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PERIODIC HOMOGENIZATION WITH AN INTERFACE: THE
MULTI-DIMENSIONAL CASE

BY MARTIN HAIRER! AND CHARLES MANSON
New York University and University of Warwick

We consider a diffusion process with coefficients that are periodic outside
of an “interface region” of finite thickness. The question investigated in this
article is the limiting long time/large scale behavior of such a process under
diffusive rescaling. It is clear that outside of the interface, the limiting process
must behave like Brownian motion, with diffusion matrices given by the stan-
dard theory of homogenization. The interesting behavior therefore occurs on
the interface. Our main result is that the limiting process is a semimartingale
whose bounded variation part is proportional to the local time spent on the
interface. The proportionality vector can have nonzero components parallel
to the interface, so that the limiting diffusion is not necessarily reversible.
We also exhibit an explicit way of identifying its parameters in terms of the
coefficients of the original diffusion.

Similarly to the one-dimensional case, our method of proof relies on the
framework provided by Freidlin and Wentzell [Ann. Probab. 21 (1993) 2215-
2245] for diffusion processes on a graph in order to identify the generator of
the limiting process.

1. Introduction. The theory of periodic homogenization is by now extremely
well understood; see, for example, the monographs [4, 23]. Recall that the most
basic result states that if X is a diffusion with smooth periodic coefficients, then
the diffusively rescaled process X¢(r) = e X (t/¢?) converges in law to a Brownian
motion with an explicitly computable diffusion matrix. If one considers diffusions
that are “locally periodic,” but with slow modulations over spatial scales of or-
der £~!, then it was shown in [5] that the rescaled process converges in general to
some diffusion process with a computable expression for both its drift and diffu-
sion coefficients.

In this article, we will also consider the “locally periodic” situation, but instead
of considering slow modulations of the coefficients, we consider the case of a
sharp [i.e., of size O(1)] transition between two periodic structures. In the (much
simpler) one-dimensional case, this model was previously studied in [17], where
we showed that the rescaled process converges in law to skew Brownian motion
with an explicit expression for the skewness parameter. In higher dimensions, this
model has not yet been studied to the best of our knowledge. The aim of this article
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is to clarify what is the behavior of X* near the interface for very small values of
. It is important to remark at this stage that we do nor make the assumption that
our diffusion is reversible. As we will see in Section 2, there are then situations in
which the limiting process is not reversible either, contrary to the one-dimensional
situation.

One feature of the problem at hand is that there is no finite invariant measure
built into the framework of the problem. This is unlike most other homogeniza-
tion problems, even those exhibiting rather “bad” ergodic properties, such as the
random environment case [21, 24] or the quenched convergence results for the
Bouchaud trap model [2]. Since in our case the invariant measure p of X is only
o -finite, this leads to two problems when trying to compute the effect of the behav-
ior of X near the interface in the limit ¢ — 0. Indeed, one would “naively” expect
that an effective drift along the interface can be described by the quantity

(1.1) /b(x),u(dx).

One problem with this expression is that there is no obvious natural normalization
for . Furthermore, since b is periodic away from the interface and the same is
(approximately) true for u, this integral certainly does not converge, even if we
consider it as an integral over R x T¢~! by making use of the periodic structure
in the directions parallel to the interface. See however (2.4) and Proposition 6.3
below for the correct way of interpreting (1.1) and our main result, Theorem 2.4
below, on how this quantity appears in the construction of the limiting process.

Another common feature of many homogenization results is the usage of a glob-
ally defined corrector function to compensate for the singular terms appearing in
the problem. This is of course the case for standard periodic homogenization [4],
but also for a number of stochastic homogenization problems, as, for example, in
[21, 22, 24, 25]. For the present problem however, it will be convenient to make
use of corrector function that only cancels the singular terms away from the inter-
face and to treat the behavior of the limiting process at the interface by completely
different means.

One very recent homogenization result where discontinuous coefficients appear
in the limiting equation can be found in [3] (which in turn generalizes [18]). How-
ever, their framework is quite different to the one considered here and does not
seem to encompass our problem. Much more closely related problems are ho-
mogenization problems with the presence of a boundary [1, 14]. Those have been
mostly studied by analytical tools so far. In our probabilistic language, what comes
closest to the boundary layers studied in these articles is the o -finite invariant mea-
sure of X, which is shown in Proposition 5.5 below to converge exponentially fast
to a measure with periodic densities away from the interface.

For simplicity, we will consider the case of a constant diffusion matrix, but it is
straightforward to adapt the proofs to cover the case of nonconstant diffusivity as
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F1G. 1. Example of a vector field b satisfying our conditions.

well. More precisely, we consider the family of processes X¢ taking values in R?,
solutions to the stochastic differential equations

& 1 Xg &
(1.2) dX®* =-b| — )ds+dB(s), X°(0) =x,
e &
where B is a d-dimensional standard Wiener process. The drift b is assumed to
be smooth and such that b(x + ¢;) = b(x) for the unit vectors ¢; withi =2, ...,d
(but not for i = 1). Furthermore, we assume that there exist smooth vector fields

b4 with unit period in every direction and n > 0 such that
b(x) = b4 (x), Xy >, b(x) =b_(x), Xy <-—n.

Figure 1 is a typical illustration of the type of vector fields that we have in mind.
If we denote by X the same process, but with ¢ = 1, then the process X¢ given
by (1.2) is equal in law to the diffusive rescaling of X by a factor % In the sequel,
we denote the generator of X by £ and the generator of X¢ by £.. We furthermore
denote by L. the generators for the diffusion processes on the torus given by

(1.3) dX* =by(XF)ds +dB(s),

and by p4 the corresponding invariant probability measures. With this notation at
hand, we impose the centering condition [y b+ (x)p+(x) =0.

Under these conditions, our main result formulated in Theorem 2.4 below states
that the family X° converges in law to a limiting process X. Furthermore, we
give an explicit characterization of X, both as the unique solution of a martingale
problem with some explicitly given generator and as the solution of a stochastic
differential equation involving a local time term on the interface {x; = 0}. In addi-
tion to the homogenized diffusion coefficients on either side of the interface, this
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limiting process is characterized by a “transmissivity coefficient,” as well as by a
“drift vector” pointing along the interface.

The remainder of this article is structured as follows. After formulating our main
results in Section 2, we show tightness of the family in Section 3. In Section 4, we
then formulate the main tool used in the identification of the limiting process,
namely a multidimensional analogue of the tool used by Freidlin and Wentzell in
[12] to study homogenization problems where the limiting process takes values in
a graph. Section 5 is then devoted to the computation of the transmissivity coeffi-
cient, whereas Section 6 contains the computation of the drift vector. Finally, we
show in Section 7 that the martingale problem is well-posed and we identify its
solution with the solution to a stochastic differential equation.

1.1. Notation. We define the “interface” of width K by
Ik ={x eR%:x; € [-K, K]}

We also denote by 9.k its boundary.

Frequently throughout the paper we will construct successive escape and sub-
sequent reentry times particularly when constructing invariant measures in terms
of the invariant measure of an embedded Markov chain as in [16]. We will denote
such pairs of stopping times as o, ¢, which denote escape and reentry times, re-
spectively. Other stopping times not part of such a sequence will be denoted by 7.

2. The main result. Before stating the main result, we will first define the
various quantities involved and their relevance. It is clear that, in view of standard
results from periodic homogenization [4, 23], any limiting process for X¢ should
behave like Brownian motion on either side of the interface .#y = {x; = 0}, with
effective diffusion tensors given by

D = /T @ik + kg B + degF)

(Summation of k is implied.) Here, the corrector functions g : T9 — RY are the
unique solutions to £1 g+ = —b4 such that

|, sxustn =0,

Since b4 are centered with respect to ., such functions do indeed exist.
This justifies the introduction of a differential operator £ on R defined in two
parts by £, on I, = {x; > 0} and £_ on I_ = {x; < 0} with
_ D
(2.1) Li= 2” 3 9;,
then one would expect any limiting process to solve a martingale problem asso-
ciated to £. However, the above definition of £ is not complete, since we did not

specify any boundary condition at the interface .%.
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One of the main ingredients in the analysis of the behavior of the limiting
process at the interface is the invariant measure p for the (original, not rescaled)
process X. It is not clear a priori that such an invariant measure exists, since X is
not expected to be recurrent in general. However, if we identify points that differ
by integer multiples of e; for j =2,...,d, we can interpret X as a process with
state space R x T¢~1. It then follows from the results in [16] that this process
admits a o -finite invariant measure p on R x T4~

Note that the invariant measure p is not finite and can therefore not be normal-
ized in a canonical way. However, if we define the “unit cells” C;-—L by

Ch=L,j+1xT"" ¢ =[—j—1,—j1xT,
then it is possible to make sense of the quantity g+ = lim;_, ,u(C]jF) (we will
show in Proposition 5.5 below that this limit actually exists).

Let now p. be given by

+
Q:I:Dll
q+Df} +9-D7

which can also we rewritten in a more suggestive way as

P+ =

P+ _ 4+ D

p-  gq-Dy

This is the homogenized diffusion coefficient in the direction perpendicular to the
interface, weighted by the invariant measure of a unit cell. Comparing with the
one-dimensional case [17], one would expect this to yield the likelihood for X?
to exit a small (but still much larger than ¢) neighborhood of the interface on a
specific side.

(2.2)

REMARK 2.1. The ratio

(2.3) \/DT
P- F + P+F

gives the asymptotic probability of the process being located in the rhs (4) of
the interface after a long time. This follows from the weak convergence of the
first component to a skew Brownian motion with (possibly) different diffusion
coefficients on either side of the interface. If we rescale this skew BM on either
side of the interface by \/D>ﬁ to obtain a standard skew BM, we can use the scale
function of BM to finish the verification of (2.3).

However, unlike in the one-dimensional case, these quantities are not yet suffi-
cient to characterize the limiting process. The reason is that since X¢ is expected
to spend time proportional to ¢ in the interface, but the drift is of order ¢! there,
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it is not impossible that the limiting process picks up a nontrivial drift along the
interface. It turns out that this drift can be described by the coefficients «; given
by

P+ P-
2.4 o =2 —+—)/ bi(x)+Lgi(x dx),
4) ; (D1+1 b ) [ 0100+ 20Nt
where p is again normalized in such a way that g + g_ = 1 and where g is any

smooth function agreeing with g4 on either side of the interface (see Section 3).

REMARK 2.2. Since [p, a1 L$(x)u(dx) =0 for every smooth compactly
supported function ¢, one should interpret the integral on the right-hand side of
(2.4) as a “renormalized” form of the intuitive more meaningful quantity (1.1).

REMARK 2.3. The expression (2.4) is useful in order to generate examples
with nonvanishing values for the coefficients «; .

Given all of these ingredients, we can construct an operator L as follows. The
domain Z(L) of L consists of functions f:R? — R such that:

o The restrictions of f to Iy, I_ and % are smooth.

e The partial derivatives 9; f are continuous for i > 2.

e The partial derivative 91 f (x) has right and left limits d; f|;. as x — % and
these limits satisfy the gluing condition

d
(2.5) P+31f|1+—P—31f|1,+201j3jf=0-
j=2
For any f € 2(L), we then set £ f(x) = L4 f (x) for x € I.. With these defini-

tions at hand, we can state the main result of the article.

THEOREM 2.4. The family of processes X¢ converges in law to the unique
solution X to the martingale problem given by the operator L. Furthermore, there
exist matrices My and a vector K € R? such that this solution solves the SDE

(2.6) dX (1) =15, _oM—dW () + 13, oMy dW (1) + K dL(1).

where L denotes the symmetric local time of X1 at the origin and W is a standard
d-dimensional Wiener process. The matrices My and the vector K satisfy

MiMI =D, Ki=pi—p_, Kj=aqaj,

for j={2,...,d}.
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FI1G. 2.  Sample paths at small (left) and large (right) scales.

In Figure 2, we show an example of a numerical simulation of the process stud-
ied in this article. The figure on the left shows the small-scale structure (the pe-
riodic structure of the drift is drawn as a grid). One can clearly see the periodic
structure of the sample path, especially to the left of the interface. One can also see
that the effective diffusivity is not necessarily proportional to the identity. In this
case, to the left of the interface, the process diffuses much more easily horizontally
than vertically.

The picture to the right shows a simulation of the process at a much larger scale.
We used a slightly different vector field for the drift in order to obtain a simulation
that shows clearly the strong drift experienced by the process when it hits the
interface.

REMARK 2.5. Since the quadratic variation of X has a discontinuity at
X1 =0, we do have to specify which kind of local time L is. Using the symmetric
local time yields nicer expressions. See, for example, [19, 26] for a definition of
the symmetric local time.

Analyzing what this means for a simple example, we consider the case of a
two-dimensional problem where we have b1 =0 and b, = f(x1) for f a smooth
function that is zero outside of .#,. Clearly, p+ = % In this case, the invariant

measure p of the process X is given by % times Lebesgue measure on R x S' and
we can choose g = 0. This implies that we then simply have

az=/Rf(X)dx,

as one would expect.
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3. Tightness of the family. The aim of this section is to prove the following
tightness result.

THEOREM 3.1. Denote by P® the law of X on C(R4, R?). Then the family
{P?}ec(0,1] is tight.

Similar to what happens in the classical theory of periodic homogenization, it
will be very convenient to construct a “corrected process” Y, obtained by adding
to X a corrector function that cancels out to first order the effect of the small
oscillations. To this aim, we introduce a smooth function g:R? — R which is
periodic in the directions 2, ...,d and such that g(x) = g4+ (x) for x; > n and
similarly for x; < —n. (Recall that g+ was defined in Section 2.) We do not specify
the behavior of g inside the interface .#;,, except that it has to be smooth in the
whole space and periodic in the directions parallel to the interface. We fix such
a function g once and for all from now on. We furthermore denote by Y? the
process defined by Y% = X® + eg(e~'X?), as well as y = x + eg(x/¢) for its
initial condition.

Defining the corrected drift l;(x) = (Lg + b)(x) and the corrected diffusion
coefficient 6;;(x) = 8;; + 9;g; (x), it follows from It6’s formula that the ith com-
ponent of Y| satisfies

(3.1 (YS) ) =y; +/ ( Xg(s)>ds+/ 0,]< Xg(s)>dW (s).

It is very important to note that the corrected drift b vanishes outside of #y, so that
the process Y is subject to a large drift only when X is inside the interface.

Our main tool in the proof of Theorem 3.1 is the following result, which is very
similar to [28], Theorem 1.4.6.

PROPOSITION 3.2. Let &2 be a family of probability measures on Q =
C(Ry, R?) and denote by x the canonical process on 2. Assume that

lim sup P(]x(0)| > R)=0.
fim sup (Ix(0)| = R)

Furthermore, for any given p > 0, let 19 = 0, and define recursively 1,11 =
inf; > ¢, |x(t) — x(7;)| > p. Assume that the limit

(3.2) gin(l)ess supPltp41 — 7y < 8| F1,]1 — 0, Pa.s., on {1, < oo}
—

holds uniformly for every P € & and every n > 0. Then the family of probability
measures & is tight on Q.

PROOF. The proof is similar to that of Theorem 1.4.6 in [28], except that their
Lemma 1.4.4 is replaced by (3.2).



656 M. HAIRER AND C. MANSON

Fix an arbitrary final time T > 0. Furthermore, denote for w € Q2
Ny =N,(w) =min{n: 1,41 > T},
and the modulus of continuity by &,
8p=08,(w)=min{t, —1,_1:1 <n < Ny(w)}.

Note that this expression depends on p via the definition of the stopping times T;.

With this notation at hand, tightness follows as in [28] if one can show that
lims_, o suppe 4 P(8,, < 6) = 0 for every fixed p > 0. As in [28], one has for every
k > 0 the bound

k
P, <8) <Y E[Pltit1 — i <8|F1] + P(N, > k).
i=1

For every fixed k > 0, the first term then converges uniformly to O by assumption.
Since the second term is independent of §, it remains to verify that converges to 0
as k — oo, uniformly over & (convergence for every fixed P € &2 is trivial but
not sufficient for our needs).

This is a consequence of [28], Lemma 1.4.5, provided that one can find A < 1
such that E[e~(Ti+1—7) |:#1,]1 < A. This in turn follows from

E[e—(ri+1—fi)|yn] < I[D[-[l-+1 —17; < t0|9}i] + e_loP[Ti+1 — T > lo|§n]
<e 0+ (1—e Pty — T <o) Ty .

Indeed, by choosing f#q sufficiently small, this term can be made strictly less than 1,
provided that P[t;11 — 7; <19|-%7,] tends to zero uniformly (over the members of
& and over i) as fg tends to zero, which is precisely our assumption. [

We now turn to the following.

PROOF OF THEOREM 3.1. Recall that we defined the process Y% = X¢ +
eg(s_lX £) in Section 2. Note then that, just as in [17], Proposition 2.5, the tight-
ness of the laws of X¢ is equivalent to that of the laws of Y. Therefore, all that
remains to be shown is that we have the bound (3.2) for the law of Y¢, uniformly
over ¢ € (0, 1]. The approach that we use is to consider separately the martingale
part and the bounded variation part for Y; given by (3.1), and to show that the
probability of either of these moving by at least % during a time interval § tends to
zero uniformly over the initial condition.

Given any fixed p, y > 0, we want to show that there exists a sufficiently small
8 > 0 such that P(t,4+1 — 7, < 8|.%7,) < y uniformly over P € & (i.e., uniformly
over the laws of Y¢ with ¢ € (0, 1]) and n. We split the contributions from the
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martingale and the bounded variation parts in the following way:
IED(Tn-i—l —Tp < 6|y‘tn)

= Px (s, (suplY (1) = Y (O)] > p)
t<$

1 tﬁ —1ye
X /0 bi(e~' X5 (s)) ds

;)
>_
2

t
| e Xz aw; o)

< supPy <sup
x t<$

(3.3)

;)
>_
2

+ sup Py <sup
X

t<é§

2 r o
< —supExf 1Bi (e~ X (5)) | ds
EP x 0

2
+ —supE, sup
P x )

t
RGO

Here, we used the Chebychev’s inequality to obtain the last bound. Since the func-
tions o0;; are uniformly bounded, the stochastic integral appearing in the second
term is easily bounded by O(+/8) by the Burkholder—Davis—Gundy inequalities.
Furthermore, by the definition of the corrector function g, there exists 77 > 0 such
that 15(x) =0 for x ¢ .#;, so that there exists a constant C such that
8
(G4)  Plony) — 1 <8lF,) < % supl ([ 1, (X2 s ) + CT‘/S
X

For fixed p > 0, the second term obviously goes to 0 as § — 0, uniformly in ¢,
so it remains to consider the first term. As one would expect from the expression
for the local time of a Brownian motion, it turns out that the expected time spent
by the process in %, scales like £+/8, thus showing that this term is also of order

V/8/p. Once we are able to show this, the proof is complete.

The occupation time of the interface appearing in the first term of (3.4) is
bounded by the trivial estimate Cé/(p¢), which goes to 0 as § — 0 provided that
we consider & > /8, say. We can therefore assume without any loss of generality
in the sequel that we consider & < /3.

The idea to bound the occupation time is the following. We decompose the
trajectory for the process X into excursions away from the interface, separated
by pieces of trajectory inside the interface. We first show that if the process starts
inside the interface, then the expected time spent in the interface before making a
new excursion is of order £2. Then, we show that each excursion has a probability
at least £/+/8 of being of length § or more. This shows that in the time interval §
of interest, the process will perform at most of the order of +/8/¢ excursions, so
that the total time spent in the interface is indeed of the order £+/8, thus showing
that the first term in (3.4) behaves like /8 /p, as expected.
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More precisely, we first choose two constants K > 0 and K > 0 such that the
chain of implications

3.5 (X e fﬁg} ={Y%e j[%s} = {Xg € f(](_ng} = {X? € Ik}

holds. We then set up a sequence of stopping times in the following way. We set
¢o = 0 and we set recursively

oy =inf{t > ¢y, : X4(1) & kel

¢ =inf{t > 0,1 : Y¥(t) € S ).
[Note that we can have o = 0 if the initial condition does not belong to .k .. Apart
from that, the second implication in (3.5) shows that increments from one stopping
time to the next are always strictly positive.] This construction was chosen in such

a way that the times when X € .#;, always fall between ¢, and o, for some n > 0.
In particular, if we set

N =inf{n = 0:¢u41 —op = 6},

then we have the bound

s N
SupEE, ( [ 1fﬁg(xi(s))ds> < supEx(Zm - ¢n)>

n=0

= sgp Z ]Ex ((O'n - ¢n)1NZn)

n=0

o
= Z supP, (N >n)supE, (EX£(¢n)Ul),
n=0 X X
where we used the strong Markov property and the fact that {N > n} is F, -
measurable in order to obtain the last identity. It follows from the definition of N
that this expression is in turn bounded by

n SUp,crd Exoosup,g g Pr(do <9)
sup E o9 sup Pr(pg <$)) = . d
xeRd * ,§)<x¢f1<g * ) lnfxgéﬂgg Px(ﬁbo = 6)

We now bound both terms appearing in this expression separately.

First, we turn to the expected escape time from the interface, E,o09. The idea
is to use a comparison argument just like in [17], Proposition 3.8. We define a
“worst-case scenario” process V?, which is the solution to the SDE with initial
condition x, diffusion coefficient 1 and drift coefficient given by b%,, where

—by

, for x >0,
e _ )
V(x) - bV

—, for x <0,
I3

for some constant by > 0. We then have the following lemma.
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LEMMA 3.3. There exist by > 0 and K > 0 such that, if we define tX =
inf{t >0:VZ(t) & S, }, we have

]EXUO 5 Eerv

for every x e RY.

The proof of Lemma 3.3 is almost identical to that of [17], Proposition 3.8, so
we are going to omit it. A straightforward calculation using the particular form of
the drift coefficient for V allows to check that there exists indeed a constant C > 0
such that the bound

supEer < Csz,
X

holds so that, combining this with Lemma 3.3, we have sup, cgs Ex00 < Ce?.

Let us now turn to the bound on P, (¢ > §). The idea here is to look at the
process Y? instead of X? and to time-change it in such a way that we can compare
it to a standard Brownian motion. Note first that the last two implications in (3.5)
show that if we start with X¢ anywhere outside of .k, then the first component
of Y* has to travel by at least ¢ before the process Y* can hit .#¢ . Furthermore, it
follows from (3.1) that the time change C; such that Y?(C;) is a standard Brownian
motion satisfies C; > ct for some ¢ > 0. It therefore follows that, setting H(z) =
inf; - o{B; > z}, one has the lower bound

inf Py(¢o>8) >P(H(e) = 8/c).
x¢Ike
The explicit expression for the law of H (z) given in [8], page 163, equation 2.02,
yields in turn

o e—l/2D
P(H(e) >4d/c) = / ———dt.

(H(#) 2 3/c) 8/(ce?) /2mt3/2
It follows immediately that this in turn is bounded from below by Ce/+/8 for
some C > 0, provided that ¢ < +/8. Collecting these bounds completes the proof
of Theorem 3.1. [

4. Main tool for identifying the limit process. Instead of considering a
graph as before, we will consider a generalized multidimensional version different
from that considered by Freidlin and Wentzell in [12], Section 6. Note that the
generalization considered here is different (and actually simpler) than the one con-
sidered in [13]. We consider processes in R? and we set I_ = {x e R?: x; < 0},
and similarly for 7. We consider a family of R?-valued processes X* and we de-
note by 7° the first hitting time of .#,,. Correspondingly, 7% is the first escape time
of the set .75 by X°.

With this the main tool, will be the following multidimensional analogue
of [12], Theorem 4.1.
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THEOREM 4.1. Let L; be second order differential operators on I; with
bounded coefficients and let D; be some sets of test functions over I; whose mem-
bers are bounded and have bounded derivatives of all orders. Suppose that for
i € {4+, —}, any function f € D; and for any A > 0, the bound

E, [e‘“gf(Xs(rs)) )
4.1)

+[ DM P (XE () — L f (XE (1)) dt} — O(k(e)).

holds as ¢ — 0, uniformly with respect to x € I;. Assume furthermore that the rate
k is such that limg_. 0 k(g) =0.

Assume that, for every A > 0 and every i € {4, —}, there exist functions u; ; €
D; such that Eiui,k(x) = Au;i(x) holds for x € I; with |x1| <1 and such that
us ) (x)=1forx; =0and x1 = =£1.

Assume that there exists a rate 5§ = 6(¢) — 0 such that 5(¢)/k(e) — o0 as
& — 0 and such that for A > 0,

(4.2) E% [foo e_Ml(—a,a)(Xf(t))dt] —0
0

as &€ — 0, uniformly in the initial point. Assume the convergence
4.3) PLIX® (%) € Ii1 = pi,

holds uniformly in x in the set Zg, for some constants p+ with py + p_ = 1.
Assume furthermore that there exist constants oj and C such that

1 1
44 SEXE) -xloe SEIXE) -x)]<C.

for j = 2. Again, the limit is assumed to be uniform over x € gy as ¢ — 0, and
the inequality is assumed to be uniform over all € € (0, 1] and all x € 7.

Let then D be the set of continuous functions f:R? — R such that the restric-
tion of f to I; belongs to D; and such that the gluing condition (2.5) holds. Then,
for any fixed f € D, ty >0 and » > 0,

E;[

A(e) = esssup

ft eMIAf(XE@) — Lf(XE())]dt
0

4.5)
= X )| Fio || 0

as ¢ — 0, uniformly with respect to x. In particular, every weak limit of X*® as
& — 0 satisfies the martingale problem for L.

REMARK 4.2. Note that we did not specify how “large” the sets D; of admis-
sible test functions need to be. If these sets are too small, then the theorem still
holds, but the corresponding martingale problem might become ill-posed.
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PROOF OF THEOREM 4.1.  Since the proof is virtually identical to that of [12],
Theorem 4.1, we only sketch it here. The basic idea behind the proof given by Frei-
dlin and Wentzell is to rewrite (4.5) using the strong Markov property of X¢ as a
sum of terms between successive stopping times. To this effect, set, for exam-
ple, op = 0 and then recursively ¢, = inf{t > 0, : X{(t) € Iy}, 0py1 = inf{t >
¢n: X f (t) ¢ #s}. They then break up the term produced from (4.5) into two sums
of analogous terms between times o, and ¢, and those between ¢, and o, 1.

The terms covering the time intervals [0}, ¢,] are bounded exactly as in [12],
making use of (4.1), together with the bound ), E,e %" = O(1/8) which follows
from the existence of the functions u; ; just as in [12].

Using assumption (4.2), the terms covering the time intervals [¢;,, 0,,4+1] are
then simplified to

3 e (f (X (nr1)) — FXE(B0))),

modulo contributions that converge to 0 as ¢ — 0. Since the expectation of this
term is bounded by

sup By (f(X°(x%) — f(x)) D _Ee %,

XEIpe

and since we already know that 3_, Ee~*?" = ((1/8), in remains to show that the
supremum is of order o(§). It follows from Taylor’s expansion and the fact that

fe C? outside of the interface, that on the event Q4 def {X{ (%) > 0}, one has

d
FXEE) = f) =801 f)r, + Y0 f)(XF(x®) —x1) + O(1XE () — xi]?),

i=2

and similarly on Q_ = {X{ (%) < 0}. Combining this with (4.4), we thus have

Ex(f(X5(x%) = f(x)) =801f ()11, P (R4) + 801 f ()1 P (R-)

d
+8) i 3 f(x) +0(8).
i=2
Since we assume that P, (2+) — p4+ uniformly over x € .%,, the required bound
now follows from the gluing condition. [J

Most of the remainder of this article is devoted to the verification of the assump-
tions of Theorem 4.1. The bounds (4.1) and (4.2) will be relatively straightforward
to verify and this will form the content of the remainder of this section. The con-
vergence (4.3) is the one that is most difficult to obtain and will be the content
of Section 5. Finally, we will show that (4.4) holds in Section 6. We start by the
following result.
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LEMMA 4.3. Let L be as in (2.1) and let X¢ be the family of processes from
Section 2. Then, the bound (4.1) holds with k(e) = ¢ for every A > 0 and for every
smooth bounded function f :I; — R that has bounded derivatives of all orders.

PROOF. It follows from [17], Lemma 3.4, that, for any initial point x with
x1 # 0 and for ¢ sufficiently small so that x ¢ 7,

(4.6) E, [ /0 e f(Xg(s))h(ng(s)) ds} — O(e),

for h centered with respect to p (resp., p— if x; < 0). We assume that x; > 0
from now on, but the calculations are identical for the case x; < O.

Note now that it suffices to obtain the bound (4.1) for the family of processes
Ye, since ||Y2(t) — X°(¢)|| = O(e), uniformly. Applying Itd’s formula to e A" x
f(Y%(z?)), we obtain the identity

e FYE(T)) = () + f _reH F(YE(s))ds

X8
+3 / @) () £ ) ds

+/ _M~< (S)>3if(Y8(S))de(S)'

Since |Y*¥ — X?| < O(¢) and since all derivatives of f are assumed to be bounded,
it then follows from (4.6) that

£ -[9
E(e " f(Y®(z%)) = f(y) — AE / e f(Y¥(s))ds
0
1 ¢
+ —E/ e DL 2 F(YE(s)ds + O(e),
2 0 ij i)
which is precisely the required result. [J

Additionally we have that the solution to £;u = Au on I;, u = 1 on {x; = 0} and
{x1 = %1}, is bounded and has bounded derivatives of all orders. This follows from

+\— EN
the fact that u is given explicitly by u(x) = CyeV* P11 o Cre VP11 1 for

some constants C;. We now show that the process Y ¢ satisfies the bound (4.2), that
is, it does not spend too much time in the vicinity of the interface.

LEMMA 4.4. Ifwe choose § = &* for any a € (%, 1), then (4.2) holds for the
family of processes X¢ from Section 2.

PROOF. Again, it suffices to show the bound for the process Y? since it differs
from X¢ by O(e). We would like to use an argument similar to what can be used
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in the one-dimensional case [17], that is, we time-change the corrected process Y*
in such a way that it becomes a diffusion with diffusion coefficient 1. Its drift then
vanishes outside of the interface and is bounded by K /& for some K > 0. At this
stage, one compares this process to the “worst-case scenario” process Z¢ given by

dZf =b(Z%)dt +dB(t),
where the drift b is given by

A —Ke~ 1, if z €[0,le),
b(z)=1 Ke™ !, if z € (—le,0),
0, otherwise,

for some / € R. It can then be shown that Z® spends more time in the interface than
Y? does, so that the requested bound can be obtained from a simple calculation.

The problem with this argument is that in the multi-dimensional case the time-
change required to turn the first component of Y? into a diffusion with unit diffu-
sion coefficient is given by

s N
4.7) T, = inf{s eR,y :/0 2(81,- + aigl(g—lxs(u)))zdu >t1y.
i=1

We do not know of an argument giving a uniform bound from below on the quantity
appearing under the integral in this expression. Therefore, an upper bound on the
time spent by the process Z¢ in the interval (—§, §) does not give us any control
on the time spent by Y# (and therefore X?) in that interval.

Because of this, we modify our argument in the following way. We break up the
integral in (4.2) as

438) E&LA e—“lpﬁﬁﬂYfa»dﬂ:=ExLL e—“lpfawafa»d{
4.9) +E, [ /0 T M s ey (YE(D) dt}

(o)
+&u;fﬂmmﬁmmﬁ

where Y7 is the first component of Y and c is a value to be determined. By symme-

try, the last two terms are of the same order, so that it is sufficient to bound the first

two terms. In order to bound the first term, we use the argument outlined above, but

we replace Y? by the process Y¢ given by YE(1) = X°(r) + £3( ' X4 (1)), where

the corrector g has the following properties:

1. The function g(x) is smooth, periodic in the variables parallel to the interface,
and equal to g(x) for x ¢ .7, for some c;.

2. One has the implication Y® € .., = Yée Fere for some ¢ < cy.

3. If Y* € .7, then §(¢ 71 X?) =0.
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It is always possible to satisfy these properties by choosing ¢ sufficiently large
and setting ¢ = 0 in a sufficiently wide band around the interface. We now set
Z(t) = Y(T;), where T, is defined as in (4.7), but with g replaced by g, so that it
follows from the second property that one has the bound

o0 oo ~
E, /0 ¢ M1 _goce) (YE(D) dt < Ey fo e M ey .em (PE()) d

w ~
<E, /O M (Z5(0)) dT,.

At this stage, we remark that since the function g has bounded derivatives, there
exists a constant K| such that 7; > Kt almost surely. On the other hand, it follows
from the last property that one actually has dT; = dt whenever Y€ Fere, SO that
this expression is bounded by

00 ~
Ec [ e M anan(ZiW)dr

This expression in turn can be bounded by O(¢) just as in [17].
We now proceed to bounding the term (4.9). For this, let us first introduce a
constant ¢3 < ¢ and make ¢ from (4.8) sufficiently large such that:

4. The implication X°(t) € S¢,e = Y°(t) € Z,¢ holds.
5. One has ¢3 > n + 1.

Then, we define a series of stopping times {¢,,}, and {o,,}, recursively by ¢’ | =
0,...,0, =inf{t > ¢/ : X{(t) ¢ (—28, —c3e +¢)} and ¢, = inf{t > 0, : X (1) €
(=3, —c38)}.

Now we can use the strong Markov property as in [12], Lemma 4.1, with the
stopping times ¢,, to obtain the bound E,[Y 72 e ()] = 0(%), uniformly in
the initial point x for x € {x:x; = —c3e + ¢} U {x : x; = —26}. This is a conse-
quence of the fact that £, [e_k"é] =1 — O(¢) uniformly. Furthermore, it follows
from the definition of these stopping times, property 4 and the strong Markov
property that (4.9) is bounded by

B [ e M s an(Xi@)dr <B Y / M di

n>0
<) TE Y e—”’fz—l (0 — p_1)
n>0
(4.10)
(IE e A"5"(5)) supE o
n=0

C
< —supE,0oq.
el xp x=0
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It follows that it suffices to be able to choose § in such a way that Exaé is o(¢&)
uniformly in the initial point. Specifically, we will show that (4.10) is O(82), so
that the claim follows.

This will be a consequence of the following result.

LEMMA 4.5. Let X~ be as in (1.3) and define X™%(t) = eX~(¢2t). Let
T =inf{r > 0: Xl_’a(t) ¢ [—1, 0]}. Then, there exists a constant C such that

E.t <C,
independently of ¢ € (0, 1] and independently of x € R¢.

Before we prove Lemma 4.5, we use it to complete the proof of Lemma 4.4.
It follows from property 5. that up to time oy, the process X* is identical in law
to the process X —¢. Furthermore, the stopping time o;; is certainly bounded from
above by the first exit time of the first component of X —¢ from (—2§, 0). Rescaling
space by a factor 28 and rescaling time correspondingly by 482, we deduce from
Lemma 4.5 that EO'(/) <4C8?, uniformly in the initial condition as required. [

We now turn to the proof of the lemma.

PROOF OF LEMMA 4.5. Denote by U the region {x € RY:x; € [—1, 0]} and
define f° by f®(x) =E,t. Then f¢ satisfies

LEfE=—1, fE(x)=0 forx € 9U,

where L% = %A + & 'b_(e71)V,. In order to obtain a bound on f, we will give
a uniformly bounded (uniformly over ¢) function g° such that it satisfies

4.11) LPg® =—1, gx) =0 forx € 9U.

It then follows from the strong maximum principle (which we can apply since our
diffusion is periodic in the directions in which U is unbounded) that g > £, so
that the requested bound holds.

We use a standard multiscale expansion for g of the form

gf =go+eg +°g.

Now to find such a g®. We proceed by starting off with a constant order term, that
is, the typical term one would expect for the escape time if we were dealing with a
Brownian motion, then removing the order % terms that arise when the operator L°
acts on the constant order term by adding an order ¢ term. Then finally we add an
order £ term to remove the constant order terms that are produced by the action
of L? on the order ¢ term. Incidentally, this approach of correction works exactly
with the maximum order term in ¢ being 2 and produces a series of terms that are
known and have the right properties to provide a uniform bound.
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Taking guidance from the fact that the homogenized process is given by Brown-
ian motion, we make the ansatz go(x) = Cy — C1x1(1 4 x1), for C{ and C; two
constants to be determined. Applying £? to gg yields

C
Lfgo(x) =—C1 — ?119—,1 (g)(l + 2x1)

for b_ 1 the first component of b_. Our aim now is to choose g1 in such a way that
Lg1 contains a term of order ¢! that precisely cancels out the second term in this
expression. Denote as in the introduction by g_ the unique centered solution to the
Poisson equation

(4.12) Lo =b_,

where £ = A + b_V, is the generator for the nonrescaled process. We then set
g1(x)=C1(14+2x1)g-1 (sflx), where g_ 1 is the first component of g_, and we
note that

C
eLfg1(x) = ?lb—,l <§>(1 + 2x1)

X X 0g_1(x
(4.13) +2clb_,1<—>g_,1<—>+2c1 8 ’1<—>
e e 0x; \&
Cq X X
:—b_,l(—>(1+2x1)+C1F(—>,
£ £ £

for some periodic function F independent of ¢ and of C;. The term involving F
appearing in this expression is still of order one, so we aim to compensate it by
a judicious choice of g;. It is not necessarily centred with respect to the invariant
measure p of our process, but there exists a periodic centred function / such that

Lh=F—K,
K= [ Foop@n = [ 1vg- 1P +2 [ aag—;l"uux).
Finally, setting g>(x) = —h(e~1x), we obtain
@1 Ly =CK - 1)=—C [le = Vg10Pu.

Since the integral is strictly positive, the right-hand side can be made to be equal
to —1. Furthermore, since the corrector terms eg; + g2 g are uniformly bounded
for ¢ < 1, it is straightforward to find a constant C5 that ensures that g(x) > 0 for
x € 0U, thus concluding the proof. [J
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5. Computation of the transmissivity coefficient. The aim of this section is
to prove that the following proposition holds.

PROPOSITION 5.1.  The identity (4.3) holds for the family of processes X¢ in
Section 2 with py given by (2.2).

Let us first introduce some notation. Given a starting point x € .#,, we set
pi’k =P, (X (z%®) > 0), and similarly for pf’k, where 7® is the first hitting time
of 9.%;. We furthermore set

ko X,k ko _ oo xk w_ L e ok

Py —xiu27p+ S _xlen},]p* - =5 tp),
and similarly for p_. It is clear that Proposition 5.1 follows if we can show that
pﬁ converges to a limit satisfying (2.2) and ﬁ’jr — B’jr — 0 as k — oc.

We will first show the latter, as it is relatively straightforward to show. In order
to show the convergence of pﬁ, our main ingredient will be to show that the in-
variant measure u(dx) for the process X looks more and more similar to w4 (dx)
as x; — F00. Note that in this whole section, we will always consider X and X+
as processes on R x T¢~! obtained by identifying points (x, y) such that x| = y;
and x; —y; € Z for j > 2. With this interpretation, the interface is compact and we
will show that the processes are recurrent. If we were to consider them as processes
inRY, they would not be recurrent for d > 3.

Before we show that indeed ﬁi — p’i — 0, we obtain some recurrence proper-
ties of X and ensure that it visits any open set in .#, sufficiently often before the

hitting time 7%,

LEMMA 5.2.  Fix a neighborhood y C .%,. Then the probability for X to enter
y before hitting 3.9, starting from an arbitrary initial point in %, tends to 1
uniformly as k — oo. In particular, the process X is recurrent.

Our first step in showing this result is to argue that if the process starts at dis-
tance O(1) of the interface, then it will return to the interface with overwhelming
probability before exiting .%.

LEMMA 5.3. There exists K > 0 such that the probability, starting at x, for
X to return to .7, before hitting 3.9, is bounded from above by 1 — % and from
below by 1 — K

PROOF. Denote by f¥(x) the probability of hitting .#, before 9., start-
ing from x. We assume without loss of generality that x; > 0, since the case
x1 < 0 follows using the same argument. The function f¥ then satisfies the equa-
tion £ f* =0, endowed with the boundary conditions f*(x) =1 if x; = n and
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f k(x) =0if x; = k. As in the proof of Lemma 4.5, we aim to construct a function
gk satisfying £g* = 0 and such that either g¥(x) < £¥(x) on the two boundaries or
gk x)>7f k(x) on the two boundaries. The claim then follows from the maximum
principle.

Let g+ be as in (4.12) and set

g =1-k1 (K +x1 —gr1(0),

for some constant K to be determined. It is straightforward to check that g% does
indeed satisfy Lg% =0, as well as the required inequalities on the boundary, pro-
vided that K is either sufficiently large or sufficiently small. This concludes the
proof. [

We now use the result of Lemma 5.3 to prove Lemma 5.2. This is done using
the strong Markov property in conjunction with success/failure trials.

PROOF OF LEMMA 5.2. Consider the two hyperplanes that delimit .#, and
two further hyperplanes at distance m from .#,, with m a sufficiently large constant
to be determined later. We then break the process into excursions from 0.%, to
0% +m and back.

More precisely, we define two sets of stopping times {o,"}, and {¢)'}, re-
cursively by o" =inf{t > 0: X(t) € 0.7}, ..., @) =inf{t > 0" : X (1) € .7},
o, =inf{t > @' : X (¢) € 9% m}. We furthermore denote by .7, the o -algebra
generated by trajectories of X up to the time ¢, and by Z, the o-algebra gener-
ated by trajectories of X up to the time 0, ;. We also denote by 7, the first hitting
time of the set y and by t*) the first hitting time of the set 3.%.

It follows from the ellipticity of X and the resulting smoothness of its transition
probabilities that there exists some p > 0 such that inf,; 7, P1 (x,y)=2p>0.
Furthermore, it is straightforward, for instance using a comparison argument with
a process with constant drift away from the interface and using the continuity of
paths, to show that

5.1 lim sup Py(of" <1)=0.

m=00
xeg,

It follows that we can choose m large enough so that the probability appearing in
(5.1) is bounded above by p. As a consequence, for such a choice of m, one has
the almost sure bound

(5.2) P(t, <o || %) > p.

On the other hand, it follows from Lemma 5.3 that the probability that the process
hits 9.7 between o," and ¢ is bounded from above uniformly by gy = Ok
so that, almost surely,

(5.3) P(x® <" ||7) < Br.
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Note furthermore that by construction the event appearing in (5.2) is .%,-
measurable.

Denote now by Y, a Markov chain with states {—1, 0, 1} such that {£1} are
absorbing and such that P(Y,+1 = —1|Y, =0) = p, P(Y,+1 = 1|Y, =0) = B.
As a consequence of (5.2) and (5.3), it is then possible to couple Y and X in such
a way that the following two implications hold almost surely:

(Yo=0and Y, 1 =—1}={¢o) <1, <0y < T(k)},

n

o, <t® <¢m | <7} = {(Y,=0and ¥, = 1))}

It follows that the probability of entering y before the hitting time 7® is bounded
from below by

k . p

P(r, < € )) ZP(nli)IgoY" = —1) = P

Since p is fixed and B = O(k~"), this quantity can be made arbitrarily close to 1.

This shows that the set y is recurrent for X. Since furthermore X has transition

probabilities that have strictly positive densities with respect to Lebesgue mea-

sure (as a consequence of the ellipticity of the equations describing it), recurrence
follows from [20], Theorem 8.0.1. [

We now use this result to prove the following proposition.

PROPOSITION 5.4 p — p* — 0 as k — co.

PROOF. The idea is to use the fact that, before the process exits .%, it has had
sufficient amount of time to forget about its initial condition by visiting a small set
on which a strong minorizing condition holds for its transition probabilities.

Fix a value § > 0. Our aim is to show that there then exists kg > 0 such that

0,k
ph=pit -8,

say, for every k > kg. Since pi’k =1- pf’k, the claim then follows. We restrict
ourselves to the bound for p, since the other bound can be obtained in exactly the
same way.

The argument is now the following. It follows from the smoothness of transition
probabilities that there exists a neighborhood y of the origin such that the transition
probabilities at time 1 for X, starting from y satisfy the lower bound

p(y) =;r61]f/ Pi(x,y),

with [, pa-1 p(y)dy > 1 — B/2. It then follows immediately that for x € y, one
has pi’k > p?r’k —B/2 —P,(Ft <1:X(t) € 3.%). For arbitrary x, it therefore
follows from the strong Markov property that

Pk = pO* — B2 —supP,(3r < 1:X (1) € #) — P (X hits 8.9 before ).
yey
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The last term can be made smaller than 8/4 by Lemma 5.2. The remaining term
Py(3r < 1:X(t) € #) on the other hand was already shown to be arbitrary small
in(5.1). O

We next show that the invariant measure of the process converges to that of the
relevant periodic process with increasing distance from the interface.

PROPOSITION 5.5. Let A denote a bounded measurable set and denote by
W the (unique up to scaling) invariant o -finite measure of the process X. Denote
Sfurthermore by |1 the invariant measure of the relevant periodic process, normal-
ized in such a way that pu+ ([k, k+ 1] x T = 1 for every k € Z. Then there exist
normalization constants q+ such that
G4 lim (Ju(A+K) = grps (A + (A = k) = g-p—(A)]) =0.
(Here k is an integer.) Furthermore, this convergence is exponential, and uniform
over the set A if we restrict its diameter.

REMARK 5.6. We used the shorthand notation A + k for {x + k:x € A}

PROOF OF PROPOSITION 5.5. We restrict ourselves to the estimate of (A +
k), since the one on (A — k) is similar. For fixed £k > 0, we introduce the se-
quence of stopping times given by qb(()k) =inf{r > 0: X1(¢) = k} and then recur-

sively o) = inf{t = ¢\ 1 [X1(0) — k| = 1}, o0, = inf{t = o\ : X1(0) = k).

This allows us to define an embedded Markov chain Z® on TY~! by setting
zP = 1x (¢®), where T (x, y) = y for (x,y) € R x T¢~1.

We similarly define an embedded Markov chain Z for the process X*. (By
periodicity of X7, the choice of k is unimportant for the law of Z, so that we
drop its dependence of k.) Denote by 7 ) the invariant measure for Z®*) and by
7 the invariant measure for Z. We then define o -finite measures ;4 and ©® on
R x T~ through the identities

¢(1<)
55 wOB = [ B [ 1X6)dsr O,

e
(5.6) pr B = [ Boke [ 16X 6) =k dsmax),

[Here and below we make a slight abuse of notation and identify elements x €
T¢—1 with the element (0, x) € R x T¢~1 ] It follows from [16], Theorem 2.1, that
w® is invariant for the process X and p is invariant for X+. Therefore, there
exist constants c; > 0 such that u® = ¢;u since the invariant measure for X is
unique up to normalization. Note that by translation invariance of X, u, does
not depend on k.



PERIODIC HOMOGENIZATION WITH AN INTERFACE 671

Note that we can assume without any loss of generality that A C {x:x; > 0} [it
suffices to shift it by a finite number of steps to the right in (5.4)]. In this case, we
can rewrite (5.5) as

o
6D A= [ B [ L0 =R ds 7 @),

This is because X (1) = X1 (¢) fort < al(k) and, if X(al(k)) < k, then

)
1
/a;“ 14(X(s) — K)ds =0,
whereas if X (al(k)) > k,then X (1) = XT(¢) fort < d)%k). This shows that the claim
follows if we can show that |7 — 7® || v — 0 as k — oo and there exists a
constant ¢4 such that ¢y — co.

Let us first show that the latter is a consequence of the former. Setting
B = [k, k + 1] x T971, we have cpy1/ck = n® (By1)/n* 1V (Brs1). On
the other hand a straightforward trial/error argument allows one to show that

©)
E, fod) ' 14(X™(s))ds is bounded uniformly over x € T¢=1. 1t then follows im-
mediately from (5.7) that there exists a constant C such that

|1 (Brt1) — u(Bo)| < Clw — @ 1y,

and similarly for |1 * 1 (By4.1) — j1(Bo)|. It follows that provided that "y ~¢ Il —
7® ITv < oo, one does indeed have ¢y — coo.

Denote now by P the transition probabilities for Z and by P® the transition
probabilities for Z(*). Then, we can write P = QR, where R is the Markov kernel
from T¢~! to {—1, 1} x T?~! given by R(x, A) =P, (X*(01) € A) and Q is the
Markov kernel from {—1, 1} x Td-1 o T9-! given by Q(x, A) = P, (X1 () €
A) for X1(0) =0, o1y =inf{t > 0:|X((#)| =1} and ¢| = inf{t > o1: X1(¢) = 0}.
Since the diffusion X is elliptic, both Q and R are strong Feller and irreducible.
It follows from the Doeblin—-Doob—Khas’minskii theorem [10], Proposition 4.1.1,
that P(x, -) and P(y, -) are mutually equivalent for any x, y € T9-!. Furthermore,
it follows from the Meyer—Mokobodzki theorem [9, 15, 27] that the map x —
P(x,-) is continuous in the total variation topology. We conclude that the map
(x,y) = ||P(x,:) — P(y, -)|ITv reaches its maximum and that this is strictly less
than 2, so that P satisfies Doeblin’s condition. It follows that there exists a constant
n < 1 such that P has the contraction property

|Pvi — Pvalltv < nllvi — v2llTv,

for any two probability measures vy, v; on T4=1, Therefore, if we can find con-
stants & such that

(5.8) sup [P (x, ) — PO, )|y < ek,

xeTd-1
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then we have

59) |7 =7 Oy < [Pr = Pr© gy + | Pr® — PO O
< fm =7y + e,

so that |7 —7® ||ty < ex/(1—n). The problem thus boils down to obtaining (5.8)
for an exponentially decaying sequence .

It follows from the same calculation as in Lemma 5.3 that the probability that X
reaches the interface .#, before time ¢§k) when started on the hyperplane {x; = k}
is bounded from above by O(1/k). This yields the “trivial” bound &, < O(1/k),
which unfortunately is not even summable. However, a more refined analysis al-

lows to obtain Proposition 5.7 below, thus concluding the proof. [
PROPOSITION 5.7. There exists a constant p € (0, 1) such that g < O(,ok).

PROOF. The intuitive idea behind the proof of Proposition 5.7 is that if the
process goes all the way back to the interface then, by the time it reaches again
the plane {x; = k}, its hitting distribution depends only very little on its behavior
near the interface. In order to formalize this, let us introduce the Markov transition
kernel Q from T¢~! to T9~! which is such that O (x, -) is the hitting distrib-
ution of the plane {1} x T~! for the process X started at (0, x). Similarly, we
denote by 0%k (x, ) the hitting distribution of the plane {k} x T4~ for the process
X started at (£, x).

For a fixed integer £ > 1, our aim is to show that Q¥ (x,-) gets very close
to Ql_‘[g (x, -). Here, we denote by Q’_i the kth iteration of the Markov transition
kernel Q. With this notation at hand, define the quantities

ar=sup Q0 (x, ) — Q4 (x, )l
xeTd-1
Note now that since, for fixed ¢, the probability that X reaches the interface .7

before time ¢§k) when started on the hyperplane {x; = k} is bounded from above
by O(1/k), we have

k—1,k
ek < sup ||Q (x,) = Q4 (x, )l
xeTd-1

(5.10)

c 0k k=t c
< sup [|Q7"(x, ) — O " (x, )TV < ks
xeTd~1

so that it suffices to obtain an exponentially decaying bound on the oy’s.

We now look for a recursion relation on the o4 ’s which then yields the required
bound. We have the identities Q%% = Qk=1-kQtk=1 apd Ql_‘[g =04 Q’f[e_l. It
follows from the triangle inequality that one has the bound

104%8, — Q% s, llTv < Q" "F — 01) " 15, Ity

.10 Lk=1¢  k—t—1
+10+(Q"" 6 — O d)llTv.
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At this stage, we note that by exactly the same reasoning as for P, the kernel Q4
satisfies Doeblin’s condition. Therefore, there exists a constant 7 < 1 such that

1Q4+vi — Qyvalltv < 71llvi — vallTv,

for any two probability measures vy, vp. This and the definition of oy immediately
implies that the second term in (5.11) is uniformly bounded by no—1. On the other
hand, it follows from (5.10) that the first term is bounded by %ak, so that

C _
o < ?Olk + nog—1,

for some fixed constant C. The claim now follows at once. U

Finally, the last estimate that we need is the following. Denote by t the first
hitting time of the interface 9.#, and fix an arbitrary smooth positive function ¢
that is supported in the interval [1, 2]. Set furthermore go,jL (x)= n_zgo(n_lx]) and
@, (x) = n_z(p(—n_lxl ). Then we have the following lemma.

LEMMA 5.8. With the above notation, setting ¢ = flz o(x)dx, we have
29

T
Ef (XL (t)dt — —| — 0,
xofpn( +(1)) Df_Ll

uniformly for all x € {£n} x T¢~! as n — oo.

PROOF. Again, we only consider the expression for X, the one for X_ fol-
lows in the same way. It follows from standard homogenization results [4, 23] that
the law of n~! X (n?t) converges weakly as n — oo to the law of Brownian mo-
tion with diffusion coefficient D1+1. It thus follows from [6], Corollary 8.4.2, that
the law of n~' X (n’t), where X, is stopped at the first hitting time of &, con-
verges weakly as n — oo to the law of Brownian motion stopped when it reaches
the hyperplane .%.

Denoting this limiting process by X5°, an explicit calculation allows to check

that E, [y (X)) dr = ;T“’ when x; = 1. Now, for any fixed T > 0, the map
11

Or:X — fof/\T @7 (X (1))dt is continuous, so that E, fOMT o (X (1)) dt con-
verges as n — oo to £, fOMT @(X°(t))dt. Letting T — oo concludes the proof.

O

We now have all the tools that we need to show that the exit probabilities from
the interface converge to the desired limiting values.

PROOF OF PROPOSITION 5.1.  Similarly to the proof of Proposition 5.5 we use
a representation of the invariant measure p in terms of an embedded Markov chain.
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This time, we consider the stopping times ¢~)(k) =inf{t > 0:|X(¢)| = n} and then
61 =inf(t = @, :|X1 (0] = k). 6,7, =infls = 5, :|X1(1)] = n). Denoting as
similar to before by 7% the invariant measure of the embedded Markov chain

Zn ARESD'¢ (gb(k)) (which is now a Markov chain on 9.%,), we set

e
(5.12) ;1“0(3):/” Ex/o 13(X (s))ds #® (dx).

Again, the measures %) differ from p purely through a scaling factor, so that
there are constants Cy such that M(k)(B) =C L (B) for every measurable set B.

The idea now is to evaluate © (gok ) in two different ways and to compare the
resulting answers. First, we note from Proposition 5.5 that

C
u® (@i = 7"(%@ +OK™)).

On the other hand, combining Proposition 5.4 and Lemma 5.8 with the definition
(5.12), we see that
(k) -
2py ¢
(5.13) nOep) == +o)
11

as k — oo. Combining these two identities, we see that

k) +
D
B =8 4o,

thus concluding the proof. [J

6. Computation of the drift along the interface. This section is devoted to
the computation of the drift coefficients «; along the interface. Denote by 7" the
first hitting time of 9.%, by the process X. With this notation, recall that, by (4.4),
we have the identity

T n

1
6.1) aj= lim —E, [ bj(X,)ds,
0

n—-oon

provided that this limit exists and is independent (and uniform) over starting points
x ey

PROPOSITION 6.1. The expression on the right-hand side in (6.1) converges
to the expression given by (2.4), uniformly in x € .%,.

In order to show this, we will use the same construction as in the proof of Propo-
sition 5.1. In particular, recall the definition (5.12) of the measures [L(k), which are
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nothing but multiples of the invariant measure u, as well as the sequence of stop-

ping times qS,& and 6, 5% Denote furthermore by ﬁ,gk) the invariant measure for the
process on d.#, with transition probabilities P(x, A) given by

6.2) P, A)E P, (x(3P) e Al > ¢P).

Our proof will proceed in two steps. First, we show that the limit (6.1) exists
and is equal to the value (2.4) given in the interface, provided that we start the
process X in the stationary measure 71( ) and let k — oo. In the second step, we
then show by a coupling argument similar to the proof of Proposition 5.4 that the
expression in (6.1) depends only weakly on the initial condition as n gets large,
thus concluding the proof.

Before we proceed with this program, we perform the following preliminary
calculation.

LEMMA 6.2. One has the normalization
lim k~2® (—k, k] x Ty = (— —)dif ,
Jm k44 ( ] x ) D + Do B

where the coefficients p+ are as in (2.2). In particular, if | is normalized as in the
Introduction, then one has k= 1® ~ B for large values of k.

PROOF. We know from Proposition 5.5 that u(dx) — w4 (dx) at exponential
rate as x| — =00, so that on large scales n behaves like a multiple of Lebesgue
measure on either side of the interface. Furthermore, we know from Proposition 5.1
that the corresponding normalization constants satisfy the relation (2.2). Combin-
ing this with the fact that 2® is just a multiple of 1, the result then follows from
(5.13). O

Using this result, we obtain the following proposition.
PROPOSITION 6.3.  The limit
a; = lim lim —E (k)/ bj(Xy)ds,

k—oon—>0o0

exists and is equal to
(6.3) ﬂ/ b (x) + Lg;j(x))u(dx),
where g is the function fixed in Section 3 and the constant B is as in Lemma 6.2.

REMARK 6.4. Note that if ¢ is any smooth compactly supported function,
then the identity [ L¢ (x)u(dx) = 0 holds. As a consequence, the expression (6.3)
is independent of the choice of the compensator g.
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PROOF OF PROPOSITION 6.3. It follows from the definition of fr,gk) and the
strong Markov property of X that one has the identity

LA
]Eﬁrgk)/(; bj(Xs)ds

7 (k) m ¢§k)/\t ”
(6.4) =2 (Pow(d <t")"E;w /0 bj(Xs)ds

m=>0

¢/\r

IE 500 IS b (X5)ds
Py
Note now that it follows from Lemma 5.3 that
(6.5) P($" > ") =k/n+O(1/n).

Since lim,, . » g (X (z"))/n = 0 and furthermore, using the same argument as in
(5.9), we have lim,,_, ||7~r,5k) — 7® ||ty = 0 for every k > 0, so that

.[n ) 1 .[n
lim E_ (k>/ bj(X)ds = lim ~E UO bj(Xs)ds—i-gj(X(rn))]

n—-oon

LA
= lim —E (k)/ bj(Xs)dS

n—oo p
1 oot
(6.6) = lim Bz /0 b;(X,)ds
&(k)

1 1~
= ;}Eﬁ(k)/o bj(Xy)ds

_ l/ l;'(x)~(k)(dx)
= K Jrwepat M ‘

Here, we used (6.4) and (6.5) to go from the second to the third line and we used
the definition of the /iX) to obtain the last identity. The claim now follows from
Lemma 6.2. [

We can now complete the proof.

PROOF OF PROPOSITION 6.1. In view of Proposition 6.3, it remains to show
that

hm —

/ b(X)ds—E/ b(X,)ds| =

uniformly over x, y € ﬂn. Fix an arbitrary value of k¥ > n and consider again the
transition probabilities P given by (6.2). Since they arise as exit probabilities for
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an elliptic diffusion, we can show again by the same argument as in the proof of
Proposition 5.5 that P satisfies the Doeblin condition for some constant 7, namely
|Pvi — Pvaftv < (1 — n)|lvi — v2liTv, uniformly over probability measures vy
and v, on 0.%,. Note now that one has the identity

7 (k
¢()

B, [ bXy)ds = (T BeP <o)e [° " by ds

m=>0 “0<l<m

6.7)

~(k)/\.rn

_ ¢
=Y P (¥ < r")E;/ L b(Xy)ds,
0

m=>0

where we denote by P, (resp., E,,) the probability (resp., expectation) for the
process X started at P (x, ).
Note now that we have the identity

b k 7 (k
P (¢ <) = ((,b( ) ™) + sz(xv,)(@(nlz <1").

Also, by choosing k sufficiently large (but independent of n), we can ensure that
there exist constants ¢, C > 0 such that

C

1-= <P (p® <ty <1- 5,

n n

uniformly for x € .%, and for n sufficiently large. It also follows from the contrac-

tion properties of P that
B, (81 <) =B (@1 <) =201 — )",

uniformly over x, y € ..
Combining these bounds, we obtain for every £ < m A n the estimate

- - K¢
[Pe(@y) <7") = Py(@) <7 = — +20 - n)".

In particular, there exists a constant K, such that we have the uniform bound

PG <o)~y <o) = KT (1)

n n

valid for every m > 0 and every n sufficiently large. Summing over m, it follows
that

P, é(k) <1t -P q;(k) <)< K/n,
m Y\¥'m
m=>0

for a possibly different constant K.
On the other hand, it is possible to check that there exists a constant C (depend-
ing on k) such that
70 n

1 AT
Exf b(X,)ds| < C
0
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uniformly over x € .#,, so that

¢;(k) é;(k)/\.[n

AT
IE;;/ : b(Xs)ds—IEzl_/. Y b(Xy)ds| <20 — )"
0 0

Inserting these bounds into (6.7), we obtain

<2C ) (1—n)"+Cy/n,

m>0

T 4
Ex/ b(X,) ds —Ey/ b(Xy) ds
0 0

so that the requested bound follows at once. [

6.1. Bound on the second moment. In order to conclude the verification of
the assumptions of Theorem 2.4, it remains to show that the second bound holds
in (4.4). For the nonrescaled process, we can reformulate this as a proposition.

PROPOSITION 6.5. For every 1 > 0, there exists a constant C > 0 such that
the bound

EyllY (z") -yl < Cn?,
holds for every n > 1 and every initial condition y € .%j.

PROOF. It follows from (3.1) that

2
+2E,

n

/0 U5 (X)dW(s)

2

™
68) B,V -y <28, [ b(x,)ds
0

It follows from It&’s isometry that the second term is bounded by CEt”, which in
turn is bounded by O (n?) by a calculation virtually identical to that of Lemma 4.5.

It remains to bound the first term, which we will do with the help of a decompo-
sition similar to that used in the proof of Proposition 5.1. For two constants ¢ > 0
and a > 0 to be determined, we set ¢g =0, o, = inf{t > ¢, : | X1(t)| = c + a} and
¢n =inf{t > 0,,_1 :|X1(¢)| = c}. Define furthermore

N =inf{k > 0:0; > t"}.

Since b is supported in a bounded strip around .#), we can make c¢ sufficiently
large so that the first term in (6.8) is bounded by some multiple of

N 2 N
E, (Z(Uk - ¢>k)> < |EyN3Ey ) (or — ¢0)*
k=0

k=0

IA

EyN3 Y Ey((ox — pp)*IN = k)Py(N > k).
\ k=0
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Note now that since oy is the exit time from a compact region for an elliptic dif-
fusion, there exists a constant C such that Ey ((ox — ¢k)4|N > k) < C, uniformly
in y. Furthermore, it follows from Lemma 5.3 that if a is sufficiently large, then

PyN>1)<1—-,
n

for some constant ¢ > 0, uniformly in y. The strong Markov property then imme-
diately implies that Py (N > k) < (1 — %)k, so that NV is stochastically bounded by
a Poisson random variable with parameter O(n) and the claim follows. [

7. Well-posedness of the martingale problem and characterization of the
limiting process. The aim of this section is to show that the martingale problem
associated to the operator £ as defined in Theorem 2.4 is unique and to characterize
the corresponding (strong) Markov process. Our main tool is the following general
result by Ethier and Kurtz [11], Theorem 4.1.

THEOREM 7.1. Let E be a separable metric space, and let A: 9 (A) —
Bp(E) be linear and dissipative. Suppose there exists ). > 0 such that

7.1) CY %G —A) =PA),

and such that C is separating. Let u € & (E) and suppose X is a solution of the
martingale problem for (A, ). Then X is a Markov process corresponding to
the semigroup on C generated by the closure of A, and uniqueness holds for the
martingale problem for (A, ).

See also [7] for a more general result on the well-posedness of a martingale
problem with discontinuous coefficients. This allows us to finally give the proof of
Theorem 2.4.

PROOF OF THEOREM 2.4. Since we already know from the results in the pre-
vious two sections that limit points of X¢ solve the martingale problem associated
to L, it suffices to show that this martingale problem is well-posed and that its
solutions are of the form (2.6).

For this, we somehow take the reverse approach: first, we construct a solution
to (2.6) and we show that this is a Markov process solving the martingale problem
associated to £. We then show that this Markov process generates a strongly con-
tinuous semigroup on Co(R?), whose generator is the closure of £ in Cy. Since Co
is separating and since generators of strongly continuous semigroups are dissipa-
tive and satisfy (7.1) by the Hille—Yosida theorem, the claim then follows.

In order to construct a solution to (2.6), let M1 be matrices satisfying M4 MjTE =

D¥ and such that
[~
My = ( b 9 ) ,

V4 My
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for some vectors v+ € R?~! and some (d — 1) x (d — 1) matrices ]\;Ii. (This
is always possible by the QR decomposition.) We then first construct a Wiener
process W1 and a process X such that

dXy = (1g, 0\ D1y + 13,20y D17) dW () + (py — p-)dL (D),

where L is the symm_etric local time of X at the origin. This can be achieved, for
example, by setting X| = g(Z), where

\/ D, if x >0,
g(x) = 1
NI otherwise,

Z is a skew-Brownian motion with parameter

b= P+\/D71_1
p+/Diy+ /Dy

and W is the martingale part of Z. Given such a pair (X1, W), we then let W
be an independent d — 1-dimensional Wiener process and we define pathwise the
R?~!_valued process X by

~ t - N 5 t

+&/OtdL(t),

where & = a1 1. Since we know that skew-Brownian motion enjoys the Markov
property, it follows immediately that X is Markov, so that X = (X, X) is also a
Markov process. Applying the symmetric Ito—Tanaka formula to f (X) it is further-
more a straightforward exercise to check that X does indeed solve the martingale
problem for L.

The corresponding Markov semigroup {P;};>0 maps Co(R?) into itself as a con-
sequence of the Feller property of skew-Brownian motion [19]. Furthermore, as a
consequence of the uniform stochastic continuity of X, it is strongly continuous,
so that its generator must be an extension of L. Since the range of £ contains
Cg° (R%), which is a dense subspace of Co(R?), the claim follows. [J
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