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UNIFORM LOGARITHMIC SOBOLEV INEQUALITIES FOR
CONSERVATIVE SPIN SYSTEMS WITH SUPER-QUADRATIC
SINGLE-SITE POTENTIAL

BY GEORG MENz! AND FELIX OTTO
Max Planck Institute for Mathematics in the Sciences

We consider a noninteracting unbounded spin system with conservation
of the mean spin. We derive a uniform logarithmic Sobolev inequality (LSI)
provided the single-site potential is a bounded perturbation of a strictly con-
vex function. The scaling of the LSI constant is optimal in the system size.
The argument adapts the two-scale approach of Grunewald, Villani, West-
dickenberg and the second author from the quadratic to the general case.
Using an asymmetric Brascamp-Lieb-type inequality for covariances, we re-
duce the task of deriving a uniform LSI to the convexification of the coarse-
grained Hamiltonian, which follows from a general local Cramér theorem.

1. Introduction and main result. The grand canonical ensemble p is a prob-
ability measure on RY given by

u(dx) .= % exp(—H(x))dx.

Throughout the article, Z denotes a generic normalization constant. The value of
Z may change from line to line or even within a line. The noninteracting Hamil-
tonian H :RY — R is given by a sum of single-site potentials 1/ : R — R that are
specified later, that is,

N
(1) H(x) =) ¥(x).

i=1

For a real number m, we consider the N — 1 dimensional hyper-plane Xy , given
by

1 N
XNm:i= {xeRN,Nin=m .

i=1
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We equip X ., with the standard scalar product induced by R", namely

N

(x, )Z) = ini,-.

i=1

The restriction of u to Xy ,, is called canonical ensemble 1y ,, that is,
1 _

) pnm(dx) = — exp(—H () [, (dx).
Here, HILVX_Nlm denotes the N — 1 dimensional Hausdorff measure restricted to the

hyperplane Xy ,,. For convenience, we introduce the notation:

a<Sb < thereisaconstant C > 0 uniformly in the systems size N and
the mean spin m such that a < Cb;

a~b < itholdsthata <bhandb <a.

In 1993, Varadhan ([23], Lemma 5.3 ff.) posed the question for which kind
of single-site potential v the canonical ensemble iy , satisfies a spectral gap
inequality (SG) uniformly in the system size N and the mean spin m. A partial
answer was given by Caputo [5]:

THEOREM 1.1 (Caputo). Assume that for the single-site potential  there
exist a splitting = . + 8y and constants f_, B+ € [0, 00) such that for all
x €[0, 00),

Yl ~xPr 41, Y=o~ xP 1 and
18y | + 8¢/ + 18¢"| S 1.

Then the canonical ensemble |y, satisfies the SG with constant o > O uniformly
in the system size N and the mean spin m. More precisely, for any function f,

3)

2
1
vt (1= [ (£= [ £aunn) din = [ 197Pdin .
Here, V denotes the gradient determined by the Euclidean structure of Xy m.

In this article, we give a full answer to the question by Varadhan [23] and also
show that the last theorem can be strengthened to the logarithmic Sobolev inequal-
ity (LSI).

DEFINITION 1.2 (LSI). Let X be a Euclidean space. A Borel probability mea-
sure u on X satisfies the LSI with constant o > 0, if for all functions f >0

) [ froe s~ [ fautos( [ fau) < i/ 'ij'z du

Here, V denotes the gradient determined by the Euclidean structure of X.
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REMARK 1.3 (Gradient on Xy ,,,). If we choose X = X ;, in Definition 1.2,
we can calculate |V f|? in the following way: Extend f : Xy, — R to be constant
on the direction normal to Xy ;. Then

N

VIF=Y

i=l

2

d
i’

The LSI was originally introduced by Gross [10]. It yields the SG and can be
used as a powerful tool for studying spin systems. Like the SG, the LSI implies
exponential convergence to equilibrium of the naturally associated conservative
diffusion process. The rate of convergence is given by the LSI constant g; cf. [22],
Chapter 3.2, and Remark 1.7. Therefore, an appropriate scaling of the LSI constant
in the system size indicates the absence of phase transitions. The SG yields con-
vergence in the sense of variances in contrast to the LSI, which yields convergence
in the sense of relative entropies. The SG and the LSI are also useful for deducing
the hydrodynamic limit; see [23] for the SG and [11] for the LSI.

We consider three cases of different potentials: sub-quadratic, quadratic and
super-quadratic single-site potentials. In the case of sub-quadratic single-site po-
tentials, Barthe and Wolff [2] gave a counterexample where the scaling in the sys-
tem size of the SG and the LSI constant of the canonical ensemble differs in the
system size. More precisely, they showed:

THEOREM 1.4 (Barthe and Wolff). Assume that the single-site potential \ is
given by

X, for x >0,
00, else.

w<x>={

Then the SG constant 91 and the LSI constant g2 of the canonical ensemble Ly
satisfy
1 J 1
~— an ~—.
er~ -3 @~ 9

In the case of perturbed quadratic single-site potentials it is known that Theo-
rem 1.1 can be improved to the LSI. More precisely, several authors (cf. [6, 11,
17]) deduced the following statement by different methods:

THEOREM 1.5 (Landim, Panizo and Yau). Assume that the single-site po-
tential r is perturbed quadratic in the following sense: There exists a splitting

Y =Y. + 8¢ such that
35) v!=1 and |8¥|+|8¥'|+ 8y"| S 1.

Then the canonical ensemble y ,, satisfies the LSI with constant ¢ > 0 uniformly
in the system size N and the mean spin m.
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There is only left to consider the super-quadratic case. It is conjectured that the
optimal scaling LSI also holds if the single-site potential v is a bounded pertur-
bation of a strictly convex function; cf. [17], page 741, [6], Theorem 0.3 f., and
[5], page 226. Heuristically, this conjecture seems reasonable: Because the LSI is
closely linked to convexity (consider, e.g., the Bakry—Emery criterion), a perturbed
strictly convex potential should behave no worse than a perturbed quadratic one.
However technically, the methods for the quadratic case are not able to handle the
perturbed strictly convex case because they require an upper bound on the second
derivative of the Hamiltonian. In the main result of the article we show that the
conjecture from above is true:

THEOREM 1.6. Assume that the single-site potential \r is perturbed strictly
convex in the sense that there is a splitting = V. + §¥ such that

(6) Yo 21 and |8y 418y <1

Then the canonical ensemble [y n, satisfies the LSI with constant ¢ > 0 uniformly
in the system size N and the mean spin m.

REMARK 1.7 (From Glauber to Kawasaki). The bound on the r.h.s. of (4)
is given in terms of the Glauber dynamics in the sense that we have endowed
X n.m with the standard Euclidean structure inherited from RN . By the discrete
Poincaré inequality, one can recover the bound for the Kawasaki dynamics (cf.
[11], Remark 15, or [5]) in the sense that one endows Xy , with the Euclidean
structure coming from the discrete H ~'-norm. More precisely, if A is a cubic
lattice in any dimension of width L, then Theorem 1.6 yields the LSI for Kawasaki
dynamics with constant L_ZQ, which is the optimal scaling in L; cf. [24].

Note that the standard criteria for the SG and the LSI (cf. Appendix) fail for the
canonical ensemble py ,:

e The Tensorization principle for the SG and the LSI does not apply because of
the restriction to the hyper-plane Xy ,,; cf. [12], Theorem 4.4, or Theorem A.1.

e The Bakry—Emery criterion does not apply because the Hamiltonian H is not
strictly convex; cf. [1], Proposition 3 and Corollary 2, or Theorem A.3.

e The Holley—Stroock criterion does not help because the LSI constant p has to be
independent of the system size N; cf. [14], page 1184, or Theorem A.2.

Therefore, a more elaborated machinery was needed for the proof of Theorems 1.1
and 1.5. The approach of Caputo to Theorem 1.1 seems to be restricted to the SG
because it relies on the spectral nature of the SG. For the proof of Theorem 1.5,
Landim, Panizo and Yau [17] and Chafai [6] used the Lu—Yau martingale method
that was originally introduced in [19] to deduce an analog version of Theorem 1.5
in the case of discrete spin values. Recently, Grunewald, Villani, Westdickenberg
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and the second author [11] provided a new technique for deducing Theorem 1.5,
called the two-scale approach. We follow this approach in the proof of Theo-
rem 1.6.

The limiting factor for extending Theorem 1.5 to more general single-site po-
tentials is almost the same for the Lu—Yau martingale method and for the two-scale
approach: It is the estimation of a covariance term w.r.t. the measure uy 5 condi-
tioned on a special event; cf. [17], (4.6), and [11], (42). In the two-scale approach
one has to estimate for some large but fixed K > 1 and any nonnegative function
f the covariance

1 K
COVyik (f, e Z w/(xi)) ‘
i=1

In [11], this term term was estimated by using a standard estimate (cf. Lemma 2.10
and [11], Lemma 22) that only can be applied for perturbed quadratic single-site
potentials {r. We get around this difficulty by making the following adaptations:
Instead of one-time coarse-graining of big blocks, we consider iterative coarse-
graining of pairs. As a consequence we only have to estimate the covariance
term from above in the case K = 2. Because u2 . is a one-dimensional mea-
sure, we are able to apply the more robust asymmetric Brascamp—Lieb inequality
(cf. Lemma 2.11) that can also be applied for perturbed strictly convex single-site
potentials .

Recently, the optimal scaling LSI was established in [20] by the first author for
a weakly interacting Hamiltonian with perturbed quadratic single-site potentials
Y, that is,

N
H(x)= Zlﬁ(xi) +¢ Z bijxix;.
i=1 I<i<j<N
Because the original two-scale approach was used, it is an interesting question
if one could extend this result to perturbed strictly convex single-site potentials.
A direct transfer of the argument of [20] fails because of the iterative structure of
the proof of Theorem 1.6.

The remaining part of this article is organized as follows. In Section 2.1 we
prove the main result. The auxiliary results of Section 2.1 are proved in Section 2.2.
There is one exception: The convexification of the single-site potential by iterated
renormalization (see Theorem 2.6) is proved in Section 3. In the short Appendix
we state the standard criteria for the SG and the LSI.

2. Adapted two-scale approach.
2.1. Proof of the main result. The proof of Theorem 1.6 is based on an adap-

tation of the two-scale approach of [11]. We start with introducing the concept of
coarse-graining of pairs. We recommend reading [11], Chapter 2.1, as a guideline.
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We assume that the number N of sites is given by N = 2K for some large
number K € N. The step to arbitrary N is not difficult; cf. Remark 2.7, below. We
decompose the spin system into blocks, each containing two spins. The coarse-
graining operator P: Xy », — Xy /2, assigns to each block the mean spin of the
block. More precisely, P is given by

©) P(x):=(3(x1 +x2), 33+ x4), ..., 3Gen—1 + xN)).

Due to the coarse-graining operator P, we can decompose the canonical ensemble
UN.m into

(®) UN,m(dx) = p(dx|y)p(dy),

where [t := Py, denotes the push forward of the Gibbs measure pu under P
and u(dx|y) is the conditional measure of x given Px = y. The last equation has
to be understood in a weak sense; that is, for any test function &

[ednnm = ( /{ Px:y}5u<dx|y>)/1<dy>.

Now, we are able to state the first ingredient of the proof of Theorem 1.6.

PROPOSITION 2.1 (Hierarchic criterion for the LSI). Assume that the single-
site potential \r is perturbed strictly convex in the sense of (6). If the marginal i
satisfies the LSI with constant 91 > O uniformly in the system size N and the mean
spin m, then the canonical ensemble [y ., also satisfies the LSI with constant
02 > 0 uniformly in the system size N and the mean spin m.

The proof of this statement is given in Section 2.2. Due to the last proposition
it suffices to deduce the LSI for the marginal 1. Hence, let us have a closer look
at the structure of 1. We will characterize the Hamiltonian of the marginal u with
the help of the renormalization operator R, which is introduced as follows.

DEFINITION 2.2. Let ¥:R — R be a single-site potential. Then the renor-
malized single-site potential Ry : R — R is defined by

©) RY(y) = —log / exp(— (x +y) — Y (—x + y)) dx.

REMARK 2.3. The renormalized single-site potential Ry can be interpreted
in the following way: A change of variables (cf. [8], Section 3.3.3) and the invari-
ance of the Hausdorff measure under translation yield the identity

exp(—RY () = f exp(— Y (x +y) — Y (—x + y))dx

1 1
= ﬁ/exp(—lﬂ)ﬂ) = VD)) H |1, 4xy=2y) ().
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Therefore, the renormalized single-site potential Ry describes the free energy
of two independent spins X and X» [identically distributed as Z -1 exp(—v)]
conditioned on a fixed mean value %(X 1+ X2)=y.

LEMMA 2.4 (Invariance under renormalization). Assume that the single-site
potential \r is perturbed strictly convex in the sense of (6). Then the renormalized
Hamiltonian R is also perturbed strictly convex in the sense of (6).

Direct calculation using the coarea formula (cf. [8], Section 3.4.2) reveals the
following structure of the marginal jt.

LEMMA 2.5. The marginal [i is given by
1 & N/2—1
ady) = exp(— > Rzp(yi))Hu{N;m (dy).
i=1

It follows from the last two lemmas that the marginal i has the same structure
as the canonical ensemble py ,,. The single-site potential of i is given by the
renormalized single-site potential Riyr. Hence, one can iterate the coarse-graining
of pairs. The next statement shows that after finitely many iterations the renormal-
ized single-site potential RM 1 becomes uniformly strictly convex. Therefore, the
Bakry—Emery criterion (cf. Theorem A.3) yields that the corresponding marginal
satisfies the L.SI with constant ¢ > 0, uniformly in the system size N and the mean
spin m. Then, an iterated application of the hierarchic criterion of the LSI (cf.
Proposition 2.1) yields Theorem 1.6 in the case N = 2K

THEOREM 2.6 (Convexification by renormalization). Let Y be a perturbed
strictly convex single-site potential in the sense of (6). Then there is an integer My
such that for all M > My the M -times renormalized single-site potential RMr is
uniformly strictly convex independently of the system size N and the mean spin m.

We conclude this section by giving some remarks and pointing out the central
tools needed for the proof of the auxiliary results. The next remark shows how
Theorem 1.6 is verified in the case of an arbitrary number N of sites.

REMARK 2.7. Note that an arbitrary number of sites N can be written as
N=K2X+R

for some number K, a large but fixed number K and a bounded number R < 2K
Hence, one can decompose the spin system into K blocks of 2K spins and one
block of R spins. The big blocks of 2X spins are coarse-grained by pairs, whereas
the small block of R spins is not coarse-grained at all. After iterating this proce-
dure sufficiently often, the renormalized single-site potentials of the big blocks are
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uniformly strictly convex. On the remaining block of R spins, the corresponding
single-site potentials are unchanged. Because v is a bounded perturbation of a
strictly convex function, it follows from a combination of the Bakry—Emery cri-
terion (cf. Theorem A.3) and the Holley—Stroock criterion (cf. Theorem A.2) that
the marginal of the whole system satisfies the LSI with constant

0 Z exp(—R(sup 8y — infsy)),

which is independent on N and m. Therefore, an iterated application of the hierar-
chic criterion of the LSI (cf. Proposition 2.1) yields Theorem 1.6.

REMARK 2.8 (Inhomogeneous single-site potentials). It is a natural question
whether this approach can be applied to the case of inhomogeneous single-site
potentials. In this case, the single-site potentials are allowed to depend on the sites;
that is, the Hamiltonian has the form H = Z,N: | Vi where each ; is a perturbed
strictly-convex potential. In principle, we believe that our approach can be adapted
to this situation even if not in a straightforward way. The reason is that only one
step of the proof of Theorem 1.6 has to be adapted: It is the convexification of the
single-site potentials by iterated renormalization (see Theorem 2.6).

Let us make a comment on the proof of Theorem 2.6, which is stated in Sec-
tion 3. Starting point for the proof is the observation that the M -times renormalized
single-site potential RM v corresponds to the coarse-grained Hamiltonian related
to coarse-graining with block size 2M. of [11].

LEMMA 2.9. For K €N let the coarse-grained Hamiltonian Hyg be defined
by

_ 1
(10) Hg (m) = —Elog/exp(—H(x))Hfngm (dx).

Let M € N. Then there is a constant 0 < C(2M) < oo depending only on 2™ such
that

RMy =2M Hyy + C2M).

Because the last statement is verified by a straightforward application of the area
and coarea formula, we omit the proof. In Lemma 2.9 one could easily determine
the exact value of the constant C(2™). However, the exact value is not important
because we are only interested in the convexity of RM . In [11], the convexifica-
tion of Hx was deduced from a local Cramér theorem; cf. [11], Proposition 31. For
the proof of Theorem 2.6 we follow the same strategy generalizing the argument
to perturbed strictly convex single-site potentials .

Now, we make some comments on the proof of Proposition 2.1 and Lemma 2.4,
which are stated in Section 2.2. One of the limiting factors in the proof of Theo-
rem 1.5 is the application of a classical covariance estimate; cf. [11], Lemma 22.
In our framework this estimate can be formulated as:
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LEMMA 2.10. Assume that the single-site potential ' is perturbed strictly
convex in the sense of (6). Let v be a probability measure on R given by

v(dx) = % exp(—y¥(x))dx.

Then for any function f >0 and g

12 " 12
con (e Ssuplg@I( [ rav)( 'ff' )

In [11], the last estimate was applied to the function g = v’. Note that the func-
tion |g’(x)| = |¥”(x)| is only bounded in the case of a perturbed quadratic single-
site potential . The main new ingredient for the proof of the hierarchic crite-
rion for the LSI (cf. Proposition 2.1) and the invariance principle (cf. Lemma 2.4)
is an asymmetric Brascamp-Lieb inequality, which does not exhibit this restric-
tion.

LEMMA 2.11. Assume that the single-site potential ' is perturbed strictly
convex in the sense of (6). Let v be a probability measure on R given by

1
v(dx) = Z exp(—y(x))dx.

Then for any function f and g

| covy (f, )| < exp(30scdy)sup

X

g'(x) ,
0 / £/l dv,

where osc 6y 1= sup, 61 (x) — infy Sy (x).

We call the last inequality asymmetric because, compared to the original
Brascamp—Lieb inequality [4], the space L x L? is replaced by L! x L>, and
the factor (y )~1/2 is not evenly distributed. It is an interesting question if an ana-
log statement also holds for higher dimensions. The proof of Lemma 2.11 is based
on a kernel representation of the covariance. All steps are elementary.

PROOF OF LEMMA 2.11. Let us consider a Gibbs measure & associated to the
Hamiltonian H : R — R. More precisely, u is given by

1
uldx) = 7 exp(—H(x))dx.
We start by deriving the following integral representation of the covariance of w:

(11) covu(f.g) = / / F100K ()8 () dx dy,
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where the nonnegative kernel K, (x, y) is given by

[ M) (1= M)(y) fory>x
K“(x’y)"{<1’1MM><x>ﬁu<y> foryfx}’

and M, (x) := pu((—00, x)) so that (1 — M,,)(x) = u((x, 00)). Indeed, we start by
noting that

(12) covu(fo0)= [ [(f@ = Feumadx [(g@) - g0 dy udz,

where we do not distinguish between the measure u(dx) and its Lebesgue density
@ (x) in our notation. Using M ;L(x) = u(x), we can use integration by parts to
rewrite each factor in terms of the derivative

f(f(z) — f))u(x)dx
— /joo(f(z) — f(0))M} (x)dx — /”(f(z) ) = My (x) dx
= /_ZOO F M (x)dx — foo Fleo —My)(x)dx

_ / PO (x < 2Mu(x) — (x> 2)(1 — M,)(x)) do,

where I (x < z) assumes the value 1 if x < z and zero otherwise. Inserting this and
the corresponding identity for g(y) into (12), we obtain

covu(f. 8)

_ / f FOU @ <2Mux) — (x> 2)(1 — My)(@)) dx
(13)
x [ £ <DMu) = 10> (1= M) dye(a) dz

= [ [ @K g (rdxdy
with kernel K, (x, y) as desired, given by
K,LL (X ’ )’)

= My (0) M (y) f 1 <21y <)) dz
— M,y (x)(1— Mu)(y)/l(x <l (y >2)u(z)dz
— (1= M) ()M, (y) / 1> )1y < D)) dz

(1= M) — M,»(y)fl(x > DI(y > D) dz
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= My, (x)My (y)(1 — M) (max{x, y})
— M, (x)(1 = M)W (y > x) (M (y) — My (x))
— (1= M) )M (NI (y < x) (M (x) — My(y))
+ (1 = Myu)(x)(1 — M) (y) My, (min{x, y})
=1(y > x)(Mu(x)M,(y)(1 — M,)(y)
— My (x)(1 — M) () (M, (y) — My (x))
+ (1= M) (1 = M) (y) My (x))
+1(y <) (M ()M, (y)(1 = M) (x)
— (1= M) )My () (M, (x) — My (y))
+ (1= M) = M) ()M (y))
=1(y>x)Mu(x)(1 = M) +1(y <)(1 — M) My (y).

We now establish the following identity for the above kernel:

(14) f K (e, ) H" (3) dy = p(x).

Indeed, we have by integrations by part
[ Kute B 0y
= (=M [ MuH Oy + M) [0 = M)IH () dy
= (1= M) (M @)~ [ M, 00H 0)d)
M0 (=0 = MO H @+ [ M0 () dy)
=== M) [ exp(-HONH () dy

+ My (x) f exp(—H (»)H'(y) dy
= (1= M) () + My () = ux).

Let us now consider the Gibbs measures v(dx) and v.(dx), given by

v(dx) = %exp(—x//c(x) —8Y(x))dx and v.(dx)= %exp(—x[rc(x))dx.
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By the integral representation (11) of the covariance we have the estimate

[covy(f, &)l =< /f Lf Ky (x, y)Ig' () dxdy.
By a straight-forward calculation, we can estimate
J oo eXP(— Ve (x) — 8¢ (x)) dx
Jexp(—=e(x) = 8¢ (x)) dx
f exp(—¥.(x))dx

Jexp(—=v(x)) dx
=exp(oscdy )M, (x).

M,(x)=

< exp(oscdyr)

Together with a similar estimate for (1 — M,,(y)), this yields the kernel estimate
K,(x,y) <exp(Roscéy)K, (x,y).

Applying this to the covariance estimate from above yields

lcovu(f. @)l =exposesy) [ [ 171Ky, (k. g ()l dx dy.
Using the identity (14) for 4 = v, we may easily conclude

18" W)
//( )

1g' ()]
Yl (y)
1g' ()]

//( )

[covy(f,9)] = exp(2osesy) sup / )l / Ko, e Y () dy dx

= exp(20sc8y) sup / | £/ (x)|ve(dx)

<exp(30scdy) sup /If( )v(dx). =

For the entertainment of the reader, let us argue how the identity (14) also yields
the traditional Brascamp-Lieb inequality in the case H” > 0. Indeed, by the sym-
metry of the kernel K, (x, y), identity (14) yields, for all x and y,

(15) / K, (e, ) H"(y)dy = pu(x) and / Koo, ) H" () dx = ().

The integral representation of the covariance (11) yields

va (£ = [ [ £@K,u G0 £ 0 dxdy

= [ [ (KU IO g (Ko )R g
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Then a combination of Holder’s inequality and the identity (15) for the kernel
K, (x,y) yields the Brascamp-Lieb inequality,

RNy 12
var, (f) < ( / |/ o)l Ku<x,y>H”<y>dydx)

H'(x)
R 1/2
o U
() ([ )
— |Z/(/2|)2/,L(x)dx.

2.2. Proof of auxiliary results. In this section we outline the proof of Propo-
sition 2.1 and Lemma 2.4. We start with Proposition 2.1, which is the hierarchic
criterion for the LSI. Unfortunately, we cannot directly apply the two-scale crite-
rion of [11], Theorem 3. The reason is that the number

{ (Hess H(x)u, v)

|uflv]

(17 «:=

,u €im(2P'P),v € im(idy — 2P’P)},

which measures the interaction between the microscopic and macroscopic scales,
can be infinite for a perturbed strictly convex single-site potential . However, we
follow the proof of [11], Theorem 3, with only one major difference: Instead of
applying the classical covariance estimate (cf. Lemma 2.10), we apply the asym-
metric Brascamp—Lieb inequality; cf. Lemma 2.11. Let us assume for the rest of
this section that the single-site potential ¥ is perturbed strictly convex in the sense
of (6).

For convenience, we set X := Xy ,;, and Y := X2 ;,. We choose on X and Y
the standard Euclidean structure given by

N
(x,y) = _xiyi.
i=1

The coarse-graining operator P : X — Y given by (7) satisfies the identity
2PP' =idy,

where P':Y — X is the adjoint operator of P. Note that our P’ differs from the
P! of [11], because the Euclidean structure on Y differs from the Euclidean struc-
ture used in [11] by a factor. The last identity yields that 2P’ P is the orthogonal
projection of X to im P’. Hence, one can decompose X into the orthogonal sum
of microscopic fluctuations and macroscopic variables according to

X =ker P @ im P!
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and
x =(dy —2P'P)x +2P'Px.

We apply this decomposition to the gradient V f of a smooth function f on X. The
gradient V f is decomposed into a macroscopic gradient and a fluctuation gradient
satisfying

Vf(x)=(idx —2P'P)V f(x)+2P'PVf(x) and
(18)
IVF£()1?=Gdy — 2P P)V f(x)|* + 2P PV £ (x)|*.

Note that ker P is the tangent space of the fiber { Px = y}. Hence the gradient of
f on {Px =y} is given by (idxy — 2P’ P)V f(x). The first main ingredient of the
proof of Proposition 2.1 is the following statement.

LEMMA 2.12. The conditional measure u(dx|y) given by (8) satisfies the LSI
with constant o > 0 uniformly in the system size N, the macroscopic profile y and
the mean spin m. More precisely, for any nonnegative function f

[ #108 siutaxty) - [ suiasisytog( [ sutaxiy)

1 [ |Gdx —2P'P)Vf|?
< — wu(dx|y).
20 f
PROOF OF LEMMA 2.12. Observe that the conditional measure @ (dx|y) has
a product structure: We decompose { Px = y} into a product of Euclidean spaces.
Namely for

. N
X2,y = {(x2i—1, X2i), X2i—1 + x2; = 2y}, i € {1, ey 3},
we have
{Px=y}=Xoy X=X Xoyy,.

It follows from the coarea formula (cf. [8], Section 3.4.2) that

[ reou@xiy
{Px=y}

N/2 4

= [ 1@ 5 expl—vraaim) = Y (o) My, @zicr, ).
i=1

Hence w(dx|y) is the product measure

N/2

(19) w(dxly) = Q) oy, (dxzi—1, dxz),
i=1
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where we make use of the notation introduced in (2). Because the single-site po-
tential ¢ is perturbed strictly convex in the sense of (6), a combination of the
Bakry—Emery criterion (cf. Theorem A.3) and the Holley—Stroock criterion (cf.
Theorem A.2) yield that the measure s ,(dx1, dxz) satisfies the LSI with con-
stant ¢ > 0 uniformly in m. Then the tensorization principle (cf. Theorem A.1)
implies the desired statement. [

For convenience, let us introduce the following notation: Let f be an arbitrary
function. Then its conditional expectation f is defined by

F) = f Fudxly).

The second main ingredient of the proof of Proposition 2.1 is the following propo-
sition, which is the analog statement of [11], Proposition 20.

PROPOSITION 2.13.  Assume that the marginal j1(dy) given by (8) satisfies the
LSI uniformly in the system size N and the mean spin m. Then for any nonnegative
function f,

VIO _ [IVf@P
for Tl fm

uniformly in the macroscopic profile y and the system size N.

u(dxly),

Before we verify Proposition 2.13, let us show how it can be used in the proof
of Proposition 2.1.

PROOF OF PROPOSITION 2.1. Using Lemma 2.12 and Proposition 2.13 from
above, the argument is exactly the same as in the proof of [11], Theorem 3:

Let ¢ denote the function ¢ (x) := x log x. The additive property of the entropy
implies

[ o dienn ¢( / fd/w,m) -/ [ [ o @iy - ¢(f<y))]/z<dy)

+| [oFonaan - ([ Fmian)]

An application of Lemma 2.12 yields the estimate

[[[ s @miasi —o(ion i)

1 idy —2P'P)V 2
55// (0 WICOT (axlyidy).

f(x)
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By assumption the marginal i satisfies the LSI with constant A > 0. Together with
Proposition 2.13 this yields the estimate

_ \vJ r 2
[oG o - ( al f(y)u(dy)> <5 'J’;%mdy)
2
Nf/' J{(( ))' w(dx|y)i(dy).

A combination of the last three formulas and the observations (8) and (18) yield

[ etrrdunn—o( [ fann.n)

|<idx—2PfP>Vf<x>|2 IV f(x)[?
. N.m(dx n(d
</ Fe) @0+ [ S
IV £ ()
m(dx),
e Fay Ham(dx)

uniformly in the system size N and the mean spin m. [

Because the hierarchic criterion for the LSI is an important ingredient in the
proof of the main result, we outline the proof of Proposition 2.13 in full detail.
We follow the proof of [11], Proposition 20, which is based on two lemmas. We
directly take over the first lemma (cf. [11], Lemma 21), which in our notation
becomes:

LEMMA 2.14. For any function f on X and any y € Y, it holds
1 -
/ PV f)uldx]y) =5V f(y) + P covuxy (f, VH).

REMARK 2.15. The notational difference compared to [11], Lemma 21, is
based on our choice of the Euclidean structure on ¥ = Xy ,,. Compared to the
notation in Lemma 21 of [11], we have

_ N _
Vyf(y) = EVf(y)-

Hence we omit the proof, which is a straightforward calculation.

The more interesting ingredient of the proof of [11], Proposition 20, is the esti-
mate (see [11], (42), (43))

V2 g / |Gidx — 2P P)V £ ()]

2P covyaaiy) (VD[ == 5 o u(dxly).
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In [11], the last estimate is deduced by direct calculation from the standard covari-
ance estimate given by Lemma 2.10. In contrast to [11] we cannot use this estimate
because the constant « given by (17) may be infinite for a perturbed strictly convex
single-site potential y». We avoid this problem by applying the more robust asym-
metric Brascamp-Lieb inequality given by Lemma 2.11. Our substitute for the last
estimate is:

LEMMA 2.16. For any nonnegative function f

2
2P cov,ann (£ TP £ FO) [ FES i)

uniformly in the system size N, the macroscopic profile y and the mean spin m.

We postpone the proof of Lemma 2.16 and show how it is used in the proof of
Proposition 2.13 (cf. proof of [11], Proposition 20).
PROOF OF PROPOSITION 2.13.  Note that because for any a, b € R,
Na+b)? <a*+ b,
it follows form the definition (7) of P that for any x,
(20) |Px|” < jlx*.

By successively using Lemma 2.14 and Jensen’s inequality (with the convex func-
tion (a, b) — |b|?/a), we have

IV f()I? 2
1 f(y)\ / V£ 0)ldx]y) — P eovyxiy (f VH)
2 1
ST | [ Py + s 1P oV . V)P
PV £ ()2 )
< / o (dx|y>+—f(y)|2Pcovu<dx|y)<f,VH>| .

On the first term on the r.h.s. we apply the estimate (20). On the second term we
apply Lemma 2.16, which yields the desired estimate. [

Now, we prove Lemma 2.16, which also represents one of the main differences
compared to the two-scale approach of [11]. The main ingredients are the prod-
uct structure (19) of w(dx|y) and the asymmetric Brascamp—Lieb inequality; cf.
Lemma 2.11.

PROOF OF LEMMA 2.16. We have to estimate the covariance
N/2
2 2
(21) 2P covyaxiy) (fs VH)|™ = |covuaxiy (f, QPVH) )|
j=1
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Therefore, let us consider for j € {1,..., %} the term cov (ax|y)(f, 2PV H);).
Note that the function

(2PVH(x))j =y (x2j—1) + ¥ (x2)
only depends of the variables x5 and x;;. Hence, the product structure (19) of

u(dx|y) yields the identity

CoVyu(dx|y) (f; 2(PVH) )
(22)

N/2
= / COVpsy . (dxzj,|,dx2/.)(f’ (2PVH);) ® W2,y (dx2i—1,dxy,).
' i=li#j
As we will show below, we obtain, by using the asymmetric Brascamp-Lieb in-
equality of Lemma 2.11 and the Csiszar—Kullback—Pinsker inequality, the estimate

|COVM2,_VJ- (dXijl,dXZj)(f’ (ZPVH)J')|

12
< </ f(x)MZ,yj(dXZj—ladXZj))

5 ( / [(d/(dx2j—1)) f ) + 1(d/(dx2))) f )
f(x)

(23)

1/2
X Mz,y,-(dxzj—l,dxzj)>

uniformly in j and y;. Therefore, a combination of identity (22), the last estimate
and Holder’s inequality yield

2
OV u(x|y) (f, QPVH) )|

f |(d/(dx2j-D) f ) +1(d/(dx2)) f (0)?
fx)
which implies the desired estimate by the identity (21).

It is only left to deduce estimate (23). We assume w.l.o.g. j = 1. Recall the
splitting ¥ = ¥, + 8¢ given by (6). We use the bound on |§¥/'| to estimate

!COVM,},1 (dxy.dx) (fs QPVH) )|
(24) S 1e0Vps @y, dxn) (f: Y1) + Y ()]

+/ f_/fMZ,yl (dx1,dx2) |2,y (dx1, dx2).

Now, we consider the first term on the r.h.s. of the last estimate. For y; € R let the
one-dimensional probability measure v(dz|y;) be defined by the density

s [ reouaxiy w(dxly),

1
(25) v(dzlyr) = EGXP(—w(—eryl) — Y (z+y1)dz.
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A reparametrization of the one-dimensional Hausdorff measure implies

(26) / E(r1, x2) oy, (dx1, dx) = / E(—2+ y1.2+ y)v(dzly)

for any measurable function £. We may assume w.l.o.g. that f(x) = f(x, x2) just
depends on the variables x; and x;. Hence for

fy)i=f(—z+yiz+y) and g y1) =Y. (—z+y1) + ¥z +y).

the last identity yields

COV iy . (dxy dey) (s We(x1) + YL (x2)) = COVuazyyy) (f 5 @)
Because

(d/(dz))g(z, y1) _ — Y (—z+y)+ ¥/ @+ ) -
V! (=z+y1) + ¥/ (z+y1) YV (—z+yD+v (z+y) |~

an application of the asymmetric Brascamp-Lieb inequality (cf. Lemma 2.11)
yields

o d -
covy@zy) (> @) S /‘d—zf

< (/ fv(dz|y1))1/2<f Mu(dzlm))l/z.

From the last inequality and from (26) follows the estimate

v(dz|y1)

|COV s\, (dxy,dx) (fs We(x1) + Y (x2)]

12
27) < ( [ frizax, dx2>)

d/(d 24+ 1d/(d 2 12

X( I/ (dx) S| }—|< J(dx2) f] m’yl(dm’dxz)) |

We turn to the second term on the rh.s. of (24). For convenience, let us
write f(y1) := [ fu2,y, (dx1,dxz). An application of the well-known Csiszar—
Kullback—Pinsker inequality (cf. [7, 16]) yields

/ f — FOD IRy, [dx1, dxa)
_ f
= — =1
f(yl)/‘f(m)

S
SO

n2,y, (dx1, dxz)

. 7 12
S f(yl)( log mﬂz,yl (dxl,dxz)) .
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An application of the LSI for the measure w2y, (dx1, dxz) implies (cf. proof of
Lemma 2.12)

/ 'f - f Friay, (dx, dxa) |y, (1, dxa)

12
N <f fua,y, (dxy, dX2))

5 < |(d/(dx)) fI> + 1(d/(@dx2) f
f
A combination of (24), (27), and the last inequality yield the estimate (23). [

12
w2,y (dxi, dX2)> .

We turn to the proof of Lemma 2.4. Again, the main ingredient of the proof is
the asymmetric Brascamp-Lieb inequality.

PROOF OF LEMMA 2.4. We define

1
Vlm) =~ log / exp(—Ve(—2 +m) — Ye(z +m)) dz

and

_ 1
59m) i= — log f exp(— (=2 4 m) — Yr(z +m)) dz

+ %log/exp(—lﬂc(—z +m) — Y. (z+ m)) dz.

Now, we show that the splitting R = ¥ + 8 satisfies the conditions given by
(6). Using the strict convexity of ¥ it follows by a standard argument based on
the Brascamp-Lieb inequality (cf. [4] and (16)) that the first condition is preserved,
that is,

vzl
We turn to the perturbation 8. Analogously to the measure v(dz|m) given by
(25), we introduce the measure v.(dz|m) via the density

ve(dz) == % exp(—ve(—z+m) — Y.(z+m))dz.
It follows that
39 (m) = —%log f exp(—8 (—z +m) — 8% (z + m))ve(dz).

Direct calculation using the bound |§¢/| < 1 yields

8y (m)| S 1.
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We turn to the first derivative of 8. A direct calculation based on the definition
of 6y yields

259 (m) = / (' (=2 +m) + ¥ (z + m))v(dz)

- / (Wl(—z+m) + Y.z + m))ve(dz).

For s € [0, 1] we define the measure v*(dz) by the probability density

%exp(—lﬂc(—z +m) —Ye(z+m) —s8Y(—z+m) — s8¢ (z+m))dz.

0

Note that v* interpolates between V¥ = v. and v! = v. By the mean-value theorem

there is s € [0, 1] such that
25 (m)
= % /(wg(—z +m) + Yoz 4+m) + s8¢ (=z +m) + s8¢ (z + m))v° (dz)

- / (O (=2 +m) + 89 (z + m))v* (d2)

+covys (Ve(—z+m) + Yoz +m), 8¢ (—z+m) + 8y (z +m))
+ covys (s8Y' (—z +m) + s8¥ (2 + m), 8¢ (—z + m) + 8¢ (z + m)).

The first term on the r.h.s. is controlled by the assumption |[§v'| < 1. We turn
to the estimation of the first covariance term. An application of the asymmetric
Brascamp-Lieb inequality of Lemma 2.11 and |8v| +|8v/| < 1 yields the estimate

lcovys (Vo (—z4+m) + Y. (z+m), Y (—z+m) + 8Y (z+m))|
Y/ (—z4+m)— vy (z+m)

<

~y ‘wg/(—z+m)+1ﬁé/(z+m)
></l—5W/(—Z+m)+51ﬁ/(z+m)lvs(dz)

<1.

The second covariance term can be estimated by using |§y| 4 [8v//| < 1. Summing
up, we have deduced the desired estimate |W’| <I1. O

3. Convexification by iterated renormalization. In this section we prove
Theorem 2.6 that states the convexification of a perturbed strictly convex single-
site potential i by iterated renormalization. The proof relies on a local Cramér
theorem and some auxiliary results. The proof of Theorem 2.6 is given in Sec-
tion 3.1. The proofs of the auxiliary results are given in Section 3.2.
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3.1. Proof of Theorem 2.6. Let us consider the coarse-grained Hamiltonian
Hy given by (10). In view of Lemma 2.9, it suffices to show the strict convexity
of Hy for large K > 1. The strategy is the same as in [11], Proposition 31. Let ¢
denote the Cramér transform of i, namely

@(m) := sup (crm - log/exp(ax — Y (x)) dx).

geR

Because ¢ is the Legendre transform of the strictly convex function

(28) 0 (o) = log/exp(ax — ¥ (x))dx,
there exists for any m € R, a unique o = o (m), such that
(29) p(m) =om —¢*(0).

From basic properties of the Legendre transform, it follows that o is determined
by the equation

[ xexp(ox — ¥ (x))dx _
[exp(ox — ¥ (x))dx

The starting point of the proof of the convexification of the coarse-grained Hamil-
tonian Hg (m) is the explicit representation

(31 gk.m(0) = exp(K@(m) — K Hg (m)).

Here, gk ,» denotes the Lebesgue density of the distribution of the random variable

(30) L3 *(0) =
da(p o=

1 K
— ) (X; —m),

where X; are K real-valued independent random variables identically distributed
according to

(32) w’ (dx) :=exp(—¢*(0) + ox — Y (x))dx.

We note that in view of (30) the mean of X; is m. As in [11], (125), the Cramér
representation (31) follows from direct substitution and the coarea formula. As we
will see in the proof of Lemma 3.3, the Cramér transform ¢ is strictly convex. The
main idea of the proof is to transfer the convexity from ¢ to Hg using represen-
tation (31) and a local central limit type theorem for the density gk ,, which is
formulated in the next statement.

PROPOSITION 3.1. Let Y (x) be a smooth function that is increasing suffi-
ciently fast as |x| 1 oo for all subsequent integrals to exist. Note that the probabil-
ity measure u° defined by (32) depends on the field strength o. We introduce its
mean m and variance s

(33) m :=/xp¢“(dx) and s> :=/(x — m)?u (dx).
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We assume that uniformly in the field strength o, the probability measure u°
has its standard deviation s as unique length scale in the sense that

(34) /Ix—m|k,u‘7(dx)§sk fork=1,...,5,
(35) ‘/exp(ixé),u”(dx) < Isg|~! forall & e R.
Consider K independent random variables X1, ..., Xk identically distributed

according to u° Let 8K.o denote the Lebesgue density of the distribution of the
normalized sum — ZK Xi—m

Then gk .- (0) converges for K T 00 to the corresponding value for the normal-
ized Gaussian. This convergence is uniform in m, of order \/L?’ and C? in o

1 1

36 G (0) — — | < —,
1d 1

_ < ____

(37) ‘SdagK,a(O) ST
1 d\? 1

_ < ____

(38) '(sda) g8k.o(0)] S Nra

Let us comment a bit on this result: Quantitative versions of the central limit
theorem like (36) are abundant in the literature; see, for instance, [9], Chapter X VI,
[15], Appendix 2, [13], Section 3, and [17], page 752 and Section 5. In his work on
the spectral gap, Caputo appeals even to a finer estimate that makes the first terms
in an error expansion in K ~1/2 explicit [5], Theorem 2.1. The coefficients of the
higher order terms are expressed in terms of moments of ©°. However, following
[11], Proposition 31, for our two-scale argument we need pointwise control of the
Lebesgue density gk » [in form of gk (0)] and, in addition, control of derivatives
of gx.o w.r.t. the field parameter o; cf. (37), (38). Note that the derivative -2 75 has
units of length (because o, Wthh multiplies x in the Hamiltonian [cf. (32)] has
units of inverse length) so that 75 s the properly nondimensionalized derivative.
Pointwise control means that control of the moments [cf. (34)] is not sufficient.
One also needs to know that 4 has no fine structure on scales much smaller
than s. This property is ensured the upper bound (35).

As opposed to [11], Proposition 31, the Hamiltonian ¥ we want Proposition 3.1

to apply is not a perturbation of the quadratlc 1x2, but of a general, strictly convex

potential ¥r. As a consequence, the variance s2 can be a strongly varying func-

tion of the field strength o. Nevertheless, Lemma 3.2 from below shows that ev-
ery element w’ in the family of measures is characterized by the single length
scale s, uniformly in ¢ in the sense of (34) and (35). For the verification of (34)
in Lemma 3.2, one could take over the argument of [5], Lemma 2.2, that relies on
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a result by Bobkov [3] stating that the SG constant ¢ of the measure «° can be
estimated by its variance, that is, 0 = sil However, we provide a self-contained ar-
gument for the verification of (34) and (35) in Lemma 3.2 just using basic calculus
of one variable. The merit of Proposition 3.1 consists in providing a version of the
central limit theorem that is C? in the field strength o even if the variance s2 varies

strongly with o.

LEMMA 3.2. Assume that the single-site potential \r is perturbed strictly con-
vex in the sense of (6). Then s < 1 uniformly in m, and conditions (34) and (35) of
Proposition 3.1 are satisfied.

Using Proposition 3.1, Lemma 3.2, and the Cramér representation (31) we could
easily deduce a local Cramér theorem (cf. [11], Proposition 31) for general per-
turbed strictly convex potentials yr. However, because we are just interested in the
convexification of Hy, we just consider the convergence of the second derivatives
of ¢ and Hg.

LEMMA 3.3. Assume that the single-site potential r is perturbed strictly con-
vex in the sense of (6). Then for all m € R it holds

2 2

d d
T p(m) = s Hy(m)| S 5.

where s2 is defined as in Proposition 3.1.

PROOF OF THEOREM 2.6. Because of Lemma 2.9 it suffices to show that
there exists § > 0 and K¢ € N such that forall K > Kgandm € R

d* -

WH k (m) = 34.

We start with some formulas on the derivatives of ¢. Differentiation of identity
(29) yields

d d o4 .d

—¢ = —om+o0— —¢ —

dm® = dm 20’ am®
@ 4

m—4+o—m—oao
dm dm

= o.
A direct calculation reveals that [see (61) below]
d 2,

— m=s

do
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where s is defined as in Proposition 3.1. Hence, a second differentiation of ¢
yields the identity

(39) d—z(p=ia=<im)_l=i.
dm? dm do 52
By Lemma 3.3 we thus have
d* - d? d*
MHK =% + M(HK —¢)
SL_c1
52 Ks?
11
— 252’

if K > K for some large K. The statement follows from the uniform bound s < 1
provided by Lemma 3.2. [

3.2. Proof of the local Cramér theorem and of the auxiliary results. In this
section we prove the auxiliary statements of the last subsection. Before turning to
the proof of Proposition 3.1 we sketch the strategy. For convenience we introduce
the notation

@0)  (f):= / Fu® (dx) = / F)exp(—¢*(0) +ox — Y (x)) do.

The definition of gg » (cf. Proposition 3.1) suggests to introduce the shifted and
rescaled variable
xX—m

(41) %=
S

We note that by (33) the first and second moment in X are normalized
42) (F)=0, (=1

and that (34) turns into
5

(43) Y RM S
k=1

Proposition 3.1 is a version of the central limit theorem that, like most others, is
best proved with help of the Fourier transform. Indeed, since the random variables
X = X ls_m, R X K = XKS—_’" in the statement of Proposition 3.1 are indepen-
dent and identically distribu}ed, the distribution of their sum is the K-fold convo-
lution of the distribution of X . Therefore, the Fourier transform of the distribution
of the Zle X, is the K th power of the Fourier transform of the distribution of X.
The latter is given by

(exp(i£)),
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where é denotes the variable dual to x. Hence, the Fourier transform of the distribu-

. . 1 K it . . .~ 1 WK .
t10n. of the norm'ahzed sum —= D=1 .X K 1s given by (.exp(zx—ﬁ& N*. Applying
the inverse Fourier transform, we obtain the representation

1 \\K .
’ s = [lowo(15-))
(44) 8k.0(0) p ﬁé 3
In order to make use of formula (44), we need estimates on {(exp(i )Eé)). Because
of
k

(45) (exp(ix&)) = i* (** exp(i££)),

dEk

the moment bounds (43) translate into control of (exp(i )?é )) for |§ | < 1. Together
with the normalization (42), we obtain, in particular,

[(exp(ii8)) — (1 - 38%) S IEP°.
We will use the latter in the following form: There exists a complex-valued func-
tion i (&) such that for |§] < 1,

(46) (exp(ifd)) =exp(—h(§))  with [n(§) — $E*[ SIEP.
This estimate, showing that the Fourier transform of the normalized probability (-)
is close for |£| < 1 to the Fourier transform of the normalized Gaussian, is at the
core of most proofs of the central limit theorem. . .

Estimate (46) provides good control over (exp(ix&)) for |§| < 1. Another key

ingredient is uniform decay for |§ | > 1. In our new variables, (35) takes on the
form

(47) |(exp(i€)) S &7,
As usual in central limit theorerqs, we also need control of the characteristic
function for intermediate values of |&|. This can be inferred from (43) and (47) by

a soft argument (in particular, it does not require the more intricate argument for
[5], (2.10), from [5], Lemma 2.5):

LEMMA 3.4. Under the assumptions of Proposition 3.1 and for any § > 0,
there exists A < 1 such that for all o,

l(exp(i%é))| <A forall |E|>6.

So far, the strategy is standard; now comes the new ingredient: In view of

formula (44), in order to control o-derivatives of gg »(0), we need to control

%di(r (exp(i£€)). Relying on the identities

(48) f0)) = (xf ),

1da
sdo*<
(49) ——i=—1—-(@N2



2208 G. MENZ AND F. OTTO
that will be established in the proof of Lemma 3.5 below, we see that the estimate
again follows from the moment control (43). Lemma 3.5 is the only new element

of our analysis.

LEMMA 3.5. Under the assumptions of Proposition 3.1 we have

d ~ o
(50) ‘——<exp<i£s>> <1+ EDIER,
sdo
1d\?  af 221213
1) ‘(——) <exp<zx5)>|5(1+s EP.
sdo

Before we deduce Proposition 3.1, we prove Lemma 3.4 and Lemma 3.5.

PROOF OF LEMMA 3.4. In view of (43) and (47), it suffices to show: For any
C < oo and § > 0 there exists A < 1 with the following property: Suppose () is a
probability measure (in x) such that

(52) (Ix]) = C,
(53) l(exp(i£€))] < % for all £.
Then

[{exp(iRE))| <1 forall | = 5.
In view of (53), it is enough to show
N A 1
l{exp(ix&))| <A forall§ <[] < 3

We give an indirect argument for this statement and thus assume that there is
a sequence {(-),} of probability measures satisfying (52) and (53) and a sequence
{£,} of numbers in [, %] such that

(54) liminf |(exp(i££,))y] > 1.
v1oo

In view of (52), after passage to a subsequence, we may assume that there exists
a probability measure ()~ and a number £, > 0 such that

(55) liTm (v ={foo for all bounded and continuous f(X),
VToo
(56) lim &, = &wc.
vtoo

Since | exp(i)?év) — exp(iiéooﬂ < |£1€) — £o], We obtain the following from (52),
(55) and (56):

vligg(exp(ii&)h = <exp(i£§oo)>oo,
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so that (54) saturates to

(57) |{exp(i£éec))ool = 1.
On the other hand, (53) is preserved under (55) so that we have, in particular,
(58) lim [(exp(i££))oo| = 0.
&]to0

We claim that (57) and (58) contradict each other. Indeed, since x — exp(i)?éoo)
is S!-valued, it follows from (57) that there is a fixed ¢ € S! such that

exp(i)?éoo) = for (-)oo-a.e. X.
This implies for every n € N,
exp(i)?(néoo)) =" for (-)oo-a.e. X
and thus
(59) |{exp(i (n€oo)))ocl = 18" = 1,
which, in view of éoo # 0 and thus |n§oo| 1 00 as n 1 0o, contradicts (58). [
PROOF OF LEMMA 3.5. We restrict our attention to estimate (51); estimate

(50) is easier and can be derived by the same arguments. We start with the identities
(48) and (49). Deriving (40) w.r.t. o yields

(30)

(60) L= ((x- i—f)f(X)> 0 (o —m) £ ().

In view of definition (41), the latter turns into (48).
We now turn to identity (49) and note that, in view of definitions (33) and (41),
the identity (60) yields, in particular,

d  (33),(60 33 33
1) om PEY (@ = myx) Z (- m) 2,
d 33), (60 41 R
62) o B ) = m?) 2 ),
which we rewrite as
1d
-——m=s,
sdo
1d 1
;%S = ES(X )
These formulas imply, as desired,
1d 1dx— 1
-——x @n-ex=m_ —1-— —()23))%.

sdo sdo s 2
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We now combine formulas (48) and (49) to express derivatives of (f(X)). We
start with the first derivative,

d
FE) “"”{ 4 )——x+f(x)x>

63) sdo o 1 y
(G )>—5< ><ﬁd—A<£)>+<£f<f>>.
[As a consistency check we note that f (X)) ) (dx — 3 f) — L3 )%dj; )

vanishes if i is quadratic since then the distribution of X under (-) is the normal-
ized Gaussian so that both ((% — %) f)=0and (x3) =0.]
Iterating this formula, we obtain for the second derivative,

(idi) @ - >>—l(§%“3>)< )

_ l( )(——<x£(X)>> ;—(xf(x))

2 do\ dx
(60)- o212
(30 + S0 <£4>)<£é>
+%@h

({5 o) ol o) - ()

—<f+)edf>—%<)e3><)ef+A2 f> (&2 1)

- (At ool
#3603~ 30 207+ anfige) - e )
i %(23)@)‘) + (%)

Because of (45) we have for any k € N,

d“1dN? .. (1d\*d"
o @(;E) (exp(i&x)) = <——> dék (exp(zéx))

2
= ik(%d%) (#Fexp(i€x)).
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This formula and the normalization (42) yield that ()2 (exp(i€4)) vanishes to

second order in é . More precisely, for k € {0, 1, 2}

j—; 5206%)2(%;)(1'5)?)) - ikG%)z% _o.

Therefore, we consider the third derivative w.r.t. £ given by (64). For this pur-

pose we apply the formula for (% %)2 (f(x)) from above to the function
f=x3exp(iéx).

Using the abbreviation e := exp(i éi), we obtain

LY o= (l) o

= i3<6(£e) +i6E (%e) — E2(%3e)

(65)

(£3)(6(%%€) 4 i6E (x3e) — £2(5%e))

(x)2(6(3e) + i68 (*e) — E2(e))

(£3)(3(7%) +iE (%))

1
— () = S + (i) ).
From this formula and the moment estimates (43), we obtain the estimate
(1 d\? .
— | —— <1 2-
dg? (s da) <e>’ SR
In combination with (65), this estimate yields (51). U

PROOF OF PROPOSITION 3.1. We focus on (36) and (38). The intermediate
estimate (37) can be established as (38).

We start with (36); Fix a 6 > 0 so small such that the expansion (46) of
(exp(ix&)) holds for |&| < 8. We split the integral representation (44) accordingly:

1 A\ .
2 ,0(0)=/ . <ex (i)?— )> d
8K {1(1/VK)E| <8} P \/Kg: s
1 .

(66) B
+ 5 — dé =1 +1I.
/{|(1/ﬁ>é|>a}<eXp<m«/?g>> d
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We consider the first term / on the r.h.s. of (66), which will turn out to be of
leading order. Since 4 is so small that (46) holds, we may rewrite it as

I::/{|(1/ﬁ>é|sa< ( % >>
=/{|<1/«/?)§|§8 = < Kh( )) di.

We note that for |\/LE§| < & we have by (46),

W‘f‘)

(67)

(68) (=) - 287 s ——léF
vK©) 2 VK
in particular for § small enough,
(©9) Re(kn(—=£)) = 18,
VK 4

so that (68) implies by the Lipschitz continuity of C > y + exp(y) e ConRey <
— %52 with constant exp(— }‘52),

on( -8 ) -eo(-10) < gt en( 1),

Inserting this estimate into (67) we obtain

'I_/u(l/ﬁ)asa (——g >ds‘ ONHE |gl3eXp(_i§2)d§

/|s| exp( 582 &

A

- ﬁ!

The latter turns, as desired, into

1/\ A
I —2r| = ‘I —/exp<—§$2> dé
1 Lo\
S——+[ exp(——sz) d
VK Jiaveé=s) 2
S —.
VK

since f{l(l/ﬁ)§|>8} exp(—%éz) dé is exponentially small in K.
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We now address the second term I/ on the r.h.s. of (66); on the integrand we use
Lemma 3.4 (on K — 2 of the K factors) and (47) (on the remaining 2 factors).

1 K P 1 2
s G I S ).
< VK L+ (1/VEK)I§]
< Kokt _ < ka2
K +&2 1+¢2
It follows that the second term /I on the r.h.s. of (66) is exponentially small and
thus of higher order:

N B L 2 K—2* 1
) exp(ix g)> dg‘gm’“ f dE < Kx < .
‘/{|<1/ﬁ>s|>a}< VK 14 &2 VK

We now turn to (38). We take the second o-derivative of the integral represen-
tation (44),

2n<li)2g1<,a<0>

sdo

(s ) ol o))
ol ) (L o )

and use Lemma 3.5,

() sxeo] [ (foulis )| (4] )
(70) +K <exp(i£LK§>>‘K_l<1+ Lé 2) Lé 3) dé

< e ool S (0] e et

As for (36), we split the integral representation (70) according to §:

'(;dd ) gKa(O)‘

S CE ) (U P
. K-2
0 amalr N v
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<exp<i£\/%§)>’l(_2(§6 +1)dé
+«/%/{(1/«/f>|§|>s}‘< < %

On the first r.h.s. term we use (69):

1
~ VK N /vK)EI<s)

é)>‘H(§8 +1)dE.

% f{(l/ﬁnasa}KeXp(iﬁ%é)MK_z@ +1ds

1 1/ 1 N\ » .
< (K -2~ — 1 1)d
~ VK (1/ﬁ)|é<a}eXp< ( )4<~/?$> >($ thdE

K>>1 \/_[exp< >($6 +1)dé
1

S —.
VK

On the integrand of the second r.h.s. term in (71) we use Lemma 3.4 (on K — 12
of the K — 2 factors) and (47) (on the remaining 10 factors):

1 K—-2 o8 1 10 R
i§—— +1,§x’<—12(—> S+1
<6Xp(’xﬁ€>> &+ rravoe) ¢
54 K—12 1 £8
S KA m(f +1)
<KSAK_12 1 )

Hence, we see that this second term in (71) is exponentially small and thus of
higher order:

= [ ‘{e ( : é))‘HuéFH)dé
b wolis
VK Ji(1/vE)E|>8) P\

§K9/2AK—12/ %dé
1+ &2

ra<l 1
< K9/2)\‘K712 < .

For the proof of Lemma 3.2 we need the following auxiliary statement, based
on elementary calculus.
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LEMMA 3.6. Assume that the single-site potential ¥ :R — R is convex. We
consider the corresponding Gibbs measure,

1
v(dx) = 7 exp(—v¥(x))dx.
Let M denote the maximum of the density of v, that is,
1
M = max Z exp(—¥ (x)).
Then we have for all k € N,
1
[ xtvan s+
for some constant only depending on k.

PROOF OF LEMMA 3.6. We may assume w.l.o.g. that

(72) z= [exp(-pndr=1,

and M :=sup, exp(—¥ (x)) is attained at x = 0, which means

(73) M = exp(=(0)).

It follows from convexity of ¢ that

(74) Y (x) <0 forx <0 and ¥'(x)>0 for x > 0.

We start with an analysis of the convex single-site potential 1. We first argue that
(75) w<:|:%)2—10gM+10ge=—logM+1.

Indeed in view of the monotonicity (74), we have

(72) re/M (74)
1S [T exp-vonar 2 (v (57 )

M
and
V2 [0 epponarE L ep(—v (1))
exp(— 2, XP\ Y\ >, ) |-
= Jem p y)ay = M P M
We now argue that for |x| > 47,
M e
(76) w(x)z—(lxl——>—10gM-
e M

W.Lo.g. we may restrict ourselves to x > 7. By convexity of ¥, we have

W(%)% > w(%) —y(0) 2 w(%) +logM 21,
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The convexity of ¥, the last estimate and (75) yield for x > <, as desired,

= (5o 5) ()

M e
> —(x— —> —logM.
e M

M’

We finished the analysis on ¥ and turn to the verification of the estimate of
Lemma 3.6. We split the integral according to

0 00
/ ¥ exp(— (x)) dx = / ¥ exp(—y (x)) dx + /0 1€ exp(—1 (x)) dx.

We will now deduce the estimate

[t espp o dr S 4

A similar estimate for the integral fﬁ’oo |x |k exp(—v(x)) dx follows from the same
argument by symmetry. We split the integral

fo ¥ exp(— (1)) dox

e/M K oo K
= [ e ende+ [l exp(-y (o) dx.
0 e/M
The first integral on the r.h.s. can be estimated as

e/M ek 72) €k
/0 IX|kexp(—1/f(X))dx < W/eXp( Y(x))dx = k-

For the estimation of the second integral, we apply (76), which yields, by the
change of variables %(x — ) =X,

/OO |x|kexp(—1//(x))dx</oo |x| exp(—ﬂ<x——>+1ogM)dx
M T Je/m e M

e/
B M/
e
:e(M) /0 |x—|—1| exp(—x)dx

1

S uE .

exp(—fc) dx

Equipped with Lemma 3.6, we are able to give an elementary proof of
Lemma 3.2:
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PROOF OF LEMMA 3.2. We argue that s < 1. Because ¥ is a bounded per-
turbation of a uniformly strictly convex function, the measure ©° given by (32)
satisfies the SG uniformly in o. This implies, in particular,

2
(77 5% = var,e (x) < _/(%x) du’ =

uniformly in o and thus in m.

Now, we verify (34). Using [8v/| < 1 to pass from ¥ to ., we may assume that
Y is strictly convex. In fact, we can give up strict convexity of ¥ and may only
assume that ¢ is convex. By the change of variables x = *=™"
keN,

Jlx —ml"du

S

= [ 15 exp(—ir (i d

for some convex function lﬁ, which is normalized in the sense that
(78) /exp(—&(ﬁ)) df=1 and /)e%xp(—x&()e)) di=1.
An application of Lemma 3.6 yields the estimate

lx —m|*dup o ey g0
fs—k §f|x|kexp(—1ﬂ(X))dX§W’

where M is given by M := max; exp(—tﬁ()?)). Now, we argue that due to the
normalization of i, we have

M=>C

for some universal constant C > 0. The latter verifies the desired estimate (34).
Indeed normalization (78) implies

~ (78)

f exp(—y (@) di Z'1 f exp(— (%)) df
(—2,2) R—(-2,2)

. i/x exp(—yr (%)) d& (>)§.

Hence, there exists an Xy € (—2, 2) such that exp(—y (Xp)) > 8, which yields

. 3
M= m)?xeXp(—llf(X)) > exp(—v (Xo)) = 3

Let us turn to the statement (35) of Proposition 3.1. Writing

_ d/ 1
exp(ix§) = E<_l g exp(zx&‘)),
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we obtain by integration by parts that

{exp(ix§)) = é exp(le)—(exp( ¢*(0) +ox — Y (x)))dx

1
=iz [ expix)(o v ) exp(—" (o) + 0x = Y () dx

For convenience, we iAntroduce the Hamiltonian g@(x) = —ox + Y¥.(x) and assume
w.Lo.g. that [exp(—v(x))dx = 1. The splitting ¥ = ¥ + 8¢ with [8¢|, |§¢'| <
1 and definition (28) of ¢* yield the estimate

1 [lo—¥.(x) =8¢ (x)| explox — Ye(x) — §c(x)) dx
H Jexp(ox — Yre(x) — ch(X))dx

< ES/ 19 ()] exp(— (x)) dx + ES

where s is defined as in Proposition 3.1. Because s < 1 by (77), we only have to
consider the first term of the r.h.s. of the last inequality. We argue that for

M = max exp(—lff(x)),

l(exp(ixé))] <

it holds
(79) oM = / 9/ ()] exp(— i (1)) dx.

For the proof of the last statement, we only need the fact that 1@ x)=—0ox+Y.(x)
is convex. W.Lo.g. we may assume that M is attained at x = 0, which means M =
exp(—y(0)). It follows from convexity of i that

V' (x)<0 forx<0 and ¥'(x)>0  forx>0.

Indeed, we get

/ 9 () exp(— (x)) dx

0 . 0o .
- f_ P @ep— ) dx + /O I () exp(— 1 (x)) dx

= 2exp(—y (0)) =2M.

Because the mean of a measure p is optimal in the sense that for all ¢ € R,

[ -otuan= [ (x -/ xu(dX)>2u(dX),

we can estimate
2 _ [P explox —y(x)dx VIS
[explox —y(x)dx

(80) f 22 exp(—i (x)) dx.
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Therefore, Lemma 3.6 applied to k = 2 and i replaced by xﬁ yields
(79),(80)

. . R 1/2
S/ [ () lexp(=y(x))dx < (fxzexp(—l/f(X))dX) MU,
which verifies (35) of Proposition 3.1. [

Before we turn to the proof of Lemma 3.3, we will deduce the following auxil-
iary result.

LEMMA 3.7. Assume that (34) of Proposition 3.1 is satisfied. Then, using the
notation of Proposition 3.1, it holds that

2

d 1
<1 and (i) ‘d—s <
m

2 ~s

i ‘i
@a dms

PROOF OF LEMMA 3.7. We start with restating some basic identities [cf. (61)
and (62)]: It holds that

d
(81) %m =52,
d2

(82) = —s = /(x m) 7 (dx),
da

(83) —m = /(x —m)*u° (dx).
do?

Let us consider (i): It follows from (81) and (82) that

4o isz .,
dm dm

d —1
= /(x — m) (dx)(Em)

_JG=mPprdn)

s3

’

which yields by assumption (34) of Proposition 3.1 the estimate
d
dm
The statement of (i) is a direct consequence of the last estimate and the identity
d 1 d 2

=——7s

dm m 2s dm
We turn to statement (ii): Differentiating the last identity yields

d? 11dd21d22

dm2s= 232dm dm +£dmzs

<s.
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The estimation of the first term on the r.h.s. follows from the estimates

<s and <,

—
d

d
e
dm m

which we have deduced in the first step of the proof. We turn to the estimation of
the second term. A direct calculation using (81) yields the identity

a , d* d d ( > d )
—S T =————m=—|—m—0
dm? dm? do dm\do? dm

(84)
d3 d \* d* 4a*

do3" \dm®) " do?" am2”

Considering the first term on the r.h.s., we get from the identities (81) and (83),
and the assumption (34) of Proposition 3.1 that

d3 d 2 _ 4 o

_m(_a) ‘ _Jammturdn

do3 \dm s4
Before we consider the second term of the r.h.s. of (84), we establish the following
estimate:

d? !
dmzo ~ g3

Indeed, direct calculation using (81) and (82) yields

(85)

d? ( d d ) d
—0=|——0)—0
dm? dodm ) dm

~(ie o) )Gem)

d \73d?
- _(_m) £ m
do do?
1 [(x —m)*u”(dx)
s 53 '

The last identity yields (85) using the assumption (34) of Proposition 3.1. Using
(85) and (82), we can estimate the second term of the r.h.s. of (84) as

d*>  d?
‘ Wm dm? 7
By applying assumption (34) of Proposition 3.1 this yields
d?>  d?
a5

which concludes the argument for (ii). [

1
‘ < 3—3‘/@ — m)*u (dx)
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PROOF OF LEMMA 3.3. Recall the representation (31), that is,

8x.m(0) = exp(Kp(m) — K Hg (m)).

Here, gx , (&) denotes the Lebesgue density of the random variable

Ly
T = (Xl _m)s
ﬁi:l

where X; are real-valued independent random variables identically distributed ac-
cording to u”; cf. (32). Let gk » denote the density of the normalized random
variable

X,-—m
b

lK
RS

where s is given by (33). Then the densities are related by

1 x -
—8K.o <—> = gK.m(x).
s s
It follows from (31) that
K¢(m) — K Hg (m) = log gk .+ (0) — logss.

In order to deduce the desired estimate, it thus suffices to show

d2
(86) 21088 S
and
d? 1
87) ’M log gK,a<0>] <5

The first estimate follows directly from the identity

d21 d(ld) 1<d>2+1d2
—logs=—|—-———5)=——5|—-= ——
dm? £ dm \ s dm s2\dm s dm?

and the estimates provided by Lemma 3.7.
We turn to the second estimate. The identity

@ | 1 (d )2+ 1 d?
—F 10 = = — -
dm? BEK. g%(’a dmgK’g g dngK’(I

and (36) yield for large K the estimate

2 2
dm? ’

d d 2 d
— loggK,a(O)‘ < <_gK,o(0)> + ’_281(,0(0)
dm dm
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The estimation of the first term on the r.h.s. follows from estimate (37) of Propo-
sition 3.1 and the identity

1d d
_—:S—,
sdo dm

which is a direct consequence of (61). Let us consider the second term. The identity

(1d>2(88)(d)<d) 5 d? (d)d
— ) = s—ls—)=5s"—=+5| —5|—,
sdo dm dm dm? dm J)dm
which we rewrite as
, d? (1 d )2 ( d >1 d
sS—=-—) = —s5)——,
dm? sdo dm )sdo

d? o 1((1 d )2 ©) < d )1 d (0))
— =—||-— -5 ) .
dm2 8% s2\\sdo ) 857 dm" ) s do 85
Now, estimates (37) and (38) of Proposition 3.1 and Lemma 3.7 yield the desired
estimate (87). [

(88)

yields

APPENDIX: STANDARD CRITERIA FOR THE SG AND THE LSI

In this section we quote some standard criteria for the SG and the LSI. For a
general introduction to the SG and the LSI we refer to [12, 18, 22]. Note that even
if we only formulate the criteria on the level of the LSI, they also hold on the level
of the SG. The first one shows that the LSI is compatible with products; cf., for
example, [12], Theorem 4.4.

THEOREM A.1 (Tensorization principle). Let i1 and iy be probability mea-
sures on Euclidean spaces X and X», respectively. If 11 and , satisfy the LSI
with constant o1 and 0>, respectively, then the product measure (1| @ o satisfies
the LSI with constant min{p1, 0>}.

The next criterion shows how the LSI constant behaves under perturbations; cf.
[14], page 1184.

THEOREM A.2 (Holley—Stroock criterion). Let p be a probability measure
on the Euclidean space X, and let 51 : X — R be a bounded function. Let the
probability measure 1 be defined as

. 1
pldx) = Z exp(—8y (x)) pu(dx).

If u satisfies the LSI with constant o, then [i satisfies the LSI with constant
0 = oexp(—(sup 8y — inf8v)).
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Because of its perturbative nature, the Holley—Stroock criterion is not well
adapted for high dimensions. For the proof of the last statement, we refer the reader
to [18], Lemma 1.2. Now, we state the Bakry—Emery criterion, which connects the
convexity of the Hamiltonian to the LSI constant; cf. [1], Proposition 3 and Corol-
lary 2, or [18], Corollary 1.6.

THEOREM A.3 (Bakry—Emery criterion). Let dp = Z ' exp(—H (x)) dx be
a probability measure on a Euclidean spaces X. If there is a constant o > 0 such
that in the sense of quadratic forms

Hess H(x) > o

uniformly in x € X, then | satisfies the LSI with constant o.

A proof using semi-group methods can be found in [18], Corollary 1.6. There is
also a heuristic interpretation of the Bakry—Emery criterion on a formal Rieman-
nian structure on the space of probability measures; cf. [21], Section 3.
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and Cedric Villani for discussions on this subject.

REFERENCES

[1] BAKRY, D. and EMERY, M. (1985). Diffusions hypercontractives. In Séminaire de Probabil-
ités, XIX, 1983/84. Lecture Notes in Math. 1123 177-206. Springer, Berlin. MR0889476

[2] BARTHE, F. and WOLFF, P. (2009). Remarks on non-interacting conservative spin systems:
The case of gamma distributions. Stochastic Process. Appl. 119 2711-2723. MR2532220

[3] BoBKkOV, S. G. (1999). Isoperimetric and analytic inequalities for log-concave probability
measures. Ann. Probab. 27 1903-1921. MR1742893

[4] BrRAscAMP, H. J. and LIEB, E. H. (1976). On extensions of the Brunn—-Minkowski and
Prékopa—Leindler theorems, including inequalities for log concave functions, and with
an application to the diffusion equation. J. Funct. Anal. 22 366-389. MR0450480

[5S] CapuTO, P. (2003). Uniform Poincaré inequalities for unbounded conservative spin systems:
The non-interacting case. Stochastic Process. Appl. 106 223-244. MR1989628

[6] CHAFAI, D. (2003). Glauber versus Kawasaki for spectral gap and logarithmic Sobolev in-
equalities of some unbounded conservative spin systems. Markov Process. Related Fields
9 341-362. MR2028218

[7]1 CSISZAR, I. (1967). Information-type measures of difference of probability distributions and
indirect observations. Studia Sci. Math. Hungar. 2 299-318. MR0219345

[8] EvaNs, L. C. and GARIEPY, R. F. (1992). Measure Theory and Fine Properties of Functions.
CRC Press, Boca Raton, FL. MR1158660

[9] FELLER, W. (1971). An Introduction to Probability Theory and Its Applications. Vol. I, 2nd
ed. Wiley, New York. MR0270403

[10] Gross, L. (1975). Logarithmic Sobolev inequalities. Amer. J. Math. 97 1061-1083.
MRO0420249
[11] GRUNEWALD, N., OTTO, F., VILLANI, C. and WESTDICKENBERG, M. G. (2009). A two-

scale approach to logarithmic Sobolev inequalities and the hydrodynamic limit. Ann. Inst.
Henri Poincaré Probab. Stat. 45 302-351. MR2521405


http://www.ams.org/mathscinet-getitem?mr=0889476
http://www.ams.org/mathscinet-getitem?mr=2532220
http://www.ams.org/mathscinet-getitem?mr=1742893
http://www.ams.org/mathscinet-getitem?mr=0450480
http://www.ams.org/mathscinet-getitem?mr=1989628
http://www.ams.org/mathscinet-getitem?mr=2028218
http://www.ams.org/mathscinet-getitem?mr=0219345
http://www.ams.org/mathscinet-getitem?mr=1158660
http://www.ams.org/mathscinet-getitem?mr=0270403
http://www.ams.org/mathscinet-getitem?mr=0420249
http://www.ams.org/mathscinet-getitem?mr=2521405

2224

[12]

[13]

[14]

[15]

[16]

(17]

(18]

[19]
(20]
(21]
(22]

(23]

(24]

G. MENZ AND E. OTTO

GUIONNET, A. and ZEGARLINSKI, B. (2003). Lectures on logarithmic Sobolev inequalities. In
Séminaire de Probabilités, XXXVI. Lecture Notes in Math. 1801 1-134. Springer, Berlin.
MR1971582

GuUO, M. Z., PAPANICOLAOU, G. C. and VARADHAN, S. R. S. (1988). Nonlinear diffusion
limit for a system with nearest neighbor interactions. Comm. Math. Phys. 118 31-59.
MR0954674

HOLLEY, R. and STROOCK, D. (1987). Logarithmic Sobolev inequalities and stochastic Ising
models. J. Stat. Phys. 46 1159-1194. MR0893137

KipNis, C. and LANDIM, C. (1999). Scaling Limits of Interacting Particle Systems.
Grundlehren der Mathematischen Wissenschaften [ Fundamental Principles of Mathemat-
ical Sciences] 320. Springer, Berlin. MR1707314

KULLBACK, S. (1967). A lower bound for discrimination information in terms of variation.
IEEE Trans. Inform. 4 126-127.

LANDIM, C., PANIZO, G. and YAU, H. T. (2002). Spectral gap and logarithmic Sobolev in-
equality for unbounded conservative spin systems. Ann. Inst. Henri Poincaré Probab. Stat.
38 739-777. MR1931585

LEDOUX, M. (2001). Logarithmic Sobolev inequalities for unbounded spin systems revisited.
In Séminaire de Probabilités, XXXV. Lecture Notes in Math. 1755 167-194. Springer,
Berlin. MR1837286

Lu, S. L. and YAu, H.-T. (1993). Spectral gap and logarithmic Sobolev inequality for
Kawasaki and Glauber dynamics. Comm. Math. Phys. 156 399-433. MR1233852

MENZ, G. (2011). LSI for Kawasaki dynamics with weak interaction. Comm. Math. Phys. 307
817-860.

OTTO, F. and VILLANI, C. (2000). Generalization of an inequality by Talagrand and links with
the logarithmic Sobolev inequality. J. Funct. Anal. 173 361-400. MR1760620

ROYER, G. (1999). Une Initiation aux Inégalités de Sobolev Logarithmiques. Cours Spécialisés
[Specialized Courses] 5. Société Mathématique de France, Paris. MR1704288

VARADHAN, S. R. S. (1993). Nonlinear diffusion limit for a system with nearest neighbor
interactions. II. In Asymptotic Problems in Probability Theory: Stochastic Models and
Diffusions on Fractals (Sanda/Kyoto, 1990). Pitman Res. Notes Math. Ser. 283 75-128.
Longman Sci. Tech., Harlow. MR1354152

YAU, H.-T. (1996). Logarithmic Sobolev inequality for lattice gases with mixing conditions.
Comm. Math. Phys. 181 367-408. MR1414837

INSELSTRASSE 22

04103 LEIPZIG

GERMANY

E-MAIL: Georg.Menz@mis.mpg.de
Felix.Otto@mis.mpg.de

URL: http://www.mis.mpg.de/


http://www.ams.org/mathscinet-getitem?mr=1971582
http://www.ams.org/mathscinet-getitem?mr=0954674
http://www.ams.org/mathscinet-getitem?mr=0893137
http://www.ams.org/mathscinet-getitem?mr=1707314
http://www.ams.org/mathscinet-getitem?mr=1931585
http://www.ams.org/mathscinet-getitem?mr=1837286
http://www.ams.org/mathscinet-getitem?mr=1233852
http://www.ams.org/mathscinet-getitem?mr=1760620
http://www.ams.org/mathscinet-getitem?mr=1704288
http://www.ams.org/mathscinet-getitem?mr=1354152
http://www.ams.org/mathscinet-getitem?mr=1414837
mailto:Georg.Menz@mis.mpg.de
mailto:Felix.Otto@mis.mpg.de
http://www.mis.mpg.de/

	Introduction and main result
	Adapted two-scale approach
	Proof of the main result
	Proof of auxiliary results

	Convexification by iterated renormalization
	Proof of Theorem 2.6
	Proof of the local Cramér theorem and of the auxiliary results

	Appendix: Standard criteria for the SG and the LSI
	Acknowledgment
	References
	Author's Addresses

