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We generalise the construction of multivariate Hawkes processes to a
possibly infinite network of counting processes on a directed graph G. The
process is constructed as the solution to a system of Poisson driven stochastic
differential equations, for which we prove pathwise existence and uniqueness
under some reasonable conditions.

We next investigate how to approximate a standard N-dimensional
Hawkes process by a simple inhomogeneous Poisson process in the mean-
field framework where each pair of individuals interact in the same way, in
the limit N — oo. In the so-called linear case for the interaction, we further
investigate the large time behaviour of the process. We study in particular the
stability of the central limit theorem when exchanging the limits N, 7" — oo
and exhibit different possible behaviours.

We finally consider the case G = 74 with nearest neighbour interactions.
In the linear case, we prove some (large time) laws of large numbers and
exhibit different behaviours, reminiscent of the infinite setting. Finally, we
study the propagation of a single impulsion started at a given point of 74 at
time 0. We compute the probability of extinction of such an impulsion and,
in some particular cases, we can accurately describe how it propagates to the
whole space.

1. Introduction.

1.1. Motivation. In several apparently different applied fields, a growing inter-
est has been observed recently for a better understanding of stochastic interactions
between multiple entities evolving through time. These include: seismology for
modelling earthquake replicas (Helmstetter and Sornette [21], Kagan [27], Ogata
[36], Bacry and Muzy [4]), neuroscience for modelling spike trains in brain ac-
tivity (Griin et al. [17], Okatan et al. [37], Pillow et al. [38], Reynaud et al. [39,
40]), genome analysis (Reynaud-Bouret and Schbath [41]), financial contagion
(Ait-Sahalia et al. [1]), high-frequency finance (order arrivals, see Bauwens and
Hautsch [6], Hewlett [22], market microstructure see Bacry et al. [2] and market
impact see Bacry and Muzy [4, 5]), financial price modelling across scales (Bacry
et al. [3], Jaisson and Rosenbaum [25]), social networks interactions (Blundell

Received March 2014; revised November 2014.

MSC2010 subject classifications. 60F05, 60G55, 60G57.

Key words and phrases. Point processes, multivariate Hawkes processes, stochastic differential
equations, limit theorems, mean-field approximations, interacting particle systems.

216


http://www.imstat.org/aap/
http://dx.doi.org/10.1214/14-AAP1089
http://www.imstat.org
http://www.ams.org/mathscinet/msc/msc2010.html

HAWKES PROCESSES ON LARGE NETWORKS 217

et al. [7], Simma and Jordan [42], Zhou et al. [46]) and epidemiology like for in-
stance viral diffusion on a network (Hang and Zha [45]), to name but a few. In
all these contexts, observations are often represented as events (like spikes or fea-
tures) associated to agents or nodes on a given network, and that arrive randomly
through time but that are not stochastically independent.

In practice, we observe a multivariate counting process (Z,l, e, ZIN )i>0, each
component Z' recording the number of events of the ith component of the system
during [0, ¢], or equivalently the time stamps of the observed events. Under rela-
tively weak general assumptions, a multivariate counting process (Zt1 e ZtN )i>0
is characterised by its intensity process (1!, ..., AN),>0, informally defined by

Pr(Z' has ajumpin [t, ¢ +dt]|F;) =Aidt,  i=1,...,N,

where F; denotes the sigma-field generated by (Z i)lsi <N up to time ¢. For mod-
elling the interactions, a particularly attractive family of multivariate point pro-
cesses is given by the class of (mutually exciting) Hawkes processes (Hawkes
[19], Hawkes and Oakes [20]), with intensity process given by

. N oo .
k§=hi<§f (Pji(t—S)dZ§>,
~ Jo
j=1

where the causal functions ¢j; : [0, c0) — R model how 77 acts on Z' by affecting
its intensity process A'. The nonnegative functions /; account for some nonlinear-
ity, but if we set &; (x) = u; + x with w; > 0, we obtain linear Hawkes processes
where (; can be interpreted as a baseline Poisson intensity. In the degenerate case
@ji =0, we actually retrieve standard Poisson processes.

Multivariate Hawkes processes have long been studied in probability theory
(see, e.g., the comprehensive textbook of Daley and Vere-Jones [12] and the refer-
ences therein, Brémaud and Massoulié [9] and Massoulié [32] or the recent results
of Zhu [47, 49]). Their statistical inference is relatively well understood, too, from
a classical parametric angle (Ogata [34]) together with recent significant advances
in nonparametrics (Reynaud-Bouret and Schbath [41], Hansen et al. [18]). How-
ever, the frontier is progressively moving to understanding the case of large N,
when the number of components may become increasingly large or possibly infi-
nite; see Massoulié [32] and Galvez and Locherbach [15] for some constructions
in that direction. This context is potentially of major importance for future devel-
opments in the aforementioned applied fields. This is the topic of the present paper.

1.2. Setting. We work on a filtered probability space (€2, F, (F;):>0, Pr). We
say that (X;);>0 is a counting process if it is nondecreasing, cadlag, integer-valued
(and finite for all times), with all its jumps of height 1. For (X;);>0 a (F;)r>0-
adapted counting process, there is a unique nondecreasing predictable process
(Af)=0, called compensator of (X;);>0, such that (X; — A;)r>0 is a (F;)=0-local
martingale; see Jacod and Shiryaev [24], Chapter 1.
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We consider a countable directed graph G = (S, £) with vertices (or nodes)
i €S and (directed) edges ¢ € £. We write ¢ = (j, i) € £ for the oriented edge.
We also need to specify the following parameters: a kernel ¢ = (¢;;, (j,i) € £)
with ¢j; : [0, 00) = R, and a nonlinear intensity component h = (h;,i € &) with
h;:R +— [0, 00). The natural generalisation of finite-dimensional Hawkes pro-
cesses is the following.

DEFINITION 1. A Hawkes process with parameters (G, ¢, h) is a family of
(F1)r>0-adapted counting processes (Z});es,:>0 such that:

(i) almost surely, for all i # j, (Zf);zo and (th ):>0 never jump simultane-
ously, . ' '

(ii) for every i € S, the compensator (A});>0 of (Z;);>0 has the form A} =
fé A% ds, where the intensity process (A});>0 is given by

, r— .
Aizhi(z/o goﬁ(t—sng),

j—i

with the notation 3 ;_,; for summation over {j : (j,i) € £}.

This model can be seen as a particular case of that introduced by Massoulié
[32] who considers more general sets of sites (possibly R¢) and a larger class of
intensities. We say that a Hawkes process is linear when h; (x) = u; + x for every
x eR,i eS8, with u; >0 and when ¢;; > 0. We will give some general existence,
uniqueness and approximation results for nonlinear Hawkes processes, but in all
the precise large-time estimates we will prove concern for the linear case.

A Hawkes process (Z;),'eg,tz() with parameters (G, ¢, h) behaves as follows.
For each i € S, the rate of jump of Z' is, at time 7, A; (t) = hi(X i 21 95i (1 —
Tkl)l{Tk-" <t}
one of the Z/’s has a jump, it excites its neighbours in that it increases their rate
of jump (in the natural situation where / is increasing and ¢ is positive). If ¢ is

positive and decreases to 0, the case of almost all applications we have in mind,
the influence of a jump decreases and tends to O as time evolves.

), where (Tkj )i>1 are the jump times of Z/ . In other words, each time

1.3. Main results. In the case where G is a finite graph, under some appro-
priate assumptions on the parameters, the construction of (Z;)ieg’ />0 1s standard.
However, for an infinite graph, the situation is more delicate: we have to check, in
some sense, that the interaction does not come from infinity.

The first part of this paper (Section 2) consists of writing a Hawkes process as
the solution to a system of Poisson-driven SDEs and of finding a set of assumptions
on G and on the parameters (¢, h) under which we can prove the pathwise exis-
tence and uniqueness for this system of SDEs. Representing counting processes as
solutions to SDEs is classical; see Lewis and Shedler [31], Ogata, [35], Brémaud
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and Massoulié [9], Chevallier [11]. However, the well-posedness of such SDEs is
not obvious when G is an infinite graph.

In a second part (Section 3), we study the mean-field situation: we assume that
we have a finite (large) number N of particles behaving similarly, with no geom-
etry. In other words, S = {1, ..., N} is endowed with the set of all possible edges
E={(,]J):i,j €S}, and there are two functions /& and ¢ such that #; = h and
pij =N ~ly for all i, j € S. We show that, as N — oo, Hawkes processes can be
approximated by an i.i.d. family of inhomogeneous Poisson processes. Concerning
the large-time behaviour, we discuss, in the linear case, the possible law of large
numbers and central limit theorems as (¢, N) — (o0, 00) and we observe some
different situations according to the position of [ ¢(¢) dr with respect to 1 (the
so-called critical case).

Finally, we consider in Section 4 the case where G is Z¢, endowed with the set
of edges £ ={(i, j):|i — j| =0 or 1}, where | - | denotes the Euclidean distance.
We study the large time behaviour, in the linear case where h; (x) = u; + x and
when ¢;; = (2d + 1)~!¢ does not depend on i, j. We first assume that y; does not
depend too much on i (consider, e.g., the case where the y; are random, i.i.d. and
bounded) and show that (i) if fO°° @(t)dt > 1, then there is a law of large numbers

and the interaction makes everything flat, in the sense that for all i # j, Zf ~Z]
as t — oo; (i) if fooo @(t)dt < 1, then there is again a law of large numbers, but
the limiting value depends on i. We also explain why these results are reminiscent
of the infinite setting and of the interaction. Finally, we study the case where u; =
0 for all i but where there is an impulsion at time 0 at i = 0. We compute the
probability of extinction of such an impulsion and, in some particular cases, we
study how it propagates to the whole space (when it does not blow out).

1.4. Notation. The Laplace transform of ¢:[0, co) — R is defined, when it
exists, by

E(p(oz)zfo e Yo(t)dt.

We also introduce the convolution of 4, g:[0, c0) — R as (if it exists) (g x h), =
fé gshi—_sds = fé gi—shsds. As is well known, when everything makes sense,
Lgwn(a) = Lg(a) X Ly ().

2. Well-posedness using a Poisson SDE. We will study Hawkes processes
through a system of Poisson-driven stochastic differential equations. This will al-
low us to speak of pathwise existence and uniqueness and to prove some propaga-
tion of chaos using some simple coupling arguments.

Consider, on a filtered probability space (€2, F, (F;)i>0,Pr), a family
(ri(dsdz),i €S) of i.i.d. (F1)r>0-Poisson measures with intensity measure ds dz
on [0, 0c0) x [0, 00).
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DEFINITION 2. A family (Zf)[eg,tz() of cadlag (F;);>0-adapted processes is
called a Hawkes process with parameters (G, ¢, h) if a.s., forall i € S, allr >0

. t poo .
r__ i 1
1) Zi _/0 /0 l{thi(zjmfo‘_ W_ii(‘Y*u)dZﬁ)}n (ds dz).

This formulation is consistent with Definition 1.

PROPOSITION 3. (a) A Hawkes process in the sense of Definition 2 is also a
Hawkes process in the sense of Definition 1.

(b) Consider a Hawkes process in the sense of Definition 1 (on some filtered
probability space (2, F, (F1):1>0, Pr)). Then we can build, on a possibly enlarged
probability space (R, F, (.7:,),>o, Pr), a family (' (ds dz) i€d)ofiid. (.E),>o-
Poisson measures with intensity measure dsdz on [0,00) x [0, 00) such that
(Z;)ieS,zzo is a Hawkes process in the sense ofDeﬁnition 2.

Point (a) is very easy: for a Hawkes process (Zf)ies,zzo in the sense of
Definition 2, it is clear that for every i € S, the compensator of Z' is

s {zsh,-(Zj_,,-fgfwji(s—“)dzb{)}dst’ which is equal to fothi(zj_)ix

fo'_ @ji(s —u)d Z})ds. Furthermore, the independence of the Poisson random

measures (7' (ds dz), i € S) guarantees that for all i # J, (Zf),zo and (Z]);>0 a.s.
never jump simultaneously.

Point (b) is more delicate but standard and a very similar result was given in
Brémaud and Massoulié [9]. Their proof is based on results found in the book of
Jacod [23], of which one of the main goals is exactly this topic: prove the equiva-
lence between martingale problems and SDEs. The many results of [23] generalise
those of Grigelionis [16]. See also the pioneering work of Kerstan [28]. We also
refer to Chevallier [11], Section IV, where a very complete proof is given as well as
a historical survey. Let us mention that the idea to integrate an indicator function
with respect to a Poisson measure in order to produce an inhomogeneous Poisson
process with given intensity was first introduced by Lewis and Shedler [31], and
later extended by Ogata [35] in the case of a stochastic intensity.

The following set of assumptions will guarantee the well-posedness of (1).

ASSUMPTION 4. There are some nonnegative constants (¢;);es, Some posi-
tive weights (p;)ics and a locally integrable function ¢ : [0, o) + [0, co) such
that:

(a) foreveryi € S,every x,y € R, |h;ij(x) — h; (V)| <cilx — yl,
(®) Yieshi(0)pi < o0,
(c) forevery s € [0,00), every j €S, Y (j.iyes CiPil@ji(s)| < pjd(s).

Let us give a few examples of parameters (G, ¢, h) satisfying Assumption 4.
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REMARK 5. () If S is finite, then Assumption 4 holds true, with the choice
pi =1, as soon as h; is Lipschitz continuous for all i € S and ¢j; is locally inte-
grable for all (j,i) €.

(ii) If S = Z% is endowed with € = {(i, j):|i — j| =0 or 1}, then Assumption 4
holds, with the choice p; =27, ifY icpd 271 h; (0)| < 0o and if there are ¢ > 0
and ¢ € L}, (10, 00)) such that [hi (x) — hi ()| < clx — y| and |9 (0)] < (1) for
allieS, x,yeR, (j,k)eEandt > 0.

(iii) Consider next S = Z¢ endowed with the set of all possible edges & =
{G,j):i,] € Zd} and assume that there is ¢ > 0 such that |h;(0)| < ¢ and |h; (x) —
hiy)| <clx —y|foralli €8, x,y € R. Assume that there are ¢ € Llloc([O, 00))
and a nonincreasing a: [0, 00) — [0, 00) such that |@;;(t)| < a(|i — j)e(t) for
all (i,j)e Eandt > 0. Then if ) ;cya a(|i|) < oo, Assumption 4 holds true.

(iv) Consider the (strongly oriented) graph 7. endowed with the set of edges
E={G,i 4+ 1):i € Z+}. Then Assumption 4 holds true as soon as there is ¢ €
Llloc([O, o0)) such that for every i € Z, there are c; > 0 and a; > 0 such that

|hi(x) —hi(Y)| < cilx — y| and |@;i+1)| < aip.

Points (i1) and (iii) of course extend to other graphs. In (iv), there is no growth
condition on |4;(0)|, ¢; and a;. This comes from the fact that the interaction is
directed: Z° is actually a Poisson process with rate so(0), the intensity of Z Lis
entirely determined by that of Z°, and so on. Hence, this example is not very
interesting. But we can mix (ii) and (iv): coefficients connected to the edges that
are directed to the origin have to be controlled.

PROOF OF REMARK 5. Point (i) is obvious. To check (ii), simply note that
forall j € 8, Y (j.iee €2 @)l < cg27VIY; (e 2V < c2(2d +1)p27 1]
and define ¢ = ¢2(2d + 1)¢. Point (iv) holds with (p;);cz, defined by po =1
and, by induction, p;;+1 = min{27% /(1 +hi+1(0)), pi/(1+a;ci+1)}. This of course
implies that } ;7 pilhi(0)| < oo and that for all j > 1, 3 (; hee Cipilejil =
Ci+1Pj+1l@jj+n S cjr1pj+1aj9 < pj@ as desired.

To prove (iii), we work with the sup norm |i| = |(iy, ..., iz)| = max{|i1], ...,
liz|}. The delicate part consists in showing that there is b: N+ [0, co0) and a con-
stant C > 0 such that ) ;.74 b(|i]) < oo and, for all j € 74, Yicza b(liDa(li —
j1) < Cb(|j|). Then the result will easily follow, with the choices p; = b(|i|) and
¢ = Ccp. We define b recursively, by b(0) = a(0) and b(k + 1) = max{a(k +
D, [k+1)/(k+ D1%b(k)}. Using that a is nonincreasing, we easily check that b
is nonincreasing. We next check that } ; za b(|i|) < 0o, that is, D 4~ k4=1h(k) <
00, knowing by assumption that ) ;- kd_la(k) < 00. We have, for k > 0,

bk+1)—a(k+1)
= ([(k + D)/(k +]b(k) —alk + 1)),
< [+ 1)/ + 2 (k) — ah))
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+([k+ D/Kk+ 2] ak) —atk + 1)),
< [k + D/ + 2] (k) — a(k)) + (ak) — a(k + 1)).
Recalling that b(0) = a(0), one gets b(k) — a(k) < Y k_ (a(t — 1) — a(£))[(£ +
1)/(k 4+ 1)]?? by iteration. Hence,

k
Sk bk —a) < 3K (ale — 1) —a@)[@ + 1/ + D]

k>1 k>1 =1
=Y (at—1) —a@)+D*> kT k+1
=1 k=t
<CY (att—1) —a(0)e’.
=1

This last quantity is nothing but C Yy a(O)[(€+ 1)? — €] < CY o a(@)ed=1 <
00. We have thus checked that -0 k4~ 1b(k) = Y 4oy at)k?™ + o1 k471 x
(b(k) — a(k)) < oo. - - N

We finally prove that for all j € 74, Y ieza b(liDa(li — jl) < Cb(|j]). First, we
claim that there is C such that b(k) < Cb(2k) for all k > 0. This is easily checked,
iterating the inequality b(k) < [(k +2)/(k + 1)]**b(k + 1). Next we write, using
that a and b are nonincreasing,

Yob(lila(li—j < > b(liha(i—jiN+ Y. b(il)a(li — jl)

iezd lil<ljl/2 [i|>1jl/2
<a(lj1/2) D b(il) +b(1j1/2) Y a(li — jI)
=/ iezd

< Ca(]j1/2) +Cb(1j1/2).

By definition of b, we have a(|j|/2) < b(]j|/2). And we have just seen that
b(|j1/2) < Cb(]j|). We finally have checked that ", .4 b(|i|)a(|i — j|) < Cb(|jl|)
as desired. [

Our well-posedness result is the following.

THEOREM 6. Under Assumption 4, there exists a pathwise unique Hawkes
process (Z;)ics,1>0 such that ) ;s piE[Z]] < 0o forall t > 0.

Observe that this result is not completely obvious in the case of an infinite graph.
In some sense, we have to check that the interaction does not come from infinity.
Let us insist on the fact that, even in simple situations, a graphical construction is
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not possible: consider, for example, the case of Z endowed with the set of edges
E={G,J):li — j| =0 or 1}, assume that h;(x) =1+ x for all i € S and that
@;j = 1forall (i, j) € £. Then one easily gets convinced that we cannot determine
the values of (Z?) te[0,T] by observing the Poisson measures 7! in a (random) finite
box.

As a second comment, let us mention that we believe it is not possible, or at
least quite difficult, to obtain the full uniqueness, that is, uniqueness outside the
class of processes satisfying > ;. p,-IE[Zf] < 00 (or something similar). Indeed,
consider again the case of Z endowed with & = {(i, j):|i — j| =0 or 1}, assume
that h;(x) = 1+x foralli € S and thatgj; =1 forall (7, j) € £.One easily checks
that for (Z );es >0 a Hawkes process, for mt E[Z’] it holds that m} =t +
Jomi=t +-mi +mi*1) ds for every i. This infinite system of equations is of course
closely related to the heat equation d;u (¢, x) = 1 4 dxxu(¢, x) on [0, c0) x R and
with initial condition u(0, x) = 0. As is well known, uniqueness for this equation
fails to hold true without imposing some growth conditions as |x| — oco. See, for
example, Tychonov’s counterexample of uniqueness, which can be found in John
[26], Chapter 7.

To compare Theorem 6 with the results of Massoulié [32], let us consider a
very simple situation. Let S = Z% be endowed with £ = {(i, j):|i — j| =0 or
1}, let hij(x) =1+ x forall i € S and ¢;;(t) = ¢(z) > 0 for all (7, j) € £. Then
Theorem 6 applies as soon as ¢ € LIIOC([O, 00)); see Remark 5(ii). Theorem 1 of
[32] does not apply for two reasons: sup; s /; is not bounded and, more important,
it does not hold true that } ; jce ¢ij € Llloc([O, 00)) since Y jyeg ij(t) = +00
for all # > 0. On the contrary, [32], Theorem 2, applies, but only in the subcritical
case where (2d 4+ 1) [;C ¢(t)dr < 1.

PROOF OF THEOREM 6. We first prove uniqueness. Let thus (Z; ),eg >0 and
(Z ies. >0 be two solutions to (1) satisfying the required condition. Set

:/ ld(zi —Z))|  forieS,t>0.
0

In other words, A;' is the total Variation norm of the signed measure d (Z"; -7 é)
on [0, ]. We also put 8‘ E[A] '] and first prove that

2) 8 <c1/ > it —s)|8! ds.

]—)l

We have

o0
- /0 fo oSy 5 ogits—w azi)

_ » i
Veshis o oits—wazin (@5 40)-
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Taking expectations, we deduce that

5i =f0tIE[ h,'(Z./:(pji(s —u)dzg,)

j—i

3) —h,-(zfos_wj,-(s—u)dzg)uds

j—i

< ZE[/(:/OS_|¢J-,~(S —u)|dA{;ds:|

j—i

by Assumption 4(a). Using Lemma 22, we see that

t s— . t .
/(;ds‘/0 |(pji(s—u)|dAi=/O |<pji(t—u)|Aidu

which, plugged into (3), yields (2).
Set §; = _;cs Pid;, where the weights p; were introduced in Assumption 4. By
assumption, §; is well defined and finite. We infer by (2) that

t .
5= [ S Ylost = 0)lslds.

ieS j—i
By Assumption 4(c),
¢ , t A
so< [ 8 X anlet—slds < [ 3 pisloa-sds
0 7es  iG.ieE 0 jes

= /tqb(t —8)d5ds.
0

Lemma 23(i1) thus implies that §; = 0 identically, from which uniqueness follows.

We now quickly prove existence by a Picard iteration. Let Z;"O = 0 and, for
n>0,

t poo
ZiJH—l . i
) t _/0 /0 l{zihi(zjqifovj(ﬂji(s_”)dzlfn)}n (ds dz).

We define 8" = B[} |dZ"H' — dZ!"] and 8" = Y ;s pidi". As in the proof
of uniqueness, we obtain, for n > 0,

t
4) st 5/ ¢t —s5)8) ds.
0

Next, we put m"" = E[Z""]. By Assumption 4(a), h; (x) < h; (0) + c;|x|, whence

. t . .
m;’n+1 < E|:f0 (hl(o) + ¢; Z\/O ‘(sz(s - M)’dzli’n) ds:|

Jj—i

t .
< (hi(0)+ci Z|<o,-i<r—s)|m§v")ds,

j—i
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where we used that, by Lemma 22, fotf(‘f* lpji(s — u)IdZ{,"'1 ds = fé lpji(t —
u)|Zi" du. Setting u? =Y, pimy" and using Assumption 4(b)—(c),

t .
< hOpit [ Y pier Yleils —wlmi” ds
ies 0ics =i
(©) ,
< Ct+/ ot —s)uj ds.
0

Since u? =0 and ¢ is locally integrable, we easily check by induction that u"
is locally bounded for all » > 0. Consequently, 6" is also locally bounded for
all n > 0. Lemma 23(ii) implies that for all 7 > 0, }_,-; 87 < oco. This classi-
cally implies that the Picard sequence is Cauchy, and thus converges: there exists
a family (Zi )ies.r=0 of cadlag nonnegative adapted processes such that for all
T >0, lim, Y;cs piELfy 1dZL — dZ"|] = 0. It is then not hard to pass to the
limit in (4) to deduce that (Z});cs,/>0 solves (1). Finally, Lemma 23(iii) implies
that sup,, u"" < oo for all ¢ > 0, from which 3"; s p;E[Z!] < 0o as desired. [

3. Mean-field limit. In this section, we work in the following setting.

ASSUMPTION 7. Let h:R + [0,00) be such that |kl = SUP,2y, [x —

y| 7' h(x) — h(y)| < oo and let ¢ = [0, 00) — R be a locally square integrable
function.

For each N > 1, we consider the complete graph Gy with vertices Sy =
{1,..., N} and edges Ey = {(i, j):i, ] € Sy}, that is, all pairs of points in Sy
are connected. We put th =h foralli € Sy and (p% =N"lg for (i, j) € En.

Under Assumption 7, the triplet (Gy, @™, h") satisfies Assumption 4 (the
graph Gy is finite) for each N > 1. Therefore, a Hawkes process (ZtN 1o,

Z,N ’N)tzo with parameters (Gy, ¢, h") is uniquely defined by Theorem 6.
Introduce the limit equation

t poo

where m(dsdz) is a Poisson measure on [0, 0c0) x [0, 00) with intensity mea-
sure ds dz. Also, dE[Z,] is the measure on [0, 00) associated to the (necessar-
ily) nondecreasing function u E[Z,]. Note that a solution Z = (Z)zzo, if
it exists, is an inhomogeneous Poisson process on [0, o0) with intensity A; =

h(fy ot —u)dE[Z,]).

3.1. Propagation of chaos. The main result of this section reads as follows.
We denote by D([0, co), R) the set of cadlag R-valued functions on [0, co) and by
P(D([0, o0), R)) the set of probability measures on D([0, c0), R).
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THEOREM 8. Work under Assumption 7.
(1) There is a pathwise unique solution (Z)tzo to (7) such that (E[Z])tzo is
locally bounded.
@ii) It is possible to build simultaneously the Hawkes process (Z,N Ao,
ZIN’N)tZo with parameters (Gy, (pN, W) and an i.id. Sfamily (75)120,1‘:1 ,,,,, N of

solutions to (7) in such a way that forall T > 0,alli =1,..., N,
E[sup |z}~ Z]|] < crN 12,
[0,T]

the constant Ct depending only on h, ¢ and T (see Remark 9 below for some
bounds of Ct in a few situations).
(iii)) Consequently, we have the mean-field approximation

1Y - . .
v ;8(25\/,1')’20 —> L((Z4)s1>0) in probability, as N — 00,
i=

where P(ID([0, 00), R)) is endowed with the weak convergence topology associ-
ated with the topology (on D([0, 00), R)) of the uniform convergence on compact
time intervals.

PrROOF. For (Z)zzo a solution to (7), the equation satisfied by m; = E[Z,]
writes

! N
(8) m; = / h(/ o(s — u)dmu> ds for every t > 0.
0 0

By Lemma 24, we know that this equation has a unique nondecreasing locally
bounded solution, which furthermore is of class C' on [0, c0). We now split the
proof in several steps.

Step 1. Here we prove the well-posedness of (7). For (Z)tzo a solution
to (7), its expectation m; = E[Z;] solves (8) and is thus uniquely defined.
Thus, the right-hand side of (7) is uniquely determined, which proves unique-
ness. For the existence, consider m the unique solution to (8) and put Z; =
f(g jooo l{zih%s o(s—u)dm,)} 7 (ds dz). We thus only have to prove that E[Z;] = m;,.
ButE[Z;] = fé h(fy ¢(s —u)dm,)ds, which is nothing but m; since m solves (8).

Step 2. We next introduce a suitable coupling. Let (7! (ds dz))i>1 be an ii.d.
family of Poisson measures with common intensity measure ds dz on [0, 00) X

[0, 00). For each N > 1, we consider the Hawkes process (Z,N’], - Z,N’N),zo

Ni_ [T i
Z :/0/0 l{th(N‘lZ?’zlf(fw(s—u)dzf,v‘j)}n (ds dz).

Next, still denoting by m the unique solution to (8), we put, for every i > 1,

—. r roo .
Zzﬁﬁlmmwmmmﬂwwﬁ

Clearly, ((Z});>0)i>1 is an i.i.d. family of solutions to (7).
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Step 3. Here we introduce Ak (¢) = [} |d(Z, — ZY))| and Sy (1) = E[A}, ()],
which obviously does not depend on i (by exchangeability). Observe that

©  sup|ZL -z < Aly()  whence E[sup|ZL — Z'|| < sy (o).
[0,7] [0,7]

The first inequality follows from the fact that |Z}, — ZV-'| < | [’ d(ZL — Z}'")| <
Jo 1d(ZL — ZN-)|. We show in this step that for all 7 > 0,

t/ rs 1/2
6N(t)§|h|npN‘1/2/ </ (pz(s—u)dmu) ds

t
+ 1l fo ot — 5)[8n (s) ds.
First, A}v(t) equals
t o0 ;
/0/0 ll{zsh(N*Iij:]fo_(p(s—u)dz,iv'j)} _l{th(fé’ws—u)dmu)}’” (ds dz).

Taking expectations, we find

t N N N .
aN(z)=/O EHh(/O (p(s—u)dmu)—h<N_1j§/0 qo(s—u)detV’J>Hds,

whence
t s N s .
aN(z)§|h|hpf E /go(s—u)dmu—N_IE:/ o(s —u)dZ]||ds
0 0 . 0
j=1

Jos

t N S . .
(11) +|h|np/0 EHNIZ/O o(s —uyd[Z] — Z/]
j=1

= |hlip(A + B).

Using exchangeability and Lemma 22,
t s t
(12) B < / E[/ lp(s —u)| dA}V(u)] ds =/ lp(t — u)|8n (1) du.
0 0 0

Next, we use that X! = Jo o(s — u)dZ} are i.i.d. with mean fo o(s —u)dmy,
whence
t

(13) A< N—l/zfo (Var x 1'% ds.

But it holds that

N o8}
X :/0 /o Lo wtu—r dm (s = )7 (du d2).
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Since the integrand is deterministic, denoting by 7! the compensated Poisson mea-
sure,

N o
X; —E[X;] =f0 /0 L ch(f pu—r) dm (s — )7 (dudz).

Recalling Assumption 7, we find

(14) VarX!= fo (s — u)h</0” ou — r)dm,> du = fo 0> (s — u)dmy,.

We used (8) for the last equality. Gathering (11), (12), (13) and (14) completes the
step.

Step 4. Here, we conclude that for all 7 > 0, supjg 718N () < CrN~Y2, This
will complete the proof of (ii) by (9). This is not hard: it suffices to start from (10),
to apply Lemma 23(i) and to observe that f(; o ©*(s — u)dm,)'/? ds is locally
bounded (which follows from the assumption that ¢ is locally square integrable
and the fact that m is C! on [0, 00)).

Step 5. Finally, (iii) follows from (ii): by Sznitman [43], Proposition 2.2, it suf-
fices to check that for each fixed £ > 1, ((Z,N’l),zo, e (thv,e)tzo) goes in law, as
N — o0, to £ independent copies of (Z;),>¢ (for the uniform topology on compact
time intervals). This clearly follows from (ii). [J

We now want to show that the constant C7 we get can be quite satisfactory.

REMARK 9. Work under Assumption 7.
(a) Assume that |hlyp fooo lo(s)|ds < 1 (subcritical case) and that
Ooo goz(s)ds < 00. Then (ii) of Theorem 8 holds with Ct = CT, for some con-
stant C > 0. This is a satisfactory slow growth.

(b) Assume that h(x) = u + x for some u > 0 and that ¢(t) = ae " for
some a > b > 0 [if a < b, then point (a) applies]. Then m; = E[Z,] ~ na(a —
b)~2e\ @D gt — 00 and (ii) of Theorem 8 holds with Ct = Ce“=PT | for some
constant C > 0. This is again quite satisfactory: the error is of order N~'?m.

PROOF. We start with (a). Using the notation of the previous proof, it suffices
[see (9)] to show that Sy (T) < CTN ™2, Setting A = |hliip [5° lo(s)|ds < 1,
starting from (10) and observing that §x is nondecreasing, we find Sy () <
|hlipN =2 [§ (g 9*(s — u)dm,)' /2 ds + ASn(t), whence Sy (1) < CN~Y2 x
J5CJS ©*(s — u) dmy)'/? ds. We thus only have to check that 3 ¢*(s — u) dm, is
bounded on [0, co). Since f;° ¢*(s)ds < oo, it suffices to prove that m’ is bounded
on [0,00). But m, = h(fégo(t —wym), du) < h(0) + |h|1ipfé lo(t — u)|m), du,
whence supy 7ym; < h(0) + A supyy rm;, and thus supgg 7ym; < h(0)/(1 — A)
forany T > 0.
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We next check (b). First, (8) rewrites m, = ut +a [} [§ e 6= dmy, ds, with
unique solution

a—b
= —HD pa@ ™ =1 pa gy
a—>b (a — b)? (a —b)?

Next, using (10) and the explicit expressions of &, ¢ and m, we find

s 1/2
Sn(t) < N—”th(f 9% (s — u)dmu)
0 0

< CN~V2ela=b/2 4 ft e U955 (s) ds.
0

t
ds+f0 ot —s)on(s)ds

Setting uy (1) = Sy ()e”, we get uy(t) < CN~V2e@Di/2 4 q [Tuy(s)ds. By
Gronwall’s lemma, uy (t) < CN~V2e@FD1/2 4 q [ECN—1/2atb)s/20a(=5) gg
On easily deduces, since a > b, that upn(t) < CN—1/2¢at 5o that Sy(r) <
CN~1/2¢@=b) The use of (9) completes the proof. [

3.2. Large time behaviour. 'We now address the important problem of the large
time behaviour. Since the solution (Z)tzo to (7) is nothing but an inhomogeneous
Poisson process, its large-time behaviour is easily and precisely described, pro-
vided we have sufficiently information on the solution to (8). The question is thus:
can we use the large time estimates of the mean-field limit to describe the large-
time behaviour of the true Hawkes process with a large number of particles? To fix
the ideas, we consider the linear case. For A a symmetric nonnegative matrix, we
denote by N'(0, A) the centered Gaussian distribution with covariance matrix A.

We treat separately the subcritical and supercritical cases.

THEOREM 10. Work under Assumption 7 with ¢ nonnegative and h(x) = n+
x for some p > 0. Assume also that A = [;° ¢(s)ds < 1. For each N > 1, con-
sider the Hawkes process (Z,N’l, e ZtN’N),Zo with parameters (G, (oN, hV).
Consider also the unique solution (m;);>o to (8):

1. We have m; ~ apt as t — 0o, where ag = /(1 — A).

2. For any fixed i > 1, ZtN’i/mt tends to 1 in probability as t — 00, uniformly
in N. More precisely, E[|ZtN’i/m, -1 < Cm,_l/zfor some constant C.

3. Forany fived ¢ > 1 (m}"*(ZN"" Jm; — 1))i—1....

(t, N) = (00, 00) (without condition on the regime).

¢ goes in law to N'(0, Iy) as

Point 2 is of course related to the classical law of large numbers for multivari-
ate Hawkes processes; see, for example, Brémaud and Massoulié [9] or [3]. What
we prove here is that this law of large numbers is uniform in N. From this re-
sult, we deduce that Pr(|ZN"/m, — 1| > &) < Cg_lm,_l/z, uniformly in N. In
view of the papers by Bordenave and Torrisi [8] and Zhu [48, 49], which concern
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one-dimensional processes, one might expect that a much more fast decay (large
deviation bound) could be proved, under a Cramér condition on ¢. It would be
interesting to decide if such a bound is uniform in N.

THEOREM 11. Work under Assumption 7 with ¢ nonnegative and h(x) = i +
x for some p > 0. Assume also that A = [5° ¢(s)ds € (1,00]. Assume finally
that t — fé |do(s)| has at most polynomial growth. For each N > 1, consider the
Hawkes process (Z,N’l, e Z,N’N),zo with parameters (Gy, (pN, h"). Consider
also the unique solution (m;);>o to (8):

1. We have m; ~ ape®' as t — oo, where oy > 0 is determined by Ly(ap) =1
and where ag = /,Loeo_z(fooo to(t)e ! dr)~L.

2. For any fixed i > 1, Z,N’i/m, tends to 1 in probability as (t, N) — (00, 00).
More precisely, there is a constant C such that E[lZ,N’i/mt — 11 = mt_l/2 +
CN7V2(14+m ™.

3. Forany fixed £ > 1:

@ (@M my—1))iz1
oo withmy/N — 0;

(i1) (NI/Z(Z,IV’i/m, — 1))i=1,....¢ goes in law to (X, ..., X), if t = oo and
N — oo with m;/N — 00. Here X is a N (0, 02)—distributed random variable,
where 0% = a2 [§° e72*05m) ds.

¢ goes inlaw to N (0, Iy) ift — oo and N —

,,,,,

Let us summarise. At first order (law of large numbers), the mean-field approxi-
mation is always good for large times. At second order (central limit theorem), the
mean field approximation is always good for large times in the subcritical case, but
fails to be relevant for too large times (depending on N) in the supercritical case:
the independence property breaks down.

In the supercritical case, we have the technical condition that ¢ +— fé [do(s)]
has at most polynomial growth. This is useful to have some precise estimates of
the solution m to (8). This is, for example, always satisfied when ¢ is bounded and
nonincreasing, as is often the case in applications. It is slightly restrictive, however,
since it forces ¢(0) to be finite.

It should be possible to study also the critical case, but then the situation is more
intricate: many regimes might arise. With a little more work, we could also study,
in the supercritical case, the regime where m;/N — x € (0, 00).

In order to prove Theorems 10 and 11, we will use the following central limit
theorem for martingales. For two cadlag martingales M and N, we denote by
[M, N] the quadratic covariation defined by [M, N]; = M;N; — fé M;_dNg —
fé Ny_dMg;. When M and N are purely discontinuous, it holds that [M, N]; =
ngt A M A Njg; see Jacod and Shiryaev [24], Chapter I, Section 4e.
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LEMMA 12. Let £ > 1 be fixed. For N > 1, consider a family (M,N’l, cees
M,N’Z),Zo of £-dimensional local martingales satisfying Mév ' = 0. Assume that
all their jumps are uniformly bounded and that [M™', MN-71; = 0 for every
N > 1,i # jandt > 0. Assume also that there is a continuous increasing function
()10 : [0, 00) > [0, 00) such that foralli =1, ..., £,1im(;. x)— (c0.00) V; ~[MN"F,
MM, =1in probability. In the case where Voo = limy_, oo V; < 00, assume more-
over that for all i =1,...,¢, all ty > 0, uniformly in t > 1y, mp— oo [ MV
MM, = vt2 in probability.

Then vt_l(MtN’l,...,M,N’e) converges in law to the Gaussian distribution
N, Iy) as (t, N) — (00, 00), where Iy is the £ x { identity matrix.

PROOF. Let (tn) Nzl be a sequence of positive numbers such that ¢ty — oo.

We want to prove that v, (M,x 1, e M,ZA\[,’E) converges in law to A/ (0, ;). For all
u e0,1], set
rlfv =inf{r > 0: v,2 > uvlzN}.

Since v is increasing and continuous, ‘L’N is also continuous and increasing for

each N. We also clearly have va = uvt for all u € [0, 1] and 71 = ty. Finally,

for each u > 0 fixed, the sequence 7" is increasing.

For all u € (0, 1], limy vj[MN . MN"].y =1 in probability. Indeed, in the

case Voo = 00, this follows from the facts that limy rljv = oo and

M, vy (c0.00) U “[MN-1, MN], = 1. When vs, < 00, the additional assump-
tion (uniformity in ¢ > #y of the convergence as N — oo) clearly suffices, since

the sequence N is increasing, and thus bounded from below.

We define the martingales (Lflv o1y uef0,1] by Lflv = vtN1 M_y Ni. All theirj jumps are

uniformly bounded (because those of M- are assumed to be uniformly bounded

and because sup v,jvl < 00 since v is increasing). We also have (LN N1, =0

forall i # j, all u € [0, 1]. Furthermore, using that vifv = uvtzN,
[MNI MNI] N [MN’i,MN’i] N
[LNI LNZ] 5 — 5 Ty Uu—u
U[N UTJV

in probability. Therefore, according to Jacod and Shiryaev [24], Theorem VIII-
3.11, the process (LN1 LN, c10.1) converges in law to (Bl ..., BS)uco.1]
where the B' are independent standard Brownian motions. In particular,
(lev ’1, e LIIV ’E) goes in law to N (0, Iy). To complete the proof, it thus suffices

to observe that lev = v,NlM N = vtNlMN O

We can now give:



232 S. DELATTRE, N. FOURNIER AND M. HOFFMANN

PROOF OF THEOREM 10. In the present (linear) case, we can rewrite (8) as
my = [o(u+ f3 @(s —u)ydmy)ds = ut + [§ ot — s)msds by Lemma 22. This
equation is studied in details in Lemma 25: recalling that A = [;° ¢(s)ds < 1,
we have m, ~ ag and m; ~ agt as t — oo, where ag = i/(1 — A), which proves
point (i). The proof is now divided in several steps. Step 1 will also be used in the
supercritical case.

Step 1. Recall that, for some i.i.d. family (7’ (ds dz));>1 of Poisson measures
on [0, 0o) x [0, co) with intensity measure ds dz,

N.i bree i
ZNi = fo [0 Lecpon £, i gt azZ ™ @ ).

We have E[Z)"'] = m,. Indeed, by exchangeability, we see that E[Z]"'] =
E[z)"'] and that

t N )
]E[ZIN’I]:/O (,u—i—N_l Z/o go(s—u)dE[Z;V’J]>ds
=1

:/t<,u+/s<p(s—u)dlE[ZN’l]>ds
0 0 “ ’

whence (E[Z,N ’1]),20 solves (8), of which the unique solution is (m;);>0 by
Lemma 24. . A

We next introduce U,N" = ZtN ' — m, and the martingales [here 7' (dsdz) =
ni(dsdz) —dsdz]

N o ;
N o~
M; _/0/0 LN 2 3 oty azloy T (@8 d2)-

J
We consider the mean processes Z¥ = N~' YNV zV' N = N~V UM and

finally ]\7[,N =N"! Zf/ MtN . An easy computation using (8) and Lemma 22
shows that

N.i N.i SRR N,j
U,’:M,’—i—/ON Z/O o(s—u)dZ,’ ds —m,
i=1
N, L L N,j
:M,’+/(;/()(p(s—u) N ZdZu’f—dmu ds
j=1

. ‘ N ,
=M +/ ¢(I—S)<N_IZZ£V’J —ms>dS,
0

j=1
so that

. . t _
(15) UM = p N +/ o(t — )TN ds.
0
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This directly implies that
_ _ t _
(16) oV =mY +/ ot —s)UN ds.

Next, we observe that [MN-1, MN-7], = 0 for all i # j (because these martin-
gales a.s. never jump simultaneously) and that [MNi MmN, = Z . Hence,
[MN, MN], = N~'ZN. We thus have E[(M}'')?] = E[Z)'] = m, and
E[(MN)21=N"'E[ZN]=N""m,.

Step 2. Recalling (16) and using that A = f0°°<p(s) ds < 1, we observe that
SUP[o 1] |ﬁSN| < Supjo ] |MSN| + Asupyg 4 |Z7SN|. Consequently,

Blsupl T[] = (1 = ) Esupl Y[ ] < N~
[0,1) [0,1)
by the Doob and Cauchy—Schwarz inequalities. We easily deduce that
t _ —
E|:/ ot — s)|UfV}ds:| < A]E[sup!UANH < CN_I/zmtl/z,
0 [0.7]

whence finally, recalling (15),
m UM ) < BN )+ Oy N g < o

This says that E[|ZtN’ /my—1|]1 < Cmf , 2, and thus proves point 2.
Step 3. We then fix £ > 1 and use (15) to write, fori =1,..., ¢,

1/2(ZNz/m )_mt—l/ZUtN,i: —1/2sztJr 1/2/ ot — s)UNds

First, E[m; /> [l o(t — s)]UN|ds] < CN~'/2, which tends to 0 as (1, N) —

(00, 00), by the estimate proved in step 2. To conclude the proof of point 3,
123 Nz
)z 1

we thus only have to prove that (m, ¢ goes in law to N (0, Iy) as
(t, N) > (00, 00). To this end, we apply Lemma 12. The jumps of the martmgales
MN- are uniformly bounded (by 1) and we have seen that [M Y-/, M™:/], =0 for
all i # j. The function (m,);>0 is continuous and increases to 1nﬁn1ty It thus suf-
fices to check that, as (z, N) — (00, 00), m[l[MN’i, MM, > 1in probability.

Since [MN:1, MN-1), = ZtN” , this is an immediate consequence of point 2. [

.....

We now turn to the supercritical case.

PROOF OF THEOREM 11. We rewrite (8) as m;, = [y(u + [§o(s —
u)ydmy)ds = ut + fo ¢(t — s)mgds by Lemma 22. This equation is studied in
details in Lemma 26: there is a unique ag > 0 such that £, () = 1 and, defining
ag € (0, 00) as in the statement, we have m; ~ age®"’ and m) ~ apope®’ as t —
oo, which proves point 1. We also know that I'(£) =, 9™ (¢) ~ (aoao/u)eo’o’,
that Y (1) = fé L (s)ds ~ (apag/m)e*’ and further properties of m, m’,I", Y are
proved in Lemma 26.
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Step 1. We adopt the same notation as in the proof of Theorem 10, step 1,
of which all the results remain valid in the present case. Point 1 follows from
Lemma 26(a).

Step 2. First, (16) says exactly that UN = MY 4+ ¢ « UV . Using Lemma 26(e),
we deduce that UN = MY 4+ T" « MV (the processes UY and M" are clearly a.s.
cadlag, and thus locally bounded). Since IE[(]VI,N)Z] = N~'m, by step 1,

— — t —
B[] < B[| ]+ [ T - o)E[|[]ds

<N 2pm +/ Lt —s)N~V2m!/% ds

<CN 21 +m,).

The last inequality easily follows from Lemma 26(b). _
Using (16) again, we see that ]5 ot — s)UsN ds = UIN — M,N, whence

t
N7
EH/O et —s)U;

On the other hand, we know from step 1 that E[(M, ”)2] = m;. Using (15), we
conclude that

E[|Z fmy — 1] = m7 B[ UM ] <m; 2+ CNT2(1 4 mih

] <E[|M)|] +E[|TN|]

1212 L ONTV2(1 4 my) < CNTY2(L 4 my).

which completes the proof of 2.
Step 3. We then fix £ > 1 and write, fori =1, ..., ¢, by (15),

ZN i ymy =) =m UM =m 7 MN m! /(p(t U ds.

Step 3.1. We first consider the regime (¢, N) — (00, o0) with m;/N — 0 and
study

m)*(ZN fmy — 1) =m;PMN +m 1/2/ o(t — )TN ds.

The second term tends to O in probability, because we can bound, using step 2, its

“12y —1/2(1 4+ m,), which tends to 0 in the present regime. We

thus just have to prove that (m, 12 ,N”'),-:Lm,g goes in law to N (0, 1;). We use
Lemma 12: the martingales M N.i have uniformly bounded (by 1) jumps and we
have seen that [MN-/, MN-J], = 0 for i # Jj. The function (m,),zo is continuous

L'-norm by Cm,

and increases to infinity. It only remains to check that m; "MV MV, tends

to 1 in probability. But [M V-, MN-1], = Z , so that the conclusion follows from
point 2.
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Step 3.2. We finally consider the regime (¢, N) — (00, c0) with m;/N — o0
and study

. . t _
NY2(zZN T ym = 1) = N2 MY+ NV f ot —s)UN ds.
0

First, N/ th_l M,N Y 0 in probability, because its L!-norm is bounded by
Nl/zmt_l/2 (recall that E[(va’i)z] =m,), which tends to O in the present regime.
Since V}V := N2t f§ ot —s)UY ds does not depend on i, it only remains to
prove that V,N goes in law to N (0, 02). We write, using (16), recalling that UV =
MY +T « MV (see step 2) and integrating by parts [recall that Y (t) = [ ['(s) ds]

— — t —
vN = NY2u 1 (ON — M) :Nl/zmt_l/ Lt —s)MY ds
0
t _
:Nl/zm;lfo Y(t—s)dM".

Introduce WtN = (oe()//JL)Nl/2 fot e‘“osdﬂsN and observe that, since E[[M",
MN]1=N""m,,

E[(VY - W)= E[N /0 (m Yt — 5) — (co/we= ") [, MN]J

- /t(mt_lT(t —5) — (ozo/u)e_“"s)zm; ds.
0

Lemma 26(c) tells us that this tends to 0 as t — co. We thus only have to prove
that WtN goes in law to (0, 02)as (t, N) = (00, 00).

This follows again from Lemma 12 (with £ = 1): the jumps of the martingale
(WtN )i>0 are bounded by (ao/u)N —1/2 (because those of MY are bounded by
N~1). The function v; = (g /1)( fot e~ 2e0s m'; ds)/? is continuous and increasing
to the finite limit v, = o (which was defined in the statement). We thus only have
to prove that (a) vt_z[WN, WM, — lin probability as (t, N) — (o0, 00), (b) for
all 7o > 0, uniformly in ¢ > 1o, v,_z[WN, WN], > 1in probability as N — oo.
By Lemma 12, we will deduce that v, IWtN goes in law to N (0, 1) as (¢, N) —
(00, 00), which of course implies that WtN goes in law to (0, o%) as desired.

We have, since [MN, MV, = N*IZN,

t o t _
(WY, WV, = (ao/1)*N / e g[MN, MM, = (ao/ 1) f e 205 g7 N,
0 0
Using that ZN = EN + m; and performing an integration by parts, we see that

t —
(WY W], = v+ @o/p? [ e aTY

_ t _
= Uz2 + (ao/M)Ze_z"‘O’UtN + 2(a8/u2)[) e 208 USN ds.
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Recalling that ]E[|I7IN|] <CN~2(1 4+ m,), we infer

i

— t —
(aO/M)2672(xot UtN + 2(“8/M2) /(; 67205()8 UyN dS

)

t
<e2aot(1 + my) +'/0 eizaos(l + my) ds>’

=

N1/2

which is bounded by C N ~!/? by Lemma 26. We have proved that sup, o E[] [(wh,
WMy, — v,2|] < CN~'2, from which points (a) and (b) above immediately follow.
The proof is complete. [J

4. Nearest neighbour model. We consider here the case where G is a regular
grid, on which particles interact (directly) only if they are neighbours. We will
work on Z¢, endowed with the set of edges

E=1{G.j)e @i - jl=0or1},

where |(i1, ..., iq)| = (X¢_,i%)!/2. Thus, each point has 2d + 1 neighbours (in-
cluding itself). We hesitated to include self-interaction, but this avoids some need-
less complications due to the periodicity of the underlying random walk on Z¢.

ASSUMPTION 13. (i) The graph G = (S, £) is S = Z¢ (for some d > 1) en-
dowed with the above set of edges .

(i1) There is a nonnegative locally integrable function ¢ : [0, 00) > [0, 00) such
that for all (j,i) €&, ¢ji=(2d +1)"lgp.

(iii) For all i € Z4, there is wi > 0 such that h; (x) = p; +x. The family (u;); 74
is bounded.

We next introduce some notation. In the whole section, we call vecror (and write
in bold) a family of numbers indexed by Z?. We call matrix a family indexed by
74 x 74. The identity matrix / is of course defined as I(i, j) = 1j;=;;. We will
often use the product of a matrix and a vector. The matrix A = (A(, j));, jezd
defined by

(17) A, j) = Qd+ 1) Mg ey

will play an important role. Since A is a stochastic matrix, we can define, for any
A€ (0,1),

(18) OAG, )= A"A"G, ).

n>0
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4.1. Large-time behaviour. Under Assumption 13, we can use Theorem 6
[with p; = 2-l1l; see Remark 5(ii)]: there is a unique Hawkes process (Zi )iezd 1>0
with parameters (G, @, h) such that 3", ;4 27//E[Z!] < co. Let us state the first
results of this section. As usual, we treat separately the subcritical and supercritical
cases.

THEOREM 14. Work under Assumption 13 and assume further that A =
Joo@)dt < 1. Consider the unique Hawkes process (Z});cza o With pa-
rameters (G, @, h). For all i € 74, t_IZ§ goes in probability, as t — 00, to

ZjeZd QA(i’ .])M]

THEOREM 15. Work under Assumption 13 and assume further that A =
Joo @) dt € (1, 00] and that t +— fé |d@(s)| has at most polynomial growth. Con-
sider ag > 0 uniquely defined by Ly(ag) = 1. Assume finally that the “mean
value”

19 = lim
1w rioo#{lezd il <r)

Z Wi exists and is positive.

lil=<r

Consider the unique Hawkes process (Z!) iczd >0 With parameters (G, ¢, h). Then
foralli €74, e_“O’Zf goes in probability, as t — 00, to ag = ;wzo_z (Jo~ te(t) x
L

Let us comment on these results. In the subcritical case, the parameter u =
(i);eza 1s strongly present in the limiting behaviour: the limit of ! Z! depends
on a certain mean of g around the site i and thus depends on i. In the supercritical
case, the behaviour is very different: the limit value of e’ Z! does not depend
on i, and depends on . = (4;); <74 only through a global mean value. Observe also
that for a finite-dimensional (e.g., scalar) Hawkes process, there is no law of large
numbers: one can get a limit of something like e~ Z, but the limit is random;
see Zhu [48], Section 5.4 (in particular Theorem 23 and Corollary 1). In that sense,
we can say that in the supercritical case, the law of large number is reminiscent of
the infinite dimension and of the interaction.

We will need a precise approximation for A" (i, j) where A is defined by (17).
It is given by the local central limit theorem, since A is the transition matrix of an
aperiodic symmetric random walk on Z¢ with bounded jumps. Precisely, we infer
from Lawler and Limic ([29], Theorem 2.1.1) and (2.5), that there is a constant C
such that for all n > 1, all i € Z?,

. : C
20) 470, D) = P = —z775

where, for t > 0 and x € RY,

2d + 1\4/? 2d + 1)|x|?
1) pt<x>=( 4;) exp(——( U )
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To apply [29], Theorem 2.1.1, we needed to compute the covariance matrix I
corresponding to our random walk, we found I' = 2(2d + D=1y, 1y being the
d x d identity matrix.

LEMMA 16. Consider the matrix (A(i, j))i’jezd defined by (17).

(i) It holds that ¢, =" jezd (A™(i, j))? does not depend on i € Z¢ and tends
to 0 asn — oo.

(i1) Let p = (W;);jcza be bounded and satisfy (19). Then for all i € Z4,
limy, 5 0o (A" p); = .

PROOF. In the following, we denote by C a constant depending only on d.

Point (i) is easy: since A" (i, j) = A"(0, j — i) and since A is stochastic, one
has &, =} ;c74(A"(0, N < supjeza A"(0, j). Moreover, by (20), A"(0, j) <
Pn(j) + Cn~@+2/2 < Cp=4/2 We conclude that &, < Cn~%/? — 0 as desired.

Now we turn to the proof of (ii). Let i € 74 First, we show that lim,,[ (A" n)i—

Y jezd Pn(jl = 0. Since (A"w); = X ez A"(i, Iij = X jeza A"O, j —
i)i; and since the family (1) ez« is bounded, it suffices to prove that v, =
> jezd |AM(0, j — 1) — pa(j)] — 0. We write

w< Y AN i =D = pa(D]+ DY (AT, =)+ pa()))

|j|§nl/2+l/4d |j|>n1/2+l/4d
.1 2
=v,+v,.

On the one hand, using that ) jezd | jI*A™(0, j) < Cn (the variance of the ran-
dom walk at time n is of order n), so that Zjezd |i|2A™0, j —i) = D okezd i +
k|>A™(0, k) < C(|i|*> 4+ n), and thus

> AN, i)

|j|>n1/2+1/4d

<Cn VNG PAMNO, j— i) < Cnm V(i 4 n).
jezd

Similarly, we have }_ ;74 171?pn(j) < Cn, and thus

Z pa(j) <n—1-1/2d Z 112 pn(j) < Cn= /2.

|j|>nl/2+l/4d jGZd

Consequently, lim, v,% = 0. On the other hand,

T< S A0, =D —paG =D+ X G =D = pa(i)l.

|j|§”1/2+l/4d U|5n1/2+1/4d

v



HAWKES PROCESSES ON LARGE NETWORKS 239

From (20), the first sum is bounded by Cn=@*2/2#{j € 7¢:|j| < n!/>+1/4d} <
Cn—3/* = 0. For the second sum, we use that, with ¢; = (2d + 1)/4,

2
pu(i =) — pu(j)] = pnu)]l _ exp(—%uz + %i.j)

1/2+1/4d

Hence, for | j| <n and for n large enough (e.g., so that |i|n_1/2+1/4d <1)),

1n(G = 1) — pu(D| < Cpa (NP~ 4 i =23 < Cp, () (1 + 1i)P)n 14

Thus, 3 jj<p1/2+12a |pn(j — 1) — pa ()] = C(1 + li|»)n=1/* and we deduce that
lim,, v} = 0.

We have shown that lim v, = 0. It only remains to check that lim,, > jezd Mj X
pn(j) = n. Let (rp)k=0 be the increasing sequence of nonnegative numbers such
that {ri =0 ={lJ|:Jj € 7%} and observe that

D owipa(D =Y palr) Y wy-
jes k=0 jl=r

A discrete integration by parts shows that

> 1 pal) =Y (palri) = Palrir)) Y 1

jerd k=0 1=
1
=Y v (Pn(rk) — pa(res 1)) —— > 1y,
k=0 VK |y

where v(r) =#{j € Z4: |j| <r}. We easily conclude that lim,, Zjezd wipn(j)=
( as desired, because:

(@) limg— oo ﬁ le\f”k Mj=Hs
(b) for all k > 0 fixed, lim,, v(ri) (pn (ri) — Pn(res1)) = 0;
(©) limy 00 Y 220 V() (pn (k) — pn(res1)) = 1.

Point (a) follows from our condition (19) on w, point (b) is obvious (because
[k (Pa (k) = Pa(rie))| < V() sUP;eza pa(i) < Co(r)n~/2 — 0). To check
(c), we write Y52 0 v () (Pu (i) — P (s 1)) = X ezt Pu() = X jeza A0, ) +
Y jezalpa(j) — A"0, N1 =14 X jeza[pa(j) — A"(0, j)]. This tends to 1, be-
cause limy, 3 ;74 | pn(j) — A"(0, j)| =0, as seen in the first part of the proof (this
is v, in the special case where i =0). [

Let us now give the following.

PROOF OF THEOREM 14. We split the proof into several steps. We assume
that there is at least one i € Z¢ such that i > 0, because else the result is obvious
(because then Zf =0 forall i € Z4, all t > 0). The first step will also be used in
the supercritical case.
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Step 1. We write as usual, for some i.i.d. family (7! (ds dz))i>1 of Poisson mea-
sures on [0, co) x [0, oo) with intensity measure ds dz,

. t poo .
i_ o

Zi = /0 /0 Vcprearn 15, i 6w azi)™ (@5 42)-

Let us put m; = IE[Z;'] and m; = (m;)iezd. A simple computation (using one more

time Lemma 22) gives us, for all i € 74,

. t .
m; = Wit +/ 2d +1)~! E @(t —s)yml ds.
0 .
j—i

Using the vector formalism, this rewrites m; = pt + fot ot — ;)(Ams) ds. We fur-
thermore know (from Theorem 6) that for all 7 > 0, ;¢4 L |m; < 00. Applying
Lemma 27, we see that m' is of class C! on [0, o0) for each i € 74, that

t
(22) m =pu +/O o(t —s)Am., ds
and that
t
(23) m, = (1 +y A”f 0™ (s) ds>/L.
0
n>1

Lemma 27 also tells us that u; = sup; ¢z supjg ¢ (m') is locally bounded, which
of course implies that sup; <74 supyg mi is also locally bounded (because m{) =0
for all i € Z9), and that

t
(24) u <C —i—/ o(t —s)ugds.
0
We introduce the martingales, for i € Z4 (we use a tilde for compensation),

. t roo .
r__ -
M, _/0/0 1{z5m+(2d+1>—1zﬁifo’w—u)dzd}” (ds dz)

and observe as usual that [M?, M/], =0 _whel_l i#£j _(because these martinga_les
a.s. never jump at the same time) while [M", M']; = Z;. We finally introduce U; =
Z; — my, the vectors U; = (U});cz¢ and M; = (M), 7« and observe that

t
(25) U, =M; +/ ot —s)AU, ds.
0

Indeed, for every i € Z¢, using Lemma 22 and the equation satisfied by mi, we
find

. . t . . . t
U/ :M,’—i—/o Qd+1)7! Z(p(t—s)(Zg—mg)ds :Mt’—i-/O ot —s5)(AUy); ds.

j—i
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Equation (25) can be solved as usual as

(26) U = (M, +> /tgo*"(t — 5) A" M ds).

n>1 0
Finally, we easily check that v, = sup;cza supyg E[|U!|] is locally bounded (be-
cause E[|U/|] < E[|Z]]] + m; < 2m}) and satisfies (start from (25), use that
E[|M![] < E[[M, M'],]"/? = E[Z]]"? = (m})!/? < (J§usds)'/?) and that A is
stochastic

@7) b < ( /0 " ds)

Step 2. Here, we prove that there is a constant C such that forall i € Z¢, (mﬁ)’ <
C (and thus also m§ < Ct). This follows from (24), which implies that u, < C +
Auy, whence u; < C/(1 — A).

Step 3. For all i € Z4, (mi)’ ~ (QaM);, whence also m; ~ (Qap)it, as t —
oo. Indeed, starting from (23), using the monotone convergence theorem and that
Joo @ (s)ds = (fy° @(s)ds)" = A",

lim (m!)" = ((1 +> A”An)[,L)i = (OAR);.

t— 00
n>1

1/2 t
+/ ot —s)vsds.
0

Step 4. There is a constant C such that for all i € 74, allt >0, E[|Uf 1< Ccrl/2,
Indeed, this follows from (27) and step 2, which imply that v, < Ct'/? + Av,,
whence v; < Ctl/z/(l —A).

Step 5. The conclusion follows immediately, writing

J==%
t

which tends to 0 as ¢t — oo by steps 3 and 4. [

Zi i
E[ L (am }+ "”7 _ (QAmi',

We now turn to the supercritical case.

PROOF OF THEOREM 15. We consider m (not to be confused with m) the
unique solution to m; = ut + fé o(t —s)mgds, where  is the mean value defined
by (19). This equation is studied in details in Lemma 26: with o9 and a¢y defined
in the statement, we have m; ~ ape®’ and m) ~ agape®’ as t — oo, as well as
L(1) =Y 51 ¢*" (1) ~ (aoad/w)e®" and Y (1) = [ T'(s)ds ~ (aparo/1)e™".

Step 1. We adopt the notation introduced in step 1 of the proof of Theorem 14.
Step 2. Here, we check that there is C such that for all i € Z¢, (mi)/ <
Ce®! (and thus mi < Ce®"). This follows from (24), which tells us that u, =
sup; 74 (m?)" is locally bounded and satisfies u; < C + fé o(t — s)ugds. Setting
hy =u; — fot o(t —s)ugds, we see that &, is locally bounded (from above and from
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below), because u is locally bounded and ¢ is locally integrable. We furthermore
have u = h 4+ u » ¢. Applying Lemma 26(e), we deduce that u =h + hx«I". But &
is bounded from above by C. Consequently, u <C+C*xI"=C(1+7Y), where Y
was defined in Lemma 26. The conclusion follows from Lemma 26(b).

Step 3. We now show that for all i € 74, (m,)/ (m;)' (whence m! ~ my)
as t — oo. Let us fix i € Z4 and set r; = (m})" — (m;)’, which satisfies rti =
wi—pm+ D, =1 ((A"w)i — ) fo @ (s)ds. We know from Lemma 16(ii) that
nn = (A" 1); —_,u tends to 0 as n — oo. Consequently, Lemma 26(d) tells us that
ey 1 (A" ) — ) f(; @*"(s)ds tends to 0 as t — oco. Hence, e~ *0'r} — 0 as
t — oo. Using finally that m/ ~ agage®’ as t — oo, we conclude that (m!)'/m/ =
1+7ri/m) ~ 1+ (apatp) ~'e='r} — 1 as desired.

Step 4. Here, we check that forevery i € 74, e R[] U,i |] tends to 0 as t — oo.
We start from (26) to write

Ui < |M!| +Z/ @™ (t — 5)|(A"My), | ds.
n>1
But E[|M!|] < E[Z]]Y/? = (m})!/? < Ce*'/2 by step 2 and E[(A"M,)?] =
Y (A, N2mi < Cevt j(A"(i, j))* < Ce™'e, by Lemma 16(i), with &, —
0 as n — oo. Consequently,
e~V E[|U[] < Ce=02 4 Com aotzgl/Zf 2 (t — 51?05/ ds.
n>1

Lemma 26(d) allows us to conclude.
Step 5. The conclusion follows, writing

Zi Ui
Bz = 1] =2l er ]+
ape®o?

apedo’
and using steps 3, 4 and that m; ~ ape®®’ by Lemma 26(a). [

i
m;

aoeaot

4.2. Study of an impulsion. Here, we want to study how an impulsion at time 0
at i = 0 propagates. To this end, we work under Assumption 13 with u; =0 for
all i € Z4, but we assume that Z° has a jump at time 0. Such a study is of course
important: it allows us to measure, in some sense, the range of the interaction.

We first define precisely the process under study.

DEFINITION 17. We work under Assumption 13(i)—(ii) and consider a family
(ri(dsdz),i € Zd) of i.i.d. (F;);>0-Poisson measures on [0, c0) x [0, 0c0) with
intensity measure ds dz. We say that a family (Z;')iezdpo of (F;)i=0-adapted
counting processes is an impulsion Hawkes process if -

Vi e 74, n"(dsdz).

/_/ (2= Qd+D) Ty~ pls—u) dZ +0()1(j=0)]
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As said previously, the term 3 ;_,; ¢(s)1{=0} is interpreted as an excitation due
to a forced jump of 79 at time 0: simply rewrite it as 1{o ) [OS_ o(s —u)d,(ds).
The following proposition is easy.

PROPOSITION 18. Adopt the assumptions and notation of Definition 17.
There exists a pathwise unique impulsion Hawkes process (Z;);cyd ;> Such that

> iczd Bl Zi] < 0o forall t > 0.

Exactly as Theorem 6, this result can be deduced from Massoulié [32], Theo-
rem 2, in the subcritical case where fooo p(s)ds < 1.

PROOF OF PROPOSITION 18. The proof resembles much that of Theorem 6,
so we only sketch it. We start with uniqueness and thus consider two impulsion
Hawkes processes (Z;)iezd7[>o and (Z;)iezd’l>0 such that ¥, 74 E[Z! + Z!] <
0o. We set Al = [ 1d(ZL — Z1)|, 8! = E[Al] and &, = Y74 8! (which is lo-
cally bounded by assumption). We may check that 8; <Qd+17! fot 2 jipt—
5)87 ds exactly as in the proof of Theorem 6. Summing in i and recalling that each
site has 2d + 1 neighbours, we find §; < fot @(t — )35 ds. Lemma 23(i) tells us that
8¢ = 0 for all ¢, whence pathwise uniqueness.

Existence follows from a Picard iteration. Let us only check an a priori estimate
implying that 3", .z« E[Z!] < co forall t > 0. Setm! =E[Zi]and m; = Y ;74 m'.
A direct computation using Lemma 22 shows that m§ =Qd+1)7I'y jil fé o(t—
symlds + 1—0) fé @(s)ds]. Summing in i, we find m, = fé(p(t — s)myds +
fg #(s)ds. Using Lemma 23(i), that ¢ is locally integrable [and that [ ¢(s)ds
is locally bounded], we deduce that supj 7ym; < C(T, ¢) as desired. [

We next compute the probability of the extinction event. Point 1 is a noticeable
property that makes the result very easy and precise.

THEOREM 19. Adopt the assumptions and notation of Definition 17 and con-
sider the impulsion Hawkes process (Z}); cyd 1>0-

1. The process Z; = ¢y, Zf is a scalar impulsion Hawkes process with exci-
tation function ¢. In other words, (Z;);>0 is a counting process with compensator
A = fot As ds, where

t_
At =@(1) +/O ot —s)dZs.

2. We introduce the extinction event defined by Q, = {lim;_ o0 Y ;74 Zf <
oo}, Setting A = f0°°<p(s) ds, we have (i) Pr(Q2,) =0 if A = oo; (i) Pr(2,) =
exp(—yad) if A € (1,00), where yp € (0, 1) is characterised by yp A + log(1 —
ya) = 0; (iii) Pr(2,) =1 if A € (0, 1].
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Of course, we can sometimes use this theorem, by a simple comparison argu-
ment, if ¢;; depends on i, j. For example, to guarantee nonextinction with proba-
bility one, it suffices that all the ¢ ;; are bounded below by some (2d + 1)~ !¢ such
that [5° ¢(s) ds = oo.

When A € (0, 1), a detailed study of the tail distribution of the extinction time
is handled by Brémaud, Nappo and Torrisi [10], for a more general scalar model
with marks.

PROOF OF THEOREM 19. Point 1 is immediate: the compensator of the count-
ing process (Z;);>0 is

A,:/O > Z(2d+1)‘1[/osw(s—u)le{+<p(s)1{j=0}]dS

iezd j—i

t 5— )
= o(s —u)dZ] + o)1= ]ds
/0 jezz:d[/(; {j=0}

:/()t[(p(s)—i-/os_(p(s—u)dZu]ds.

We next prove point 2. It is well-known folklore that a scalar impulsion Hawkes
process can be related to a Poisson Galton—Watson process with Poisson(A) repro-
duction law, but we give a direct proof for the sake of completeness. If A = oo, it
suffices to note that Pr(£2.) = Pr(Zy < 00) = Pr(Ay < 00) < Pr(foOO p(s)ds <
o0) = 0. When A < oo, we introduce the martingale, for y € (0, 1), Nty =
—y(Z; — A) = —yZ + yfégo(s) ds + yfégo(t — 8)Zsds by Lemma 22. We
denote by M/ = E(NV), = eV [[i<; (1 =y AZjy) its Doléans—Dade exponential;
see Jacod and Shiryaev [24], Chapter 1, Section 4f. Since Z is a counting process,
we see that

t t
M/ :exp(y/o <p(s)ds+y/(; o(t —s)Zgds +log(1 —y)Zt).

If y A +1log(l —y) <0 then MY is bounded [because y fé p(s)ds +y fé ot —
$)Zsds +1log(1 —y)Z; <y A+ (yA+log(l1 —y))Z; <yA], and thus converges
in L'. Consequently, E[M%,] =1 and [one easily verifies, using that Z is nonde-
creasing, that lim,_, f(; ot —8)Zsds = ANZso]

Elexp(y A + (log(1 —y) + yA)Zo)] = 1.

But for all x > 0, there is a unique y(x) € (0, 1) such that y(x)A + log(l —
y(x)) = —x, whence

E[exp(—x Zoo)] = exp(~Ay (x)).
Consequently,

Pr(Q2,) =Pr(Zs < o0) = 1ir(r)1+E[exp(—xZoo)] =exp(—Ay(04)).
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If A € (0, 1], we see that (0+) =0, so that Pr(2,) = 1. If now A > 1, y(0+) is
the unique solution in (0, 1) to y (0+)A +log(1 — y(0+)) =0. O

We next study more deeply, in the super-critical case, how the impulsion prop-
agates. Unfortunately, the computations are really tedious: we decided to restrict
ourselves to a particular case (¢ is an exponential function) where some compu-
tations are explicit. We believe that the result below can be extended to a general
class of functions ¢, but a difficult technical lemma is required.

THEOREM 20. Work under Assumption 13(1)—(@i), with ¢(t) = ae™ ", for
some a > b > 0. Consider the impulsion Hawkes process (Zf)iezd7,>0. Since
[Ooo(p(s)ds =a/b > 1, we know from Theorem 19 that Pr($2.) € (0, 1). We set
oo = a — b [for which L,(ag) = 1] and we recall that the Gaussian density p;(x)
is defined by (21).

(i) There are some constants C > 0 and ty > 0 and a random variable H > 0
such that for all i € 74 all t > 10,

i .\ oot Ce(x()t
E[|Z} — Hpa: (i)e*'|] < pTTSYCE
12

(ii) For all x € RY, td/ze_“on,sz I Hp,(x) in probability as t — o0.
Here, we define the “integer part” |y| of y = (y1,...,yqa) € R%, by |y] =
(il va)) € 27

(iii) The random variable H is positive on th_e event 5.

(iv) Actually, H = lim;o0e 'Y, 70 Z! and H = lim;_oo(d7t/(2d +

y ieZ t

1)4/2e=0t 70 jp L1,

This result describes quite precisely how an impulsion propagates. Conditional
on nonextinction, the process (Z!); 7« resembles a Gaussian profile, with height
t=4/2 He®! and radius /7, for some positive random variable H.

Compared to the previous result (Theorem 15), the growth is only very slightly
slower: a single impulsion at the site O produces a growth in ~4/2¢%!  while we
have ¢ when all the sites are regularly excited (as is, e.g., the case when p; = 1
for all 7).

It is important to note that, even if the growth “near 0 of the process is very
fast (exponential), the spatial propagation is quite slow (of order /7).

Since H =lim;_, oo e~ %" Z;, where Z; := Y cpd Z; is nothing but a scalar im-
pulsion Hawkes process by Theorem 19, much more information on the distribu-
tion of H can be found in the papers by Hawkes [19] and Lewis [30]. See also the
work of Torrisi and Leonardi [44] for related modelling purposes.

It is likely that these results could be proved for more general functions ¢. Since
we assume that ¢ is an exponential function, the couple (Hawkes process, intensity
process) is actually a Markov process. See Oakes [33] in the scalar case. But we do
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absolutely not use the Markov property. What we use is that in Lemma 21 below,
many explicit computations are possible, that considerably simplifies the study.
We start with some preliminary computations.

LEMMA 21. Adopt the notation and assumptions of Theorem 20. Introduce
also, fori € Z4 and t > 0, T'(i, 1) = Y= A™(0, )™ (¢).

() Foralln>1,allt >0, ¢*"(t) = (at)" e b /(n — 1)!
(i) Forallt>0,% ;.74 T (i, 1) = e*".
(iii) There is C such that for all t >0, ) ;74 li12T (@, 1) < C(1 +1)e®!,
(iv) There are some constants C and to > 0 such that for all t > to, all i € 74,

. ‘ , Ce()(()t

(28) IC(i, 1) — par(i)e®| < 1d/2+1]3"
1 Ce%o!

(29) / F(l S)ds - —pat(l)e m

PROOF. Point (i) is well known and can be checked recursively. Using that A"
is a stochastic matrix, we see that ) ;.74 I'(i, 1) = > _,,~ 1 9™ (¢). Hence, (ii) follows
from (i). -

Next, we recall that A is the transition matrix of a symmetric random walk on
Z? (with bounded jumps), so that there is a constant C such that for all n > 0,
Doiezdli |2A™(0,i) < Cn (its variance at time 7 is of order n). Consequently,

n— 1 —bt
S PTG = 0 Y ngt () = 0 3 e e n(at)
iezd n>1 =
_ (at)""le P! (at)™1ebt
B C[g W + ; W]

This is easily computed: it gives Ce*'[1 + at].

Point (iv) is more complicated. First, we need the Gaussian approximation of
A"(0, i) given by (20). We will also need the following result, which can be found,
for example, in [14], Lemma 9(d) [plus the fact that for x € (0, 1), (x + 1) log(x +
1)—x > x? /4]: for any A > 0, for X a Poisson(})-distributed random variable, for
any x € (0, 1),

(30) Pr(|X — A > Ax) < 2exp(—Arx?/4).

We now turn to our problem. Observing that Y, ¢*"(t) = e*', we write

A, 1) =[T3, 1) = par ()| =Y @™ (1)(A"(0, i) = par(D))|.

n>1
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We now assume that ¢ is large enough so that p;/,(i) <1 for all i and we write

AGD <D0 O (1) —at]> (an?/3)

n>1

+ Z ™" (t)1{|(n_1)_m|§(m)2/3} |An 0,7) — pn (l)|
n>1

+ Z (Pm(t)l{|(n_1)_m|§(m)2/3}|Pn(i) — Par ()]
n>1

= Al(i’t) + AZ(i5t) + A3(i5t)‘

First, using point (i) and (30) [with A = af and x = (at)~'/3], we see that (if 7 is
large enough so that at > 1)

. _(ar)*! INY
A1(i, 1) geaozze azml{l(n—l)—atb(az)m} <26% @n'?4

n>1
We next use (20) and assume that ¢ is large enough so that |(n — 1) —at| < (at)?3
implies n > at /2:
M@ 1) =C Y n™ RO, ) ani<ary
n>1

< Clat) DN (1) < Cr~ @D e00r,
n>1

Finally, we observe that |3; p,(x)| < Ct~%/271 so that, if ¢ is sufficiently large,
|(n — 1) —at| < (at)*? implies | p, (i) — pa: (i)| < Ct~4/2=1/3_ Consequently,

A3(l, t) < Ct—d/2—1/3 Z(ﬂ*n(t) < Ct_d/2_1/3€a()t.

n>1
We have proved that there are C and 7o such that for all r > 19, all i € Z¢,
|F(i, £ — pm(i)eaot| < 2eaoze—(at)'/3/4 4+ Ct—@+D2 000 4 op=d/2-1/3 ot
< 142113 g0t
which is (28).
It remains to deduce (29) from (28). We write

8(t,i) =

t
(/ TG, 5) ds — par ()¢ Jory
0

<,

t
+/ | Pas ()€™ — par ()€™ | ds + par (i)
t

_12

t—1/2

t
F(i,s)ds+/ [T (i, 5) — pas(i)e®®*|ds
t—t1/2

t
aps ool
e ds —e o
/t ) /oo

—t

=081(t,0) +62(t,1) + 83(¢, i) + 84(¢, 7).
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First, point (ii) implies that

t—11/2

81z, 1) < / €08 s < Ce0t=1'),
0

Next, (28) tells us, if ¢ is sufficiently large (so that  — 12 > foand t — 12> t/2),
that

t
82(t, l) < C o s—a’/Z—I/Seaos dS < Ct_d/2_1/3eaot.
t—t

Recalling that |d; p;(x)| < Ct~4/>~1 we get (still for ¢ large enough so that r —
t12>1/2)

t
83(t,i)<C sTA2=1 (1 — §)e08 ds < 2712 p00,
t—11/2

Finally, if ¢ is sufficiently large, we can bound p; (i) by 1 (for all i), whence

. — _t1/2 12
54(1‘,1) §a01|ea0t _eoto(t t )_ea0t| SCeozo(t t )‘

Allin all, we have proved that for all 7 large enough, all i € Z¢,

t
/0 [, 5)ds — par(i)e® Jag
< Ceao(t—tl/z) + Ct4/2=1/3 et 4 op=d/2-1/2 paot < C1—4/2-1/3 ot

as desired. [J
We finally can give:

PROOF OF THEOREM 20. We divide the proof in several steps.

Step 1. As usual, we write

. t roo .
1 __ X 1
Z = /0 /0 Lcary1 s,y ets—wdzi+osny_on™ (@540,

we set m! = E[Z!] and m; = (m!);_zq. A simple computation, using Lemma 22,
shows that

. t . t
m;=/0 Qd+ 17" ot —s)m] ds+1{()_>,~}(2d+1)_1/0 @(s)ds.
j—i

Using the vector formalism and introducing § = (8;);cz« defined by 6; = 1{;—),
this rewrites m; = (A§) fé o(s)ds + fé @(t — 5)(Amy) ds. Differentiating this for-
mula (see Lemma 27 for the justification of a very similar differentiation), we find
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m, = (A8)¢(t) + [§ ¢(t —s) Am|, ds, which can be solved as (see Lemma 27 again)
m, =Y, ¢*"(t)A"§. Hence, for all i € Z¢,

(31) (mi) =" A™0,i)p* (1).

n>1

We introduce the martingales, for i € Z4 (we use a tilde for compensation),

. t roo .
r __ X ~1
M; _/0/0 a1 5, e6—wazioen o™ (@592

and observe as usual that [M', M/], =0 V.vhen. i #j (because these martingales
a.s. never jump at the same time) while [M', M']; = Z}. We will use several times
that for any family (c;); <74,

2
(32) E[(Z aiMf> } =Y aimi.
iezd iezd

We finally introduce Uti = Z; —m;', the vectors U; = (Uti)l-ezd and M; = (Mzi)iezd
and observe, exactly as in the proof of Theorem 14, step 1, that U, = M; +
A [y o(t — s)Usds, whence Uy = (M + 3,51 A" [ 9" (t — s)M; ds), and thus,
forall i € Z4,

t
(33) Zi=mi+M + > > | "¢ —)A"G, )M ds =m! + M + W],
jezd n>1
the last equality defining W/ .

Step 2. Here, we treat the terms m!, M!, and collect a few more information.
Recall that T'(z,i) = )_,-1 A"(0,i)¢*" (r). Starting from (31), we see that mﬁ =
fot I'(i, s) ds and deduce from Lemma 21(iv) that there are C and g > 0 such that
for all i € Z¢, all t > 1o,

| ot Ce*0!
’m; - %Pat(l)e 0 ‘ < PIESVER

Next, Lemma 21(ii)—(ii) imply that ), .z« m; = fot e?Sds < Ce*' and
ez li1Pmi < C [{ (14 5)e®* ds < C(1 4 t)e®". Finally, we observe that

. . N 1/2
Bl|Ml[] < () < (X mi) < cen
jezd

Step 3. We introduce

X = Z /Ooo e*“‘)“M&" ds

jezd



250 S. DELATTRE, N. FOURNIER AND M. HOFFMANN

and show that there are C > 0 and 7y > O such that for all i € 74 all t > to,

eo{ot

E[[W! = par ™' X|] < i

We observe that since A" (i, j) = A"(0,i — j), it holds that Wti = Zjezd fé ra-—

j.t—s)M f ds. We also introduce the auxiliary processes

2
Z/ F(l—j,t—s)Mst

jezd
(/2
-y f Pate—s)(i — D™ M d,
jezd
2
W’ Z/ Par (i)~ Y)M] ds.
jezd

Step 3.1. Here, we show that E[|W/ — W/|] < C exp(aot — (at/2)t'/?). By def-
inition of I" and using (32),
} ds

E[|Wl Wl /1/2 Z(p*n(t S)EH Z An(l _])M‘I
t N 1/2
< /tm Do —s)( > (A”(i,j))%;) ds.
n>1

jezd

Using that A" (i, j) is bounded by 1 and that 3", za m! < Ce®’ (see step 2), we
see that > jezd (A™(i, j))?m} < Ce®s/2 Next, the explicit expression of ¢*" [see
Lemma 21(1)] gives )~ ™' (t —5) = e =5 We finally find

E[|W, — W/[] < Cft Q0= g@05/2 ¢ < € g0t =00t %/2
4 =" Jap - )

Step 3.2. 'We next check that E[|W! — W/|] < Cr~%/2~1/3¢%  Using (32), we
get

B[W, - Wi < |
0

172 . 1/2

[ X (0= it =9) = puimsyi = et as.
jezd

Using Lemma 21(iv), |T( — j,t — ) — paq—s)(i — j)eXU=9| < C(t —

§)"d/271Bee0t=9) if r 5 is large enough (which is the case for all s € [0, 121 if

t is large enough). Since furthermore ;s mi < Ce®’ (see step 2), we find

/172

EUW; - W}H < Ce“O’/ (t — S)_d/2_1/3€_a°s/2ds.
0
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For ¢ large enough, we clearly have (r — s)~4/271/3 < 2¢=4/2=1/3 for all s €
[0, £1/2], whence
1/2
E[!W,’ _ W”] < C1=4/2=1/3 peot /[ e=05/2 gg < Cp=4/2=1/3 g0t
0
Step 3.3. We now prove that IE[|W; — /W7f|] < Ct~ 427 1/2p20! - Ag usual, we
start with

B[W; - Will=< [
0

/2

. 12

jezd

But an easy computation (using that |3, p;(x)| < Ct=4/>~! and |V, p;(x)| <
Ct~/2=1/2) shows that for all # > 0, all & € (0, t/2), all x,y e R4, | pr—n(x —
y) — pi(x)] < Cht=4/2=1 4 |y|t=4/2=1/2 Hence, if ¢ is large enough so that
t —tY/2 >1/2, we can write

1/2 1/2
(Z md (st~4/2 1 |j|t—d/2—l/2)2) 20(=5) 4

jezd

~ — t
B|W; - Wll=c |
0

/172 1/2
< Ct—d/Z—l/Z/ (Z m{> L20(—9) g
0 d

JEZ
12 1/2
+Ct—d/2—1/2/t (Z |j|2m§> £20U=9) g
0
. Zd

Finally, we know from step 2 that Zjezd m§ + ZjEZd |j|2m§ < C(1 + s)e*?,
whence
1/2

E[|W — Wi|] < Ct—d/z—l/zf’ (1 + 5)1/262085/20000=5) g5 < 04=d/2-1/2 oot
0

Step 3.4. We finally verify that E[|W! — pg, (i)e®0 X|] < Ce®0!=(@/21'” e
note that

172

. t .
W/ = par()e™ X = par (i)e®’ ) / e M ds.
jezd !

For t large enough (not depending on i ),'we can bound p,; (i) by 1. Hence, we
infer from (32) and the fact that jezd ml < Ce®S that

g 1 \1/2
W, — putexl] sce [ e (0 mi)as
o jezd
< Ceaot /OO e—aos/st’
172

from which the conclusion follows.
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Step 3.5. Gathering steps 3.1 to 3.4, we conclude that indeed, there are C >
0 and 7y > O such that for all r > 1o, all i € Z4, E[|Wf — par (e X|] <
Ce0ty—d/2-1/3

Step 4. Define the random variable H = o '+ X. Recall (33) and write Zf —
Par()e® H = [mi — ao_lpm(i)e“(”] + M! +[W/ — pa(i)e® X]. Gathering steps
2 and 3, we see that there are C > 0 and ¢y > 0 such that for all t > 7g, all i € 74,

oot Ceot()t

. Ce
i -\ oot - oot /2 - =%
E[|Z} — pa:()e® H|] < (/2413 +Ce < (/213"

To prove that H is nonnegative, it suffices to use the above inequality with i =0,

divided by pg;(0)e*’. Recalling that p,;(0) = ct~4/2 for some constant ¢, we

deduce that E[|H — Z% ="/ p,,(0)|] < Ct~1/3. Consequently, H is the limit (in

L") of Z?e‘“ot / Pat(0), and is thus nonnegative. This completes the proof of (i).
Step 5. We now check (ii), which follows from (i): for x € R4, and 1 > 19,

Ef[i2eme0 z1") — Hp (0] < 192 0 B]| 2 — He py (i) ]

+ELH Y par (|xt2]) = pa(x)).

The first term on the RHS is bounded, by (i), by C t~1/3, which tends to 0 as
t — oo. The second term also tends to 0, simply because

12 par (|t 2]) = pa (712 | x212 ) = pa(x)  ast— oo.

Step 6. It remains to prove (iii) and (iv). The fact that H = lim;_ o (47t/
(2d + 1))4/2e=0! Z? in L' follows from point (i) with i = 0. Next, note that
H =1lim;_, oo e *'Z, in L', where Z, = Y iczd Z;. Indeed, recalling (33)

Zi=Y mi+ Y M+ Y W

iezd iezd iezd

We have Y ;czami = [je*5ds = ozo_l[e"‘o’ — 1] by step 2, (32) implies that
Bl eze M1 = Y cza mi and finally 3;cpa Wi = €% [§7%05 Y, 0 Ml ds,
therefore, e~ Z, converges to %—1 +0+ X =H ast — oo in L. We also note
that E[H] = a5 ' > 0 since E[X] = 0.

Next, we recall that by Theorem 19(i), (Z;);>0 is a scalar impulsion Hawkes
process: its compensator is given by A, = fé [o(s) + Jo~ @(s —u)dZ,]ds. We
claim that (Z;);>0 has the same law as (Z;);>¢ built as follows:

e consider a Poisson process (N;);>0 with intensity ¢(¢) dt, observe that Ny is
Poisson(A)-distributed, denote by 0 < 71 < --- < Ty, its times of jump (we
adopt the convention that 7; = oo for i > N),

e consider an i.i.d. family (Zf) ¢>0 of scalar impulsion Hawkes process with same
law as (Z;);>0,

° put Zz = N[ + ZINZO? Z;(—Tkl{tsz}'
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Indeed, (Z,),Zo is a counting process with compensator

t (s—
fo [fﬂ(S) +> 1{s>Tk}(<ﬂ(S —T) +/O

i>1

= /Ot |:<p(s) + /OS_(p(s — u)dzu] ds.

We define H = lim,_, o e~ Z, and, for each k > 1, H; = lim,_,ooe_o‘oth.
We obviously have H = Z,](le e~Tk f; Denoting by p = Pr(H = 0) [which also
equals Pr(I-NI =0) and Pr(ﬁk = 0) for all k£ > 1], we deduce by independence of the
family (ﬁk)kzl, that p =735 Pr(Noo =n)p".Hence p =3, - e AN n! =
e~ A1=P) Since E[H] > 0, we cannot have p = 1. Hence p is the unique solution
in(0,1)top= e~ Ad=p), Recalling that Pr(€2,) = exp(—ya A) where yp € (0, 1)
is characterised by ya A 4 log(1l — ya) = 0 by Theorem 19, 2(ii), we easily check
that p = Pr(2,).

By definition of H, we have Q, C {H = 0}. Since Pr(2,) = Pr(H = 0) we
conclude that a.s., H >0 on Qf. [

Ti)— =k
o — T — u)dZu)} ds

APPENDIX: CONVOLUTION EQUATIONS

We collect here some technical results about convolution equations. We start
with an identity of constant use in the paper.

LEMMA 22. Let ¢:]0,00) — R be locally integrable and let o : [0, 00) — R
have finite variations on compact intervals and satisfy a(0) = 0. Then for all t > 0,

t rs— t rs t
fo /0 ¢(s —u)da(u)ds =/O /0 ¢(s —u)da(u)ds =/O ¢t —s)a(s)ds.
PROOF. First, we clearly have that [~ ¢ (s — u)do(u) = [y ¢(s —u)da(u)

for almost every s > 0, whence féfo To(s—u)da(u)ds = féfos o(s—u)da(u)ds.
Using twice the Fubini theorem,

/Ot(/oscb(s — u)doz(u)) ds = /Ot(/ut¢(s — u)ds) do(u)
=/0t< Ot_u¢(v)dv> dou(u)

_ /()’(/Otv doz(u))qb(v)dv

=/Ola(t—v)¢(v)dv,

from which the conclusion follows, using the substitution s =¢ —v. [
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We carry on with a generalised Gronwall-Picard lemma, which is more or less
standard.

LEMMA 23. Let ¢:[0, 00) — [0, 00) be locally integrable and g : [0, 00) —
[0, 00) be locally bounded.

(1) Consider a locally bounded nonnegative function u such that for all t > 0,
ur < g +f6 ¢t —s)ugds forallt = 0. Then suppo, 7y Ut < Cr Supyo, 7] g;, for some
constant Ct depending only on T > 0 and ¢.

(ii) Consider a sequence of locally bounded nonnegative functions u" such that
forallt >0,alln >0, u?—H < f(f ¢(t —s)ullds. Then Sup[o, 71 Y nsouy < Cr, for
some constant Cy depending only on T > 0, u® and ¢.

(iii) Consider a sequence of locally bounded nonnegative functions u" such
that for all t > 0, all n > 0, u?“ <g + féqﬁ(l — s)uyds. Then for all T > 0,
Supyo. 7 SUP,>o U < Cr, for some constant Ct depending only on T > 0, ul, g
and ¢.

PROOF. We start with point (i). Fix 7 > 0 and consider A > 0 such that
Jo ()1 (5)=a)ds < 1/2. Then for all € [0, T,

t t
Ur < g +/() 1{¢(t—s)§A}¢(t —Susds —I—/(; 1{¢(z—s)>A}¢(t —Sugds

<g+ Aftusds + supuy/2,
0 [0.7]
from which we deduce that supg ,us < 2suppg ) 8s + 2A fé usds. We then can
apply the standard Gronwall lemma to get supjg 7 us < 2(supjg 1) gs)e*AT.

To check point (iii), put vy’ = supy_g ., uk. One easily checks that for all n > 0,
v <ul + g + [§ ¢t — s)v ds. By point (i), supo.71 v < Cr supg 71(8r + u?).
Letting # increase to infinity completes the proof.

Point (ii) follows from point (iii), since v}’ = Y }_, uf satisfies v}”l < u? +
fgd@—snrds. O

We next prove an easy well-posedness result for a general convolution equation.

LEMMA 24. Let h:R [0, 00) be Lipschitz-continuous and ¢ : [0, 00) — R
be locally integrable. The equation

(34) m,:/(jh(/osgo(s—u)dmu)ds

has a unique nondecreasing locally bounded solution. Furthermore, m is of class
Cclon|o, 00).
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If h(x) = u + x for some u > 0 and if ¢ is nonnegative, equation (34) rewrites
as

t
35 mt=pct+/ ot —s)mgds.
0
PROOF. Letm and m be two such solutions. Since % is Lipschitz-continuous,

v = fotld<mu — )| < C/Ot @ /OS|<P<s — )| d(my = i)

t
= C/O lp(t — u)|vy du.

The last inequality follows from Lemma 22. Lemma 23(i) allows us to conclude
that v, = 0 for all ¢+ > 0 (because v, < m; + m; is locally bounded), whence
m; = m, for all ¢+ > 0. For the existence, we consider the sequence of nondecreas-
ing functions m? = 0 and m} ™' = [ h(J5 @(s — u)dm™)ds for every n > 0. We
easily check that m" ™! < h(0)r + |7 |1ip [§ lp(t — u)|m" du, so that sup,,.om" is
locally bounded by Lemma 23(iii). Setting, for n > 0, §;' = fot |d(mZJrl —m})l,
one readily gets 8,"“ < |hlp fé lo(s — u)|8) du for all n > 0. Lemma 23(ii) thus
implies that )-8/ < oo. All this classically implies the existence of a locally
bounded nondecreasing m such that for all ¢ > 0, lim,, fé |d (my, —my)| = 0. Check-
ing that m solves (34) is routine.

To prove that m is C!, we use the previous Picard iteration. One easily sees, by
induction, that m” is C! for all n > 0 and that (m?“)/ = h(fé ot —u)(m? du)
[indeed, t — fé ot —u)(ml) du = fé @(u)(m}_,) du is continuous because ¢ is
locally integrable and because (m})’ is continuous by the inductive assumption].
Next, a direct computation shows that |(m? 1) — mh'|<C fot lp(t —uw)||(m) —
(m"~1Y'| du. Using Lemma 23(ii), we deduce that the sequence (m")’ is Cauchy
(for the uniform convergence on compact time intervals). The conclusion classi-
cally follows.

The equivalence between (34) and (35) in the linear case directly follows from
Lemma 22. [

We now investigate the large-time behaviour of m, in the linear case. We start
with the subcritical case.

LEMMA 25. Consider u > 0 and a function ¢ : (0, 00) — [0, 00) such that
A= fooogo(s) ds < 1. By Lemma 24, (35) has a unique nondecreasing locally
bounded solution (m;);>0, which is furthermore of class C L It holds that mj ~ ag
and m; ~ apt as t — oo, where ag = /(1 — A) > 0.

PROOF. We rather use (34), which writes m, = ut + [§ [§ (s — u)m), duds.
Differentiating this expression, we find m, = u + [y @(t — s)m/,ds. We first
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introduce u; = Sup[o ;] my. We have u; < u + Au;, whence u; < /(1 — A)
for all + > 0 and thus limsup,_, . m, < u/(1 — A). We next introduce v, =
inf>, m/,, which is nondecreasing, and thus has a limit £ € (0, c0]. We have
v >+ v;/zf(;/z(p(s)ds — 1+ A€ as t — oo. Consequently £ > pu + A¥,
whence € > /(1 — A) and finally liminf,_,oom; > /(1 — A). All this proves
that m; ~ ag and this implies that m; ~ apt. O

We now turn to the supercritical case.

LEMMA 26. Consider u > 0 and a function ¢ :[0, 00) — [0, 00) such that
A= fooo @(s)ds € (1, oo]. By Lemma 24, (35) has a unique nondecreasing locally
bounded solution (m;);>0, which is of class C L Assume furthermore that t +—
fé |do(s)| has at most polynomial growth. Let I'(t) = ), -1 9™ (t) and Y (1) =

f3T(s)ds.
(a) There is a unique o > 0 such that Ly(cg) = 1. The function I is locally
bounded. Setting ag = u,ozo_z(fooo to(t)e 0! dr)~Y, we have, as t — oo,

L(1) ~ (apad/1)e™, ()~ (apan/11)e,

ool
b

/
m; ~ ape my ~ apape®"’ .

(b) There are some constants 0 < ¢ < C such that for all t > 0, ce®’ < T'(t) +
1 < Ce™, ce® <Y (1) + 1< Ce™, ce® <my + 1< Ce* and ce® <m) +
1 < Ce!,

(c) We also have

t _ 2
lim <m - @e“°s> mds =0.
r—0o0 Jo m; 17

(d) Consider a real sequence (n,)n>1 such that lim,_, o 1, = 0. Then we have
the property that lim;_, oo e =" Y", | fé o (t — $)e®0s/2dg = 0.

(e) For any pair of locally bounded functions u, h: (0, 00) — R such that u =
h~+uxq@,there holdsu =h+h*T.

PROOF. We easily deduce from our assumptions on ¢ that there is some con-
stants C > 0, p > 0 such that for all # > 0, ¢(¢) < C(1 4 ¢)? (in particular, ¢ is
locally bounded). Hence, its Laplace transform is clearly well defined on (0, c0),
of class C*°, and limy _, oo Ly () = 0. Furthermore, £, (0) = fOOO e(t)dt € (1, c0].
Hence, there indeed exists a unique oo > 0 such that £, (cg) = 1. We now divide
the proof into several steps.

Step 1. We first prove that I is locally bounded. To this end, we introduce I, =
il ¢**(r) and observe that T',,;1 = ¢ + ', * ¢. Since ¢ is locally bounded,
Lemma 23(iii) allows us to conclude that sup, I, is locally bounded, whence the
result.
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Step 2. Here, we prove (e). Since & is locally bounded and since ¢ is locally
integrable, we easily deduce from Lemma 23(i) that the equation v="h + v x ¢
(with unknown v) has at most one locally bounded solution. Since both u# and
h + h % I" are locally bounded solutions, the conclusion follows.

Step 3. The aim of this step is to verify that I"(¢) ~ (aoa(%/,u)e“(” as t — o0.
Observe that I" solves ' = ¢ + I' x ¢ and introduce u(t) = I'(t)e %" and f(¢) =
@(t)e~ %" One easily checks that u = f +u* f. We now apply Theorem 4 of Feller
[13]. We have [;° f(t)dt = 1 by definition of ag. We set by = [~ 1f (t)dt =
Jolte(t)e ! dt and by = [§° 12 f (1) dt = [5° t?¢(t)e ' dt, which clearly both
converge, since ¢(t) < C(1 + ¢)?. Finally, it is not difficult to check that f(¢),
tf(t) and 12 f(¢) have a bounded total variation on [0, co) since we have assumed
that ¢ fé |de(s)| has at most polynomial growth. Thus, Feller [13], Theorem 4,
tells us that u(t) — 1/b; as t — oo, which gives I'(¢) ~ ¢*' /by. This completes
the proof, since 1/b; = aoozg /i by definition of ag.

Step 4. We now conclude the proof of (a) and (b). Recall that m; = ut +
Jo J§ (s — uyml, duds, so that m" = u + ¢ xm’. Applying (e), we deduce that
m =u+puxT =pn+ 7). By step 3, we know that I'(z) ~ (aoa(%/u)e"of as
t — oo. This obviously implies that Y (¢) ~ (apa/1)e*", whence m} ~ agope®’
and finally m, = f(; m'; ds ~ ape®’. Finally, (b) directly follows from (a) and the
facts that ', Y, m and m’ are nonnegative and locally bounded.

Step 5. Point (d) is not very difficult: using that ¢(¢) < C(1 + )P, we see that
@ (t) < C,(1 + )P for some constants C,, > 0 and p, > 0. We next introduce
&k = Sup,~ |nn|, which decreases to 0 as k — oo, and write, for any k > 1,

t
lim sup e =%’ Z |77,1|/ 0™ (1 — 5)e*%? ds
0

t—00 n=1

t—00

k t
<limsupe =%’ Z |17,,|f Cyy(t — 5)Pne®05/2 g
n=1 0
00 t
+ &g limsup e =’ Z / O (t — 5)e*% ds.
t—00 n—k+1 0

The first term on the RHS is of course 0 (for any fixed k). We can bound the second
one, using (b), by

t
&k limsupe_“‘)’f Tt —5)e*/% ds
0

1—>00

t
< Cey limsup e’ / @0 =5) @08/2 g < Cgy .
t— 00 0
Letting k tend to infinity completes the proof.
Step 6. It only remains to check point (c). We use the Lebesgue dominated con-
vergence theorem. Define hl = (Y (r —s)/m; — aoe_“os/,u)zm;l{sft}. We have to
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prove that lim;_, fooo hi ds = 0. First, it is obvious from (a) that for s > 0 fixed,
lim;_, oo A = 0. Next, we use (b) to write (for 7 large enough so that m; > ce®0")
h§ < C(e 908 )ze"“)s < Ce™"%, which does not depend on ¢ and is integrable on
(0,00). O

We next consider briefly a vector convolution equation.

LEMMA 27. Consider a family p = (W;);cza of real numbers such that 0 <
wi <C forallie 74, the stochastic matrix (A(, j))wezd defined by (17), and a
locally integrable function ¢ : (0, 00) > [0, 00). The equation m; = ut + fé ot —
s)Amgds with unknown m = (m;),~¢ ;cz¢ has a unique solution such that for
all t >0, Y cza 271 Supyo /] mi < oco. Furthermore, m' is of class C' on [0, 00)
for all i € Z¢, and it holds that m, = p + [J (¢t — s)Am, ds and m, = (I +
Y=t A" [ 9" (s)ds) . Finally, u; = sup;cza sup[o’,](mg)’ is finite for all t > 0
and it holds that u; < C + fé ot —s)ugds.

PROOF. We proceed in a few steps.

Step 1. We first note that for any vector X = (x;); <z, it holds that 3°; .« 2711 x
[(AX);| <2 ;7 271l|x;|. This easily follows from the explicit form of A.

Step 2. We next check uniqueness. Consider two solutions m and m satisfy-
ing the required condition and put h, = ;74 271! Supyo, 1] Imi — i|. We have
he <Y iepd 2_|i|fot<p(t — s)|A(mg; — my);|ds. Using step 1, we deduce that
h; < 2f6 @(t — s)hgds and thus h; =0 by Lemma 23(i).

Step 3. We definem) = (I +Y,>; A" [3 ¢*"(s) ds)p. Using that A is stochas-
tic and that p is bounded (by C), we easily deduce that for all i 74, (mi)/ <
C+ 3,5 fot @ (s)ds). This function is locally bounded because ¢ is lo-
cally integrable: use that Y (1) = Zﬁ:l fé ©*" (s) ds satisfies Yy (1) < fé o(s)ds +
fé @(t — 5)Yi(s)ds and use Lemma 23(iii), which provides a uniform (in k)
bound. Consequently, u; = sup;z4 sup[o’,](mé)/ is finite for all # > 0. Similar ar-
guments show that (mf)/ is continuous on [0, o), because |(m§+h)/ — (m§)| <
C Xzt [T g () ds.

Step 4. A straightforward consequence of the definition of my; is that it solves
m, = p+ fé @(t —s)Am; ds. Using that A is stochastic and that g is bounded, we
immediately deduce that u; < C + fé @(t —s)us ds. We finally define, for eachi €
74, mi = [§(mi) ds.Integrating the equation satisfied by m’ and using Lemma 22,
we find thatm = (mi)iezd’tzo is indeed a solution to m, = pt + 5 ¢ (t —s) Amg ds.
It only remains to check that ;4 27Vl Supyo. 1] m! < oo for all + > 0, but this
obviously follows from the facts that u;, is locally bounded and that mg =0. [
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