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The aim of this work is to evaluate the cheapest superreplication price of
a general (possibly path-dependent) European contingent claim in a context
where the model is uncertain. This setting is a generalization of the uncer-
tain volatility model (UVM) introduced in by Avellaneda, Levy and Paras.
The uncertainty is specified by a family of martingale probability measures
which may not be dominated. We obtain a partial characterization result and
a full characterization which extends Avellaneda, Levy and Paras results in
the UVM case.

1. Introduction. Our purpose is to set a framework for dealing with model
uncertainty in mathematical finance and to handle the pricing of contingent claims
in this context.

Let (S)tef0,7] be a real-valued process which stands for an asset price. Usually,
it is assumed that the set P,, of the equivalent probabilities under which § is a
martingale is not empty. This is a sufficient condition to preclude pure gambling
strategies that never fail and win with a positive probability.

In the classical example of the Black—Scholes model, S solves the linear sto-
chastic differential equation dS; = S; d By, where

Bt=O'Wt+Ut,

and W is a Brownian motion, v is the drift and o is the so-called volatility para-
meter.

Consider now some bounded random variable f which represents the payoff of
a European contingent claim on S. The cheapest riskless superreplication price of
the claim can be defined as

T
A(f):inf{ae]R:Elh suchthata—i—/ h;dB; > f P—a.s.},
0

where £ is an integrant for which the stochastic integral as a process is uniformly
bounded from below (usually the integrator is S, but it does not matter because
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h;dS; = h;S; d By). An important achievement of the theory is the duality formula

A(f)= sup Egf,
which was obtained first by Delbaen [6] for continuous semimartingales; El Karoui
and Quenez [11] derived it from the optional decomposition and their approach
was extended by Kramkov [17] to locally bounded processes. The local bounded-
ness assumption eventually was removed by Follmer and Kabanov [13].

So, for a completely specified model, the superreplication issue is settled. The
theory is less satisfactory in the practically important case where the model is not
completely specified. The first attempts to attack the problem in such a context
were undertaken by Avellaneda, Levy and Paras [2] and Lyons [18], who intro-
duced an uncertainty in volatility (uncertain volatility model, abbreviated UVM):
the volatility process is not known, but is assumed to lie in a fixed interval [o, o].
The authors obtained a generalization of the duality formula by stochastic control
techniques in the case of European options with payoffs that depend only on the
terminal value Br. The discrete-time case has been studied recently in [10].

A major difficulty, which is already present in the UVM case, is that one is faced
with a family of measures which are, in general, mutually singular and nondomi-
nated (i.e., not absolutely continuous with respect to a single probability measure).

The purpose of this paper is as follows:

e To provide a coherent framework on which one can set the superreplica-
tion problem for European contingent claims (including path-dependent ones),
which encompasses the case of the UVM model.

e To find a characterization of the cheapest superreplication price.

We work with continuous one-dimensional processes to insulate the technicali-
ties which are specific to our uncertainty framework. In Section 2 we formulate the
superreplication problem in the presence of model uncertainty. The main idea is to
use capacity theory to define a refined stochastic integral. Then we give our main
characterization result. This result is proved first in the case where B is bounded
(Section 4) and then proved in the unbounded case (Section 5). In Section 6 we
apply our results to a slightly generalized UVM model and obtain an extension
of [2] and [18] to path-dependent European contingent claims. In the Appendix
we collect necessary facts from capacity theory.

2. The superreplication problem in the presence of model uncertainty.

2.1. A mathematical framework for model uncertainty. Let Q = C([0, T],
R)—the space of scalar continuous functions B = (B;) and By = 0—be endowed
by the uniform norm and let 8 be its Borel o -field. We denote by ¥; the canonical
filtration; E p stands for the expectation under P. A probability P on (2, B) is a
martingale measure if the coordinate process B is a martingale with respect to F;
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under P; we denote by P,, the set of all such measures. In addition, (B) P stands
for the quadratic variation of B under P (it is defined up to a P-null set). Fix a
nonzero measure [ on [0, T'] with continuous distribution function which also will
be denoted by & (i.e., i, = ([0, ¢])). We consider a subset P C P,,, of martingale
measures that satisfy the following standing.

HYPOTHESIS H(f1). Foreach P € P, the process it — (B)? is increasing (up
to a P-null set). We denote this relationship by

d(B)] <dp,.

This hypothesis ensures that P is relatively weakly compact, the property be-
lieved to be a minimal one for future development (see the Appendix). For certain
results we need that 7¢ is Holder continuous, that is, for some positive constants
C and o,

) ; — g < Clt — 5%, s,t€[0,T], s <t.

We shall use also an assumption that involves a second nonzero measure fi:

HYPOTHESIS H(u, ). Foreach P €P,

dp, <d(B)] <dm,.

Introducing the above conditions, we have in mind the Black—Scholes model
with volatility o € [o, o]. In such a case, du = g2 dt and dix = c2dt.

2.1.1. Definition of the capacity. For each f € C,(£2)—the set of bounded
continuous functions on Q2—we put

c(f)=sup{ll fll 2@.p): P €P}.

The convex positive homogeneous function ¢, capacity, can be extended natu-
rally to all functions on 2; by definition, c(A) = c¢(I4) (for details, see the Appen-
dix). We use the standard capacity-related vocabulary: A set A is polar if c(A) =0
[thus, if A is measurable, then P(A) = 0 for all P € PJ; a property holds “quasi-
surely” (g.s.) if it holds outside a polar set.

A mapping f on 2 with values in a topological space is quasi-continuous if
Ve > 0, there exists an open set O with c(O) < ¢ such that f|oc is continuous.

REMARK. For applications of capacities that arise from a set of probabilities,
we refer the reader to the theory of risk measures; see, for example, [1, 7, 14].
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2.1.2. The space of quasi-continuous functions. We denote by L the topolog-
ical completion of C;(€2) with respect to the semi-norm ¢ and denote by L the
quotient of £ with respect to the quasi-sure equivalence relation. We have the
following results (see the Appendix).

THEOREM 2.1. Each element in L can be identified with a quasi-continuous
function on 2 (and so is defined quasi-surely). Moreover, (L, c¢) is a Banach space.

An element of L is a class of equivalence, but, as usual, we do not heed the
distinction between classes and their representatives. If f € £, there is a sequence
Jn € Cp(L2) that converges to f in JL. It is clear that for each P € P, f,, form
a Cauchy sequence in L%(2, P) and, hence, converge to a function in L?(Q2, P)
equal to f P-a.s.; this convergence is uniform in P. As a consequence, we get the
following statement:

PROPOSITION 2.2. Let f € L. Then c(f) = sup{||f||Lz(Q’P) :P eP}.

REMARK. We consider here the capacity defined via L2-norms (and not, e.g.,
via L'-norms) only to make the stochastic calculus below easier. Nevertheless, if
f € L, the quantity sup{Ep| f|: P € P} is well defined [and bounded by c(f)].

PROPOSITION 2.3.  Let f € Cp(2), let Q be a polynomial and let s, t € [0, T].
Then the function Q(B; — By) f is in L.

PROOF. It is sufficient to consider the case where Q(x) =x¥, k> 1,and s =0
(changes for arbitrary s are obvious). Let M be an upper bound of | f|. Using the
Burkholder—Davis—Gundy inequalities and the hypothesis H (ix), we get that, for
some constant Cy > 0,

|4k

sup Ep|B:|™ < Ckﬁlzk < 00.

PecP

The function S,, = (((—n) Vv Btk) An)fisin Cp(L2). For any P € P, we have
k 2 k 2
||B; f- Sn”Lz(Q’p) = EP[I{lB,k\>n}(th = S) ]
2 2k
=M EP[1{|B,’<|>n}Bz ]

< M*P(|B¥| > n)'2(EpB*)!/?

4k 2k
= 2 = n2
The right-hand side here does not depend on P. Thus, S, is a Cauchy sequence
in £ that converges to Btk f as n — oo and the proof is complete. [
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2.2. Stochastic integrals in the presence of model uncertainty. We define a
stochastic integral suitable for modeling in our uncertain framework.

2.2.1. Construction of the stochastic integral. Let J#, be the set of “elemen-
tary” processes iy = ZlN:O ki; 1y, 1;.11(s), where #; is a deterministic subdivision of
[0, T'] and k;, are ¥ -measurable, bounded and continuous. We denote by # the
completion of #, with respect to the semi-norm

T 1/2 T 1/2
||h||;f=c((/ wam) ) =swEe( [ #am,)
0 PcP 0

and denote by H the quotient of #f with respect to the linear space of processes
h such that ||2||g = 0. It is clear that H is a Banach space with respect to the
resulting norm. Moreover, by the same type of arguments as in the case of real-
valued functions, we get that each element 4 in J# (or in H) admits a predictable
version and the mapping w > h.(w) from  to L?([0, T'], 77) is quasi-continuous.

LEMMA 2.4. Let h be a predictable process which admits a version in
Lz([O, T, 1x; L£L). Then h belongs to #.

PROOF. Assume first that /4 is in #f,. Then we have

T T T
I < sup Ey | w2am < | sup Eph} 7, = | o,
€ €

Consider now 4 € L2([0, T, ; L) and assume that it is predictable. Then there
exists a sequence in Jf, which converges to % in L2([0, T1, ; L£). Now, the previ-
ous inequality ensures that it converges also in # to & and we conclude. [

As a corollary of this lemma and Proposition 2.3 we obtain the next lemma.
LEMMA 2.5. Let Q be a polynomial. Then the process Q(B) belongs to H.

The following result follows from Lemma 2.4. We shall use it when ¢ is an
indicator function of a time interval.

LEMMA 2.6. Ifhe LZ([O, T1, ; L) is predictable and ¢ is a bounded de-
terministic function that is left-continuous with limits from the right, then the
process ph belongs to J¢.

The next lemma will be useful when we will iterate the It6 formula.

LEMMA 2.7. Leth € J. Then fOT hy din(s) belongs to £ and

T
_ —_1/2
c(/o hsdus)sur/ il e
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As a consequence, the process X = (X;) with

t T
X, = /O hy d7z, = /O hylyo.n(s) dTE,

belongs to H.
The stochastic integral is defined in the following theorem.

THEOREM 2.8. The linear mapping

N T N
h = Zkh‘ Ly tip01 > I7 (h) :/0 hsdBg = Zkti (Biyy — By),
i=0 i=0

considered as a function from ¥, to L, admits the bound
2) c(r(h) < |||l 5.

It can be extended uniquely to a continuous linear mapping from # to L, still
denoted by It (h) = fOT hs d By, that satisfies (2).

PROOF. We first assume that £ is an elementary process. Then, as a conse-
quence of Proposition 2.3, IT(h) belongs to £ and we have, for each P € P, that

T
”IT(h)”iZ(Q’P) =< EP/() hg dﬁs

Taking the supremum over all probabilities in P, we get the desired inequality and
conclude using a density argument. [

REMARK. Generalizing classical ideas, one can easily construct a stochastic
integral with regular trajectories and other good properties such as Doob’s inequal-
ity, see [9].

2.2.2. Some properties of stochastic integrals. Put K = {Ir(h):h € #}. In
the financial context the elements of this linear space are interpreted as the terminal
values of portfolio processes. It is interesting to know whether K is closed; we give
a sufficient condition for this in the Appendix.

We turn now to estimates for powers of the canonical process.

PROPOSITION 2.9. Let s,t € [0, T] and let n be an integer. Then there exist
h € # and a positive constant C depending on n such that

t
(B, — By)?" < f hydBy + Cu(s, )" gq.s.
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PROOF. We give arguments for s = 0, because their extension to the general
case is obvious. Let P be in P. By the 1t6 formula, we have

t t
B =2 [ B aB +non -0 [ B2
0 0

t t
§2n/ B2"'dB, +nn — 1)f B*~2dm,,  P-as.
0 0

For n =1 the assertion follows from Lemmas 2.6 and A.7. For n > 2 we apply the
1t6 formula to B2"~2 and the Fubini theorem to obtain that

t t
| B 2dm, = en -2 [ mQu, BB,
0 0

+(n—1)2n—-73) /Ot 7(u, 1)) B>~ d(B)P.

The integrator of the stochastic integral is an element of #¢, while the ordinary
integral admits the bound

f i, (B d(B)E <710, 1) f B dm, P
0 0

Continuing the reduction and applying Lemma A.7 at the end, we obtain the result.
g

The next lemma ensures that there is a “universal” version of the quadratic vari-
ation.

LEMMA 2.10. Lett € [0, T]. Then there exists an element in L that we denote
by (B); such that (B)tP = (B); P-a.s. forall P € P. Moreover,

(B)r <1ty q.s.

PROOF. We just have to note that
t
(B)tzBf—zf By dB;. 0
0

A martingale that has a terminal value bounded from below by a constant —a is
bounded by this constant as a process almost surely. We have the following analog
of this assertion, which follows directly from Lemma A.7.

LEMMA 2.11. Let IT(h) € K. Suppose that It (h) > —a q.s. for some a > 0.
Then I;(h) > —a q.s. for every t € [0, T].
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2.2.3. Polar sets and stochastic integrals. It is natural to consider a stochastic
integral under any probability P’ € P,, which does not charge polar sets (for the
latter property, the notation P’ < c¢ is natural). Observe that if 4 € J, then

T
f h2 di, < oo, P'-as.
0

So, by definition of a martingale probability, the process fé h,dB, is a P’-local
martingale and fOT hg d B, is well defined P’-a.s.

On the other hand, fOT hs d By is defined q.s., so P’-a.s. it is defined as an element
of /L, but by a density argument it is clear that these two definitions coincide. This
has an interesting consequence: Any martingale probability which does not charge
polar sets satisfies the same bracket assumption as the initial set of probabilities:

PROPOSITION 2.12.  Assume H(u,t). Let P’ € P,y and P' < c. Then

dp, <d(B) <dw,  Plas

PROOF. Lets <t <T. Notice that the process fs'(Bu — Bs)dB,, is well de-
fined as a P’-local martingale on [s, T']. By the It6 formula,

(B — By)? = 2[’(Bu — B)dB. + (B)Y — (B)"

s

P’-a.s. On the other hand,
t
(B, — By)? <2 f (Bu — By)dB, +Ti([s. 1)
)

quasi-surely, hence, P’-almost surely. This yields

(B)F' — (B)F" <7([s, 1]).

N

In the same way we have

t
(B, — By)? =2 / (Bu — By)dBy + (s 1)

quasi-surely and so we get the other inequality. [J

2.3. The superreplication problem. 1In a financial context, an element f of £
can be interpreted as a contingent claim, that is, the cheapest riskless superreplica-
tion price in which we are interested. Put

A(f)=inf{a:3g € K suchthata + g > f qg.s.},

defining in this way a convex homogeneous function domA = {f € L:
A(f) <oo}. If f <c=const q.s., then A(f) < c, in particular, with the usual
identification, we have the inclusion Cp(£2) C dom A.
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2.3.1. Properties of A. The first result is a consequence of Proposition 2.9:

PROPOSITION 2.13. For any integer n > 1, there exists a constant Co, > 0
such that

A((B; — Bs)™) < Confi([s, tD".

The second result deals with an approximation of the B. Let ; = it/n and let

n—1
Szn = Z(Bti-H - Bli)z'

i=0

LEMMA 2.14. Suppose that the distribution function  is Holder continuous.
Then

lim A((S" — (B)))?) =
n—o0
PROOF. By the It6 formula, we have that, for all P € P,

tit1 LitINS
(S" — (B))? _SZ/ < /t (Bu — B;,.)dBu)(Bs — B,)dB,

i AS

n—l lit1 2 P
+4Z/, (Bs — B;,)"d(B)]

tip1 Lip1AS
<8 Z/t /t (B, — B;,)dB, |(Bs — By,) dB;
i=0

i\S

n— lit
+43° / — By) 2 dm,
i=0"1

P-a.s. Moreover, forall u <,

(By — B)? = 2/S<Bv —B)dB, + (B — (B)!

S
<2 / (By — Bu)dB, +7e(lu.s]),  P-as.

and, as in the proof of Proposition 2.9, we deduce that there exists & € # such that

() — (B)y)? </ hy d By +4Z/ (s, 1;]) d Tz

t o
5f hsst+4C(—> 1,
0 n
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quasi-surely, where C and « are the constants from the Holder condition (1). This
yields

t o
A(S! — (B))?) 540(;) 7,
and hence the result. [

2.3.2. A and martingale measures. We try to express A(f) in terms of mar-
tingale measures which do not charge polar sets. The set of such measures we
denote by P’; £ is the set of nonnegative (quasi-surely) functions in L.

For any P € P’ and f € L4 N dom A, the function f is defined P-a.s. More-
over, if h € #, the stochastic integral f(; h,dB, is a P-local martingale. Take
acRand g = fOThsst € K suchthata + g > f q.s. Then foreacha 4+ g > f,
P-as.is P eP.

Observe now that thanks to Lemma 2.11, the stochastic integral fot h,dB, is
bounded from below. Since the process fé hgdBg is a P-local martingale when
P € P, it follows from the Fatou lemma that in such a case g € L'(P) and
Epg <0. This yields that for any P € P’,

Epla+gl>Epf

and, hence, a > Ep f. Summarizing:

LEMMA 2.15. The following holds:
Ly NdomA C () L(P).
PeP
Moreover, for f € L4 Ndom A,

3) A(f)zsup{Epf:P eP'} > sup{Epf: P €P}.

Our next goal is to establish the converse inequality for a suitable set of martin-
gale probabilities.

3. Main result. The main result is established for contingent claims which
belong to a large class I' C Cp(€2) (see Lemmas 5.4-5.6).

THEOREM 3.1. Assume H(w,x). Then there exists a subset P" C Py, such
that its elements also satisfy H(uw, i) and for every f €T,

A(f)=sup{Epf:P ecP"}.

Unfortunately, we do not know whether the set P” is the whole set of martin-
gale measures that do not charge polar sets, because it is in the discrete-time case
(cf. [10]). Nevertheless, this holds in the case when A is finite (hence continuous)
on L.
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3.1. The particular case: dom A = L.

PROPOSITION 3.2. Assume dom A = L. Then for any f in L,
4) A(f)=sup{Ep f:P eP},

where P’ is the set of martingale measures that do not charge polar sets.

PROOF. A is well defined on £ and, moreover, it is a sublinear map. As a
consequence of the Hahn—-Banach theorem, we have that

A(f)=supr(f) VfedL,
re@

where @ is the set of linear mappings from £ into R dominated by A.
LEMMA 3.3. If L € @, then A is positive.

PROOF. Let f € L4. Then A(—f) < A(—f) < A(0) <0 and the result fol-
lows. [

LEMMA 3.4. IfAe@,then A(1) =1 and forall g € K, we have A(g) = 0.

PROOF. The first assertion is obvious because A(1) < A(1) <1 and A(—1) <
A(—1) < —1. The second assertion follows because aA(g) < A(xg) for any real o
and, as easily seen, A(ag) <0. U

It remains to check that the elements of @ are Borel measures that do not charge
polar sets. This fact follows from a much more general result proved by Feyel and
De La Pradelle (see [12], Proposition 11) which ensures that the dual space of £
is a set of Borel measures that do not charge polar sets. So if A € @, there exists a
measure P’ which belongs to P, (as a consequence of Lemmas 3.3 and 3.4) such
that

VieL  Af)=EpLf]

The proof of Proposition 3.2 is complete. [

Unfortunately, the equality dom A = £ is not clear. In the rest of the paper, we
try to characterize A(f) in another way, namely, instead of the space £, we work
with continuous and bounded functions. To make use of standard representation
theorems, we need to compactify 2. To simplify the proof, we consider first the
case where all trajectories are bounded by a constant.
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4. Proof of the main result: Bounded case. In this section we assume that
Q is a closed and bounded subset of C ([0, T']; R), that is, the trajectories in 2 are
bounded in absolute value by some y > 0. Note that the integration theory above
can be developed without any changes for such €2.

From now on, we assume that iz is Holder continuous.

4.1. The Stone—Cech compactification of Q. Let € denote a Stone—Cech com-
pactification of the completely regular space 2 endowed with the supremum norm,
that is, a pair (€2, ¢), where Q is compact and ¢ is a mapping ¢ : @ —  such that:

(i) ¢ is an homeomorphism onto ¢ (£2) equipped with the topology induced
by Q.
(i) ¢(£2) is dense in Q.
(iii) For any bounded continuous function f* on €2 there exists a continuous
function f on € such that f = f o ¢.

Note that, conversely, for a continuous function f on €, the function f = f o¢is
a bounded continuous function on €2. One can explicitly construct  and ¢ in the
following way:

Let C be the space of bounded complex functions on €2 considered as a com-
mutative complex Banach algebra (cf. [3]). We shall choose the Stone—Cech com-
pactification given by the character space of C, equipped with its weak topology
(cf. [3]). In particular, ¢ is defined on 2 by

¢ (@)(x) = x(w), x € Coo,
and for a function f € Cp(£2), its extensions f is defined by
f@=a(f), ae.
Since for every ¢, the function B; belongs to Co, this entails the following infor-

mation:

PROPOSITION 4.1. Let B, denote the unique bounded continuous extension
to 2 of the bounded continuous mapping B;. Then

$(@)(B) =B(0) = Bi(9p(@)), weQ,
@(By) = B1(@), @ eQ
4.2. Representation by probability measures on Q. Let f be a continuous

(hence, bounded) function on €2. The function f = f o ¢ being bounded and con-
tinuous on §2 may be viewed as an element of .£. Consider the mapping

A: f— A(S).
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It is well defined on C (Q), the set of continuous functions on €2, and sublinear. By
the Hahn—Banach theorem,

A(f) = sup A(f),

re@

where @ is the set of linear mappings from C() into R which are dominated
by A. Since 1~\(0) = A(0) <0, by the same proof as the one of Lemma 3.3, each
A € @ is a positive linear form on C(2). Therefore, since 2 is compact, it is a
measure that we denote by Q. Now Q(1) < A(1) <1and Q(—1) < A(—1) < —1,
so that Q(1) = 1 and Q is a probability measure on €2. We want to show that each
probability O € @ is a martingale measure. Let %; = o {B,, u <t}.

LEMMA 4.2. Let Q € Q. Then B, isa Q-martingale with respect to F;.

PROOF. Lets <t <T and let F:R? — R be a bounded continuous function.
Consider

f=F(Btl,...,Btd),

where #; <s. We want to prove that EQ[(é, — Es)f] =0.

By standard arguments, A((B; — Bs) f) <0 and A(—(B; — Bs) f) <0, so that
E QA =0, where A = (B; — Bs) f. However, in Lemma 4.6 below we check that
A= (E, — I}Y)F(I}tl, e Etd). This permits us to conclude. [J

By applying the Cauchy—Schwarz inequality for each O € @ we get the follow-
ing statement:

LEMMA 4.3. Let f and § be in C(S2). Then
A(f9) < AFHAGED.
Fix now QO € @. We denote by D the set of dyadic numbers of [0, T'].

PROPOSITION 4.4. The function t € D +— B (®) is uniformly continuous for
Q-almost all & € Q, so it admits a continuous modification which we denote by

(Bt),e[o,r]. Moreover, if we assume H(u, [t), then
dp, <d(B)? <d,. 0-a.s.
PROOF. By Proposition 2.13, A((B; — Bo)?") < Coji([s, t])". Therefore,

EQ(B; — By)™ < Coni([s, t])" < C"|t — 5|*",

where C, o > 0 are the constants from (1). Now, taking » large enough and fol-
lowing the classical proof (cf. [19], Chapter 2) of the Kolmogorov lemma, the first
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inequality yields that the function 7 € D > B, (®) is uniformly continuous and we

can put B‘, =limyep y—s f?u.
For the second assertion, we define in the same way as in Lemma 2.14,

n—1

2
§" = (Bstit—s)/n — Bstii+1)t—=s)/n)"-
i=0

As we shall see in the proof of Lemma 4.6,

n—1 _

~ = = 2
§" = (Bstitt—s)/n — Bs++D—s)/n) s Q-ae.
i=0

Let f be a nonnegative function in C5(£2). We have
lim Eo[f{8" —m(ls,1D)] < lim A(f(S" —7(ls, 1D)})
< lim A(f{S" = ((B): — (B)»)))

+ A(f{(B): — (B)s — (s, 1])}).
Whereas (B); — (B)s — u([s, t]) <0q.s. and f is nonnegative,
A(f{(B): — (B)s — i([s,1])}) <O.
Thanks to Lemma 4.3,
AX(f{S" = ((B): — (B))}) < A(FDHA((S" — ((B); — (B))))?)
and by adapting the proof of Lemma 2.14, we obtain that

Tim A((S" = ((B); — (B)y))?) =0.

So, passing to the limit, we get

Eol{(B), ~ (B), ~ m(ls. 1D}] <o.

Using a density argument, we conclude that

(B), - (B), —m(ls.1) <0,  Q-as.

This implies that the quadratic variation of B under Q is absolutely continuous
with respect to & and is dominated by .

For the other inequality, a similar proof works if we consider f € Cp(£2) to be
nonpositive and use the fact that

(B) — (B)s — u(s,1) =0  gs. O

We denote by Q* the law of B under Q. It is clear that Q* is a martingale
measure on 2. An immediate consequence of the preceding theorem is the next
statement.
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COROLLARY 4.5. The process (B;) is a Q*-martingale which satisfies the
same hypothesis H (jv) or H(w, it) with which we begin.

What is the relationship between Q and Q*? We claim that for a large class of
functions f in Cp(£2),

(5) Eof =Eop-f.

Let I' be the set of bounded continuous functions on €2 that satisfy (5) for each
0 € Q. The next lemmas show that standard options (with deterministic matu-
rity 7)) belong to I'.

LEMMA 4.6. If f is a cylindrical continuous function, it belongs to T.

PROOF. We want to show that f = F(By,, ..., B;,) belongs to I' when F is a
bounded continuous function. We have that

f@=af), aeQ.
Let w € Q. Then
F@@) =¢@)(f)

= f(w)

= F(B;(w), ..., By, (w))

= F(B, (@), .., B, ($()).
So we have proved that

f(@) =F(By(&),..., B, (@), &€c¢().

Whereas ¢ ($2) is dense in € and each side of the previous equality is continuous,
f(@) = F(B, (&), ..., B, (&), & e Q.

It is now easy to conclude. [J

Another example provides functions that depend on the supremum of trajectory.
Put

S= sup B,=suph;.
t€[0,T] teD

PROPOSITION 4.7. Let G:R —> R be a continuous function. Then f =
G(S)isinT.

PROOF. We split the arguments into several steps:
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Step 1. Let § > 0 and let k be an integer such that ke — 8 > —1/2, where « is the
constant in (1). Consider now the everywhere defined mapping Y : 2 — R U {oco}:

T |B, — By|*
Y = // dsdt.
Ce—slf

We claim that Y belongs to .£. Indeed, using Lemma 2.9, we have for P € P

TE B 4k
EpY2<T2f / P1B = B o
TR

/ T C /T| |20lk
dt
=P ¢
:C/’

where C' is a finite constant which only depends on «, 8 and k, and not on P. So
we have

sup Ep(Y2) < 00.
PeP

|B; — B|*
n—// ds dt.
|t—s|/3+1/n

It is clear that Y, belongs to £ (because it is bounded and continuous) and esti-
mates similar to the preceding one yield that Y, is a Cauchy sequence in £ and
hence converges to Y. As a consequence, Y (w) is finite g.s. and the so-called
Garsia—Rademich—Rumsey inequality (see [15]) ensures that if one takes 8 > 2
and k large enough so that ek — 8 > —1/2, then there exists a constant C” which
only depends on 8 and k such that quasi-surely

(6) 1B, (w) — By(w)|* < C"Y(w)lu — v’ Vu,vel0,T].

Put

Step 2. We now prove that Y belongs to dom A. As in the proof of Proposi-
tion 2.9, we have the bound

t
(B, — By < / 13 dBy + Coi(ls, 1),

where k%! is such that, for u €]s, t],
k—1
hS' =2k(By — BY* 1 4+ Y yi(@ls. 1)) B (u, 11)(By — Bp)* 17,
i=1

where y; are some constants that depend on k. If u ¢ ]s, t], we set hfj’ =0. We
have

2k
t
sup (// dsdt) d,uu<M// RUs. ]3 dsdt < oo,
PcP 0 II—SI’S |t —s12P
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where M is some constant. From this, by an approximation argument, it is clear

that the process
T rt hs,t
u —>/ / “ __dsdt
0o Jo |t —s|P
belongs to LZ([O, T1, ; L£) and hence to #€. Moreover, we have that

|B; — By|* r
Y = 2// ddt§2/ hydB, +2Cxc.
Cr—slf 0

where

' T [lt_s|ak
ddt<C/ ———dsdt < o0,
‘= // f—S|’3 v = 0oJo |t—s|P g

because ok — B > —1/2, so Y belongs to dom A.
Step 3. We denote by D,, the set of dyadic numbers of order » in [0, T'],

T T—-1
Dn={07_""5 5T}a
n 2n

so that D = J,, D,,. We put

Sy = sup B;.

teDy

As a consequence of Lemma 4.6,

Su (@) = sup B (®), »eQ.

teDy,

On the other hand, thanks to (6),

-2
|S —-S |2k < C//Y<£),B q
W% < o q.s.

Whereas Y € dom A, we get that
. 2ky _

nlgrolo A(S=S)7")=0
and so

lim Eol[(S—S,)*1=0

n—oo
From this, we deduce that Sn increases Q-a.s. to S and
EoG(S) = lim EoG(Sy) = lim Eg«G(S,) = Eg+G(S)

by virtue of the dominated convergence theorem. [

In the same way we get the following proposition.
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PROPOSITION 4.8. Let F,G:R —> R be two continuous functions. Then
f=G(JJ F(By)ds) belongstoT.

PROOF. First, we note that f € Cp(£2). Then we consider w €  such that
the function r € D — B;(w) is uniformly continuous and, by construction, ¢ €

[0,T] — Et(&)) is continuous. Next, we define the sets

0, = () {w' €Q,w'(By)—d(By)| < 1/n},

seD,
02 = ﬂ {w’efZ, w'( sup |BS+M—BS|)<1/n}
seD,\{T} uel0,7/2"]

and, finally,
O,=0'n02n{w eQ,|w'(f)—a(f)| <1/n).

By definition of the weak topology, O, is an open set in 2. Because ¢ (2) is dense,
for each n there exists w, € 2 such that ®(w,) € O,,. Now it is clear that for all
seD,

By(@) = lim B;(wy).
n—o0
For all t € [0, T'] and all n, there is ¢, € D,, such that |t — ¢t,,| < % Then, because
wy, € 03,
| Bi(wn) — By, (wn)| < 1/n,
which yields easily that
B/(&) = lim B, (wy).
n— oo

Moreover, by definition of O,,,

f@ = lim f(w,).

As a consequence of the dominated convergence theorem,

~ T T ~
7@ = lim fwn) = lim G( [ FBwdt) =G( [ F(Bu@)ar)

From this, we deduce that
- T =
Fe c;(/ F(B,) dt)
0

Q-a.s. and the result follows. [

PROOF OF THEOREM 3.1 (Bounded case). Clearly, the theorem holds with
P'={Q*:Q0e@}. O
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5. Proof of the main result: Unbounded case. We now apply the same
method to the whole space 2 = C([0, T], R). We consider the same canonical
Stone—Cech compactification as in Section 4.1 (also with the same notation). As
in Section 4.2, A is well defined with

A(fy=swpr(f),  feCE,

re@

where A € @ may be represented by a probability Q on .

5.1. Study of the process B. Some care is needed since now B;, for a given 1,
is no longer a bounded continuous function on 2. We define B; via a limiting
procedure. To this end we need a lemma:

LEMMA 5.1.  Let f >0 be a continuous function on 2. Then f can be ex-
tended to a function f on Q2 with values in [0, 0o].

PROOF. The function f A n is bounded and continuous on €2 and, hence, ad-
mits a bounded continuous extension to 2 that we denote by fu. For every @ € Q,
fn (@) is nondecreasing [since it is on the dense subset ®(£2)]. We set

f@ = lim /@), oe. O

If f is a continuous function in 2, we set f~+ =1limy_o0 fT An and fl =

—_—

liMysoo f~ AR

Definition and notation. Let f be a continuous function on £2. It may be ex-
tended to an everywhere defined function f on 2 with values in [—o0, co] given,
for w € Q, by

fH@ - f~@, if f+(@) <ooand f~(&) < o0,

F@) = 00, if f~+(5)) =ooand f~ (0) < 00,
—00, if ff(c?)) <ooand f~ (@) =00
0, if fH(@)=ocand f~(®) =

As a consequence of this definition, the process B; is well defined.
Let O be a probability associated to an element A € Q. By the Fatou lemma,

BN2] i 2T s o2 20—
Eol(B;") ]§I}ln_1)1c>12)fEQ[(B, An) ]S]Lrﬂ)g%fA((Bt An)?) < A(Bf) <.

By the same reasoning for the negative part B, , we obtain that B, belongs to
L%(Q). In particular, it is Q-a.s. finite and, therefore,

—_—

Etznlir&(BfAn—BfAn)
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isin L%(Q).
In the same way we can show that
Eol(B; — B)*] < A((B; — By)?)
and also that, for any #,

(7) Eol(B; — By)*1 < A((B; — By)*") < Cani([s, 1])".

Now, we show that the process (B))isa (Q-martingale.

5.2. The martingale property. We cannot argue as in the bounded case be-
cause B is not bounded, and A(A(B, — B, ;) for a bounded continuous and
F-measurable function A is not well defined. We shall use instead an approxi-
mation.

Let us introduce the sequence f; of real-valued functions

X, if x € [—n, n],

xX—n .
n + n arctan , if x >n,
n

fa(x) =

x4+
—n + n arctan
n

n .
), if x <n.

One can easily verify that f;, is a C? function with bounded first and second deriv-
atives and that lim, f,(x) = x, |f'(x)| <1 and |f,'(x)| < 1/n. Recall that we
assume that  is Holder continuous.

PROPOSITION 5.2. The process B isa Q-martingale. Moreover, it admits a

continuous modification that we denote by B,.

PROOF. Take a nonnegative cylindrical and continuous function A which is
Fs-measurable and bounded by M > 0. By the It6 formula, under any P € P, we
have

t t
Afa(Bi =B = [ AfB.— BB+ [ Af/B— BB,
N S
so that
M _
A(Afu(B; — By)) < 5, Fls. 1D
If we set G = Af,,(B; — By), as in the proof of Lemma 4.6, we get
G = Af,(B; — By).
So we have that

- . ~ M
Eg[Afa(B: — By)] = ﬂﬁ([s, 1]).
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In the same way, starting from —A - f,,(B; — Bs) we get
~EQlAfu(Bi — By)] < %nqs, )
whence
dim Eg[A f,(B — By)] =0.

It remains to show that the sequence (A fn (é, — E’S)) tendsin L' (Q) to A (B, — Bs).
However, this is clear, since

EglAfu(B, — By) — A(B: — By)| < Eo[|AlIB; — Byl 5,_5,..,]

_ y EolBi = B
- n
§MC2M([S’”).

n
Thus

EolA(B, — By)] =0.
The last part of the assertion follows from (7) as in Proposition 4.4. [J

Let us turn now to the quadratic variation of B.
LEMMA 5.3.  Assume H(u, ) and let Q € Q. Then
dp, <d(B)? <dp,. 0-as.

PROOF. We adopt the same notation as in the proof of Proposition 4.4, so we
fix s < t. The same argument works except that the functions S§” are no longer
bounded. Nevertheless they are in dom A (defined in Section 2.3) and still the
argument holds because we have

EoS™ < A(S™).
To prove this, consider the sequence of real functions f; introduced at the begin-

ning of this subsection. Clearly, fk(S”) = Jm and limg E o (f (S”)) = EQ(§”),
SO

EoS" < lim A(fi(S") < A(S"). 0

From now on, we can use the same arguments as in Section 4.2 to conclude. So,
we still define Q* to be the law [on (2, B)] of (ét),e[o,T] and define by I the set
of bounded continuous functions f such that

Eof =Ep-f.
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The same proofs as in Section 4.2, with truncation arguments, give the following
lemmas.

LEMMA 5.4. If f is a continuous and bounded cylindrical function, then
fel.

LEMMA 5.5. Let F:R — R be a continuous function and let G :R — R
be a bounded continuous function. Then f = G(fOT F(B)ds)isinT.

Finally, we still denote by S the function S = sup,¢[g 7 B: = sup,cp B;. Then
we can state the next lemma.

LEMMA 5.6. Let G:R —> R be a bounded continuous function. Then f =
GS)isinT.

PROOF OF THEOREM 3.1 (Unbounded case). Here again we just have to put
P'={Q0*:Qe@}. O

6. Application to a generalized UVM model. Now the following theorem is
a straightforward consequence of Theorem 3.1 and Lemma 2.15:

THEOREM 6.1. Let u and & be two deterministic measures on [0, T'] such
that du < dt and Tt is Hélder continuous. Let P be the set of all the martingale
measures which satisfy the assumption H(w, ). Let f be a bounded continuous
function in I'. Then a

A(f)=sup{Epf:P eP}.

Note that the UVM model corresponds to the case of the Lebesgue measure. As
mentioned earlier, this result is new even in this case because it encompasses quite
general path-dependent European options.

7. Conclusion. In this paper we set a framework for dealing with model un-
certainty in the pricing of contingent claims. We provide a refined version of the
stochastic integral which is defined quasi-surely with respect to a family of mar-
tingale laws on the canonical space which may not be dominated in the statistical
sense. We study then the problem of the cheapest superreplication strategy. In the
case when the bracket of the canonical process under the laws of the family is con-
trolled, we give a partial characterization of the cheapest superhedging price by
using a compactification method. In the case of the UVM model, this characteriza-
tion is complete and it works for a large class of European path-dependent claims.
The characterization in the general setting remains an open question.
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APPENDIX

Let P be a set of probability measures on the path space 2. For f € Cp(£2) we
define

c(f) =sup{ll fll20.p): P €P).

Clearly, c(f) is a semi-norm such that c(1) = 1; ¢(f) = c(| f|), hence, c(f) < 1
if|f<L
In a classical way [5, 8], we consider the Lebesgue extension of c:

e for lower semicontinuous f > 0,
c(f)=sup{c(@):9 € Cp(),0 =<9 = f}
e for arbitrary g: Q — R,
c(g) =inf{c(f): f is lower semicontinuous, f > |g|}.

For A C Q we put c(A) =c(14).
The theory goes well under the following regularity property of c:

HYPOTHESIS (R). ¢(f,) | 0 for every sequence f,, € Cp(2) such that f,, | 0.

THEOREM A.l1. If (R) holds, the set function c(A) is a (regular) Choquet
capacity, that is, the following statements hold:

1. VAeB,0<c(A) <.

2. If A C B, then c(A) < c(B).

3. If A, is a sequence of sets in B, then c(\J,, An) <Y, c(Ap).

4. If A, is an increasing sequence of sets in B, then c(,, An) =lim, c(Ap).

For any f, € Cp(£2) the function Fy,: P = || full 2(q, py 18 continuous with re-
spect to the weak convergence of probability measures; if f, | 0, then F,,(P) | 0
for any P. By the Dini lemma this convergence is uniform on weakly compact
subsets and we get the next lemma:

LEMMA A.2. IfP is relatively weakly compact (i.e., tight), then c is regular.

Let ¢ denote the capacity associated to P as defined in Section 2.1.1. The Re-
bolledo criterion (see Theorem VI.4.13 in [16]) says that P (the set of laws of
continuous martingales) is tight if and only if the set of laws of (B)”, P € P, is

tight. The latter property holds when P satisfies H (ix). We summarize this next:

LEMMA A.3. Under H (i), Hypothesis (R) is satisfied, that is, c is regular.
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We now study L. Clearly, £ contains Cp(€2). In the converse direction, it is
interesting to know that the analog of the Lusin theorem holds in our setting. The
proof relies on the following simple fact.

LEMMA A.4. Let f € Cp(R2). Then for each a > 0,

c((lf] > }><ﬁ

PROOF. Whereas f is continuous, 1| r|-q} is lower semicontinuous. Take ar-
bitrary ¢ € Cp(£2) such that 0 < ¢ < 1| |>q}. By the Markov inequality for any
probability P € P, we have

”f”LZ Q.P
(8) 191720, p) < PS> @) < =320,

Taking the supremum over P and ¢, we get the result. [J

Due to the o-subadditivity of ¢, we verify that it satisfies a Borel-Cantelli
lemma, which yields the next result (the proof can be found in [4]):

PROPOSITION A.5. Let f, be a c-Cauchy sequence in Cp(S2). Then, for each

& > 0, there exists an open set O with c(O) < € such that f,, converges uniformly
on O°.

The following lemma, which is a consequence of this proposition, provides a
bridge between the space £ and the L2(P) spaces for P € P:

LEMMA A.6. Let f, g € L be such that f =g P-a.s. for every P € P. Then
f=gindL.

LEMMA A.7. Let f,g € L be such that f < g P-a.s. for every P € P. Then
f < g quasi-everywhere.

PROOF. Let i € £ and let A, be a sequence in Cp(£2) convergent to £ in L.
Using the inequality |a®™ — b™*| < |a — b|, we have, for any P € P,
Iy — h,—;”U(Q,P) < lhn —hml 2@, Py < ¢(hn — hi).

Taking the supremum over P € P, we conclude that 4, is a Cauchy sequence in £
which clearly converges to A™. Thus, 2™ belongs to «£. To conclude, we apply the
previous lemma to the functions (f — g)* and 0. [

We end this Appendix with a sufficient condition that ensures that the subspace
of stochastic integrals K = {Ir(h):h € #} is closed in L:
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THEOREM A.8. Assume that H (ajt, i) holds with some a €10, 1[. Then K is
closed.

PROOF. Let f, = IT(h"), h" € #, form a sequence which converges to f
in /L. For any P € P, we have the inequality

T ) 2
Eo( [ 00— Pam,) = fallie

Taking the supremum over P, we get that

ro ey 172 1
([ o —nmidm,) ) = et

that is, A" is a Cauchy sequence in #¢, hence, it converges to a limit & € F. It is
easy to verify that f = Ir(h). U
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