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COUNTING IN TWO-SPIN MODELS ON d-REGULAR GRAPHS
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We establish that the normalized log-partition function of any two-spin
system on bipartite locally tree-like graphs converges to a limiting “free
energy density” which coincides with the (nonrigorous) Bethe prediction of
statistical physics. Using this result, we characterize the local structure of
two-spin systems on locally tree-like bipartite expander graphs without the
use of the second moment method employed in previous works on these ques-
tions. As a consequence, we show that for both the hard-core model and the
anti-ferromagnetic Ising model with arbitrary external field, it is NP-hard to
approximate the partition function or approximately sample from the model
on d-regular graphs when the model has nonuniqueness on the d-regular tree.
Together with results of Jerrum—Sinclair, Weitz, and Sinclair—Srivastava—
Thurley, this gives an almost complete classification of the computational
complexity of homogeneous two-spin systems on bounded-degree graphs.

1. Introduction. Spin systems are stochastic models defined by local interac-
tions on networks. While playing a central role in statistical physics, they are also
closely associated with a range of combinatorial counting problems. In this pa-
per, we give a detailed analysis of two-spin models at all temperatures on locally
tree-like bipartite d-regular graphs and prove that the free energy—the limiting
log-partition function normalized by the number of vertices in the graph—is given
by the Bethe prediction. We use this result to obtain detailed information about
the local properties of such measures, allowing us to essentially complete a long-
standing program of classifying the computational complexity of approximating
the partition function for all homogeneous two-spin systems on bounded-degree
graphs.

The study of locally tree-like graphs in statistical physics was initiated by
Bethe [5] as a way to investigate mean-field phenomena expected in high-
dimensional systems. In theoretical computer science and combinatorics, locally
tree-like graphs play an important role in the study of randomized constraint sat-
isfaction problems such as random k-SAT or proper graph colorings. The under-
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standing of the partition functions of such systems is closely linked to the study of
Gibbs measures on trees.

It is natural to ask if the free energy of an ensemble of locally tree-like graphs
depends on the choice of ensemble. Dembo—Montanari [7] showed that the free en-
ergy density for the ferromagnetic Ising model on a class of locally tree-like graphs
is given by the Bethe prediction, defined in terms of a distributional fixed point of
a certain recursion on the limiting tree (and hence not depending on the particular
graph sequence); this result was subject to a second moment condition on the de-
gree distribution which was relaxed to a (1 + ¢)-moment condition by Dommers
et al. [10]. The Bethe prediction was proved for a wide class of models and graph
sequences in regimes of Gibbs uniqueness [9], and it was recently verified in all
regimes for the ferromagnetic Potts model on d-regular graphs with d even [8].
In contrast, for anti-ferromagnetic models at low temperatures, the graph ensem-
ble plays an important role in the asymptotic partition function: for the hard-core
model at high fugacity, the free energy density for random d-regular graphs can
easily be shown to differ from that for random bipartite d-regular graphs. Indeed
the statistical physics theory of replica symmetry breaking was developed to deal
with the frustration and complicated long-range dependencies induced by the anti-
ferromagnetic nature of such models.

In the case of two-spin systems on d-regular bipartite graphs, we show that at
all temperatures the limiting free energy density is independent of the ensemble
chosen and is again given by the Bethe prediction.

THEOREM 1. For any nondegenerate homogeneous two-spin model on bipar-
tite d-regular locally tree-like graphs, the log-partition function normalized by the
number of vertices has an asymptotic value which coincides with the Bethe free
energy prediction.

The Bethe prediction is defined precisely in Section 2.2; for the precise state-
ment, see Theorem 4. Establishing lower bounds on partition functions is challeng-
ing in general, and for random graph ensembles this is often done using the second
moment method. This approach typically leads to difficult optimization problems
which become increasingly challenging in systems with more parameters (see,
e.g., [1-3]).

In this paper, we follow a different approach which is more conceptual and
completely circumvents second moment method calculations, and further yields
results for more general graph ensembles. The idea is to bound the derivative of
the log-partition function with respect to the inverse temperature or fugacity of the
model, similarly to what was done in [7, 9, 10] for the ferromagnetic Ising and
Potts models. However, unlike those models, the systems we consider not have an
FK-representation or the FKG property.

We show that the derivative is bounded above by a maximization over Gibbs
measures on the d-regular tree which is attained by the extremal semi-translation-
invariant Gibbs measures (see Definition 1.7). At low temperatures, these measures
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favor a higher density of +-spins on one side of the bipartition. Underpinning our
arguments is that on bipartite graphs (in contrast to general graphs) the limiting
free energy can be calculated at zero temperature (8 1 co or A 1 oo) as well as
at infinite temperature (8 = 0 or A | 0). Interpolating our sharp upper bound on
the derivative between these endpoint values then gives matching upper and lower
bounds for the free energy.

Our proof further yields additional information about the local structure of the
model on the finite graphs. Adapting methods developed in [19], we show that the
local weak limit is a mixture of the two semi-translation-invariant Gibbs measures.
More can be said under additional assumptions that the graph is an expander and
symmetric with respect to the two sides of the bipartition: the spins have long-
range correlations due to the one-sided bias (“phase”) of a typical configuration,
but conditioned on the phase the spins of a collection of vertices are essentially
independent with marginals depending on the side of the graph chosen. A full
description of the local behavior is developed in Theorem 5 and Proposition 4.1.

An extensive literature in theoretical computer science has analyzed the ques-
tion of when it is possible to approximate the partition function of Gibbs measures
on sparse graphs. Using our detailed analysis of the local structure, we are able to
essentially complete the classification of the complexity of approximating the par-
tition function for two-spin systems on d-regular graphs. Jerrum and Sinclair [16]
gave a fully polynomial-time randomized approximation scheme (a randomized
algorithm whose running time is polynomial in both in the number of vertices and
the required accuracy, hereafter abbreviated FPRAS) for approximating the par-
tition function of the ferromagnetic Ising model, which covers all ferromagnetic
two-spin systems.

For anti-ferromagnetic systems such as the hard-core and anti-ferromagnetic
Ising models, the complexity of approximating the partition function depends on
the model parameters, and is known to be NP-hard when the interactions are suffi-
ciently strong. In this paper, we establish that the computational transition for such
models on d-regular graphs is located precisely at the uniqueness threshold (see
Definition 1.6) for the corresponding model on the d-regular tree.

THEOREM 2. Ford >3 and A > Ac(d) = (‘éd__]);;l, unless RP = NP there
exists no PRAS for the partition function of the hard-core model with fugacity A

on d-regular graphs.

The famous conjecture P # NP states that deterministic polynomial-time al-
gorithms cannot solve all NP-problems (roughly, problems whose solutions are
polynomial-time verifiable). Our hardness results assume the conjecture RP # NP
which states that polynomial-time algorithms using randomness cannot solve all
NP-problems; this assumption is standard in computational complexity theory. For
information on the RP complexity class, see, for example, [21].
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The uniqueness threshold A.(d) marks the point above which distant boundary
conditions have a nonvanishing influence on the spin at the root. In a seminal
paper [24], Weitz used computational tree methods to provide a (deterministic)
fully polynomial-time approximation scheme (FPTAS) for the partition function of
the hard-core model on graphs of maximum degree d at any A < A.(d). Together
with Weitz’s result, Theorem 2 completes the classification of the complexity of
the hard-core model except at the threshold A.

Previously, it was shown that there is no FPRAS for the hard-core model at
Ad > 10,000 [18]. In the case of A = 1, this was improved to d > 25 [11, 12], using
random regular bipartite graphs as basic gadgets in a hardness reduction. Mossel et
al. [20] showed that local MCMC algorithms are exponentially slow for A > A.(d),
and conjectured that A is in fact the threshold for existence of an FPRAS.

The first rigorous result establishing a computational transition at the unique-
ness threshold appeared in [23], where hardness was shown for A.(d) < A <
Ac(d) + e(d) for some e(d) > 0. The proof relies on a detailed analysis of the
hard-core model on random bipartite graphs, which are then used in a randomized
reduction to MAX-CUT. More precisely, the result of [23] gives hardness subject
to a technical condition which was an artifact of a difficult second moment calcu-
lation from [20], and which could only be verified for A < A.(d) + ¢(d). Hardness
was subsequently shown by Galanis et al. [13] for all A > A.(d) when d # 4,5 by
verifying the technical condition of [23].

As mentioned above, our method avoids the difficult second moment calcula-
tions. Moreover, essentially the same method of proof gives the analogous result
for anti-ferromagnetic Ising models with arbitrary external field:

THEOREM 3. Ford >3, BeR and B < Bcat(d, B) <0, unless RP = NP
there exists no PRAS for the partition function of the anti-ferromagnetic Ising
model with inverse temperature B and external field B on d-regular graphs.

Here, Bc.ar(d, B) denotes the uniqueness threshold for the anti-ferromagnetic
Ising model with external field B on the d-regular tree. Extending the meth-
ods of Weitz [24], Sinclair et al. [22] (see also [17]) gave an FPTAS for
the anti-ferromagnetic Ising model on d-regular graphs at inverse temperature
B > Bc.af(d, B), so together with Theorem 3 this again establishes that the compu-
tational transition coincides with the tree uniqueness threshold.

We emphasize that while Theorem 1 applies to a class of bipartite tree-like
d-regular graphs, Theorems 2 and 3 concern the problem of computing the par-
tition function on the class of (all) d-regular graphs. The hard-core and anti-
ferromagnetic Ising models together encompass all (nondegenerate) homogeneous
two-spin systems on d-regular graphs (see Section 2.1). Thus, the results of [16,
22, 24] combined with Theorems 2 and 3 give a full classification of the com-
putational complexity of approximating the partition function for (homogeneous)
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two-spin systems on d-regular graphs, except at the uniqueness thresholds A.(d)
and :Bc,af(d’ B)-

In fact, we will show inapproximability in nonuniqueness regimes in a strong
sense: not only does there not exist a PRAS, but for any fixed choice of model
parameters and d there exists ¢ > 0 such that it is NP-hard even to approximate
the partition function within a factor of e on the class of d-regular graphs.

Independent results of Galanis—Stefankovi¢—Vigoda. In a simultaneous and in-
dependent work, Galanis, Stefankovi¢ and Vigoda [14] established the result of
Theorem 2, and Theorem 3 in the case of zero external field (B = 0). Their meth-
ods differ from ours: they analyze the second moment of the partition function on
random bipartite d-regular graphs, and establish the condition necessary to apply
the approach of [23]. Their proof analyzes a difficult optimization of a real function
in several variables by relating the problem to certain tree recursions.

1.1. Computational reduction via Gibbs measures on bipartite graphs. The
computational results of Theorems 2 and 3 are proved by a variation on the con-
struction of [23], using the bipartite graphs in a randomized reduction to approx-
imate MAX-CUT on 3-regular graphs, which is known to be NP-hard [4]. First,
we use Theorem 5 to construct a symmetric bipartite d-regular locally tree-like
graph ¢ of large constant size such that in the hard-core or anti-ferromagnetic
Ising model, conditioned on the phase of the global configuration, spins at distant
vertices are asymptotically independent with known marginals depending only on
the side of the graph (Proposition 4.1).

Given a 3-regular graph H on which we wish to approximate MAX-CUT, first
we take a disjoint copy ¥, of ¢ for each vertex v € H which we call gadgets.
After removing 6k edges from each ¥, for each edge (u, v) € H, we add 2k edges
joining each side of ¥, to the corresponding side of ¢, in such a way that the
resulting graph H? is d-regular.

The connections between gadgets do not substantially change the spin distribu-
tions inside them, and in particular the + phases remain. The anti-ferromagnetic
nature of the interaction, however, results in neighboring copies of ¢ in H? pre-
ferring to be in opposing phases. Using the asymptotic conditional independence
result Proposition 4.1, we can estimate the partition function for the model on H¥
restricted to configurations of given phase on each copy of ¢ within a factor of
e?!H1 (Lemma 4.2). We find that the distribution is concentrated on configurations
where the vector of phases gives a good cut of H, and the effect is strengthened as
k is increased. Thus, for any ¢ > 0, by taking k (hence ¥) to be sufficiently large
a (1 + e)-approximation of MAX-CUT(H) can be determined from the partition
function of the model on H?, thereby completing the reduction.

In the remainder of this introductory section, we formally introduce the mod-
els which we consider. We then define the notion of local (weak) convergence of
graphs and give precise statements of our results on the partition function (Theo-
rem 4) and local structure (Theorem 5) of these models on bipartite graphs.
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1.2. Definition of spin systems. Let G = (V, E) be a finite undirected graph,
and 2 a finite alphabet of spins. A spin system or spin model on G is a probability
measure on the space of (spin) conﬁgurations o €2V of form

7 (w) (IEEWI,@)I];[V ¥ (0),

(1.1) vi(o) =

where v/ is a symmetric function .22 — R, ¥ is a positive function 2~ — Rx,
and Zg () is the normalizing constant, called the partition function. The pair
¥ = (Y, ¥) is called a specification for the spin system (1.1).

~ In this paper, we consider spin systems with an alphabet of size two; without
loss 2 = {%1}. The Ising model on G at inverse temperature 8 and external field
B is given by

(12) v @) = s T1 e TT e
G('B (l])EE ieV

The model is said to be ferromagnetic (favoring the alignment of neighboring
spins) when B > 0, and anti-ferromagnetic (neighboring spins repel) when g < 0.
The hard-core (or independent set) model on G at activity or fugacity A is given
by

(1.3) V(@) =55 () [T Heia; #1312,

(ij)eE eV

where 6 = 1{oc = +1} = %(1 + o). The edge interaction has no temperature pa-
rameter and is a hard constraint forbidding neighboring occupied sites, so the hard-
core model is considered anti-ferromagnetic for all A > 0. Our definition (1.3) is
trivially equivalent to the standard definition of the hard-core model which has
spin 0 in place of —1, but we take 2~ = {%1} throughout to unify the notation.

1.3. Local convergence and the Bethe prediction. If G is any graph and v a
vertex in G, write B;(v) for the subgraph induced by the vertices of G at graph
distance at most ¢ from v, and dv = By (v) \ {v} for the neighbors of v. We let
T = (T, 0) denote a general tree with root o, with T' = B,;(0) C T the subtree
of depth . We also fix d throughout and write T = (T, o) for the rooted d-regular
tree. (Every vertex of T has d neighbors, in contrast with the (d — 1)-ary tree where
the root has d — 1 neighbors.)

DEFRINITION 1.1. Let G, = (V,, = [n], E,) be a sequence of (random) finite
undirected graphs, and let /,, € V,, denote a uniformly random vertex. The se-
quence G, is said to converge locally to the d-regular tree T if for all t > 0, B;(I,,)
converges to T’ in distribution with respect to the joint law P, of (G, I,,): that is,
limy, s o0 Py (B; (I,) = T") = 1 (where = denotes graph isomorphism).
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We write E,, for expectation with respect to P, and impose the following inte-
grability condition on the degree of I,,.

DEFINITION 1.2. The sequence G, is uniformly sparse if the random vari-
ables |01,| are uniformly integrable, that is, if
lim limsupE,[|d1,(1{|d1,| > L}]=0.
—00

L—>o0 p

We assume throughout that G, (n > 1) is a uniformly sparse graph sequence
converging locally to the d-regular tree T; this setting is hereafter denoted
Gn —10c T. The free energy density for a specification ¥ on G, is defined by

| 1
(14) o= Jlim ¢, = lim ~EullogZ).  Zn=Zg,()).

provided the limit exists. For ferromagnetic spin systems on a broad class of locally
tree-like graphs, heuristic methods from statistical physics yield an explicit (con-
jectural) formula for the value of ¢, the so-called “Bethe prediction” ® whose def-
inition we recall in Section 2.2. For anti-ferromagnetic two-spin models, the Bethe
prediction is well defined only on graph sequences G, which are near-bipartite, in
the following sense: let T4 denote the d-regular tree T with vertices colored 41
(black) or —1 (white) according to whether they are at even or odd distance from
the root 0; let T_ be T with the colors reversed. Let , T be the random tree which
equals T4 or T_ with equal probability; write ,P for the law of T and LE for
expectation with respect to pP.

DEFINITION 1.3. For G, —1oc T, we say the G,, are near-bipartite, and write
G, —10c b T (equivalently G, —1oc bP), if there exists a black—white coloring of
G, such that for all t > 0, B;(I,) — pT" in distribution.

In Definition 1.3, the coloring on G, can be random, and is not required to be
proper, though its limit in distribution must be proper for the graph sequence to be
near-bipartite. The canonical example of a uniformly sparse graph sequence con-
verging to the d-regular tree T is the random d-regular multigraph G, sampled
according to the “configuration model” as described in Lemma 4.3 (see, e. g., [6]
for the proof that Gy —1oc T). However, G, is not near-bipartite: an easy first-
moment calculatlon (see Lemma 4.3) shows that for any small constant § > O there
exists constant A5 > O such that with high probability as n — oo, every subset of
vertices S in g;;{g of size n(% -8 <8< n(% +6) has at least | S|As internal edges.
From this, it is clear that for any black—white coloring of gf‘é, either the propor-
tions of black and white vertices are asymptotically unequal, or there will be an
asymptotically positive density of vertices with like-colored neighbors, meaning
the local limit cannot be ,T. On the other hand, the gadgets used in our reduction
are constructed (Section 4.1) from the bipartite double cover of G-, which indeed
converges to , T. The precise statement of Theorem 1 is as follows.
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THEOREM 4. For the computation of the free energy density ¢, all nondegen-
erate homogeneous two-spin systems on graph sequences G, —1oc T reduce to
either the Ising model (1.2) or the hard-core model (1.3).

(a) In the ferromagnetic Ising model, the free energy density ¢ exists for any
G —1oc T and equals 1, @ as defined by (2.2) [and given more explicitly by (2.5)].

(b) In the hard-core or anti-ferromagnetic Ising models, the free energy density
¢ exists for any G,, —1oc b T and equals v ® as defined in (2.2) [and given more
explicitly by (2.4)].

The reduction to Ising or hard-core is shown in Section 2.1. While part (a)
of Theorem 4 applies to general d-regular tree-like graphs, part (b) is false
without the assumption of bipartiteness. For example, for the hard-core model
on the random d-regular multigraph G —>1oc T, one can directly calculate
EZ, to see that (applying Jensen’s inequality) limsupn_)oon_lE[log Z,] <
limsupn_won_l logEZ, <p®.

REMARK 1.4. Hereafter, we treat G,, —oc T and G,, —oc b T 1n a unified
manner when possible by writing G;, —1oc P7 for P7 the uniform measure on 7T,
which always denotes either {T} or {T..}. We write IE7 for expectation with respect
to Pr.

1.4. Local structure of measures. Under some additional assumptions on G,
Theorem 4, together with the arguments of [19], characterizes the asymptotic local
structure of the spin systems v, = vg,. For G, —=joc b T, let 7:V, - Z = {£}
denote the given black—white coloring of the vertices of G,, (hereafter writing +
as shorthand for £1). We say that G,, is symmetric if it is isomorphism-invariant
to reversing the black—white coloring. For a spin configuration o on G, we define
the phase of o to be

Y (o) =sgn Z T;0; where sgnx = 1{x > 0} — 1{x < 0}.
ieVy,
Fors € 2, let v;, denote the measure v, conditioned on the s-phase configurations:
that is,

1 -
(1.5) v,(0) = 51{Y(g) =s} [[ w0 [] ¥,
(ij)eE, ieVy
where Z} is the partition function restricted to the s-phase configurations. We will
characterize the local structure of the measures v; on graph sequences satisfying
an edge-expansion assumption, as follows.

DEFRINITION 1.5. A graph G = (V, E)isa (8, y, L)-edge expander if, for any
set of vertices S € V with §|V| < |S| < y|V|, there are at least A|S| edges joining
StoV\S.
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The measures v, will be related to Gibbs measures on the infinite tree. In par-
ticular, recall the definition of (Gibbs) uniqueness:

DEFINITION 1.6. For arooted tree T, let %r denote the set of Gibbs measures
for the specification ¥ on T'. The specification is said to have (Gibbs) uniqueness
(on T)if |9r| = 1.

Fors € 2, let s be the element of ¢t defined by conditioning on all spins iden-
tically equal to s on the vertices at depth 2¢, and taking the weak limit as ¢t — oo.
In the ferromagnetic Ising model, the measures s are extremal and translation-
invariant, with u_ < u < 4 for all u € Y where < denotes stochastic domina-
tion with respect to the coordinate-wise partial ordering < on 2" T thus the model
has uniqueness if and only if w4 = w_. In the hard-core or anti-ferromagnetic
Ising model, the measures wg are extremal and semi-translation-invariant. For
0,6 € T, write o < 6 if 0,7y < 6,7, for all v € T where 7, is +1 if the
distance from the root o to v is even, and —1 if odd. Then u_ <y 4 < p4 for all
u € 91 where <}, denotes stochastic domination with respect to <p, so again the
model has uniqueness if and only if 4 = p_.

Recalling Remark 1.4, let %7 denote the space of mappings v: T +— v(T) where
v(T) € 9r. When T = {T4}, we denote 41 by ¥, and write vg as shorthand
for v(Ts); note ¢ may be naturally regarded as the subset of mappings v € v¥
which satisfy vy =v_.

DEFINITION 1.7. Anelement v € ¥ is translation-invariant if for (T, 0) € T
and any vertex x € T, v(T, x) coincides with the law on spin configurations of
(T, x) induced by v(T,0). When T = {T}, this coincides with the usual defi-
nition of translation-invariance. In contrast, if v € 1% then the image measures
vy =v(Ty) e 9r, and v_ = v(T_) € Yr_—if regarded as Gibbs measures on
the uncolored tree T—need only be semi-translation-invariant, since v(T, x) is
allowed to depend on the coloring of x.

With w, u—, the extremal semi-translation-invariant elements of %7 define
(1.6) Ve, v Ty — g

In our abbreviated notation vy = v(T), the above reads v{ = ug,.. The V" are then
translation-invariant in the sense of Definition 1.7—that is, invariant under isomor-
phisms of the tree which preserve the black—white coloring.

DEFINITION 1.8. For G, ~ P, a random graph sequence and v, any law on
spin configurations o, of G,, we say that P, ® v, converges locally (weakly) to
P+ ® v (for v € 47), and write P,, ® v, —>10c P7 ® v, if it holds for all ¢ > 0 that
(Bt (In), 0 g,(1,)) converges in distribution to (T", o,) where T ~ P7 and g, is the
restriction to 7! of o ~ v(T). In particular, v must be translation-invariant in the
sense of Definition 1.7.
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THEOREM 5. For any anti-ferromagnetic two-spin system on G, —>1oc b T, the
following hold:

(a) Ifthe G, are symmetric, then P, ® v, —10c bP ® (%v+ + %v_).

(b) Ifforall § > 0 the G,, are (8, %, As)-edge expanders for some As > 0, then

(1.7) Py ® v, = 10c bP @ V' forre 4.

Further, with (), denoting expectation with respect to the Gibbs measure [,
the spatial average % Y icy Tioj is nearly constant in o :

1
v,rl<

V@ S0 — 5[0l — (ol ]| 2¢) =0
Miev 2

1.5. Outline of the paper. In Section 2, we review the Bethe prediction in the
d-regular setting and prove Theorem 1 (in its form Theorem 4). In Section 3, we
show how to deduce Theorem 5 from Theorem 4 by the methods of [19]. In Sec-
tion 4, we prove the approximate conditional independence statement (Proposi-
tion 4.1) and demonstrate the randomized reduction to MAX-CUT to prove Theo-
rems 2 and 3.

(1.8) in probability.

2. Partition function for two-spin models. In this section, we prove Theo-
rem 4, establishing the free energy density ¢ (and verifying the Bethe prediction)
for two-spin models on graph sequences G, —>1oc b T. In Section 2.1, we show that
for purposes of computing ¢ on d-regular locally tree-like graph sequences, all
nondegenerate two-spin systems reduce to Ising or hard-core. In Section 2.2, we
review the Bethe prediction in the d-regular setting; for more general background
and references, we refer to [6, 9]. In Section 2.3, we review an interpolation scheme
for the Bethe free energy described in [9], and in Section 2.4 we apply the scheme
to compute the free energy density for the hard-core and Ising models, thereby
proving Theorem 4.

2.1. Reduction to Ising and hard-core on d-regular graphs. We first show that
for the computation of the free energy density, all (nondegenerate) homogeneous
two-spin models on graph sequences G, —1oc T reduce to either the Ising or hard-
core model. Indeed, let ¥ = (¥, V) be a specification for a two-spin system with
alphabet 2" = {£}. If we define ¥’ by ¥/ (0, 0') = ¥ (0, o) (0) /4y (6")/¢ and
V/(0) =1, then

1 1
~log Zo(¥) — ~log Zg(¥) = O(E[131u[1{1 1] # d}]).

which for G, —joc T tends to zero as n — oo by uniform sparsity. Therefore, we
assume without loss i = 1, and consider the possibilities for v:
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1. If Y > 0, then Y (0, o) = B0eP79"¢Bo/doBo"/d for B B By defined by
Y+, +) _ e4B/d

Y(—,—-)
YDV o) _

W(‘i‘» _)2
Y DY (=, ) =t
SO ¢y — Bo% is asymptotically equal to the free energy density for the Ising model
on G, with parameters (8, B).
2. If y(+,-) =¥ (=, +) >0 and ¥ (-, —) > ¥(+, +) = 0, then, recalling
& =1{oc =+}, we have ¥ (0, ') = eB01{55’ # 1}A°/41"/4 for By, A defined by
V(- =P Y )= =2

Therefore, ¢, — Bo% is asymptotically equal to the free energy density for the
independent set model on G,, at fugacity A.

k)

k)

The remaining two-spin models are degenerate, with free energy density which is
easy to calculate:

3. Suppose ¥ (+, —) = ¥ (—, +) =0, so that ¥ (o, 0’) may be written as 1{o =
o'leBoeBo/dgBo'/d Then

k(Gn)
1 _2BIC:
bn = BO;En[|En|] + B+ ;En[ Z log(1 +e ZBIC_/I):|’
j=1
where the sum is taken over the connected components Cy, ..., Ci,) of G,.
We claim ¢,, —> ¢ = Bo% + B: we have liminf,,_, oo (¢, — ¢) > 0 (using uniform
sparsity) and

lim sup(¢), — ¢) < limsup lIE” [k(G,)]log2,
n— 00 n—oo N

so it suffices to show %En[k(Gn)] — 0. Indeed, if this fails then there exists
& > 0 such that for infinitely many n, the event {k(G,) > ne} occurs with P, -
probability at least €. On this event, G, has at least %ne components of size < 2/¢,
so for t > log, (2/¢), limsup,_, o Pn (B (1) Z T") > %82 > 0, in contradiction of
Gn —>loc T.

4. Suppose instead ¥ (+, +) = ¥ (—, —) = 0 while ¥ (+, =) = ¥ (—,+) > 0.
If the G,, are not exactly bipartite then ¢, = —oo. If they are exactly bipartite, then

i I
&n = ~En[|Enl]log ¥ (+. =) + - En[k(Gy)]log2

and by the observation of (3) this converges to ¢ = % log ¥ (4, —).
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2.2. The Bethe prediction. Recalling the notation of Remark 1.4, we now re-
view the Bethe prediction for a generic spin model v with finite spin alphabet 2
defined on a graph sequence G, —1oc P7.> The prediction is based on a heuristic
connection between the free energy density ¢ on a graph sequence G, —1oc P1
and a special class of Gibbs measures on 7. These measures are translation-
invariant in the sense of Definition 1.7, and are characterized by fixed points hA* of
a certain “Bethe recursion.” The Bethe prediction is a nonrigorous formula for ¢,
expressed as an explicit function ®(4) evaluated with & equal to a Bethe fixed-
point ~2*. (It can arise that there are multiple fixed-points #*, in which case one
typically selects the fixed point which maximizes &.)

DEFINITION 2.1. Let 7 = T (T) denote the set of (T, x — y) (tree T rooted
at oriented edge x — y) such that (T, x) € 7. A message on T is a mapping h
from 7; to the (].2°| — 1)-dimensional simplex A of probability measures on 2.

For T € T and h a message on 7, we write h,_, for the image of (T, x — y)
under 4. Elements of 7 and 7 are regarded modulo isomorphism, where if the tree
is equipped with a black—white coloring then the isomorphism must preserve the
coloring: thus, if 7 = {T} then 7. = {(T, 0 — j)}, whereas if 7 = {T} then T¢ =
{(T+, 0 — j)}. With H(T) denoting the space of messages on 7, we abbreviate
nH =H{T} and yH =H{T+)).

DEFINITION 2.2. The Bethe or belief propagation recursion is the map
BPy:H(T) — H(T) on the space of messages on T defined by

(BPh)x%y(O') =11 [(hvax)veax\yL

2.1) .
[t W)@ = 7o) [T{ v o},
j=1"0;
where h = (hy,...,hqg_1) € A4l and = denotes equivalence up to a positive

normalizing factor which is uniquely determined by the requirement that f;_; is a
mapping A4 - A.

We write H..(7) € H(T) for the set of all fixed points of BP+. Since elements
of T are regarded modulo isomorphism, all the incoming messages /i, in (2.1)
must be the same; and if 7 = {T} then they must also coincide with the out-
put message (BPh)y .. Thus, snH. = H.({T}) corresponds simply to the fixed
points of the mapping f: A — A, h fy_1(h, ..., h). If T ={Ti}, then the map-
pings h € H(T) are allowed to take two different values iy = h(Ts, 0 — j) in A,

3The discussion in this subsection is fairly general; in particular 2" is not required here to be
binary.
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which must then satisfy iy = f(h_g): thus yH, = H.({T+}) corresponds to the
fixed points of the double recursion g =f® =fof.
The Bethe free energy functional on H(T) is defined by

dr(h) =Er[®r(h)],

where ®7 is a difference of “vertex” and “edge” terms, &7 = ®}* — &% with

BY(h) = log{; 7o [] (Z ¥ (00, 07)h ,qo(o,v))},

je€do ~0j

1
® =3 Y log{ S (00 0)hos j<o—o>h,~ﬁ0<o,~>}.

je€do 00,0

DEFINITION 2.3. For any homogeneous spin system on G, —1oc P, the
Bethe prediction is that the free energy density ¢ of (1.4) exists and equals

(2.2) O7 = sup{D7(h):h € H.(T)}.
We hereafter write np ® = @ and p& = P, 7 = %[dhr + ®_] with &3 = &,

We emphasize that the Bethe prediction depends on the limiting measure P
fixed points of g = £ need not be fixed points of f, so in general ,,H, is a subset
of yH., meaning that the Bethe prediction ,® for bipartite graph sequences can
be strictly larger than the prediction ,,® for nonbipartite sequences. Figure 1 il-
lustrates the hard-core Bethe recursion, which can be expressed as the univariate
mapping f(q) = [1 + Ag¢~']~! with ¢ = h(—) for h € A. The function f is de-
creasing on 0 < g <1, so ppH, is always a singleton corresponding to the unique
solution ¢, of f. However, the double recursion g is an increasing function of y,

(a) (b) (c)

F1G. 1. Hard-core Bethe recursion f:h(—) — [1 + Ah(—)d_l]_1 (blue curve, decreasing) shown
together with double recursion £ (red curve, increasing) for d = 4, with fixed points circled. For

A < Ac npHx =bHx, while for A > Ac ppHa CpHs. @A =1, (D) A=Ac(4) = %, (c) A =3.
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0 Ae 4

FIG. 2. Bethe fixed points h € wH, and the corresponding evaluations of the Bethe func-
tional v, ® (h), shown as functions of A in hard-core model with d = 4. Above the uniqueness thresh-
old A¢, nhHx corresponds to the blue curve, and the Bethe prediction v® for G, —10c v T (boundary
of shaded red region) is larger than the prediction 1, ® for G, —1oc T (boundary of shaded blue
region). (a) h(—) evaluated for h € yHx, (b) ®(h) evaluated for h € ,H..

and for A > A, it turns out that g has two additional fixed points g_ < g, < g+
[shown in Figure 1(c) for a fixed value of A, and in Figure 2(a) as A varies], so that
bH, contains two additional solutions not in 4, H,. The explicit evaluation of the
hard-core Bethe functional on ,H, is

d d
w®(h) =log(g’ +1) = Zlog[l — (1 —¢)*] = ~logg — - log[1 = (1 = ¢)’]
for h € noHy, g = h(—).

For h € vH,, recalling the notation hs = h(Tg, 0 — j), the Bethe functional eval-
uates to

1
bP(h) = S[@+(h) + S (h)]

d
(2.3) where ®s(h) = —logy_s — 5 log[1 — (1 —y)(1 = y-y)]

for h € yHy, ys = hs(—).

If h € yoHy, then (p @ (h) =, P (h). Figure 2(b) shows that , ® strictly exceeds P
for A > Ac.

In the course of proving Theorem 4, we will identify the fixed points attaining
the supremum in (2.2). Let g € A denote the fixed point of £ giving maximal
probability to spin s, and note f(gs) = g_s. In the anti-ferromagnetic case, we will
see that

S=,dh")=,P(h~
o b® =pP (A7) =pP(h")
for messages h' € ,H. defined by 1" : (T, 0 — j) > gg-

The ferromagnetic case reduces to the Ising model, and here we will see that

(2.5) b® = anD(argmax hoos j(sgn B)).

]’lean*
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2.3. Bethe Gibbs measures and interpolation scheme. We now describe the
connection between Bethe fixed points and Gibbs measures; for a discussion in
a more general setting and further references, see [9], Remark 2.6. Recall that
for T € T, ¥r denotes the set of Gibbs measures for the specification ¥ on T.
An element u € 9r is a Markov chain or splitting Gibbs measure (see [25]) if
there exists a collection A* = (hﬁf_w) of elements of A indexed by the oriented
edges of T such that for any finite connected induced subgraph U = (Vy, Ey)
of T, the marginal law of o;; under i is given by

wey)=z""T] ¥ [] ¥(i.0)

ieVy (ij)eEy
(2.6)
< 1 {Z‘/f(ffpci)»ffj)hlfemn(“f)}’
jeau * gj

where p(j) denotes the unique neighbor of j inside U for j belonging to the
external boundary dU of U. We emphasize that in contrast to the messages of
Definition 2.1, the measures hl_, y need not be isomorphism-invariant. However,
the finite-dimensional marginals of p given by (2.6) must be consistent with one
another, and this imposes relations on the measures A% _, y which closely resemble
the Bethe fixed-point equation (2.1). Extremal Gibbs measures are Markov chains,
but the converse is false. Also, for any distinct Markov chains &, i/, any mixture
pu+ (1 — p)yp/ with 0 < p < 1 is not a Markov chain ([25], Theorem 4.4).

Next, recall that ¢ denotes the space of mappings v:T +— v(T) € ¥r with
T € T. We say that an element v € 47 is Markovian if v(T') is a Markov chain for
each T € 7. The associated collection A" = (h”(T))T€T is called an entrance law;
the correspondence between Markovian v € ¢ and entrance laws A" is bijective.

If v is also translation-invariant in the sense of Definition 1.7, then each h;g)y
can depend only on the isomorphism class of (T, x — y) in 7, so & is a mes-
sage on 7 (Definition 2.1). It then follows from the consistency of the finite-
dimensional marginals (2.6) that & satisfies the Bethe recursions (2.1), that is,
h € H,(T). Thus, there is a bijective correspondence

Bethe fixed points & € H,.(T)
2.7
«— translation-invariant Markovian v € 4.

In particular, for two-spin models, the v" € ,% of (1.6) and the A" € , H, of (2.4) are
related by this correspondence and so may be regarded as essentially equivalent.
We now evaluate the hard-core and Ising free energy densities by interpolat-
ing in the model parameters. Write & = logyr, & = log ¥, and for the hard-core
model take B =logA. Let () 5 B denote expectation with respect to the measure
vi? = vf:” as defined by (1.2) or (1.3). Recalling Definition 1.1 that 7, denotes a
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uniformly random vertex in G, define
a,(B, B) = 05 (B, B) = E,[(058 (07,))0 "],

1
2 (B, B) = dpn (B, B) = EE"[ 3 (9pt (o, aﬂ)f’B]

jeal,

In the hard-core model, a, (8, B) is the average occupation IE,,[(&In)f], and
we define dg& = 0 so that aj, = 0. In the Ising model, a,(B, B) is the aver-

age magnetization E,,[(a,,,),’?’B] while a, (8, B) is the average edge correlation

%En[Zjealn (UInt)S’B]-

We also define analogous quantities on the limiting tree 7 ~ P7. By standard
compactness arguments (see, e.g., [19], Section 3.1), P, ® v, has subsequential
limits. If P,, ® v, —10c P7® v along any subsequence, then v must be a translation-
invariant element of ¢ (see Definition 1.8). Writing (), for expectation with
respect to v, the tree analogues of a,, a are given by

ar(B. B.v) = Er|[(95E (0,))" ],

1
a%-(B. B, v) = —ET[ 3" (355 (00, aﬂ)’f’B}-

2 jedo

If v = v" corresponds to the Bethe fixed point & € 7—[*’3 ’B(’T) via (2.7), then we
write a7(B8, B, h) = ar (B, B,v") and a%-(B, B, h) = a%-(B, B, v").

The following lemma, describing our interpolation scheme, may be verified di-
rectly by calculus, or obtained as a consequence of [9], Proposition 2.4. We always
interpolate in one parameter at a time, keeping the other fixed and suppressing it
from the notation.

LEMMA 2.4. Iffor B € [By, B1], we have h = h(B) € Hf which is continu-
ous and of bounded total variation in B, then

B

®7(By, h) — d7(Bo, h) =/ 'a7(B.h)dB  where ®(B, h) = ®(B, h(B)).

By

The same holds for B, aT replaced with f, a%-.

The main implication of Lemma 2.4 is the following (which may also be
obtained as a special case of [9], Theorem 1.13): if for B € [By, B1] we have
h=h(B)eH f which is continuous and of bounded total variation in B, then

limsupa,(B) <ay(B,h)

n—oo

implies limsup[¢, (B1) — ¢u(Bo)] < ®7(B1, h) — ®7(Bo, h).

n—oo

(2.8)
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That is, asymptotic bounds on ¢, (B1) — ¢,(Bp) can be proved by relating a,,
the expectation of the local observable 835(01,1) under the measure v,, on the
finite graph, to a7, the expectation of the observable 9z (0,) under translation-
invariant Markov chains on the limiting tree. The analogous statements hold
with B, a replaced by g, a°. In the following, we write ,pa = ar, pa = a,T, and
similarly ppa®, pa®.

The difficulty in proving relations of the type limsup, _, ., 8, < Supjcy;, (1) a1
is that translation-invariant Gibbs measures may not have a decomposition in terms
of translation-invariant Markov chains. As noted above, if P+ ® v is any subse-
quential local weak limit of P, ® v,,, then v must be a translation-invariant element
of %, but it need not be a Markov chain. By extremal decomposition, v is a convex
combination of Markov chains, but the measures appearing in the decomposition
need not be translation-invariant. Thus, there is no a priori connection between the
model on the finite graph model and the Bethe prediction on the infinite tree. Our
proof of Theorem 4(b), which occupies the majority of Section 2.4, is based on
two observations:

1. In the hard-core model with B = log A, the maximum of ya(B, v) over all
translation-invariant v € ¥ is achieved by the translation-invariant Markov chains
V" of (1.6), so (2.8) can be used to deduce the upper bound limsup,,_, o [¢, (A1) —
On(A0)] <pDP (A1) —pP(1p) for any 0 < Ao < A1. Since ¢ =P is already known
for A < A, we obtain limsup,,_, ., ¢ <p® forall A > 0.

In the anti-ferromagnetic Ising model, the minimum of pa®(8, v) over all
translation-invariant v € ,% is achieved by the v', so liminf,_ c[¢,(81) —
&n(Bo)] = b P(B1) — P (Bo) for any By < B1 < 0. Since ¢ = pP holds trivially
for B =0, we obtain limsup,,_, ., ¢, <P forall g <0.

2. For G, —10oc b T, the near-bipartite structure of the graphs G, gives easy
lower bounds on the partition function which can be used to see that the limit
of [liminf, ¢, — ,®] as B — oo (hard-core) or § — —oo (Ising) is nonnegative,
implying that the preceding upper bound must be tight.

2.4. Verification of hard-core and Ising Bethe predictions. In the remainder of
this paper, we restrict all consideration to 2~ = {#}.

2.4.1. Interpolation for hard-core.
LEMMA 2.5. For the hard-core model at fugacity A\, the supremum of
(6, +d7 'Y jedo0j)u over € Gy is achieved precisely by the extremal semi-

translation-invariant measures |y, ,u,.4 Consequently, yE[(0,),] is strictly maxi-
mized over all translation-invariant v € v by the elements v, v~ defined in (1.6).

4Note w1 need not be translation-invariant. The lemma is nontrivial only when p— # p4.
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PROOF. By extremal decomposition, assume without loss that w is itself
an extremal Gibbs measure, hence also a splitting Gibbs measure, with finite-
dimensional marginals given by (2.6) with entrance law h* = (h}_, y). In particu-
lar, the marginal of  on the depth-1 subtree T! is given by

WG =1,65,=0)=2""2 [T n,,(-)
jedo
and
1(G=0,G5,)=2" T 1,0
jedo

with all other configurations receiving zero measure as they violate the hard-core
constraint. Abbreviating g; = hY . (=), wefindz=1+x 1904, and so

j—o
<5 fat Y 6~> ~ Mljesod; +d7 'Y ep0(1—g;) L d7'Y ica0q)
o —_— —_ .
jedo g 1+ ATje00 9/ 1+ 2T jes09)

For fixed ¢ = ([];ep0 9 j)l/ d_ it follows from Jensen’s inequality that the above is
(strictly) maximized by taking all g; = g, therefore,

—1

_ -1 - _ -1 d—1
7o+ ;;J;l [, a7 2]

where ¢g_ and g are the minimal and maximal achievable values for ¢g: by the
discussion following Definition 1.6, they correspond to @ and p_, respectively,
and thus are the fixed points of g = f* where f(¢) = [1 +Ag¢~']7!. Since ¢~ +
1q?! is convex in g, its maximum can only be attained at the interval endpoints,
and by the relation f(gs) = g—s the maximum is attained at both endpoints with
value 1/g_ + 1/q+ — 1. This proves the first statement of the lemma. To conclude,
recall that for v € ,¥,

bE[(G0)v] = 5[(Go)v, + (Go)v_]  where vg = v(Ty).

If further v is translation-invariant (Definition 1.7), then (6,),, = (0;).,_, for j €
90, so we find yE[(Go)v] = 3(G0 +d 7' Y jc00j)v, = 5(Go +d 7" X 50 0
and the second statement of the lemma follows directly from the first. [

LEMMA 2.6. For the hard-core model, .wH» always consists of a single mes-
sage h* = h*(\). vH’ consists of the messages h*, h™, h™ which coincide for
A < Ac and are distinct for A > A.. The messages are continuous in A, smooth
except possibly at A = Ac.

The supremum in (2.2) is achieved by h* for w,®, and by h™, h™ for ,®, with
@ =p® for A < A; and np @ < P for A > Ac.
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PROOF. In the hard-core model, measures 4 € A are naturally parameterized
in terms of ¢ = h(—), and so ppH, corresponds to fixed points of f(g) = (1 +
Ag4~1)~! while 7, corresponds to fixed points of g = f®). As ¢ increases from 0
to 1, f decreases from 1 to (1 + A)~!, so f has a unique fixed point ¢, which is
smoothly decreasing in A for all A > 0.

Next we determine the messages in #,, corresponding to fixed points of the
double recursion g = %), We calculate

d—1 d—1\? d
F@)=-2""f1-f, ()= —(—) (1 —f)(2f— _)
q q d—1

and use these to simplify the expression for g”(¢) = (f o H)f + (" o f)(f')*:

d—1\*
¢'(q) = —2(7) (61 — D]’e(1l - £)( — g0).

where

d d—2 _ _
2= S| - —@-ng |

2(d —

Since f is decreasing in ¢, g is increasing in ¢ while gg is decreasing. Thus, g can
have at most one inflection point, hence at most three fixed points. If g has any
fixed point other than ¢,, then necessarily it has exactly two additional fixed points
- < gx < q+ with f(gs) = g_s. In this case, the function g is convex (concave) to
the left (right) of its unique inflection point, so g'(g,) > 1. But g'(g,) =f (¢.)> =
(d — 1)*(1 — g,)? is smoothly increasing in A with g'(g,) = 1 precisely at A =
Ac(d), so we see g has a unique fixed point g— = ¢, = g+ when A < A, and when
A > Ac it has three fixed points g < g, < g4, which are smooth on the open
interval A < A < 0o (being isolated zeroes of a polynomial equation).

We now verify that lim;, ;(gs — g») = 0. Suppose otherwise, so that g = g, +
2¢4 with liminfy 3 ey > & > 0. It is possible to take a sequence A | A. along
which the inflection point of g always lies on the same side of g,: assume it is < g,
(the argument for the > ¢, case is symmetric), so that g’ is decreasing on g > ¢,.
Then

1
g (g +e4) > - [2(qx +264) — 8(qs +4)]

1 /
= g[q* + 2681 — g — €48/ (q.)]

=2- g/ (C]*),
so we find g'(g,) > g'(q) >2 —g'(gs) forall g, < q < g, + 4. At A = A, this
implies g'(¢) = 1 for all g, < g < g« + e+—contradicting our above observation

that g” can have at most one zero on the interval 0 < g < 1 and proving our claim
that lim;, ;. (gs — q+) =0.
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It remains to identify the Bethe fixed points achieving the supremum in (2.2).
It is clear from the above that p, & = pp P (h*) <, P with equality for A < A since
nbHs = bHy = {h*} in this regime. For A > A¢, we have pa(B, h*) <pa(B,h™) =
pa(B, h™) as a special case of Lemma 2.5. From the above calculations, the reg-
ularity conditions of Lemma 2.4 are clearly satisfied by A*, ", h~, so we may
integrate to see that jp,® < p® =, ®(h") =, ®(h™) for A > A, concluding the
proof. [

PROPOSITION 2.7. For the hard-core model,

@ If Gy =10 T then ¢ = 1 ® = v, @ for A < A¢ and limsup,,_, . ¢ < pP for
A > Ac.
(b) If G;; —>10c b T then ¢ =@ forall A > 0.

PROOF. (a) Since any subsequential local weak limit P, @ v, —joc bP ® v
must have v a translation-invariant element of 1%, the second part of Lemma 2.5
implies

limsupa, (B) = limsupE,[(54,)2] < vE[(6,)v:] = ba(B, 1°),
n—oQ n—oo
where the right-hand side is the same for s = 4, —. (We comment that this in-
equality can be alternatively obtained by expressing a,(B) as o(1) + %En[(ﬁn +
da'y jear, O j),lf ], then directly applying the first part of Lemma 2.5 to the local
weak limit P, ® v, —10c P ® w, where u belongs to % rather than ,%.)

Recall from Lemma 2.6 that the regularity conditions of Lemma 2.4 are satisfied

by AT, h™, so the above implies [cf. (2.8)] that for A > A¢, s € 2,

limsup[gy (1) — ¢ (Ae)] < b@(h, h%) = b®(hc, 1),
n—oo
where the right-hand side is the same for s = +, —. It was shown in [9], Theo-
rem 1.11, that ¢ = b, ® =, ®(hT) =, P (k™) for A < A¢ so the claim follows.
(b) It suffices to show that for G, —1oc T,

(2.9) lim i;f[l;}g inf ¢, — bcp] >0,

implying that the upper bound obtained in (a) must be tight. If A, denotes the
maximum size of an independent set on G, then accounting for all subsets of the
maximum independent set shows that the hard-core partition function on G, is
at least (A + 1)47, so ¢ > %EH[A,,] log(x + 1). But A, is at least the number of

SNote that continuity of AT, h~ at A. (Lemma 2.6) was necessary to conclude continuity of ,®
at Ac.
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black vertices with no black neighbors, so G,, —>1oc b T implies liminf,_, 5 ¢, >
Tlog(x + 1). From (2.3),

1
p®d — Elog()» +1)

1 _ 1 _ 1
= Elog(CIi +271) = Elog(l +271) - 510g4+

d
— S log[l = (1 —g)(1 = g)]

Since limy o0 g+ = 1 = limy (1 — g_), the above tends to zero as A — oo.
This implies (2.9), concluding the proof. [J

We remark that in the entire hard-core interpolation argument the near-bipartite
structure plays a role only in the proof of (2.9).

2.4.2. Interpolation for Ising.

LEMMA 2.8. For the Ising model with parameters § <0 and B € R, the infi-
mum of d=' Y jedol000 ) over i € G is achieved uniquely by the extremal semi-
translation-invariant measures iy, ji—. Consequently, yE[d™' Y j€d0(000j)v] is
strictly minimized over all translation-invariant v € v9 by the elements v, v~
defined in (1.6).

PROOF. We argue as in the proof of Lemma 2.5: assume u is extremal with
entrance law h*, and write x; = hj_,(+)/hj—,(—). Then

_ (aRj —)e* +(a/Rj — ) [Tieao Ri

(O- G) - ’
o e*B + [licao Ri
where
By, B —28 2p
Ri=Rup=CMte 2 ¢t
/ 7 ebxj e F’ e=2B — 2B’ e 2P — 28

Summing over j € do and simplifying gives

ad™' Y jcpo(Rje*® + 1/R; Tlieno Ri)
B + [Tkeso Ri

d-! Z (0p0j)py=—C+

jeado

For 8 < 0, note that @ and ¢ are positive, and R(x) increases between e2f and
e~2P for x > 0. For fixed r = (I1jco0 Rj)l/d, it follows from Jensen’s inequality
that the above is (strictly) minimized by taking all R; = r, therefore,

1 €2Bl"+rd_1
d 0o0jlu = =€+ a min r), N=—88
j§o< 27l = R(xf)SrSR(xH)/( ) v 2B 4 pd

’
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where x_, x4 are the minimal, maximal achievable values for x. We compute
(1+e2Br2y () = =S[S = S7' + (d = )(r —r )]l gp—28a1.

The right-hand side is strictly decreasing in r > 0, so ¥’ can have at most one zero
on the positive real line. Using the Bethe fixed-point equation, we evaluate

Pag+x)+ePU+xx)

VRO = o TP T

yY[R(xp].

so on the interval R(x_) <r < R(x4) the function y (r) is strictly minimized at
the endpoints, from which the lemma follows. [

LEMMA 2.9. For the anti-ferromagnetic Ising model, nb?—lf B always consists
of a single message h* = h* (8, B). be’B consists of the messages h*, h*, h~
which coincide for B o < B < 0 and are distinct for B < B at. The messages are
continuous in B, B, smooth except possibly at B = B¢ af.

The supremum in (2.2) is achieved by h* for w,®, and by h™, h™ for ,®, with
b ® =P for Beat <P =<0 and np® < v ® for B < Be.af-

PROOF. In the hard-core model, measures 2 € A are naturally parameter-
ized in terms of t = logx = log[h(+)/h(—)], and so ppH,. corresponds to fixed
points of

(2.10)  f(r)=2B+(d — Dlog[(e' +6)/(fe' +1)], o=e"2F.

Observe that f — 2B is an odd function of ¢ € R, identically zero when § =0
and strictly monotone otherwise, going from (d — 1)log6 to —(d — 1)log6 as ¢t
increases from —oo to 0o, and with dgf(¢) taking the opposite sign as ¢. If 8 < 0,
then f has a unique fixed point #, of the same sign as B, smoothly increasing in B,
and with absolute value smoothly decreasing in 6.

Next, we determine the messages in ,H,, corresponding to fixed points of the
double recursion g = . For B # 0, we calculate

d—=1*=1)

o =- O+e)O+e )
and
; —0(e' —e DHF () (e —e HF(1)?
(1) = — = —,
O+e)O+e™) d-1)O-6"1
SO
g//([) e(ef o e—f) el —e !

TOHED)  @+HO+eH @—-DE—-61)
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For any B # 0, g (¢) is strictly decreasing in ¢, so g can have at most one inflection
point. For B < 0, we calculate the total derivative of f'(z,) with respect to 6 to be

¥ [f' (t)] = [30 (F)] (1) + 1" (2) (3p 1) <O,

implying that g'(z,) = f'(z,)? is smoothly increasing in 6 for # > 1. Consequently,
there is a unique threshold B¢ af = Bc.af(d, B) < 0 such that g has a single fixed
point _ =1, = t_ for B¢ af < B <0, and has three fixed points t_ < f, < t4 for
B < Bc.af- The lemma then follows by repeating the argument of Lemma 2.6. [J

PROPOSITION 2.10. For the anti-ferromagnetic Ising model with external
field B e R:

@) If Gy = 10c T then ¢ = o ® = v for Beaf < B <0 and limsup,,_, . ¢, <

b® for B < Be,af-
®) If G, > 10c b T then ¢ =@ forall B <O0.

PROOF. (a) Since any subsequential local weak limit P, ® v;;, >1oc bP @ v
must have v a translation-invariant element of %, Lemma 2.8 gives

. L. . 1 ‘
I}ln_l)lolcl)faz (B) = 2 I}ln_l)lolcl)fEn [ Z <O‘[n0’j)£i| > 5bE|: Z (O'(,O’j)vsi| = bae(ﬂ’ hs)’
jeal, jedo
where the right-hand side is the same for s = +, —. Recall from Lemma 2.9 that the

regularity conditions of Lemma 2.4 are satisfied by 2™, h~, so the above implies
[cf. (2.8)] that for By < By <Oands e %,

liminf{@, (B1) — ¢n(Bo)] = bP(B1. h*) — v ®(Bo. 1°),

where the right-hand side is the same for s = +, —. If B = 0, then trivially
¢ =log(e? + e B) = ;,® =, ®, so we conclude limsup,,_, o, ¢, (B) < bP(B, 1*)
for all B < 0. For Bcaf < B < 0, Gibbs uniqueness implies lim,_, a,(8) =
nba% (B, h*) =pa®(B, h*) where ppHy = v H. = {h*}, therefore, ¢ = pp ® =1 .

(b) By considering the configuration ¢ on G, which gives spin + to all black
vertices and spin — to all white vertices, we see clearly that G, —1oc b T implies
liminfy,_ 5 ¢, > —%,B. Writing ys = (1+ e‘ts)_1 for r_, t4 the minimal, maximal
fixed points of the function g analyzed in Lemma 2.9, we also calculate

20®(B) +dp = —dlog[1 — (1 =) [y4y- + (1 = y)(1 = y-)]]
+log[e? (X y + (1= y ) +e B (ys + e (1 — y)]
+log[e? (e y_ + (1 —y ) +e B(y_+ X1 -y )]

It is straightforward to check that limg_, o y4 =limg, (1 —y_) =1, s0in
the above the first term tends to 0, the second to — B, and the third to + B, so we
conclude limg_, _»o[2p®(B) + dB] = 0. Therefore, limg_, _o[liminf,, o ¢ —



2406 A.SLY AND N. SUN

b®(B)] = 0, which implies that the upper bound obtained in (a) must be tight and
concludes the proof. [J

For completeness, we review what is known for the ferromagnetic Ising model.

PROPOSITION 2.11. For the ferromagnetic Ising model on G, —1oc T, ¢ ex-
ists and equals 1 ® as defined by (2.2) [and given more explicitly by (2.5)].

PROOF. It follows from [7], Theorem 2.4 (see also [9], Theorem 1.8) that
for G, —10c T, ¢ exists and equals @ as defined by (2.5). Therefore, it remains
to verify that the supremum in (2.2) is indeed achieved by the Bethe fixed point
h € wpH. maximizing h,_, j(sgn B).

The messages h € y,H, correspond simply to fixed points of a single itera-
tion of the mapping f of (2.10). For g > 0, f is strictly increasing in ¢, with
a single inflection point at t = 0. At B = 0, a fixed point is always given by
0=1t,=t_ =t4, and it is unique provided f'(0) = (d — 1)tanh 8 < 1. For
B > Ber=PBcs(d, B)|p=0= atanh(cﬁ), f has three fixed points 1 <0 =1, < t4,
withty =—t_ | 0=t,as B | Ber.

Since adding the external field B simply shifts the map f by the constant 2B,
it is easy to deduce the behavior for general 8 > 0, B € R: in the unique-
ness regime, f has a single fixed point 7_ = t, = 4, and in the nonuniqueness
regime it has three fixed points 71— < f, < ¢+ which all converge to the same
point as (B, B) approaches the boundary of the uniqueness regime. Thus, in the
ferromagnetic Ising model ,,H, consists of the messages h°, h*, h~ defined by
hy () =yo=(1+ e )~! and hy, (H)=y=(1+ e~)~! (in the unique-
ness regime the messages coincide). The messages are continuous in the parame-
ters (8, B), smooth except possibly at the uniqueness threshold. At 8 = 0, clearly
¢ =mp® =log(e? 4+ e 8) =, ®(h) for all 1 € ,pH,. We now claim that

(2.11) b ®(hT) > ®(h°) Vi ®(h~)  forall B >0;
the proposition follows by symmetry in B. For & € ., we have
@ +e Ay’ + U —y)P1—e”
(f —eP)y2 + (1 —y)’1+e P

1
mwa®(B, B, h) =3 3 (0,0)) =

jedo
with y = h, j(4),

which is an even function of 2y — 1, decreasing for 2y < 1 and increasing for
2y > 1. In the nonuniqueness regime, if B > 0 then 2y_ < 1 < 2y; with 1 —
2y_ <2y, — 1 (with equality if and only if B = 0). Therefore, ,,a°(8, B, h™) >
nba%(B, B, h°) v npa®(B, B, h™) forall B >0, so (2.11) follows by interpolation in
B > 0using Lemma 2.4. []

PROOF OF THEOREMS 1 AND 4. Follows by combining the reduction of Sec-
tion 2.1 with the results of Propositions 2.7, 2.10 and 2.11. [
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3. Local structure of measures. In this section, we show how Theorem 4 can
be used to deduce Theorem 5 by straightforward modifications of the arguments
of [19].

PROOF OF THEOREM 5(a). In the hard-core model, observe that 8%(;5,1 =
n_lEn[(Sz)f — ((S)f)z] with § =3y 0;, implying that the ¢, are convex in B,
and hence so is the limiting free energy density ¢ (which equals y® by Theo-
rem 4). Convex functions are absolutely continuous, so it holds for a.e. B that
¢n, ¢ are differentiable in B with dg¢, — dp¢p = Ip(,P). From the identification
in Lemma 2.6 of the Bethe fixed points achieving the supremum in (2.2), and re-
calling Lemma 2.4, 95 (,®) = pa(B, h*) = pE[(0,).s] for s = +, —. On the other
hand, as we have noted before, P, ® v, must have subsequential local weak limits
P ® v with v a translation-invariant element of 1% . Along any such subsequence
dp¢, = a,(B) must converge to pE[(0,),], therefore, vE[(0,),] = vE[{00)s].
Since we saw in Lemma 2.5 that v and v~ are the only translation-invariant max-
imizers for ,E[(G,).s], we conclude v must be a convex combination of v, v~
and since the G, are symmetric, necessarily v = %(v*’ +v7). The argument for the
anti-ferromagnetic Ising model is very similar, with 8 in place of B and applying
Lemma 2.8 in place of Lemma 2.5. [J

We now analyze the conditional measures v;, of (1.5), beginning with an easy
observation.

LEMMA 3.1. For anti-ferromagnetic two-spin models on G, —>1oc b T,

nlgr()l()E,,[V,,(Z T;0; =O>] =0.

i€Vy

PROOF. For the Ising model, see [19], Lemma 4.1. For the hard-core model,
let A, denote the set of vertices i € V,, with B> (i) isomorphic to T2, the depth-
two subtree of T ; then A, is necessarily an independent set of black vertices.
The law of X =3 ;4 0; under Vn('|£V\A,,) is Bin(N, A/(14+ X)) where N = {i €
A, 045 =0} If N > ne for ¢ a small positive constant, then the local CLT or the
Berry—Esséen theorem implies sup ;. P(X = j) = O(1/ J/ne), so we conclude
v (Xiey, Tioi =0|N > ne) = O(1/4/ne). If N < ne, decompose

1 2 _ 2 _ 2 _ 1
—Zfi0i=—zfi0i+—zfi0i+— Z 'fiUi—_Zfi
nicv, e, micoa, T i¢A,U0A, nicv,
2 _ 2 _ 2 _ 1
2y a2y sl Y we-lyw
A, nicon, M i¢A00A, nicv,

On the right-hand side, the first term is < 2¢. The second term, recalling the defi-
nition of A,,, is < —2(|A,| —ne)/(nd), which tends in probability to —(1 —2¢)/d
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since G, —>1oc bT. The third and fourth terms tend to zero in probability, so for
small ¢ the overall sum is negative with high probability, implying in particu-
lar limy, s o Vﬂ(ZieVn 7;0; = 0| N < ne) = 0. Combining these observations con-
cludes the proof for the hard-core model. [

In view of Lemma 3.1, we may without loss restrict attention to the mea-
sures v,'f . Define the local observables [cf. [19], equation (3.9)]

Fl=F!(5,0) = 1{ > tjo; < —S\Bz(i)}};
JjEBL(i)

roughly speaking F/ indicates the vertices of G, which are locally not in the
+ phase.

PROOF OF THEOREM 5(b). We outline the steps of the proof of (1.7) follow-
ing [19], describing minor modifications where needed.

1. Let ,P ® v* denote any subsequential local weak limit of the P, ® v;". Then
v*¥ € 97 (see [19], Lemma 3.4). By Lemma 3.1, v, has free energy density con-
verging to ¢, so the proof of Theorem 5(a) implies that v¥ = (1 — g)v* +qv~ for
some g € [0, 1].

2. By local weak convergence, lim,,_, o, E, [(FI’” nl= bE[(FOt),,*]; further, if J,,
denotes a uniformly random neighbor of /,,, then

Jim E[(F], # F) ), =oE[UFL# Fi))] jedo

(cf. [19], Lemma 3.7).
3. For the hard-core or anti-ferromagnetic Ising model in nonuniqueness
regimes, there exists § > 0 such that

lim (F}) + =0=1— lim (F}) -,

t—00 [—o00
tl_lfgo(F(i # F})v*’ =0= tl_lfgo(Fot # th'>v—
(cf. [19], Lemma 3.8). It follows that for sufficiently large ¢
T E,[(F)]=q ¢  lim E,[1{F]# F}}),] <e.

The argument of [19], Proposition 3.9 (using the edge-expansion hypothesis) now
gives a contradiction unless g = 0, establishing (1.7). The proof of (1.8) then fol-
lows from applying the proof of [19], Theorem 2.5, to the bipartite case. [

4. Computational hardness. In this final section, we prove the hardness re-
sults Theorems 2 and 3 by a randomized reduction, via certain bipartite expander
gadgets, to the approximate MAX-CUT problem.
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4.1. Bipartite gadgets and randomized reduction. In this subsection, we con-
struct the bipartite gadgets ¢ and explain how they can be used to encode an ap-
proximate MAX-CUT on a given input graph. The gadgets will be constructed by
deterministic search over symmetric bipartite d-regular graphs of nondecreasing
size. To prove that a gadget with the desired properties can be constructed de-
terministically in finite time, we shall consider the uniform probability measure
on (a large subset of) symmetric bipartite d-regular graphs on 2n vertices, and
show that the desired properties are satisfied with positive probability in the limit
n — oo. Explicitly, for any fixed positive integer k, G’ﬁn will be a random bipartite
graph on 2n vertices, as follows:

1. Take H, to be the uniformly random simple® d-regular graph on vertex
set [n].

2. Take G, to be the bipartite double cover of H,;: the vertex set has bipartition
(i4)?_; and (i-)}_,, with two edges (iy, j-) and (i, j4) corresponding to each
edge (i, j) of H,. This is a simple symmetric bipartite d-regular graph.

3. Distinguish k vertices (iz)]z:1 uniformly at random from H,, and for each
¢ choose a uniformly random neighbor j¢ € 9i¢. Remove the edges (i ﬁ jt )]gzl
and (i¢, jf)’gzl from G, to form the simple symmetric bipartite graph ng- All
vertices in Gén have degree d except the distinguished vertices W = W+ U W~
where W* = {if}k_ U {jO5_,.

We abbreviate v, = vg,, and vy, = vk - Forre 2" let v, and VEH, « denote the
corresponding r-phase measures, as in (1.5). For h,h € A define h ®y he Ay
by

(4.1) (h @y h)(0,6") = 2y (h, 1) [h(0)¥ (0, 0")i(6")]

with zy (h, h) the normalizing constant. The following proposition is our main
result concerning the local structure of measures on the graphs Glgn.

PROPOSITION 4.1. For k fixed and r € 2, the measures v;, , (0w = -) con-
verge in the limit n — oo to the product measure

0'@= [] &low ] g-rlow)  withgs,g— € Aasin(2.4).

weWwt wew—

We defer the proof to Section 4.2, and now demonstrate how to use Propo-
sition 4.1 to establish a randomized reduction from approximating the partition
function to the problem of approximate MAX-CUT on 3-regular graphs, which is
NP-hard [4].

5No self-loops or multiedges.
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By Lemma 3.1 and Proposition 4.1, for any ¢ > 0 there exists n(¢e) large enough
such that for all n > n(e), there is a positive number of graphs G%ﬁ which arise
from the above construction and satisfy the following properties:

@ G%ﬁ was formed by removing 6k distinct edges from G»,, leaving a set
W = W' UW-™ of 12k distinct vertices of degree d — 1;
1)) %(1 —¢&)<vy3(Y(@)=s) < %(1 + ¢) for both s € 27
dm 1—e< v§n73k(gw)/Qs(gW) <l+eforbothse 2, forallay, € Z7W.

Consequently, for given ¢ we may find Ggfl satisfying properties (I)—(III) within
finite time by deterministic search, and define the gadget ¢ to be the first such
graph which is found.

Given a 3-regular input graph H = (Vg, Eg) on m vertices, we construct from
H and ¢ a new graph H? as follows. First, take H? be the disjoint union of
copies ¥, of ¢ as x runs over Vy. For s € 27, let W} denote the vertices of ¢,
corresponding to W* in ¢. For each edge (x,y) € Eg, add 2k edges between
W3 and WyS for both s € .2". From property (I), |W*| = |W~| = 6k so this can
be done deterministically in such a way that the resulting graph H? is exactly
d-regular.

Write % for the union of the Wy, and & for the between-gadget edges added
in going from H? to HY. We write a spin configuration on H? or HY as
o = (0, )xen With g, the restriction of o to ¢,. We write Yy = Y (o ,) for the
phase of each o, and Y(o) for the vector of phases (Y (o ,))ren € & H  Write

Z ;% (Y) for the partition function for the two-spin model on H 9 restricted to con-
figurations with phase vector Y, and define likewise Z gz« (Y). Recalling (4.1),
let T = z¢(g+,g+)zw(g ,8-) and O = zy (g4, 8- )2, and note that for anti-
ferromagnetic two-spin models in nonuniqueness regimes, ® > I'.

LEMMA 4.2. For ¥ satisfying properties (I)-(11I),
log(Zy9 /| Z o)/ TMEHI(1 4 6)™))
2klog(®/T)
<MAX-CUT(H)

1og<<zHg/Z,qg)/(F2k'EH' [(1/2)(1 —&)*1™))
2klog(®/T) ‘

PROOF. From the construction of H %,
Zya(Y)
Zpow =2 (I i) IT veoen)
as ) S0\ vy (ij)e€
and by property (III) this is within a (1 &= )™ factor of

S(IT " @w))( IT vioron).

Oy “xeVy (ij)eé&
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By a simple calculation, the last expression equals ['2IE#1 (@ / )2k cut(Y) where
cut(Y) denotes the number of edges crossing the cut of H induced by Y. Then

Zyy(Y)
Zyg =y H—~
=T

< F2k|E1—[|(®/ F)ZkMAX_CUT(H)Zﬁ@(l + 8)”’1’

Z59(Y
X H?ﬁ( ) > F2k|EH|(®/F)ZkMAX_CUT(H)Zﬁg [%(1 _ 8)2]”1’

where the lower bound uses the fact that miny Z 54 (Y) > [% (1 —&)I"Zgz» which
follows from property (II). Rearranging gives the stated result. [

Using this lemma, we now complete the reduction to approximate MAX-CUT.

PROOF OF THEOREMS 2 AND 3. Let H be a 3-regular graph on m vertices.
The upper and lower bounds in Lemma 4.2 differ by O(m/k). Since H? is a
disjoint collection of constant-size graphs, its partition function can be computed
in polynomial time. If for any fixed ¢ > 0, the partition function Zy« could be
approximated within a factor of exp{c|H?|} in polynomial time, then both the
upper and lower bounds in Lemma 4.2 can be computed up to additive error
O(mc|¥|/k) in polynomial time, giving a computation of MAX-CUT(H) up to
additive error O (m(c|¥|+ 1)/k). Then note that MAX-CUT(H) is at least linear
in m, since it must exceed the expected value of a random balanced cut which is
3m/[8(1 — m~1)] < m—therefore this computes MAX-CUT(H) up to a multi-
plicative factor 1 + O ((c|¥4| + 1)/k).

The error term can be made arbitrarily small: first take & large; the size |¢| can
depend on & but then we may choose c to be small. This completes the reduction to
a PRAS for MAX-CUT on 3-regular graphs, in contradiction of the result of [4].

O

4.2. Local structure on bipartite gadgets. We conclude with the proof of
Proposition 4.1 which refines the local structure result Theorem 5 for the bipar-
tite gadgets. The following lemma shows that the Gén have with high probability
the expansion properties required in Theorem 5(b). The proof is quite standard but
is included here for completeness.

LEMMA 4.3. Let k be fixed. For all § > 0 there exists Ay > 0 such that the
graphs Gén are (8, %, As)-edge expanders (Definition 1.5) with high probability.

PROOF. Let us first show that H, is a (§, 1 — §, 2A5)-edge expander with high
probability. To this end, let gﬁ‘fj be the uniformly random d-regular multigraph
on vertex set V = [n], generated by the configuration model—that is, the edge
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set is given by a perfect matching on the set [nd] of labelled half-edges, where
half-edge i is incident to vertex [i/d]| (self-loops and multiedges allowed). Then
Hy, has the law of G conditioned on the event that G, is a simple graph—and
since this event occurs with asymptotically nonneghglble probability (see, e.g.,
[15], Chapter 9), the claim is proved showing that G is a (6, 1 — 8, 2X;)-edge
expander with high probability. <
Let ., (x, z) denote the number of subsets of vertices S in G o of size |S] =

m = nx such that there are exactly j = ndz edges between S and its complement
With E/, denoting expectation with respect to the configuration model law of s b

wehave
B[S (x. 0] = < )ﬁ( _)((n—Jm)d>

x jimd —j — DW((n —m)d — j — 1),

where the double factorial (k — 1)!! = k!/[(k/2) 12k/2] counts the number of match-
ings on [k]. By Stirling’s formula, E) [.%, (x, z)] = noM exp{n[H((x)+dF(x,2)]}
where

F(x,2) EXH(£> +( —x)H(L) +zlogz + l(x —272)log(x —z)
X 1—x 2

1
+§(1 —x —2z)log(1 —x — 7).

Since lim; o F(x,z) = —%H(x) and d > 3, we see that for any § > 0 there exists
As > 0 such that [E] [.%},(x, z)] is exponentially small in n forall § <x <1 —3,
0 < z < 2xs—implying that with high probability every subset of vertices S in
Gog Withnd <|S| <n(1 — 8) has edge-expansion at least 2As. Similarly, note that
limyqy 2 limg gy F(x,2) = _E log2, so (adjusting A5 as needed) with high proba-
bility every subset S in Qﬁf‘}i with n(% -8 <S5 < n(% + &) has edge-expansion
at most d — 2As, that is, has at least | S|A;s internal edges.

We now show expansion for Gén: since k does not change with n, it suffices
to show expansion for the bipartite double cover G, of g;;{f;i. Let S+ be subsets
of the =+ sides of Gy, such that § = S; U S_ has size 2né < |S| <n, and let
denote the projection from Gy, to H,, so that |7 S| > %lS | > né. The calculation
above implies that (with high probability) all such subsets S with |7 S| <n(1l —§)
have edge-expansion at least As. Suppose instead |7 S| > n(1 — §): without loss
Sy = 1S—], so |[#Sy \nS_| = |nS| — |[#S_| > n(% — §). By the preceding
calculation, 7 S+ \ 7w S_ must have at least n(% — 8)As internal edges, implying
that S must have edge-expansion at least (% — §)As, concluding the proof. [J

PROOF OF PROPOSITION 4.1. Without loss, fix r = +. Let B; denote the
union of the balls B;(w) C Gy, over w € {if_}’l?:l U {if}’zzl; assume that B; is
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a disjoint union of graphs isomorphic to T’ with internal boundary S; = B, \ B,_1,
which is the case with high probability. By construction, the G, are symmet-
ric bipartite graphs with law Pj, —1oc pP. Lemma 4.3 implies that they satisfy
with high probability the expansion condition of Theorem 5(b), so we conclude
Py, ® v;; —10c bP ®vT. Let Y, (o) = sgn(ZieV\Bt 7;0;): in the nonuniqueness
regime, the concentration result (1.8) implies that vy, (Y (o) # Y; (o)) — 0 in prob-
ability, so that we also have the convergence P, ® Vzt[t —10c bP ® vt where

v2” "= (|Yi(0) =+). In particular, with E;, denoting expectation over the
law Py, of G5,,, we must have

(4.2)  limsuplim sup EZn[“U ((oif, o )= ) — &+ y 8- HTV} =0.

t—00 n—oo

Forse 2 and ne 2 St let E > and g“ > denote the marginals with respect to
Vo k of the spins at zs and ]S , respectlvely, conditioned on configuration n on S;:

l,s
1y =vank(oye =-lags, =),

S () =vank(oje = las, =n).

Notice that &, ¢ are defined with respect to the measure on Glz?n (i.e., with no
direct edge interaction between i¢ and j,), whereas B; is defined with respect to
the graph structure of G7,. The reason for conditioning on Y; rather than Y is that
we now have the decomposition

(4.3) vy, (G0 ) =) =D v (@5, =) (s,‘{;,s Ry ;f,;fs).
n

Since the local neighborhoods of i5 , js in G , converge to (d — 1)-ary trees, the
marginals E > and g“, ,7 are asymptotically sandw1ched (in the limit n — oo fol-
lowed by ¢ — oo, uniformly over all n) between g and g4. On the other hand,
it is easily seen that the maximum of (7 ®y, h)(+, —)over all g_ < h, h < g+ is
attained uniquely by (4, h) = (g+,8&-), so the only way for the average (4.3) to
be close to h ®y, h is for most of the S,Z, ’,7+ and gf y tobe close to g4 and g,
respectively,

lim sup lim sup K, |:Z v2+n’t (o5, =n)
t—o00 n—>oo N -
“4.4)

< (185 = gl + 1y = 5-l)| =0

We now claim (4.4) continues to hold if 1 is averaged with respect to v;;l”k in place

+.r - 5, 5, .
of v, since the marginals ?;tﬂ and gy are n-measurable, it suffices to show
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that v;;”(g 5, =10 < v;’fk (o5, = 1) uniformly over 7. Indeed,

Ve @5, =1 Zoi Zin() Xy Z& v )~ ZE ()
vios =0 ZalmzEm z,, Zail Y () Zin()

where &(ﬂ) = HveSt &(nv) and

4.5)

Z(—):tt (M) = ZGy\B, [{QGZN\B,,I Yi(@)=+andog = ﬂ}]’
Zin(n) = Zp,[{op 105 =n}]
k _ .
Zin(ﬂ) = ZB,ﬂng [{QB, ‘05, = Q}]

Now note that with k fixed, in the limit n — oo followed by t — co we have
Zin(n) = Zikn () uniformly over 7: for the hard-core model

k

Zin( ) _ _
DD T &y D, O~ &7, (D8, (D).
AN G) - - - -

which is <1 uniformly over n; a similar argument applies for Ising. Thus, (4.4)
continues to hold with v;”’k in place of v;{t. Since the spins (o) wew are exactly
independent under v;;”k(-| o, = n) for any 7, this further implies

(4.6) lim sup lim sup EZn[Hvz"fk (ow=")—0Wlwv]=0.

—00 n—

Finally, v;." (o5, = 1) < v;, (g5, = n) implies vy, 1 (Y (0) # Yi(c)) — 0 in
probability, so (4.6) holds with v;l’ ¢ in place of v;;’,’k which proves the result.
O
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