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ON THE UNIFORM CONVERGENCE OF RANDOM SERIES IN
SKOROHOD SPACE AND REPRESENTATIONS OF CADLAG
INFINITELY DIVISIBLE PROCESSES

BY ANDREAS BASSE-O’CONNOR AND JAN ROSINSKI
Aarhus University and University of Tennessee, and University of Tennessee

Let X, be independent random elements in the Skorohod space
D([0, 1]; E) of cadlag functions taking values in a separable Banach space E.
Let S, = Z’}=1 X j. We show that if S, converges in finite dimensional dis-
tributions to a cadlag process, then S;; + y, converges a.s. pathwise uniformly
over [0, 1], for some y,, € D([0, 1]; E). This result extends the [t6—Nisio the-
orem to the space D([0, 1]; E), which is surprisingly lacking in the literature
even for £ = R. The main difficulties of dealing with D([0, 1]; E) in this
context are its nonseparability under the uniform norm and the discontinuity
of addition under Skorohod’s J;-topology.

We use this result to prove the uniform convergence of various series rep-
resentations of cadlag infinitely divisible processes. As a consequence, we
obtain explicit representations of the jump process, and of related path func-
tionals, in a general non-Markovian setting. Finally, we illustrate our results
on an example of stable processes. To this aim we obtain new criteria for such
processes to have cadlag modifications, which may also be of independent in-
terest.

1. Introduction. The It6—Nisio theorem [8] plays a fundamental role in the
study of series of independent random vectors in separable Banach spaces; see,
for example, Araujo and Giné [1], Linde [16], Kwapienn and Woyczynski [14] and
Ledoux and Talagrand [15]. In particular, it implies that various series expansions
of a Brownian motion, and of other sample continuous Gaussian processes, con-
verge uniformly pathwise, which was the original motivation for the theorem; see
Ikeda and Taniguchi [7].

In order to obtain the corresponding results for series expansions of sample
discontinuous processes, it is natural to consider an extension of the [t6—Nisio the-
orem to the Skorohod space D[0, 1] of cadlag functions. A deep, pioneering work
in this direction was done by Kallenberg [12]. Among other results, he showed that
if a series of independent random elements in D[0, 1] converges in distribution in
the Skorohod topology, then it “usually” converges a.s. uniformly on [0, 1]; see
Section 2 for more details. See also related work [3]. Notice that D[0, 1] under the
uniform norm | - || is not separable, and such basic random elements in D[O0, 1]
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as a Poisson process are not strongly measurable functions. Therefore, we may

formulate our problem concerning (D[0, 1], || - ||) in a more general framework of
nonseparable Banach spaces as follows.
Consider a Banach space (F, || - ||) of functions from a set T into R such that

all evaluation functionals &, :x — x(¢) are continuous. Assume, moreover, that
the map x — ||x|| is measurable with respect to the cylindrical o -algebra C(F) =
o(8:t€T)of F.Let {X;} be asequence of independent and symmetric stochastic
processes indexed by T with paths in F' and set S, = Z’}Zl X;. That is, S, are
C(F)-measurable random vectors in F'. We will say that the [t6—Nisio theorem
holds for F if the following two conditions are equivalent:

(i) S, converges in finite dimensional distributions to a process with paths
in F;

(i1) S, converges a.s.in (F, | -||)
for all sequences {X ;} as above.

If F is separable, the [t6—Nisio theorem gives the equivalence of (i) and (ii),
and in this case C(F) = B(F). For nonseparable Banach spaces we have exam-
ples, but not a general characterization of spaces for which the It6—Nisio theorem
holds, despite the fact that many interesting path spaces occurring in probability
theory are nonseparable. For instance, the [td—Nisio theorem holds for BV, the
space of right-continuous functions of bounded variation, which can be deduced
from the proof of Jain and Monrad [9], Theorem 1.2, by a conditioning argument.
However, this theorem fails to hold for F = ¢°°(N), and it is neither valid for
BV, the space of right-continuous functions of bounded p-variation with p > 1,
or for CO""([O, 1]), the space of Holder continuous functions of order « € (0, 1];
see Remark 2.4. The case of F' = D[0, 1] under the uniform norm has been open.
Notice that Kallenberg’s result [12] cannot be applied because the convergence
in (i) is much weaker than the convergence in the Skorohod topology; see also
Remark 2.5.

In this paper we show that the It6—Nisio theorem holds for the space
D([0, 1]; E) of cadlag functions from [0, 1] into a separable Banach space E
under the uniform norm (Theorem 2.1). From this theorem we derive a simple
proof of the above mentioned result of Kallenberg (Corollary 2.2 below). Further-
more, using Theorem 2.1 we establish the uniform convergence of shot noise-type
expansions of cadlag Banach space-valued infinitely divisible processes (Theo-
rem 3.1). In the last part of this paper, we give applications to stable processes as
an example; see Section 4. To this aim, we establish a new sufficient criterion for
the existence of cadlag modifications of general symmetric stable processes (The-
orem 4.3) and derive explicit expressions and distributions for several functionals
of the corresponding jump processes.

Definitions and notation. In the following, (2, F, IP) is a complete probability
space, (E, |- |g) is a separable Banach space and D([0, 1]; E) is the space of
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cadlag functions from [0, 1] into E. (Cadlag means right-continuous with left-hand
limits.) The space D([0, 1]; E) is equipped with the cylindrical o-algebra, that is,
the smallest o -algebra under which all evaluations x + x(#) are measurable for
t € [0, 1]. A random element in D([0, 1]; E) is a random function taking values
in D([0, 1]; E) measurable for the cylindrical o-algebra. |x|| = sup,¢o. 17 X ()|E
denotes the uniform norm of x € D([0, 1]; E) and Ax(t) = x(t) — x(t—) is the
size of jump of x at #; the mappings x — ||x|| and x — Ax(¢) are measurable. For

more information on D ([0, 1]; E) we refer to Billingsley [2] and Kallenberg [13].

Integrals of E-valued functions are defined in the Bochner sense. By —d>, =, 4

and £(X) we denote, respectively, convergence in distribution, convergence in law,
equality in distribution and the law of the random element X.

2. Ito-Nisio theorem for D([0,1]; E). Let {X;} be a sequence of indepen-
dent random elements in D ([0, 1]; E) and let §,, = ’}:1 X j. We study the con-
vergence of S, in D([0, 1]; E) with respect to the uniform topology.

Kallenberg [12] proved that in DI[0, 1] endowed with the Skorohod .Ji-
topology (E = R), convergence a.s. and in distribution of S, are equivalent. More-
over, if S, converges in distribution relative to the Skorohod topology, then it
converges uniformly a.s. under mild conditions, such as, for example, when the
limit process does not have a jump of nonrandom size and location. In concrete
situations, however, a verification of the assumption that S, converges in distri-
bution in the Skorohod topology can perhaps be as difficult as a direct proof of
the uniform convergence. We prove the uniform convergence of S, under much
weaker conditions.

THEOREM 2.1. Suppose there exist a random element Y in D([0, 1]; E) and
a dense subset T of [0, 1] such that 1 € T and forany ty, ...ty € T

2.1) (Su(t1), -y Su(t)) > (Y (1), ..., Y (1)) asn— oo

Then there exists a random element S in D([0, 1]; E) with the same distribution
as Y such that:

(1) S;, — S a.s. uniformly on [0, 1], provided X, are symmetric.
(i1) If X,, are not symmetric, then

(2.2) Sh+yn— S a.s. uniformly on [0, 1]

for some y, € D([0, 1]; E) such that lim,,—, o y,,(t) =0 for everyt € T.

(iii) Moreover, if the family {|S(t)|g:t € T} is uniformly integrable and the
functions t — E(X,(t)) belong to D(|0, 1]; E), then one can take in (2.2) y, given
by

(2.3) yn(®) =E(S(®) — Su(1)).



4320 A. BASSE-O’CONNOR AND J. ROSINSKI

The next corollary gives an alternative and simpler proof of the above men-
tioned result of Kallenberg [12]. Our proof relies on Theorem 2.1. Recall that the
Skorohod Ji-topology on D([0, 1]; E) is determined by a metric

where A is the class of strictly increasing, continuous mappings of [0, 1] onto
itself; see, for example, [2], page 124.

d(x,y) = inf max{ sup |x(t) — y o A(t)
AEA [0 l]

£e Sup |[A(t) —t
tel0, tel0,1]

COROLLARY 2.2. If S, Ly in the Skorohod Ji-topology, and Y does not
have a jump of nonrandom size and location, then S, converges a.s. uniformly on
[0, 1].

PROOF. Since S, —d> Y, condition (2.1) holds for
T={te(,1):P(AY(t)=0)=1}U{0, 1};

see [2], Section 13. By Theorem 2.1(ii) there exist {y,} € D([0, 1]; E) and S Ly
such that || S, + y, — S|| — 0 a.s. Moreover, lim,,_,» y,(¢) = 0 for every t € T'.
We want to show that ||y, || — O.

Assume to the contrary that limsup,,_, . [|yz|| > € > 0. Then there exist a sub-
sequence N’ C N and a monotone sequence {t,},en’ C [0, 1] with #,, — ¢ such
that |y, (t,)|g > € for all n € N'. Assume that t,, 1 ¢ (the case t,, | ¢ follows sim-
ilarly). From the uniform convergence we have that S, (¢,) 4+ y,(t,) — S(t—) a.s.
(n — oo, n € N'), and since S, + y, i S also in D([0, 1]; E) endowed with the
Skorohod topology, the sequence

Wy = (Sn, S+ Yns Sn(tn)'i'yn(tn))v I’lEN/,

is tight in D([0, 1]; E)?> x E in the product topology. Passing to a further subse-
quence, if needed, we may assume that {W,,},,cn converges in distribution. By the
Skorohod Representation theorem (see, e.g., [2], Theorem 6.7), there exist random

elements {Z,},cn’ and Z in D([0, 1]; E)? x E such that Z, 4 W, and Z,, — Z
a.s. From the measurability of addition and the evaluation maps, it follows that Z,,
are on the form

Zy= (Un, Un + yn, Un(ty) + Yrt(tn))

for some random elements U, 4 S, in D([0, 1]; E). We claim that Z is on the
form

2.4) Z=(U,U,U@—))

for some random element U 4 S in D([0, 1]; E). To show this write Z =
(Z', 72, Z3) and note that Z! 24 722 5. Since the evaluation map x — x(s) is
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continuous at any x such that Ax(s) = 0 (see Billingsley [2], Theorem 12.5) for
each s € T with probability one

Z's)= lim  Uy()= lim [Up(s) + ya(s)] = Z*(s),
n—o0,neN’ n—o0,neN’
which shows that Z! = Z2 a.s. Since (Sy + yu, Sp(ta) -+ yu(tn)) > (S, S(1—)) we
have that (S, S(r—)) <% (22, Z3). The latter yields (S(r—), S(r—)) < (Z2(1—), Z%),
so that Z3 = Z%(r—) a.s. This shows (2.4) with U := Z! 4 S, and with probability
one we have that
U,— U and U,(t,) + yu(t,) = U(t—), n—oo,neN.

We may choose a sequence {1, (-, ®)},en’ in A such that as n — oo,

sup |Up(s) — U(An(8))| g+ sup |Au(s) —s| =0 a.s.
[0,1] s€[0,1]

selV,

Therefore,
U (hn () = Ut=) + yu(t) | g
= |U()‘ﬂ([n)) - Un(tn)|E + }Un(tn) + yn(tn) - U(t_)|E —0 a.s.

Since A,(t,) — t a.s. as n — oo, n € N/, the sequence {U (A, (t,))}nen’ is rela-
tively compact in E with at most two cluster points, U(t) or U (t—). By (2.5),
the cluster points for {y, (t,)},en’ are —AU(¢) or O and since |y, (t,)|E > €, we
have that y,(t,) — —AU(t) a.s., n € N'. This shows that AU (¢) = ¢ for some

nonrandom c € E \ {0}, and since U 4 S 4 Y, we have a contradiction. []
To prove Theorem 2.1 we need the following lemma:
LEMMA 2.3. Let{x;} € D([0, 1]; E) be a deterministic sequence, and let {¢;}

be i.i.d. symmetric Bernoulli variables. Assume that there is a dense set T C [0, 1]
with 1 € T and a random element S in D([0, 1]; E) such that for eacht € T,

&)
(2.6) S)=> exi(t)  as.
i=1
Then
2.7) lim ||x; ]| =0.
1—00

PROOF. Suppose to the contrary, there is an ¢ > 0 such that

(2.8) limsup ||x; | > e.

i—00
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Choose i1 € N and #; € T such that |x;, (t1)|g > € and then inductively choose
ipeNandt, € T,n>2,such that

|xi,(tn)| p > ¢ and  |x;, ()| p < €/2 for all k < n.

This is always possible in view of (2.6) and (2.8) because lim;_, » x;(t) = O for
each r € T. It follows that all ¢#,’s are distinct. The sequence {¢,},eN contains a
monotone convergent subsequence {t,},en’, lim,_ o0 nen’ t, = t. Then for every

n>k,k,neN',
>8/2>
E

1 1
> EP(|5i,, [xi, (tn) — xi, (1) ]| p > €/2) = 3
which follows from the fact that if (X, Y) 4 (X,—-Y),thenforall t > 0, P(|| X| >
)=P((X+Y)+(X=Y)| >21) <2P(]| X + Y| > 7). Bound (2.9) contradicts
the fact that S is cadlag and thus proves (2.7). U

> eilxi(tn) — xi(t0)]

P(|S(tn) — Stn)| g > £/2) = IP’(
i=1

2.9)

PROOF OF THEOREI}j/[ 2.1. First we construct a random element S in
D([0, 1]; E) such that S =Y and

(2.10) S(t) = lim S,(¢) as. foreveryreT.
n—oo

By the 1t6—Nisio theorem [8], S*(¢) = lim,_ S, (¢) exists a.s. for t € T. Put
S§*(t) =lim, s rer S*(r) when t € [0, 1]\ T, where the limit is in probability [the

limit exists since (S*(r), $*(s)) 4 Y(r),Y(s)) for all r,s € T and Y is right-
continuous]. Therefore, the process {S*(#)};¢[0,1] has the same finite dimensional
distributions as {Y (t)};¢[0,1] whose paths are in D([0, 1]; E). Since the cylindrical
o-algebra of D([0, 1]; E) coincides with the Borel o -algebra under the Skorohod
topology, by Kallenberg [13], Lemma 3.24, there is a process S = {S(?)}:¢[0.1]
on the same probability space as S*, with all paths in D([0, 1]; E) and such that
P(S(t) = S*(t)) =1 forevery t € [0, 1].

(1): Let n1 < np < --- be an arbitrary subsequence in N and {e;} be i.i.d.
symmetric Bernoulli variables defined on (', 7/, P"). By the symmetry, Wy in
D([0, 1]; E) given by

k
Wi(0) =D &i(Sn, (1) = Spp (1), 1 €[0,1],
i=1
(Sny = 0) has the same distribution as S,,. By the argument stated at the begin-
ning of the proof, there is a process W = {W () };¢[0,1] With paths in D([0, 1]; E),

defined on (' x Q, F' ® F,P' ® P), such that W < ¥ and

o0
W)= &i(Sn,(t) — Sp_, (1)) as.foreveryreT.
i=1
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Choose a countable set Ty C T, dense in [0, 1] with 1 € Ty, and 20 C €,
P(Q20) = 1, such that for each w € Qq, P'{o’: W(-, o', w) € D([0, 1]; E)} =1 and

W(t, -, w)= Zs, Sp; (t, @) — Sp,_, (1, w)) IP'-a.s. for every t € Tp.
i=1
By Lemma 2.3, lim; _, ¢ [|Sy; (@) — Sy, _, (w)|| = 0, which implies that || S, — S|| —
0 in probability. By the Lévy—Octaviani inequality [14], Proposition 1.1.1(1),
which holds for measurable seminorms on linear measurable spaces, ||S, —S|| — 0
almost surely.

(ii): Define on the product probability space (2 x Q,F @ F,P ® P) the
following: X,(t; w, @) = Xu(t, w) — X, (t, @), S(t; 0, ) = S(t, w) — S(t, ')
and S‘n = Zzzl f(k, where the random element S in D([0, 1]; E) is determined
by (2.10). By (1), S‘n — Sas. in || - ||. From Fubini’s theorem we infer that there
is an @ such that the functions x,(-) = X, (-, @) and y(-) = S(-, ') belong to
D([0,1]; E) and Y }_,;(Xx — xx) = S — y as. in | - ||. Thus (2.2) holds with
Yn =Y — >_j—1 Xk, Which combined with (2.10) yields lim,_, o y,(¢) = 0 for ev-
eryteT.

(ii1): Let us assume for a moment that ES(r) =IES,, (1) =0forallt € T andn €
N. We want to show that y, = 0 satisfies (2.2). Since S(¢) € L'(E) we have that
Sp(1) = S(t) in L'(E) (cf. [14], Theorem 2.3.2) and hence S, (¢) = E[S(1)|F;]
where F, = o(X1,..., X,). This shows that {S,(¢):t € T,n € N} is uniformly
integrable; cf. [6], (6.10.1). First we will prove that the sequence {y,} is uniformly
bounded, that is,

(2.11) sup || yn |l < oo.
neN

Assume to the contrary that there exists an increasing subsequence n; € N and
t; € T such that

(2.12) Vi (1) g > 1, i eN.
Define
Vo= (Su(t1), -, i 28, (%), . .).

V,, are random vectors in co(E) since

k—o00

o0
2 -2 . .2
Elimsup|k ™S, (1) | < 11m Zz E|S, ()| g <kli>n;OM;z =0,

where M = sup,.r E|S(¢)|£. By the same argument,

= (S(tl), ...,i_ZS(ti)v )

is a random vector in co(E), and since S,(1;) — S(z;) in L' (E), E|V, —
Vlleoey = 0. Thus V, — V ass. in ¢o(E) by 1td and Nisio [8], Theorem 3.1.
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Since each yj, is a bounded function,
a, = (yu(t1), ..., i 2yn(t), ...) € co(E).
Also V, +a, — V as. in ¢g(E) because
IVa+a, — Ve < IS0 + yn — S| = 0.

Hence a, = (V, +a,) — V, — 0 in co(E). Since lim;_ o [|ay; [lco(E) = 00
by (2.12), we have a contradiction. Thus (2.11) holds.
Now we will show that

(2.13) Jim |y [l = 0.

Assume to the contrary that there exists an ¢ > 0, an increasing subsequence
n; € N, and #; € T such that

(2.14) |y )| > €. i eN.

Since (2.11) holds, {S,,(¢) + yn(¢) :t € T, n € N} is uniformly integrable. Passing
to a subsequence, if necessary, we may assume that {#;} is strictly monotone and
converges to some ¢ € [0, 1]. It follows from (2.2) that Sy, (#;) + yu,; (t;) — Z a.s.
in E, where Z = S(¢) or Z = S(¢—). By the uniform integrability the convergence
also holds in L!(E), thus Y, (ti) = EZ =0, which contradicts (2.14).

We proved (2.13), so that (2.2) holds with y, =0 when ES(¢) = ES, (¢) =0 for
all t € T and n € N. In the general case, notice that ES(-) € D([0, 1]; E), so that
S —ES € D([0, 1]; E). From the already proved mean-zero case,

Z(Xk —EXy) —> S—ES a.s. uniformly on [0,1],
k=1
which gives (2.2) and (2.3). O

Next we will show that the It6—Nisio theorem does not hold in many inter-
esting nonseparable Banach spaces. From this perspective, the spaces BV and
(D([0, 1]; E), || - ||) are exceptional. We will use the following notation.

For p > 1, BV, is the space of right-continuous functions f:[0,1] — R of
bounded p-variation with f(0) =0 equipped with the norm

n 1/p
||f||BVp=sup{(2|f(tj)—f(tj_1)]”> meNO=t<---<t,=1}.

j=1
For a € (0,1], ¢%%([0,1]) is the space of «-Holder continuous functions
f:10,1] = R with f(0) = 0 equipped with the norm
|f (1) — f(s)]
I flleon = AL I ALDS
s,t€[0,1]: s#t |t —S|

Moreover, £°(N) is the space of real sequences a = {a;}ren With the norm
l[all g := supen lak| < oo.
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REMARK 2.4. In the following we will show that the It6—Nisio theorem is not
valid for the following nonseparable Banach spaces: £*°(N), BV, for p > 1 and
c%e([0, 17) for @ € (0, 1].

For all p > 1 set r = 4lP/(P=D+1l where [.] denotes the integer part. For j € N
let

fi@) =r7Plog72(j + )sin(r/nr),  1€l0,1],

{Z;} be i.i.d. standard Gaussian random variables, and X = {X (7)};¢[0,1] be given
by

(2.15) Xn=Y finz, as.

Jj=1

According to Jain and Monrad [10], Proposition 4.5, X has paths in BV, but
series (2.15) does not converge in BV ,. This shows that the 1t6—Nisio theorem is
not valid for BV, for p > 1. A closer inspection of [10], Proposition 4.5, reveals
that X, given by (2.15), has paths in C%!/7([0, 1]) and since || - BV, < I llcop,
the It6—Nisio theorem is not valid for C%¢ ([0, 1]) with « € (0, 1).

For fixed p > 1 choose a sequence {x,;},,en of continuous linear mappings from
BV, into R, each of the form

k
X > Zai (x () — x(ti-1)).

i=1
where k € N, (oz,-)f.‘:l CR, Zle lail9 <1withg:=p/(p—1)andO0=1f <--- <
tr = 1, such that

I flBv, =suplx;(f)|  forall f€BV,.
neN

Set Y (n) =x;;(X) and b;(n) = x,;(f;) forall n, j € N. Process ¥ = {Y (n)},en €
(*(N) as.,bj ={bj(n)},en € £°(N), and since each x;; only depends on finitely
many coordinate variables, we have that

o0
Y(n)=)_ Zjbj(n) a.s. for all n € N.
j=1
By the identity

m

Y Zjb,

Jj=r

forl <r <m,

m
=122

£ j=r BV,

we see that the sequence {Z’}:l Z;bj} is not Cauchy in £>°(N) a.s. and therefore

not convergent in £°°(N). This shows that the It6—Nisio theorem is not valid for

£°°(N).
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Next we will consider C%1([0, 1]). A function f:10,1] = R with f(0) =0
is in C%1([0, 1]) if and only if it is absolutely continuous with a derivative f’ in
L°°([0, 1]) = L°°([0, 1], ds), and in this case we have

(2.16) Iflcor = [ £'] oo

Let Y = {Y(n)}yen and bj, for j € N, be defined as above and choose a Borel
measurable partition {A;};en of [0, 1] generating ([0, 1]). For all j,n € N and
teAy,leth(t)=>bj(n)and U(t) =Y (n). Then h; € L°°([0, 1]) forall j € N and
U € L*°([0, 1]) as. For all n € N, let y denote the continuous linear functional
on L1 ([0, 1]) given by f — fAn f(s)ds. Since {y;} separates points on L'([0,1])
and

o
y;;(U):Y(n)/A lds=Y yi(hj)Z;  as.,
n j=1

it follows by the It6—Nisio theorem that the series Z?‘; 1 hjZj converges a.s. in the
separable Banach space L'([0, 1]) to U, and hence for all 7 € [0, 1],

t 0 t
140 ::/0 U(s)ds:ZZj/O hi(s)ds  as.
j=1

Process V = {V(H)}ici0.1) € cY 1o, 1]) a.s., and for all 1 < r < v we have
by (2.16)

v . v v
S([mwds)z| =|Xnz| =Xz
J=r J=r Jj=r

This shows that the Itd—Nisio theorem is not valid for C%1([0, 1]).

LOC

CO,]

600

REMARK 2.5. Here we will indicate why the usual arguments in the proof
of the It6—Nisio theorem do not work for D[0, 1] equipped with Skorohod’s Ji-
topology. Such arguments rely on the fact that all probability measures i« on a
separable Banach space F are convex tight, that is, for all ¢ > O there exists a
convex compact set K C F such that u(K€) < ¢; see, for example, [14], Theo-
rem 2.1.1. This is not the case in D[0, 1]. We will show that if X is a continuous in
probability process with paths in D[0, 1] having convex tight distribution, then X
must have continuous sample paths a.s. Indeed, let K be a convex compact subset
of DI[0, 1] relative to Skorohod’s Ji-topology. According to Daffer and Taylor [4],
Theorem 6, for every ¢ > 0 there exist n € N and ¢, ..., t, € [0, 1] such that for
allx e K and t € [0, 1]\ {#1,...,t,} we have |Ax(¢)| < ¢. In particular,

2.17) P(X € K) 51@( sup |AX ()| < s) :IP( sup |AX(1)] 58),
tel0, 11\ {t1,....tn} t€[0,1]
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where the last equality uses that X is continuous in probability. Letting ¢ — 0 on
the right-hand side of (2.17) and taking K such that the left-hand side is close
to 1, we prove that P(sup, ¢ 1 [AX (7)| = 0) = 1. Therefore, the only convex tight
random elements in D[0, 1], which are continuous in probability, are sample con-
tinuous. In particular, a Lévy process with a nontrivial jump part is not convex
tight.

3. Series representations of infinitely divisible processes. In this section we
study infinitely divisible processes with values in a separable Banach space E.
Recall that an infinitely divisible probability measure © on E, without Gaussian
component, admits a Lévy—Khintchine representation of the form

fa(x*) = exp{i(x*, b)+ /E(e“x*’x) —1—ifx*, [Ix]]))v(dx)},

x* e E*,

3.1)

where b € E, v is a o -finite measure on £ with v({0}) =0, and [x]] =x/(1 V ||x])
is a continuous truncation function. Vector b will be called the shift and v the
Lévy measure of p. Here E* denotes the dual of E and (x*, x) := x*(x), x* € E*
and x € E. We refer the reader to [1] for more information on infinitely divisible
distributions on Banach spaces.

Let T be an arbitrary set. An E-valued stochastic process X = {X (¢)}ser i8
called infinitely divisible if for any #;,...,#, € T the random vector (X (¢), ...,
X (t,)) has infinitely divisible distribution in E”. We can write its characteristic
function in the form

n
Eexp{i >l X(zj)>}

j=1

(32) =ex {Z . b(t)))

where {x;-“} C E*, {b(tj)} € E and vy, are Lévy measures on E". Below we
will work with T = [0, 1]; extensions to 7 = [0, a] or T = [0, c0) are obvious.

In this section {V;} will stand for an i.i.d. sequence of random elements in a
measurable space V with the common distribution 7. {I";} will denote a sequence
of partial sums of standard exponential random variables independent of the se-
quence {V;}. Put V. =Vj.

THEOREM 3.1. Let X = {X(t)}:¢[0,1] be an infinitely divisible process with-
out Gaussian part specified by (3.2) and with trajectories in D([0, 1]; E). Let
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H:[0,1] xRy XV — E be a measurable function such that for every ty, ..., t, €
[0, 1] and B € B(E™)

.....

H(.,r,v) € D([0, 1]; E) for every (r,v) e Ry x V,and r — ||H(-, r, v)| is non-
increasing for every v € V. Define for u > 0,

Yy =b0)+ Y H@, T, V) —A"Q@),
jiTj<u
where
At (t) = /Ou E[H (z,r, V)] dr.
Then, with probability 1 as u — 00,
(3.4) YU (t) = Y (1)

uniformly in t € [0, 1], where the process Y = {Y (t)}:c[0,1] has the same finite
dimensional distributions as X and paths in D([0, 1]; E).

Moreover, if the probability space on which the process X is defined is rich
enough, so that there exists a standard uniform random variable independent of X,
then the sequences {I";j, V;} can be defined on the same probability space as X,
such that with probability 1, X and Y have identical sample paths.

The proof of Theorem 3.1 will be preceded by corollaries, remarks and a crucial
lemma.

COROLLARY 3.2. Under assumptions and notation of Theorem 3.1, with
probability 1

(335 YO =b®)+ Y [H@.T;,V)—C;(n)]  forallt€[0,1],
j=1

where the series converges a.s. uniformly on [0, 1] and C(t) = Ali(t) = AVi-1(1).
Moreover, if b and A", for sufficiently large u, are continuous functions of t €
[0, 1], then with probability 1

(3.6) AY(t)=Y AH@T;, V)  forallte[0,1],
j=1

where the series converges a.s. uniformly on [0, 1]. [Af(t) = f() — f(t—) de-
notes the jump of a function f € D([0, 1]; E).]
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PROOF. Since the convergence in (3.4) holds for a continuous index u, we
may take u = I',,, which gives

n

Y(#) = lim Y™ ()= lim (b(t)—i—ZH(t,Fj, Vi) —AF"(t)) a.s.in | - ||,

n— 00 n—oo 1
J_

proving (3.5). This argument and our assumptions imply (3.6) as well. [

COROLLARY 3.3. Suppose that the process X in Theorem 3.1 is symmetric,
and H satisfies stated conditions except that (3.3) holds for some measures 1)2 ..... "
in place of vy, .. 1, such that

Vi (B) =300 (B)+ 1), (—B)

.....

for every B € B(E"). Let {g} be i.i.d. symmetric Bernoulli variables independent
of {I'j, V;}. Then, with probability 1, the series

o0
(3.7 Y()=) ejH(, T}, V)
j=1
converges uniformly int € [0, 1]. The process Y = {Y (t)}:¢[0,1] has the same finite
dimensional distributions as process X and paths in D([0, 1]; E).
PROOF. Apply Theorem 3.1 for H:[0,1] x R4 x V > E defined by
H(t,r,0) =sH(t,r,v),

where v = (s, v) € V= {—1,1} x V, and f/j = (¢, V;) in the place of H and V;.
An alternative way to establish the uniform convergence in (3.7) is to use The-
orem 2.1(i) conditionally on the sequence {I';, V;}. U

REMARK 3.4. There are several ways to find H and V for a given process
such that (3.3) is satisfied; see Rosifiski [20] and [21]. They lead to different series
representations of infinitely divisible processes. One of such representations will
be given in the next section.

LEMMA 3.5. In the setting of Theorem 3.1, the assumption that X has paths
in D([0, 1]; E) implies that b € D(|0, 1]; E),

(3.8) /OOO]P’(HH(-,r, V)| > 1)dr < oo

and

(39) _lim ”H(, Fj, Vj)” =0 a.s.
j—00
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PROOF. By the uniqueness, b = b(u) in (3.1) and by [18], Lemma 2.1.1,
Un X w implies b(u,) — b(w) in E. Since X has paths in D([0, 1]; E), the func-
tion t — L(X (¢)) is cadlag, so that b = b(L(X (¢))) € D([0, 1]; E).

To prove (3.8) consider X (t) = X (r) — X'(t), where X’ is an independent copy
of X. Let {¢;} be i.i.d. symmetric Bernoulli variables independent of {(I";, V;)}.
Using [20], Theorem 2.4 and (3.3), we can easily verify that the series

o0
> ejH(r.27'T;. V)
j=1

converges a.s. for each ¢ € [0, 1] to a process Y = {Y(r)},e[o,l] which has the same
finite dimensional distributions as X. Thus we can and do assume that Y has tra-
jectories in D([0, 1]; E) a.s. Applying Lemma 2.3 conditionally, for a fixed real-
ization of {(I"j, V;)}, we obtain that

(3.10) lim [H(-,27'T;, V)| =0  as.

j—o00

Observe that for each 6 € (2_1, 1), I'; <26 eventually a.s. Thus, by (3.10) and
the monotonicity of H,

lim |H(-, 6, V)| =0 a.s.
j—00

By the Borel-Cantelli lemma,
e.¢]

(3.11) STP(|HG,0), V)| > 1) < oo
j=1

Hence

2 P(HC T V[ =1)

j=1
<D P(IHC.T; V)| > 1T > 6)) + 3 B(T; <6))
j:] j:]
e . 1 Oj)
SZ]P’(HH(',QJ, Vj)”>1)+(1_9) + Z me /< o0,

~.
I
a

j=(1-0)!
where the last inequality follows from (3.11) and the following bound for j >
(1-6)~"
Jj—1 W _
gy < Do
(j = D! (j = D!

0j
P(T; <0)) = /
0

’
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which holds because the function under the integral is increasing on the interval of
integration. Now we observe that

j—l

ZP”H( FJ,V)H>1 Zf ”H( . V)”>1)( 5 o dr

_/ |H(rV)||>IZ(J 1)'

Jj=1

—/ (|HG,r, V)| > 1)dr,

which proves (3.8). We also notice that (3.10) and the monotonicity of H im-
ply 3.9). O

PROOF OF THEOREM 3.1. Define a bounded function Hy by
Ho(t,r,v)=H(t,r,)1(|H(,r,v)| <1),
and let
Ap(t) = /Ou E{Ho(t,r, V)}dr

Consider for u > 0,

(3.12) Yy = > Ho(t,Tj, V) — Aj().
JTj<u
Let p,,...1, be defined by the left-hand side of (3.3) with H replaced by Hy, 0 <

<. <ty <1 py,. .1, is a Lévy measure on E" because o, ..
see [1], Chapter 3.4, Exercise 4. Referring to the proof of Theorem 2.4 in [20], we
infer that for each € [0, 1],

Yo(r) = lim Yy (¢)
u— oo
exists a.s. Moreover, the finite dimensional distributions of {Y((#)}¢(0,1] are given

by (3.2) with b =0 and vy, . ,, replaced by p,
Let

..........

bo(t) = b(1) —/0 E[H . r. I(|HC.r, V)| > 1)dr

Using Lemma 3.5 we infer that the above integral is well defined and by €
D([0, 1]; E). In view of (3.9), the process

Z(t)y=bo(t) + Y {H(, T, V;)— Ho(t,T', V)}
j=1
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is also well defined, as the series has finitely many terms a.s., and Z has
paths in D([0, 1]; E). Processes Yy and Z are independent because they de-
pend on a Poisson point process N = Z?il(s(r_,-,vj) restricted to disjoint sets
{(r,v):|H(-, r,v)|| <1} and its complement, respectively. Finite dimensional dis-
tributions of Z — by are compound Poisson as (v, ..;. — pr....1,) (E") < 0o due
to (3.8). We infer that

Yo+ Z 2 X,

where the equality holds in the sense of finite dimensional distributions. Thus Yy
has a modification with paths in D([0, 1]; E) a.s.

The family {L£(Yo(?))}:c[0,17 is relatively compact because L£(Y(()) is a con-
volution factor of £(X (t)) and {L(X(¢))}:e[0.1] is relatively compact; use The-
orem 4.5, Chapter 1 together with Corollary 4.6, Chapter 3 from [1]. The lat-
ter claim follows from the fact that the function ¢t — L(X(¢)) is cadlag. Since
pr(x:|x|g > 1)=0forall t €[0, 1], {|Yo(¢)|g:t €[0, 1]} is also uniformly inte-
grable; see [11], Theorem 2.

It follows from (3.12) that the D([0, 1]; E))-valued process {Y(j},>0 has inde-
pendent increments and EY) (t) = O for all # and u. By Theorem 2.1(iii)

(3.13) |Yy — Yol = 0 a.s.

as u = u, 1 00. Since for each 7 € [0, 1], the process {Y (¢)},>0 is cadlag (3.13)
holds also for the continuous parameter u € R, u — oo; cf. [20], Lemma 2.3.
Therefore, with probability 1 as u — oo,

[Y*=Yo - Z| < |[¥* = Y5 = Z| + [ Y5 - Yo|

<| X {HCG. T}, V)= Ho(-. T}, Vj))

JiTj>u

+w&I%H@nmmeﬁnVW>Umﬂ+Mﬁ—mH

< Y IHCT, VRIL(HC T, Vi > 1)

JTj>u
o

+ [CBAHC V| = )dr 4 ¥ - ol
u

=1L+ L(u)+ I3(u) - 0.

Indeed, I;(u) = 0 for sufficiently large u by (3.9), I>(u) — 0 by (3.8) and Iz3(u) —
0 by (3.13). The proof is complete. [

4. Symmetric stable processes with cadlag paths. In this section we illus-
trate applications of results of Section 3 to stable processes. Let X = {X (#)}:¢[0.1]
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be right-continuous in probability symmetric «-stable process, o € (0,2). Any
such process has a stochastic integral representation of the form

“4.1) X(t) = /; ft,s)M(ds) a.s. for each t € [0, 1],

where M is an independently scattered symmetric «-stable random measure de-
fined on some measurable space (S, ) with a finite control measure m, that is, for
allAeS

4.2) Eexp{ioM(A)} = exp{—|0|*m(A)},

and f(t,-) € L*(S,m) for all ¢ € [0, 1]; see Rajput and Rosifiski [17], Theo-
rem 5.2, for the almost sure representation in (4.1). Therefore, all symmetric
a-stable processes are Volterra processes. Conversely, a process given by (4.1)
and (4.2) is symmetric «-stable.

A trivial case of (4.1) is when X is a standard symmetric Lévy process. In that
case, M is a random measure generated by the increments of X, S = [0, 1], m is
the Lebesgue measure and f (¢, s) = 1(0,71(s).

A process X given by (4.1) has many series representations of the form (3.5)
because there are many ways to construct a function H satisfying (3.3); see [21].
A particularly nice representation, called the LePage representation, is the follow-
ing. Let {V;} be an i.i.d. sequence of random elements in § with the common
distribution m/m(S). Let {I";} be a sequence of partial sums of standard expo-
nential random variables independent of the sequence {V;}. Let {¢;} be an i.i.d.
sequence of symmetric Bernoulli random variables. Assume that the random se-
quences {V;}, {I";} and {¢;} are independent. Then for each 7 € [0, 1],

o0
(4.3) X(1) = com($)'/ Y ;0 e
j=1

[, vy a.s.

(the almost sure representation is obtained by combining [21] and [19], Proposi-
tion 2). Here ¢y = [—a cos(ma/2) (—a)] /¥ fora # 1 and ¢; =2/7.

COROLLARY 4.1. Let X = {X(?)}i¢c[0,1] be a symmetric a-stable process of
the form (4.1), where a € (0, 2). Assume that X is cadlag and continuous in prob-
ability and also that f(-,s) € D|O0, 1] for all s. Then with probability 1,

o0
X (1) =cam($)/* Y e, TV f 0, V) forallr €0, 1],
j=1
where the series converges a.s. uniformly on [0, 1]. Therefore, with probability 1

@4 AXO) =cam($)Y e T VAf@ V), 1[0, 1],

j=1
where the series has no more than one nonzero term for each t. That is,

4.5) P(Af(t, V))Af(t, Vi) =0forall j #k andt €0, 1]) = 1.
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PROOF. In view of Corollary 3.2 we only need to show (4.5). f(-,V;) are
i.i.d. cadlag processes. Since X is continuous in probability, from (4.3) by a sym-
metrization inequality, we get P(Af (¢, V;) =0) = 1 for each ¢ € [0, 1]. Thus for
each j #k and u = L(f (-, Vi)) we have

P( sup [Af(t, V)AF(, Vi)|=0)

1<r<l1

(sup IAf(t, V) Ax(t)| = ) (dx) =1,
DI[0,1] 1<t<1

because Ax(t) # 0 for at most countably many ¢. This implies (4.5). U

Next we consider some functionals of the jump process AX. Let V,(g) be de-

fined as
V@)=Y,
t€l0,1]

where g € D[0, 1] and p > 0. Recall that a random variable Z is Fréchet dis-
tributed with shape parameter o« > 0 and scale parameter o > 0 if for all x > O,

P(Z < x) = e~*/9)™" The results below are well known for a Lévy stable process.
Below we give their versions for general cadlag symmetric stable processes.

COROLLARY 4.2. Under the assumptions of Corollary 4.1 we have the fol-
lowing:

(1) Vp(X) < o0 a.s. if and only if either f(-,s) is continuous for m-a.a. s, in
which case V,(X) =0a.s.or p>a and [ V,(f(, N Pm(ds) € (0, 00). In the
latter case, Vp(X ) is a positive (a/ p)-stable random variable with shift parame-
ter 0 and scale parameter

ety [ Volr o)/ mas)) "

(ii) The largest jump of X in absolute value, sup, (o 11 |AX (?)|, is Fréchet dis-
tributed with shape parameter o and scale parameter

1/
ca(/ sup |Af(t )| m(ds)) )
te[0,1

(iii) The largest jump of X, sup,¢io.1] AX (t), is Fréchet distributed with shape
parameter a and scale parameter

%[(/‘ sup Af(t, s)‘ m(ds))l/a

tel0,1]

</L€11(1)f Af(t,s)‘am(ds))l/a]
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PROOF. (i): By (4.4) and (4.5) we have a.s.

Y AaxX@|" =cEmS)P* Y ST A vl

tel0,1] tel0,1] j=1

(0.0)
=clm($)P/* Y TPy, (£ V),
j=1
which show (i); see, for example, [23].
(i1): By (4.4) and (4.5) we have a.s.

sup [AX ()] = cem($)Y* sup sup T}’ /a|Af(t V|
tel0,1] tel0,1] jeN

= com($)"/* supT;
jeN

Wi,

where W; = sup,¢[o.171Af (7, V)| are i.i.d. random variables. For j € N set §; =

1/ * W;. Then Z 1 8¢; 1s a Poisson point process on R with the intensity mea-

sure pu(dx) = aEW'x —=lgx, x > 0. Let nj= (EWf‘)l/“Fj_l/a. Since the Pois-
son point processes Zj?il 8¢, and Z?‘; | 8y; have the same intensity measures, the

e . . . d
distributions of their measurable functionals are equal. That is, sup; §; = sup; 1,
so that

sup [AX ()] £ com ()" SUP(EW?)I/QFJ'_I/O(
1€[0.1] JeN

= cam(S)/* W) eT Ve,

This shows (ii).
(iii): By (4.4) and (4.5) we have a.s.

sup AX (1) = cqm(S)"/* sup supe;T;*Af(t, V)
tel0,1] tel0,1] jeN

= cqm($)"/* supr;
jeN

W;,

where
sup Af(t,V;), ife; =1,
te[0,1]

— inf Af(,V; ife; =—1.
tl[I(l)” f( ), if ¢

W=

Observe that W; > 0 is an i.i.d. sequence. Proceeding as in (ii) we get

sup AX (1) L cum ()% EWY) /T
tel0,1]



4336 A. BASSE-O’CONNOR AND J. ROSINSKI

which completes the proof. [J

It can be instructive to examine how Corollaries 4.1 and 4.2 apply to the above
mentioned standard symmetric stable Lévy process.

The crucial assumption in the above corollaries is that a stable process has
cadlag paths. To this end we establish a sufficient criterion which extends a recent
result of Davydov and Dombry [5] obtained by different methods; see Remark 4.5.

THEOREM 4.3. Let X = {X(t)}:e[0,1] be given by (4.1) and let a € (1,2).
Assume that there exist By, po > 1/2, p1 > «, p2» > /2 and increasing continuous
functions Fy, F>:[0,1] = R such that forall0 <t <t <t <1,

(4.6) /|f(t2,S) — ft.)|"'mds) < |Fi(r) — Fi(m)|”,

109 = F@10)(F 2.5 = Fa.90)|Pmids)
“4.7) 2
<|F(t) — F(t)| .

Then X has a cadlag modification.

PROOF. Decompose M as M = N + N’, where N and N’ are independent,
independently scattered random measures given by

1
(4.8) Eexp{i6 N(A)} =exp{kam(A)fO (cos(fx) — l)x—l—a dx}
and
Eexp{idN'(A)} :exp{kam(A) /oo(cos(ex) _ l)x—l—a dx},
1

where A € § and ky = acf. Treating f = {f(, -)};c[0,1] as a stochastic process
defined on (S, m/m(S)), observe that by [2], Theorem 13.6, (4.6)—(4.7) imply that
f has a modification with paths in D[0, 1]. Therefore, without affecting (4.1), we
may choose f such that z — f(z,s) is cadlag for all s. Since N’ has finite support
a.s. [N’(S) has a compound Poisson distribution], it suffices to show that a process
Y ={Y()}ie0,17 given by

nn=ﬁfmwNum

has a cadlag modification. To this end, invoking again [2], Theorem 13.6, it is
enough to show that Y is right-continuous in probability and there exist a con-
tinuous increasing function F:[0,1] - R, 8 > % and p > 0 such that for all
O0<h<tr<n<landAie(0,1)

4.9)  P(Y@)—Y@)|A|Y () —Y(@)|> 1) <A P[F(tr) — F(t)]?.
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(Notice that [2], Theorem 13.6 assumes that (4.9) holds for all A > 0, but the proof
reveals that A € (0, 1) suffices.)
Set

Z1 =Y(l)—Y(l1)=/Sh1dN and Zz=Y(l2)—Y(l)=/Sh2dN,

where hi(s) = f(t,s) — f(t1,5) and ha(s) = f(f2,5) — f(¢,5). Below C will
stand for a constant that is independent of A, #1, ¢, ; but may be different from line
to line. Applying (4.10) of Lemma 4.4 and assumptions (4.6)—(4.7) we get

P([Y(#) = Y@D)| A Y (1) = Y (1) > 1)
=P(|Z1| A Z2| > 1) <P(1Z1Z,] > 1?)

SC(A‘ZP'/Ihllp‘ dm/lhzlp‘ dm+)»_2p2/|h1h2|p2dm)

< CQMFi(n) = Fy (t1)|2ﬁ1 + A2 Fy(t) — Fz(tl)‘zﬁz).

Thus (4.9) holds for A € (0, 1) with p =2(p; vV p2), B=B1 ABzrand F = C(F| +
F>). The last bound in Lemma 4.4 together with (4.6) imply continuity of Y in
LP1, The proof will be complete after proving the following lemma. [

LEMMA 4.4. Let N be given by (4.8) and let Zj = fS hirdN, where hy is a
deterministic function integrable with respect to N, k = 1,2. For all p; > o and
P2 > a/2 there exists a constant C > 0, depending only on p1, p and o, such that

forall >0

P(1Z1Z2] > 1)
(4.10)

gc(rl’lfmlv’l dmf|h2|”1 dm+rf’2/|h1h2|l’2dm>.
Moreover, E|Z1|P1 < C [ |h1|Pt dm.

PROOF. To show (4.10) we may and do assume that 4| and hy are simple
functions of the form k| = 2?21 ajla; and hy = Z;le bjla;, where (Aj)’}:1 are
disjoint measurable sets and (a j)’}-zl, (b 1)7:1 C R. We have

n

n
ZiZy= Y ajbkN(A)N(A) + Y axbiN(A)* =T + D,
Jok=1:k#j k=1

and hence

@.11)  P(Z1Zy] > X) <P(IT| > 4/2) + P(D| > 1/2), 1 >0.
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For (u‘,-)’}.:1 CRset X=(w;N(Ay),...,u,N(A,)) and h = Z’}Zl ujly;. The
Euclidean norm on R” is denoted |x|, = (3_7_, xlz-) 12 We claim that for all p > o
there exists a constant Cy, only depending on p, a and m(S), such that

@.12) EIX|7 < C1 [ 1Al dm,

(4.13) E‘/Sh(s)N(ds) ' §C1/|h|pdm.

We will show (4.12) and (4.13) at the end of this proof. Now we notice that for
p2>a/2andu; =|a;b;|'/?, j=1,...,n bound (4.12) yields

(4.14)  E|DIP? <EX|?P2 <(C, /(|h1h2|1/2)2”2 dm = C, / |hiha|P2 dm.

Now let p; > «. By a decoupling inequality (see [14], Theorem 6.3.1), there exists
a constant C,, only depending on p, such that

E|T|? < CQ/QIE(‘qu&(s,w')N(ds) pl)IP(da)/),

where ¢ (s, ') = ;f:l&j(w’)lAj(s) and a;(0') = a; Zzzlzk# biN(Ap) (o).
By (4.13) we have

14 P

’

Y BiN(AY)()

k=1:k]

E‘/S¢>(s, )N (ds)

n
<C1 Y la; " m(A;)
j=1
and hence by another application of (4.13),

(4.15) E|T|P! §C12C2/|h1|P1 dm/|h2|p‘ dm.

Combining (4.11), (4.14) and (4.15) with Markov’s inequality we get (4.10).
To show (4.12) we use Rosifiski and Turner [22]. Notice that the Lévy measure
of X is given by

1
(4.16) v(B)= %ka /_1<A;” IB(rG)K(d9)>|r|_1_°‘ dr B € B(R"),

where k = Z?:l m(A;j)dy;e;, and (ej);f:1 is the standard basis in R”. For all [ > 0
set

Ep() = /Rn ol 1), v (dX) + /Rn el g, <1y v ()

= Vi) + Va(D).

According to [22], Theorem 4, cpl, < EX|)HV/r < C plp for some constants
¢p, Cp depending only on p, where [ = [, is the unique solution of the equa-
tion §,(/) = 1. From the above decomposition we have either Vi(l,) > 1/2 or
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Va(lp) = 1/2. In the first case

1
3=V = [ sty (2o = Caty? [ dm,
where C3 = ko /(p — «). Thus
EX| < 2ch3/|h|l’dm,

proving (4.12). If V»(l,) > 1/2, then we consider two cases. First assume that
p € (a,2]. We have

1
S =Valtp = [ sty vdn = Caty” [ g dm,

which yields (4.12) as above. Now we assume that p > 2. We get

1 —12 -2 2
5 < vz(zp)gﬁlyxzp 2v(dx) = Cal /|h| dm,

where C4 =k, /(2 — ). Applying Jensen’s inequality to the last term we get

1 2/p
3 = Com(®)'2r2( [ am)

which yields the desired bound for /,,, establishing (4.12) for all p > «. The proof
of (4.13) is similar, and it is therefore omitted. This completes the proof of the
lemma. [

REMARK 4.5. In a recent paper Davydov and Dombry [5] obtained suffi-
cient conditions for the uniform convergence in D0, 1] of the LePage series (4.3),
which in turn yield criteria for a symmetric stable process to have cadlag paths.
Their result is a special case of our Theorem 4.3 combined with Corollary 4.1,
when one takes p; = pp = 2 and assumes additionally that E|| f(-, V)||* < oo.
The methods are also different from ours.

In our approach, we established the existence of a cadlag version first, using
special distributional properties of the process. Then the uniform convergence of
the LePage series, and also of other shot noise series expansions, follows automat-
ically by Corollary 3.3. This strategy applies to other infinitely divisible processes
as well. Here we provided only an example of possible applications of the results
of Section 3.
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