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Abstract. Consider a random walk {X, :n > 0} in an elliptic i.i.d. environ-
ment in dimensions d > 2 and call P its averaged law starting from 0. Given
a direction [ € Sd_l, A; = {limy, 500 X, - | = 00} is called the event that
the random walk is transient in the direction /. Recently Simenhaus proved
that the following are equivalent: the random walk is transient in the neigh-
borhood of a given direction; Py-a.s. there exists a deterministic asymptotic
direction; the random walk is transient in any direction contained in the open
half space defined by this asymptotic direction. Here we prove that the fol-
lowing are equivalent: Pg(A; U A_;) =1 in the neighborhood of a given
direction; there exists an asymptotic direction v such that Pp(A, UA_,) =1
and Py-a.s we have limy— 00 Xn /| Xn|=14,v —1a_,v; Po(A;UA_)) =1
if and only if / - v # 0. Furthermore, we give a review of some open problems.

1 Introduction

For each site x € Z¢, consider the vector w(x) := {w(x, e):e € Z4, |e| = 1} such
that w(x, e) € [0, 1] and ), =) @(x, e) = 1. We call the set of possible values of
these vectors P and define the environment w = {w(x):x € Z4} € Q := P! We
define a random walk on the random environment w, as a random walk {X,, : n € N}
with a transition probability from a site x € Z¢ to a nearest neighbor site x + e
with |e| =1 given by w(x, e). Let us call P, ,, the law of this random walk starting
from site x in the environment w. Let IP be a probability measure on €2 such that
the coordinates {w(x)} of w are i.i.d. and such that the environment w is elliptic,
which means that P(min, w (0, ¢) > 0) = 1. On the other hand, whenever there is a
constant ¥ > 0 such that P(min, @ (0, ¢) > k) = 1, we say the environment is uni-
formly elliptic. We call Py, the quenched law of the random walk in random en-
vironment (RWRE), starting from site x. Furthermore, we define the averaged (or
annealed) law of the RWRE starting from x by Py := [, Py, dP. In this note we
discuss some aspects of RWRE related to the a.s. existence of an asymptotic direc-
tion in dimension d > 2, briefly reviewing some of the open questions which have
been unsolved and proving an improved version of a recent theorem of Simenhaus
on the a.s. existence of an asymptotic direction.
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Some very fundamental and natural questions about this model remain open.
Given a vector [ € R4\{0}, define the event

A= [nlgréoX,, -l=oo].

Whenever A; occurs, we say that the random walk is transient in direction defined
by [. Let also

. Xn -1
B; := {liminf >0¢.
n—oo n
Whenever B; occurs, we say that the random walk is ballistic in direction defined
by . Recently, Sabot and Tournier showed in [4] and [12], that there exist examples
of RWRE in elliptic i.i.d. environments in dimensions d > 2 wich are transient in
a given direction but are not ballistic in that direction. Nevertheless, the following

question remains open.

Open Problem 1.1. For any RWRE in a uniformly elliptic i.i.d. environment in
dimensions d > 2, does transience in direction [ already imply ballisticity in direc-
tionl?

Some partial progress related to this question has been achieved by Sznitman
and Zerner [10], and later by Sznitman in [7-9], which we will discuss below.
Under the assumption of uniform ellipticity the following lemma, which we call
Kalikow’s zero—one law, was proved by Kalikow in [2] (see also Lemma 1 in
Sznitman and Zerner [10]). Thereafter, Zerner and Merkl derived the correspond-
ing result under the assumption of ellipticity only (cf. Proposition 3 in [15]).

Lemma 1.2 (Kalikow, Sznitman—Zerner). For any RWRE in an elliptic i.i.d. en-
vironment and [ € S~ 1,

Py(A;]JUA_;))=0 or 1.

On the other hand, in dimension d = 1 a zero—one law holds, that is, Py(A;) €
{0, 1}. Zerner and Merkl, proved the following (see Theorem 1 in [15] and a sim-
plified proof in [14]).

Theorem 1.3 (Zerner-Merkl). Consider an RWRE in an elliptic i.i.d. environ-
ment in dimension d = 2. Then, for | € St,

Py(A;)) =0 or 1.

Nevertheless, we still have the following open problem.
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Open Problem 1.4. Consider an RWRE in an elliptic i.i.d. environment in dimen-
sions d > 3. Does

Py(Ap) € {0, 1}
hold for all | € S~ 1,

Combining Kalikow’s zero—one law with the directional law of large numbers
results of Sznitman and Zerner [10] as well as Zerner [13] one obtains the follow-
ing theorem.

Theorem 1.5 (Sznitman-Zerner). Given an RWRE in an elliptic i.i.d. environ-
ment in dimensions d > 2, there exist a direction v € S and vy, v, € [0, 1] such
that Py-a.s.

. X
lim — =wvvly, —vvly .
n—-oo n
Indeed, we start with the following version of the directional law of large num-
bers. Theorem 3.2.2 of [11], the proof of which can be performed in the same

manner with the assumption of ellipticity only instead of uniform ellipticity, states
that for / € S9! with

Py(AjUA_)H) =1 (1.1)
there exist v;, v_; € [0, 1] such that Py-a.s.
. Xyl
lim —— =yl —v_1a . (1.2)
n—oo n

Combining this with Theorem 1 of [13] we may omit assumption (1.1) and still
obtain (1.2). Having (1.2) for the elements [ = ey, ..., e4 of the standard basis
of R?, we obtain that lim,,_ o X, /n exists Pp-a.s. and may take values in a set of
cardinality 2¢. Employing the same argument as Goergen in page 1112 of [1] we
now obtain that Py-a.s. lim,_.~ X, /n takes two values at most. Indeed, if there
existed v1 and vy noncolinear with Py(lim,— o X, /n =v;) > 0fori € {1, 2}, then
by (1.2) one obtains that [ - v = v; =1 - vy for each [ such that [ - v(,[ - vy > 0.
Letting / vary among a sufficiently rich set of such vectors, we conclude v; = v,
a contradiction. This yields Theorem 1.5.

Whenever lim,,—, o X,,/| X, | exists Pyp-a.s. we call this limit the asymptotic di-
rection and we say that a.s. an asymptotic direction exists. The existence of an
asymptotic direction can already be established assuming some of the conditions
introduced by Sznitman which imply ballisticity. Let y € (0, 1) and [ € S~!. By
definition, condition (7"), holds relative to [ if for all 'eS?’lina neighborhood
of [,

limsup L™ log Po({X7,,  -1I'<0}) <O, (1.3)

!
L—o0 L
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for all b > 0, where Uy, 1 = {x € Z4:—bL < x-1' < L} is a slab and TU//,b,L =
inf{n > 0:X,, ¢ Up .} is the first exit time of this slab. On the other hand, one
says that condition (7”) holds relative to / if condition (T'),, holds relative to / for
every y € (0, 1). It is known that whenever the environment is elliptic and i.i.d.,
for each y € (0, 1) condition (T),, relative to / implies transience in direction /
and that a.s. an asymptotic direction exists which is deterministic. Also, whenever
the environment is uniformly elliptic and i.i.d., Sznitman proved [9] that for each
y € (1/2,1), condition (T'), relative to [ implies condition (T"), which in turn
implies ballisticity. One of the open problems related to condition (7'), is the
following.

Open Problem 1.6. Consider a RWRE in an elliptic i.i.d. environment. Does (1.3)
for some I € S already imply (T), relative to l'?

Recently in [5], Simenhaus established the following theorem which gives
equivalent conditions for the existence of an a.s. asymptotic direction and showing
that transience in a neighborhood of a given direction implies that an a.s. asymp-
totic direction exists.

Theorem 1.7 (Simenhaus). Consider a RWRE in an elliptic i.i.d. environment.
Then the following are equivalent:

(a) There exists a nonempty open set O C S~ such that
pty op

Py(A) =1 Vi e 0. (1.4)
(b) There exists v € SV such that Py-a.s.
Xy
im =v.
n—o00 |Xn|

(c) There exists v € SY~1 such that Py(A;) =1 foralll € S~ with [ -v > 0.

The example of Sabot and Tournier [4,12] of a RWRE in an elliptic i.i.d. en-
vironment which is transient but not ballistic in a given direction, shows that the
above thoerem does apply in nontrivial situations. On the other hand, it is natural
to wonder if there exists a statement analogous to Theorem 1.5, but related only to
the existence of a possibly nondeterministic asymptotic direction. Here we answer
affirmatively this question proving the following generalization of Theorem 1.7.

Theorem 1.8. Consider a RWRE in an elliptic i.i.d. environment. Then the follow-
ing are equivalent:

(a) There exists a nonempty open set O C S~ such that
Py(AJUA_ ) =1 vl e 0. (1.5)
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(b) There exist d linearly independent unit vectors I, . .., 15 € R? such that
Po(Ap, UA_) =1 Vkefl,...,d}. (1.6)

(c) There exists v € S=1 with Py(A, U A_,) = 1 such that Py-a.s.

=T4,v—14_ v (1.7)

(d) There exists v € SY~1 such that
Py(AJUA_) =1

if and only if | € S*Vis such that | - v # 0. In this case, Py(A;AA,) =0 and
Po(A_jAA_)) =0 foralll suchthatl-v > 0.

If condition (1.5) is fulfilled but (1.4) is not, then if asymptotic directions exist
we have to expect at least (and as it turns out at most, see also Proposition 1 in
[5]) two of them. However, in dimensions d > 3, it is not known whether condi-
tion (1.5) can be fulfilled while (1.4) is not. In fact, if the statement of the Conjec-
ture 1.4 holds, which is true in dimensions d = 2 [15], then the two conditions are
equivalent. Note that due to Kalikow’s zero—one law, condition (d) of Theorem 1.8
yields a complete characterisation of Py(A; U A_;) foralll € S9=1. As a conse-
quence of this result, we obtain an a priori sharper version of (c) in Theorem 1.7:

(¢') There exists v € SY~! such that Po(A;) =1 foralll € S*" with 1 -v > 0 and
Po(A)=01ifl-v=<0.

This observation and Theorem 1.3 imply that in dimension d = 2 there are at most
three possibilities for the values of the set of probabilities { Po(A;):] € Sd_l}.

Corollary 1.9. Consider a RWRE in an elliptic i.i.d. environment in dimension
d = 2. Then necessarily, only one of the following is satisfied:

(a) Foralll, Py(A;) =0.

(b) There exists a v € S~ such that Py(A,) = 1 while Po(A;) =0 forl #v.

(c) There exists a v € S?™1 such that Py(A;) = 1 for I such that | - v > 0 while
Py(A;) =0 forl such thatl -v <0.

The following corollary, which can be deduced from Theorem 1.8, shows that
knowing that there is an [* such that Py(A;x) = 1 and Py(A;) > 0 for all / in a
neighborhood of /*, determines the value of Py(A;) for all directions .

Corollary 1.10. Consider a RWRE in an elliptic i.i.d. environment. The following
are equivalent:

(a) There exists I* € SY~ and some neighborhood U(I*) such that Py(A;+) = 1
and Py(A;) > 0 forall l e U(I™).
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(b) There exists v € R such that Py(A;) = 1 for | such that | - v > 0, while
Py(A;) =0 forl such thatl -v <0.

In particular, this shows that in Theorem 1.7, condition (a) can be replaced by
the a priori weaker condition (a) of this corollary.

In the rest of this paper we prove Theorem 1.8 and Corollary 1.10. In Section 2
we prove some preliminary results needed for the proofs and in Section 3 we apply
them to prove the theorem and the corollary.

2 Preliminary results

The implications (d) = (a) = (b) of Theorem 1.8 are obvious, so here we intro-
duce the renewal structure and prove some preliminary results needed to show that
(b) = (¢) = (d). For [ € R? set

Dy=inf{lneN: X, -l < Xp-l}
and for B C R¢ define the first-exit time
Dp :=inf{n e N: X,, ¢ B};
as usual, we set inf @ := co. We also define for / € R? and s € [0, 00),
T!:=inf(neN: X, -1 > s}.

Due to their linear independence, the vectors /1, ..., [; of Theorem 1.8(b) give
rise to the following 2¢ cones:

d
Co =[x e R 10y (I - x) = O}, oe{-1,17
k=1

Furthermore, for A € (0, 1] and / € R¢ \{0} we will employ the notation

d
Co(r, 1) == [{x e RY: (howli + (1 — M) - x = 0}, (2.1)
k=1
where the vectors defining the cone are now interpolations of the o/, with /. Note
that C, (A,[) is a nondegenerate cone with base of finite area if and only if the
vectors Aorly + (1 — A)l, k =1,...,d, are linearly independent. In particular,
Cs(1,1)=Cy, forallo € {—1, l}d and [.
We will often choose o such that Po(ﬂf:l Ag,) > 0, which under (1.6) is
possible since we then have

d d d
1= Po(ﬂ Ay U Alk) = P0<U N Agklk> =) P0<ﬂ Aaklk>. (2.2)
0 k=1 (o k=1

k=1
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For a given o € {—1, 1}¢ which will usually be clear from the context, we will
frequently consider vectors [ € RY satisfying the condition

inf [-x>0. (2.3)
xeCyNSd—1
Note here that for o such that Po(ﬂle Ag,) > 0 and [ satisfying (2.3), the in-
equality Po(A;) > Po(ﬂle Ag,,) implies that the measure Py(-|A;) is well de-
fined. For such / we will then show the existence of a Py(-|A;)-a.s. asymptotic
direction. The strategy of our proof is based to a significant part on that of Theo-
rem 1.7.
We start with the following lemma which ensures that if with positive probabil-
ity the random walk finally ends up in a cone, then the probability that it does so
and never exits a half-space containing this cone is positive as well.

Lemma 2.1. Leto € {—1, 1} and | € S~ be such that (2.3) holds. Then

d d
P()(ﬂ Agklk) >0 — P()(ﬂ Ag, Dy = OO}) > 0.

k=1 k=1

Proof. Assume Po(ﬂf:l Ao, N{D; = o0}) =0. Then P-a.s.

d
Po,w(ﬂ Ao, N{D) = oo}) =0. (2.4)

k=1

For y € R? with [ - y > 0 this implies

d
Py(ﬂ Aaklk N {D{le-xEO} = OO}) =0. (2.5)
k=1

Indeed, if there existed such y with P({w € Q|Py?w(ﬁf:1 Ay "M{Dx1x>0) =
00}) > 0}) > 0 then for w such that Py,w(ﬂgzl Aty N {Dyy1x>0) = 00}) > 0,
arandom walker starting in 0 would, with positive probability with respect to Py,
hit y before hitting {x :/ - x < 0} (due to ellipticity) and from there on finally end
up in C, without hitting {x :/ - x < 0}; this is a contradiction to (2.4), hence (2.5)
holds.

Choosing a sequence (y,) C C, such that [ - y, — 0o as n — oo we therefore
get

d
0= Py, (ﬂ Aoy N {Dixitx=0y = oo})
k=1

d d
> Po(ﬂ Agily N {Dpxitox=—1y,) = OO}) — Po(ﬂ Aaklk)
k=1

k=1
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as n — oo. To obtain the inequality we employed the translation invariance of P
as well as the monotonicity of events. U

The following lemma will be employed to set up a renewal structure; it can in
some way be seen as an analog to Lemma 1 of [5].

Lemma 2.2. Let o € {—1, l}d be such that Po(ﬂle Ag1,) > 0. Then for each
such that (2.3) holds, one has

PO(DCG(A,I) = OO) >0 (2.6)
for & > 0 small enough.

Proof. Lemma 2.1 implies P()(ﬂg:1 Agi, N{D; = oo}) > 0. Due to the ellipticity
of the walk and the independence of the environment we therefore obtain

d
Po({X1 1>0N ) Ao (Xi4. — XD N{D(X14. — X1) = OO}> >0, 2.7
k=1

where we name explicitly the path X14. — X to which the corresponding events
A1, and Dy refer. Each path of the event in (2.7) is fully contained in Cy (A, /) for
A > 0 small enough. Thus, the continuity from above of Py yields

PO({DCU(A,Z) = OO} N{X;-I>0}

., (2.8)
N () Ao X1+ — XD N{Dy(X14. — X1) = OO}) >0
k=1
for all A > 0 small enough. g

Employing Lemma 2.2, for o € {—1, l}d with Po(ﬂgzl Ag ) > 0asin [5] we
can introduce a cone renewal structure, where we choose / € SY~! such that (2.3)
is fulfilled and the cone to work with is C; := C, (A, ), where we fixed A > 0 small
enough as in the statement of Lemma 2.2. Note that for fixed / the set C, (A, 1) is
indeed a cone as long as A > 0 is chosen small enough [since the defining vectors
in (2.1) are linearly independent].

For k € Nlet 6 : (ZH)No 5 (x,) > (xpa) € (Z4)N0 be the k-fold time shift. We
define

Sy :=Tg. R):= Dx +c 093(1)+S(l), M} :=max{X, -1:0<n <R}
0
and inductively for £ > 1:

I .l l._ [
Sk = TMll(il’ Rk = DXS]1<+C] o 0S11(71 + Sk’

M,é =max{X,-[:0<n< R,lc},
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where for x € Z¢ by x + C; we denote the cone C; shifted such that its apex lies
at x. Furthermore, set
K':=inf{k e N: S} < 00, Rl = o0}
as well as
/ [
T =Sk,

that is, tf 18 the first time at which the walk reaches a new maximum in direction /
and never exits the cone C; shifted to X ol We define inductively the sequence of

cone renewal times with respect to C; by
1._ 1 I
Tk = Tl (X'+T]£,1 — Xrli—l) + Tk_l
for k > 2.
The following lemma shows that under the conditions of Lemma 2.2 the se-
quence r,ﬁ is well defined on A;. It can be seen as an analog to Proposition 2 of [5].

Lemma 2.3. Leto € {—1, l}d be such that Po(ﬂle As,) > 0 and choose | and
A such that (2.3) and (2.6) hold. Then Py(-|A;)-a.s. one has K! < 0.

Proof. Employing Lemma 2.2, the proof takes advantage of the fact that each time
the walk hits a new maximum in direction /, the event that from there on it never
exits the cone centred at that point is independent from the past and has the same
positive probability. This then gives rise to a geometrically distributed renewal
structure. For further details on these standard renewal arguments see the proofs
of Proposition 2 in [5] or Proposition 1.2 in [10] which proceed in an analogous
way. U

Lemma 2.4. Let o € {—1, 1}¢ be such that Po(ﬂzzl As,) > 0 and choose | and
1

A such that (2.3) and (2.6) hold. Then ((thz/\., )y eens (X(TI£+')“1€+1

r,i)), ... are independent under Py(-|A;) and for k > 1, ((X(Tl£+')ATI£+1 — Xlrk),

fl£+1 — t,i) under Py(-|A;) is distributed like (X tf) under Py(-|{Dc, = 00}).

)
_Xrli’ Tht1—

e

Proof. This result is intrinsic to the i.i.d. property of the environment and the proof
is analogous to the proof of Corollary 1.5 in [10]. U

The following lemma has been derived in Simenhaus’ thesis [6] (Lemma 2 in
there). Here we state it and prove it under a slightly weaker assumption.

Lemma 2.5. Leto € {—1, l}d be such that Po(ﬂgzlA(,klk) > 0 and choose | € 74
and ) such that (2.3) and (2.6) hold and the g.c.d. of the coordinates of l is 1. Then

1
Po(Dc; = 00| A limj o0 Po(T{_; < 00, Xpu -1 =1)

Eo(er -l|D¢c, = 00) =

< 0
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and
Eo(X 1| D¢, = 00) (2.9)
is well defined.

Remark 2.6. A fundamental consequence of working with the cone renewal struc-
ture instead of working with slabs is the existence of (2.9); see also Proposition 2.7.

Proof. The proof leans on the proof of Lemma 3.2.5 in [11] which is due to Zerner.
Due to the strong Markov property and the independence and translation invariance
of the environment we have for i > 0:

PO(EIkZl:Xr,ﬁ l=i}NA)

l
= Z EPO,w(T}_l < o0, XT,'[,l =X, DCH_XTiZ_I o QTz‘l—l = 00)
XGZd,l~x=i
l (2.10)
= ) EP(T_; <00, X =x)Pro(Dgpsx = 00)

xeZd,l-x=i
= Po(T}_; < o, Xpi -1 =0)Po(Dc, = 00).
At the same time using {tf < 00} = Ay, a fact which is proven similarly to Propo-
sition 1.2 of [10], we compute

lim Py({3k >1: X/ [=i}lA)

i—00

= lim Py({3k > 2: Xz l=1i}|Ap)

l—)OO
= hm ZPO({EIk>2 X 1=i}0 (X 1=n}A) (2.11)
n>1
ZII_I)II;O;PQ Bk =>2:(Xy - le)-l:i—n}ﬂ{Xr]z'l:nHAl)
:ll_l)rgo,; Po({3k >2: (X — T];)-l:i—n}|A1)Po(Xrlz -1 =nlA)),

where to obtain the last equality we took advantage of Lemma 2.4. Blackwell’s
renewal theorem in combination with Lemma 2.4 now yields

1
Eo(X,; -1|Dc, = 00)

lim Po({EIk >2: (X — 1) =i —n}|Al)
[—00 k

and thus (2.11) implies

1
lim Py(Fk > 1:X_ / I=i|A)) = .
i—00 EO(XTII 1|D¢; = 00)
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Therefore, taking into consideration (2.10) we infer

E()(XT{ 1|D¢; = 00)

| (2.12)

~ Po(D, = 00l A im0 Po(T_y < 00, Xyt -1=1)

It remains to show that the right-hand side of (2.12) is finite. Writing /i« :=

max{|l{],...,|lz]} for the maximum of the absolute values of the coordinates of
[ we have
k-+lmax—1
> R(T < 00, Xpi -1=i})
i=k
k+lmax—1
> ; Po({T_y <00, Xpu -1=i)= Po(A)  VkeN,

where the first inequality follows since { X Tl A=i}C{X T, l=i}forallk eN
and i € {k, ...k + lmax — 1}. This now yields limj o0 Po({T{_; < 00, Xp1 -1 =
i}) > lI;;XPO(Al) > 0, whence due to (2.12) we obtain

EO(XT{ I|{D¢c, = o0}) < o0. (2.13)

Since on {D¢, = oo} there exists a constant C > 0 such that |er| < CXr{ -1, we
infer as a direct consequence of (2.13) that (2.9) is well-defined. Il

We can now employ the above renewal structure to obtain an a.s. constant
asymptotic direction on A;.

Proposition 2.7. Let 0 € {—1, l}d be such that Po(ﬂf: 1 Agyir) > 0 and choose
[ € Z¢ and X such that (2.3) and (2.6) hold and the g.c.d. of the coordinates of |
is 1. Then Py(-|Aj)-a.s.

X, Eo(X 1 {Dc, = oo})

lim = .
n—00 | X | |EO(XIII|{DC1 = oo})|

Remark 2.8. In particular, this proposition implies that the limit does not depend
on the particular choice of [ nor A (for A sufficiently small). Note that the indepen-
dence of / stems from the fact that if /1, [, satisfy (2.3) we have Py(A;, N Az,) > 0.

Proof. Due to Lemmas 2.2 to 2.5 we may apply the law of large numbers to the
sequence (X o )keN yielding

X

% — Eo(Xy|Dc,=00)  Po(lAD-as.,  k— oo,
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and hence
X Eo(X,1|Dc, = 00)

%
Xyl 1Eo(X 1D, = 00)]

Py(-]Aj)-a.s., k — oo.

Using standard methods to estimate the intermediate terms (cf. page 9 in [5]) one
obtains
X, Eo(Xrll |D¢, = 00)

lim = Py(-|Aj)-a.s.
n=00 | Xpl  |Eo(X 1| De; = 00)] O

The following two results will be needed to obtain results about transience in
directions orthogonal to the asymptotic direction.

Lemma 2.9. Let (Y,)uen be an iid. sequence on some probability space
(X, F, P) with expectation EY| =0 and variance EY12 € (0, o). Then, for S, :=
> i—1 Yi we have P(liminf,_, o S, = —00) = P(limsup,,_, o, Sy =00) = 1.

Proof. We only prove P(liminf, o S, = —o0) = 1, the remaining equality
is proved in a similar way. Setting ¢ := (—essinfY;/2) A 1 one can show
for all x € R, using the strong Markov property at the entrance times of
S, to the interval [x,x + €], that P(liminf, ., S, € [x,x + €]) = 0. This
then implies P(liminf,_, » S, = *+00) = 1. But Kesten’s result in [3] yields
liminf, . S,/n > 0 P(-N{liminf,_, o S, = 00})-a.s., while by the strong law of
large numbers we have lim,_, o S;,/n = 0 P-a.s. This yields P(liminf,,_,» S, =
oo) = 0 and hence finishes the proof. U

Lemma 2.10. Let [ € R? be such that
Po(nli)néo X/ X| :1) > 0. (2.14)

Then, for I* € RY such that I* -1 =0 one has Py((Aj» U A_j») N A;) =0.

Proof. We choose a basis /i, ...,I; of R4 and o such that  is contained in the
interior of the cone C, corresponding to [y, ..., [; and (2.3) is satisfied. Further-
more, by (2.14) and Lemma 2.2 we may choose A such that condition (2.6) is
satisfied for the corresponding cone Cy (X, /). Lemma 2.3 yields that the sequence
(r,ﬁ)keN is well defined and Lemmas 2.4 and 2.5 yield that under Py(:|A;) the se-
quence ((Xré — Xt{) I, (Xzé - Xré) -1*,...) is i.i.d. with expectation O, the latter
being due to the validity of Lemma 2.5 as well as (1.7) and [* - [ = 0. Indeed,
Proposition 2.7 yields

: Xfli *
| lim —*~.[*=0
k—o00 |Xr,£|
—_—
=l

Eo(X1 - I*1Dc, .1y = 00) = | Eo(X 11Dc, .1y = )
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Py(-|Ap)-a.s. Applying Lemma 2.9 to the sequence ((Xré — Xr]l) I, (Xr§ — Xré) .
I*,...) yields Po((A;x UA_j;x) N Ap) =0. O

3 Proof of Theorem 1.8 and Corollary 1.10

3.1 Proof of Theorem 1.8
We first prove that condition (b) implies (c). For this purpose consider o such that
Po(ﬂZ:1 Ag)>0and! e Z4 that satisfies (2.3) and for which the g.c.d. of the
coordinates of [ is 1. Then, since P((¢_, Ag,1, \A;) = 0, Proposition 2.7 yields
that Po(-| N{_; Agyr,)-a.s.
. X, Eo(X,1|D¢, = 00)
lim = ! =:
n=00 | Xp| |Eo(X 1| De, = 00)]
which due to Remark 2.8 is independent of the respective [ chosen.
In combination with (2.2) this implies that
lim X,/|X,| exists a.s. (3.2)
n—oo

v, (3.1)

Now Proposition 1 of [35] states that if two elements v # v’ of S4=1 occur with
positive probability each with respect to Py as asymptotic directions, then v = —v'.
Thus, (3.2) already implies (c).

Now with respect to the implication (c) = (d) note that the only thing that
is not obvious at a first glance is that [ - v = 0 implies Py(A4; U A_;) = 0.
However, Lemma 2.10 yields Po((A; U A_;) N (A, U A_))) = 0 which due to

Py(A, UA_)) =1 yields the desired result.

3.2 Proof of Corollary 1.10
We only have to prove (a) = (b). Given (a), Theorem 1.8 yields the existence of
v € S¢=1 such that
Py(A,UA_ ) =1 (3.3)

and (1.7) holds.

Now if I* - v # 0 then Po(A,NA;x) =1 or Py(A—_, N A;x) = 1, respectively, and
hence Py(A,) =1 or Py(A_,) = 1, which due to Theorem 1.7 finishes the proof.
Thus, assume

I* v =0 (3.4)

from now on. Then Lemma 2.10 yields Py((A;xUA_;x) N (A, UA_,)) =0 which
due to (3.3) implies Py(A;x U A_jx) =0, a contradiction to assumption (a).
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