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SIMPLE RANDOM WALK ON LONG-RANGE PERCOLATION
CLUSTERS II: SCALING LIMITS

BY NICHOLAS CRAWFORD! AND ALLAN SLY?
Technion and University of California, Berkeley

We study limit laws for simple random walks on supercritical long-range
percolation clusters on 74.d > 1. For the long range percolation model, the
probability that two vertices x, y are connected behaves asymptotically as
[lx — y||2_s. When s € (d,d + 1), we prove that the scaling limit of simple
random walk on the infinite component converges to an a-stable Lévy pro-
cess with o = s — d establishing a conjecture of Berger and Biskup [Probab.
Theory Related Fields 137 (2007) 83-120]. The convergence holds in both
the quenched and annealed senses. In the case where d =1 and s > 2 we
show that the simple random walk converges to a Brownian motion. The
proof combines heat kernel bounds from our companion paper [Crawford
and Sly Probab. Theory Related Fields 154 (2012) 753-786], ergodic theory
estimates and an involved coupling constructed through the exploration of a
large number of walks on the cluster.

1. Introduction. The study of stochastic processes in random media has been
a focal point of mathematical physics and probability for the past thirty years. One
such research problem regards the study of random walk in random environment
(RWRE) in its many forms. This subject includes tagged particles in interacting
particle systems [17], the study of V¢-fields through the Helffer—Sjostrand repre-
sentation [16, 27] and random conductance models.

In this paper we continue the study of simple random walks (SRW) on perco-
lation clusters on the ambient space Z¢. By now, many properties of the nearest
neighbor percolation model are understood in the supercritical case. We mention in
this context the important work of Kipnis and Varadhan [18], who introduced “the
environment viewed from the particle” point of view to derive annealed functional
central limit theorems. This work was strengthened in De Masi et al. [12] where it
was applied to SRW on nearest neighbor percolation clusters under the annealed
law for the walk. Sidoravicious—Sznitman [26] proved an invariance principle for
SRW on supercritical percolation clusters for 74,d > 4. Mathieu and Rémy [21]
and Barlow [3] proved quenched heat kernel bounds on supercritical percolation
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clusters. Early estimates in this direction were obtained by Heicklen and Hoff-
man [15]. Finally Mathieu and Pianitskii [20] and Berger and Biskup [7] extended
[26] to all d > 2.

We consider a variant of these latter results—scaling limits for SRW on super-
critical long-range percolation clusters on Z? (LRP). LRP was first considered by
Schulman in [25] and Zhang et al. [29]. It is a random graph process on Z¢ where,
independently for each pair of vertices x, y € Z?, we attach an edge (x, y) with
probability py ,. We shall assume an isotropic translation invariant model for the
connection probabilities setting py y = P(||x — y||2) where

(D P(r)y~Cr—*

n 1

for some C € R and large r where x,, ~ y, denotes lim ”

Early work on LRP concentrated on characterizing when the process, whose
probability space we denote by (€2, 13, i), admits an infinite connected cluster in
dimension d = 1. There are a number of transitions for the behavior of this event as
a function of s (and in the critical case s = 2, the prefactor 8, denoted by C here).
The first results were obtained by Schulman [25]: for s > 2 there is no infinite
component unless P(r) = 1 for some r € N. Later Newman and Schulman [23]
proved that if s < 2, then if one begins with a percolation measure © which does
not admit an infinite component a.s., one can adjust (nontrivially) P(1) to produce
an infinite component. They also demonstrated that this same result holds in the
case s = 2 and C sufficiently large. Finally, in a striking paper [2], Aizenman and
Newman address the case s = 2, showing that the behavior (in the above sense)
depends on the precise value of the constant C in (1) (C =1 is critical).

More recently, the long-range model gained interest in the context of “small
world phenomena;” see works such as [22, 28] and [8] for discussions. Ben-
jamini and Berger [4] initiated a quantitative study of these models, focusing on
the asymptotics of the diameter on the discrete cycle Z/NZ. Their motivation re-
garded connections to modeling the topology of the internet; see also [19] for a
different perspective. Further analysis was done in [10].

The study of random walks on LRP clusters was begun in [6], which addresses
recurrence and transience properties of SRW on the infinite component of super-
critical LRP in the general setting where nearest neighbor connections do not exist
with probability 1. In principle, this paper makes use of the transience results estab-
lished therein. Note, however, that our heat kernel bound Theorem 9.1 (Theorem 1
of [11]) may be used alternately to establish this fact. Benjamini, Berger and Yadin
[5] study the spectral gap T of SRW on Z/NZ, providing bounds of the form

eN* << CNS_llog‘S N;

in that case that nearest neighbor connections exist with probability 1.
As was just alluded to, in a companion paper to the present paper [11], we derive
quenched upper bounds for the heat kernel of continuous time SRW on the infinite
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component of supercritical LRP clusters on Z when s € (d, (d + 2) A 2d). These
estimates are crucial in establishing the quenched limit law of SRW, the main result
of this paper. The companion paper also yields a number of results on the geometry
of LRP in finite boxes which we make use of here; see Section 9 for details.

The scaling exponent of the connection probabilities determines the limiting
behavior of the walk. Smaller values of s produce more long edges, and these
edges determine the macroscopic behavior of the walk suggesting a non-Gaussian
stable law as the limiting process. To this end, we let 'y (¢) denote d-dimensional
isotropic a-stable Lévy motion (formally defined in Section 2). We will assume
that the percolation process admits an infinite component p-a.s. and let g denote
the set of environments where the origin is in the infinite component with pg the
conditional measure on £2g. We now state our main result, a quenched limit law for
simple random walk on long-range percolation clusters which affirms a conjecture
of Berger and Biskup [7] in the case s € (d,d + 1).

THEOREM 1.1. Letd > 1 and s € (d,d + 1). Let X,, be the simple random
walk on w € Qq, and let

X, () =n" V"D x ).

Then for pp-a.s. every environment w and 1 < g < oo the law of (X, (1),0<t <1)
on L1([0, 1]) converges weakly to the law of an isotropic a-stable Lévy motion
witha =s —d.

Some remarks are in order. First, when « € (1, 2) and d > 2, much of the ma-
chinery we develop applies. However, in that case one has to rely on cancellations
between small jumps of the walk to arrive at the limiting stable law. In this pa-
per we do not prove that the latter cancellations occur. With an eye toward future
work, we formulate a precise condition (3) regarding these cancellations and in
Proposition 3.1 prove the analog of Theorem 1.1 on the basis of (3).

Second, while the natural topology of convergence to a non-Gaussian stable
law is the Skorohod topology, we note that convergence in that sense does not
hold. There exist times at which the walk crosses a particular long edge of the
graph an even number of times on a small time scale. These events do not appear
in the limit law, but do preclude convergence in the Skorohod sense. We thus adopt
the L9 topology as it does not see these spurious discontinuities; see Section 3 for
more details.

Our proof proceeds by revealing the randomness of the environment as the walk
explores the cluster of the origin, occasionally encountering macroscopic edges
which constitute the main contribution in the limit. To make this approach rigor-
ous we require the precise heat kernel upper bounds and structural picture estab-
lished in our companion paper [11] together with ergodic theory estimates which
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guarantee that new vertices are encountered at a constant rate over time. By com-
bining these estimates with a highly involved coupling, and performing this con-
struction simultaneously for a large number of independent walks, we establish the
quenched convergence.

In the case d = 1 we establish a sharp transition in the scaling limit at s = 2. In
the case s > 2 there is no infinite component unless P(r) = 1 for some r € N [25];
hence we make the assumption that nearest neighbor edges are included with prob-
ability 1. We prove the quenched law converges weakly to the law of Brownian
motion in the space C ([0, 1]) under the uniform norm.

THEOREM 1.2. Letd =1 and s > 2 be fixed. Assume that (1) and P(1) =1
hold, and let w € Q. Let X, be the simple random walk on w € Qq, and let

1
Xu(t) = \/_E(XLntJ + (tn — [tn]) (X e )41 — X(ne)))-
Then for j-a.s. environments w the law of (X,(t),0 <t <1) in C([0,1]) con-
verges weakly to (K B(t),0 <t < 1) where B(t) is standard Brownian motion,
and K is a constant depending on the connection probabilities.

The rest of the paper is divided as follows. In Section 2 we introduce the basic
notation used for the remainder of the paper and describe the “environment explo-
ration” process which is at the core of the proof. The result relies on a technical
coupling construction defined in Section 5. This is the heart of our proof and is
described in the proof overview in Section 3. Section 4 lists certain a priori bounds
needed to show the coupling works with high probability. Sections 6 and 7 detail
how the coupling can be used to derive Theorem 1.1. Sections 8 and 9 are devoted
to justifying various technical lemmas of Sections 4, 5, 6 and 7. In particular, to
guarantee that our coupling works with high probability, we need to rule out var-
ious rare events and establish ergodic theorems for the walks. Finally we prove
Theorem 1.2 in Section 10.

2. Notations, basic objects. In this section, we describe the notation used in
our proofs. We denote by € = {0, 1}¢ the sample space of environments for LRP
on Z4 where £ is the edge set of unordered pairs in Z¢. Let 1 denote the product
measure on £2 determined by connection probabilities py, satisfying equation (1).
We assume the p,, are percolating, that is, 1 admits an infinite component. It was
proved in [1] that in this case the infinite component is unique, and we denote this
component by C*®(w). We let Q¢ denote the subset of environments where the
origin is in the infinite component and let ¢ be the induced measure of 2,

o) = (10 € C¥ ().

Throughout we assume that s € (d, co) with d > 1 which ensures finite degrees
almost surely: letting d”(x) denote the degree of x in w, when s € (d, 00),
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E.[d”(0)] < 0o, and it follows that u-a.s., for all x € 74, d®(x) < oo. Let us use
the notation Bz (v) = {x € Z%: ||x — v|lso < L} and henceforth « = s — d. Here,
we are using the standard notation || - ||, for the £” norm on R4,

The simple random walk on @ is the walk which moves to the uniformly
chosen neighbor of the current location at each step [have transition kernel

P®(x,y) = s(ld_w%’”)]. We let (X;);en denote the random walk trajectory gen-
erated by P“(x, y) with Xg =0. For £ € N, we let (Xf)i’geN denote independent
copies of the walk on the same environment w. Studying the joint annealed law
over many £ plays a crucial role in our proof of the quenched law.

It will at times be convenient to work under the “degree-biased” measure v on

environments 2, given by
v(A) =E,[1{A}d“(0)]/E.[d”(0)]
and vy, given by
vo(A) =v(A]0 € C™(w)).

These measures are important since the process on environments described below
is stationary relative to them. Generically we use the notation P’ to denote the un-
derlying probability distribution, and [, the corresponding expectation. The actual
meaning of this notation should be clear from context. There is one exception to
this rule: the joint law of (w, (X 50) depends on the distribution on environments,
of which we have the four choices u, wo, v, vg. To emphasize which choice is em-
ployed, we use subscripts. Thus we have PP, E,, etc. By definition, omission of
the subscript indicates that we are using the measure p. In Lemma 9.4 we establish
bounds relating these measures.

Let us now describe the limiting processes. For « € (0,2) we recall that an
isotropic a-stable Lévy motion I'(t):t € R* is (up to a single parameter) the
unique cadlag stochastic process with state space R¢ having stationary indepen-

dent increments and the self-similarity property I',; 4 q\/e I;.

These are non-Gaussian processes whose marginal distributions have power law
tails with index «. If ¥ is a Z¢ valued random vector such that P(Y = y) ~ || yiy?
for s = o +d, then Y is in the domain of attraction of an isotropic «-stable law.
For convenience we will normalize I',(¢) so that it is the limit law of associated
with random vectors Y with P(Y = y) ~ P(||y|l2). We refer the reader to [24] for
more information.

2.1. Environment exploration process. In Section 5, for each k € N we pro-
vide a coupling construction between (w, (XY) tei3.ier2¢p) and an ii.d. family of
variables which represent increments of a family of discrete processes converging
to i.i.d. copies «-stable Lévy motions. For this purpose it is important to have an
alternate description of the law of (w, (X¥) tek3.ie[2k)) under Py,
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The description we use is a version of an environment exploration process in
which the family of walks reveals the edges of the long-range percolation cluster
as it encounters new vertices. We emphasize that the reader should be aware that
the standard definition of the environment exploration process is not the one we
use and rather we reveal extra local edges of the process for the purpose of our
coupling.

For each k, we let

f—200/(1—e)pk /et a€(0,1),

p:p":{xzk/“, aell,2),

with A a small constant to be taken to 0. The quantity p represents the minimum
for the macroscopic length scale. When « € (0, 1), the contribution to the total
variation of X; from jumps of size less than p is negligible under the rescaling by
2k/e a5 k — 00; see Lemma 9.11. When « € [1, 2) this is no longer true and as a
consequence, we do not give a full proof of the analog to Theorem 1.1. However,
we prepare the ground for future work by giving a proof of result under the as-
sumption that the small edges contribution is negligible; see Proposition 3.1. Fix
8 € (0, 1) (further restrictions will be placed on § below). For a vertex x € 74 let
V. denote the set {y € Z9 : ||x — y|loo < 2%}.For 0 <i <2¥ and 1 < ¢ < k> define
the o -algebras F; ¢ inductively as follows:

o Let Fy 1 be the o-algebra generated by {wy  :x € Z} and {wy y:x,y € Vp}.
e For 1 <i <2k,

Fio=Fis1eVvol{X}u {leg,y:y €Z U{wyy:x,y€ VXiz}

Xiz_z||oo>p}

Xle _Z”oo > '0}}

U{wx,y:zeZd,x,yeVz,wxgzzl,{

U{wy . :y.z€ Zd,wxg’z =1,
[ f(),g =f2k,f—1 for ¢ > 2.

This o-algebra encodes the edges revealed by the process by the first £ — 1 walks
and after the £th walk reaches the ith step. It includes short edges in the surround-
ing neighborhood of the walk which are used by the process to determine the
coupling. Denote

Fro=Fi-1 VJ{{a)X;z?y Hyl<pluU {wxf,y:y eZ% v {weyix,y€ VXie}},

that is, ignoring new edges of length greater than p. Let W; ¢ denote the set of
vertices visited by the first £ — 1 walks up to time 2% plus the vertices visited by
walk £ up to time i. Let

W—j_e :Wi,f U {x EZd:y [S Wj’g,a)x,y = 1, “x _y”OO > IO}

l
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3. Outline of the proof. Before giving technical details we would like to dis-
cuss the important ideas and difficulties of our approach. The main theorem can
be separated into two issues: identification of the limit law for X; under P, and
proof that this limit law coincides with the limit law for X; under the quenched
measure P for almost every w € .

We use a coupling constructed under the measure P, so that edges in w are
independent. As a consequence we need to relate results in P, to those IP;,,. Note
that this particular difficulty disappears if we make the a priori assumption that
P(1) = 1. This simplifying assumption will be used in this discussion, although
the general case is given in the actual proof.

The power law scaling of the connections probabilities gives the probability of
a long edge according to

Pu(3y € Z: [Iyloo > R, 0(0.y)=1) ~ R

By passing to the degree-biased measure P, it follows that

T
E, [Z 1{3y € Z: | ylloo > R, CU(X,-,y)zl}j| STR™,
i=1

and the asymptotic holds for [P, as well. Further, the a priori knowledge that the
process is transient, ergodic theory and reversibility imply that this gives the cor-
rect order of magnitude. In other words, the largest edges encountered by X; in
time T are O(T'/%). This calculation allows us to determine the right length
scales: we expect to see a nontrivial limiting process under the scaling

X, ()= n_l/ame«J.

Our proof will examine time scales of length n = 2% for k € Z? which is sufficient
due to the self-similarity of the limit law.

We make a key use of the assumption that s € (d, d + 1) as follows. For any n,
letp=pn) = n=8/e We separate the increments of the walk, (X; — X;—1)i<n,
according to p. In Lemma 9.11, we show that

n
2) n VS IX = Xic1lloo2 {1 Xi — Xizilloo < p} — 0

i=1
in probability under PP, (giving rates of convergence in the proof). Thus, if we
characterize the behavior of X; as it encounters edges greater than p, then the
annealed limit law will follow.

When o > 1 equation (2) does not hold. In effect, we ask too much by taking
the absolute values of the increments as there is much cancelation between the
small edges. The issue is an exact analog to those which arise in the construction
of a-stable Lévy motions. We present the argument in such a way that the only
ingredient missing for a full proof when o € [1, 2),d > 2 will be a replacement
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of (2). Our small jump assumption says that for any « > 0 there exists A*(k) such
that if 0 < A < A*(k) and px = 22K/, then

1 n
P[{P[ max WZ(XI‘ —Xi—DL{IXi — Xi—illoo < ,Ok}’w] > KH

1<n<2k X
== i=1
3
3) ]
k_3 b
when k > k’(k, 1). Assuming this we have the following analog to Theorem 1.1.

=

PROPOSITION 3.1. Letd >2 and s € [d + 1,d + 2). Let X,, be the simple
random walk on w € Q, and let

X, ()= I’l_l/(s_d)XLmJ.

Then for wo-a.s. every environment w and 1 < q < 00, if equation (3) holds, then
the law of (X, (t),0 <1t <1) on L1([0, 1]) converges weakly to the law of an
isotropic a-stable Lévy motion with o = s — d.

Establishing (3) will be the subject of future work.

Now let us consider the path of a typical walk. Suppose that at step 0 <i < n the
walk reaches a vertex v not previously encountered. One of the key observations
of this paper is that almost all vertices of distance p or greater have not previously
been visited by the path, so we can effectively treat the long edges coming out of v
as being chosen according to the connection probabilities p, , independent of the
past. We may even treat the local neighborhood of radius n® of a distant endpoint
y as being independent of the past as well, provided & > 0 is sufficiently small.

This indicates that we may treat the behavior of excursions of X; near edges of
length at least p as being asymptotically independent. Estimates which quantify
this claim are stated in Section 5 and are proved in Section 9. Moreover, because
of transience, on the macroscopic scale the only excursions which play a role in
the limit come from long edges that are crossed in odd number of times.

The observations of the previous paragraph motivate the following analysis of
the walk in the local neighborhood of a long edge. Let v = X; and y denote the
other endpoint of the long edge connected to v (there is only one long edge with
high probability). Consider the restrictions Cy, Cy of the percolation cluster to the
balls B,s(v), B,s(y), respectively. Using the heat kernel estimates from [11], the
number of times the walk crosses the edge (v, y) is approximately (as n — 00)
the same as the number of times it crosses the edge before leaving C, U C,. This
latter quantity can be determined by the degrees of v and y and certain local return
times which measure the chance the walk inside C, (resp., Cy) returns to v (resp., y)
before time n? for a suitably chosen y > 0. In order to make use of this information
our proof analyses the number of times the walks encounter a new vertex of given
degree and local return probability.
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In Section 5 these considerations lead us to construct a coupling between X;
and a second process X; having only jumps of length at least p which tracks the
displacement of the excursions of X; which cross long edges an odd number of
times. This construction is at the heart of the proof and is explained in detail in
that section (in fact, the coupling occurs for &> i.i.d. copies of X;). The important
point in the coupling is that the increments of X; are close to discrete versions
of an i.i.d. family of « stable Lévy motions. However, the number of increments
which contribute to the position X j attime j depend on the underlying walk X; in
a highly nontrivial way: through the number of new vertices the walks encounters
of a given degree and local return probability.

To take care of this time dependence, we introduce a third process X;. The
process X; uses the same increments as X ; but is time deterministic. We show
that X; and X; are close by showing an ergodic theorem for the number of new
vertices of each degree and return probability type. Finally, the increments of X;
are independent and in the domain of attraction of (a multiple of) the stable variable
I'x (1), and so this third process converges weakly to I',,.

To pass from an annealed limit law to a quenched limit law we will use the law
of large numbers. The idea is to first extend the indicated coupling to k> walks
(X f)ie[sz te(x?) and apply the Chernoff bound to the quenched law of Xi(t) =
2-k=dx 12k~ We will not enter into further details here, except to emphasize
that this approach works precisely because the k> walks intersect relatively few
timesif s € (d,d +1). If s € [d + 1,d + 2), this needs to be qualified by saying
that intersections are unlikely near encounters with long edges. In particular the
observation that the distribution of long edges from a new vertex is essentially
independent of the past still applies to the exploration process for k> walks. Large
deviations estimates now imply that the law of the walk given w converges to the
a-stable law.

Finally, let us comment on the topology in which the limit law holds. As was
previously mentioned, there will be long edges which the walk X; crosses in even
number of times in on a short O(1) time scale. As a result convergence in the
Skorohod topology does not hold. Instead we prove convergence in the topology
of L4([0, 1]) in which these spikes do not affect the limit law. An alternative way
of dealing with this issue would be to define the limit as

X*(t) = 7Y X o) Lty

for some sequence of integers m(n) — oo as n — oo. This has the effect of only
sampling the process every m steps, and since m grows with n the spikes will
mostly be between step mi and step m(i + 1) for some i. It is not difficult to
modify our proof to show that X*(¢) converges in the Skorohod topology, but we
omit this for space considerations.
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4. A priori estimates. In order to establish our main coupling we need to
bound the probability of several types of unlikely events and also to prove certain
ergodic theorems for the number of new vertices encountered by the random walks.
The proofs are postponed to Section 9.

We define F*(p, k) to be the probability that the first two walks both encounter
the same long edge,

F*(p. k) ={3x,veZ% i, j €[2"], 0rp =1 lIllo = p. X and X € {x, v}}.
The following lemma establishes that this is unlikely which allows us to treat new
long edges as essentially being independent.

PROPOSITION 4.1 (Pairs of walks rarely intersect at long edges). There exists
& > 0 (independent of p) and a constant ¢ = c(&) such that
]P)M(F*(/O, k)) < C[p—é‘ + 2(1—6)](,01—0(1)]‘
For a proof of this fact, see Section 9.

We now define a number of events involving a single path that we wish to ex-
clude. For y, 6 > 0, let

Ap)={Fv e Z, v =1, IVl > p}
be the event there is a long edge at the origin, let
B(p,y.k)={YveZ 00y =1, vlloc > p. v & {X1, ..., Xopit1}}

be the event that there is a long edge at the origin and the walk does not visit the
other end until time 27*t!, We let C denote the event that the walk leaves the ball
of radius 2%% before time 2%

C(,y,k) = [ ax [ Xlloo > 25"],

m
O<r=<2rk
We define
D(p, k) ={Iw ez wyp=1,v| > p,
3J e [2"] st Xy =0, (0,v) ¢ {(Xi. XirD)}; )

to be the event that there is a long edge at the origin, and the walk reaches the other
end of the edge without traversing it. Next define

E(p,8,k)={3v,x:|[v]lec = p, min(||x — v]|co, [X]loc) = 2%,
wo,y = 1 and either wy , = 1 or wp , = 1}

to be the event that there is a long edge at the origin and one of the endpoints is
connected to another edge of length at least 2°%. Let

F(p,y, k) ={3i, 2" <i <2k

e st wy,=1and [v]e > p, X; € {0, v}}
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denote the event that there is a long edge at the origin and the walk returns to either
end of the edge at any time after 2V%*! steps. Finally let

G(p,y,8,k)=A(p)NB(p,y,k)NC(S,y,k)

denote the event that there is a long edge at the original and the walk leave the
leaves a ball of radius 2%% in time 2¥**! without taking the long edge.

We want to show that these events do not occur at any time up to time 2k For any
event E C Q% 1et T~ - E ={w:T'-we E}.Forany of theevents O € {A, ..., G}
defined above, let O; :=T " O and let

2k
G(p.y.8.k)=JGi(p.v.8.k),
i=0
2k
Z(p. k)= Di(p, k),
i=0
2k
E(p.8.k) =] Ei(p.8.k),
i=0
2k
F(p.y. k)= Fi(p.y.k).
i=0
Note that all these events are increasing in y. The following proposition shows we
can exclude these events with high probability.

PROPOSITION 4.2. Letd > 1 ands € (d, (d + 2) A 2d) be fixed, and let p >
2k/Q2s=d)) | For any § € (0, 1), there exists y, & > 0 such that
< C[p—s + 2k(1—s)p—a(1—n)]’
where n € (0, 1) is arbitrary, and C > 0 depends on §,n,d, s.
We note that this estimate is of most interest when w € 2, but holds under the

measure u as well; whenever the origin is in a finite component it will be a small
component with high probability by Theorem 2 of [11].

4.1. Ergodic estimates. In this subsection we state the ergodic estimates for
the number of new vertices encountered by the paths. The proofs are given in
Section 8. Let N; be the indicator of the event that X; is the first visit to that
vertex, that is,

N; =]l{X,' ¢ {X(),...,X,'_l}} = ]l{a),- ¢ {a)o,...,a),-_l}}.
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For a vertex v we let p, = p,(w) denote the quenched probability that a random
walk started from v will ever return there, that is,

P?(X; =v for some t € N).

When v = 0, we will sometimes use the shorthand p(®) = po(w). The notion of
the “type” of a vertex and the frequency with which new vertices of each type are
encountered plays a crucial role in our proof. The type is determined by its degree
and local return probability. For 0 = gp < g1 < --- < gy < 1 a finite increasing
sequence in [0, 1] and m € N let us denote by Cy; | 4;,m the quantity

4) qu;l,qj',m = PUO(X,' #0fori >0, po(w) € (qj-1,9;),d”(0) = m)
and let
&) C*=P,,(X; #0fori >0)

denote the annealed escape probability. By reversibility, this is also the rate at
which a walk sees new vertices when started in the infinite component. Our main
ergodic estimate shows that they indeed give the long-run frequency of new ver-
tices of a particular type. For any subinterval [a, b] = A C [0, 1], M C N, denote
the number of vertices of a given type by

t
NAM=3" Nidpy, € A, d°(X;) € M.
i=1

For the ¢th walk of the ensemble (Xf)ie[zk]’ge[k,%], we denote these by N and
N,Z’A’M. Let L(A, M) € QZ denote the event

LA M) :={w:wy ¢ {wi:i <—1}, p(wp) € A, d(wp) € M}.
The following events require that the number of new vertices up to time ¢ for all

1 < <2k is close to what we expect. Let H,f X denote the event that

sup max ]Nf’A’M — 1Py, (L(A, M))| < x2*
A M 1<1<2k

and let Hy_ , denote the event

3
1 k
F@X}ﬂ{?’ti’x} > 1 — X

Roughly this event says that the ergodic theorem bound holds by time 2% for most
of the independent copies of the random walk. The following lemma shows that
H.,, holds for all but finitely many values of k almost surely, and indeed this is
even the case for a suitable y; converging to 0.
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LEMMA 4.3. Forany x >0,

(6) k;me Py, (kQ H., X) =1
and hence there exists x; > 0 with yi | O such that
@ P [ ) =1

5. Main coupling. Recall (X f) ¢.ieN denote independent copies of the random
walk started from the origin with respect to the same environment w. In this section

we define and analyze the main tool of our proof, a coupling of (X f)/lfil to a new

sequence of walks (X f)’g; | on Z? which will be simpler to handle. The coupling
involves revealing the environment as the walks progress, as well as a complicated
bookkeeping of the long edges each of the walks in the process encounters and the
number of times these edges are traversed. In particular, when the process arrives
at a vertex which has an edge of length greater than p, we keep track of the edge’s
size as well as the degree and local escape probabilities of each end of the edge.

Recall that p, = p,(w) denotes the return probability the vertex v in the
environment o, and let (P, D) denote the distribution of the random vector
(po(w), d®(0)) under P,.

For the remainder of our proof, it is important that 1 4+ §d < d /(s — d), so that
each walk history, thickened by a neighborhood of radius 2%, takes up volume at
most 2U0+3Dk Because of the power law tail distribution, endpoints of new long
edges can occur essentially anywhere in a region of volume 254/« 55, 2(1+3d)k apq
are very unlikely to be close to the history of the walk. For definiteness, let us fix,
for the remainder of our proof,

(8) 8=1/2<$—$>/\1/2.

Note that for s € (d, (d +2) A2d), § > 0. We may then choose y sufficiently small
so that the results of Section 4 hold for the pair (8, y) and any choice of edge size
cutoff p.

For a vertex v and each k € N denote p, = p, (k) the probability that a walk
started from v and conditioned to stay in the set {u: ||[v — u|lcc < 2%} returns to v
before time 2X and set to 1 if v has no neighbors within distance 2%® which we
call the local return probability.

As mentioned in Section 3, when « € (0, 1) we set p = p = 2K/ /[200/(1=),
When o € [1,2) and d > 2, we set py = 22K/ where A is a small positive constant
which we will eventually send to 0. We let aw(v) = #{u: ||v —uloo < 2%%}, and let
(P(k), D(k)) denote the joint distribution of (p,, d®(v)) of the origin under PP,.
We observe that (P(k), D(k)) converges in distribution to (P, D) as k tends to oo.
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We will prove a more quantitative statement in Lemma 9.12. The purpose of lo-
calizing the degrees and escape probabilities is that when a walk arrives a new
vertex v we can first reveal these local quantities before revealing if v has any long
connections.

For technical reasons, we discretize the the joint distribution (P, D) as follows.
Recall the definitions of C* and qu_l,q_,-, j from equations (5) and (4). For each
positive integer J, we choose a sequence 0 =¢gp < g1 < --- < gy < 1 so that the
distribution P does not have any atoms on the g; and so that for some sequence

Yy converging to 0 we have that 1%4 — 1_;_“ < ¥y and
1 1

©) C=C"=2.2 Cirar
for all J.

5.1. Coupling variables. In our construction of the coupling of the walks, the
random variables we use will depend on the local neighborhood the walk is in.
To define the coupling, we introduce several sequences of random variables. For
each i > 1, (j,m) € [J1* U{(0,0)}, £ € [k*] and x € Z¢ define wf’J’m(x) to be
independent Bernoulli random variables with probability

P(w;" (x) = 1) = B(||x||2).

Also let w; (x) (with no superscripts) be independent Bernoulli random variables
with the same probabilities. These random variables will be coupled with the newly
revealed edges found by the exploration process.

We will denote the geometric distribution by P(Geom(p) =r) = (1 — p)" p for
r > 0. Let Uy, Uy, ... be an i.i.d. sequence of uniform [0, 1] random variables, and
define a geometric process as

(10) R(t) =min{i >0:U; < t}.

Then R(¢) is a decreasing integer valued stochastic process on [0, 1) with
marginals given by Geom(t). For each i,£ > 0 and (j,m) € [J]?U {(0,0)}, let
Rf’] ™ (t) and Iéf’j (1) be independent copies of R(¢). These processes will be
used to decide how many times the walk crosses a long edge before escaping and
never returning to the neighborhood.

Finally for each i > 0, (j,m) € [J]* U {(0,0)} and £ € [K], let ("7 o;/"™)

l
be independent variables, distributed as (P(k), D(k)). When a new long edge is
encountered by a walk of the process, the local neighborhood of the other side of
the long edge will generally be unrevealed and so independent of the walk so far

and will be coupled with the (tf’j " af’j ™.
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5.2. Coupling construction. Using the random variables defined above, we
now show how we couple the environment w and the sequence of k> walks with
the variables defined in the previous subsection. In the following section we will
then use these to couple the walks to a family of processes (X f). We will reveal
the edges of the graph either as the sequence of walks encounters them, or if they
are in some local neighborhood of the vertices the walks do encounter.

The key point we analyze is the behavior of each walk after it encounters a new
long edge of size greater than py. Thus we define the coupling construction by two
sets of rules: one which will be used for most of the walk and a second special
phase which begins when a new long edge is encountered and which then runs for
2kr+1 gsteps.

As part of our coupling process we will define several auxiliary indicator or
“flag” variables to track certain events through the coupling. Roughly, they are
described as follows:

e New long jump: A; , represents that in step i of walk £ a new long edge has
been encountered.

e Phase of the coupling: A7, will indicate the phase that the walk is in, with a
value 1 indicating that we are in the special phase and have recently encountered
along edge.

e Error variables: B; ¢ represents that one of several types of rare events occurred
which we loosely describe as an “error.” We restrict our attention to paths con-
structed when no errors occur.

e New vertex variables: N’f’l ™ for (j,m) e [J 17 U {(0, 0)} will denote whether
a new vertex has been found and what its local return probability p, and local
degree a“’(v) are.

More precisely, we set A;'kfl, ¢ to be the indicator of the event that for some i —
vkl 1 <’ <i — 1 that A;r ¢ =1 indicating a recent long jump. This will
indicate which phase we are to use. Let v denote X f_l.

Main phase: In this case .A;k_l’ ¢ = 0. We now describe how a new step from
v=X! | to X} is chosen.

Case 1 (already visited vertices): Suppose that v € Wi+_2’ ¢

By definition, in this case one of the first £ walks has already visited v or has vis-
ited a neighbor of v at distance more than p. Either way, the entire local neighbor-
hood of v has already been revealed and the walk chooses X f uniformly amongst
the neighbors of v.

o Set Ai_l’g =0.

e Set Bi_1¢=1ifthereexists y € 74 with wy,y =1and [v—y| > p. We will call
this a type one error. Otherwise set B;_1 , = 0.

o Set N7 =0 forall (j,m) € [J12U{(0,0)}.
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CLAIM 5.1. There exists € > 0 such for each £ we have that P(30 <i < 2k
1:Bi_10=1)=0Q7%).

PROOF. This event occurs if at some time i € [2F — 1], a long edge e of length
greater than p is encountered in the main phase which has already been encoun-
tered by walk £ or one of the previous walks. If it were previously encountered by
this walk (and not by a previous one), then it must have started a special phase (see
below), and so must have been encountered some time before time i — 2¥%. The
probability of this event is bounded by Proposition 4.2. The bound is completed
using Proposition 4.1 and a union bound to account for possible intersections of
different walks at long edges. [

Case 2 (new vertices): Suppose next that v ¢ W 2 ¢» and so we are at a new
vertex. First reveal all edges not already revealed in the local neighborhood of v of
radius § and all edges connected to v of length at most p. That is, we reveal

{ouy: vl <p} and foxy:ix,y e Z9 x = vlieo 2%, Iy = vlloo < 2%)
so that we have revealed the o -algebra F;_, ,. Both the local escape probability

Py and local degree d®(v) are Fi_1,¢ measurable.
We now classify the nelghborhood according it its local escape probability and
degree. If p, < g, and d“’(v) < J, then set j = min{j’ :qj > py}and m = d“’(v)

otherwise set j =0, m = 0. Set /\fffl " =1 and the other J\/Fl to 0. Let

i—1
£,j,m £, j,m
t=¢;"" =) N
i’=0
count the number of distinct new vertices of type (j, m) which have been encoun-

tered so far by the £th walk. We note the use of two notations ¢, qbf"’ ™ our use of
¢ implicitly depends on the fixed triple (¢, j, m).

Using this local classification we now reveal the possible long edges from v by
coupling them to the w random variables. For each x ¢ W ey with [|[x = v||eo > p
we have that w, , is so far unrevealed. We couple the environment and the random

L, j.m L, jm

variables w, so that for each such x, a)v c=w.""(x—v).Our procedure now

depends on whether or not any of the wl "™ (x — v) are nonzero:

(1) No long edges. 3 .| x—p|>p wf " (x — v) = 0; then we do not encounter
a new long edge. Set A;_; =0, and B;_1 ¢ = 0 and choose the next step of the
walk X; ¢ uniformly from the neighbors of v.

(2) Multlple lOng edges or long edges returmng to previous neighborhood.

L,
D oxilx—vlla>p Wi Mx—v)>20ry,. x—vlloo>p W "™ (x —v) = 1 and there exist
x, y such that x — y[leo < 2551w (x —v) = 1 and y € W', ,. Both of these

are unlikely and we will call them type two errors. Set A;_1 o = 0 and Bi—10=2
and choose X f uniformly from the neighbors of v.
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(3) Single good long edge. In the remaining case we have some x with
lx — v]leo > p and w, , = 1. Moreover, the set of edge indicator variables
{wy ;:y,z € Vy} are so far unrevealed and are therefore independent of the con-
struction up to this point. The choice of edges here determines the local degree and
escape probabilities (py, d”(x)) which are distributed according to (P (k), D(k)).
We reveal the edges

{wy 1y, 2€ Vy}

and couple them so that (py, de x)) = (tf’j;m, f’j ™). We also reveal the remain-

ing edges in {wy y:y € 74}, If d®(v) # d°(v) + 1 or d®(x) # d?(x) + 1 set
Bi—1. =23, otherwise set A;_1 =1and B;_1 ¢, =0.

CLAIM 5.2. With § as in (8) there exists € > 0 such that
P(A0<i<2F—1,30€[K*]: Bi_10=2) =0(27%).

PROOF. A type 2 error means that either the walk encounters a new vertex
with two long edges or that nearby there is a long edge connecting to somewhere
already encountered by this or one of the previous walks. First note that the decay
of the probabilities of the w;(z) gives that P(3"_ -, wi(z) > 2) <272k0~8),
By a union bound, this implies that we never have } .\, >p wtz’j’m (x—v)=>2
except with probability 0(27%¢). A similar analysis shows that none of the k> walks
ever encounters a vertex with two long edges except with probability o(27%¢).

By definition, for any i, £ we have a bound on the total number of edges visited
as (W | < k32 Now if none of the walks ever reaches a vertex with two long
edges, then for any i and £ we have that |W;“Z| < 2k32k,

]P)( Z wfvjsm(x _ U) > 1) < P(p)21+d(k3+2)k32k

x:[lx=vl]loco>p isil
. - <oks+
min e (¥ =ylloo=2

_ 0(2—k(1+8))

for some fixed ¢ > 0. By our choice of §, this holds because the walks only explore
a vanishing proportion of the local area on the length scale p. A union bound
completes the proof. [J

CLAIM 5.3. With
1 1
5= 1/2( —) AL2,

s—d d
there exists € > 0 such that
P(E0<i <2 —1,3¢ € [k*]: Bi—1.0=3) =0(27%).

In fact, we may take ¢ =5(s —d) — o(1).
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PROOF. For the event {B;_1 ¢ = 3} to take place, the walk must encounter a
vertex v at time i with an edge (v, u) of length at least p such that either v or
u is attached to another edge of length at least 2% which implies that the event
&(p, 8, k) takes place, and hence the bound follows by Proposition 4.2. [

Special phase: Coupling procedure after encountering a new long edge. We now
describe the more complicated coupling after a long edge is encountered (when
Ai_1.¢=1). At such an event, the walk is at the vertex v =X f_ 1» which is con-
nected to a vertex x such that |[v — x| > p. Our coupling ensures that

(Pe A7) = (&7, 00 ),

where | = Zﬁ;ll /\/If’]’m. For the rest of this subsection, if p, < ¢; and a“’(v) <J,
then we denote j =min{j:q; > p,} and m = d®(v) and otherwise j=0,m=0.

If the walk is in the infinite component, transience implies it will cross the edge
(v, x) afinite number times, but then escape and never return to the local neighbor-
hood. In the scaling limit the crucial information will be the parity of the number
of times the walk crosses the edge. In our coupling this will be determined by the
geometric processes RL " (t) and RL i " (t) [where ¢ represents the number of

vertices of type (j, m) the £th walk has encountered by time i — 1].
Let V* denote the graph with vertices V,, U V, and edges

[, )} U], 2):y,ze Vi, 0y, =1} U{(y,2):y,2€ Vi, 0y, = 1}

and let Y, denote a random walk on V* started at v. Recall our choice § =
1/2(— - —) A 1/2. For y depending on § as in Section 4, let

" =inf{r > kv — 2k <t <1,Y, ¢ {v,x}};

that is, t* is the first time that the walk Y; has not been at either v or x in the last
2rk steps. What we want to know is, at time 7*, which side of V* will ¥; be on
(i.e.,is Yy in Vy, or Vy)?

Since (v, x) is the only edge between V, and V, a walk starting from v can do
one of three types of excursions:

(1) Move to x with probability

1+d‘”( )
(2) Move to another vertex in V,; then perform a walk in V,, and return to v in

pvd”(v)
14+do(v)
(3) Move to another vertex in V,,; then perfbrm a walk in V,, and not return to
(1=py)d° )

14+d®(v)
Let R, be the number of excursions of type (1) made by the walk from v before it
makes an excursion of type (3) from v.

Analogous statements hold for walks started from x. Let R, be the number of
excursions of type (1) from x made by the walk from the first time it visits x before

with in the next 27* step with probability

v in the next 2V¥ steps with probability
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it makes an excursion of type (3) from x. The following claim is immediate from
the definitions.

LEMMA 5.4. The random variables R, and R are independent and dis-
tributed, respectively, as
G < (1= pn)d°(v) (1= po)d°(x) )
eom — — .
1+ (1= py)d®(v) 1+ (1= py)d®(x)
Moreover, if Ry > Ry, then Y« € V. while if Ry, < R, then Y+ € V.

) and Geom(

PROOF. The type of excursion depends only on steps from V, and V,, respec-
tively, and thus R, and R, are independent. By definition the time t* occurs in the
first type 3 excursion, and hence R, and R, determines which side the walk is on
at time t*. Note that the asymmetry between R, > R, and R, < R, comes from
the fact that the walk starts at v. [

So we may couple the random walk Y; to the process (and in particular X*) so
that

R, = Rf,j,m( (1- ﬁvgaai(v) >, R, = I‘éfﬁ,j,m( a- ﬁxiaai(x) )
1+ (1 = py)d®(v) 1+ (1 = py)d”(x)

Now construct the random walk step by step from X f_l L oX f for0<r<
2vk+1 1 as follows:

(1) If X;_14+ is a vertex not already visited, then reveal any unrevealed edges
in the set

{wxf,y yeZ) Ulwyyix,y € Vyelh

(2) If there exists y € Z4 with gt = 1 and || X¢ — V|loo > p and
i—1+41°

i—1+1
{Xf_lﬂ, v} # {v, x}, then set B;_14, ¢ = 4.
(3) Choose X¢., uniformly amongst the neighbors of X* If x¢

i+t i—141 i1 =i
and the edge (Xf_1+t, XfH) is in the graph V*, then couple so that Xfﬂ =Y.
Let

vkl Vi<t 1. xf =1,
T= . .
min{1 <t < 27k+1 :Xf_H # Y1}, otherwise,

and set Bi_14r ¢ =5if T # 2vk+1 Note that conditional on Xf—1+t
V* up to time i 4+ 27%*! and it making no steps between V, and V, except along
the edge (v, x), then T = 2VK+1,

Let K denote the event that T = 2Y**1 that t* < 2YK*! and that Y, ¢ {v, x}
for all 7* <t < 2¥K*+1 If IC does not hold, set Bf_szkH = 6. Finally, inside the

staying within
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L, j,m

special phase we set all /\fi_1+t =0, Ai—14:¢ =0 and set B;_14;¢ = 0 unless

otherwise stated. By definition A7_;_, , = 1 inside the special phase.
The following lemma is immediate from the construction.

LEMMA 5.5. On the event K we have that Xie—1+2yk+1 e Vi if Ry > R, and
X{ | o € Vo if Ry < Ry,

We now bound the probability of errors of type 4, 5 or 6 (i.e., B'f € {4,5,6)}).

CLAIM 5.6. With

1 1
=12 ——— =) A 1/2,
/(s—d d) /

there exists y, € > 0 so that we have

PE0<i<2F—1,30€[k*]:Bim10={4,5,6)) =0(27).

PROOF. For an error of type 4 to occur the walk must encounter 2 long jumps
of length at least p within 27**! steps. For an error of type 5 to occur it must
encounter a long edge and then leave the 2% neighborhood of that edge in time
less than 27%*+! Finally an error of type 6 to occur implies that the walk returns
to a long edge after an excursion of at least 27*. The probability of each of these
events is bounded by Proposition 4.2 establishing the claim. [

This completes the coupling. We denote by G the event that no errors occurred

in the coupling (i.e., Y:¥_, 2 B¢ = 0). Combining Claims 5.1, 5.2, 5.3 and 5.6
we have the following result.

LEMMA 5.7. There exists ¢ > 0 such that P(G) > 1 — O(27¢%).
We now use this coupling as the basis for establishing the scaling limit.

6. Limiting processes. In this section we construct a series of approxima-
tions of X f culminating in a stable process. The first approximation is a process
X f which contains only the macroscopic vectors which correspond to long edges
crossed an odd number of times. This approximation still has a complex depen-
dence on the environment and previous walks. Thus, the second approximation
step replaces X f with %f, a process with independent increments in the domain
of attraction of a stable law. Finally we approximate %f with TS (r) which are
independent «-stable Lévy motions. Throughout this section we use the notation
x| = x|l oo for x € RY.
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6.1. Approximating (Xf)i,g by ()A(f)i,g. For the first approximation step we
construct a process (X f)i,g and compare this family to the underlying walks di-
rectly. We emphasize that the bounds obtained in this coupling do not require that
0 is in the infinite component. Indeed, when 0 is not in the infinite component then
its component will, with high probability, have diameter less than p, and so both
processes (X f),-,e and ()A(f),-,g will be close to 0 after spatial space by 2—k/(s—d)

For i € [2¥], (j, m) € [J1? U {(0, 0)} and ¢ € [k?], define

— D Z, , Z, ,
’ NI+ = pye dm) T N1 - “’")a“’"

which determines on which side of V* the walk ended, and in particular, whether
it contributes to the scaling limit. We want to sandwich these indicators between
random variables which depend only on j and not py, ,. To this end we define

C,j,m\ L, j,m
; ; 1—gq; ~p i 11— 0,
ai+’€’]’m=11{Rf’]’m<—( 9,)m )>Rf~x,m( (- e) ; )}
I+ (1 —gj)m 14+ - J’")D Jim

and

Ljm\ L, j,m
iy : 1—qj_ e 11—ty
o) ,E,J,mzl{Rf,j,m< ( qj pm >>Rf’]’m( ( e )m - m)}
1+ —gj-1)m 1+ (1 —tor )0’ -

for i € [2], (j,m) € [J1* and € € [k*]. Recall that if j, < gy and d°(v) < J,
then we denote j = min{j/:q} > py} and m = d®(v) and otherwise j =0,m =0.

Then for this choice of (j,m), gj—1 < ﬁXf_l < qj, and it follows that ai_’z’j’m <

l,j, l,
Gjm +,£,j,m

; <o; as R(t) is decreasing.

LEMMA 6.1. Foreach (j, m) € [J)? the following limit exists:

1,jm\\1,j,m
i 1—gq; ~1i 1- 0,
Sjm,y = lim IP(R;’J’m<—( q;)m )> RII’J’m< ( b i )m i m))
k—o0 1+ (1 —gj)m 1+ (1=t o o o

PROOF. Note that (tl Jom 1 J ™ depends on k. It is taken from the distri-

bution (P(k), D(k)). By Lemma 9.12 it follows that (P(k), D(k)) converges to
(P, D) which completes the result. [

Define

+.8,jm _ _+.Lj,m 4,j,m
Z; =o0; Z xw; (x)

|x[>p
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+,£,j,m =4, j,m

and similarly define Z, £IM and Zf’j " replacing o; with o; and
ae’j’m, respectively. Recall that for each i € [2¢], (j,m) € [J]? U {(0,0)} and

i

¢ € [k3], we defined
E j.m ZN@ ,j.m

and now define

Z]m

Xie: Z ZZE]m

(j,m)elJTPU{(0,0)} '

We will show that under the event G (which was defined at Lemma 5.7) we can
jointly couple the paths X* and X* with high probability in the L¢ norm. The
coupling will be stronger at times in the main phase than in the special phase: in
the latter phase, the paths may differ more as the walk X* may traverse a long edge
multiple times while in X! the corresponding jump only occurs once. Denote the
set of times in the main phase as Z¢ = {1 <i < 2*: A?‘_M =0},and let XYt ={1 <
i <2k: A;_1¢ =1} denote the set of times the coupling enters the special phase.
Finally define

max Z Z Z |X|wie’]’m(x),
i=1 (j,m)e[JT2U{(0,0)} xeZd
x> pi
which we will use as an overall bound on the total jumps. In the following lemma
we control the coupling in the main and special phases separately. In particu-
lar, it will turn out that the coupling is 0(2%/¢~9) in the main phase, but only
0 (2K/s=d)y in the special phase.

LEMMA 6.2. When o € (0,1) or when o € [1,2) and condition (3) holds,
there exists 6o > 0 depending on d, s so that for all § € (0, d), there exists y,& > 0
and for any k > 0 [and in the case of « > 1 AN*(s,d, k) > 0 such that for all
0 < A < A*] and for large enough k,

(11) P(|[2K]\ Z¢| = 227%|G) < 27¢F

that

(12)  P(#{ee[]: max 2 GO |RE - X[| >k} > kk|g) < 2%
and

Z
37. k/Gs—d)| 5t _ e max 3
P(#{Ee[k ].16337\(1[2 |Xf— x¥| >K+2_k/(s_d)} > ik ’g)
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PROOF. By our construction, on the event G that there are no errors in our
coupling, we have |[2F]\ Z¢| < 2vk*11x¢|. Now a vertex is in X'¢ if and only
if it is a new vertex where the walk encounters a long jump, and hence |X*| is
stochastically dominated by the binomial random variable B(2¥, p) where

ok
p =P<Z Z Z wf’]’ﬂﬂ(y) = 1> < Z p(ly|) = y—k(1+o(1)

i=1(j,m)e[J1?U{(0,0)} I¥I>p lyl>p
and so by the Azuma—Hoeffding inequality (with room to spare)
(14) P(|x¢] = 2757 1G) < 275,

hence equation (11) holds.
Observe that if Xf * Xf_l, then i € X*. So suppose that i € X* and let v

denote Xf_ 1- On the event G we have that v is connected to a unique vertex
x such that |v — x| > p. If p, <q and El“’(v) < J, then, as before, we denote
j=min{j":q;» > p,} and m = d”(v) and otherwise j =0, m = 0. Recall the no-
tation ¢ = Zﬁ,_: 11 /\/’fjj "™ Again, under G the walk stays inside V* =V, U V, until
at least time i — 1 +27A1, At time i — 1 + 2%+ itis in V, if 0,/ = 0 and in
V, if oté’j’m = 1. Hence on the event G,

’(Xig—1+27/’<+1

14 14 £, Sk

- X/ ) - (Xf_1+2yk+1 .

and

h
max Z(Xig-i-i/ - Xf+i'—1)]l{ ||Xf+i/ - Xf—',—i’—l loo < P}| < 2%

O<h<2vk+l_] =0

by the definition of V, and V.
Further, on the event G we have that the displacement from X f_ . ¢ f 18
smaller than p when i € Z¢. It follows that

A

max|f = X{| = DX i = X[0) = (R s = K1)

iext
(15) + max | Y (X;i—Xi—1)
I=h=2t, 52,
ieZ?t
h

<21x12°% + max

1<h<?2k Z(Xle B Xle—l)]l{lxl — Xi*ll < 10} .

i=1
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By Lemma 9.11 when « € (0, 1) and by condition (3) and large deviations bounds
when o € [1, 2) we have that for sufficiently large k& and sufficiently small A,
<2k

h 3
k
IP’(#:E e [K’]: max ] > %)
Combining (14), (15) and (16) establishes (12).

¢ ¢
1<h<2k 2k/a Z;(Xi N X’;l)]l“Xi N Xi_1| = '0}
<h< iz

Suppose i’ € [2K]\ Z¢ with i < i’ <i + 2Y¥*1 Then given G and using the
notation above, we have that

X6 - X =@ —volim

(16)

Since X, € V¥,

14
max>

and |x —v| < Z so combining this with (12),

IP’(#{@ € [K*]: max

A V4
L £ max 3 -3
i NI 2k/a|Xi —X;| >+ } >kk ‘g> <2k,

2k /(s—d)
which completes the proof. [J

We now rescale the walks to processes in D[0, 1]: let us define, for 0 <z < 1,

XHy=27M0"xt o X0 =27 IR

COROLLARY 6.3. Forany 1 < g < 0o and k > 0 we have that [and in the
case of o > 1 AN*(s, d, k) > 0 such that for all 0 < A < 1*]

(17) P(#{e e [K]: | X (1) = X ()| o1y = k) > kK) <6k,

PROOF. Since

1251\ ¢

1, A ~
/]Xe(t)—Xﬁ(t)\thfi max | X! — X¢|? + max| X¢ — x£|7.
0 2k ieTt

i€[2K\T*
Lemma 6.2 implies that we have
1, 5
IP’(/ |XE(r) — X )| dr > 27120k (e 427K 6=D 7 )+ K\g) <o
0
Now by Lemma 6.4 (to be proved next), we have that
P22k (e 427K 6Dz ) > k) = kO
with much room to spare. Combining the previous two equations with Lemma 5.7,
and taking a union bound over £ € [k3] establishes equation (17). U

The following lemma provides a bound over the terms of the process w; (x), and
therefore of Zpax, completing the previous corollary.
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LEMMA 6.4. There exists a constant ¢ > 0 such that for large n,

]P’(n_l/“z > |x|w,-(x)>y>

i=1xe74,
as) x|>M
cyfa, O<u< 1,
<!y Hog(ev yMnl/®), a=1,
ey (1 v Mp— V)=, l<a<2,

and hence the variable Z%,,, satisfies

—kJar| ot cy¢, O<a<l,
]P’(Z a|Zmax| >y)§{c'y_1/2)t_l’ 1<a<?2,

where ¢ = c(s,d) and ¢’ = c(s,d, J) do not depend on k, n or y.

PROOF. By the power law decay of P(|x|) we have that for each i,

P( )3 |x|wl-(x>;é0)s S ()= 0(n)
|x|>ynl/@ |x|>ynl/®
and hence
(19) P(Z 3 |x|wf’f’m<x>aé0)5c1y‘“.
i=1|x|>yn!/

Again using the power law decay of P(|x|),

E(n‘l/"‘ YooY Ixlw (X))

i=1 M<x|<yn!/®

(20) <n'7Ve 3 ixp(xl)
M<|x|<ynl/®
oy, O<a<l,
<! caloge v ynt/em=1), a=1,
cz(Mn_l/“)l_a, l<a<?2,

and so by Markov’s inequality,

]P’(n_l/“ YooY Ixlwix) = y)

i=l|x|<ynl/e
@) 3
oy 7, O<a<l,

1
czyf1 10g<e \% yn /a)’ a=1,
M

czy_l(Mn_l/“)l_a, l<oa<?2.

IA

469
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Combining equations (19) and (21) establishes equation (18). This establishes the

2 k
required bound on Z¢ __ since it is equal in distribution to Zgiﬁm Dolxlspp 1X1 X
w;(x). O

6.2. Approximating (X%)i ¢ by (X9);¢. Recall the definitions of C*, C and
Cy J_1.qj.m from Section 5. The next step is to show that the collection ()A(f),-,g
is well approximated by a family (‘i‘f) i.c which has independent increments. This
involves two steps. First we replace Zf,’] ™ with Z;,L’e’] ™ the latter having inde-
pendent increments. The second step is to use ergodic theory to replace ¢f I by
iCyq;_,,q;,m- Because this second step is a consequence of ergodic considerations,
and hence this particular approximation essentially requires us to assume that 0 is
in the infinite component, or at least a very large one (which is essentially the same
thing).

For any x € (0, 1), the event 'Hi’ , defined in Section 4 implies that

|NIZ,[q1,q2],{m} —tC

k
max sup 41,qz,m| = x2
1<[<2k 0<ql<q2<1 m>1

and
¢ 4,[qj-1,9;1.{m} = k
max |N; E N, —tC < x2°.
1 <r<2k t q1.492,m

(j,m)elJ?]

Recall the definition of x; — 0 from Lemma 4.3. The next lemma bounds the
difference in our time change.

LEMMA 6.5. For all J there exists ex = ek, j > 0 and k. (J) such that g — 0
as k — oo and such that for all (j,m) € [J]? and for k > k,(J),

]P’(#{ﬁe k3 : max / |]1 q, 1,4j,m }

1<i<2k
—k 4. J,
—1fr=2"%¢; "} | dt >sk} >8kk3,Hk,Xk>

<k3
and

P(#{€ € [k°]:C — 275" | > ex} > k™, He ) <k

PROOF. Fix (j,m) € [J]?, and recall the definitions of N;° Clgj-raikiml g

d)f )™ The first is the number of new vertices v with escape probability satisfying
gj—1 =< pv < q; and degree m encountered by path £ up to time i. The second
is the number of new vertices v not encountered in a previous path with local

escape probability g;_1 < p, < g; and local degree d®(v) = m encountered at
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time ¢ € [0, ] N Z¢. Then for large enough k,

. 1
IP’( max |¢ Jom —iCy;_y.q;m| > 8k+4)(k2 ’Hk Xk)

1<i=<2k
t,lgj-1.49;]
SJP’( max | N, aj-1ajlim} _ Ejm|>—£k+3xk2 Hk}ﬂc)’
1<i<2k

which follows from the definition of Hﬁ’ X Further, the right-hand side is bounded
by

P([2INT° 2 227, 1y )
1
—HP’(#{:’ < 2% pye — byel > %}
+#{i <2k:dv(x}) £d°(x))) > 2k JHj Xk)
-1

(xt1<i<2)n [J{xl1<i<2Y
=1

6lgj—1—1/k,qjo1+1/kmy 1 y
+IP’(N,. ’ ! >Zsk,Hk,Xk>
k,qi k
+IP(NZ lgj=1/kqj+1/klqm} Hk Xk)

<k,

+P

> 2k Hk Xk)

The first quantity in the sum is bounded by Lemma 6.2, the second is bounded by
Lemma 9.12 and the third is bounded by Lemma 9.10. The final two terms are 0
as long as ¢ tends to 0 slowly by the definition of H,f " since P does not have an

12
atom at ¢;_1 or ¢;. Noting that N =2 (.me N =A™ and ¢f’0’0 make up
the remainder of the new vertices, we similarly have
IP(maX EO0 il > 82k, He ><k_5.
1<z<2k‘¢ | Xk ko ) =

Taking &, converging to O sufficiently slowly and taking a union bound completes
the result by the definition of Hy .. U

We now define a new process
iC,

qj—1:45.m
0. _ +.£,j,m
= Y Y 7
(j.melJP? i'=1
icqj,].qjm

_ Z Z +Ejmzxw€]m(x)

(G.melJ?  i'=1 |x[>p
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and X¢(r) := 2K/ (s_d)%‘f 12k Note that the %f are independent for different ¢,
have independent increments depending only on the coupling variables only. We
show that, using the previous lemma, we may couple Xt and %t together in such
a way that they are close in L9[0, 1].

LEMMA 6.6. For each ¢ > 0 and when o > 1 for each A > 0, there exists
J*(s,d,e, A) and k*(s,d, e, A, J) so that if J > J* and k > k*, then

P#{¢ e [k]: | X (1) - X0 pago.1 > €} > ek, Hi ) = O(k™3).
PROOF. We have that

| X)) - %E(t)”LfI[O,l] <Uf +Us,

where
£,j,m
¢Lt2]kj l-tszC‘lj—l-‘lj»m
0. ~A—k/(s—d) L,j.m L, j,m
Ul =2 / Z Z Zl'/ - Z Z Zi/
(j.m)elJ? i'=1 (j.m)elJT? i'=1 L410,1]
and
0,0,¢
¢Lt2kJ
Llf — g k/(s=d) Z Zl{z/,o,o
i'=1 L4[0,1]
1124)Cq; y.q;m
+ 2—k/(;§—d) Z Z Zf/v]vm _ Z;_veﬂjvm X
(j.m)elJT? i'=1 L4[0,1]

Now Z/If is bounded above by

1 el 1/q
FTo=D > Z[/ 1{r >27%iCy,_, g m} —1{t =2 kd)ijm}\dz]

(j,myelJ1? i=1

X Z |X|]l ljm() 1)

|x[>pr
< y—k/(s—d)

1 . l/q
X Zhe max | [[1lr=274C,, gy} = 2fr 22700 ]
0

1<i<2k

and so by Lemmas 6.4 and 6.5 and Chernoff bounds for large &,

(22) ]P’(#{E e [Fl:uf > 2} > 2k , M. Xk) <2k,
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Now define
202k
Z/{3Z =K/ (s=d) Z Z |x|wf’0’0(x)
i=1 |x|>p

k
2 quflyqj,m

@) M0 (T =) B e @)

(j.m)elJ]? i=1 |x]|>p

M
LoHOZO YT S xfwi (o),

i=1|x|>p

where £ denotes equality in distribution, and we define

2%Cq. \qim
d ! £, j,m -4, j,m
IV TR DI SR G )
(j,m)elJ1? i=1
where we used the fact that the al-+’€’J ™ and al-_’m "™ are independent of the

w; " Provided that we have that ¢§1’<O’0 <2C2% <2y,2%, we have that U3 < US.
Now by the definition of o, /",

o o
Plo" " o ) < BRI ()
-

_Rg,j,m< (I—gj—1)m >
! I+ (I —gj-1)m
1 1

T (—gpm (1—gq;_m

<vy

since the Rf’j "™ are geometric. Hence by standard Chernoff estimates,
2quj,1.qj,m . .
P( > POREE AR 2‘/f12k> =0(k™)

(jm)elJ1? i=l

since 3 myers2 Cgjo1.4j,m < C* < 1. By Lemma 6.5 and the previous equation,
we have

k3
IP’(#{(Z € [FP]: ML > 4y 2} > ST,H,‘;M) < O0(k).
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Now by Lemma 6.4, for fixed A in the case « > 1, we have that if J is sufficiently
large, then v; can be made arbitrarily small, and so for large enough &,

4y g2k e
IP’(Z"‘/(S_”’) >3 Ixlwix) > 5) < /8,

i=1 |x|>px
when J > J*. Again by large deviations and by equation (23) we have that

&

sk3 _
2} > T,Hk,Xk) < O0(k™3).

Combining equations (22) and (24) completes the result. [

(24) ]P(#{e e [K*]:us >

6.3. Approximating (%f),-,g by «a-stable laws Ffl (t). Finally we approximate

%f by a stable law. So that the distribution of the increments does not depend on &,
we set

lcqj,qu,m

= 3 X ot aww

(melJ?  i'=l1 xeRd

lCQj—ls‘IjJ"

:f{f—i— Z Z GiJ,r’e’j’m Z xwf,’j’m(x)

(myelJ1>  i'=l1 lx|<p

and ig (1) = 2_"/(“_‘1)&{[2“.

LEMMA 6.7. The difference Of}:‘/Z (t) and ie (1) satisfies

¢ ¢ o(1), O<a<l,
E[X°(1) = X @) pocpo.13] = {CAI—Q/Z’ l<a <2,

forc=c(s,d) and k large enough.
PROOF. By symmetry %f — if is a martingale, and so by Doobs’s maximal
inequality,
B2 @) = X0 g0 1] = BIIX O = X [oepo 1]
<24E[|x' (1) - x" (D[]

{0(1), O<a<l,
<
= | eal—2/2, l<a<?2,

as required since Y- (; ers2 Cojorgjm < 1. O

Since if is a process with i.i.d. increments, in this subsection we can determine
the scaling limit of X*(r) under the L4 ([0, 1]) topology as well as in the Skorohod
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topology in D0, 1]. Note that for this step, we can proceed without reference to
the Long Range Percolation model, and as a consequence, the meaning of P is
completely unambiguous (i.e., independent of the measure on environments). Let

K;= Z S'j,m,Jqu,l,qj,m,
(Jj.m)elJ1?

and ¢ is defined in Lemma 6.1.

LEMMA 6.8. For 1 <g < oo, the weak limit ofi[(t) in the Skorohod or L1
topology is K}/a Ly (2).

PROOF. The random variable Zxxwf’j ™ (x) is in the domain of attraction

of I'y (1), and hence we have that of’g’]’m Y rezd xwf’j’m(x) is in the domain of

attraction of (EaiJr’e’j’m)l/“ Lo(1). As G} g =limy EaiJr’e’j’m, this implies that

k
2 thj—lvqj””

—k +,4,j,m £,j,m
D D DI L
X

i'=1

converges weakly in both the Skorohod topology on DI[0, 1] and the L7([0, 1])
topology to (gj’m,Jqu_l’qj,m)V"‘Fa(t). Since for different (j, m) the sums are
independent, it follows that

—k
2 qujil_qj,m

2 k/e Z Z oi—,'—’z’j’m Z xwf,’j’m(x)

(j.m)e[J]? i'=1 [x|<p

converges weakly to K }/ “To(r). O

Ultimately for our coupling, we need to take J going to infinity and as such in
the following lemma, we show that K ; converges as J — oo.

LEMMA 6.9. The following limit exists:

(25) K := lim K,:Jlim > SimaCqir.qjm

J—00 —00
(Jj.m)elJ1?

with) < K < 1.

PROOF. Form >1and g € [0, 1], let " (q) = C%9"™ and

stom =#(*( ) (i es)
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where R and R are independent Geometric processes defined in equation (10) and
where (v, 0) is distributed according to (P, D). Since since R(t) is decreasing in ¢,
it follows that & is increasing in g. Further define

© ]
k=3 [ ea.mar.
m=1

which we interpret as a Riemannn—Stieltjes integral. We remark that regardless of
its size this is well defined since each summand is well defined and positive. Now
if gj—1 <q < gqj, then since R(¢) is a geometric process,

0=<gjms—5&(g,m)

SER( (I—gj)m )_R( (I —q)m )
1+ —g;)m 1+ —g)m
B 1 B 1

S (d—gpm (1—q)m

<vy

with i the error tolerance defined in (9). Hence we have that

00 L 00 q
K -ki=Y [ eqmar@+ Y [T s@madim@
m=1"47 0

m=J+1

J qj
X3 [7 s —s@man@

m=1 j=1"4i-
<2yy,
since Yoy [ 1dn™ (@) + Sa 11 Ji/ 1dn™(q) = C < ;. The fact that v

converges to 0 establishes that K ; converges to K. Now since the walk is transient
under P, all return probabilities are strictly less than 1. Each walk arrives at
new vertices at a constant rate by the ergodic theorems below which establishes
that K > 0. But by definition K < C*, the total rate at which new vertices are
encountered, which is strictly less than 1. [

6.4. The complete coupling along dyadic subsequences. We now combine all
the results of the section to prove the full coupling between the walks X*(r) and
isotropic a-stable Lévy motion I'¢(t).

THEOREM 6.10. Foreach e > 0and 1 < g < oo for k sufficiently large, there

3
is a coupling of the random walks (X* (t))g;]1 with independent a-stable Lévy
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. 07 [K3] s
motions (I'°(t)),_,, satisfying
1

P#{e e [K]: | X @) — K1/<S—d>rf(r)y|m([o’m > g, Hf,m} > ek’) < 7

PROOF. If we take A > 0 small enough and take J large enough by Corol-
lary 6.3 and Lemma 6.6, we have that

k3
(26) IP’(#{Z e [FP1: X0 = X)) oo 1y > g H,‘;Xk} > %) = 0(k™3).

By Lemma 6.8 we have that iz(t) converges weakly to K}/ (s_d)Fe(t) in
L]0, 1]. Hence by Skorohod’s almost sure representation theorem (see, e.g.,
[9]) we can couple I'" and X! so that when k is sufficiently large IP(||§1(t) —

K}/(s_d)Fl(t)lqu[o,l] > &/4) < ¢/5. For small enough A > 0, by Lemma 6.7 we
can then couple X I(t) and K }/ =1 (1) so that

P(|x'(0) = K/ "OT 0] pago.p > £/3) < /4.

As the X!(t) and I'(¢) are separately independent and identically distributed, we
can extend this coupling so that by Chernoff bounds,

3

Finally since K ; converges to K, we have that for large enough J,

3
27) ]P’(#{E e [K¥]:|x4) — K/ TITHO ) pago.r > £/3) > i) =0(k™).

1/(s—d _
P(| K/ ™OT (1) = KV DT 1)) Lago0y > €/3) < e/4
and hence again using Chernoff bounds,

_ , k3
IP(#{@ e [k T4 = KV OT ) oy > f} > 8—)

3 3
1
:0<k—3>-

Combining equations (26), (27) and (28) completes the proof. [

(28)

7. Proof of Theorem 1.1. We begin with a standard topological lemma for
separable Banach spaces whose proof we include for completeness.

LEMMA 7.1. Let M be a complete separable metric space with distance
d(-,-), and let ;u be a Borel probability measure on M measurable with respect
to the o-algebra generated by the open subsets of M. Then for any g1 > 0, there
exists an &, > 0 and a finite collection of disjoint measurable subsets Sy, ..., Sy
such that:



478 N. CRAWFORD AND A. SLY

e the union contains most of the mass of the distribution M(Ufil Si)>1—c¢yg;
o the S; are not too large, SUp, yes; d(x,y) <eyp;
o the S; are well separated, infi+j ves; yes; d(x,y) > €.

PROOF. By separability there exists a countable dense subset (x;);eN. For any
sequence (7;);eN, i € (€1/2, 1), the family of open balls B,, (x;) covers M. Fur-
ther, it is possible to choose these r; so that w (9B, (x;)) =0 for all i [0B,, (x;)
denotes the boundary of the ball]. For such a choice, consider the usual dis-
joint decomposition S| = By, (x1), S/ = B, (x;) \ (U’j;ll S;-). By construction,
w(int S7) = u(S;) (where int A denotes the interior of A), and the sequence (int S;);
gives a disjoint family of open sets whose union has full measure. Thus we may
find M > 0 so that

u( U imS{) >1—¢g1/2.
i<M
By continuity of u, there is &> > 0 so that if
S; ={x €intS;:d(x,dS]) > &2},
then

M(U Si)21—81-

i<M O

Applying the previous lemma, for each integer m, choose a finite collection of

disjoint measurable subsets S{', ..., SZ”,[(m) of L4([0, 1]) such that P(K /=4 x
r'@) e UM, S) > 1 — % and sup, yeg, X — YllLago,1) < % We set v(m) =
infj£j xes;,yes; Ix — yllLejo,17 and let Sim+ denote the enlarged set

m—+ . . 1 1
ST :=1x € LI([0,1]): inf |lx — yllrejo,1) < min{ —, =v(m) ¢ ¢.
yesm m 3

By construction, these enlargements are still disjoint. The following lemma shows
that for [P, -a.e. environment, the random walk distribution places enough weight
on these enlarged sets.

LEMMA 7.2. For eachm >0 and 1 <i < M(m), and for po almost every
environment w € 2,

liminfP(n~"/“X,,| € /") - P(K'/*T'' () € $") > 0.

PROOF. First observe that for any » > 0, by the self-similarity property
(%)1/“ I'‘(rt) is equal in distribution to K /¢ Z*(z), so

(29) P((%)lmrf(n) € S;") =P(K'*T(r) e S™).
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Now fix ¢ > 0 and k a positive integer and set ¢ = min{.- 1 1U(m)}. By Theo-

rem 6.10 we may choose there exists a coupling of (X ¢ (t))[k ! and (r (t))gk ]1 sat-

isfying

k3 _
P(#{e €[] )X @) — KT O ago.1y > 2490, 1, ) > T) <k
Now for 2¥=1 < n < 2¥, we have that

11 x¢
/

dt

nl/e ( n ) (27)
(i) n/2 |_2ktj B (sz)l/otr[
k n

nl/a
n 1—q/a
—k> /\X‘f(t) KYert )| dr.

q
dt

Hence since 2k > 2,

Hz—k/oz XJZ

szlj _ Kl/(xl-v@(t)”Lq[O’l] < 21/Ol+1/q0

implies that

Thus

IP’(#{K € [k3]: max
1/2<n/2k<1

1
=R

and hence when & is large enough so that x; < {5, then

P(#{Ee[k3]:
XE K2k 1/a nt 8k3
Lnt] ¢
% %) Tl 01>—H
G0 1/222})2(/«51 nl/e ( n ) <2k> q> }> 3 k,Xk)
<L
=2

Now if (KZ)Vert(ipy e 87 and n=Vox{,, — (EZ)Uert( ||, <6, then
by definition, we have that n= /¢ X fm | € S;"Jr. It follows by the triangle inequality
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that

. 1/ m+ . /a1 m B
P( | min,_ B exl, € S lo) - BKVT 0 € 7)< —e. Hi )

5]}»(#{@ e [F]:

¢ ek’
>0’Hks)(k > T

X{ai) <K2k>1/"‘ [(m)
N L5 Y et =
n]/a n 2k q

1/2<n/2k<1
ok X@ 3
X emt |l Xinl  oms ek~
= Zkzl 11@(‘#{@.”1/& €S } kIP’( e 5w )‘> 3)
n=2"14
2k kN 1o
K2 n
P( |#{¢ e[k (—) r“(—z>esm}
3 a1 ek’
—KPP(KVer (1) e )| > T)
<0k,

where we bound line 2 using equation (30), and where each term in the two sums

is bounded by ek by Chernoff bounds for some ¢ > 0. Summing over k and
using the fact that P(0 € C*°) > 0, we have that for all large enough ko,

IP’MO( inf IP’( ) s;"ﬂw) —P(KV*T (1) € $™) < —&, (] Ha, Xk)
n>20 e k>ko
=0(ky ")
By Lemma 4.3 we have that limy_, o P, (Mg x Hk,y) = 1, and so
lirr}linf]P’(n_l/o‘XﬁmJ € S"w) —P(K'°T' (1) e ") > —&  po-as.,
and the result follows by taking € to 0. [

Now using the previous lemma, we prove weak convergence of the measure
conditioned on the environment establishing the main theorem.

PROOF OF THEOREM 1.1. Fix ¢ > 0. We will let X" = X"(¢) denote
n~l/e Z}zlj X l.l € L9([0,1]) and, for notational convenience, let Z denote
KV (r) € L4([0, 1]) where K is defined in (25). To establish Theorem 1.1 we
will show that the law of (X",0 <t < 1) converges weakly in L9([0, 1]) to the
law of (Z,0<t <1).
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For a bounded continuous functional f on L7([0, 1]) with || f|lcoc < 1, we de-
note

ffay= sup .
YEL?:||x—y||<é
Since f is continuous f® — f point-wisely and so by the bounded convergence
theorem, E f 5(Z) converges to E f(Z) as § — 0. Choose § > 0 to be small enough
so that we have that IEf‘3 (Z2) —Ef(Z) < e/4, and let m be large enough so that
% < ¢ and % < §. With this it follows that

3
max  |[|x —zllLepo,1) < — <9
xeS{"*,zeSlf" m

and hence
31) inf f%(z)> sup f(x).
zeS" xeSi’”Jr

Since || f]loo < 1, it follows that

M(m) M (m)
Gy Ef(a) = 3 Bt e ) +2(x e U 5o
i=1 i=1

Now by Lemma 7.2 we have that for o almost every environment w € Q,

M (m) M (m)
limsupIP’<X” ¢ | Sf”’a)) =limsupl — Y  P(X" € 5" |w)
(33) " i=1 " i=1

M(m)
<1- > P(zes§") <

i=1

1
— [L0-a.S.
m

From equation (31), we have that

M (m)
E(f(X")1{X" € S }lw) < Y Ef°(2)1{Z € 5"}
(34) =1 o
+2 > |P(X" € S"F|w) —P(Z € S")].
i=1

We bound the first term on the right-hand side by

M(m) M (m)

Y Eff(2)1{z e s") sEf‘S(Z)+1P>(Z¢ U Sf"‘w)
(35) i=1 i=1

&

1
sEf(Z)+%+4
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For the second term by Lemma 7.2, we have that for pg almost every o € Qo,

M (m)
limsup ) [P(X" € S"*|w) —P(Z € S")|
=l
M (m)
(36) =limsup Y P(X" € 8" |w) —P(Z e S")
A |

M (m) 1
<1- P(Z € U S;") < — JLo-a.8.
i=1 m
Combining equations (32), (33), (34), (35) and (36) establishes that for (¢, almost
every o € Qo

3
limsupIEf(X"|a))fEf(Z)—F——Ff—lef(Z)%—s o-a.S.
n m

Since f was arbitrary, the same reasoning applies equally to — f and f. Therefore,
we have

liminfEf(X"|0) > Ef (Z) =& po-as.

and hence E f(X"|w) converges to E f(Z) almost surely which establishes the
weak convergence in law. [

8. Ergodic theory. To make sure that the number of new vertices that each
walk X f visits in the time interval [0, 2¥] is approximately 2XC, we obtain esti-
mates using ergodic theory. We introduce the chain defined by “the environment
seen from the particle.” This technique only applies to the walks individually. Later
(see Lemma 9.10) we will give a quantitative estimate on the number of vertex in-
tersections between a pair of walks under the distribution [P, (and under P, as
well). When combined with the ergodic theory estimates outlined below, we see
that with high probability all the walks (X Z)ee[kq visit the same positive density
of new vertices in [0, 2¥].

Let 7, :  — Q denote the shift operation: for any edge b € Z¢ x Z¢ we de-
note 7, - w(b) := w(b + x). By our assumption of translation invariance of the
connection probabilities p; ;, the measure  is clearly translation invariant for all
the shifts. The Kolmogorov 0—1 law implies that p is ergodic with respect to the
collection of shifts {7}, c7«; see below for a similar statement for p(.

Given an initial environment w € Q2 and a simple random walk trajectory X;
(defined relative to w), Ty, : 2 — €2 defines a (stochastic) map. Let w; := tyx, (w),
with initial environment wp = w. It is clear that w; is a Markov process with state
space €2, since the underlying random walk is. We let Q(w, d’) denote the tran-
sition kernel for w; going from w to o'
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Given an environment w, let d(w) = d“(0) denote the degree of w at 0. Recall
dv(w) = E:’[El“(’gu)] du(w), and let us introduce the Hilbert space

L*w)={f:Q > R:E,(f?) < o0}

with inner product (f, g) := [dv(w) f (w)g(w). Since X; is reversible under the
weighting d“(x), it follows that the operator A; f(w) := f(w;) is self adjoint
with respect to L2(v). We are interested in elevating the ergodic properties of
(m, 2, F, (tx) eza¢) to ergodic properties of the chain w;. We briefly indicate how
this is done.

Let 2"+ denote the space of (finite) two-sided sequences (w—_, ---wo, ...,
wp), wj € 2. On Q%"+ introduce probability measure induced by ;. That is, for
acylinderevent A=A_, X --- X A,

Pans1(A) = / (@) f P (@, do_pi1)--- / P(wn_1, dan).
A—n A—rH—l An

Because w; is stationary and reversible under v, {IPs,,+1},eN naturally identifies
with a consistent family of probability measures on 7. Equipping Q% with the
Borel o-field B defined by the product topology (over time and space), we then
have the existence of a probability measure, which by slight abuse of notation, we
denote by P, on Q% consistent with the family P, 4+1. Moreover, if T denotes
the Bernoulli shift [i.e., (Tw); = w;; forall w € Q%], then P, is stationary with
respect to T, and we can study its ergodic components.

Denoting Qo = {w:0 € C*(w)}, we let T, act on ¢ through the “induced shift”
oy: for w € Qp, define ny(w) = inf{n: 7,0 € Qo}. Then oy(w) := Ty, (W) ().
Analogously with (29, Fo, vg) denoting the restriction of the probability space
(2, F,v) to Qp, let PP, denote the corresponding restriction of P, on QOZ with
o -algebra By.

We need the following general result, the proof of which may be found, for ex-
ample, in [7]. Let (X, X, A, T') be a probability space with the invertible, measure
preserving, ergodic transformation 7'. Let A € X be a set of positive measure. For
x € X, let n(x) =inf{k > 0: TK(x) € A}. Then the Poincaré recurrence theorem
implies w-a.s. that n(x) < co. We define S: X — A by S(x) = 7™ (x) (which is
well defined up to a set of measure zero).

LEMMA 8.1. As a map from A to A, S is measure preserving, ergodic and
invertible up to a set of . measure 0.

As a consequence we have (again see [7]):

LEMMA 8.2. Fix b e N. Let B € Fy such that for almost all w € B,
P(rx, -w € Blw) = 1.

Then it follows that B is a 0—1 event under vy.
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Finally by a straightforward adaptation of Proposition 3.5 from [7], we have:

LEMMA 8.3.  The measure space (P, Q%, Bo) is ergodic with respect to the
Bernoulli shift T’ for any b € N.

Recall Birkoff’s ergodic theorem:

THEOREM 8.4 (Theorem 6.2.1 from [14]). Let (X, X, L) be a probability
space with measure preserving transformation T. Let T be the completion of the
o -field of events invariant under T . Then for any F € L' (X, 1),

N
% Y F(T'(w)) > E[FII]  A-as.

i=I

Our main application of Theorem 8.4 is to the number of new vertices of dif-
ferent “types.” Recall that ; is the indicator of the event that X; is the first visit
to that vertex, and p, denotes the quenched probability that a random walk started
from v will ever return there. For intervals [a, b] = A C [0, 1] and M C N, let

t
NAM=3" Nid|py, € A, d°(X;) € M.

i=1
Let L(A, M) € Q% denote the event
LA M) :={w:wy ¢ {wi:i <—1}, p(wo) € A, d(wp) € M}.

LEMMA 8.5. We have that

1
sup —N,A’M — Py (LA, M) =0 Vo- OF [LQ-a.S.
AMIT
as t — 0o where the supremum is over all closed intervals A C [0, 1] and M C N
and that

P, (L ([0, 1), N)) > 0.

PROOF. Itis enough to prove the converge of %N,A “Mforan arbitrarary choice
of the pair (A, M) with the extension to uniform convergence over all pairs fol-
lowing by discretising the space.

We cannot immediately apply Theorem 8.4 as the N; are not a stationary se-
quence since whether a vertex is new depends on the previous i steps and of course
i varies. So we compare it to the number of vertices which are new in the doubly
infinite walk (X;);cz. Defining

f@ =1{wy ¢ {wj:—o00 < j <0}}1{p(wo) € A, d(wp) € M},
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we have that
f(Tw)=1{w; ¢ (wj:—00 < j <i}}1{p(w;) € A, d°(w;) € M}.

Thus applying Lemma 8.3 and Theorem 8.4 we have that

1
” > i ¢ {oj:j <il}1{p(w) € A, d(w;) € M)

O<i<t

— Py, (L(A, M)) a.s.

(37

The quantity

1 1
;N{A’M - 3 1w ¢ {wj:—00 < j <i}}1{p(w;) € A, d°(w;) € M)

O<i<t

is positive. By transience and stationarity it converges to 0 in L! (Py,). (Note that
transience under P, follows immediately from Theorem 9.1. It was originally
proved via electrical network methods in [6].) On the other hand if t = bg +r,

1AM 1AM '
—N"<r/t+ IE —N-* T .
‘ t — / q/ q q o

i<b

For any ¢ fixed, we may apply Lemma 8.3 and Theorem 8.4 (with respect to the
transformation T?) to conclude

1 1
lim sup —N,A’M <-E, [N;LM].
t t q
Hence we have

1 1 1
Py, (L(A, M)) < limtinf;N,A’M < limsup ;N,A’M < —EO[N;"M] a.s.
t q

The LI(IPVO) convergence implies %EO[NqA’M] — Py (L(A, M)) as g — oo.
Note that reversibility and transience imply

P, (L (10, 1), Z)) > 0,

which completes the lemma. [
Now recalling the definition of Hy , we prove Lemma 4.3.
PROOF OF LEMMA 4.3. By Lemma 8.5, we have that

1
lim sup |—N/"M =P, (L(A, M))[=0  uo-as.
t_)OOA,M t
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It follows that for pg-almost all random environments w € 2, there exists a finite
random variable k*(w), measurable with respect to the o -algebra o (w), such that

IP0< N ™, > X‘a)) >1—x/2.
k>k* ()

Since the walks X f are conditionally independent given w by applying the strong
law of large numbers to the random variables

11{ N Hﬁyx},

k>k*(w)

we have that for wg-almost all random environments w € 2,

|
11lean#{£ e[L] :11{ N Hﬁ,x} = 1} >1-x/2 as.
k>k*(w)
Equation (6) follows by the definition of Hy ,. Taking a sequence x; converging
to 0 sufficiently slowly we also have (7). [

9. Bounds on rare events. Let us recall the main result of [11]. It is proved
there in the continuous time case, but extends without significant change to the
discrete time walk as well (and will be used here in the latter form).

THEOREM 9.1 (Theorem 1 of [11]). Let us consider s € (d,d + 2) ford > 2
and s € (1,2) for d = 1. Assume, for simplicity, that there exists L such that

pry=1—e P forx —yla > L,

and suppose that the p, y are translation invariant and percolating. Then there
exist universal constants C1, ¢ > 0 and a family of random variables (T (w)) ,c74
with the property that Ty (w) < 00 whenever x € C°°(w), such that the following
holds:

PP (x,y) < Cd® ()t~ Dloght

fort > Ty () Vv Ty(w). Moreover for x € C*°(w) for any n > 0, there exists C(n) >
0 so that we have

w(Ty > k|x € C¥(w)) < C(mk~".

Theorem 9.1 will be used to help rule out (in the probabilistic sense) various
unwanted dependencies between the random walk trajectories which cause our
coupling to fail. Theorem 9.1 applies only to estimates on the law of the k> walks
under P, and IP,,,. Since the coupling construction relies on PP, it is convenient to
extend these estimates to IP;,. For this purpose the following lemma, whose proof
may be found in [11] is useful:
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LEMMA 9.2 (Lemmas 2.9 and 2.10 of [11]). Let N > 0 be fixed, and let n| >
ny > --- > n,, enumerate the cluster sizes inside [—N, N1¢ (having sampled all
internal edges). Then there exist c, c2, { > 0 independent of N, so that

2
u(ny >logt N) < cre~2log N,

Also, if M denotes the largest internally connected component in [—N, N1¢, there
is € > 0 so that

P, (0 < B$(0)[0¢ M) <CN~°.

Let us also recall a (simple) technical lemma from [11] which we will need
below. Let D; = maxo<,<; || X,|l2 denote the Euclidean diameter of the walk at
time 7.

LEMMA 9.3 (Lemma 4.1 of [11]). Let 1/(s — d) < p. Then for either the
discrete or continuous time process, there exists a constant ¢ > 0 so that for any
xe74,

P?(D; > ct? ™! infinitely often) = 0

u-a.s. Moreover, there exist constants cy, ¢a, c3 > 0 such that forany T, A, p,r >0
with p as above andr < s —d,

P{Py@Et<T:D; = Cll‘pH) > CZ/T)‘}) <cTHTI-rr,

The implicit consequence of the previous two lemmas is the following: if we
observe the process of k* walks under P, up to time 2% and find that more than
k%7€ vertices have been uncovered in the exploration process, then with very high
probability, 0 € C*°(w).

In what follows, we formulate technical lemmas controlling the behavior of the

3
walks (X f)f:[[;k]] As we have indicated above, it is ultimately important to us that
these estimates hold for the measure P,. Most often, after scaling the walk by n™%,
the nontrivial statements only concern [P, . Further, it is often convenient for us
to use stationarity, only available under IP,, IP,,. For these reasons, we give the
following lemma which allows us to transfer bounds from one of these measures
to another:
k3

LEMMA 9.4. Let A be an event defined on the sample space 2 x (Zd)N[ 3

Then, there exist constants Cy, ..., C4 < 00 so that we have

P,u,o (A) = CI]P)/L(A)v
Py, (A) < CoPy(A),

Py, (A
N _ o <Pu,(A) < C3Py, (A),
—log Py, (A)

P,(d?©0)>1,A
i —1og§P> ((da?(z) > l)A) =Pu(d@ 21, 4) < C4P, (d°(0) 2 1, 4).
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PROOF. Since s > d, and we have assumed that u is supercritical, the first two
inequalities, as well as the upper bounds in the third and fourth, are obvious.

On the other hand, an easy calculation gives P, (d”(0) > x) < B exp(—B>x)
for some B, By > 0. Thus we have

Py (A) =Py (w € A,d°(0) < x)
(38) > xRy (w € A, d°(0) < x)
> x7'C7 [Py, (A) — Py, (d°(0) > x)].
Using the tail bound, let us take x = —B% logP,,(A). We get that

Py, (A)

P, (A)>C ———.
Ho —logP,,(A)
The last bound follows similarly. [J

Recall that p(w) denotes the return probability of the origin in the environ-
ment w, (P, D) denotes joint distribution of (p(w), d(w)) under P;,.

We now recall the definitions made in Section 4 and prove a series of lemmas
establishing Proposition 4.2 which provides the quantitative estimates needed for
the proof of our main theorem. For y, § > 0, let

A(p)={FveZ! w,=1,1v] > p},
B(p,y, k)= {YvoeZifwy, =1, |v] > p, then v ¢ {X1, ..., Xopis1}},

C@G,y, k)= { max |X;| > 25k}.

0<r<2vk
Denote the event G as
G(p,8,y, k) =A(p)NB(p,y,k)NCE@G, v, k),

which which we bound in the following lemma.

LEMMA 9.5 (No quick escapes of local neighborhoods without using long
edges). Let p > 2K/C6=dD) For any 8€ (0, 1) there exists y,e > 0 and c de-
pending on y, & such that

Pu(G(p,y,8,k)) < 2~k pmed=o),
PROOF. The lemma will be proved if we can show there exists ¢ > 0, not
necessarily the same as in the statement of the lemma, so that
(39) Pu(G(k, p,y. 8)|A(p)) < 2™
since it is easy to see that

Pu(A(p)) < ci(er)p@1=D)
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for any ¢1 > 0.
Let A%(p) denote the event that there are two or more edges of lengths at least
p connected to 0. We have that

Pu(PS(C(, . k)N B(p,y. k) A(p))
<PL(CG. 7. 0)IAP)) +Pu(A*(p)|A(p)).
Now
(40) P, (A%(p)|A(p)) < Cp I —oM),
But for all £ sufficiently large,
IP’M(C((S, y,k)|A(,o)") < ZPM(C(& y,k)).

We apply Lemma 9.3. It suffices to choose the parameters y, A, p, r so that ¢’ =
1/y(pr—1—1) >0, y(p+1) < §. This can be done by first taking pr sufficiently
large depending on X, and then taking y sufficiently small depending on 6/(p + 1).
Then we have

P(C (8, y,k)) < c2 V™,

Letting ¢ = min(y A, ¢’) proves (39). O

For the statement of the next lemma, recall that
D(p, k) ={Iw ez wyp=1,v| > p,
37 e [2] st Xy =0, (0,v) ¢ {(Xi. XirD)}; s}

LEMMA 9.6 (Visiting endpoints of long edges without using the edge is un-
likely). Let p > 2K/C6=D) There exists ¢ > 0 such that

P.(D(p, k) < c2kp~.

PROOF. Consider P, (D(p,k)) and recall the definition of A%(p) from in
Lemma 9.5. Since the event D requires reaching the other end of a long edge
without traversing it first, we have that

2k
Pu(D(p, k) <Pu(A%(0)) + 3 Y Pu(Xi=v)Pu(wo,=1)
t=1v:|lv|>p

< Cp—Za(l—o(l)) +2kP(p)
= 0(2"p™). O
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Finally, let us consider the pair of related events
Fp,y k) ={3i, 2" <i <2,

e s.t.wy,=1and |[v]e = p, X; € {0, v}}
F*(p.k)={3x,veZ i je[2],orn=1 vl > p, X! and X7 € {x, v}}.
LEMMA 9.7 (Returning to long edges after a transient time is unlikely). For

any 0 <y < 1, there exists ¢ > 0 and a constant ¢ = c(¢) such that
P (F(p,y,k)) < 27k p=ed=o),

PROOF. The lemma follows from a straightforward application of Theo-
rem 9.1 and the fact that P, (A(p)) = Cp—*1=o) O

COROLLARY 9.8 (Pairs of walks do not intersect at long edges). Let p >
2K/Q2Gs=d)) There exists € > 0 independent of p and a constant ¢ = c(g) such that
P/,L (F*(,O, k)) < C[IO—S + 2—8](2]{[0—0{(1—0(1))].

PROOF. Let us first reduce the estimate to the event F*(p, k) N {0 € C*(w)}.
By Lemma 9.2,
Pu(F*(p,k)N{0e C®(w)}) <cp~®.

Thus we may work under P, and hence, by Lemma 9.4, under P,,. Since the
paths X I X2 are reversible under P, the walk

1 k
v . sz_t, for t < 2%,
L X2 for t > 2k
t—2k> = <>

is distributed as (again, under P,,) (X }),e[zkﬂ]. We now employ Lemma 9.7,
Py (F*(p, b)) <2 + Py (Fv e 29,1 € 27]: | X] —v] 2 p, wy1 , = 1),

where we used Lemma 9.4 to translate our bounds between the measures g
and vg.
The proof is finished by noting that

Py, (Fv e 2%, 1t € [27F]: | X} — v| = p, wy1,=1) = c2vk pmatd=o)

and applying Lemma 9.4, []

Recalling our definitions from Section 4 for any event £ C QL 1let T~ - E =
{w:T"-w € E}. Then we denote
2k

G(p.y.8.k) =T G(py.8,k),
i=0
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2k
Z(p. k) =T D(p. k),
i=0

2k

F(p.y. k) =T F(p.y.k).
i=0

The following corollary is the content of Proposition 4.2.
COROLLARY 9.9. Let § > 0 be fixed. Then there exist y1,¢ > 0 and c =
c(y1, &) such that
Pu(@(p.y.8.k)UD(p. k) U.F(p,y.k) <c[p™®+2 "2k pme1=oD]

forall0 <y <yy.

PROOF. Application of Lemma 9.4 allows us to write
<C[Pu(%(p, 7,8, k) UD(p,k)UZF(p,y,k)]

For the first term on the right-hand side, we use stationarity under P, along with
Lemmas 9.5, 9.6 and finally Lemma 9.4 to translate back into IP;,. For the second
term on the right-hand side, we must first separate the event according to whether
{0 € C*°(w)} occurs, or not. As in Corollary 9.8, Lemmas 9.2 and 9.4 imply

Py(F(p.7.k) N {0¢ C®¥(@)}) <cp™.
On the other hand, Lemmas 9.4, 9.7 and stationarity imply
Py (Z (0. y. k) N {0 € C®(w)}) < X8 pmel=oD)

A final application of Lemma 9.4 finishes the proof. [l

LEMMA 9.10 (Not too many intersections). Let us suppose that s € (d,d +1).
There exists € > 0 and a constant ¢ > 0 such that, for o € {ug, i1},

Eo[[{X}!:0<i <25 n{X?:0<i < oo}|] <279k
PROOF. Forany L > 0, let By (0) =[—L, L1 N Z%. We begin by considering
the claim of the lemma under P, ;. We denote
(41) F(m,n)=E,,[[{X!:0<i<n)n{X?:0<i<m]|].
Large deviations estimates imply that

max d®(x) > log? L <Ce_1°g2L,
o max d°(0) > log’ L) <
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while Lemma 9.3 implies
Py ({PC@E <T:D; > 1P > ¢/ T)) < e3P,
so that for any g9 > 0, we can find an exponent A > 0 so that
Euo (Pf(0, BS, (0))) < L™(He0),
Let us apply these estimates to (41). We have
F(m,n) < ]EMO[ Yo BP0, PYO, y)].

i<n,j<myeZd
Reversibility of the quenched walk implies d“(0) P (0, x) = d”(x) P{(x, 0).
Thus, there exist ', C2 > 0 so that

F(m,n) < CIEMO[ 3 log” (k) log" (1) PE,, (0, 0)} + Cs.
k<n,l<m

Next we apply T/l/}eorem 9.1: there exists a random variable T (w) with P(T >
N)<C@®@")N~" forany n” > 0, so that for t > T (w),

P(0,0) <t~/ =D 1o’ (1).
We have, for 1y > 0 large enough,
EMO[ 3 log” (k) log" (1) PE,, (0, 0)}
k<n,l<m

log" (k + 1) log™ (T +1)
<Eu| ¥ Gromen| tEalT ¥ S

T<k<n,T<I<m T<I<m

log"™ (T +k
+Ba|T Y

(/G ] + By [T log™ (T)].
T<k<n

By the tail bound for T, and since d/(s — d) > 1, the latter three terms on the
right-hand side are all uniformly bounded in m, n.
For the first term, we have

log" (k +1) 1—d/(s—d)+

Sl 2 Grpees |2 Ce0mal 3 0]
T<k<n,T<I<m T<k<n
S C(S)nzfd/(S*d)+81

for any €1 > 0. Let m — oo. Again, since d/(s —d) > 1, the lemma is immediate.
The statement for

E,[[{X!:0<i<2)n{X?:0<i<o00}||0¢C®w)]

follows immediately from Lemma 9.2. [J
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LEMMA 9.11 (Small jumps give small contribution). Let us suppose that s €
(d,d+1). For large k € N,

2k
1
P, (Z 1Xi — Xic1|L{|X; — Xi—1| < p} > ﬁzk/“—‘”) < o(k™100)

i=1

for some constant C > 0.

PROOF. This is an immediate consequence of Lemma 9.4 and stationarity of
the environment process. By stationarity, we have

2k
E, [Z 1Xi — Xi1|1{1X; — Xi 1] < p}}

i=1
= 2"E,[1X1 — Xol1{|X1 — Xol < p}]-
Now
E,[1X1 — Xol1{|X1 — Xo| < p}] = 0(p'™%) = o(k 10127k k/(s=D)),
Thus Markov’s inequality implies
P §:|X. _x _x, L ok/say ~100
v<i:1 i — XiolL{|X; = Xi—1l < p} > 2 ) <o(k™™).

Applying Lemma 9.4 finishes the job. [J

Given 8, y > 0, for a vertex v recall that p, = p, (k) denotes the probability that
a walk started from v and conditioned to stay in the set {u:|v — u| < 28} returns
to v before time 2%V and set to 1 if v has no neighbors within distance 2¥%. Recall
that d® (v) == #{u: |x — ull> < p}.

LEMMA 9.12. Forall § € (0, 1), there exists y, & > 0 so that for 1 <i < 2k,
1
P/L(mxé’ _ﬁx” > E) SZ_st
and
P (@ (X) # a°(x[)) =22

and hence

1 . 1
IPM<#{1' Pyt — Pyel > %} +#{i :d”(X}) £d°(X))) > ;2k> <27k,
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PROOF. By Lemma 9.4 it is enough to prove the results under the measure IP,,.
Using the stationarity of [P, the second bound follows by a union bound over the
connection probabilities.

For the first bound, we prove the result under IP,, and then for the other mea-
sures. Using stationarity, it is enough to consider i = 0. At a quenched level, given
o such that 0 € C*°(w), we may couple the conditioned walk (which gives rise
to po), denoted by Y;, to an unconditioned one, denoted by Z;, until the first time
the unconditioned one leaves Bys(0), and hence we have that

|po(w) — po(@)| < P§(E),
where
E ={Z; exits By (0) before time 2Vk}.

Combining the proofs of Lemmas 9.5, 9.7, P, (E) < 0(272¢% and hence

1
]P)M0<|pr — ﬁXlz| > z) < y—2ke

It remains to consider the event {0 ¢ C*°(w)}. Let us denote by C(0) the connected
cluster of the origin. Clearly the bound is trivial if O has no nearest neighbors.
Consider

P, (E,d“(0) > 1|0 ¢ C®(w)).
To control this quantity, we bound
P, (0 < B5;5(0)|0 ¢ C™(w)).
Recalling Lemma 9.2, if M denotes the largest component of Bys(0), then
P, (0 € M|0 ¢ C®(w)) < C27
and
P, (0 < B5;(0),0 ¢ M|0 ¢ C™(w)) < C27%

with ¢ = £(§).
We conclude P, (E|0 ¢ C*®(w)) <C 27¢ek, Gathering estimates together and ap-
plying Lemma 9.4 proves the result. [J

10. Proof of Theorem 1.2. In this section we show that whend =1 and s > 2
that the scaling limit of the walk is Brownian motion. Recall the hypotheses of
Theorem 1.2 where we assume that

p(l) =1, Pr)=1—eP"  forr>2,

since we clearly need there to be an infinite component.
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10.1. Geometry of the random graph and ergodic theory. The notion of a cut-
point of the graph plays a key role in our analysis.

DEFINITION 1. Given an environment w and x € Z, say that x is a cutpoint
for w € Q if

wap =0 foralla <x,b>xsothatb —a > 2.

Let E denote the set of cupoints.

Note that if the walk passes from the left of the cutpoint to the right, it must
pass through it and that it is only connected to its nearest neighbors. By direct
calculation, for s > 2, d = 1, we have that

n@e k) >0.

Note that this does not hold when s < 2 which results in different scaling limits.
Given an interval [a, b], let €, ;) denote the number of cutpoints [a, b]. Then
ergodic considerations imply

LEMMA 10.1. Foranya,beR,a <b,

1

m@[a]\/’b]\]] — IU,(O S E) n-a.s.

as N — oo.

Herein, it will be convenient to assume that the origin is a cutpoint. Suppose
we show that for p-almost every environment, conditioned on the origin being a
cutpoint, the scaling limit of the walk started at the origin is Brownian motion.
As the distribution is invariant under shifts, this implies that the walk started at
any cutpoint has scaling limit Brownian motion. Finally, since the walk reaches a
cutpoint in a finite amount of time, this implies a scaling limit of Brownian motion
from any starting point. This justifies conditioning the origin to be a cutpoint. Let
Q2. denote the environments with 0 € E, and let it be the induced measure on 2.

Let us define ¢;,i € Z as the ith cutpoint from O with i negative to the left,
i positive to the right and ¢ = 0. Note that the gaps between the cutpoints (c¢; —
cj—1)jez are independent and identically distributed. This can be seen from the
fact that given ¢; is a cutpoint, there are no edges from the left of ¢; to the right
and the edge on the left side of ¢; and on the right are independent. Similarly, the
gap environments ([c;_1, ¢;]) jez also form an independent identically distributed
sequence.

LEMMA 10.2. The expected gap size is finite,

cj—Ccj_1isin Ll(,u)
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and its mean is given by

1

PROOF. By the strong law of large numbers,

c [
L ;|:Zc,- - c,'_1:| — Ele; —ci-1] M-a.s.

n i=1

as n — oo while by Lemma 10.1, we have that

1
;Q:[O,N] — w0 € B) JL-a.s.

as n — co. Combining these obsevations yields equation (42). [J

Given w € ., let X; denote a simple random walk on w started from y € Z.
The initial state is specified by P{’. Let us define

0%, j) = PC‘? (X; returns to ¢; before hitting {c;_1, cj+1}),
0°(j,j+1)= PC“J’,(Xj hits ¢4 before hitting {cj_1, ¢j}),
0°(,j—1= PL‘.‘])_(Xi hits ¢ j_1 before hitting {c;, cj11}),

0%k, ) =0 otherwise.

These give us the transition probabilities of the walk restricted to the times at which

it is at a cutpoint.

PROPOSITION 10.3. We have
0°(j,j+D=0°G+1,))
and

ey ST
e L'(n) and E..

Hence <2E,.[cj+1 —cjl.

1 1
0°(j.j+D Q“(j,j+D
PROOF. The first statement holds by construction, while the second is a sim-
ple application of the electrical network interpretation of escape probabilities on
graphs [13]. O
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10.2. Quenched functional central limit theorem for the simple random walk.
The next step is to define a modified walk, which we will denote by Z;, which is
manifestly a square integrable martingale. To do this, we first define a sequence

(pj)jeZ by
po=co=0,

pi—pPi-1=——— otherwise.
LT 03+

Let Z; denote the (quenched) walk on (p;) ez with transition probabilities
(slight abuse of notation here)

Q(pj, pk) == 0Q(j, k).

By fiat, the walk Z; always starts from pg = cg. It is then easy to check that Z; is
a martingale, and the quadratic variation increments

1 1
E°[(Zj — Zj-1)|Fj-1] = + '
OQZ;j 1, Zj1+1) QZj1,Zj1—-1)

LEMMA 10.4. For pic-a.e. w, the law of the process

1
MP" = %(ZLntJ + (tn — 1tn))(Zipe)+1 — Zne))
converges weakly in C|0, 1] with the uniform norm to the law of ~/ K B; where B,
is a standard one-dimensional Brownian motion. Here, the diffusion constant K is

given by
1
‘Lo“O, 1)

PROOF. The walk is stationary with respect to the uniform distribution (p;).
Hence by the ergodic theorem and Proposition 10.3,

I
dim =3 By [(Z) = 2 0% Fa] — ZEuc[ pe-as.,

j=1

Fo)

which shows convergence of the quadratic variation. The result then follows by an
application of martingale central limit theorem; see, for example, [14]. [

Let us define Y; as the walk on (c;) ez with transition probabilities given by
Q(j, k). Observe that we have a natural mapping between Y; and Z;. The following
is a consequence of Proposition 10.3 and the strong law of large numbers.
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LEMMA 10.5. For n # 0, we have that

|Pnl < 2lcnl
and
. 1 p]' Cj
lim — — —0 e-a.s.
[JILEu[p1 — pol  Ep.ler —col
as |j| — oo.

Lemma 10.5 establishes the scaling of the (p;) compared to the position of the
cutpoints (c;). The next corollary then follows from Lemmas 10.4 and 10.5.

COROLLARY 10.6. For u. a.e. environment w, the law of the process

1
Yo = E(YWJ + (tn — [tn]) Y ine)+1 = Yine))
converges weakly (under Q%) in C[O0, 1] with the uniform norm to the law of
~ K* B, where B; a standard one-dimensional Brownian motion. The constant K*
is given by

_ 2(Ey [e1 — col)?
Eu[pi — pol

K*

Finally, let us return to the SRW X;. Note that there is a natural coupling be-
tween X; and Y;, both the origin, so that for all 7,

(43) Yi = Xy,

where t; denotes the ith visit to a cutpoint by X. Another application of the ergodic
theorem implies that

1
(44) lim -1, — (0 € B).
)

PROOF OF THEOREM 1.2. The theorem follows directly from Lemma 10.1,
Corollary 10.6 and equations (43) and (44). [

11. List of symbols. For the convenience of the reader we give a list of the
symbols used in the text.
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o

B

B, (x), Vy
C®(w)
Cqj_r.qjm
d®(x),D
d®(x), D(k)
Fie

0]

Lo (1), I'(1)
Wy,y

Q

Qo

pv(w), P

pv(w), P(k)

vy

Py
gj)j<y
P, Pk
v,Xx,y
Wit

General

s —d (Section 1)

o-algebra on €2 (Section 1)

{y:1ly — xlleo <7}, respectively, Bysk (x) (Sections 2 and 2.1)

The infinite component of the graph induced by w (Section 2)
Arrival rate of new vertices of type (j, m) (Section 4.1)

Degree of x in w, respectively, marginal under p (Sections 2 and 5)
Local degree of x, respectively, marginal under p (Section 5)
Filtration of “environment exploration process” (Section 2.1)
Reduced filtration of exploration process (Section 2.1)

Rate of new vertices for X¢ is x close to ave. (Section 4.1)

‘Hk.¢ holds on 1 — x fractions of paths (Section 4.1)

Time; i always discrete time (Section 1)

Index for copy of i.i.d. family of SRWs (Section 2.1)

Probability measure on €2 (Section 1)

wu conditioned on {0 € C*°(w)} (Section 1)

w biased by degree of 0 (Section 2)

v conditioned on {0 € C*°(w)} (Section 2)

Isotropic a-stable Lévy process (Section 1)

State of edge indexed by x, y € Z¢ (Section 2)

Sample space for wy ,’s (Section 1)

{0 € C®(w)} C Q2 (Section 1)

Escape probability of SRW, respectively, marginal under p (Sec-
tion 5)

Local “escape” probability, respectively, marginal under u (Sec-
tion 5)

Mesh size for (¢;) j<y; (Section 5)

Joint law of (w, (X%)gery) with A € {i, 1o, v, vo} (Section 2)
Discretization of law of P away from atoms (Section 5)

Cutoff for jump size (Section 2.1)

Elements of Z¢ (Section 1)

Vertices visited by time i of £th walk and by first 2% steps of previ-
ous walks (Section 2.1)

WieU{y:3x e Wi, wx y =1, lx — ylloo = p} (Section 2.1)
SRW on graph induced by w (Section 1)

£th independent sample of SRW on w (Section 2)

nl/"‘XLm (Section 1)

First approximation to X;; space independent increments (Sec-
tion 6.1)

Second approximation to X;; increments time independent (Sec-
tion 6.2)
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Coupling construction

Aiv Indicator of new long edge at X f (Section 5.2)
e Indicator of coupling phase; special phase = 1 (Section 5.2)
Bi.e {0, ..., 6}-valued; nonzero value means coupling failed,
value determines manner of failing (Section 5.2)
o i.i.d. distributed as D(k) (Section 5.1)
L, d)f’j’m Zﬁ;lof\ff’j’m (Section 5.2)
/\ff’j o Indicator “type” (j, m) seen by X" at i (Section 5.2)
b i.i.d. distributed as P (k) (Section 5.1)
R() Decreasing process, marginals geometric(¢) (Section 5.1)
RSI™ REI™ i id. with distribution R(f) (Section 5.1)
wf’j’m(x) 1.1.d. distributed as Ber(P(]|x]|2)) (Section 5.1)
Bounds on rare events
A(p) (Fvezd, wo,y =1, |v| > p} (Section 9)
B(p,y,k) Walk does not visit vertices’ edges connected to origin
before time 2¥K*! (Section 9)
C@l,y, k) {maxg, <ovk [ X > 29k} (Section 9)
D(p, k) ez, Je2:w=1,|v]> p,
Xj=v,(0,v) ¢ {(X;, Xit+1)}i<s} (Section 9)
E(p,$8,k) Long edge at origin connected to long edge
F(p,v,k) Walk returns to long jumps at origin (Section 9)
G(p,8,y,k) A(p)NB(p,y,k)NC(@,vy,k) (Section 9)
P(p, k) UX, T~ D(p, k) (Section 9)
&(p, k) U, T E(p, k) (Section 9)
Fp.y k) ULyT™ - F(p,y.k) (Section 9)
Y(p,y,8,k) Uizio T G(py,$, k) (Section 9)
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