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We condition super-Brownian motion on “boundary statistics” of the exit
measure X p from a bounded domain D. These are random variables de-
fined on an auxiliary probability space generated by sampling from the exit
measure X p. Two particular examples are: conditioning on a Poisson ran-
dom measure with intensity S X p and conditioning on X p itself. We find the
conditional laws as h-transforms of the original SBM law using Dynkin’s
formulation of X-harmonic functions. We give explicit expression for the
(extended) X-harmonic functions considered. We also obtain explicit con-
structions of these conditional laws in terms of branching particle systems.
For example, we give a fragmentation system description of the law of SBM
conditioned on X p = v, in terms of a particle system, called the backbone.
Each particle in the backbone is labeled by a measure v, representing its de-
scendants’ total contribution to the exit measure. The particle’s spatial motion
is an h-transform of Brownian motion, where /& depends on v. At the parti-
cle’s death two new particles are born, and v is passed to the newborns by
fragmentation.

1. Introduction. Studying conditioned Markov processes is a kind of inverse
problem—given information about how the process ends up, one tries to infer how
it got there, at least in terms of probabilities. In the context of Brownian motion
and finite-dimensional Markov processes, one can make very explicit calculations,
starting with the work of Doob (1959). Attempts to make similar calculations for
super Brownian motion are more recent. These studies typically aim to recover the
conditional law of a superprocess as the law of a distinct probabilistic object. Sev-
eral authors have succeeded in coming up with such descriptions for certain con-
ditionings, and produced models with remarkably rich structure. The first of these
models was the immortal particle system of Evans and Perkins (1990) and Evans
(1993), for super-Brownian motion in R4 conditioned on survival. In this model, an
immortal particle moves according to a Brownian motion, and throws off mass at
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a uniform rate, and then this mass evolves in the space as an unconditioned super-
Brownian motion. Following Evans and Perkins, Salisbury and Verzani (1999)
considered a super Brownian motion X in a domain D, with conditioning based
on the exit measure Xp from D. More specifically, they conditioned X on the
event that the support of Xp contains certain points zy, ..., zx, and recovered the
resulting conditional law in terms of a branching backbone system. The branching
backbone is a random tree with k leaves reaching the points zj, ..., zx. Similar to
Evans and Perkins’s model, there is mass uniformly created along the branching
backbone which follows the law of an unconditioned super-process independent
of the points z1, ..., zx. Giving such an explicit characterization of a conditioned
process is an interesting problem from a probabilistic modeling point of view. For
example, in population dynamics, one can view it as an analogue of a host of bi-
ological problems in which one has information about the state of the population
at certain times or locations, and one wishes to infer the genealogical structure
of the populations of the ancestors (e.g., the “out of Africa” problem of human
origins). For explicit representations of other related conditioned processes, see
Roelly-Coppoletta and Rouault (1989), Overbeck (1993, 1994), Etheridge (1993)
or Etheridge and Williams (2003).

It turns out that there is more to the conditioning problem than described above.
A conditioned process represents a special case of a Girsanov transformation, or
a martingale change of measure. For concreteness, let us consider the following
example: let £ be Brownian motion in a domain E. Let T be the exit time from E.
We compute the conditional law, 1% of & given &;, = z, by a martingale change
of measure from IT,, the law of &. This martingale change of measure is given
in terms of a certain harmonic function A*(-). More precisely, for any domain D
compactly contained in E, and any Y measurable with respect to F,, we have
MM2(Y) = N (Yh*(&,)/ h*(x)). A Girsanov transformation defined in terms of
a harmonic function is called an k-transform, and typically conditional laws of
Markov processes are formulated as /-transforms of their original laws. This clas-
sical relationship between harmonic functions and conditioning a Markov process
leads to an elegant probabilistic formulation of the Martin boundary theory for
elliptic differential operators.

In the context of super-processes, the analogue of harmonic functions are X-
harmonic functions. Following the definition of Dynkin (2002), let us consider a
super-Brownian motion X = (Xp, P,), a family of random measures (exit mea-
sures) and their associated probability laws where D is an open subset of a given
domain E in R, and p is a finite measure on E. Write D € E if D is open and its
closure is a compact subset of E. A nonnegative function H is X-harmonic if for
any D € E and any finite measure p with support in D,

ey P,(H(Xp)) = H(w).

Note that this property resembles the mean value property of a harmonic function,
hence the name X-harmonic. Moreover, the X-harmonic functions are related to
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conditioning super-Brownian motion in the same way as harmonic functions are
related to conditioning Brownian motion; they give us the explicit Girsanov trans-
formation to switch from the unconditioned probability law to the conditioned
probability law. An H -transform PJI is obtained from P, by setting

PH(r)= L p (H(Xp)Y)
v Hw "0
for Y nonnegative and F-p-measurable, where F-p is the o-algebra generated
by Xp/, D' C D. In his book, Dynkin (2002) suggests a new direction for investi-
gating the solutions of the p.d.e. %A = 2u?, namely to explore X-harmonic func-
tions (thinking them as the analogue of harmonic functions) and ultimately, to
build a Martin boundary theory for this nonlinear p.d.e. In this case, the Martin
boundary is defined as the set of extreme elements of the convex set of all X-
harmonic functions. Dynkin points out that a concrete understanding of extreme
X-harmonic functions might yield further insights about the solutions of the p.d.e.
%Au = 2u?. Since then major progress has been made on the study of the solu-
tions of this p.d.e. using other approaches. For example, Mselati (2004) classified
the solutions as o-moderate in the case of a smooth domain (solving a conjec-
ture of Dynkin and Kuznetsov). However, the relationship between X-harmonic
functions and solutions remains largely unexplored. Dynkin, in a series of pa-
pers, has taken concrete steps to better formulate and understand extreme X-
harmonic functions. Dynkin (2006b) obtains the extreme X-harmonic functions

by a limiting procedure from the Radon—-Nykodym densities Hp, (1) = (:1;”';: L(v)
SAD

of P, x,(dv) = P,(Xp € dv) withrespect to Pc x,,(dv) = P.(Xp € dv). Dynkin
(2006a) derives a formula for H}) (1) using diagram description of moments. The
functions H}) will be central to our analysis as well; we will run into them while
studying conditionings of SBM, and use them to derive results about the structure
of conditioned SBM.

Our goal in this paper is to explore various ways of conditioning a super-
Brownian motion. We are motivated by the rich structure of the underlying prob-
abilistic objects as well as its potential connection to Dynkin’s research program
on Martin boundary theory of SBM. Here is a summary of our contributions: we
develop a way of conditioning a super-Brownian motion, which we call “condi-
tioning on boundary statistics.” The random variables which we condition on are
defined on an auxiliary probability space, and generated by sampling from the exit
measure X p. We find representations of these conditionings as H -transforms of
unconditioned SBM. In general, we identify the functions H as “extended” X-
harmonic. The term “extended” is used because, even though we show that these
functions satisfy the mean value property (1), in general, we do not know whether
they are finite for all u. An example of a boundary statistic is a Poisson random
measure with intensity 8 X p, where 8 > 0. It turns out that for this kind of con-
ditioning the resulting H -transform is through an X-harmonic family of functions
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studied earlier in the literature. Another important and more complex example we
studied is conditioning SBM on its exit measure X p, which is what most of our
paper is devoted to. We find that the corresponding H -transform uses the fam-

ily Hp(n) = 2};‘:‘;’3 (v), densities first introduced in Dynkin (2006b). This paper
shows that one can [():hoose a version of this family such that for each v, H" () will
satisfy the mean value property (1) for each w. Although this family is claimed to
be X-harmonic in Dynkin (2006b), we are not aware of any results that actually
show that H" will be a finite function of w. In this paper we shall classify H})
as an extended X-harmonic function and leave the question of finiteness to be re-
solved in a different paper, as this will require us to develop analytical bounds on
the densities of moment measures of SBM. In this paper we will not go beyond
describing the probabilistic structure of conditioned SBM on its exit measure; as
such we are not going to lose much generality by stating and proving our results
without assuming that A" is finite. Indeed, for our purposes it will suffice that
H g () is finite P, almost surely, which is true. The family H}) () is of special
interest because it can be considered as the analogue of the Poisson kernel of D.
Also, Dynkin (2006b) showed that if H is an extreme X-harmonic function in E,
then for every u, and for every sequence Dy exhausting E

. X
H(u) = lim Hp™ ()

P almost surely.

The heart of the paper is Theorem 8, which gives a new formula for H},. From
this we deduce an infinite particle fragmentation system description of P = Pf "
the conditional law of X in D given Xp = v (Theorem 11). This is carried out in
terms of a particle system, called the backbone in Salisbury and Verzani (1999),
along which a mass is created uniformly. In the backbone, each particle is assigned
a measure b at its birth. The spatial motion of the particle is an h-transform of
Brownian motion, where £ is a potential that depends on v. The measure ¥ repre-
sents the particle’s contribution to the exit measure. At the particle’s death two new
particles are born, and V is passed to the newborns by fragmentation into two bits.
Here, we use the techniques of Salisbury and Verzani (1999) applied to a more gen-
eral setting. This description connects the theory of conditioned super-processes to
the growing literature on infinite fragmentation and coalescent processes; see, for
example, Bertoin (2006) for a comprehensive exposition.

2. Preliminaries.

2.1. Super-Brownian motion. We will follow Dynkin’s definition of super-
Brownian motion (SBM). Let E be a domain of R?, and let Mg be the positive
finite measures on E. A super-Brownian motion, (Xp, P,), is a family of ran-
dom measures (exit measures) and their associated probability laws where D is an
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open subset of a given domain E in R?, and p is a finite measure on E with the
following properties:

(a) Exit property: P, (Xp(D) =0) =1 for every u, and if u(D) =0, then
Pu(Xp=pu)=1.

(b) Markov property: if Y > 0 is measurable with respect to the o -algebra F-p
generated by X/, D' C D and Z > 0 is measurable with respect to the o-algebra
F~p generated by Xp», D" D D, then

P,(YZ)=P,(YPx,Z7).
(c) Branching property: for any nonnegative Borel f,
pu(e—(XILf)) — ¢~ 1, VDf) where Vp f(y) = —log Py(e_<XD’f>)

and Py = Ps,.
(d) Integral equation for the log-Laplace functional: Vp f solves the integral
equation

u +GD(2M2) =Kpf,

where Gp and Kp are, respectively, Green and Poisson operators for Brownian
motion in D. In other words, if & is a Brownian motion starting from x, under
a probability measure I1,, then Kp f(x) = I1, f(§;,,), where 7p is the exit time
from D. Likewise, Gp f (x) = T (Jo” f(&)dt).

Under certain regularity conditions on D and f [see, e.g., Dynkin (2002)], the
integral equation in (d) is equivalent to the boundary value problem

%Au = 2u2,
ulx) = f(x), x €dD.

X p represents the exit measure from D, and the first property simply means that
X p is concentrated on D¢, so that exiting is instantaneous if we start outside D.
The third property means that distinct clumps of initial mass evolve independently.
It follows from continuity of Brownian motion that X? is supported on 8D, if
the initial measure is supported on D; see Property 2.2.A of Dynkin (2002). The
fourth property restricts attention to finite variance branching, and normalizes the
branching rate. The normalizing factor 2 in front of u? is chosen to be consistent
with Le Gall (1999) and Salisbury and Verzani (1999).

2.2. Infinite divisibility and Poisson representation. It is well known that X p
has an infinitely divisible distribution for each D. This property leads to the con-
struction of a new measure, Ny, called the super-Brownian excursion law starting
from x. Under N, X evolves as a super-Brownian motion, but N, will be o -finite,
not a probability. Thus, it is technically more complicated than P, . But Ny is ac-
tually a more basic object heuristically, under which the genealogies are simpler,
because all the mass starts from a single particle located initially at x.
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In fact P, can be built up from a Poisson random measure with intensity
0(dyx) = [ Ny(dx)u(dx). More precisely, let

M(dx)=Y 8,

be such a Poisson random measure, where the x' are random measure valued
paths. Then X = Y x/ = [ xI1(dy) is a super-Brownian motion with initial
state 1. In terms of Xp, this yields the following formula; see Theorem 5.3.4
of Dynkin (2004): let F be a nonnegative measurable function defined on Mpg.
Then

PM(F(XD))
2) = e RuMB) F(0)

=1
+ D e e /Ru(dvl) o Ru(dvp) F(ui + -+ + vp),
n=1""

where R, is the canonical measure of X p with respect to P, and can be derived
from Ny by R, (A) = (u,Ny(Xp € A, Xp #0)). In other words, we obtain X p
as a superposition of a Poisson number of more “basic” exit measures, each de-
scended from a single initial individual. These “basic” exit measures arise as the
atoms of a Poisson random measure whose characteristic measure is R ;.

Note that a special case of the above representation gives us Vp f(x) = Ny (1 —
e~ Xp.f >). Note further that we will, in the future, write this as

o0

1
P,(F(Xp))= Z ;e—R,L(ME)/RM(dvl) Ry dvg) F(op + -+ 4 vy)

n=0""

by taking the convention that the n = 0 term is the first expression in (2).

The measure N, was first considered by Le Gall (1999) in his random snake for-
mulation of super-Brownian motion. As we follow Dynkin’s framework to study
our problem, we refer the reader to Dynkin (2004) for a systematic account of the
theory of the measures N, and their applications. Note that the latter has a general
branching function 1, but for us, this is taken to be ¥ () = 2u?.

2.3. Moment measures of super Brownian motion. Among the key tools in
our analysis are the recursive moment formulas of SBM. The moment measures of
SBM are the following measures:

Let ¢, fi1,..., fu be positive Borel functions and write f = (fi,..., f,). For
Cc{l,...,n},let

3) ne(@, f,x) =Nye X0 (X p, fi),
4) pc(@, f, ) = Pue X0 o (Xp, fi).
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Let K f:, and GlD be the Poisson and Green operator for the operator
1 1
£ == EA - l,
where [(x) = 4Vp@(x). In other words, let & be a diffusion starting from x, with
generator £! under a probability measure l'[i. Then K é) fx) = I'Ii f(&;,) and

Gy f(x) = IL(fy? f(&)dt), where Tp is the exit time from D.
For C = {i} we have the Palm formula

(5) nc(@, f,x)=Kh fi(x),

and for general C we have the following recursive formulas; see, for example,
Theorem 5.1.1 of Dynkin (2004), or Lemma 2.6 of Salisbury and Verzani (1999):

1
©  nc@. fa=5 3 Gplna@, fonc\a@, f.0),
ACC,A#D,C

(7) pC(d)v f? ,bl,) = e_(M’VD(fO)) Z (M’ nc, (¢9 fv )) o (M9 nc, (d)? f9 ))
7 (C)

Here 7 (C) is the set of partitions of C. These formulas will allow us to construct
a variety of extended X-harmonic functions of polynomial type.
We will also need extensions of these formulas for

Nye (Xppt0+-+Xpe oD (X p, fr)
and
P Kby 0+ BT, (X, £,

where D; C Dy = D. Formulas (5), (6) and (7) give us these quantities when
k=1 and x € D. For k > 2 we find them recursively as follows. Let us put =
{D1, Dy, ..., D}, ¢1 = (¢1,.... 1), u' (x) = Ne(1 —exp—((Xp,, ¢1) + - +
(XDps d1))), '=4u!’, D, =D;N---N Dy and I; =1 —{D;}. We define an op-
erator n’c(d)], f, x) as follows. For card(/) =1,

. Nye X0 Mcc(Xp, fi),  xeD,
@) ne(@, fix)=1 fix), x¢D,C={i},
0, x ¢ D,card(C) > 1,
and for card(/) > 1,
ne(gr, f.x)
Nxe—((XD],¢1)+"-+(XDk,¢k))Hi€C<XD’ £i), x € Dy,
g I .
ne (@i, fox), x¢Dj,jel.
We let

(10) pé (¢17 ¢27 ey ¢k9 f! /“L) = PMe_(<XD1’¢1>+"'+<XDk’¢k>) HlEC (XDk7 .fl)'
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Fix an f and write n’c(x) for nlc(q&;, f,x) and pé(,u) for pé(q&[, f, ). The fol-
lowing formulas tell us that the values of n’c(x) on D; can be recovered from
its values at the boundary of D; and the values of the functions nﬁ‘(x) on Dy,

with A C C and A # &, C, using the Poisson and Green operators of £!" for the
domain D;. For C = {i} and card(/) > 1,

(11) nb(x) = Kb, (nk)(x),  xeDy,

and for card(C) > 1 and card(/) > 1,

1 I 1
(12) nEt@y== > G @nhné )@ +Kp, (ng)x),  xeDy.
ACC,A#>,C

Then for ; compactly supported in Dy

_ I
(13) pe(w)=e "N ng ), ng ).
7 (C)

Since at the boundary of Dy, nIC (x) is recursively defined in terms of nIC’ (x), we
have now a complete recursive algorithm to compute nIC (x), starting with [ = {D},
and C = {i}, recursively first building nlc(x) for all C keeping I the same, and
then increasing the cardinality of / by 1 and repeating the same procedure until
the desired cardinality of [ is achieved.

We omit the proof of these formulas and refer the reader to the proof of
Theorem 5.1.1 of Dynkin (2004). The reader will realize that the argument in
that proof works also for the functions u}(x) which are defined as follows. Set
X1 =Xpys---, XD, s0 (X1, ¢1) =3 i(Xp,, $;). For for I ={D}, set

Ny(1 —exp—((X1,¢1) + A1 (XD, f1) + -+ 2 XDys fi)),
uh(x) = x €D,
Gr(x) + A1 f1(x) + -+ Ay fr(x), x¢D,

and recursively for card(/) > 1 as

N (1 —exp—((X7, 1) + 21 (XD, f1) + -+ 2 (XD, f2)))
u;‘(x): x € Dy,
“)[Lj(x)_{'qu(x)v X¢DJ’J€I’J#k

We note that u? satisfies for x € Dy,
w} + Glp, (2(u)*) = K, (u}).

following formula 2.11 of Dynkin (2002), Chapter 3, which in turn yields the for-
mulas for nl. by differentiating u” with respect to A.
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2.4. Absolute continuity. The moment formulas together with the Markov
property and Poisson representation yield an important theorem taken in this
form from Theorem 5.3.2 of Dynkin (2004). See also Proposition 2.18 of Mselati
(2004). Let M, be the space of finite measures compactly supported in D.

THEOREM 1. Suppose A € F5p. Then either P, (A) =0 for all u € M$, or
P, (A) >0 for all p € M¢,.

3. Extended X-harmonic functions and conditioning. In the rest of the pa-
per we fix D € E. Following Dynkin (2006b), a nonnegative function H : M¢, —
[0, 00) is called X-harmonic in D, if for any D’ € D and any finite measure
ne Mg,

(14) P, (H(Xp))=H().

We will call a nonnegative H extended X-harmonic if it satisfies (14) but is not
necessarily everywhere finite.

We are going to touch upon three different kinds of extended X -harmonic func-
tions, which are derived from conditioning SBM on its various boundary statistics.
These boundary statistics are:

(a) a Poisson random measure with characteristic measure X p;

(b) a random variable Z drawn from the probability distribution (X}i)ﬁ if
Xp #0, and set equal to some given A ¢ 0D if Xp =0;

(¢) L(Xp), where L is a linear map from Mjp to a vector space V [e.g.,
L() =por L(u) = {u, 1) means we condition on X p or on its total mass].

Let S be any one of the above statistics. Let X be the state space of S. We will as-
sume that ¥ is endowed with a countably generated o -algebra S such that (X, S)
is a measurable Luzin space; see Dynkin (2006b) for a definition. For example,
when S = Xp, X is Mjyp, the space of finite measures on 9D and S is the o-
algebra in Myp generated by the functions f(v) = v(B), where B is a Borel
subset of dD. Given Xp = v, we let Pg denote the conditional distribution of S.
For example, Pg(f) equals (v, f)/(v, 1) in the second case (provided v # 0), and
f(L(v)) in the third.

P,, denotes a probability measure in which X is an SBM started from p € MY,
and in which S is then drawn (if necessary) by further sampling. In other words,
Py, is a probability defined on the o-field G = Fp Vv o{S}. When p = 6, we set
P, = Py. By construction, P, (f(S) | Fcp) = PSXD(f). In other words, for any
Fcp-measurable Y we have that

P.(f(S)Y) = P (PEP(H)Y).

Likewise, we let P, s and Py g denote the marginal distribution of S under P, and
Py, 50 Py s(f) = Pu(f(9)).
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Let Fcp- = o{Xp, D' € D}. What we want is the conditional law of
{Xp, D' € D} given S = s, which should therefore be a transition kernel P;i
from X, the state space of S, to the Fp_ measurable functions. More precisely,
we will have Plf(Y) = P, (Y|S), P, as. for all 7 p_ measurable Y. The follow-
ing theorem tells us how we can construct this transition kernel [part (d)]. The first
three statements [(a), (b) and (c)] of this theorem are equivalent to Theorem 1.1 of
Dynkin (2006b) in the case S = Xp. For a general S, we follow Dynkin’s proof,
with some modifications.

Let us fix a point x € D.

THEOREM 2. There exists a family of nonnegative functions {H} : M, —
R, s € X} with the following properties:

(a) H,g')(-) : (s, u) = H; () is measurable and strictly positive;
dP,”s X
dPic,S >

(b) Forall i, Hx(')(u) s = Hi () is a version of
(c) Foralls, H;(-) is extended X-harmonic in D;
(d) Define a probability P;i on Fcp—_ by setting

(15) P,(Y)=

He () P, (YH;(Xp))

for all D' @ D containing the support of |1, and F pr-measurable Y [whenever
H} () < 00, and otherwise setting P, to an arbitrary probability measure]. Then

P/f is a version of the conditional law of X given S with respect to P,, for all 1.

Any two families satisfying the above properties will coincide for Py s-a.e. s € .

PROOF. Existence of a family {I-_Ij, s € X} with the first two properties fol-
lows from Theorem A.1 of Dynkin (2006b) and the absolute continuity of the
family {P, s, u € M} with respect to Py 5. Let O be a subdomain compactly
contained in D. Then

(16) P H(X0) = H ()

for Py s-a.e. s, Yu € M{,. Dynkin (2006b) proves this when S = X p, and the
proofs for the other cases are almost identical to his. Next, we want to construct an
extended X-harmonic function H* for all s € . To do this, we choose a countable
base O, (w.l.0.g. closed under finite unions), and probability measures u, € Mg, ,
and we let

R(dn) =) _27"P,, (X0, €dn).
Note that (16) implies
P H(Xo,) = Hy (1)
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for R x Py s-a.e. (u,s). By Fubini’s theorem we deduce that there exists a Py g-

null set V s.t.

(17) P,H (X0, =H}(n)  Vn,for R-ae. ue MS),Vs e NC.

For s € N¢ and u € M¢,, we choose O, containing the support of x and define
H}(n) = P H{(Xo,).

H} () > 0 since this is true of F_I)f, but we cannot rule out H; () = oo. We set
H:(u) to some arbitrary positive constant for s € V. The definition of H}(u) is
independent of the choice of O, since, if Ox D O,, then

P, H}(X0,) = PuPx, H(Xo,)
= P,H!(Xo,).

The first equality is due to the Markov property. The second equality is due to
(17) and the fact that P, (X ¢, € (-)) is absolutely continuous with respect to R, by
Theorem 1.

Clearly, H;(u) is measurable and by (16), is a version of Zf,‘:'i (s) for each

u € M$,. To show that H} (u) satisfies property (c), we need to show that H(w)
is extended X-harmonic for each s € . Let  and O be s.t. u € MY, and pick
Oy, s.t. O is compactly contained in O,. Then, by definition,

H}(w) = P,(H{(Xo,))

and
P, H!(X0) = PyPx,(H(X0,))
By the Markov property these two are equal. Now the family {H, s € S} satisfies
properties (a), (b) and (c).
Let us define P} as in (15). It remains to prove that P, is the desired transition
kernel. Let D' € D and Y € Fpr. Then

Pu(f(S)PS(Y)) = f FS)PS(Y) Py s(ds)

1
- f O G / Y (@) H} (X /() P (d) Py 5(ds)

1 )
- / Y () / G0 | OV (XD (@) P s(ds) Pu(d)

- f Y () / £V H? (X (@) Pr.s(ds) Py (dw)

- f Y () f F$) Py, (0).5(ds) Pu(do)

=P, (Y Px,, (f(S)))
= PM(f(S)Y).
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Here we are using the definition of P, g, the definition of Plj‘, Fubini’s theorem,
the definition of H}, the definition of P, g, and the Markov property of X.

Uniqueness follows by a similar argument. Suppose {H} }scx and {I:I; }sex be
any two families with the properties (a), (b), (c) and (d). Then
Hi(w)=H(w)  for Py s-ae.s,Vu
because of property (b). With R(du) as before, there is therefore a P, s-null set
N such that
H (u) = HS () for R-a.e. u and for s ¢ .
Let u € M¢, and s ¢ N. Choose O,, such that u € MY, - Then by absolute conti-
nuity and the property (c),
H}(w) = P, H{(Xo,) = PuH}(Xo,) = H (1. O

In the remainder of Section 3, we consider the three special cases described
above. Our goal is to obtain relatively explicit formulas for H; in each case.

3.1. Conditioning on a Poisson random measure with characteristic mea-
sure BXp. Let N be a Poisson random variable with mean (X p, 8). Let Z =
{Z1, Z,, ...} be an i.i.d. sequence of random variables from Xp/(Xp, 1). Let

N
Yg =Z5zi.
i=1

Note that conditioned on X p, Yg is a Poisson random measure with characteristic
measure 8 X p, and that the construction makes sense even if X p = 0, because then
both N and Y equal 0.

Taking S = Yg, Theorem 2 gives an extended X-harmonic function (which we
denote H,’? 'Y to make explicit the dependence on B) for conditioning on Y s =.
Here v is an atomic measure. We let P,f " denote the law of the corresponding
conditioned process. In principle this is only uniquely defined for a.e. v, but we
will find an explicit form that is valid more generally.

It will be convenient to also define variants of these objects. For any positive
integer k, take Sy = (Z1,...,Zx) if N =k, and Sy = A ¢ 9D otherwise. Set
X’B(dm, ...,dz}) to be the product measure X p(dzy) x --- x Xp(dzx), and let
P/’j S be the distribution of Sy with respect to P,,. In other words, for kK > 1 and

f:(3D)* U{A} — R such that f(A) =0, we have
Pl o () = Pu(£(S0)

1 f k) k —(X )
=_—P ———dXx% )(Xp, p:A)q
k! M(</(BD)" (Xp, k=P \Xp, pYe o70)

B k X
=G Pu(([, 7 axb)exor),
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So for any B > 0, positive integer k, and any k-tuple z = {z;} of elements of 9 D,
Theorem 2 gives us a family of extended X-harmonic functions {H#%7:7 =
(21, ..., 2x) € (3D)*} such that

B
dP’
(18) HP R () = —5% (2122, 20).-
x, Sk

Letlg = 4Vp(B). We have Py, y, {0} = Py (e~ X2-F)) = ¢=1p) and P, y, {0} =
e~ and therefore we find H?" for v = 0 simply by the ratio

5.0 e—{mlp)
(19) H () = m
by Theorem 2.

Let [ > 0 be a bounded Borel function on D. For x € D, we let mi (dz) =
l'[; (&1, € dz) denote harmonic measure on d D for the operator L!. Then m; and
mly are mutually absolutely continuous, for x, y € D. [This is a well-known fact;
however, for the curious reader, here is a quick argument for why it is true. Let D’

be a smooth domain, compactly contained in D, and x, y € D'. Let mi p be the

harmonic measure on dD’. If A is a Borel subset of 9D and mﬁc (A) =0, because
of the strong Markov property and the fact that mi p 18 equivalent to the surface

measure yp on dD’, we have that mé(A) = 0 for yps almost all z. This implies
m{v (A) = 0, again due to the strong Markov property and the fact that mly [

YD
Let

Ko=)
L, 2) = z
dm!,

denote the density. If D were sufficiently regular, this would be a version of the
Martin kernel for the operator L!, but we make no such regularity assumptions
at this point. We take k' to be a jointly measurable version of this density that is
harmonic in y, for each z € 3D. One can construct k in a similar way as in Theo-

rem 2. That is, we start with a family {k((), 2), z € 3D} such that k is measurable

~ 1
as a function of (y, z), and for fixed y, k(y, (-)) is a version of ZZ}' (2). The ex-
istence of such a family follows from Theorem A.1 of Dynkin (2606b) and the

absolute continuity of the family {mly, y € D} with respect to m; Then we take
a sequence D, € D exhausting D, and let K (v,2) = l'Ily(lz(éan ,2)) for y € D,,.
Then we prove that k'(("), 2) is well defined, and harmonic for all z except on an
m! -null set A/, on which we set k’ to be an arbitrary constant. We omit the details
as the arguments are very similar to those in the proof of Theorem 2.

In the case I = 0 we write m,(dz) = m?c(dz) and ky (v, z) = kfc)(y, 7).
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The particular case of interest is [ = /g = 4Vp(B). Suppose that k > 1 and that
Z1,...,2k € dD.For C C K ={1, ..., k}, recursively define

I .
5 K Gz, for C = {i},
=11 !
Pc > Gp@phpty,).  for|Cl> 1.
ACC,0#A#C
Finally, set
Ptz = e S o) ).
where the sum ranges over all partitions {Cy, ..., C;} of K.

In the following theorem, we use the convention that H B0z — gB.O,

THEOREM 3. Let D € E,and B > 0 and x € D. Then:

(a) Hf’v = Hf’k’z for Py y, -almost all finite atomic measures v, where k and
z are such that

k
(20) v(dx) =8 (dx).
1

(b) For (miﬁ)k-a.e. (z1, ..., 2zr), for all p € M5,

k
pb )

1) HEHE () = :
’ pf @)

(c) If D is smooth, then in fact pﬁ’k(zl, .o, Zk) < 00 for all u € M, whenever
Z1, ..., 2k are distinct.

PROOF. (a) Pf’ s, (f) remains unchanged if we permute the arguments of f.

Thus we can choose the densities Hxﬁ ’k’z(,u) to be both X-harmonic and invari-
ant under permutations of the z;. A simple way to confirm this is to replace
an X-harmonic choice of Hf’k’z(u) by %ZG Hf’k’U(Z)(;L), where the sum is
over permutations o. The latter is still X-harmonic, and a version of the density
d Plf /4 Pﬁ s,» but is also clearly invariant under permutations.

For a finite atomic measure v, all of whose atoms have mass 1, find k and
Z1, - .., Zk such that (20) holds. Then define

HEY () = HE5 ).

Note that Flf’v(u) is well defined, since Hf’k’z depends only on Z* = (Z1y ..., 2k)
and is invariant under permuting z*. [Note, if two sequences z and 7 satisfy (20),
then z¥ and ¥ must be permutations of each other.]
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Let f be a function defined on the space of finite atomic measures. If v =
Zi'(:l 8z, write fi(z) for f(v). To finish the proof it is enough to observe

Pe v (HPO () £ ()

= P(BD " () £ (vp))
= Py y; (0} HPO () £ (0)

£ P (o KDBEy k) g XD

,; ( k! f (Xp, 1)k )
S Y

= Py, {0} f(0) + g %Px (e—”‘ﬂ’m / Hf’k’z(u)fk(z)X’B(dz)>

= MYﬁ{O}f<0>+Z C s HPO ) fi ()

= wﬁ{O}f<0>+Z P (fo)

X d
= uyﬁ{O}f<0>+zp( Xnﬂ% oo [ )% X lz>>)
= Pu(f(Yp))
= M:Yﬁ(f)

(b) Define H f ’k’z(u) to be the right-hand side of (21). Following an argument
of Dynkin (2004) Chapter 5, one can show that ,OM K is the density of P/3 s, With
respect to (m 7Yk, The argument uses the moment formulas (5), (6), (7) and then
pulls k factors of harmonic measure out of the resulting expressions, leaving the
densities kiﬂ behind. It follows that P}f ’k’z(,u) is a version of the Radon—Nikodym
derivative in (18). The finiteness condition for pﬁ’k follows immediately.

Furthermore, by Theorem 3.1 of Salisbury and Verzani (1999), FI)’? K2 s x-
harmonic; see remark (iv) below. Thus Flf kz Hf K2 for (miﬂ Y¥-a.e. z, which is

the sense up to which Hf % is well defined.
(c) The argument for (c) is a straightforward modification of the estimates used
in Theorem 5.3 of Salisbury and Verzani (1999). [J

REMARKS. (i) The conclusion is that we have obtained an explicit formula for
Hf "Y(1). The abstract definition of this X-harmonic function was valid only up to
an unspecified null set of v’s, whereas the canonical expression we have obtained
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is well defined as long as v is a finite atomic measure, all of whose atoms have
mass 1 (assuming that D is smooth).

(i1) The arguments of this section would work equally well for conditioning on
the value of a Poisson random measure with characteristic measure 8(x) X p(dx),
where B(x) is now a bounded measurable function on 9 D.

(iii) If D is smooth, then instead of taking kfc (v, 7) to be the density of mly with

respect to mi, we could use the Poisson kernel in its place, and get a similar result.
In other words, we could take the density of ml} with respect to the surface measure
y on d D, rather than the density with respect to mi.

(iv) HP-*2 falls in the family of X-harmonic functions considered in Salisbury
and Verzani (1999). This family of X-harmonic functions are characterized by
a function g, and £*8-harmonic functions vy, ..., vk. In our example the func-

tion g is ug = VppB, and the harmonic functions v; are the functions kiﬂ (-,z;). In
Salisbury and Verzani (1999) it is shown that for D Lipschitz of dimension d > 4,
g =0and v; =k, (-, z;) where z1, ..., zx are distinct points chosen on the bound-
ary, the resulting X -harmonic function corresponds to conditioning SBM to hit the
points z;. The same argument would work in dimension d = 3, at least when D is
smooth.

3.2. Conditioning on a rv. Z sampled from measure %. Recall that the

random variable Z is drawn from the probability distribution %Dl) if Xp #0,
and set equal to some given A ¢ 0D if Xp = 0. Applying Theorem 2 gives us a
family of extended X-harmonic functions

e dP,.z

Y dPyy

indexed by points z of {A} U dD. We denote the law of the corresponding condi-
tional process by PZ.

Recall that & is a Brownian motion under I1y. For z € 9D, we let II§ be a

probability under which &; is a k,(-, z)-transform of Brownian motion. [Recall
kx((-), z) =k%((-), 2).] In other words,

(2)

N5 (f &), t <tp) =

for every bounded measurable f.

The following result establishes a concrete formula for HY that is defined for
my-a.e. z € D when D is a general domain. When D is smooth, the same argu-
ment as in the previous section gives a canonical version, defined for all z € 9 D.

kx(y’ Z) HY(f(Et)kx(g:t, Z),l < TD)

THEOREM 4. Let D € E and x € D. Then for m,(dz)-almost all 7z € 9D,
H:(n) < oo, and

S5 ki (- DTIE (e P D))o~ totts) d

Z —
(22) Hy(p) = fooo I (e*¢(uﬁ))e*”ﬂ(x) dp
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for every i, where ug = Vp B and the random variable ¢ (ug) is defined as
™
(23) Blup) =4 [ upedr.

PROOF. We first find the Radon-Nikodym derivative of P, z w.r.t. the har-
monic measure my(dz) on the boundary of D. We observe that

Xp,
Puz(f)= Pu(%l{xméoo

(24
= [T L p (e xon-poy| g,
o dr" A=0
Note that the above derivative equals O when X p = 0. By the branching property,
(25) Pu(e_MXD7f>_.B<XD11>) = e~ tnrip)
where

wpip=VpOf +B)=Ny(1 — e XM +A)),
Taking the derivative of the right-hand side of (25), and evaluating at A = 0 we get

Xp, 00 ~
@6 P2 ko) = [ n B (Ko, e 80 ap

Differentiation under the integral sign is easily justified. By the Palm formula,
Ny ((Xp, fle PXo ) = Ty (f (5 )e™? )
- faD IT5 (e~ ") f (2)m y (d2)

=/, T (e =28k (. 2) f (R)mac (d2).
So,
(1, N ((Xp, fle PXr-1)) = fa (ke G DTG (7 0)) f (@ma(d2).

Hence

/ooow N ((Xp, fle P ))e=tup gp

—f f(z)</ sk (-, TIE (e _d’(”ﬁ)))e_(“’“ﬂ)dﬁ)mx(dz).

Therefore, both P, 7 and P, 7z have densities with respect to m,(dz), given by

00
/ <:uvkx(‘,Z)Hf.)(e_qb(“ﬁ)))e—(u,uﬂ)dﬂ
0
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and
o0
/ [T (e~ P 0)) 45 4B,
0

respectively. The ratio of these two is a version of the desired Radon—-Nikodym
derivative. To show that it equals H{ for almost all z, it simply remains to show
that it is extended X-harmonic.

The denominator is simply a normalizing factor, so consider the numerator. For
lg = 4ug, it is known [see Theorem 1.1 of Salisbury and Verzani (1999)] that
W (p, vye~W18) is X-harmonic whenever v is £'#-harmonic. And in our case,
(s kx (-, DTIE (€7 PWB))) e 1tp) = (pu, K (. 2))emup) | as required.

Now we show that H:(u) < oo for all w, for m,- almost all z. Let g € M be
fixed. Since H?(wo) is a density, there exist a my null set B C 9D s.t. for z € B,
HZ (o) is finite all z € B€. Let u € M¢, and choose D’ € D such that both 1 and
o are compactly supported in D’, and assume that D’ is smooth. Let p,, be the
measure defined on dD" by p,(f) = Pu(e_<XD””5>(XD/, f)). Then our analysis
in Section 3.1 gives us that p, and p,,, are equivalent, and the Radon—Nikodym
density is

dpu (1 KB (), )

dpuy =" (o, K2 (C), )
where k% (u, y) is the Poisson kernel of D’ for the operator £'#. Note that this
density is bounded by a constant C (u, wg) since k' (u, y) is harmonic in u on the
support of u and po. Hence

(. K )™ W) = P (X KE (-, 2))e™ Xores)
<C(,U, /‘LO)PMO(XD/ k ( Z)) (Xpr, uﬁ>

= C (. oo, k¥ -, 2))e™ ),

It follows that H () < C(u, wo) H; (o) < oo for all z € B, and hence the proof
is complete. [J

3.3. Conditioning on a linear function of Xp. Let L be a linear and measur-
able map from the linear cone of positive finite measures Myp on 9D to a Luzin
measurable space (V, V) where V is a vector space, and V is countably generated.
Let V. be the image of Mjyp, and write V* = V, \ {0}. Assume that Ly =0
implies p = 0.

Let 7, be the map VI — V defined by

Th(vi,...,v) > (Vi +v2+ -+ Uy, V1,0, Vp1),
and for A€V and A C V*, let
Ny.Lixp)(A) =Ny (L(Xp) € A, Xp #0).
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We fix x € D as before and define a reference measure R, on V* by
Ry (A) = Px L(xp)(A, Xp #0).

Its total mass is ry,0 = Py, L(xp) (V) =1— e ™) where u(x) = —log Py (Xp =
0). Note that u = limg_, o Vp(B). Throughout this section we will assume that

(27) D is a bounded domain, all of whose boundary points are regular.

This holds, for example, if the boundary of D is smooth. Under assumption (27),
Vp(B) is the unique solution of

%Au = 2u?

on D with u = 8 on 0D [Proposition 8.2.1.B of Dynkin (2002)]. Because of this
and the comparison principle [Proposition 8.2.1.H of Dynkin (2002)], Vp(8) is
also the maximal solution of %Au = 2u? on D bounded by 8. We will need this in
the proof of Lemma 5.

By Theorem 2 we know the existence of a family of extended X -harmonic func-
tions {H!,v € V} suchthat H!(u) =d Py, 1.(xp)/d Px,L(xp) (V). In this section we
are going to find a more explicit formula for this family.

LEMMA 5. Assume (27). There exists a family of functions {yx,:D —
(0, 00), v € V*} such that the mapping (v,y) > yx.»(y) is measurable and for
allye D

(28) Ny, L(xp)(dV) = Yx v (¥) R (dV).

In addition, there exists a measurable kernel K ,(v; dvi,dva,...,dv,—1) from
V* to (V"1 such that

R} o T”_l(dv, dvy,dva, ...,dv,—1)
(29)
=Ky n(v;dvy,duva, ...,dv,—1)R(dV).

Moreover K (v, -) is a strictly positive measure, for R-a.e. v.

PROOF. Recall that
PM,L(XD)(A) = PM(L(XD) S A).

Because all P, (Xp € -) are equivalent, so are the P, 1 (x,,), as are their restriction
to V*. Thus all P, 1(xp) (When restricted to V*) are equivalent to R,. Moreover,
since

Ny,L(XD)(A) = Ny(L(XD) € A, XD ;ﬁ 0) = Ny(PXD/ (L(XD) €A, XD 75 0))

for all y € D and D" € D such that y € D', N, 1(x,) is also equivalent to R,
for all y € D. By Theorem A.1 of Dynkin (2006b) we get a family of functions
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{Yxv: D [0,00),v € V*} such that the mapping (v, y) > yx »(y) is measur-
able, and (28) holds. Clearly such a yx ,(y) can be chosen strictly positive since
Ny L(xp) and Ry are equivalent.

It will be convenient for the proof to write R,(dv) = rx,oléx (dv), where Rx
is a probability measure. In other words, R.(dv) = P.(L(Xp) €dv | Xp #0).
Note that with this choice of Rx, Ié;’ o Tnfl(dv, dvy,dvy, ...,dv,_1) is the joint
distribution of (Vi + --- 4+ V,,, Vi, ..., V,—1) where V; are independent random
variables with distribution Rx. Let Ry , be the marginal distribution of V| 4 --- +
Vi, where the V; are as above. The following decomposition is then immediate:

Ié)’(‘ ) Tn_l(dv, dvy,dvy, ..., dv,_1) = Iex,n(v; dvy,dvy, ...,dv,—1)Ry ,(dv),

where I?x,,,(v; dvy,dvy, ...,dv,—1) is the conditional probability kernel for
Vi,..., V) given Vi + -+ - + V.
We now show that R, , is absolutely continuous with respect to R,. Let
X b, ..., X, be n independent realizations of the exit measure under the law P, .
Then the distribution of X lD +--- 4 X7, is given by the P, distribution of X p.
Let F be s.t. R, (F) =0, that is,

(30) P (F(L(Xp))lxpz0y) =0.
Because P, and P,s, are absolutely continuous, (30) implies
(31) Pnax(F(L(XD))l{XD#o}) =0.
Since
Pus, (F(L(XD))11xp0})
=(P)"(F(L(Xp +---+ XnD))l{x})Jr...er',fﬁeO})
= (P)"(F(L(Xp) + -+ L(XD))Lx1 sop - Lpxp201)
= o Ren(F),

this implies that Ry ,(F) = 0, so indeed, Ry , is absolutely continuous with re-
spect to R.

If A" (v) is the Radon—Nikodym derivative of R, , with respect to Ry, we get
(29) with

Kx,n(v; dvy,dvy, ..., dv,—1) = ng,n(v; dvy,dva, ..., dvn—l)hZ(v)-

It remains only to show that K , (v, -) is strictly positive. Because sz,,,(v, )
is, this amounts to showing the converse to the absolute continuity result above,
namely that R, is absolutely continuous with respect to Ry ,,.
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Our approach is to use the Poisson representation, as in the absolute continuity
argument in Dynkin (2004). Suppose Ry ,(F) =0 and 0 < F < 1. The Poisson
representation gives that

P, (F(L(Xp)), Xp #0)

)Ny, (Xp €dvi, Xp#0)---

x Ny, (Xp € dv, Xp #0)u(dx1) - - - p(dxg)

00— ()
=3 S [ A xouxn) - adn,

k=1

where
FeGt e i) :/F(L(v1)+---+L(vk))le(XD cdvi. Xp#0)-
x Ny (Xp € dvi, Xp #0).
Let D,, € D such that x € D,, and D,, 1 D. Then

P.(F(L(Xp)), Xp #0)
= Py(Px,, (F(L(Xp)), Xp #0))

00— (X )
=P, (Z g [ R0 Xn, @) X, (30 ).

k=1

There is a similar Poisson representation for Ry , (F), involving a sum of integrals
of the f; for k > n. Since Ry ,(F) =0, we conclude that for each k > n there are
X1,...,Xr € D such that fi(xy,...,x;r) = 0. By absolute continuity, we conclude
that fi(x1,...,xx) =0 for every xy, ..., xk.

Since F < 1 we obtain the bound

k
SOt ) < [Ny (Xp #0) =u(xr) - ulxp).

j=I
Therefore

(Xppy »ut)
P.(F(L(Xp)), Xp #0) < ZP( (XDm,u)k).

The result will follow once we argue that all terms e~ XPm-#) (X D u)k converge

to 0 Pyx-a.s. as we let m — oo, by the dominated convergence theorem since these
terms are bounded. To show that e_(XDm’“)(XDm, u)k — 0, it is enough to show
that the stochastic boundary value of u (i.e., lim,;, o (Xp, ., %)) is O or co, Py-
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a.s. Let Zg be the stochastic boundary value of the constant function 8. The se-
quence (Xp,,, B) is a uniformly integrable martingale with respect to Py for all
y € D. That it is a martingale follows because the constant function g is har-
monic. The uniform integrability follows because this martingale is square inte-
grable. Indeed, by the moment formula (7), Py((Xp,,, 8))> = Gp,, 4B>)(») + <
G D(4,82) (y) + B < 00, since D is bounded. It follows that the log-potential of Z
is the maximal solution of %Au = 2u? on D bounded by B, which is VppB, as we
argued at the beginning of this section; see Sections 9.2.1 and 9.2.2 of Dynkin
(2002). So VpB(x) = —log P.e~%#. Also note that Zg=pBZy,and Zg 1+ Z where

0, if Z1 =0,

(32) Z:{oo, if Z) > 0.

By the dominated convergence theorem

Pxe_z = ﬂllm Pxe_Zﬂ = ﬂhm e_VDﬂ(x) = e_u(x),
—00 —00

so u is the log potential of Z, and therefore Z is the stochastic boundary value
of u. Since Z is 0 or co Px-a.s., the proof is complete. [

LEMMA 6. Assume (27). Let (Kx n)n>2 be a sequence of transition kernels
satisfying (29) for n > 2. Define
(33)  Kyn(;dvy,...,dvy) = K,(;dvy,...,dvy—1) X 8y—(v,+etv,_)(@dVn).

Then for Ry-almost all v € V*, the following holds for alln > 2,1 <r <n, and
any partition C1,...,Cy of {1,...,n}, where n; = |C;|:

,
Ky n(viduvy,...,dv,) = / Ky r(v;dvy, ..., dv) 1_[ Kx,ni(ﬁi; dUCi)-

i=l

PROOF. Since V is countably generated, so is V" (the product o-field), and
therefore for each n > 1, there exists a sequence of nonnegative Borel measurable
functions { f'}7°, generating V".

It will suffice to show for any &k, j > 1,n > 2,1 <r <n, and any given partition
Ci,...,Crof {1,...,n} that

/-f}(v)[/-fk”(vl,...,vn)kx’n(v,dvl,...,dvn):|Rx(dv)
:/fjl(v)[/ K r(v,diy,....d7o,)

x / T Bens G dvcy) £ o .. vn):| R.(dv).
i=1
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Let
Fns 5 = [ TT R Giodve) £ 1),
i=1
Then

/fj‘(v)/kx,,(v,dal,...,dﬁ,)/]‘[Ex,m(ai,dvc,.)f,f(vl,...,vn)Rx(du)
i=1
=[G+ 4 B G BRI dE)

Z/fj](ﬁl +---+ﬁr)f;:’(v1,---,vn)[l_[ Ex,ni(ﬁi’dei)Rx(dﬁi):|
i=1

=/f,-1(2c1vm + o+ B un) @1 o) [T Re(@om)

i=1C;

= [l u @ u R du)
:/fjl(v)[/f,f(vl,...,un)kx,n(v,dvl,...,du,,)]Rx(dv). O

LEMMA 7. Assume (27). For any By C V* with Ry (Bj) = 0, there exists B C
V* with R (B¢) = (_), such that B C By and for all n > 2 and v € B, we will have
V1s...,vp) € B", Ky n(v,dvy, ...,dvy) a.s.

PROOF. Define recursively B,,,m > 1 as

o0 n
By = {v €Bu_1: Z/Z e () Kxn(v,dui, ..., dvy) =0}.
n=2 i=1

Then R, (By,) = 0. Because R, (Bjj) =0, and assuming R,(B;,_,) =0, we have
that

e.¢] n
/Zfz13&71(vi)1€x,n(v,dvl,...,dun)Rx(du)
n=2" i=1
oo n
=3 [t ORI @r, - dv)
n=2" i=l1

[e.¢]
= Z ”Rx(Brflfl)”;l,Bl =0,
n=2
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which implies Ry {v:35%, [ 37 1ge  (vi)Kyn(v,dvy, ... dv,) # 0} = 0.
This implies that R, (B;,) = 0 since

BS C {v:/ZlB;l](vi)lzx,n(v,dvl,...,dvn);éO )
i=1

Let B =(,—o B Clearly Ry(B)=0and B C Bp. _
Now, if v € B, then forany m, >-72, [ 377 1ge (v;) Ky o (v, dvy, ..., dv,) =0.
By the monotone convergence theorem, this implies that

o0 n _
> / > 1)Ky (v, dvi, ..., dv,) =0.
n=2" i=1

Hence for all n, Iex,n(v, dvy, ...,dv,) almost all (vy,...,v,)isin B. [

So far yy ,(y) is any jointly measurable version of the Radon—Nikodym deriva-
tive of Ny x, with respect to Ry. In the following theorem, we refine this choice
and find a formula for the family of extended X harmonic functions {H;, v € V*}
corresponding to d Py, 1.(xp)/d Px,L(xp) (V).

THEOREM 8. Assume (27). There exists a version of {yx.,v € V*} of
Lemma 5 such that for R, almost every v € V*

(34) Ve () =Ny (HY (Xp)

for every y,and D’ € D such that y € D', where

ol +u) ifo=0,
eI L, V)
> 1
G5 Ho=1  +X [ e IR idv v
b n!
X (Ma )/U]> e (Ms Vx,v,,q)
X <,bL, yx,v—(vl-i-w-i-vn_])), lf’U 7é 0.

Moreover, with such a version of yy ., {HY,v € V*} defined by (35) is ex-
tended X-harmonic for Ry-almost all v. For fixed p, HY(w) is a version of
dPy.1(xp)/dPr.L(xp)(V)-

PROOF. Let {yx,v, v € V*} be a family of functions satisfying the properties
of Lemma 5. Define H! _by formula (35) with this yx , in place of Yx,v- Since
Yx,v > 0, it follows that H? > 0. We will first show that for each u, H(u) is a
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version of d P, 1. (xp)/d Px,L(xp)(v). Let F be a nonnegative Borel function on V.
[ Petoen @ F@I o)
= P (O FORY + [ F@A G0 R, (@v)

— ¢ W) p(Q)emmHu) 4 = (iw) / F(0) (i, 75.0) Re (dv)

o e_</’l“9u) _ _ _
#30 [ T+ 0 T 0t om0
=2 n!

X F(W)Ky n(v;dvy, ...,dv,—1)Rx(dV)
o0 e—
=e WIFO) +

n=1

(p,u) _ _
" /F(U] +"'+vn)<:uaVx,v1>"‘<//vayx,vn>

X Ry(dvy) - -+ Ry (dvy)
= ¢ F(0)

+X; - /F(Ul+"'+vn)
e

X (i Nop.Lxp) (@dvn)- -+ (s Noy.Lexp) (dvn)
i 87<M7’4>
=Z n! /F(L(v1)++L(Un))RM(dV1)RM(dUn)
n=0 :
= Pu(F(L(XD))) = Pu.Lxp)(F),

where we are using the Poisson representation. We choose countable base O,
(w.lo.g. closed under finite unions) and consider the measure R on M¢, defined
as in the proof of Theorem 2. The argument in that proof tells us that there exists a
Py 1(xp)-null set N s.t.

(36) P H!(Xp,)=H!(w)  Vn,for R-ae. ue M, YveNC.

Without loss of generality we may assume that for v € N, the statement of
Lemma 6 holds, and moreover by Lemma 7, I?n (v,dvy, ...,dv,) almost surely
V1, ..., 0) € N for all n. For v € N¢ and y € D, we choose O, containing
the support of y and define

Vx,v(y) = Ny(H;(XOn))-

Since P_I; > 0 it follows that yy ,(y) € (0, oo] for every y. We set y, , to some
arbitrary constant > 0 for v € N. The definition of y, , is independent of the
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choice of O, since, if Oy D O,,, then
NyI:I;(XOk) = NyPXOn I‘_I;(ng)
=N,H!(Xo0,).
The first equality is due to Markov property. The second equality is due to (36) and
the fact that N, (X, € (-)) is absolutely continuous with respect to R.

We now show that for fixed y, this gives a version of M .Ify € O, then
[ FON, 10 @) = N, (F(LXD) Ty 0)
{v#0}
=Ny (Pxo, (F(L(XD))Lxp20)))

= HY(Xo.)F(v)Ry
Ny(/{v#o} V(X 0,)F(v) (dv))

= F ()R, (dv)Ny(H (X 0,))
{v#0)

= F(U)Vx,v(y)Rx(dv)-
{v£0}

Let H{ be defined by formula (35). Then we know that for fixed p, H () is a
version of d Py, 1.(x)/d Px,L(xp)(v). Now we are going to show that for v € N,
HY(n) = Py,(HY(X0,)). To simplify the notation, we drop the basepoint x from
Kx n, Yx,v and yy ,, for the remainder of the proof,
P,H'(X0,)

00 (Xok

n
1_[ (Xops Yu;) YK, (vsdvy, ..., dv,)

n
( (Xopu HXOk,yvl>Kn(v;dv1,...,dv,,)

1 _
:Z; —{1, Vo, () |:Z H<M’N()< (Xopu H(Xok,yvj)>>]
n=1 w(n)i=1 J€Ci
x K, (v;dvy,...,dvy)
— o~ 1. Vo, W)
XZ Z/K(v dvy, ..., V)
n(n)

r

H<M N()( Xon.u [/ I1 XO,lvyv]>Kn,(UtvdUC)]>>

i=1 Jj€Ci
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n!
MVOk(M)Z Z/K(v D1y, Op) Z m
! Ny,...,ly “rhpel
XH<M N()( Xopu [/ ]_[ Xok,yv,>Kn,(vl,dvc )D>
i=1 jeCi

) 1 -

_e—<ﬂyvok(u>)Z/;Kr(v;dﬁla-'
rooo )
<11 Z

., dvy)

<u N()( (Xopu [/ I1 Xoy. 7, >Kn,(v,,dvc)])>

jeCi
0 1 _
_e—wy‘/ok(“))X}/F—!Kr(v;dﬁh.-
r=

xl_[<u NO(,[X_:]_e (Xopu |:/ 1_[ XOk,va)Knl(vl,dvcl)})>

., diy)

JjeCi

/ K (v; dvy, ... dvr)l_[ (1L, Vx,v v,
i=1
:Hx(M)’

where the last line follows because by our assumption that if v € N¢, then
K, (v,dvy,...,dv,) almost surely (vy,
each v;,

U,) € (N9" and by construction for

ve: ) =N, Z—e (Xog.u

[ (Xox 70;)Kn; (Bi: dvc,)
n,—l jeC;

Now we show that y; , satisfies equation (34). Let y € D & D. Then for some n
D & O,. By the definition of yy , and the Markov property,
NY(H;(XD)) = NY(PX~ ﬁx v(XOn))

=N,y (Hyv(X0,)) = Y20 ()
as desired.

Replacing N, with P, in the above argument we have that H; is extended X-
harmonic for all v € N. It is also clear that H is X-harmonic for v = 0. Hence
the proof is complete. [

REMARKS.

(i) Although Theorem 8 gives a workable form for H! (u), it does
not remove all ambiguity in the choice of H/, since yy , and K, (v;-) are only
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well defined for a.e. v. Ideally we would like to prove continuity properties of
these objects in v as well, that would then specify them uniquely. But we have not
succeeded in doing that. In subsequent sections we will, however, be able to clarify
the structure of these objects, and show how they determine the behavior of the
H-transformed super-Brownian motion. We do have regularity in y. In particular,
we will soon see that the version of yy ,(y) given by Theorem 8 is already lower
semi continuous in y.

(i1) Note that in Sections 3.1 and 3.2 without much difficulty we were able to
show that the corresponding extended X-harmonic functions are finite, therefore
X-harmonic. Finiteness is harder to prove for the extended X-harmonic functions
of this section because it requires analytical bounds on the Radon—Nikodym den-
sities of n-order moment measures of SBM for all n > 1. We hope to pursue such
bounds in a subsequent paper.

(iii) An important case is when L(X p) = X p. The corresponding extended X-
harmonic function H can be thought as the analogue of the Martin kernel.

(iv) A more tractable application should be the case L(Xp) = (Xp, 1), where
we condition on the total mass. In that case, yx ,(y) is a function of only finite-
dimensional variables v € [0, 00) and y € D. We hope to explore this example
further in a subsequent paper.

(v) An interesting direction is to explore the relationship between H. f "Yof Sec-
tion 3.1 and H} . In particular, with 8 = n, what happens to H"'"* as n — oo, if
{va}n>1 is a sequence of finite atomic measures such that n—tv, converges to a
finite measure v on the boundary? One can show that

n,Y, Xp
PM — PM

weakly almost surely, in a sense, and use this to investigate whether H;’ is extreme.
We will pursue this direction in a subsequent paper.

4. Fragmentation system description of P). The results of this section ap-
ply in general to the conditional law P, given L(X p) = v. For simplicity, however,
we will carry out the computations for the case L(v) = v. So in this section V* is
the set of positive finite measures on 0 D.

As in Section 3.3, we assume (27), that is, that D is regular. From Section 3.3,
recall that u(x) = —log P, (Xp = 0) = Vp(c0), and u is a solution of the boundary
value problem

%Au =2u?
on D and u = oo on 0 D. We also have

(37) u(x) =Ny (Xp >0):ﬂlim VpB(x).
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Let yyx,, and H be as constructed in Section 3.3. Let ' C V* be the R, -null set
such that for v € N¢, y, , and H} satisfy the system of equations in (34) and (35),
H; is extended X-harmonic and the kernels K, are strictly positive and satisfy
the decomposition property of Lemma 6. By Lemma 7 we may assume that if
v € N¢, then I?x,n(v, dvy, ...,dvy)-almost all (vy,...,v,) are in (N)". We fix
v € N¢. Let y be a point in D such that y, ,(y) < co. Recall that y, ,(y) > 0 by
construction. If y € D’ € D, we may then define a change of measure by

Ny(Z) = Ny(ZH{(Xp)

Yx,v )
for positive F. é p-measurable Z. (F, é p 18 defined as the o -algebra generated by
{X0,y € O CD'}.)Since H! is extended X-harmonic, N; is defined consistently
on fé p_»and we have that N; is a probability law because of equation (34).

In the remainder of this section we turn to the problem of giving an explicit
probabilistic construction of NY in terms of a backbone along which unconditioned
mass is created. We do this in two steps. Let H;,l(u) = e ul(y, Yx.v), and for
n>2let

e_<u“su>

Ky n(idvr,...,dvg) (i, Yev) - (s Vi) -

38 H,w= [

Then Hy =} ,~; Hy ,. We will first use the recursive moment formula to es-
tablish an inductive relationship for H, ,, and then compare this to the inductive
relationship coming from the first branch of the backbone.

We will make use of a stochastic process &; under various measures IT, or H‘y‘”.

In either case we use the shorthand

/ _ gt _—Xpre)
MD (¢):€ f04N§x(1 e D )dS’
where D’ € D and let 7 be the exit time of & from D’. We similarly let
NP = o Jo AN (1memXr 1)) ay
t - )

where I = {Dy, ..., D¢} is such that each D; € D, ¢; = (¢1,..., %), X1 =
(XDI,...,XD,(),SO (X1, 01) :Zj(XDj,(l)j).AISOWI'itC D;=DiN---NDx.
In the rest of the paper we will denote Ky 2(v,dv’) by K, (v,dV’). Let I =
{D1, ..., Dy} where D; C Dy = D’ € D. Define a family of operators Nyl’”’” as
follows:
For card(/) =1,

. Ny(e_<XD/’¢>H;,1(XD’)), ye D,
(39) Ny D) = van (D), y¢éD n=1,
0, yé¢D',n>1.
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For card(/) > 1,

Ny(e"¥r?0HY (Xp)),  yeDi,
Ny y&Dj, j#k,

where I; = I — {D;}. Note that we have

(40)  NyU(g) = {

NIV ()
1
o ne (b1, ... b +u, ",y )
X kx,n(v, dvl, ey dvn),

where C,, = {1,...,n}, and the nIC are the operators defined by equations (8)
and (9).

LEMMA 9. Assume (27). Let ¢} = (¢p1,...,¢x—1, ¢k + u). For n =1 and
y€Dj,

v I,v,1 ,
(41) NN = M, (Ng, @DNz (¢1))-
Forn>2andy € Dy,
Ny ™" (1)
_ i g Iv',m I,v—v' n—m 1,D;( ,u
=Y [ o, | 2Ng" @D, @DN 7 (¢F) dr
m=1

(42)
x Ky (v, dV')

I,v, 1,D
+ TN " @DNG (9])-

PROOF. Ifn =1, then H;’l(u) =)y, ¥x.v) and the result is an immedi-
ate consequence of the basic Palm formula (5) [for card(/) = 1] and the extended
Palm formula (11) [for card(/) > 1].

If n > 2, by the recursive moment formulas (6),

Ny(e X190 B, (X p,)

1 _ _
— ; Ny(e (X1.01), <XDk’u>ni(XDks Vx,v,-))
XKy n(v;dvy, ..., dvy_1)

—A+B,
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X Nfr (e_<X1’¢7>HieM<XD’: Vx,vi>)
XNS,( X] ¢[ H¢M<XD/ ny))dt)

X IZX avidvy, ..., dvy).

There are ( ) possible choices of M in the above expression, with cardinality m.
Therefore, by rearranging the indices, and using Lemma 6 with r =2, we get

n—1
A= Z/Kx(v;dv/)
m=1

™
e ([ o

] m
X[ﬁ/Néit( X1¢1 UXDk,)/xvl>

X sz,m(v/; dvy, ..., dvm):|

1 XI¢ n—m
- Ji X s Vx
X|:(n—m)!/ ( ,1:[1 Des ¥ ”’)

X Kypem(v—1"sdvy, ..., dvn_m)] dt).

The term B is 0 for card(/) = 1 and for card(/) > 1 is found using the extended
moment formula (12) as

B= %/ny(n’cn«m,...,¢k+u,yx,v1,...,yx,v,,,sm,wl" (7))
X I?x,n(v;dvl,...,dvn)
= I, (N2 " @D (8)). 0
Now set T'x,p =2 [ ¥ v Va,v—v Kx (v; dV).

THEOREM 10. Assume (27). The function yy , is L _superharmonic, and
hence lower-semi-continuous in y. For Ry-almost all v € N€ it is in fact an LY -
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potential, and satisfies
(43) Yx,v = G‘Bt |:2/ Vx,vyx,v—v/Kx (V§ dl)/):|.

PROOF. Let Dy be a sequence of domains exhausting D. Since Vp, u = u, we
have that ./\f,D" ) = e~ Jo4uE)ds for ¢ o 7p,. Thus

o

Ve () =Ny (HY (Xpy) = D> Ny(H! ,(Xp,))

n=1

=N (H; I(XDk))

Iy 2PN, (Y, )N, (H25Y, ) di
y 0 t & x,m %'1( X,n— m)

Ny (H! | (Xp,)) +sz1< (v; dv')

m=1 j=1
([ 2 (1 N (122
™
=N, (H} (Xp)) +2 [ T ( /0 ‘ yx,w(sf)yx,v_w(st)dr) Ko(v; dv')

Dy
=1 (12, () + 11 ([ ueo ar).
The first term is £*-harmonic on Dy by Lemma 9, and the second term is an
L3 potential, so yy,, is £L*-superharmonic on each Dj. Thus it is so on D as

well.
Moreover,

[ %2 ) Rty = y(e—“ﬂk’") / <XDk,yx,u>Rx<dv))
=Ny(e out) [ [ Xp, @wiyatwRs (dv))

=N, (e Xpet) / X p, (dw)Ny (X p # 0))

=Ny (e 2" (X p, , u))
Zeu(y)Py(e_<XDk’ >(XDk,u>),
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where the last equality follows from the recursive moment formula (7). As we
argued in the proof of Lemma 5, the stochastic boundary value of « is 0 or co Py-
a.s.; therefore Py (e_<X Dyes) (Xp,,u)) converge to 0 as k — oo by the dominated
convergence theorem. Thus

/ N, (H} (Xp,)) Re(dv) — 0

as k — oo. By Fatou’s lemma,

(44) liminfN, (H} (Xp,)) =0
k—o00

for Ry-a.e. v. But the second term in our expression for y, , (y) is monotone in &,
and therefore limy_, oo Ny (H{ (X p,)) must exist and thus equal to O for R,-a.e. v

by (44). So, we get that yx , (y) = 1'[4” (fo Dk I'x.v(&)dt) for Rc-a.e. v, for every y.

Choosing a countable dense set y1 y2, ..., we therefore have a set No D N
such that R, (N) =0, and the above equahty holds for every y; and for every v €
(Mo)€. Since both functions are lower-semi-continuous, and agree on a countable
dense set, it follows that (43) holds for every v € (Np)¢. O

Suppose now that v € N where N is the R,-null set described in Theo-
rem 10. Again we may assume that if v € N/, then I?x,n(v, dvy, ..., dv,)-almost

all (vy,...,v,) are in (N)". Let Ny be the excursion measure of a super-process
whose spatial motion is killed at rate u. In other words, for any D’ € D, we have

Ny (F(Xp)) =N, (e~ X0 F(X ).

Let y € D be such that y, ,(y) < co. We define a probability Q; on an auxiliary

probability space €2 where there is a branching diffusion on D, and conditional on
this branching diffusion, a Poisson random measure is generated on the infinite
product space MPP-. We endow M PP~ with the o -algebra Fep- generated by
the coordinate maps Xp/, D' € D [i.e., X p/(w) =wp forw e MOD ]. Our goal
is to construct an MOD-_valued process X = (X D')D’'ep On Q such that the law
of X with respect to Qy will be the same as the NY law of the exit measures
(Xp)prep of a SBM. First we describe how the branching diffusion evolves: we
start a yx ,-transform of a L* process off at y. Since Yx,v 1S a potential, this
process dies before reaching dD. Say it dies at w. Then almost surely I'y , (w)
is finite. Because

H;’yx’u (1Fx,u($()200) = Z(11",x.v(§'t)=oorx,v(Sl)1§“>t) dt

yx,v(y) 0

which must be equal to O since H;(lpx’v(&):oor‘x,v(ét)1;>t) is 0 or oo for any ¢,
and the assumption yy ,(y) = H’;(FX,U(S,)1;>,) < oo implies H;(lpxqv@,):w X
[y, v(&)1r5,) = 0 for Lebesgue-almost all 7, making the right-hand side of this
equation equal to 0. Note also Ty, > 0 since v € N, and therefore K, (v, dv’)
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is a strictly positive measure. Now we can choose V" at random with distribution
density

(45) yx,v’(w)yx,va’(w)Kx (V; dV’)~

Iy Ry (w)

Almost surely, both v' and v — v’ are in N, and yy ,(w) and y, s (w) are
finite, so we may start two new processes at w, following y; , and yy ,_,/ trans-
forms of £*. Note that we may repeat this process infinitely often. This defines
a branching particle system. Let Y; denote the measure-valued process putting a
unit point mass at the historical paths of each particle alive at time ¢. (A historical
path of a given particle at time ¢ is the path describing for any s < ¢ the loca-
tion of the particle or whichever ancestor that is alive at time s.) We then create
mass uniformly along this set of particle paths, which then evolves according to
the law N(.). Loosely speaking, we want to generate a Poisson random measure
with intensity

f 47, (d2)N,, (X € ) di
0

and add up the resulting measure-valued processes to form X. But we must be
careful to represent Xpr using only the portions of Y corresponding to particles
whose historical paths have never left D’. To formulate this, for each ¢ and histor-
ical path z, we define the following map X% : Q > MY~

Xp(w), if tp(2) > ¢,

1,z ) =
X2 @p {O, otherwise.

Now we generate a Poisson random measure on M©P~ with intensity
00 2 —
A(A) :/0 47, (dz)N,, ((X"9) 1(A))dt,

which is now well defined for any A € ch,, since (X"¥)~1(A) is fé(g_ mea-
surable. (Recall, for any ¢ € E, F¢,_ is defined as the o-algebra generated by
{Xp,D' € O,c € D'}, which is the domain where the measure N, is defined.)
Adding up the resulting measure-valued processes gives us X=Xp) D'eOp_ -

More precisely, the n-dimensional transition operators for X with respect to 05
is given by the formula

(X [ 1 7()(’15,4,[)
Q;,U(qbl);: Q;(e <X1’¢’))=Q;(e Joo 40 N.(1—e~ 1 ))d,),

where [ ={Dy,..., Dy} C O,and y € D.

Note that for y ¢ Dy, Q§’V(¢1) = Q;j’v(gblj) for some j such that y ¢ D; (since
all paths in the backbone start from y, X tDi =0, Y; almost all z for all 7, Q y-almost
surely).
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The main result of this section is:

THEOREM 11. Assume (27), that v € NOC and that yx ,(y) < oo. Then N;-law

of (Xp')yep'ep is the same as the Q-law of (XD/)yGD/@D.

PROOF. LetyeU €Uy €--- € U;---st. D =72, U;. It will suffice to
show that Q§’“(¢1) = Nyl’”(qbl) for I ={Dq,..., Dy} where D; C Dy = U; for a
fixed i.

Let D’ = U;. Define Y2'(d%) as the random measure on D’-valued paths de-
fined by Y2 (d7) = lim,— 0o [ (d2) 1,7 g7y Where z™ is the path z stopped at

Tp/(z). We will write YD' ~ n if the support of Y2 consists of exactly n paths
(i.e., exactly n particles of Y exit D). Let

QL (¢r) = QU (™ Xr?) TP~ ),
We will show by induction on n and card(/) that
(46) NIV™Mr) = e () Q" (é1)
for all y € Dy. The theorem then follows by summing on 7.

First observe that, for card(/) =1,

(47) Ve Q@) = {gw(y g g i o

and for card(/) > 1,

(48) Ve OL (@1 = e QY y¢ Dy, j#k.

Comparing these equations to equations (39) and (40), we see that equation (46)
holds on dD’. A
Let (§):>0 be an L-diffusion under the law IT,. H‘y‘“ and I1 yu’y” will denote

the laws under which & is, respectively, an £* diffusion, and yy,-transform of an
L£* diffusion. In what follows & will represent the first particle of the branching
backbone which is by construction following a y;_,,-transform of an £*-diffusion.
We let ¢ be the lifetime of &£. Note first that

e_f(;”Dz 4u(§s)dse—f(;MD1 4R, (1—e~ X010y
IATD; —(Xpru) _ —(X1.6Y)
= exp —4/0 [u(&) + Ng, (e 0" —e PN ]ds
INTD u
—exp 4 [ [u(e) g (1 - =) R (1 - ) s

=N (81)-
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If n =1, then
Yew(N Q" (@1)
duye DI 4Re. (1—e—X1-01) Iv,1
= VeI (el B d o g 1, )
Z PR, (1—e= X1 8p) Il
(49) :H;tu(yv(é‘L’Dl)e f() 4Ng, (1—e™ I)dSQST:)I (d)]))
P s — [ P14R. (1—e= X190 ds AL, 1
T e R A )

=0, ( e, ) Qg (BN (8]))-

Tp/

The first equation is true, because of the strong Markov property of Y; at the first
exit time of Dj of its first branch £. The second and third equations follow, respec-
tively, from the definition of y, ,-transform, and L* diffusion. If card(I) =1,
equations (49) and (41) and the fact that Nyl’”*l(q&[) = Ve (y) Q§’”’1(¢1) on the

boundary of D; = D’ implies that
NEPY D) = ven (M QY (1)

holds for y € l_)l If we assume NI vl = Vx. 1,(y)QI »1(¢;) holds for y € D;
when card(/) = k — 1, then equatlons (48) and (40) and (49) and (41) imply that
NIV Ypr) =y, V(y)QI v-L(¢;) for y € D; when card(I) = k as well.

Ifn > 2, then

)’x,v(y)Q;(e_(X”d”), TP ~ n)=A+B,
where
A= yx’v(y)Q”,(e_(Xl"z”), TP ~ n, the first branch of Y dies inside Dy),
B =y, v(y)Q (e” (X1.01) D" 1y the first branch of Y exits Dj).
We compute A as follows:
A=ven(y)

4u,yx, — (Y 4N (1—e= X191y g
x IT, ‘”(1;<fDle Jo 4Ngs (1—e )ds

" 2Vx,v’(${)yx,v—v’(€£) Vo —(X1.é1) D _
Xﬂ;f oG Ox T

(50) x Qi Ve~ X1.01) TD/fvn—m)Kx(v;dv/))
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— Hiu (/‘tDI dt Fx v(%_t)lt<§e7fé4N§S(1767<X1~¢1>)ds
0 ,

2yx v/(gt)yx v— v/(gt)
K
% Z/ Trov(&)

x ngt'(e—(f(l,@) )Q ( (X1.01) TD' ~n— m))
=TI, (/TDI di e— o ) ds ,— [§ 4, (1—e= X110 d
0
n
x 3 [ Kalvid)2p @) rn @)
m=1
% Q;,/ (e—<ff1,¢1>’ TD' ~ m)Q;:v/(e—o?],m), O y— m))

:mi:l/ny(/ N PH@Y) - v (&) QY (e K191) TP ~ )

X Veww ENOL™ (K190 TP~y — ) dt)

x Ky (v;dV').

The first equation is true, because at the lifetime ¢ of the first particle Y
brancyes into two new branching diffusions with joint conditional law Qg;”/ X
Q;;” given (§¢)r<¢, and v whose conditional distribution given (§;),<, has den-
sity equal to (45). The second equation follows from a well-known fact on k-
transforms when / is a potential; see, for example, Salisbury and Verzani (1999),

formula 2.2. The third equation follows from the definition of a killed diffusion.
We compute B as follows:

u,yx, — [TP1 4R, (1—e= X191 v
B =y I (Lesgy e el TN d g0 (g )
1
— PIgR, (1—e— X190
:Hiu()’x,v(gml)l{>m[€ Jo " ANg; (1—e™t1 I)dsQé;Z’n(¢I))
(51) o ¢>1
:Hy(e_f() 4u(é§)ds)’x,v(§TD1)e_fo 4Ngg (1—e™ 41 I)dSQé;an((p[))
Iv,1
=y (nGe,) O, (@1 NG (@)

by first applying the strong Markov property of Y at the first exit of D; of its first
branch, and then again using the definition of yy , transform and killed diffusion.



3654 T. S. SALISBURY AND A. D. SEZER

We have shown previously that for all 7, Nyl"”1 (@1) = Ve () Q§’”’1(¢1),
y € Dj. Let us assume for all I, Nyl"”m(qbl) = yx,v(y)Q;”’m(qu), y € Dy, for
allm <n—1.If card({) = 1, comparing equations (50) and (51) with (42) and us-
ing the fact that Nyl’”’”(qbl) =yx(y) Q§’”’”(¢1) on the boundary of D; = D', we
get that N)I,’”’"(¢>1) = yx,v(y)Qﬁ”’”(qS]) for all y € D;. If now in addition we as-
sume Nyl"’*”(qﬁ[) =yx(y) Q§’”’”(¢1) holds for y € D; when card(/) =k — 1, our
induction hypothesis and equations (48), (40) combined with equations (50), (51)
and (42) imply that N1 (¢7) = v, »(y) Q1" (¢1) for y € Dy when card(/) =k
as well. Hence equation (46) holds for all / and y € Dy, and therefore the proof is
complete. [

Above we described the conditional law N{. Now we move to an arbitrary ini-
tial measure p € M¢, such that H} (i) < 0o, and so need to handle multiple lines
of descent starting from time 0. In other words, we are going to describe the dis-
tribution of (X p/)uem . D'eD> P/j . Let f’,j be a probability defined on an axillary

probability space €2 under which a random cluster of points (x;, v)i_;in D x V*
is generated according to a distribution proportional to

1 -
(52) ;Kx,n(v; dvy,..., dvn)yx,vl (x1)--- Yx, v, (xp)p(dxy) - - - p(dxy).

Note that this makes sense since

.....

Once the random cluster is generated, corresponding to each point (y;, v;) in the
cluster, a measure valued process X' begins to evolve following a Q;ﬁ law in-
dependent of everything else. This is consistent with our construction of the law
Q) since almost surely, each (y;, v;) will satisfy yx,, (yi) < oo and v; € N§. In
addition, independent from all this, another measure valued process X0 evolves
following SBM law with spatial motion killed at rate # and initial measure p. Let
X=Y",X +Xx°

THEOREM 12. Assume (27). Let H} (i) < 00. Then Pl‘j-law of

(XD’)ueMD/,D/@D

is the same as PI‘L’-law of (Xp')peM,,.D'eD-
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PROOF. Let Plf’” and f’lf’” denote the transition operators of X and X. That
18,
Pl (pr) = Py(e”X101)),

where [ = (D1, ..., D), X1 = Xp,,..., Xp,) and ¢; = (¢1, ..., Px). PJ"’((Z)I)
is defined similarly.

Let 1 be compactly supported in Uy €U € --- € U; -+- s.t. D=2, U;. It
will suffice to show that Plf’”(qbl) = ﬁé’”(qj[) for I ={Dy,..., Dy} where D; €
D = U, for a fixed i.

Recall P!V = H"(u)~' Pu(e= 1?1 HY(X p,)). Note

pﬂ(e—(X1,¢1) HV(XD/))

0 XDk u)
=Pu< (X1,01) Zf XDk,Vx,m)"‘<XDk»Vx,v,,>>

X sz’n(v;dvl,...,dvn)
0 1 u
= Z ;/PM(3_<XD"’¢’>(XD/{’ Vx,w) ce (XDk, Vx,vn>)

X I?x’n(v; dvi, ..., dvy,).
Using the extended moment formula with
114(x) = 4Nx (1 — exp —((Xpy, $1) + -~ + (X, i + 1)),
we rewrite the right-hand side as
o
:,,22:1 5/ dley %II—KM N()( (X1.0) j]el(XDk, yx,uj>>>
ka’n(v; dvy, ..., dvy,).
By Lemma 6 we expand the above expression as

— (" Z Z/er(v dvy,...,dvy)

n(n)

xﬁ(u,N<.>( X1.4]) [/ [T X veue,) xn,m,dvc)m

i=1 jeCi

)_nl!.--nr!r!
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Mllu Z /er(l) dUl,.. dvr)l_[ Z /’L Yx. le ( (X[,¢]))>

l—ln,_l
et Z /er(v dvy, ... dVr)HM Vx. le ( (X1, ¢1>)>

Luy . .. . .
Note that e~{“/"") is the transition operator of a SBM whose spatial motion
killed at rate u, and the rest of the expression is the transition operator of X, X;,

where each X; evolves according to Qgﬁ, where the random cluster of points
(yi, vi)i_, is selected according to the density (52). Hence the proof is complete.
O

Note that the extended X-harmonic functions H were defined by Dynkin in
Dynkin (2006b), and we have followed this approach throughout. The results of
this section should be viewed as an attempt to clarify the structure of these ex-
tended X-harmonic functions, as well as the structure of the conditioned superpro-
cesses that are obtained from them.

Acknowledgments. The authors thank the referees for a very thorough read-
ing, with many helpful comments.
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