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Abstract. Fix a polynomial @ of the form @ (a) =« + Zijfm a jaj with @(1) > 0. We prove that the evolution, on the
diffusive scale, of the empirical density of exclusion processes on T, with conductances given by special class of functions W, is
described by the unique weak solution of the non-linear parabolic partial differential equation d;p = Zzzl Oxz Iw, @ (p). We also
derive some properties of the operator Zgzl Oxy AW, -

Résumé. Etant donné un polyndme @ de la forme @ (o) = o + 225 j<m@ jaj respectant @’(1) > 0, nous démontrons que

I’évolution, sur une échelle diffusive, de la densité empirique des processus d’exclusion sur T4, dont les conductances sont données
par une classe spéciale de fonctions W, est décrite par I’unique solution faible de 1’équation aux dérivées partielles parabolique :
orp = Z‘,le Ox; dw, @ (p). Nous dérivons également certaines propriété€s de I’opérateur Z;f:] Oxy 0w -
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1. Introduction

The evolution of one-dimensional exclusion processes with random conductances has attracted some attention recently
[2,3,6,7]. The purpose of this paper is to extend this analysis to higher dimension.

Let W :R? — R be a function such that Wxi,...,xq) = Zzzl Wi (xx), where d > 1 and each function W; : R —
R is strictly increasing, right continuous with left limits (cadlag), and periodic in the sense that Wi (u + 1) — Wi (1) =
Wi (1) — Wi (0) for all u € R. Informally, the exclusion process with conductances associated to W is an interacting
particle systems on the d-dimensional discrete torus N _IT?\,, in which at most one particle per site is allowed, and
only nearest-neighbor jumps are permitted. Moreover, the jump rate in the direction e; is given by the reciprocal of
the increments of W with respect to the jth coordinate.

We show that, on the diffusive scale, the macroscopic evolution of the empirical density of exclusion processes
with conductances W is described by the nonlinear differential equation

d

dhp=_ dy ow, P (p), (1.1)
k=1
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where @ is a polynomial of the form @ (&) =+ 5 i, aja’ with @'(1) > 0. Furthermore, we denote by dy, the
generalized derivative with respect to Wy, see [1,6] and a revision in Section 3. The partial differential equation (1.1)
appears naturally as, for instance, scaling limits of interacting particle systems in inhomogeneous media. It may model
diffusions in which permeable membranes, at the points of discontinuities of W, tend to reflect particles, creating space
discontinuities in the density profiles.

The proof of hydrodynamic limit relies strongly on some properties of the differential operator ZZ:I dy, 0w, pre-
sented in Theorem 2.1. We prove, among other properties: that the operator Zle dy, 0w, , defined on an appropriate
domain, is non-positive, self-adjoint and dissipative; that its eigenvalues are countable and have finite multiplicity;
and that the associated eigenvectors form a complete orthonormal system.

There is a wide literature on the so-called Feller’s generalized diffusion operator (d/du)(d/dv). Where, typically,
u and v are strictly increasing functions with v (but not necessarily #) being continuous. It provides general diffusions
operators and an appreciable simplification of the theory of second-order differential operators (see, for instance,
[4,5,9]). The operator (d/dx)(d/du), considered in [6], is the formal adjoint of (d/du)(d/dv) in the particular case
v(x) = x (as in [5]). The goal of this work is to extend this adjoint operator to higher dimensions and provide some
results regarding this extension. The assumption that the function W is a direct sum of one-dimensional functions is
technically essential, so that the limit equation (1.1) has a special form. More details, see Sections 4 and 5.

The article is organized as follows: in Section 2 we state the main results of the article; in Section 3 we prove the
main properties of the operator Ly = ZZ: 1 Ox, 0w, ; in Section 4 we prove the convergence of random walks with
random conductances to Markov processes with generator given by L ; in Section 5 we prove the scaling limit of the
exclusion process with conductances given by W; and, finally, in Section 6 we show that the unique solution of (1.1)
has finite energy.

2. Notation and results

We examine the hydrodynamic behavior of a d-dimensional exclusion process, with d > 1, with conductances given
by a special class of functions W : R — R such that:

d
Wxi,....x0) =Y Wilxp), @2.1)
k=1

where Wy : R — R are strictly increasing right continuous functions with left limits (cadlag), and periodic in the sense
that

Wi+ 1) — Wi(u) = W (1) — Wi (0)

forallu e Rand k =1, ..., d. To keep notation simple, we assume that Wy vanishes at the origin, that is, Wy (0) = 0.
Denote by T = [0, l)d the d-dimensional torus and by ey, ..., e; the canonical basis of RY. For this class of
functions we have:

e W(0)=0;
e W is strictly increasing on each coordinate:

W(x +aej) > W(x)

forall 1 <j<d,a>0,xeRY;
e W is continuous from above:

W)= lim_ W(y),

y—x,y=x

where we say that y > x if y; > x; forall 1 < j <d;
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e W is defined on the torus T¢:
W, oo xj-1,0, x40, 0o, xg) = W, oo xj—1, Lxjg, .o, xq) — Wiej)

forall 1 <j <d, (xl,...,xj,],xjﬂ,...,xd)er_l.

Unless explicitly stated W belongs to this class. Let ']I‘d be the d-dimensional discrete torus with N¢ points.
Distribute particles throughout T in such a way that each site of ’]1‘ is occupied at most by one particle. Denote by n

the configurations of the state space {0, I}TN so that n(x) = 0 if site x is vacant and n(x) = 1 if site x is occupied.
Fixa > —1/2 and W. For x = (x1, ..., xq) e?l‘ let

Crote; (M) =1+aln(x —ej) +n(x +2e))},
where all sums are modulo /N, and let

1 1
NIW((x +ej)/N) = W(x/N)] ~ NIW;((x; +1)/N) = W;(x;/N)]

Ex,x—l—ej =

We now describe the stochastic evolution of the process. Let x = (x1,...,xq) € ']Td At rate &, X+ejCx x+e; (n)
the occupation variables n(x), n(x + e;) are exchanged. If W is d1fferent1able at x/ N € [0, l)d the rate at which
particles are exchanged is of order 1 for each direction, but if some W; is discontinuous at x; /N, it no longer holds.
In fact, assume, to fix ideas, that W; is discontinuous at x; /N, and smooth on the segments (x;j/N, x;/N +ee;) and
(xj/N —¢gej,xj/N). Assume, also that Wy is differentiable in a neighborhood of x; /N for k # j. In this case, the
rate at which particles jump over the bonds {y — e;, y}, with y; = x;, is of order 1/N, whereas in a neighborhood
of size N of these bonds, particles jump at rate 1. Thus, note that a particle at site y — e; jumps to y at rate 1/N
and jumps at rate 1 to each one of the 2d — 1 other options. Particles, therefore, tend to avoid the bonds {y — e}, y}.
However, since time will be scaled diffusively, and since on a time interval of length N a particle spends a time of
order N at each site y, particles will be able to cross the slower bond {y — ¢}, y}.

Then, this process models membranes that obstruct passages of particles. Note that these membranes are (d — 1)-
dimensional hyperplanes embedded in a d-dimensional environment. Moreover, if we consider W; having more than
one discontinuity point for more than one j, these membranes will be more sophisticated manifolds, for instance,
unions of (d — 1)-dimensional boxes.

The effect of the factor cx x4, (1) is analogous to the one-dimensional case. If the parameter a is positive, the
presence of particles in the neighboring sites of the bond {x, x + ¢;} speeds up the exchange rate by a factor of order
one.

The dynamics informally presented describes a Markov evolution. The generator Ly of this Markov process acts

on functions f : {0, 13T "SR as

d
LNFOD =) Y Evte;Conte,M{F (05 0) = F(m)}, 22)

= d
J lxeTN

where o**T¢i 1 is the configuration obtained from n by exchanging the variables 1 (x) and n(x + ¢;):

nx+ej) ify=x,
(o™ Fin) () = { n(x) ity=x+ej, 2:3)
n(y) otherwise.

A straightforward computation shows that the Bernoulli product measures {vév : 0 <« <1} are invariant, and in
fact reversible, for the dynamics. The measure vO],V is obtained by placing a particle at each site, independently from

the other sites, with probability «. Thus, vév is a product measure over {0, I}T;{/ with marginals given by

vév{n: nx) = 1} =«

for x in T‘f\,. For more details see [8], Chapter 2. We will often omit the index N on vév .
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Denote by {n;: t > 0} the Markov process on {0, I}T(Ii\’ associated to the generator Ly speeded up by N?. Let

D[R4, {0, 1}le11) be the path space of cadlag trajectories with values in {0, I}Tlliv. For a measure uy on {0, I}T?\’,
d

denote by [P, the probability measure on D(R, {0, 1}T%) induced by the initial state i, and the Markov process

{n:: t = 0}. Expectation with respect to [P, is denoted by E,, ..

2.1. The operator Ly

Fix W = ZZ:] Wy as in (2.1). In [6] it was shown that there exist self-adjoint operators Ly, : Dy, C L*(T) — L2(T).
Further, the set Ay, of the eigenvectors of Ly, forms a complete orthonormal system in L*(T). Let

d

Ay = {f:Td—>R;f(xl,...,xd)zl_[fk(xk),fkeAWk,kz1,...,d : 2.4)
k=1

and denote by span(A) the space of finite linear combinations of the set A, and let Dy := span(Ayw ). Define the
operator Ly : Dy — L2(’]Td) as follows: for f = ]_[Z:I fr € Aw, we have

d d
Lw(Het,nxa) =Y [ fiGpLw felx, 2.5)

k=1 j=1,j#k

and then extend to Dy by linearity.

Lemma 3.2, in Section 3, shows that: Ly is symmetric and non-positive; Dy is dense in L2(Td ); and the set Ay
forms a complete, orthonormal, countable system of eigenvectors for the operator Ly . Let Aw = {hi}r>0, {2k }k>0
be the corresponding eigenvalues of —Ly, and consider

o0 o0

Dy ={v=>Y whieL*(T%): ) vie} <+oo}. (2.6)
k=1 k=1

Define the operator Ly : Dy — L2(T9) by

+00

—Lyv= Zakvkhk. 2.7)
k=1

The operator Ly is clearly an extension of the operator Ly, and we present in Theorem 2.1 some properties of
this operator.

Theorem 2.1. The operator Ly : Dy — L*(T¢) enjoys the following properties:

(a) the domain Dy is dense in L*(T¢). In particular, the set of eigenvectors Aw = {hi}ik>0 forms a complete
orthonormal system;

(b) the eigenvalues of the operator —Lw form a countable set {o }x>0. All eigenvalues have finite multiplicity, and
it is possible to obtain a re-enumeration {oy }r>0 such that

O=ap<o;<--- and lim o, =00;
n—00

(¢c) the operator 1 — Ly : Dy — LZ('JI‘d) is bijective;
(d) Lw: Dy — Lz(Td) is self-adjoint and non-positive:

(=Lwf. f) =0

(e) Lw is dissipative.



192 E J. Valentim
In view of (a), (b) and (d), we may use Hille—Yosida theorem to conclude that Ly is the generator of a strongly
continuous contraction semigroup { P : L>(T¢) — L?(T¢ )}i>0-

Denote by {G, : L2(']I‘d) — L2(']I‘d)} 2>0 the semigroup of resolvents associated to the operator Ly: G; = (A —
£W)_1. G can also be written in terms of the semigroup {P;; ¢ > 0}:

o
G}\:/\ e_MPtdt.
0
In Section 4 we derive some properties and obtain some results for these operators.
2.2. The hydrodynamic equation

A sequence of probability measures {¢ty: N > 1} on {0, 1}11‘;{, is said to be associated to a profile pg : T — [0, 1] if

li ! H(x/N H d
NgnoouN{’W > He /M) ~ [ Hpo(w du

d
xeTy,

>5} =0 (2.8)

for every 8 > 0 and every continuous function H : T — R. For details, see [8], Chapter 3.
Fix a polynomial @ of the form

m
D()=a+ Za‘/aj
j=2

with @’(1) > 0 and m a positive integer. Let  : T¢ — [0, 1] be a bounded density profile, and consider the parabolic
differential equation

{ p=LwP(p), 2.9

00,)=y().

A bounded function p : Ry x T¢ — [0, 1] is said to be a weak solution of the parabolic differential equation (2.9) if

t

(1, GoH) — (y. G, H) =/O (®(py), LGy H)ds

for every continuous function H : T4 > R,allt >0andall A > 0.
Existence of these weak solutions follows from tightness of the sequence of probability measures QI&V&N introduced
in Section 5. The proof of uniquenesses of weak solutions is analogous to [6].

Theorem 2.2. Fix a continuous initial profile py:T? — [0, 11, and consider a sequence of probability measures jy
on {0, I}MV associated to py, in the sense of (2.8). Then, for any t > 0,

1
lim PMN{‘W Z H(x/zv)n,(x)—/H(u)p(t,u)du

N—o0

>8}=0

d
xeTy,

for every § > 0 and every continuous function H. Here, p is the unique weak solution of the non-linear equation (2.9)
with y = po, and ®(a) = o + aa?.

Remark 2.3. As noted in [6], Remark 2.3, the specific form of the rates cx x+¢; is not important, but two conditions
must be fulfilled: the rates must be strictly positive, although they may not depend on the occupation variables n(x),
n(x + e;); but they have to be chosen in such a way that the resulting process is gradient (cf. Chapter 7 in [8] for the
definition of gradient processes).
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We may define rates cy xie; to obtain any polynomial @ of the form ®(a) =« + Z2§jSm ajaj, m > 1, with
1+ Z2§j5m jaj > 0. Let, for instance, m = 3. Then the rates

Croxte; (M) = Ca oyt (M) + b{N(x = 2e)n(x — €;) + n(x — ep)n(x + 2e;) + n(x + 2e)n(x + 3¢;)},

satisfy the above three conditions, where cy ., is the rate defined at the beginning of Section 2 and a, b are such
that 1 +2a + 3b > 0. An elementary computation shows that ® (a) = o + aa® + ba3.

In Section 6 we prove that any limit point Q7 of the sequence QZV&N is concentrated on trajectories p (¢, u) du,
with finite energy in the following sense: for each 1 < j <d, there is a Hilbert space L)ZC “@w,» associated to W;, such
J J
that

t
2
[ s o, @06 ) 1 g, <

2

where || - ||x;@w; is the normin Ly o, and dw; is the derivative, which must be understood in the generalized sense.
K K J J

3. The operator Ly

The operator Ly : Dy C L3(T¢) — L*(T%) is a natural extension, for the d-dimensional case, of the self-adjoint
operator obtained for the one-dimensional case in [6]. We begin by presenting one of the main results obtained in [6],
and we then present the necessary modifications to conclude similar results for the d-dimensional case.

3.1. Some remarks on the one-dimensional case

Let T C R be the one-dimensional torus. Denote by (-, -) the inner product of L%(T):

(f. &) Z/Tf(u)g(u)du-

Let W1 :R — R be a strictly increasing right continuous function with left limits (cadlag), and periodic in the sense
that Wi (u + 1) — Wi (u) = Wi (1) — W (0) for all u in R.
Let Dy, be the set of functions f in L%(T) such that

y
f)=a+bWi(x)+ " ]W1(dy)f0 f(z)dz

for some function f in L?(T) that satisfies:

1
/ f(z)dz =0, Wi(dy) (b + /y §(z) dz) =0.
0 (0,1] 0

Define the operator Ly, : Dy, — L*(T) by L, f = f. Formally

d d

Lwi f=——0
w S dx dW,

/s 3.1)

where the generalized derivative d/dWj is defined as

df o fate - f)
——(x) = lim
dw; e—0 Wi(x +¢€) — Wi(x)

(3.2)

if the above limit exists and is finite.
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Theorem 3.1. Denote by 1 the identity operator in L*(T). The operator Lw, :Dw, — L%(T) enjoys the following
propetrties:

(2) Dy, is dense in L*(T);
(b) the operator 1 — Ly, : Dy, — L3(T) is bijective;
() Lw,:Dw, — L(T) is self-adjoint and non-positive:

<_£W1fv f> 20,

(d) Lw, is dissipative i.e., for all g € Dw and A > 0, we have

Irgll < |AL— Lw,)g

(e) the eigenvalues of the operator — Ly form a countable set {),;: n > 0}. All eigenvalues have finite multiplicity,

0=Xo <A <---,and lim,_, s Ap = 00;
(f) the eigenvectors { fn}n>0 of the operator Ly form a complete orthonormal system.

The proof can be found in [6].
3.2. The d-dimensional case

Consider W as in (2.1). Let Ay, be the countable complete orthonormal system of eigenvectors of the operator
Lyw, :Dw, C L%(T) — R given in Theorem 3.1.

Let Ay be as in (2.4), and let the operator Ly : Dy := span(Awy) — L2(T%) be as in (2.5). By Fubini’s theorem,
the set Aw is orthonormal in Lz(']I‘d), and the constant functions are eigenvectors of the operator Ly, . Moreover,
Aw, C Aw, in the sense that fi(x1, ..., xq) = fr(xx), fx € Aw,.

By (3.1), the operators Ly, can be formally extended to functions defined on T as follows: given a function
f:T¢ — R, we define Ly, f as

L, f = 0x 0w [, (3.3)

where the generalized derivative dy, is defined by

SO, xk e xd) — (X, e Xy ey Xd)
d B T = lim , 34
Wi f (X1, - X - Xq) = lim WG 16 — Wit (34
if the above limit exists and is finite. Hence, by (2.5), if f € Dy
d
Lwf=Y_ Lwf. (3.5)

k=1

Note that if f = ]_[Zzl Sk, where fi € Aw, is an eigenvector of Ly, associated to the eigenvalue Ax, then f is an
eigenvector of Ly, with eigenvalue Zzzl Ak

Lemma 3.2. The following statements hold.:

(a) the set Dy is dense in L*(T9);
(b) the operator Ly :Dy — L2(T%) is symmetric and non-positive:

Proof. The strategy to prove the above lemma is the following. We begin by showing that the set

d
§= Span<{f e L*(T); f(x1, ..., x0) = l_[ Sie(xe), fi € Dm})

k=1
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is dense in
d
S= SPan({f e LA(TY); fxr,oxa) = [ [ fela), fice L%T)}).
k=1

We then show that Dy is dense in S. Since S is dense in L2(T?), item (a) follows.

We now prove item (a) rigorously. Since S is a vector space, we only have to show that we can approximate the
functions ]_[k 1 fr € L2(’]1‘d) where fi € DWk, by functions of Dy . By Theorem 3.1, the set Dy, is dense in L2(’]1‘)
thus, there exists a sequence ( f )neN converging to fj in L2(T). Thus, let

d
faGrroxa) =] £EGa).
k=1
By the triangle inequality and Fubini’s theorem, the sequence ( f;,) converges to ]_[ff=1 fr. Fix € > 0, and let
h(xy,...,xq) = Hhk(Xk), hi € Dy,.
k=1

Since, for each k =1, ...,d, Aw, C Dw, is a complete orthonormal set, there exist sequences gf. € Aw,, and
a’; € R, such that

n(k)

k k
hi — Z“jgj
=1

where § =€/dM* 1 and M =1+ SUpy—_1., llhkll. Let

<34,
L2%(T)

d n(k)

glx1, ..., xq) =H2a§g§(xk) eDy.

k=1 j=1

An application of the triangle inequality, and Fubini’s theorem, yields || — g|| < €. This proves (a).
To prove (b), let

d d
o nxd) =[] i) and g@xi,...x0) =] ] arx)
k=1

k=1

be functions belonging to Ay . We have that

d d
(f,Lwg) = <1_[fkvz 1_[ g]£Wkg> Z< 1_[ f]g]s kACWkgk>s
k=1\j=1,j

= k=1 j=1,j#k

where (-, -) denotes the inner product in L%(T%). Since, by Theorem 3.1, Ly, is self-adjoint, we have

d d
Z< I1 fjgj,gkﬁwkfk> =(Lwf g

k=1\j=1,j#k

In particular, the operator Ly, is non-positive, and, therefore,

d d
(f. Lwf)= Z< I1 f,?,fkcwkfk>so.
k=1 \j=1,j#k
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Item (b) follows by linearity. (]

Lemma 3.2 implies that the set Ay forms a complete, orthonormal, countable, system of eigenvectors for the
operator Lyy.

Let Ly : Dy — L*(T?) be the operator defined in (2.7). The operator Ly is clearly an extension of the opera-
tor Ly . Formally, by (3.5),

d
Lwf=Y) Lwf (3.6)
k=1
where
d d
Lw, = d_xkd—ka

We are now in conditions to prove Theorem 2.1.

Proof of Theorem 2.1. By Lemma 3.2, Dy is dense in Lz(’H‘d). Since Dy C Dy, we conclude that Dy is dense in
L2(T).

If oy are eigenvalues of —Ly, we may find eigenvalues A ;, associated to some f; € .AW]. , such that ay = Z?:l Aj.
By item (e) of Theorem 3.1, (b) follows.

Let {ox }x>0 be the set of eigenvalues of — Ly . Then, the set of eigenvalues of I — Ly is {yx }x>0, Where yx = ax + 1,
and the eigenvectors are the same as the ones of Ly . By item (b), we have

l=p<y1<--- and lim y, =o0.
n—o0

Thus, I — Lw is injective. For

+00 S
v= Z vihy € L2(Td), such that Z v,% < 400,
k=1 k=1

let

+oo

M=Z%hk~

=1 vk

Then u € Dy and (I — Lw)u = v. Hence, item (c) follows.
Let £}, : Dw+ C L*(T9) — L*(T9) be the adjoint of Ly. Since Ly is symmetric, we have Dy C Dy+. So, to
show the equality of the operators it suffices to show that Dy« C Dyw. Given

+00

¢ = Z(thk € Dwr,
k=1

let L@ =¥ € L*(T%). Therefore, for all v = Z,'::O? vhi € Dy,

+00

(W, Y) = (v, Lwap) = (Lwv, @) = Y —axvigx.
k=1

Hence

+00
Y=Y —opih.

k=1
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In particular,

+00
Za,fgo,% <+o0o and ¢ €Dy.
k=1

Thus, Ly is self-adjoint. Let v = Z,jff vihy € Dy . From item (b), a; > 0, and

(—Lwv, v) Zakvk > 0.

Therefore Ly is non-positive, and item (d) follows.
Fix a function g in Dy, A > 0, and let f = (A — Ly )g. Taking inner product, with respect to g, on both sides of
this equation, we obtain

Mg, g) +(—Lwe, g) =g, f) < (g. &)*(f, /)2

Since g belongs to Dy, by (d), the second term on the left-hand side is non-negative. Thus, ||Ag]| < || f]| = [|(AI —
Lw)gll. U

4. Random walk with conductances

Recall the decomposition obtained in (3.6) for the operator Ly . In next subsection, we present the discrete version Ly
of Ly and we describe, informally, the Markovian dynamics generated by Ly .

4.1. Discrete approximation of the operator Ly

Consider the random walk {X,N}tzo in %']I‘jlv, which jumps from x /N (resp. (x +e¢;)/N) to (x +e¢;)/N (resp. x/N)
with rate

N%&¢rie; = N/{W;(Cxj + D/N) = Wix;/N)}.
The generator Ly of this Markov process acts on local functions f : %T?{/ — R as

d
Ly f(x/N)=Y Ly f(x/N), .1

j=1

where
LA f 6 /N) = N {Exwe, [ £ ((c +€))/N) = F/N)] +Evee, o[ f((x = e)/N) = fFa/N)]}.

Note that Lf;, f(x/N) is, in fact, a discrete version of the operator EWI.. The counting measure my on Tji\, is
reversible for this process. The following estimate is a key ingredient for proving the results in Section 5:

Lemma 4.1. Let f be a function on %T?V. Then, foreach j =1, ...,d:

1
Nd > (LA Fa/N) < 5g D0 (L f (/W)

d d
xeTy xeTy
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Proof. Let Xy« be the linear space of functions f on #T?\, over the field R. Note that the dimension of X ya is N.
Denote by (-, -) y« the following inner product in X ya:

(f.8)y Nd > Fx/N)g(x/N).

xe?l‘d
Foreach j =1,...,d, consider the linear operators K{V on Xy (i.e.,d = 1) given by
j N aN
Ly f=0; Ay, f.
where Biv and 83’,, are the difference operators:
J

o f(x/N)=N[f((x+1)/N) = f(x/N)] and

J((x+1D/N) = f(x/N)
W;((x +1)/N) = W;(x/N)

N
o, (/N =
The operators [,fv are symmetric and non-positive. In fact, a simple computation shows that

(hfgly == D (Wi((e+ D/N) = WiGe/N)) ol f(x/N) By g (x/N).

XGTN

Using the spectral theorem, we obtain an orthonormal basis A{\, = {hj s h{;,} of X formed by the eigenvectors

of L:{\,, ie.,
Lkl =alh! and (h]. K]}, =5k

where §; ; is the Kronecker’s delta, which equals 0if i # k, and equals 1 if i = k. Since E}v is non-positive, we have
that the eigenvalues a’ are non-positive: oz <0,j=1,...,dandi=1,...,N.
Let Ay = {1, ..., Pya} C Xya be set of functions of the form ¢; (xl, e Xg) = ]_[;Ll hi (xj), with b/ € A3,
Let ‘ozj be the eigenvalue of h/, ie., L3 h/ = a/h/. The linear operator Ly on X ya, defined in (4.1), is such
that Ly ¢; = /¢ and Lygy = Y 9_, &/ ¢;. Furthermore, if ¢;(x1. ..., xq) = [[9_; 7/ (x;) and ¢y (x1.....xq) =

H?:l g/ (x}), ¢, dx € Ay, we have that

QU

(@i, di) v H Ny =ik

fori,k=1,..., N So, the set Ay is an orthonormal basis of X y« formed by the eigenvectors of Ly and }Lf;,. In
particular, for each f € X ya, there exist B; € R such that f = Zldel Bi®;. Thus,

Nd 2 Nd
o Y WM = L= L4 o = (el8)?
xe']l'd i=1 Nd  i=1
NG gd o \2 1
< Z(Za/> B =N e = 57 D (L £ (/N
i=1 \j=1 x€T,

where al.j < 0 is the eigenvalue of the operator ]L{V associated to the eigenvector ¢;. This concludes the proof of the
lemma. (]
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4.2. Semigroups and resolvents

In this subsection we introduce families of semigroups and resolvents associated to the generators Ly and Ly . We
present some properties and results regarding the convergence of these operators.

Denote by {PtN 1t >0} (resp. {Giv : A > 0}) the semigroup (resp. the resolvent) associated to the generator Ly, by

{P,N’j : t > 0} the semigroup associated to the generator L’ , by {P,j : t > 0} the semigroup associated to the generator
Lw; and by {P;: t > 0} (resp. {G,: A > 0}) the semigroup (resp. the resolvent) associated to the generator Ly .

Since the jump rates from x/N (resp. (x +¢e;)/N) to (x +e;)/N (resp. x/N) are equal, PtN is symmetric:
PtN(xa J’) = PtN(y,x)
Using the decompositions (3.6) and (4.1), we obtain

d d
N .
PNy =[P oy and Pey) =P Gy
j=1 j=1
By definition, for every H : N _I’JI",{, — R,
o
GAH:/ dte™™P,H=0I-Ly) 'H,
0

where 1 is the identity operator.

Lemma 4.2. Let H:T¢ — R be a continuous function. Then

lim o Z\PNH( /N)— P,H(x/N)| =0 4.2)
Vol Nd 1 X t X = V. .
xeT%
Proof. If H:T¢ — R has the form H (x1, ..., xg) = ]_[j?:1 Hj(x;), we have
d d
N .
PYHx)=]]P"/Hj(xj) and PHx) =]]P H;x). (4.3)
j=1 j=1

Now, for any continuous function H : T4 — R, and any € > 0, we can find continuous functions H;;:T — R,
such that H': T¢ — R, which is given by

m d
H (x)= Z l_[ Hj i (xx),
j=1k=1

satisfies |H' — H ||oo < €. Thus,

1 1
~a > |PNHx/N) - PH(x/N)| <2¢ + ~7 > |PVH (x/N) — PH'(x/N)|.

xe’]Tg, xET;‘iV
By (4.3) and similar identities for P, H' and PtN"" H’, the sum on the right-hand side in the previous inequality is
less than or equal to

m

d d
% Z Z 1_[ PN Hj (o /N) — l_[ PFHj ik (xx/N)
k=1

xeTd, j=1 k=1

d

1 m
<7 2o 2. Ci D P H ke /N) = PEH i/ N)

xeTd j=1 k=l

’
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where C; is a constant that depends on the product ]_[ =1 Hj k- The previous expressions can be rewritten as

m

>.Ci ZNd > Z‘PNkHJk(’/N) P/H; (/N
j=1 =

xe’]I‘d li=l
m d 1 N
=>Ci > =N |PV H G/N) — PFH; G /N)).

Moreover, by [3], Lemma 4.5, item iii, when N — 00, the last expression converges to 0. O

Corollary 4.3. Let H : T¢ — R be a continuous function. Then

1
lim ~a Z |GYH(x/N) — G, H(x/N)|=0. 4.4)

N—+400 y)
xeTy,

Proof. By the definition of resolvent, for each N, the previous expression is less than or equal to
< | N
/0 dte ~7 > |PNH(x/N) — PiH(x/N)|.
xeT%
Corollary now follows from the previous lemma. (]

Let fn: %T?V — R be any function. Then, whenever needed, we consider f:T¢ — R as the extension of fy to
T¢ given by:

. 1
) =fn@), ifxeT,y>xand |y —x|o < ¥

Let H:T¢ — R be a continuous function. Then the extension of PtN H: ’]I“f\, — R to T¢ belongs to L' (T?), and by
symmetry of the transition probability PN (x, y) we have
1
N —
/Td du PV H () = XT; H(x/N). (4.5)
xe

The next lemma shows that H can be approximated by PN H. As an immediate consequence, we obtain an ap-
proximation result involving the resolvent.

Lemma 4.4. Let H : T¢ — R be a continuous function. Then,

hmhmsup = > |PNH(x/N) — H(x/N)| =0 (4.6)
>0N 510 f
xeTy,
and
lim 1i AGYH(x/N) — H(x/N)| = 4.7
,lim_limsup =75 Zwl YHG/N) = Hx/N)| = “47)
xe

Proof. Fix € > 0, and consider H’ as in the proof of Lemma 4.2. Thus,

1 1
N7 O [PNHG/N) = HO/N)| <2e+ 7 37 |PNH'(/N) —

d d
xeTy, xeTy,
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where the second term on the right-hand side is less than or equal to

1
Co S}JIFW Z |P,N’kHj,k(xk/N) — Hj ik (x/N)|

d
xeTYy

with Cy being a constant that depends on H'. By [3], Lemma 4.6, the last expression converges to 0, when N — oo,
and then r — 0. This proves the first equality.
To obtain the second limit, note that, by definition of the resolvent, the second expression is less than or equal to

fooo dr e ™ % Z |PNH(x/N)— H(x/N)|.
XGT%

By (4.5) the sum is uniformly bounded in # and N. Furthermore, it vanishes as N — oo and ¢ — 0. This proves the
second part. (]

Fix a function H : "JI“I{, — R. For A > 0, let HAN = Giv H be the solution of the resolvent equation
AHY —LyHN = H. (4.8)
Taking inner product on both sides of this equation with respect to H.V, we obtain

1 1
hya 2 (EY G/NY = 5 3 HY /ML HY

d d
xeTYy xeTYy,

1
=~a Z HY(x/N)H(x/N).

d
xeTYy

A simple computation shows that the second term on the left-hand side is equal to

d
1
WZ Z é:x,x-‘rej[VN,jH){v(x/N)]z,

j= d
J IXGTN

where Vyy jH(x/N)=N[H((x +e;)/N) — H(x/N)] is the discrete derivative of the function H in the direction of
the vector e;. In particular, by Schwarz inequality,

1 11
— Y HM@x/N) < S > H(x/N)* and
XET% XGT%

(4.9)
% > H(x/N).

jzlxeT% xET%

> =

d
1
7 0 O Exere, [V HY @/N)] <

5. Scaling limit

Let M be the space of positive measures on T¢ with total mass bounded by one, and endowed with the weak topology.
Recall that ntN € M stands for the empirical measure at time 7. This is the measure on T¢ obtained by rescaling space
by N, and by assigning mass 1/N¢ to each particle:

1
=g Dm0, (5.1)
xET%

where §, is the Dirac measure concentrated in u.



202 E J. Valentim

For a continuous function H : T¢ — R, (N, H) stands for the integral of H with respect to 7V

1
(e, H)= <7 D HO/Ny ().

d
xeTYy

This notation is not to be mistaken with the inner product in L?(T9) introduced earlier. Also, when 7; has a density p,
7 (t,du) = p(t, u) du, we sometimes write (p;, H) for (m;, H).
For a local function g : {0, I}Zd — R, let g:[0, 1] — R be the expected value of g under the stationary states:

g@)=E,[gm].

For £ > 1 and d-dimensional integer x = (x1, ..., x4), denote by n*(x) the empirical density of particles in the box
BL (1) = {1, va) €250 < yi —xi < €):

1
W= > o).

yEBL (x)

Fix T > 0, and let D([0, T], M) be the space of M-valued cadlag trajectories m : [0, T] — M endowed with
the uniform topology. For each probability measure py on {0, 1}T‘1</, denote by QXVA’/N the measure on the path space
D([0, T], M) induced by the measure uy and the process n,N introduced in (5.1).

Fix a continuous profile pg : T<¢ — [0, 1], and consider a sequence {iun: N > 1} of measures on {0, I}T‘il\' associated
to pp in the sense (2.8). Further, we denote by Qy be the probability measure on D([0, T'], M) concentrated on the
deterministic path 7 (¢, du) = p(¢, u) du, where p is the unique weak solution of (2.9) with y = pg, I =0, riy =1,
k=1,...,d,and ® (@) = + aa?.

In Section 5.1 we show that the sequence {(@}Z\}N : N > 1} is tight, and in Section 5.2 we characterize the limit
points of this sequence.

5.1. Tightness

The proof of tightness of sequence {QmN : N > 1} is motivated by [6,7]. We consider, initially, the auxiliary M-
valued Markov process {H,)"N: t > 0}, A > 0, defined by

N H)=(xN, GV H Nd > (G H)(x/N)mi(x)

xeZd

for H in C(T9), where {Giv : A > 0} is the resolvent associated to the random walk {X,N : t > 0} introduced in
Section 4.

We first prove tightness of the process {H,)“N: 0 <t < T} for every A > 0, and we then show that {AH;"N: 0<
t <T}and {JTINZ 0 <t < T} are not far apart if X is large.

It is well-known [8], Proposition 4.1.7, that to prove tightness of {Ht)‘ Noo<r< T} it is enough to show tightness
of the real-valued processes {Ht)‘ ’N(H ): 0 <t < T} for a set of smooth functions H : T¢ — R dense in C(T?) for the
uniform topology.

Fix a smooth function H : T — R. Denote by the same symbol the restriction of H to N _1’11‘7\,. Let H{V = Gﬁv H,

and keep in mind that Ht)‘ ’N(H )= (N, H){V ). Denote by MtN * the martingale defined by

MM =Ny - )N (H) - / ds N2 Ly(zY, HY). (5.2)
0

Clearly, tightness of 1'[ N (H) follows from tightness of the martingale MtN * and tightness of the additive functional
Jods N2Ly (x¥ HN)
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A simple computation shows that the quadratic variation (M"-*), of the martingale M,N *is given by:

t
deZ 3" evre, [V HY /M) / Crrvte; (1) [0s (x + €)= 0 ()] ds

Jj=1xeTd

In particular, by (4.9),

Cot C(H)t
(IwN)L t - N(2)d Z Z Ex x+e, VNJH)» )(X/N)] - AN9
j= lxer

for some finite constant C (H) which depends only on H. Thus, by Doob inequality, for every A > 0, § > 0,

lim ]IDHN[ sup |M,N’)‘| > 5] =0. 5.3)
N—o00

0<t<T

In particular, the sequence of martingales {M,N *N > 1} is tight for the uniform topology.

It remains to be examined the additive functional of the decomposition (5.2). The generator of the exclusion pro-
cess Ly can be decomposed in terms of generators of the random walks Lf;,. By (4.1) and a long but simple compu-
tation, we obtain that N2L y <7TN , H)fv ) is equal to

1

Nd S HY) (0 +ep)/N) + (LY BY) o/ N) (k) (n)

xe’]l‘d

o> W) (x/N)(Txhzj)(U)}

xe’]l‘d

where {1,: x € Z%} is the group of translations, so that (t,7)(y) = n(x 4+ y) for x, y in 74, and the sum is understood
modulo N. Also, hy j, hy, j are the cylinder functions

hy,;(m) =n0)nle;), ha,j(m) =n(—ej)nle;).

Forall0 <s <t <T, we have

)»

Jj= lxe'JI'd

t
/ dr N*Ly(zN, HN)| <
N

from Schwarz inequality and Lemma 4.1, the right-hand side of the previous expression is bounded above by

1
(1+3lal)( —s)d | 55 > (Ly HY (x/N))°.

d
xeTy,

Since H)fv is the solution of the resolvent equation (4.8), we may replace ]LNH){V by U){V = )LH)fV — H in the
previous formula. In particular, It follows from the first estimate in (4.9), that the right-hand side of the previous
expression is bounded above by dC(H, a)(t — s) uniformly in N, where C(H, a) is a finite constant depending only
on a and H. This proves that the additive part of the decomposition (5.2) is tight for the uniform topology and therefore
that the sequence of processes {Htk NN > 1} is tight.
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Lemma 5.1. The sequence of measures {QZVIQ,N: N > 1} is tight for the uniform topology.

Proof. It is enough to show that for every smooth function H : T — R, and every € > 0, there exists A > 0 such that

Nli_r)nooIP’MN [OZ?ETIIL)"N(AH) — (JT,N, H>| > e] =0,

since, in this case, tightness of JT,N follows from tightness of I'It}‘ ‘N Since there is at most one particle per site, the
expression inside the absolute value is less than or equal to

1
~7 > |xHY (x/N) — H(x/N)|.

xET%
By Lemma 4.4, this expression vanishes as N 1 co and then A 1 co. (]

5.2. Uniqueness of limit points

We prove in this subsection that all limit points Q* of the sequence Q:Z;/N are concentrated on absolutely continuous
trajectories 7 (¢, du) = p(¢, u) du, whose density p(z, u) is a weak solution of the hydrodynamic equation (2.9) with
I=0<r=1and ®(@) = + aa?.

Let Q* be a limit point of the sequence QI‘Z}N and assume, without loss of generality, that QXV&N converges to Q*.

Since there is at most one particle per site, it is clear that Q* is concentrated on trajectories 7, (du) which are
absolutely continuous with respect to the Lebesgue measure, 7; (du) = p (¢, u) du, and whose density p is non-negative
and bounded by 1.

Fix a continuously differentiable function H : T4 — R, and A > 0. Recall the definition of the martingale M,N >
introduced in the previous section. By (5.2) and (5.3), for fixed 0 < < T and é > 0,

lim W,N
N—oo MV

t
(mN, GV H)— (=), GY H) - /O ds N°Ly(z)Y, GY H)

>8:|=O.

Since there is at most one particle per site, we may use Corollary 4.3 to replace G){V H by G, H in the expressions
(JT,N , Giv H), (néV , GZAv H) above. On the other hand, the expression N2L N(nfv , Giv H) has been computed in the

previous subsection. Since E\, [h; ;] = a?i=1,2 and j =1,...,d, Lemma 4.1 and the estimate (4.9), permit us use
Corollary 5.4 to obtain, forevery t >0, A >0, >0,i =1, 2,
> 8] =0.

Recall that ]LNGiVH = AGiVH — H. As before, we may replace G)]\VH by G, H. Let U, = LG, H — H. Since
N (x) =e 4n N (I—[j-l=1 [xj/N,x;/N + ee;]), we obtain, from the previous considerations, that
> 8:| =0.

t d
(n,N, G;LH) — (név, G)\H) — / ds <<D (s_dnSN <l—[[ . +sej]>), UA>
0 e

Since H is a smooth function, G; H and Uj, can be approximated, in L' (T¢), by continuous functions. Since we
assumed that Q%’/N converges in the uniform topology to Q*, we have that
> 5:| =0.

t d
(,, Gy H) — (710, G5 H) —/ ds<<p (e—dm(]‘[[., : +gej]>), UA>
0 e

t 1 .
/O ds 7 20 L HY 6o/ {eahisn) = [1Y )T

d
xeTy,

lim limsup P, |:

e=0 Nooo

lim lim sup Q,‘Z\’/N |:

e=0 N oo

lim Q*
|
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Using the fact that Q* is concentrated on absolutely continuous paths 7, (du) = p (¢, u) du, with positive density
bounded by 1, s_dns(l_[?:l[~, -+ ee;]) converges in LY (T?) to p(s, ) as e | 0. Thus,

o

because U = LG, H. Letting § | 0, we see that, Q* a.s.,

t

(71, Gy H) — (9. G, H) — /O ds (@ (py). L Gy H)

>8:|=(),

t

(1, GoLH) — (ﬂo,GxH)=/O ds (@ (ps), LwGiH).

This identity can be extended to a countable set of times ¢. Taking this set to be dense, by continuity of the trajec-
tories 7r;, we obtain that it holds for all 0 <¢ < T. In the same way, it holds for any countable family of continuous
functions H. Taking a countable set of continuous functions, dense for the uniform topology, we extend this identity
to all continuous functions H, because G H, converges to G, H in L! (']I‘d), if H, converges to H in the uniform
topology. Similarly, we can show that it holds for all A > 0, since, for any continuous function H, G, H converges to
G, H in LY (T9), as A, — A.

Proposition 5.2. As N 1 0o, the sequence of probability measures QKVA}N converges in the uniform topology to Qyy.

Proof. In the previous subsection we showed that the sequence of probability measures QIVLVIQN is tight for the uniform
topology. Moreover, we just proved that all limit points of this sequence are concentrated on weak solutions of the
parabolic equation (2.9). The proposition now follows from a straightforward adaptation of the uniquenesses of weak
solutions proved in [6] for the d-dimensional case. (Il

Proof of Theorem 2.2. Since QZVA'/N converges in the uniform topology to Qyw, a measure which is concentrated
on a deterministic path. For each 0 <t < T and each continuous function H:T¢ — R, (n,N , H) converges in
probability to fT du p(t,u)H (u), where p is the unique weak solution of (2.9) with y = pg and @ («) = @ + aa.

O

5.3. Replacement lemma

We will use some results from [8], Appendix Al. Denote by Hy (un|vy) the relative entropy of a probability mea-
sure uy with respect to a stationary state vy, see [8], Section A1.8, for a precise definition. By the explicit formula
given in [8], Theorem A1.8.3, we see that there exists a finite constant K¢, depending only on «, such that

Hy (un|ve) < KoN? (5.4)

for all measures .
Denote by (-, -),, the inner product of Lz(v(x) and denote by [ f, the convex and lower semicontinuous [8], Corol-
lary A1.10.3, functional defined by

Iy =(~LnVFVF),

for all probability densities f with respect to vy (i.e., f >0 and [ fdv, = 1). By [8], Proposition A1.10.1, an
elementary computation shows that

d

IND =0 D7 Eoye, (),

= d
J lxeTN

where

I e () = (1Dt / Coxre, M F 0™ eim) = TGN} dve.
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By [8], Theorem A1.9.2, if {S,N : t > 0} stands for the semigroup associated to the generator N 2L N,

t
Hy (un SN ve) + 2N2/ 15(fN) ds < Hy (e ve),
0
where fN stands for the Radon—Nikodym derivative of xSV with respect to vy .
Recall the definition of IB%ﬂ_ (x) in begin of this section. For each y € B¢ - (x), such that y; > x, let
14 y

Artery (Zk)nggM(y) (5.5)

be a path from x + e; to y such that:

(1 Aere1 y begins at x + ej and ends at y, i.e.:
zg =x+e; and zjymy) =y;

(2) the distance between two consecutive sites of the Ax+e1 y (ZZ)OSkSM(y) isequal to 1,i.e.:

zz+1=z,§+ej forsome j=1,...,dandforallk =0,..., M(y) — 1;

(3) AL

Yo,y 18 INjective:
Zl.yyéz;f forall0 <i < j < M(y);

(4) the path begins by jumping in the direction of e;. Furthermore, the jump in the direction of e is only allowed
when it is not possible to jump in the direction of ¢;, for j =1,...,d — 1.

Lemma 5.3. Fix a function F : Nfl’]T?\, — R. There exists a finite constant Co = Co(a, g, W), depending only on a
g and W, such that

7 3 P/ [[{rem - 3 @)} v @n

xer

NM Y |Fx /)| + S N7 =S Fa/NP 4

xer xe'[[“i

va(f)

forall § > 0, ¢ > 0 and all probability densities f with respect to vy.

Proof. Any local function can be written as a linear combination of functions in the form [], ca N(x), where A is

a finite set. It is therefore enough to prove the lemma for such functions. We will only prove the result for g(n) =
n(0)n(e1). The general case can be handled in a similar way.

We begin by estimating

1

Nd > F(x/N)/ n(X){n(x +e1) — N > n(y)}f(n)va(dn) (5.6)
xeT, yeBY¢ (x)

in terms of the functional If, (f). The integral in (5.6) can be rewritten as:

1
Nl 2 /n(x)[n(x +e1) =] f nve(dn).

yeBY¢ (x)
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14
x+ey,y

and using telescopic sum we have the following:

For each y € ]B%P(x), such that y; > x1, let A = (z,{)oSkSM(y) be a path like the one in (5.5). Then, by

property (1) of A

x+ey,y
M(y)-1
nx+e)—nky) = Z [1(z) = n(zis1)]-
k=0

We can, therefore, bound (5.6) above by

M(y)—1

1 1 1
y y
we L X [ P - nle) L ovn + g 1P/
xeT}dV yeBYe (x) k=0 xeT‘fV
where the last term in the previous expression comes from the contribution of the points y € IB%Q €(x), such that y; = x;.

Recall that, by property (2) of Af;_m,y, we have that zzﬂ =z) +ej,forsome j=1,...,d.
For each term of the form

/ Fx/N)n){n(z) —n(z +ej)} f(n)ve(dn)
we can use the change of variables i’ = 0%y to write the previous integral as
(1/2)/ F(x/Nnx){n@ —nz+e){ ) — f(e@7n) jva(dn).

Since a — b = (y/a — ~/b)(/a + +/b) and v/ab < a + b, by Schwarz inequality the previous expression is less than
or equal to

A
/ Fe /N0 () — 1+ en PIVI@ + £ (0 m) Pra(dn)

4(1—2a)E, 11,

&2,z ej .
+ A+/Cz,z+ej(77){\/f(77)_\/f(o'z’ﬁ—e/n)}zva(dn)

for every A > 0. In this formula we used the fact that c; ;1.;(n) is bounded below by 1 — 2a™, where a™ =
max{—a, 0}. Since f is a density with respect to vy, the first expression is bounded above by A/(1 — 2a7)&; +4;,

whereas the second one is equal to 24~ I§z+e; ().

So, using all the previous calculations together with properties (3) and (4) of the path Aﬁ +e;,y» We obtain that (5.6)
is less than or equal to

d &N d
1 A _ 2¢e
D T RS JUUNIED 99 DTN 3 SN NUNTY

xe'ﬂ"]]\, xe'ﬂ"]]\, Jj=1k=1 j=1xe’]1‘7’v

By definition of the sequence {§x x+e;}, Ziﬁl S;Flkei»ei < N[W;(1) — W;(0)]. Thus, choosing A = 2¢eN~1s~1, for

some § > 0, we obtain that the previous sum is bounded above by

c c 5
—T |F(x/N)|+ﬁ > FG/NP + g Iy (-

d d
xeTy, xeTy,

Up to this point we have succeeded to replace 1(x)n(x +e1) by n(x)n°"Y (x). The same arguments permit to replace
this latter expression by [nEN (x)]?, which concludes the proof of the lemma. U
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Corollary 5.4. Fix a cylinder function g, and a sequence of functions {Fy: N > 1}, Fy : N‘l’]I‘?\, — R such that

limsup — Nd Z FN()C/N)2 < 00.

N—o0
xe'ﬂ‘d

Then, for any t > 0 and any sequence of probability measures {jty: N > 1} on {0, l}T{IjV,

‘1
/0 N Y FnGe /N g — g(n5" ()} ds ] =0.
xeTd

N
Proof. Fix 0 < o < 1. By the entropy and Jensen inequalities, the expectation appearing in the statement of the
Lemma is bounded above by

H, o
log]EUa|:exp{ ‘/ ds Z Fy(x/N){tcg(ns) — g(n fN(x))}H:| +%
Td

limsuplimsupE,,, [

e—>0 N—>oo

yNd

for all y > 0. In view of (5.4), in order to prove the corollary it is enough to show that the first term vanishes as N 4
oo, and then ¢ | 0, for every y > 0. We may remove the absolute value inside the exponential by using the
elementary inequalities e < e¥ + e™* and limsupy_ ., N~ 'loglay + by} < max{limsupy_, ., N~ 'logay,
limsupy_, o N~'loghy}. Thus, to prove the corollary, it is enough to show that

t
hmsuphmsupA} logEua[exp{ /Ods Z FN(x/N){rxg(ns)_g(n;’N(x))}”=0

0 N
e— —00 xeT‘I{,

for every y > 0.
By Feynman—Kac formula, for each fixed N the previous expression is bounded above by

rysup{ / 3 Ev@/N{mgm) — g0 (0)) £ () dve —

e'ﬂ“’

I
Ny (f)}

where the supremum is carried over all density functions f with respect to v,. Letting § = 1 in Lemma 5.3, we obtain
that the previous expression is less than or equal to

Coyt Coyet
SNdTT Z|FN(X/N)|+ Nd X:FN()C/N)2
xe']I‘i, xeT‘fV

for some finite constant Co which depends on a, g and W. By assumption on the sequence { Fy}, for every y > 0, this
expression vanishes as N 1 oo and then ¢ | 0. This concludes the proof of the lemma. ]

6. Energy estimate

We prove in this section that any limit point Q7, of the sequence ZV];]N is concentrated on trajectories p(t, u)du

having finite energy. A more comprehensive treatment of energies can be found in [10].
Denote by dy; the partial derivative of a function with respect to the jth coordinate, and by C™ 0.1 ([0, T x T9) the

set of continuous functions with continuous partial derivative in the jth coordinate. Let L2 oW ([0, T] x T) be the
Hilbert space of measurable functions H :[0, T'] x T4 — R such that

T
/ ds/ d(ijz)Wj)H(s,u)2 < 00,
0 Td
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where d(x; ® W;) represents the product measure in T¢ obtained from Lesbegue’s measure in T¢~! and the measure
induced by W;:

d(x; @ Wj) =dxq---dxj—1dW;dx;y1... dxg,

endowed with the inner product (H, G))x,@w; defined by

T
(H,G)x;ew; :/0 ds /j;d d(x; @ Wj) H(s,u)G (s, u).

Let Qj, be a limit point of the sequence QY.
converges to Qj,.

. . W,N
M N , and assume, without loss of generality, that the sequence Q,/ -

Proposition 6.1. The measure Qj, is concentrated on paths p(t,x)dx with the property that for all j =1,...,d
there exists a function in L)ZCJ,@WJ, ([0, T] x Td), denoted by d® /AW, such that

/ ds/ dx (0x, H) (s, x)P ,o(s x) / ds/ i ® Wj(x)) (d@/dW;) (s, x)H (s, x)
for all functions H in C%1i ([0, T] x T9).
The previous proposition follows from the next lemma. Recall the definition of the constant K given in (5.4).

Lemma 6.2. There exists a finite constant Ky, depending only on a, such that

T T
E@?v [sup{/o ds AdM(axjH)(s,x)¢(p(s,x)) — K1/0 ds /Td H(s,x)zd(xj ® W,-(x))” < Kp,

H

where the supremum is carried over all functions H € c%1i([o, T] x ']Td).

Proof of Proposition 6.1. Denote by £:C%1J ([0, T] x T?) — R the linear functional defined by

T
E(H):f dsf dx (BX/H)(s,x)CD(p(s,x)).
0 Td

Since C%1([0, T x Td) is dense in Lx OW; ([0, T] x ']Td) by Lemma 6.2, £ is Q* -almost surely finite in
L? Jow, ([0. T x T¢). In particular, by Riesz representation theorem, there exists a function G in Lx ew, (0. T]x T<)
such that

T
L(H) = —/ ds/ d(xj ® Wj(x)) H(s,x)G(s, x).
0 Td
This concludes the proof of the proposition. ]

For a smooth function H:T¢ - R, 8§ >0, > 0and a positive integer N, define W/\', (¢,8,H,n) by

: 1
Wi(e.8, Hop)= H(x/N)J{cD(n‘SN(x)) —@(n°N(x +eNey)))

d
xeTy,

K
- j 3" HG/NW(Lxj +eN + 11/N) = Wi /N) ).

d
xeTYy,

The proof of Lemma 6.2 relies on the following result:
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Lemma 6.3. Consider a sequence {Hy, £ > 1} dense in Co’l([O, T] x ']I‘d). For every k > 1, and every ¢ > 0,

T .
/ Wi (e 8. Hi(s. ), m)ds}] < Ko.

limsuplimsupE ~ [ max {
0

80 N—oo I<i<k

Proof. It follows from the replacement lemma that in order to prove the lemma we just need to show that
T
limsupE,, v |: max {f Wi (e, Hi(s, ), ns) ds” < Ko,
N—o00 I=<i=k | Jo

where

; 1
Wit Hom) = — 3 Hx/N){zeg () = Tetene; €00}

xer

- Z H(x/N){W;([xj +eN +11/N) — W;(x;/N)},
xe']l'd

and g (1) =n(0) +anO)n(e;).
By the entropy and Jensen’s inequalities, for each fixed N, the previous expectation is bounded above by

HuVve) | 1 T
%4- N —logE,, | exp 1r£fl<xk NdA ds W/V(S, H; (s, ')J?s) .

By (5.4), the first term is bounded by K. Since exp{maxi<;<x a;} is bounded above by Zlfjfk expfa;}, and since

limsupy N~%log{ay + by} is less than or equal to the maximum of limsupy N~¢logay and lim supy N~loghy,
the limit, as N 1 oo, of the second term in the previous expression is less than or equal to

I<i<sk N>oo

1 T -
max limsup — N < logE,, [exp{Nd/ ds Wy, (e, Hi (s, ), Us)}:|.
0

We now prove that, for each fixed i, the above limit is non-positive for a convenient choice of the constant K.
Fix 1 <i < k. By Feynman—Kac formula and the variational formula for the largest eigenvalue of a symmetric
operator, the previous expression is bounded above by

T .
/0 ds su;p{/W)(,(&Hi(S, ). 1) f (M)ve(dn) — N2 N(f)}

for each fixed N. In this formula the supremum is taken over all probability densities f with respect to vy,.
To conclude the proof, rewrite
nEnx +ej) —nkx+ aNej)n(x + (eN + l)ej)
as
n(){n(x +e;) —n(x+ (N + Dej)} +n(x + N + Dej){n(x) —n(x +eNej)},
and repeat the arguments presented in the proof of Lemma 5.3. (]
W N

Proof of Lemma 6.2. Assume without loss of generality that
1} dense in cO1i([o, T] x ']I‘d). By Lemma 6.3, for every k > 1

converges to Q* Consider a sequence {Hy, £ >

limsup Egx [max{ /ds/ dx H; (s, x) (,os(x)) (,of(x—i—sej))}

5—0 l<i<k

—1/ ds ldxH,-(s,x)z[Wj(xj+8)—Wj(xj)]}:|SKO,
0 T
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where ,of (x) = (ps * t5)(x) and ¢; is the approximation of the identity t5(-) = (8)~41{[0, 817} (-).
Letting 6 | 0, changing variables, and then letting ¢ | 0, we obtain that

T T
EQ%[max {/ ds/ (0x; H,')(s,x)d)(p(s,x)) dx — Kl/ ds/ H; (s,x)2 d(x.,' ® Wj(x))” < Kp.
0 Td 0 Td

1<i<k

To conclude the proof, we apply the monotone convergence theorem, and recall that {H,, £ > 1} is a dense sequence
in C%1 ([0, T] x T¢) for the norm [|H [|o + [|(3x; H) llo- O
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