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Let f be a nonincreasing function defined on [0, 1]. Under standard regu-
larity conditions, we derive the asymptotic distribution of the supremum norm
of the difference between f and its Grenander-type estimator on sub-intervals
of [0, 1]. The rate of convergence is found to be of order (n/log n)_l/ 3 and
the limiting distribution to be Gumbel.

1. Introduction. After the derivation of the nonparametric maximum likeli-
hood estimator (NPMLE) of a monotone density and a monotone failure rate by
Grenander [10], and the least squares estimator of a monotone regression func-
tion by Brunk [4], it has taken some time before the distribution theory for such
estimators entered the literature. The limiting distribution of the NPMLE of a de-
creasing density on [0, co) at a fixed point in the interior of the support, has been
established by Prakasa Rao [27]. Similar results were obtained for the NPMLE
of a monotone failure rate in [28] and for an estimator of a monotone regression
function in [5]. Woodroofe and Sun [32] showed that the NPMLE of a decreas-
ing density is inconsistent at zero. The behavior at the boundary has been further
investigated in [2, 23]. Smooth estimation has been studied in [25], for monotone
regression curves, and in [31] for monotone densities; see also [9] and [1]. The
limit distribution of the NPMLE of a decreasing function in the Gaussian white
noise model was obtained in [33]. Related likelihood ratio based techniques have
been investigated in [3, 26].

Groeneboom [11] reproved the result in [27] by introducing a new approach
based on inverses. This approach has become a cornerstone in deriving pointwise
asymptotics of several shape constrained nonparametric estimators, for example,
for the distribution function of interval censored observations (see [15]) or for es-
timators of a monotone density and a monotone hazard under random censoring
(see [17]); see also [18] for the limiting distribution of the NPMLE of a monotone
density under random censoring and [24] for similar results on isotonic estimators
for a monotone baseline hazard in Cox proportional hazards model. The limit dis-
tribution of these estimators involves an argmax process {¢(c): ¢ € R} connected
with two-sided Brownian motion with a parabolic drift. This process has been
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studied extensively in [12], where it is also claimed that the approach based on
inverses should be sufficiently general to deal with global measures of deviation,
such as the L-distance or the supremum distance between the estimator and the
monotone function of interest. Indeed, the limiting distribution of the L-distance
between a decreasing density and its NPMLE was obtained in [14], and a similar
result can be found in [6] in the monotone regression setup. These results were
extended to general Lg-distances in [22] and [7]. In [7], the limiting distribution of
Li-distances is obtained in a very general framework that includes, among others,
the monotone density case, monotone regression and monotone failure rate.

Little to nothing is known about the behavior of the supremum distance. In [19],
the rate of the supremum distance is established in a semi-parametric model for
censored observations, and it is suggested that the same rate should hold in the
monotone density case. In [16] an extremal limit theorem has been obtained for
suprema of the process ¢(c) over increasing intervals. However, a long-standing
open problem remains, although this problem has important statistical applica-
tions: what is the limiting distribution of the supremum distance between a mono-
tone function and its isotonic estimator? Indeed, while pointwise confidence in-
tervals for a decreasing density, a monotone regression function or a monotone
hazard are available using the limiting distribution of the isotonic estimator at the
fixed point, nonparametric confidence bands have remained a formidable chal-
lenge; they could be built if the limiting distribution of the supremum distance be-
tween a monotone function and its isotonic estimator were known. It is the purpose
of this paper to settle this question in the same general framework as considered
in [7]. The precise construction of a nonparametric confidence band requires addi-
tional technicalities that are beyond the scope of the present paper. It is only briefly
discussed here, and details are deferred to a separate paper.

We consider Grenander type estimators ﬂ for decreasing functions f with com-
pact support, say [0, 1]. These are estimators that are defined as the left-hand slope
of the least concave majorant of an estimator for the primitive of f. This setup
includes Grenander’s [10] estimator of a monotone density, Brunk’s [4] estimator
for a monotone regression function, as well as the estimator for a monotone failure
rate under random censoring, considered in [17]. We obtain the rate of convergence
for the supremum of |f,; — f| over subintervals of [0, 1]. The rate is shown to be
of the order (n/ log n)~1/3, even on subintervals that grow toward [0, 1], as long as
one stays away sufficiently far from the boundaries, so that the inconsistency at the
boundaries (see, e.g., [32]) is not going to dominate the supremum. The rate that
we obtain coincides with the one suggested in [19] for Grenander’s [10] estimator
for a decreasing density, but it is now proven rigorously in a more general setting
under optimal conditions on the boundaries of the intervals over which sup |ﬁ —f1
is taken. Moreover, we show that the rate (n/logn)~!/3 is sharp. Our main result is
Theorem 2.2, in which we show that a suitably standardized supremum of Ifn — fl
converges in distribution to a standard Gumbel random variable.
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Our results are obtained following the same sort of approach as that used in [6,
7,11, 14, 17], among others. We first establish corresponding results for the supre-
mum of the inverses of f, and f, and then transfer them to the supremum of f,
and f themselves. A major difference with deriving asymptotics of Lx-distances
is, that in these cases one can benefit from the linearity of the integral and handle
several approximations pointwise with Markov’s inequality. This is no longer pos-
sible with suprema. With suprema, to transfer results for inverses to results for ﬁ,,
a key ingredient is a precise uniform bound on the spacings between consecutive
jump points of fn

The paper is organized as follows. In Section 2, we list the assumptions under
which our results can be obtained and state our main results concerning the rate of
convergence and the limiting distribution of sup Ifn — f1|. We also briefly discuss
the construction of confidence bands. We formulate corresponding results for the
supremum distance between the inverses of fn and f in Section 3. This is the
heart of the proof, which is carried out in Section 4. Finally, in Section 5, we
provide a uniform bound on the spacings between consecutive jump points of fn
and then transfer the results obtained in Section 3 for the inverses of fn and f to
the supremum distance between the functions themselves.

To limit the length of the paper, the rigorous proofs of several preliminary results
needed for the proofs in Sections 4 and 5 have been put in a supplement [8].

2. Assumptions and main results. Based on n > 2 independent observa-
tions, we aim at estimating a function f:[0, 1] — R subject to the constraint that
it is nonincreasing. Assume we have at hand a cadlag (right continuous with finite
left-hand limits at every point) stepwise estimator F;, of

t
F(t):/0 f(u)du, t [0, 1],

with finitely many jump points. In the case of i.i.d. observations with a common
density function f, a typical example is the empirical distribution function with n
discontinuity points located at the observations. In the following, we shall consider
the monotone estimator fn of f as defined in [7], that is, the estimator f;, is the
left-hand slope of the least concave majorant of F, with

fn(0) = 1[%1 Ju (D).

As detailed in Section 2.1 below, this definition generalizes well-known monotone
estimators, such as the Grenander estimator of a nonincreasing density, or the least-
squares estimator of a monotone regression function. It should be noted that ﬁ, is
nonincreasing, left-continuous and piecewise constant. We are interested in the
limiting behavior of the supremum distance between the monotone estimator and
the function f.



THE L~o-ERROR OF GRENANDER-TYPE ESTIMATORS 1581

2.1. Uniform rate of convergence. We first show that the rate of convergence
of ﬁ to f in terms of the supremum distance is of order (logn/n)!/3. To this
end, we make the following assumptions. Unless stated otherwise, for a function A
defined on [0, 1], we write || ]loc = sup;¢fo, 17 12 (2)]-

(A1) The function f is decreasing and differentiable on [0, 1] with

inf |f'(t)|>0 and sup |f'(1)] < oo.
t€[0.1] 1€[0,1]
(A2) Let B, be either a Brownian bridge or a Brownian motion. There exist
qg>4,C;>0,L:[0,1] - R and versions of F,, and B, such that

]P(nl_l/q |Fn— F —n" 2B, oL|y >x)<Cyx~1

for all x € (0,n]. Moreover, L is increasing and differentiable on [0, 1] with
infrejo,1) L' (t) > 0 and sup, (9 1) L' (1) < 0.
(A3) There exists Cy > 0 such that forall x >0and ¢t =0, 1,

B[ s (R —F— Ko+ FOP] = <2,
uel0,1],x/2<|t—u|<x n

These conditions are similar to the ones used in [7]. Assumption (A1) is completely
the same as the one in [7]. Assumption (A2) is similar to (A4) in [7], but now we
only require ¢ > 4 and bounds on the first derivative of L. Here we can relax the
condition on g, because in the current situation the error terms have to be of smaller
order than (n/ logn)l/ 3 instead of n!/2 in [7]. The existence of L”, as imposed
in (A4) in [7], is not needed to establish Theorem 2.1. Finally, assumption (A3)
is equal to (A2') in [7]. Assumption (A2) in [7] is no longer needed, since we
are able to obtain sufficient bounds on particular tail probabilities with our current
assumptions (A1)—(A2). See Lemma 6.4 and also the proof of Lemma 6.10 in [8].

A typical example that falls into the above framework is the problem of estimat-
ing a nonincreasing density f on [0, 1]. Assume we observe i.i.d. random variables
X1, X2, ..., X, with common nonincreasing density function f:[0, 1] - R, and
let F;, be the corresponding empirical distribution function. In this case, the mono-
tone estimator J/‘,\, of f coincides with the Grenander estimator. Assumption (A1)
is equal to the ones in [7, 14, 22], and is standard when studying L-distances be-
tween f,; and f. The existence of a second derivative of f is not needed to obtain
Theorem 2.1. In the monotone density model, assumption (A2) is satisfied for all
q > 0, with L = F being the distribution function corresponding to f and B, a
Brownian bridge, due to the Hungarian embedding of [20]. From Theorem 6 in [7]
it follows that assumption (A3) holds in the monotone density model. Another
example that falls into the above framework is the problem of estimating a mono-
tone regression function. Assume for instance that we observe y; = f(i/n) + &;,
i=1,2,...,n, where the ¢;’s are 1.i.d. centered random variables with a finite
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variance o2, and f:[0, 1] — R is nonincreasing. Let F, be the partial sum pro-
cess given by

1 n
F,@) = ;Zyi]lism-
i=1

In this case, the monotone estimator fn of f coincides with the Brunk estimator.
Assumption (A1) is equal to the ones in [6, 7] and is standard when studying
Ly-distances in this model. Assumption (A2) is satisfied for all g > 2 such that
Elg;|? < oo with L(t) = 0%t and B, a Brownian motion, due to embedding of [29].
Thus, (A2) is satisfied in the above regression model provided E|g; |4 < 00. From
Theorem 5 in [7] it follows that assumption (A3) holds in the above regression
model. Other examples of statistical models that fall in the above framework, with
corresponding ¢ and L, are discussed in [7].

The uniform rate of convergence of fn to f for general Grenander-type estima-
tors is given in the following theorem.

THEOREM 2.1. Assume (Al), (A2) and (A3). Let (o), and (By)n be se-
quences of positive numbers such that

(1) an > Kin~'Plogn)™* and B, > Kon~'P(logn) />

for some K1, K> > 0 that do not depend on n. Then,

. 1 1/3
sup  |Folt) — f(0)] = op( Og”) .

r&(en, 1—pn]

The rate in Theorem 2.1 coincides with the one found for the maximum likeli-
hood estimator in a semi-parametric model for censored data by Jonker and van der
Vaart [19], who suggest that this rate should also hold for Grenander’s [10] estima-
tor for a decreasing density. They consider o, > n~1/3 (log n)1/3 and B constant,
which is a slightly stronger assumption than the one in Theorem 2.1. Note that
condition (1) in Theorem 2.1 is sharp. If o, =n~7, for some 1/3 < y < 1, then
n=r)/ 2(}/‘;,(Ot,,) — f(ay)) converges in distribution, according to Theorem 3.1(i)
in [23], so that

(n/logn)' 3| fulan) — f(an)| — o0.

In fact, for sequences (o), such that nl/3 (log n)*3a, — 0, it can be shown simi-

larly that (nay)'/2{ fy(an) — f(an)} converges in distribution, which would yield
(n/logm)'/3| fuan) — f (an)| — 0.
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2.2. Limiting distribution. Whereas the previous theorem only provides a
bound on the rate of convergence, it is nevertheless crucial for deriving the ac-
tual asymptotics of the supremum norm of fa — f on suitable intervals. For this
purpose, we need an additional Holder assumption on f" and L”.

(A4) The function L in (A2) is twice differentiable and there exist Cy > 0 and
o € (0, 1] such that for all 7, u € [0, 1],

2 |f'@—f'®)|<Colu—1" and [L"(u)—L"(®)| < Colu—1|°.

The condition on L” in assumption (A4) is a bit stronger than the one in [7]. This
is needed to guarantee that the difference between the values of L” at ¢ and its
nearest point of jump of fn is negligible. The condition on f” in assumption (A4)
is the same as (4) in [7], who already observed that the existence of f”, as assumed
in [14, 22], is no longer needed. Note that in the monotone density model L” = f/,
in which case (A4) reduces to a Holder condition on f’ only. In the monotone
regression model, L is linear so that (A4) again reduces to a Holder condition
on f’ only.
In order to formulate the limit distribution, we need the following definition:

(3) ¢(c) =argmax{W(t +c¢) —t*}  forallc eR,
teR

where W is a standard two-sided Brownian motion on R originating from zero, and
argmax denotes the greatest location of the maximum. For fixed ¢ € (0, 1), prop-
erly scaled versions of nl/ 3(]/”,\1(1‘) — f(t)) converge in distribution to the random
variable £(0) (see, e.g., [27] or [11]). Moreover, ¢ serves as the limit process for
properly scaled versions of n 1/ 3(U —g) (see, e.g., Theorem 3.2 in [14]), where U
and g are the inverse functions of fn and f respectively, as defined in Section 3 be-
low. Properties of the process {¢(c), ¢ € R} can be found in [12]; for example, the
process {(c), c € R} is a stationary process. According to Corollary 3.4 in [12],
the tails of the density w of ¢(0) satisfy the following expansion:

(4) 11 (t) ~ 2]t exp(=2J11* /3 — k|t])

as |t| — oo, where k and A are positive constants.

We now present the main result of this paper. It states that the limit distribution
of the supremum distance between f,; and f, if properly normalized, is Gumbel.
By x, > y, we mean x,/y, — 00, as n — 00.

THEOREM 2.2. Assume that (Al), (A2), (A3) and (A4) hold. Consider 0 <
u < v <1 fixed. Then, for any sequence of real numbers (a,), and (B,), both

satisfying
3 a,—0, Br—0 and 1—v+ By, u+o,> n*1/3(logn)*2/3,
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we have that for any x € R,

n \\/3 | @) = f @) .
P(I"g”{(logn) et |2f'<z>L/<r)|1/3_"”}Sx)%"p{_e }

as n — oo, where

K 1
(6) Un = —loglogn + log()\nyL)},

1—
21/3(logn)?/3 + logn |:3

I GNG
Cro=2 ( 0 ) ar

and A and « taken from (4).

with

Note that from Theorem 2.2, with u = 0 and v = 1, it follows that for conve-
nient «, and B,

( n )1/3 wp O =JOI _
logn te(an,1—po1 12S (L' ()13

Since both f’ and L’ are bounded from above and bounded away from zero, this
proves that there are positive numbers Cy, C; that depend only on f” and L’ such
that

1+0,(1).

1/3 R
) sup | Folt) — £()] < Ca +0p(D).

€1+ = (1o
te(oy, 1—Bx]

logn

This means that the rate in Theorem 2.1 is sharp.

2.3. Confidence bands. Our main motivation for proving Theorem 2.2 is to
build confidence bands for a monotone function f. Indeed, this theorem ensures
that for any x € R, with probability tending to exp(—e™"), we have

R 1/3
!fnm—f(t)\s(k’ﬂ) \Zf'(t)L’(t)!1/3{Mn+ > }
logn

n

simultaneously for all ¢ € (u + «,, v — B,]. Combining this with either plug-in
estimators of f’ and L’ or bootstrap methods would provide a confidence band
for f, at the price of additional technicalities. Indeed, the use of plug-in estimators
for the derivatives f’/ and L’ may lead to inaccurate intervals for small sample
sizes n, so that bootstrap methods should be preferable. But it is known that the
standard bootstrap typically does not work for Grenander-type estimators; see [21,
30]. Thus, we shall use a smoothed bootstrap, which will raise the question of the
choice of the smoothing parameter. In view of all this, we believe that the precise
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construction of a confidence band is beyond the scope of the present paper and is
deferred to a separate paper.

Note that the conditions of Theorem 2.2 do not cover the supremum distance
over the whole interval [0, 1]. However, this is to be expected. For instance, con-
sider the monotone density model. This model is one of the examples that is cov-
ered by our general setup (see Section 2.1) and it is well known that the Grenander
estimator f;, in this model is inconsistent at 0 and 1 (e.g., see [32]). Therefore, a
distributional result can only be expected if the supremum is taken over subinter-
vals of [0, 1] that do not include O and 1. Let us notice, however, that we can obtain
a confidence band for f on any sub-interval (u, v] with fixed u, v € (0, 1) (by con-
sidering o, = B, = 0), and that the largest interval on which our result allows to
build a confidence band is (a,, 1 — Bn], Where o, > n~Y/ 3(log n)~2/3 and simi-
larly, B, > n~'/3(logn)~%/3. In order to obtain a confidence band on the whole
interval [0, 1], we would have to slightly modify the Grenander-type estimator ﬁl
in order to make it consistent near the boundaries. For instance, we conjecture
that, if we consider either the modified estimator in [23] or the penalized estimator
in [32] instead of ﬁ, then the limit distribution of the supremum distance between
this modified estimator and f over the whole interval [0, 1] is the same as the limit
distribution of the supremum distance between f. and f over the largest interval
allowed in Theorem 2.2. Thus, such modified estimators would provide a confi-
dence band for f over the whole interval [0, 1]. As mentioned above, the precise
construction of confidence bands is deferred to a separate paper, and we will do
similarly with the precise study of modified estimators at the boundaries.

3. The inverse process. To establish Theorems 2.1 and 2.2, we use the same
approach as in [6, 7, 11, 14]. We first obtain analogous results (i.e., rate of conver-
gence and limit distribution) for the supremum between the inverses of ﬁ, and f,
and then transfer them to the supremum between the functions ﬁ and f them-
selves. Let Fn+ be the upper version of F;, defined as follows: Fn+ (0) = F,,(0) and
for every t € (0, 1],

F,f (1) = max| Fy (1), lin Fyw)}.

Let U,, denote the (generalized) inverse of fn, defined for a € R by (7,, (a) =
sup{r € [0, 1]: ﬁ(z) > a}, with the convention that the supremum of an empty
set is zero. This is illustrated in Figure 1 below. From Figure 1, it can be seen that
the value t = U, (a) maximizes Fn+(t) — at, so that

7 U,(a) = argmax{F," (t) — at}.
tel0,1]

The advantage of characterizing the inverse process U, by (7), is that in this way,
it is more tractable than the estimator f;, itself, as being the argmax of a relatively
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[ : | |

F1G. 1. The function F,;" , its concave majorant (dashed) and a line with slope a (solid).

simple process. It is the purpose of this section to establish results analogous to
Theorems 2.1 and 2.2 for the inverse process.

Let g denote the (generalized) inverse function of f. In Theorems 3.1 and 3.2,
we give an upper bound for the rate of convergence of U, to g, and an extremal
limit result for the supremum distance between U, and g. We derive the limit
distribution of the supremum distance between U, and g in Corollary 3.1.

THEOREM 3.1. Assume that (Al) and (A2) hold. Then
logn ) 1/3

suﬁlﬁn(a) —gla)|= 0p<

THEOREM 3.2. Assume that (A1), (A2) and (A4) hold, and define for a € R
the normalizing function

_ '@
AL/ (g3’

Let 0 <u < v <1 fixed, and let (o), and (B,)n be sequences such that o, — 0,
Br— 0and 0 <u + o, < v — B, <1 for n sufficiently large. Define

®) A(a)

©) Sp=n'? sup A@)|Un(@) — g(a)].
a€lf(w—Bn), f (utan)]
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Then

VAOIRE
(10) P(Sy sun>—>eXP{—2f ’ Wd’}

1/3

for any sequence (un), such that u,, — oo in such a way that n'/°> u(u,) — t > 0,

where | denotes the density of £(0), as defined in (3).

The expansion in (4) allows us to provide a precise expansion of u, [see (34)]
and to derive the following corollary from Theorem 3.2. According to this corol-
lary, the limit distribution of S,, is Gumbel.

COROLLARY 3.1. Assume that (A1), (A2) and (A4) hold. Let S, be defined
by 9), with 0 <u <v <1, and «,, B, satisfying the conditions of Theorem 3.2.
Then, for all x e R,

2 1/3
P{logn{(—) Sn — Mn} SX} — exp{—e "},
logn
where L, is defined by (6).

In order to transfer the results for ﬁn to ﬁ, we establish Lemma 5.2. This lemma
does require conditions on sequences s, =u + o, and ¢, = 1 — v + B, that are
stronger than the ones in Theorem 2.2. However, once we have established the limit
distribution for such sequences, we will show that Theorem 2.2 can be extended to
more general sequences satisfying (5).

4. Proofs of Theorems 3.1 and 3.2 and Corollary 3.1. We suppose in the
sequel that assumptions (Al) and (A2) are fulfilled, and we denote by C, Cy,
C», ... positive real numbers that depend only on ¢, C,, f, L [and possibly on o
under the additional assumption (A4)]. These real numbers may change from one
line to the other. We write x V y = max(x, y) and x A y = min(x, y), for any real
numbers x and y.

In order to deal simultaneously with the cases where B,, is a Brownian bridge or
a Brownian motion [see assumption (A2)], we shall make use of the representation

1D By (t) = Wy (t) — &nt, 1 €0, 1],

where W, is a standard Brownian motion, &, = 0 if B, is a Brownian motion and
&, = W, (1), a standard Gaussian variable that is independent of B,,, in case B, is
a Brownian bridge. To prove Theorem 3.1, we need some preliminary results on
the tail probabilities of U, — g and its supremum. These results can be found in
Supplement B in [8]. A first result, which is similar to Lemmas 2, 3 and 4 in [7],
is that there exist C; > 0 and C» > O such that foralla €e R and x > 0,

—~ Cinl—4/3
12 P00 - g@] > x) = T +2exp(—CaxY).
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In particular, for all a € R, this implies that ﬁn(a) —gla) = Op(n_l/ 3). See
Lemma 6.4 in [8]. This is not sufficient to obtain Theorem 3.1, but it will be used
for its proof.

PROOF OF TAHEOREM 3.1. Recallthat g(a) =1foralla < f(1), g(a) =0 for
a > f(0) and U, is nonincreasing and takes values in [0, 1]. Hence, we can write

(13) sl;%)u?n(a) —g@)| =Ua(f (D) —g(f(D)]
and
(14) 81}120)|l7n(a) —g@| =T (f(0) — g(f(O)].

This means that

sup|Uy(a) —g(@)|=  sup  |Un(a) —g(a)|.
aeR ac[f(1), f(0)]

Therefore, to prove Theorem 3.1 it suffices to show that

~ logn\!/3
sup (D@ — g(a@)] = 0, (") "
ag[f(1), f(0)] n

According to Lemma 6.5 in [8], the bound in (12) can be extended such that for

any x > 0,

~ logn\ /3

P s (O - gt = x(<20) )
aelf(1),f(0)] n

~ Cin'=4/3 Cox?
Y 1/3<— p—Cax )
=Czn ¥24 (logn)24/3 +2n )

where 53 = C3{f (1) — f(0)}. The latter upper bound tends to zero as n — oo
for all x > (3C>2)~!/3 since ¢ > 4 by assumption. This completes the proof of
Theorem 3.1. [

We suppose in the sequel that in addition to (A1) and (A2), assumption (A4)
is fulfilled. The first step in proving Theorem 3.2 is to approximate an adequately
normalized version of ﬁn (a) by the location of the maximum of a Brownian mo-
tion with parabolic drift. To this end define

(15) Va(a) =n'3(L(U,(a*)) — L(g(a))),
where

(16) a* =a—n"1%g,1'(g(a) forallaeR,
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with &, taken from representation (11). Then for 0 <u < v <1 and «,,, B, satisfy-
ing the conditions of Theorem 3.2, we obtain

Sa v 0,(1) Aa)
= sup o
o aelf =B, f utay)] L' (8(@))

+ 0, (" (logn)*?) + 0, (n /%),

where S, is defined by (9), and o € (0, 1] is taken from (A4). See Lemma 6.6
in [8].

Next, we proceed with localization. The purpose of this is that localized ver-
sions of V,(a) and V,,(b), can be approximated by independent random variables,
if a and b are in disjoint intervals that are suitably separated. First note that the
location of the maximum of a process is invariant under addition of constants or

Va(@)] v 0,(1)

multiplication by n%/3. Therefore, from (7) it follows that for all € R we have
7 Vi (a) = argmax{Wy(4)(t) + Dp(a,t) + Ru(a, 1)},
tel,(a)
where
(18) Ii(@) = [n'(L©O) - L(g@)).n" (L) - L(g@))]

for every s € [0, 1] fixed, W; is the standard Brownian motion defined by
(19)  Ws(t) =n"®{W,(L(s) +n""3t) = W,(L(s))}  forteR,
with W,, defined by (11), and
Dy(a,t) =n*(Fo L™ —aL ™) (L(g(@)) +n~ 1)
—n**(F(g(@)) — ag(a),
Ru(a,t) =n*(a —a®) (LY (L(g(a)) +n~131) — g(a))
—n V0%t + Ry(a, 1),

(20)

where &, is taken from representation (11), and for all @ and ¢,
1) |Ru(a,0)| <n*?|Fy —F —n"'?B,oL]|.
For all a € R, we define the localized version of V,,(a) by

(22) Val@)= argmax {Wy)(t) + Du(a,t) + Ry(a. 1)}
tel,(a):|t|<logn
We find that
A(a)
sup ————|Va(a)|
aelf (=P, futa,)] L'(g(@))

A(b(a)) - B
= sup ——————|V,(a)| + 0p(logn) >/
aclf w—pu). futan)] L'(8(b(a)))
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for any b(a) € R that satisfies |a — b(a)| < n_1/3(10gn)2. See Lemma 6.7 in [8].
Finally, using the fact that, roughly speaking,
|/ (g(@))] 2 |/ (g(®))] 2
2(L'(g(a)))? 2(L'(g(b)))?

for all b close enough to a, we bound | Vn (a)| from above and below by the absolute
value of the following quantities:

Dn(a’t) ~ =

|f'(g®)] 2€n)t2}

~ 4 _ N
@ Fan= amme W)~ (5

tely(a):|t|<logn

and

- _ |/ (g®))] 2}
oo Fran= s (Ve - (3 g0 + )
where [, (a) and Wy () are defined in (18) and (19), b is chosen sufficiently close
to a, and where (€,), is a sequence of positive numbers that converges to zero as
n — 0o, which is to be chosen suitably. The purpose of this is that when we will
vary a over a small interval and fix b to be the midpoint of this interval, we will
obtain variables \7”+ (a, b) that are defined with the same drift,

_( /Bl 26’1)&
2(L'(3(b)))?

and the Browian motion W, ) only depending on a. The case of Vn_ (a, b) is sim-
ilar.

For 0 <u <v <1, and «,, B, satisfying the conditions of Theorem 3.2, we
obtain

A(b(a)) S 4 —2/3
S, < — |V (a,b 0,(1) +0,( ,
= s sy g tany | 7 (@ D@ Op(D +opliogn)
and
SuV 0,(1) > sup MW;@, b(a))| + o, (logn) %3

ae[f-(v_ﬁ)l)’f(u+all)] L/(g(b(a)))

for any b(a) € R that satisfies |a — b(a)| < n_1/3(logn)2, where §,, is defined
by (9) and €, = 1/logn in (24) and (23). See Lemma 6.8 in [8].

Note that in order to obtain the above approximations, we use the following
lemma, which is a variation on Lemma 2.1 in [23]. Although very simple, it turns
out to be a very useful tool to compare locations of maxima.

LEMMA 4.1. Let I C R be an interval. Let g and Z be real valued functions
defined on I such that there exists y > 0 with

gu) < g(v) forall u, v such that \u| > |v| + y.
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Assume that both sup,.; Z(u) and sup,c{Z(u) + g(u)} are achieved. Denoting
by argmax an arbitrary point where the maximum is achieved, we have

’argmax{Z(u) + g(u)}‘ < ‘argmax{Z(u)}‘ +v.

uel uel

PROOF. Suppose the maximum of Z is achieved at v € I, so that Z(u) < Z(v)
for all u € I. It is assumed that for all u € I such that |u| > |v| 4+ v, we have
g(u) < g(v). Therefore,

Z(u)+gu) < Z(v) +g(v)

for all u € I such that |u| > |v| + y. It follows that the maximum of Z + g cannot
be achieved at such a point #, which means that

‘argmax{Z(u) + g(u)}’ < v +vy.

uel

This completes the proof by definition of v. [J

To relate the suprema of ‘7"+ and an with maxima of independent random vari-
ables, we will partition the interval [ f (v — B,,), f (4 + ;)] into a union of disjoint
intervals A; and B; of alternating length, and a remainder interval R,, in such a
way that the length of the small blocks A; is

21 f llow

(25) =
" inf,0,17 L' (1)

n~1/3 logn,

and the length of the big blocks B; is L, = 2n~!/3(logn)?. More precisely, for
i=1,2,...,K,, where

06) K, — [f(u +aln)+—Lf<v —m} L
let
o Ai=[fw—=B)+G—DUp+Ly), fw—Bu)+ily+ (i —1L,],

B; = [f(U —Bn) +ily + G =1Ly, f(v—Bp)+illy +Ln)],

and let R, = [f(v — B,) + K, (L, + L), f(u + a,)], so that [, + L, < |R,| <
2(, + L,) and

K, K,
(28) [f = Bn). flu+an)] = (U A,-) U (U Bi) UR,.
i=1 i=1

Now, suppose that 0 < u < v < 1, and «,,, B, satisfy the conditions of Theorem 3.2
and let (¢;);en be a sequence of independent processes, all distributed like ¢ given
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in (3). Then, using scaling properties of the Brownian motion, we can build (pos-
sibly dependent) copies (;;1)), (;;2)) of (¢)ien, such that

S,V O,(1
(29) VO _ 51(31) v Sf) v o,(ogn)'/3 -2/3,

Sp<—n Ot 1
B=1500/10gn) = +op(logn)

where

SpL max  sup |¢i(c)| and Sg)g max  sup |V ()
1=i=Kn ce[0. M) S (A

’

ng) d

Il
&
]
w2
c
o
o~
~
S
~

with K, defined in (26) and where uniformly in i,

L'(gb)) f' (g |~

Ain = (14 0(1))(logn)? 5 :

and 0 < §;, < Clogn, for some C > 0, where b; denotes the midpoint of the inter-
val B; defined in (27). See Lemma 6.9 in [8] for a rigorous proof of (29). The fact
that i > 2 in the definition of SE\Z) is due to the fact that the first small block A; has
to be treated separately.

At this stage, we need a precise control of the tail probabilities of the supremum
of the limiting process ¢ over increasing intervals. Specifically, in Supplement A
of [8], we obtain the following slight variation on Theorem 1.1 in [16]. Suppose
8y — 00, T, — 0 and u, — oo, in such way that u, /5, — 0, §,u(u,) /7, — 1,
and log(t,)/8> — 0. Then

log P(sup,.c(o,5,1 15 ()| < un) _

(30) o,

1| — 0.

See Lemma 6.3 in [8] for a rigorous proof.
We are then in the position to establish Theorem 3.2 and Corollary 3.1.

PROOF OF THEOREM 3.2. Let (u,), be a sequence such that u,, — oo in such
a way that
(31) n1/3,u(un)—>t >0,

where p is the density of ¢(0). We will bound P(S,, < u,), where §,, is defined
by (9), from above and below by means of (29). Write

1
S1= max  sup ki( )(C)|’
1<i<K, cel0,A;,]

2
So = max  sup ‘;i()(cﬂ.
2<i<K, cel0,6;,]
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Then, according to (29)
P(S, <up) =P((14 0(1/logn)){S1V S2V On}+ Ry < uy),

where Q, = op(logn)l/3 and R, = op(logn)*zﬂ. Define the event E, =
{(logn)?*/*|R,| < 1}, then P(ES) — 0, so that

P(Sy <up) >2P(S1 VS v On < vy) +o(1)

=P(S1 vy, $2 < vp, @ S vp) +o0(1),

where

un — (logn)=2/3

_ ~2/3
14 O((logn)~1)

Un ~ u, — (logn) as n — oo.

From (4) and (31), it is easily verified that u,, is of order (log n)1/3 [see also the
expansion (34) below] and that

(32) n]/3u(vn) — T.
Therefore, since P(Q, < v,) — 1, we have
P(Sy <up) =P(S1 < vp, S2 < vy) +o(1).

We will investigate P(S] < v,) and P($> < v,) separately.
Since the processes g“i(l) are independent copies of ¢,

Kﬂ
P(Si <v,) = HP( sup

t(0)] < vn>-
i=1 cel0,A;,]
Foreachi =1,2,..., K, fixed, we apply (30), with

L'(g(b:) f'(g(bi))
2

—1/3
Ajn = (1+0(1))(logn)*

9

which is of the order (log n)2 uniformly in i, and t;, = TA;n~ 13, where the
b; are the midpoints of the K, big blocks B;. The b; are equidistant at distance
I, + L, =2n"'3(ogn)?(1 + O(logn)~"). Since 1;, — 0 uniformly in i and v,
is of order (log n)1/3, we conclude that

K»
HP( sup \C(C)|Svn)
i=1

c€[0,Ai,]

K

- ]_[ exp(—27in (1 + 0(1))),

i=1



1594 C. DUROT, V. N. KULIKOV AND H. P. LOPUHAA

where the small o-term is uniform in i. Therefore,
Ky

[TP( sup [c@] <)

i=1 cel0,A;,]

Ky 2n~13(logn)?
=expy =21 +0o(D)T ) o o e )13 }

i=l

2 /f(u) ! db}+ (1)
P i AL GO £y B T
_ A OIES
=eXp —27 ; Wdt}+0(l)

It follows that
v (¢ 2/3
SO t}.
u (4L ()73
The probability P(S> < v,) can be treated in the same way:

P(S; <v,) — exp{—2r

K,
PSS, <vy)=||P( sup [¢(c)|<w
? ! 11:[1 <C€[Ovls)in]‘ ‘ n)

Ky
= exp{—Z(l +o(1))t Za,-nn—l/3} -1,
i=1

since, according to (29) and (26),
Ky
> 8iun'? < Cn7PK, logn = O(logn) ™.
i=1

This yields that

P(Sy <) <P max  sup [6(0)] < va)+o(D),
1=i=Kn ce[0,A,,]
where v, satisfies (32). This probability can be treated completely similar to
P(S1 < wvy,), so that

{_Zr VOIS }

li P(Sy <up) < ———
imsupP(S, <u,) <exp . GL)IP

n—oo

This proves the theorem. [J
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PROOF OF COROLLARY 3.1. Let (u,), be a sequence such that u, — 0o in
such a way that n'3u(u,) — v > 0, as n — oo. Taking logarithms in (4), we
conclude that (u,), should satisfy

1 2
(3)  slogn+logu, — Su) —cu, —log— +o(l)  asn— oco.

3 " 2
This means that —Zu;’, /3 is the dominating term, which should compensate
(logn)/3. Therefore, if we write u, = 2_1/3(10gn)1/3 + §,,, where §, =
o(log n)'/3, and insert this in (33), we obtain

1 logn\!/3
—logn + log (T + 6n

3
2 (logn logn\?/3 logn\'/3 2 3 logn\'/3
—g{ > +3< > ) 8n+3( > ) 5n+8n}—/<( > ) — Ky

T
=log — 1).
og%—i-o()

Tedious, but straightforward computations first yield that §,, — 0 and then that
K —1/3 4173 —2/3
Op = —m(log n) + T(log n) loglogn

,naflogt  log(2r) 4173 _
— (logn) 2/3[21/3 BV + g 10g2}+0(10gn) 213,
If we put t4=1/3C1 =e ™, or —logz = x +log C s, — (2log2)/3, this implies
that

1 13 K L 4P —2/3
Uy = W(log n)y’° — m(log n) + T(log n) loglogn

(34)
_ x+logCyr; logh _
+ (logn) 2/3< 2173 ! + 21/3>+0(10gn) 2/3,

If we also write u,, = x/a, + b, + o(log n)_2/3, with
an =23 logn)*3,
b - (logn)'/3 B K . 413 1oglogn log(ACy )
S IVE (4logn)!/3 ~ 6(logn)?/3  21/3(logn)?/3’
then (10) is equivalent to P{a, (S, — b,) + o(1) < x} — exp{—e™*}. Finally, it is
easy to see that

7 \1/3 7 \1/3
an (S, — by) = logn{<—> Sp — ( ) bn}
logn logn

7 \1/3
=logn{< ) Sn—un}.
logn

This proves Corollary 3.1. [
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5. Proof of Theorems 2.1 and 2.2. We suppose in the sequel that assump-
tions (A1), (A2) and (A3) are fulfilled. As before, C, Cy, C3, ... denote positive
real numbers that depend only on g, Cy, f, L, Co, and possibly also on o under
the additional assumption (A4). It follows from the definition of f,, that it can be
discontinuous only at the jump points of F,. In particular, the number of jump
points of ﬁ is finite. In the sequel, we will denote this number by N, — 1 (note
that N, > 1). Moreover, we set 79 =0, Ty, = 1, and in the case where f";, has at
least one jump point, that is, N,, > 2, we denote by 7; < --- < ty,—1 the ordered
jump points of f.

To prove Theorems 2.1 and 2.2, we need a precise uniform bound on the spac-
ings between consecutive jump points of fu. This is given by the following lemma.

LEMMA 5.1. Assume (Al) and (A2). Then

logn)l/3

n

(35) max |t —Ti—1| = 0,,(

1<i<N,

PROOF. It follows from the definition of ﬁ and U, that these functions are
nonincreasing left-continuous step functions with finitely many jump points, and
that the maximal length of the flat parts of ﬁ is precisely the maximal height of
the jumps of U,,. Therefore,

max |t; — Tj_ 1|_sup‘th (b) — U (a)‘

I<i<N, ae]R

Using the triangle inequality, it follows that

max | —7i1] < sup{[lim 0, 5) — g @) + |On(a@) — g(@)| |

1<i=Ny aeR

But g is continuous on R, so that Theorem 3.1 implies that

logn 173
max |t — -] < 2sup|Uy(a) — g(a)|=0p( " ) ,

1<i<Ny aeR

which completes the proof. [J

REMARK 5.1. Lemma 5.1 together with the identity 1 = va:"l(fi - Ti—1),
implies that 1/N, = O, (n=1/ 3(log n)li3 ). This gives some idea about the order of
magnitude of the number of jumps of f,. Further investigation is needed to obtain
a sharp upper bound, and we conjecture that it is of order n'/3. This rate is also
claimed in Theorem 3.1 in [13].

We will also need a bound on the mean absolute error between ﬁ and f. In Sup-
plement C in [8], we reprove Theorem 1 in [7] under slightly weaker assumptions;
that is, there exists C > 0 such that

(36) E|fu(t) — f()| < Cn™'/3
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forallz € [n~1/3,1 —n=1/3] and

(37) E|fut) = f@)] < C[n(t A (1 = 0)]7?

forallz € (0,n~'3JU[1 —n""/3,1). See Lemma 6.10 in [8].
Note that the number of jump points of U, is precisely the number of flat parts
of f,, thatis N, and denoting by y; > - -- > yy, the jump points of U,, we have

(38) vi=fa(ti) and i =U,(y;) fori=1,2,...,N,.

We will show that in order to study the supremum of | fa — f| over an interval,
we can restrict ourselves to the situation where the boundaries of the interval are
jump points of ﬁl and where the values of ﬁ stay in (f (1), f(0)). Indeed, in
order to relate the supremum of |ﬁ, — f| to the supremum of |U, — g|, we need to
employ the identity y; = f(g(y:)), for y; = fn(r,-), so we need to make sure that
fn(r,-) € (f (1), £(0)). To this end, define for any ¢ € (0, 1)

(39) i1(t) =min{i €{1,2,..., N,} such that 7; > ¢}
and
(40) ir(t) =max{i €{0,1,..., N, — 1} such that 7; < 1 —¢}.

For any ¢ such that n'3t > oo and n'/3(1 — r) > oo, we establish the order of

the difference with neighboring points of jump of fn that is,
(41) =1+ 0y(n""")

fori =iy(¢) —1,i1(¢),i1(t) + 1, and similarly for 1 — ¢,
(42) Ti=1—140,n""'7)

fori =iy(t) — 1,ip(t),in(¢t) + 1. See Lemma 6.11 in [8]. Note that if there are no
jumps on the interval [s, 1 — 1), then 7;,(s) > Tj,(;). This may happen if the length
1 —t — s of the interval tends to zero too fast. However, if

(43) n'3s — oo, n'3t > 0o
and

(44) n'31—t—s)—> o0,

then

(45) P(s <7t <Tii) <1—1)— 1.

See Lemma 6.12 in [8]. According to Lemma 6.13 in [8],

P(y; < f(0) foralli >ij(s)) — 1,
(46)
P(y; > f(1) foralli <ix(r)) — 1,
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whenever (44) holds, which ensures that fn(r,-) € (f(1), £(0)) simultaneously for
various i’s, with probability tending to one.
We are then in the position to prove Theorem 2.1.

PROOF OF THEOREM 2.1. First, we establish the result for sequences o, = s,
and B,, = t,, that satisfy (43) and (44). For the sake of brevity, write i1 = i;(s,) and
i» = ip(t,). Define the event

En:{snffilffi2<l_tn}

N{y; € (f(), £0)) foralli =iy, ...,is}.

Then according to (45) and (46), we have P(E,,) — 1, so we can restrict ourselves
to the event E,. We have

sup | fu(u) — f ()]

(47)

ue(sy,1—t,]
< max_ sup [fu(u) = f@)|+ sup  [fu(w) — f).
=it ye(n_y,g) ue(tiy, 1-tyl
Recall that ﬁ is constant on every interval (t;_1, 7], fori =1,2,..., N, — 1.

Moreover, f’ is bounded. Using the triangle inequality, it follows that

sup | fuw) — f)| = sup |fu(m) — f(w)|

ue(ti—1,7] ue(ti-1,7]

< |fulm) — f()| + 1 ool Tio1 — il
foralli=1,2,...,N, —1and
sup [ () — F)| < | fa(l =) = £ = 1) + | f | oo |Ti — Tirta -

ME(T,‘Z,I—["]
From (43) and (44) wehave 1 —1, € [n=1/3,1—n"1/3], for large enough 7, so (36)
ensures that fn(l —ty)—fA—-t)=0 (n_1/3) Using (35) and (38), it follows
that

logn\!/3
up [ Fow) = f@] = max |Fum) — £+ 0, (<27
ue(sy,1-t,] e n
~ logn\!/3
= max [y = £ 0 Du() |+ 0 .
=i1,..502
On the event E,, we have y; = f o g(y;), foralli =iy, ..., i, and therefore

) R 1 13
sup | fuG) = f @] = /'], _max |g(ri) - U"(V")”OP(Ofn)

ue(spy,1=t,  Flhes

~ logn\!/3
< ||f/||oosu£|Un(a)—g(a)|—i-Op( f > .
ae
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Theorem 2.1, with «,, = s, and 8, = ¢,, satisfying (43) and (44) now follows from
Theorem 3.1.

It remains to extend the result to more general sequences «, and §,. For this
purpose, define s, = n~!/3(logn)!/%. In view of the foregoing results, we know
that

_ logny /3
(48) sup |fn(r)—f(t)|:0,,(°§”> .

te(sy, 1—s,]
Suppose o and B, satisfy (1). Let us notice that SUD; ¢ (e, 1— ] |ﬂ(t) — f()]
decreases when either o, or 8, increases, so that we can restrict our attention
to small values of o, and B,. Without loss of generality we may assume that
o, <n 13 <s,and B, <n=1/3.
We then use the following property of nonincreasing functions /1 and 4, on an
interval [a, b]:

sup |hy (1) — ha(1)|
tela,b]

< |n1(a) = ha(@)| V [h1 (D) — ha(b)| + |h2(a) — ha (D).

(49)

See Lemma 6.1 in [8]. Since ﬁ, and f are both nonincreasing, according to (49),
we have

sup | fu(t) — f(0)]

te(an,snl

< | Fulan) = f@)| V[ £(s0) = Fals)| + [ o Gn — )

Because s, € [n71/3,1 — n=1/3], it follows from (36) and (37) that f(s,) —
Fa(sn) = 0,(n3) and fy(an) — f(an) = O,((na,)~'/?), which is of the or-
der 0p(n_1/3(logn)l/3), as we have assumed that o, > Kln_1/3(logn)_2/3. We
conclude

. 1 1/3
sup \fna)—f(r)\:op("f”) .

te(an,snl

Similarly, we obtain

~ logn\!/3
sup !fn(t)—f(t)|=0p( : )

te(l_anl_ﬁn]

and therefore,

logn)l/3

n

swp |F0-s0l= s (70— 0] vo,(

te(oy,1—pBx] te(sp,1—s,]

Theorem 2.1 now follows from (48). [
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To prove Theorem 2.2, similarly to the proof of Theorem 2.1, we first establish
the result for sequences s, =u + o, and t, = v — B, satisfying (43) and (44), and
then extend the result to more general sequences. The first step is to prove that
the behavior of supremum over the interval (s,, 1 — #,] is dominated by that of
the largest interval between two jump points of f,; contained in (s,, 1 —¢,]. For
this task, we make use of the notation t;, ¥;, i1 and i»> as introduced in (38), (39)
and (40), and for ¢ € [0, 1], we define the normalizing function

(50) B(t) = (4] 0|L' @)~

It is easy to see that under assumptions (A1), (A2) and (A4), there exists Co > 0
and o € (0, 1] such that

(51)  |A@)— A@)| <Colu—v|° and |B(u)— B()| < Colu —v|°

for all u, v € [0, 1], where A is given by (8). Recall that by convention, the supre-
mum of an empty set is equal to zero.
For s, t that satisfy conditions (44) and (43), we first obtain
sup B[ fu(w) — f ()|

ue(s,1—t]

=  sup  BW|fiw) — f@)|v 0,n173).

UE(Tiy (5):Tin(1)]

(52)

See Lemma 6.14 in Supplement C in [8]. We are then able to make the connection
between U,, and f;,.

LEMMA 5.2. Assume (Al), (A2), (A3) and (Ad). Let0 <s <1 —t < 1, pos-
sibly depending on n, such that s, t satisfy conditions (43) and (44). Then

sup  B(w)| fu(u) — f ()|

ue(s,1—t]

. logn (@+D)/3
= sup A(a)|Un(a) - g(a)| + Op( >
ac[f(1—1),f(s)] n

for some o € (0, 1].

PROOF. Again write i1 = i(s) and i» = i>(¢). We first decompose the supre-
mum into maxima of suprema taken over intervals between succeeding jump
points of f;,:

sup B)|fuw) — f)|= max  sup  B)|fulw) — f)|.

u€ (T Ti,] i+lsisioye(r_y,5)

Then, by Theorem 2.1 and (35), we have that

) ~ . 1/3
wp [Fi—fwl= s |- fal-0,(2)"

ue(r,-l,tiz] ue(s,1—t]
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Thus, we obtain by means of (51) and the triangle inequality that

sup  B(w)| fu(u) — f W)

ue (T, Ti,]

= max B() sup |fn(u)—f(u)|+0p< "

fi+l=i=iy ue(ti-1,7]

By monotonicity of f, we have forall i1 + 1 <i <,

sup | () — F@)| = | fu(m) = F@)| V| falti) = f(@mio1).

ue(ti-1,7]

Hence, with (38) we arrive at

sup  Bw)| fu(w) — f ()|

ue(T Ty ]

= max B(t;) {|Vz f(Ti)|V{J/i—f(Ti—l)|}+0P<

i1+1<i<ip

1601

On the event E, of (47), we can write y; = f(g(y;)) foralli =iy +1,...,102,

which, in view of (38), implies that

lvi — F@)| = 1gi) — U] - | 165
lvi — f@i—)| = eWi) — Unizn)| - | £/ 612)]

for some 6;1 between g(y;) and ﬁn(yi), and 6;p between g(y;) and ﬁn(y,-_l).

By (46), Theorem 3.1 and (2), it follows that

R , logn (c+1)/3
53 I = F@l=le0n — a1 ) |+ 0, (2" )
By (38), (35) and Theorem 3.1, we have that

max |g(yi) — Un(yic))| = max |g(yi) — Up(y) + 7 — i1

i1+1<i<ip i1+1<i<ip
~ logn\!/3
(54) < sup|g(a) — Un(a)| + O,
acR n
1 1/3
_ 0p< 0g”> :
n

so that similarly as above,

7= @0l =g = Tt - £ (200)| + 0, (2

logn)(0+1)/3
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It follows that
sup  B(u)| fu(u) — f(w)]

MG(T[I ,Tiz]

=, max  B(@)| £ (gm){ls00) = Ua O] VI = Unri-n}

logn (c+1)/3
+O0p ; .

In order to replace B(t;) by B(g(yi)), we first note that (51), (53) and Theorem 3.1
imply that uniformly in i,

|B(t;) — B(g(y))| < Colti —g(i)|°

logn\°/3
< Collg I%1 )~ il = 0, (=)

By definition of A and B, we have A(a) = B(g(a))|f'(g(a))|, for all a € R, so
from Theorem 2.1 and (54), we conclude that

sup  B@u)| fu(u) — )]

UE(Ti|, Tyl

= max  A()|g) — Ua()| v ,, max A(Vz+1)|g(yz+1)—Un(yz)\

i1+1<i<ip

logn (c+1)/3
+0,,< : ) .

By the triangle inequality, on the event E, of (47) we can write

Vit1 — vil < | | Mg @ien) — Ua )| + e i) — Un(v)|}
forall i; <i <iy — 1, so that Theorem 3.1 together with (54) implies that

logn 173
(55) max |y,-+1—m|=0p( : ) .

1<i<ip—1

Together with (51) and (54), this allows us to replace A(y;+1) by A(y;), so that
sup  B()| fu(u) — f ()|

ue (T, Ti,]

=  max A(y,)|g(y,)—U(m|v max_ A(yi>|g<y,~+1>—l7n(y,-)|

i1+1<i<i

IOgl’l (c+1)/3
+ Op .

n

Now, recall that ﬁn is constant on intervals (y;+1, ¥i], and g is monotone. This
implies that

sup  |Un(a) — g@)| = U (vi) — g vV |Un(vi) — g(viz1)-
a€(Vi+1,Yil
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Therefore, taken into account joint indices, we find that

sup  B(u)| fu(u) — f(u)|

MG(Til,Tiz]
= max A@) sup |Un(a) —g(a)
iitl=i=i—l ac(yiv1,vil
V AW eWi) — Un(vi)| vV Ai) e i +1) — Un (i)
logn\ @73
+o,,( : ) .

Next, consider the term A(y;,)|g(Vi,+1) — ﬁn(yil)|, and let € > 0. According
to (43) and (41), there exists C > 0 such that P(/,) > 1 — €, for n sufficiently
large, where I, = {1;, —s < C n~!/3}. By monotonicity, we have on this event
that y;, = ﬁl(til) is between ﬁ,(s +Cn=13) and f;(s), which are both equal to
fs)+ 0,,(n_1/3) by (36). A similar argument holds for y;, 41, so that

Yi, = f(s) + Op(n_1/3) and

Virs1 = £ (s) + 0,(n~173).

Together with (38) and (46), this implies

(56)

8Wir+1) — Un ()| = [8(vin+1) — 8(F (7))
< |8l solvir+1 = £ ()]
=gl £ () = f(i)| + Op(n™'7)
<8 laoll f laols = il + 0p(n ') = 0, (n'77).

Similarly, it follows that

(57) 18(in) = Un(vin)| = 0p(n™'7),

since by the same arguments as above, y;, = fn(t,-z) is between fn(l —t) and
fn(1 —t — Cn~1/3) with probability greater than 1 — €, and both terms are equal
to f(1—1)+O0p (n—1/3). Since A is bounded, we conclude that

sup  B()|fu(u) — f ()|

ue(Ti), iy

= max A(y) sup |l7n(a) —g@)|v OP(n_1/3)

ii+l=i=ip—1 a€(yi+1,vil

1Ogn>(0+1)/3

0
+0,(*%
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To replace A(y;) by A(a) for a € (yi+1, vi], we use (55), (51) and Theorem 3.1.
Together with (52), we conclude that

sup  B(w)| fu(u) — f ()]
ue(s,1—t]

(58)

= sup A(a)\ﬁn(a)—g(a)yvop(n—1/3)+0,,<n

ae(yizvyil‘H]

It remains to extend the latter supremum to the interval [ f(1 —t), f(s)]. We have

sup  A@)|Un(@) —g@)| <lAlle  sup  |Un(a) — g(a)|.
a€lf(1-1),yi,] aclf(1=1),%i,]

According to (49),

sup  |Un(a) — g(@)| < |U.(F(1 = 1)) —g(f (1 —1)|
a€lf(1=1),yi,]

VTn (i) — i) |+ & | oo lvis — F(1=1)].

Similarly to (56), we can write y;, = f(1 — ) + O,(n~'/3). Together with (12)
and (57) we obtain

sup ]l?n(a) —ga)|= 0p(n_1/3)
ael f(1-1).7;]

and likewise,

sup  |Un(a) — g(@)| = 0,(n"'?).
a€lyij+1.f(s)]

From (58), we conclude that

sup  B()|fu(u) — f ()|
ue(s,1—t]

(59)

’

_ logn\ @173

= s A@[Du@ - g@] v Ry + 0,22
aclf (@), f(s)]

where R, = OP(n_1/3). We have

P( sup  A@[Tu@) —g@| VR #  sup  A@|Ta(@) - g()])
aclf (), f ()] ac[f (0, f ()]

<P(R,z= s A@|Tx@ —g@)).
aglf (), f()]

But it follows from Corollary 3.1 that

logn)_l/3
n

sup  A(a)|Un(a) — g(@)| =273 +0,(1).

(60) (
aelf(t), f(s)]
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Since R, = 0,((n/log n)~1/3), it follows that the latter probability tends to zero
as n — 00. The lemma now follows from (59). [

PROOF OF THEOREM 2.2. Let S, be defined by (9), with 0 <u < v <1 fixed
and o, and B, satistying (5). Let
(61) sp=u-+o, and t,=1—v+ g,.

Then automatically s, and f, will always satisfy condition (44). If, in addition, s,
and ¢, satisfy condition (43), then according to Lemma 5.2 together with (60),

sup B[ fu®) — f(1)]
IE(M-HX”,U—,B"]
has the same limit distribution as
sup A@)|Uy(a) — g(a)
ae[f(v_/gn),f(u"'an)]

so that Theorem 2.2 follows from Corollary 3.1. When 0 < 4 < v < 1, then s, and
t, automatically satisfy (43), so we only have to consider the cases where either
u=0orv=1.Ifu=0and n'3q, > 0o, orif v =1 and n1/3ﬂ,, — 00, then s,
and t,, as defined in (61), also satisfy condition (43). Therefore, we can restrict
ourselves to the case o, = O(n~/3) and B = on=13).

Define a, = n*1/3(logn)1/6, sothat u + oy, <u+a, <v—a, <v—B,. By
means of (49), we find

sup | ful) = F@0)]

te(utay,,u+ay,]
< |fuu +0n) = fu4an)| V| fulu +an) — f(u+ay))|
+ |f(”+an) — fu +an)|-

By definition, | f (u +an) — f(u +an)| < | f'llcclotn — anl = O(n~"*(logn)'/®),
and according to (36) and (37), together with (5),

ﬁ(” +op) — flut+a,) = OP((nan)_l/z) = Op(n_1/3(logn)l/3),
Falt+an) — fu+ay) = 0,(n~"7).

Because B(t) is uniformly bounded, it follows that

’

R ] 1/3
sup B(r)|fn(r>—f<r)|=op(°f”) ,

te(u+oy,,utay,)

and likewise

R 1 1/3
sup B(r)|fn(r)—f(r)|=op(°f") -

te(w—an,v—pPul
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This means that

sup BO|fu@®) — fO|=  sup  B®O|fu®) — F(O)|V Ry,

te(u+aoy,,v—P] te(u+ay,v—ay]

where R, =o0,((n/log n)~1/3). Because u +a, and 1 — v + a, satisfy the condi-
tions of Lemma 5.2, together with (60), it follows that

sup B[ fu() — f(1)]

te(u+tan,v—pFnl

has the same limit distribution as

sup A©)|Un(c) — g(c)
ce[f(v—ay), f(u+ay)]

so that Theorem 2.2 follows from Corollary 3.1. [
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