9%) for £ > 0 and x € R. We will see that solutions to (3.22) satisfy (3.20).

Before starting the proof of the uniqueness, we will look at some estimates of Y.

Lemma 3.18. Let ¢ € C;ZP(R). Let ({Y:}>0, FY, {.7-—,Y}t20, Py) be a nonnegative solution to (3.22). Then, we have
that

Ey|:/ Y,(x)dx] §/¢(x)dx, (3.24)
R R

t
Ey|:/ /Ys”(x)dxds] < 00, (3.25)
0 JR

forall 0 <t < oo and p > 1. In particular, Z;(¢) in (3.21) is a martingale.

and

Proof. (3.24) is clear from (3.23). Let 0 <t < T. Also, we have that

|

P t N
Y/ (x) < C(P,ﬂ){</R ’ﬁ,x(y)¢>(Y)dy> + Vo /wa,s(y)Ys(y)W(ds,dy)

We define

T(¢) :inf{t >0: supe|x||Yt(X)| > g}_
X

We remark that 7 (£) — oo Py-a.s. as £ — o0 since Y; € Cja‘p(R) for all + > 0 Py-a.s. Then, we have by Holder’s

inequality and the Burkholder—Davis—Gundy inequality that

Ey[YPx): 1 <T(©)]
p t ) p/2
sC(p,mEy[( /R w;%y)«p(y)dy) +( /0 /R e < T}, o) Y3<y>dyds) ]
P
sC(p,m( fR w;‘<y)¢(y>dy>
t 5 p/2 t 5 p/2—1
+EY[< f f e <TO) (W, ) Ys”(y>dyds) ( / / (W, ) dyds) }
0 JR 0 JR
p
sC(p,m( fR w,x(yms(y)dy)

t
+C(p,ﬂ)t<"‘2>/4/ /(r—s)—l/Zw,{s(y)Ey[Yf(y): t <T(0)]dyds,
0 JR
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where we have used that p2(x) < Cs~'/2p,(x) and fot Jg P2(x)dx ds < Ct!/2. Integrating on x over R and letting
v(s, 1,4, p)= fR Ey[YSp(x): t <T)]dx, then v(s, t, £, p) < oo by definition and we have that

t
v(t, 1, ¢, p) <C(p, B, T)(1+/ (r—s)—l/%(s,r,z,p)ds>,
0

where we have used sup, 7 [ (/g ¥ ()¢ (y) dy)? dx < oco. It follows from Lemma 4.1 in [18] that
v(t, 1,0, p) <C(p.B.T.Yo)exp(C(p. B. T. Yo)t'/?) fort <T.

Since the right hand side does not depend on ¢, it follows from the monotone convergence theorem that

/R Ey[Y/ ()] dx < C(p, B, T, Yo)

and
T
| [ e wlavar<cop.p v,
0 R

Also, E[(Z((p)t)] < oo implies that Z; (¢) is a martingale. ([

Proof of the uniqueness. Let X be a solution to the martingale problem (2.1) and we denote by X,(x) its density.
Let Y be a solution to the martingale problem (3.21) constructed on the same probability space as X and independent
of each other.

We denote by v/ (x) = [ ¥/ (y)v(dy) for (¢, x) € (0, 00) x R and for v € Mg (R). We remark that v’ € Cpe (R)
forr > 0.

Let

fu, s, ¢,1) :exp(_(u7¢r—t—s>)
for u €e Mp(R), ¢ € C;L (R),and 0 <s,7 < T suchthats +¢ < T.

rap
Since X, is assumed to satisfy (2.1), we have by 1t6’s lemma that for 0 <s <7 —¢

f(Xg,s, Ys, 1) — exp(—(Xo, ¥ ~))

1 N
=5 [ explra Y X 28 (1

is an .7-'SX -martingale. Similarly, we have that for0 <t < T — s

f(XS, s, Yy, [) — eXp(—()(s7 YOT—S))
t
- [t mt | (rxr e 02 a
0

t
= [ enp(—lte v (R ()
0
is an ]—"tY-martingale. Let F(s,t) = E[ f (X, s, Yr, t)]. Then, we have that
F(s,t)
=F(,1) + E[%/ exp(—(Xu. YT ([ X, + 282X2, (YIT—t—u)2>} du:|
0

=F(s,0)

+ E[/Ot exp(—(X;, YJSM)){<%szMS +/32(XST’“’S)2, (Yu)2>} du}.
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Therefore, it follows from Lemma 4.17 in [19] that forany 0 <t < T

F(@,1) = F(t,0)
"oy —t -t —t
= [ £ B et . 020" = (7)) s

[ B e DO 02 = (2. O

The dominated convergence theorem shows that the left hand side converges to F(0,7) — F(T,0) ast /' T. By

showing that the right hand converges to 0 as ¢t /' T', we will prove (3.20).

t
|(RHS )| 5/ E[<%XS (YtZ_S)Tf_Ytz_s|>]dS
0
o [ e -
0
t
emeesat]

Holder’s inequality yields

[ et

t
= <~/() '/REX[XS()’)]/REY[(YIS(X+Y)_Yts(y))z]WT;(x)dxdyds)

, Yt2_x>] ds

(Ytz—s)T_t - Ytz—s |>] ds

172

1/2

t
) (fo /R Ex[X:0)] /R Ey[(Yi—s (e +3) + Yoy ()’))Z]IPT—t(x) dxdy ds)

Also, (3.23) and the Burkholder-Davis—Gundy inequality imply that

Ey[(Y—s(x + ) £ Vi (0))]
<SCy.B)(ayt —s.x. ) +ay (t —s.x,y) + a3 (t —s5.x,y)),

where

2
a]i(t,x,y)=</R¢r(z)(Yo(X+y+Z)iYo(y+Z))dz) ,
t 2
azi(t,x,y)=Ey[</0 /R(wt—u(x+y+z)iwz_u(erz))Yu(z)zdzdu) ]

t
ai(t,x,y) = EY[(/O fR(w,_u(x Fy+2) (v +2) Yu2)?dz du)]

It follows from Holder’s inequality
AT(t—w)=/Ra1i(r—s,x,y>wr_,(x>dx

5/R/Rlﬁz—s(z)(yo(x+y+z):i:Yo(y—i-z))zlpT_[(x)dxdz,

(3.26)

(3.27)

(3.28)
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Since Yy € CrJgp(R), Jrox +y+2) — Yoy + 2))*¥7—(x)dx — O forany y,z € Rast / T. Thus, A (t —s,y)

converges to 0 forany y e R as ¢t /' T and bounded above by Af(t —s5,y) <4sup, g Yo(x) on0<s <t <T.The
dominated convergence theorem implies that

t
/ f EX[XS(y)]Al_(t —s,y)dyds -0, ast T
0 JR
and
t
/ / Ex[X,0)]AT(t — 5, y)dyds <C(T), 1<T.
0 JR
where we have used the fact that X;(1) is a square-integrable martingale, the Burkholder—Davis—Gundy inequality,

and (2.1).
Also, we have from Lemma 3.18 that

A;(t—s,w=/Ra2+<r—s,x,y>wr_z(x>dx

t—s t—s

= / / / (W20 @) + ¥ (@) Wi () dx dz du / / Ey[Yu(2)*] dz du
0 RJR 0 R

=C(T, Yo,y B)

and

A;(t—ay)=/Ra;(r—s,x,y>wm(x>dx

—s 1—s
< / / f (V@ = ¥y (@) Y7 (x) dx dz du f / Ey[Yu(2)*] dzdu
0 RJR 0 R

<C(T,Y0,y,B)NT +1t =25 — /2t =25 — T —1).

Since X;(1) is a square-integrable martingale, we obtain by the Burkholder—-Davis—Gundy inequality and the domi-
nated convergence theorem that

t
//EX[Xs(y)]AZ_(t—s,y)dyds—>O ast /ST
0 JR
and

t
//EX[XX(y)]A;'(t—s,y)dydsgC(T), t<T.
0 Jr

Similarly,

t—s
/ / ay (t —s,x, y)¥r—(x)dx du
0 R

1—s
ZA A[l;(wtx:y_u(Z) - wty—s—u (Z))zE[YMZ(Z)]I/fT_[(x)dde du

N : 5 172
: / </ / (V@ = ¥ () dz dr)
R\JO R

= 12
x (/0 /R( f—t‘};u(z)_I/fty_s_u(Z))zE[er(Z)]dzdu) Vr s () dx
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t—s 3/8
= C/ i (/ / U @Y v %) dz d”)
R 0 R

1= 1/8
x( / / E[Yrg(z)]dzdu> Y7 (x) dx
0 R

<CWYo, T, B, )T —t|'/*

and
t—s
/0 /R/R(‘”ﬁ“y*“@ + 970 @) E[ @]y () dx dz du

=CXo,T.B.y).

Thus, we have that

t
/ /EX[XS(y)]/ag(t—s,x,y)lﬁr_,(x)dxdyds—>O ast /T
0 JR R

and
t
//EX[Xs<y)]fai(t—s,x,y)wr_,mdxdyds<oo, (<T.
0 JR R -

Therefore, we have proved that

:
[ofin
o L\2

By a similar argument, we can prove that
P
/ E <ZXS + p2X2,
o L\2

Thus, we found that (3.26) and (3.28) convergestoOas ¢ /' T.
Finally, we will show that

aan= [ E[I(xI -
0

By Holder’s inequality, we have that
t
[ ety -
t
< ( fo /R Ex[(XI~'(n) = Xo(n)*] Ev [¥2 s(y)]dyds>

(Y2) " —v2, |>} ds—0, ast 7T.

(rI5n? - le_s|>:| ds—0, ast /7.

Y2 )]ds—>0, ast T. (3.29)

,Yt{s)] ds

172

' 172
x (/ /REXUX? 1) + X, )] Er [Y2, ()] dy ds) .

(2.1) and the Burkholder—Davis—Gundy inequality imply that
_ 2
Ex[(X{ ") £ X,(»)7]

< (XI5 () + x5(1)’

+ CEyx [/O (gx (x) + ﬁzxg(x)) (Vs @ £, (1)) dx duj|.



BRWRE and SBMRE 1281

Then, we have that
/ / Ex[(XT~ () + X)) Ev[Y2, ()] dy ds
e f [0 £ X5 1 0] dyas

+Cf / [ [ B ol £ 97 w)

x (EX [EX” (x) + ﬂzxﬁ(x)D dx dudyds.

It follows from Holder’s inequality that

t
/0 /I‘R(Xg_tﬂ()’)ﬂ:Xf)(y))zEY[Ytz,s(y)]dyds

! 2
=/0 /R</R Vi) £ wg(x)xO(dx)) Ey[Y? (»]dyds

‘ 12
< CXo(1) / ( f / (w%_m(x)iﬁ(x))zdyds)
83 83 3/8 1/8
(// Wi, )+ ()Y dyds) (// 2 ] dyds) Xo(dx).

It is easy to see that

t
[ / (V9 () + 93 () dyds < CVT,
0 JR

/ / (W) _,_ () — 9 (1) dyds < C(V2T + V2t —2VT +1 — 2 — V2T —1)
0 JR

and

t
| L) + )y ayas s e
0 JR

With (3.25),
/Ot/R(Xg—'“(y) - X(S)(y))zEy[Yf_s(y)]dyds -0, ast /T (3.30)
and
/0, fR(Xg—'“(y) + X(S)(y))ZEy[Ytz_S () ]dyds <C(T), t=<T. (3.31)

By Fubini’s theorem,

t N
[ [ [ [ etzow oo
0 Jo JRJR

X (EX[%XM()C) +,32X,%(x)]> dx dudyds
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_ ! 4 22
—f /(Ex[gxlmxwﬂ xu(x)])
/ / Er[Y2 )W () £ 9 (0) dyds dx .

By a similar argument to (3.30) and (3.31),
/ / Ey[Y2 0] (V) rvs 00 + ¥, ) dyds <C(T), (=T,

//Ey (y) WT s LX) — 1,05 u(x)) dyds -0, forallu<rtasrt "T.

Thus, we have from the dominated convergence theorem and the square-integrability of X, (1) that

/ / / / Ey[Y2 (s @) — ¥ u))?

x <EX|:gXM(x) + fﬂxg(x)D drdudyds — 0, ast /T

and

/ / / / Ey[Y2 (s @) + ¥ ))?

x <Ex|:gXu(x) + ﬂzxfl(x)D dx dudyds < C(T).

Therefore, we have shown (3.29) and completed the proof of the uniqueness of solutions to the martingale problem
(2.1). ]

4. Proof of some facts

This section is devoted to the proof of some lemmas used in Section 3.

Lemma 4.1. For any B > 0 and K > 0, we have that

B2 )ti{lgigLKNJ;y}:y}}]

S;p Eyly2[<1 + N2

< 00,

where Yn1 , Y 2 are independent simple random walks on 7. Also,

B2 H{1<i<|KN]:Y!=Y?}
.yl 2

= WM(LKNJ,X,)’),

where M (n, x,y) = Pyl(Ynl =Xx)A Pyl(Ynl =y)forx,yeZandn e N.
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Proof. First, we remark that

g2 \HISiSIKNLYI=Y])
Eylyz|:<1+N1/2> i|

LKN] ’32
:Eylyz[ [ (1+ N1/21{Yk1 =Y,3}>}

k=1

0 ﬂZk | )
:;)W Yo D Pyn(Y =Y =xj, forl<j<k)

ieDF(LKN|) xeZk
o B
ZN— Z ZPy(YijZXJ', f0rl§j§k)2, “4.1)
k=0 ieDF( K N ) xeZk
where D¥(| K N |) is the set defined by
Dfmy={i= (i eN" 1 <iy <. <ix <n,

and the summation for kK > | KN ] is equal to 0. By the local limit theorem

Do) Py =xj, for1 <j<k)’

ieDK(|K N ) xeZk

P(lj—lj =Xj—Xj_1)
<ct ) ZH : F_,il =

ieDK(|KN|) xeZk j=1

SO
ieD¥(LKN]) j=1

Thus, we have that
0 2k k k
B*c 1
k=0 ieDK(LKN]) j=1 ij/ ij-1/

L g decreasing in ¢ € (s, 00), it follows that

Since W=

k ij/N dz;

Nkl—[,/zj/N—zj /N~ ll—!/l, Nt —ij-1/N’

and

ek i/ N n/N 1
wspee Bl / H(—ﬁ._,,_w)dt

ieDK(LKN)) Jj=1
00 k
- Zﬁzkck/ l—[
=0 O<n<-<n<K ;| Vi —ti—1
2 g2k (K2
=2 r&/2+1)

»
Il
=)
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Since I (% + 1) is increase faster than a* for any a > 1, the summation is finite for any f.
Also, a similar argument does hold so that

B2 #{1<i<|KN]:Y!=Y?}
.yl 2
Eyly2|:<1+w> . YI_KNJZX’Y\_KNJZy:|

o ﬂ2(k 1)

ZN(k 07 Z Z (PY(Yi,-ZXj, forl<j<k—1Ygn =x)
k=1 ieDk—1 (KN |—1) xeZk—1

X Py(Y,'jsz’, for1 <j<k—1Ykn =y))

< 2k
+Z% Z Z (Py(YijZXj, forl<j<k—1"Ygn =x)
k=

ieDF-L(LKN |—1) xeZk~1
X PY(Yij =Xj, for 1 fj <k-—1, YLKNJ :y))
ﬁ2(k 1)

. M(LKN],x,y)
SZ=: NG&=D/2 Z (l_[ \/1]—1] 1)\/|_KNJ_ik—1

ieDFI(LKN|=1)

2, Ckg2k=D M(KN], x,y) Z 1_[ 1

<
- 1/2 k—1 — = .
k=1 N N feDE LR N 1) Jm 1\/l]/N l] 1/N\/K ir—1/N

By the integration by parts, we have that

fe-1/N 1 Vi1 — /N N
/ _ iy = [zkl—’kz/}
ira/N t—1 —ik—2/NK — 1 K—ti-1 1y yn

\/lk /N —ix2/N
VK —ix1/N

2 1
> = .
= N Vix-1/N —ir—2/NJ/K —ix—1/N

+ positive term

Also, we know that

k=2 nii/N 1 ix_1/N 1
Z H/ - dz </ = dtkl)
ij /N \/tj —ij/N ivoa/N ~t—1 —ik—2/NJK —ti_q

ieD-1( KN |-1) \j=I

k—1

1 1
= dt
~/(‘)<t1<~~<tk1<K 11:[l<\/tj —1j—1 ) \/K — Ir—1

k2 g k=1)/2
< .
T K'2r((k—1)/2)

Thus, we have that

4.3)

- PY(YLIKNJ =X)A jrry(YL]KNJ =y) &, ckph—1 g k=12
- (KN)1/2 I'(k—1)/2)

k=1

Since the summation is finite for any 8 € R, the statement holds.

(4.3)
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The next lemma gives us an upper bound of pth moment of B, for branching random walks in a random environ-
ment.

Lemma 4.2. IfE[m,(ﬂ] =K < oo for peNand E[m,(&] =1, then

E[BY) < C(p. KynP ™ Eyr_ys [E[(mily) " JI=/= =1 abetloorll)

and

p
E[]‘[ Bn,x,}
i=1
<C(p, K" Eyi_yp [E[(’"(()]A)))p]ﬁ{liiSn:Y"a:Y"b’a;‘ébE{1 """ 7 Y} =ux;for1 <i <pl.

Before starting a proof, we give another representation of B,. Let (VX : x € T, (n,x) € N x 7%} be N-valued
random variables with P (VX = k|w) = gy x (k). Let {X} s x € T, (n,x) € N x Z%} be i.i.d. random variables with

P(X},=e)= % for e ==ej, j=1,...,d where e; are unit vector on 74, V. denotes the number of offsprings

of x if x locates at x at time n and X', denotes the step of x if it locates at x at time n.
We consider the event {particle y exists and locates at site y at time |y| = n} and its indicator function

BEZ” y = Ifparticle y exists and locates at site y at time |y| = n}.

Then, it is clear that

1 ifx=0andx =1,

BY =68,.x= .
0.x = Px.X {O otherwise,

B’{y = ZB;&fl,xl{Xlsffl,x =y—X Vanl,x = y/x z 1}
X

n—1
=Y > TTHXT, =y =y VY Zvi /i = 1,

0—yl1-y i=0
and
n—1
Buy=>_> > TTUX", =vie1 =y V7 =yiva/yi = 1}
Y 0—-yl->yi=0
We introduce new Markov chain Y = (¥, Y) on Z¢ x 7 which are determined by
Yo =0, Yo=1€Tp,

1 : _
Pry(Yus1 =y, Yogr =¥y =x, ¥, =x) = | 20 Zkzyx 4K i1y =xl=1.y/x <o,
0 otherwise,

where g (k) = E[gn x(k)]. Let Aﬁ’z y = I{Xfﬁ + =¥ —x, V¥ >y/x}. Then, we have the following representation of
B,y [22]:

n—1 Yi,Yit1
LY Y
B . —E 1_[ __blodidl Ly
Yy Yy AYisYH»l] n Y
LY, Yiq1
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and also

P n—1 . :
E|:H Bn,xi:| = Eyi. .y []‘[ E|: ’Y’j ‘Y'!.j‘l ]: Yi=xiforl<i< p:|,

i=0 [7_ E[A i il ]
L,

i=l =1 J oy
/ vl
J
1 P Y:‘*Yi-H
n— ST
=1 yd )
_ i i+
E[Bn]—EYl YP|:| |E[ ) J yit] ’
= ’ E[ z’. 1+. ]
=1 J oy
J YiYi,

where Y = (Y, Y') are independent copies of Y = (¥, Y).

Proof of Lemma 4.2. We remark the following facts:

(i) If y # ', then Aff},Af)’z’;, = 0 almost surely. Especially, for {Yl.j: i=0,...,n}and {Y{/: i=0,...,n},if there

: ; J_vJ J J’
exists ani such that Y; =Y; and Y7 ;| # Y. |, then

almost surely.
(i) Ify/x =k, y'/x =, and k <, then A};” AT = AT almost surely.

(iii) If {x/: j=1,..., p} are different from each other and y/ /x/ = k;, then E[]—[f=1 Afi}sfij] = (57)" D eisk
Zspzkp E[nle qi,xj (sj)]'

Thus, the possible cases are the followings:

J i
P Yi’YH—l
J=14 iy o
T T+ J _ J _ ;—
Y/ =x/Yj =x/forj=1,...p

E |:EY1-“Y]’ |: Yj Yj
p E[A i’ i+.l ]

=1 Fyi oy
/ LYS Y

1 x7 are different from each others,
=1F []_[?= | ml(ljz ;1 if x/ are different from each others,

(A),

where (A) is the other case described as below.
We divide the set {1, ..., p} into the disjoint union such that

p
....pp=]] & (4.4)

k=i
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i(_l) Z’(:Z) i(f‘) 7;(%)

Fig. 1. When p =5, I© = {1,2,3,4, 5}. In this figure, I1-D ={1,3,4}, 10D = (2,5}, I&D = (1,4}, 122 = (3}, and 1% = {2, 5).

where I ={j €{l,..., p}: x/ = Xk} and ji, ..., jp is the set of index of equivalence class Ij. For yj/xj =kj, we
set Kj, =min{k;: j € I;,}. Then, we have that

p Y’ YI/Jrl
Jj=1 Y/ Vel . . . .
E|:EY1__,Yp|: it '“ I{YJ_H_y/ forj=1,. }‘Yl/:xf,Y{:xJ f0rj=1,...,pi|:|
E[A ’ l+l ]
Yz/ Y
Jp
- E|:H ( > qi’xz(k)>j|.
l=j1 k=K,

By the above argument, we find that Y!, ..., Y evolves according the following steps:

(i) First, the set process {S(m): m =0, ...,n} starts from the set 1© = {1,..., p} until time i and then it
splits into some sets /(D (1 kD) . (1D is the last time when Yij coincide and 7D, .., 1) are the
equivalence class defined in (4 4) for \'¢) HUNRE )

(ii)) When the set process S(m) = {I(“), Y 452 k([))}, it jumps to the new sets {I““*l), e I(Z“’NH))} where
each 1¢+17) g a partition of some set of I“’”,...,I“*kw)) at some time ;¢+D, (Y(j), j e 1% for each
s=1,...,k® coincides until time ; **1) and Y}'/<@+1>+1 # Y{MUH for some j, j' € I for some k.)

(iii) If S(m) = {{1}, ..., {p}}, then S(m) = S(m’) for m' > m. (See Figure 1 for example.)

First, we remark that the combination of i (V| ..., {7~ (it may stops for less steps) are at most n”th order. Also,

I? | Y YtJrl
J= Y/ .Y/ ; . ; .
E[EYI_,,YP,S[ ’Y Y’j‘ 1{i® =i}|y/ =x/,Y! =x forj:l,...,p:H
f:l E[ J l+jl
Y Yt+l
=C(p)K,
and
v/, v/
p i+1
A ' .
E| Ey: 7, 1{i@ i, fort=1 HY =xI, Y] =x/ for j=1
Y'...YP. S Y’YJ ) 1"'1p i ’ i ,] 1"'1p
P i’ 7i+1
= E ]

< 1_[ E[(mi’xk)ﬁ{j:xj=xk}] < 1_[ E[(mi’xk)P]ﬁ{jiszxk}/P < E[(mi,xk)p]l{xj@‘k’ for some j?ﬁk}’
kekC ke
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where K be the set of index for equivalence class {j: x/ = xk}.
Thus, we have that

The

E[Bf] <C(p, K)n"'Eyi_y» [E[(mn,x)p]ﬁ{iinzy’jzy'j for #jle{l’"”p}}]'

latter part of Lemma 4.2 can be proved by the same argument. d

Corollary 4.3. Under the same assumption in Lemma 4.2,

q Pj

E l_[ 1_[ Br('{;(‘f,i)
j=li=1

= C(p, Ko Xm0

g _ il _y2eia . . - 4: ) ..
><E(Y,-.i)[E[(mo,o)zlep’]n{kfn'Y" Y s for Grin# (2. 2) (.02 =1 g i=1. pjl, Yn(/'t)zxj,i],

where B,S{))C is the number of particles from initial particle j at site x at time n.

Proof. If we regard i) = —1 and §(0) = {{1,...,p1},...,{23;} pj+1, ...,ZjZl pj}}, then S(m) stops at

{{1}, ..., {Z‘;:l pj}} at most Z?zl pj — q jumps. O
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