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Abstract. This is a continuation of the earlier work (Publ. Res. Inst. Math. Sci. 45 (2009) 745-785) to characterize unitary sta-
tionary independent increment Gaussian processes. The earlier assumption of uniform continuity is replaced by weak continuity
and with technical assumptions on the domain of the generator, unitary equivalence of the process to the solution of an appropriate
Hudson—Parthasarathy equation is proved.

Résumé. Cet article poursuit la recherche initiée dans (Publ. Res. Inst. Math. Sci. 45 (2009) 745-785) pour caractériser les proces-
sus stationnaires unitaires gaussiens a incréments indépendants. L’ hypothese antérieure d’uniforme continuité est remplacée par de
la continuité faible. Avec des conditions techniques sur le domaine du générateur, nous montrons que le processus est équivalent
unitairement a la solution d’une équation de Hudson—Parthasarathy appropriée.
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1. Introduction

In [13,14], by a co-algebraic treatment, Schiirmann has proved that any weakly continuous unitary stationary inde-
pendent increment process on the Hilbert space h ® H (h finite dimensional), is unitarily equivalent to the solution of
a Hudson—Parthasarathy (HP) type quantum stochastic differential equation [6]

dVi= Y VYA D), Vo= lner, (1)
n,v=0
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where A), are fundamental processes in the symmetric Fock space I” (L%(R,, k)) with respect to a fixed orthonormal
basis (onb) of the noise space k and the coefficients L% : i, v > 0 are operators in the initial Hilbert space h given by

G for (i, v) = (0, 0),
R ~for (1) = (.0,
L=y owl for (uov) = 0.5 (1.2)

Wl — 8 1n for (., v) = (j. k)

(8; stands for Kronecker delta) for some operators G, L ; in h and a unitary operators W on h @ k.

For the characterization of Fock adapted unitary evolutions see [1,5] and references therein. In [7,8], by extended
semigroup methods, Lindsay and Wills have studied such problems for Fock-adapted contractive operator cocycles
and completely positive cocycles.

Recently in [12] authors have studied the case of a unitary stationary independent increment process on Hilbert
space h® H (h a separable Hilbert space), with norm-continuous expectation semigroup and showed its unitary equiv-
alence to a Hudson—Parthasarathy flow. Here we are interested in unitary processes with weakly continuous and not
uniformly continuous expectation semigroup. Under certain assumptions on the domain of the unbounded generators,
extending the ideas of [12] we are able to construct the noise space k and the operators (unbounded) G, L; :> 1
(see Proposition 4.1 and Lemma 4.3) such that the Hudson—Parthasarathy flow equation (1.1) with coefficients (1.2)
(with W being the identity operator), admits a unique unitary solution and the solution is unitarily equivalent to the
unitary process we started with (see Theorem 5.2).

2. Notation and preliminaries

We assume that all the Hilbert spaces appearing in this article are complex separable with inner product anti-linear in
the first variable. For any Hilbert spaces H and X we denote the Banach space of bounded linear operators from H
to I and trace class operators on H by B(H, K) and B (H) respectively. For a linear map 7 we write its domain
as D(T), denote the trace on B (H) by Tr.

For any £ e H® KC, h € H the map

Kak— (§,hQk)

defines a bounded linear functional on K and thus by Riesz’s representation theorem there exists a unique vector
{(h, &) in K such that

((h &), k)=(E,h®k) Vkek. @2.1)

In other words ((h, &)) = F;*& where F), € B(K, H ® K) is given by Fpk =h ®k.
Let h and H be two Hilbert spaces with some orthonormal bases {e;: j > 1} and {¢;: j > 1} respectively. For
A € B(h® H) and u, v € h we define a linear operator A(u, v) € B(H) by

(1 AW, V&)= @&, Av® &) VELEHeH

and read off the following properties (for a proof see Lemma 2.1 in [12]):

Lemma 2.1. Let A, B € B(h® H) then for any u, v, u; and v;i(i =1,2) in h:

(1) A(,):h xh B(h) is a continuous sesqui-linear map and if A(u,v) = B(u,v),Vu,v € hthen A = B,
(i) [AG@, v)|| < [IAllllullllv] and A(u, v)* = A*(v, u),
(iii) A(ui,v1)B(uz, v2) =[A(Jv1 ><u2| ® 13¢) Bl(u1, v2),
@iv) AB(u,v) = ijl A(u,ej)B(ej, v) (the series converging strongly),
(V) 0<A(u,v)*Au,v) < |[ull*A*A(v, v),
(vi) (A, v)&1, B(p,w)&2) = 3 ;51(p ® ¢ [B(lw >< v| ® & >< &1DA"u @ &) = (v ® &, [A"(u >
<pl®1y)Bw &) for &1, & € H.
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We also need to introduce the partial trace Try; which is a linear map from Bj(h ® H) to Bj(h) defined by, for
BeBi(h®H),

(i, Try(B)v):= (u®E;, Bu®Ej) Vu,veh.
Jj=1
In particular, for B = B ® Ba, Try(B) = Tr(B>) B;.
For A e Bh® H), ¢ € Zy = {0, 1} we define operators A® € B(h® H) by A®) := Aife =0and A® := A* if
e =1.For 1 <k <n, we define a unitary exchange map Py, :h®" ® H — h®" @ H by putting

Pen1® - Quu®E) =u1 @ - Qup_1 Qupy1- - Qup Qup @&

on product vectors. Let ¢ = (g1, €2, ..., &,) € Z3. Consider the ampliation of the operator A®0 in B(h®" ® H) given
by

Amen) . Plzn(lh®"_l ® A(é‘k))Pk’n-

Now we define the operator A© :=[]j_; A®&) .= ALen) ... A(&) jn B(h®" ® H). Note that as here, through out
this article, the product symbol [[;_, stands for product with the ordering 1, 2 to n. For product vectors u, v € h®”
one can see that

[TA" o) =] [A o) T (uinvi) € BOH). 22)

i=1 i=1 i=m+1
When ¢ =0 € Z3, for simplicity we shall write AR for A€ and AM for A®
Symmetric fock space and quantum stochastic calculus

Let us briefly recall the fundamental integrator processes of quantum stochastic calculus and the quantum stochastic
differential equation (gsde), introduced by Hudson and Parthasarathy [6,11]. Let us consider the symmetric Fock space
I' = I'(L>(R,, k)) and the exponential vector in the Fock space, associated with a vector f € L>(R,, k), given by

1
e(f) =P ﬁﬂ”),

n>0

where f ") = f®f®---® f for n > 0 and by convention f © =1; where k is a separable Hilbert space. The
n-copies

exponential vector e(0) is called the vacuum vector. For any subset M of L2(R+, k) we shall write £(M) for the

subspace spanned by {e(f): f € M}. For an interval A of R, let I’y be the symmetric Fock space over the Hilbert

space LZ(A, k). For 0 <s <t < oo, the Hilbert space I" decompose as I'y] ® Is,;] ® I, respectively, here we have

abbreviated [0, s] by s] and (¢, 00) by [¢, and for any f € L2(R+, k) the exponential vector e( f) = e( fs]) ® e(f(5.1) ®

e(fir) where fa=14f.
Let us consider the Hudson—Parthasarathy (HP) equation on h ® I” (Lz(RJr, k)):

t
Vs = lheor + Z / Vi LI AY (d7). (2.3)

uw>0""

Here the coefficients L!: 1, v > 0 are operators in h (not necessarily bounded) and A}, are fundamental processes
with respect to a fixed orthonormal basis {E;: j > 1} of k :

tlher for (u, v) = (0, 0),
won _ Jalpn®Ej for (i, v) = (j, 0),
A W=7 6t (10,0 @ Er) for (1, v) = (0, k), @4

Ao, ® |Ex >< Ej)  for (1, v) = (j, k).
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The fundamental processes a, a’ and A are called annihilation, creation and conservation respectively (for their defi-

nition and detail about quantum stochastic calculus see [4,11]).

3. Unitary processes with stationary and independent increments

Let {Us: 0 <s <t < oo} be a family of unitary operators in B(h ® H) and £2 be a fixed unit vector in H. We shall
write U; := Up,; for simplicity. Let us consider the family of unitary operators {U, Y(i)} in B(h ® H) for ¢ € Z, given
by US) = Uy, it e =0,U) = U#, if e = 1. As in Section 2, for n > 1, ¢ € Z} fixed and 1 <k < n, we define the
families of operators {US(";"S") } and {US(’%)} in B(h®" ® H). By identity (2.2) we have, for product vectors u, v € h®"

and g € Z3,

n
U (u, v) = I1 U (i, vy).
i=1

Furthermore, for s = (s1,52,...,8:),t = ({1,102, ..., 1y): 0<s1 <f <sp <--- <s, <1, < 00, we define Us(%) €

B(h®" ® H) by setting
( ) n
£ &k
Uy, = 1—[ US(I:”,?).
k=1

Then for u = @j_, ur, v=Qj_, vk € h®" we have

n

U v = [T (e wo).
k=1

When ¢ =0, we write Uy, for UX(%). For o, 8 > 0,5 = (51,82, ...,8:),t = (t1, 12, ..., ;) We write o

<5<t <=5 <fp <P.
We assume the following on the family of unitary {Us ; € B(h ® H)}.

Assumption A.

Al (Evolution) Forany 0 <r <s <t <00, U sUs ; = Uy ;.
A2 (Independence of increments) For any 0 <s; <t; < 00: i = 1,2 such that [s1,t1) N [s2, ) = O

(1) Uy 1 (u1, v1) commutes with Uy, 1, (uz, v2) and Us*z’t2 (up, v2) for every u;, v; € h.
(i) Forsi <a,b<t;,s2<q.r<tandu,veh® p weh®" ecZ) ¢ cll

(2, UDw vUE (. w)2) = (2, U5 w, v2)2, UL (p. w)2).
A3 (Stationarity of increments) For any 0 <s <t <ooandu,veh®" g e 73
(2,0 w,02)=(2, U2 wv2).
Assumption B' (Weak/strong continuity).

lin(l)(.Q, (U = D(u,v)2)=0 Vu,veh.
t—

Remark 3.1. The Assumption B’ is an weakening of the Assumption B in [12].

=<

L

=<

(3.1

B if
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As in [12] we also assume the following simplifying conditions.

Assumption C (Gaussian condition). For any u;,v; €h,e; €Zy:i=1,2,3

1
lim (22, (U = 1) @1, v) (U = 1) (2, v2) (U = 1) (u3, v3)2) = 0. (3.2)

Assumption D (Minimality). The set So = {Us ;(u, v)$2 := Uy, 1, (1, v1) -+ Uy, 1, (Un, 0,) 820 S = (51,52, ..., 50),
t=(t1,ty,....1): 0<s1 <1 <sp...,5n <ty <oo,n>1Lu=Q"_ui,v=Q;_,vi withu;,v; €h}istotal in H.

Remark 3.2. The Assumption D is not really a restriction, one can as well work with replacing H by closure of span

of So-

Remark 3.3. Under the Assumption D, if we take u;,v; € D C h in the definition of Sy, then the resulting So will
continue to be total.

3.1. Expectation semigroups

Let us look at the various semigroups associated with the evolution {Us,;}. Define a family of operators {7;} on h by
setting

(u, Tv) :=(2,U;(u,v)2) VYu,veh.

Then as in Lemma 6.1 [12] it can be seen that under the Assumption A and B/, {T;} is a weakly continuous, hence
strongly continuous, contractive semigroup on h. Let us denote the strong generator of the semigroup 7; by G. By
a simple computation we have the following useful observation (see Eq. (6.2) in [12])

ZH(U, — 1) (¢x, u)).QH2 =(w, (1 = THw)+((1 = THw, w). (3.3)
k>1

Lemma 3.4. Under the Assumption C we have the following.

(i) Foranyn 23,_,y€h®”,§ezg

1
lim (2. (U = 1)y, v1) - (USE = 1) (tn, v2)2) = 0. (3.4)

(ii) For vectors u € h,v € D(G), product vectors p, w € h®" and e € 7, ¢’ € 7y
1 /
lim —((U; — D© (u, 12, (UL = 1)(p, w)$2
lim ~((U; = D @, v)2, (U, )(p, w)$2)
.1 /
= (=1 lim (U, = D)2, (U = 1)(p. w ). (3.5)

Proof. (i) The proof is identical to that of Lemma 6.7 in [12].
(i1) For ¢ = 0 nothing to prove. To see this for ¢ = 1 consider the following

1 &)
lim ;((Ut + U =2)(u, )2, (U~ = 1)(p. w)$2)

1 X
= —lim —{[(U} = )W, = D], 2, (U = 1)(p, w)£2)

t—0t

o p
= —lim = 3 {(Us = Dlen, v)2. (Ur = Diew. (U = 1) (p. w)2). (3.6)

m>1
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That this limit vanishes can be seen from the following

l 8/ 2
‘; > (W = Diem )2, Us = Dew. )(US — 1) (p. w) 2)

m>1

1 1 o
<> W = Den v@|” 3 - W = Diew. (U = 1) .2

m>1 m>1

By identity (3.3) and Lemma 2.1(iv) the above quantity is equal to

-7, \1,, . "
2Re<v, ; tv>;(( & 1) (p, w2, [(UF = )W = D], w) (U = 1) (p, w)R2)

1-T; \1 e % ¢
< 2Re<v, t fv>7<(ut‘) —1)(p, w2, 2- U} —U)w,w) (U = 1)(p, w)).

Therefore, since Re(v, #v) is uniformly bounded in ¢ as 7} is strongly continuous and v € D(G), by Assumption C

we get

.1 g’
lim =3 ((U; = D (ew. )2, U = (e, v) (U7 = 1) (p, w)2) = 0.

m>1

Thus (3.5) follows.

For vectors u, p € h and v, w € D(G), the identity (3.5) gives
1 /
lim ~{(U; = )"V, )2, U; = D (p, w)R)
t—

e+e’ q: 1
= (—=D*" lim —((U; — D(u, )82, (U; — D(p, w)$2).
t—0t
Now define a family of operators {Z;: t > 0} on the Banach space Bj (h) by
Zip=Try[Ui(p® 12 >< 2))U}]. peBih).
In particular for u, v, p,w €h

<p, Zt(|w >< v|)u> = (Ut(u, V)2, U (p, w).Q).

Lemma 3.5. Under the Assumptions A, B the family {Z,} is a Cy-semigroup of contractive maps on By (h).

Proof. For p € 31 (h) by definition of Z; and trace norm (see [2], p. 47) we have
1Zplh = |Ten[Ur (p @ 192 > < 21)U/]

= sup Y |l Tru[Us(p ® 12 > < 1)U v
q&,wonbofhkzl

<sup Y |(tx ® &5, Ur(p ® 12 >< 21U ¢ ® &)
OV k=1

= |u(p @12 ><2)Ur|,.
Since for any {U;} is a family of unitary operators

1Ziplh < |o®12 >< 21|, < lpl.

3.7

(3.8)
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Proof of semigroup property of {Z;} is same as in Lemma 6.4 [12]. In order to prove strong continuity Z;, it is suffices
to prove the same for rank one operator p = |w >< v|, w, v € h. We have

[z = D(w><v))|,
= sup |(¢k, (Z; — l)(|w >< U|)¢k)|

¢ on b of h
=sup > _|(Ui(dx, )2, Ui (g, w)2) = (@x, v} (e, w) |
k>1
< sng!(wf — (k. )82, Uy (. w) 2)|
k>1
+s:p2|<¢k, 0)(2, (U — D(p, w)2))|
k>1
5 1/2 5 1/2
fsgp[ZH(Uz— D (¢r. )82 ] [ZHUf@k,w)QH }
k>1 k>1

5 1/2 5 1/2
+s3p[2}<¢k,v>! ] [ZU(U,—l)(m,me } :

k>1 k>1

Hence by identity (3.3) we obtain

[ = D(lw <> v

< lwlly/2[ (T = Do || + vy 2| (T = Dw .

Thus by strong continuity of the semigroup 7; and the density of the finite rank vectors in 3;(h) the contractive
semigroup Z; is a strongly continuous. O

We shall denote the generator of the semigroup Z; by L. Also we note the following which can be proved identically
asin [12].

Lemma 3.6. The semigroup Z; is a positive trace preserving semigroup.

Let us define a family {Y¥;: t > 0} of positive contractions on Bj(h) by Y;(p) := T;pT;*, Vp € B;(h). Since T; is
a Cp- semigroup of contraction operators on B(h) it can be seen that Y; is a contractive Cp-semigroup on B (h). It
can also be seen that [4] the generator £ of Y; satisfy

Lp)=G*p+pG VpeF={(1-G)'o(1-G*) " o e B}

and F is a core for L.
We also define a family of maps F; on the Banach space B (h) by

Fip=Trn[U(p® 12 >< 2|)U;] Vp € Bi(h). (3.9)

In particular for u, v, p, w € h we have that (p, F;(jw >< v))u) = (U;"(u, v)§2, U (p, w)$2). Then as for Z; it can be
proved that {F;: ¢ > 0} is a strongly continuous contractive semigroup on By (h). We shall denote its generator by L.
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4. Construction of noise space

Let Mo := {(u,v,8): u=Q/_ui,v=_Q"_,vi,ui € h,v; € D(G),e = (¢1,...,&,) € Z5,n > 1} and consider
the relation “ ~ ” on My as defined in [12]: (u,v,&) ~ (p,w, &) if e =¢' and |u >< v| = |p >< w| € Bh®").
Expanding the vectors in terms of the orthonormal basis_{ej =e;; ®---®ej: j= (.. s Jls s = 1)
from D(G), the identity |u >< v| = [p >< w]| is equivalent to U = EjE/i for each multi-indices J» k which

113 "

gives, (u,v,¢) ~ (p,w, &) & A® (u,v) = A@/)(p,g) for all bounded operator A and make “ ~ " a well de-
fined equivalence relation. Now consider the algebra M generated by My/ ~ with multiplication structure given
by (u,v,8).(p,w,g) = u ® p,v @ w, e ®&’). We define a scalar valued map K on M x M by setting, for
(u,v,8),(p,w, &) € Mo,

1 /
K(wv.e). (p.w.e)) = lim ;((Ut@ — ), 02, (UF —1)(p, w)R), ifit exists.
— 11— -
If we define the subspace Ny = Spanf{|u >< v|,u, v € D(G)} of B;(h), then it is clear that Ny is dense in By (h)
and contained in F, and we have the following result.
Proposition 4.1. If Ny € D(L) then we have the following.

(1) The map K is a well defined positive definite kernel on M.
(i) Up to unitary equivalence there exists a unique separable Hilbert space k, an embedding n: M — K and a rep-
resentation w of M, w : M — B(K) such that

{nu,v,e): (u,v,e) € Mo} is total in k, 4.1
(nw.v.&).n(p.w. €)=K (w.v. 8. (p. w.€)) (4.2)
and

7w, v, en(p.w.)=nu@p.vOw.e &) — (p.w)nu, v, &). (4.3)

(ii) For any (u,v.) € Mo, u = Qj_ ui,v=Qj_ vi and £ = (£1. ..., €n).
n
NG, v,8) =Y [ [l vidn i, vi, &). (4.4)
i=1 ki
Gv) n(u,v, 1) =—n(u,v,0),Vu € h,v € D(G).
(v) Writing n(u, v) for the vector n(u, v, 0) €K,
Span{n(u, v):uehve D(G)} =k. 4.5)

Proof. (i) The proof is exactly same as in [12] except the fact that v € D. By Lemma 3.4, for elements
(u,v,8),(p,w, &) € My, e € Z3 and ¢’ € Z, we have

K((ﬂ7 v, Q)v (_’ w, §/))

1 e 4
= lim —((U° = 1)@, 12, (UF —1)(p, w)R)

t—0t

— 1 , .
= > [Tl [Tt wn lim W = DS @i, w2, U = D5 (pj w)K2). (4.6)
l<i<m,1<j<n ki I£] =
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Since

(U = D@, v, U — D(p, w)R2)

= (U[(l/t, U)Qv Ul(ps w)‘Q) - <M1 U><P, w)
—(M, U)(Q9 [(Ul - 1)(17’ UJ)].Q>
—[2, W = D, ]2)(p, w)

:(p, (Z; — 1)(’w >< v‘)u) — (u, v)(p, [(T[ — 1)w]> — (u, (T; — 1)v>(p, w).

Thus existence of the limits on the right hand side of (4.6) follows from the identity (3.5) since the semigroups 7; on h
and Z; on By (h) are strongly continuous and |w >< v| is in D(L). Hence K is well defined on M. Now extend this
to the algebra M sesqui-linearly. In particular we have

K((u,v,¢), (p,w,¢))

— (—1)H thgg){(p, 2 (o> < v|)u>— . v><p, Ui 1w> - <u L 1v><p, w>}

t

= (=1 {(p, L(Iw >< v])u) — (u, v)(p, Gw) — (u, Gv)(p, w)}. 4.7

(i1) The Kolmogorov’s construction [11] to the pair (M, K) provides a separable Hilbert space k as closure of the
span of {n(u, v, ¢): (u,v, &) € Mp}. Now defining 7 by (4.3) we obtain a representation of the algebra M in k (proof
goes similarly as in Lemma 7.1 [12].

(iii) Again as in [12] for any (p, w, &") € My, by lemma 3.4, we have

= > T vdnui, vi ), n(p, w, €)).

i=1 ki
Since {n(p, w,&"): (p,w,e") € Mo} is a total subset of k, (4.4) follows.
(iv) By (3.5) we have
(n, v, D, n(p,w, &) =(—n,v,0),n(p, w,&)).

Since {n(p, w, &"): (p,w,&') € My} is a total subset of k, n(u, v, 1) = —n(u, v, 0).
(v) It follows immediately from parts (iii) and (iv). [l

Remark 4.2. The representation w of M in K is trivial
7w, v, e)n(p.w. &) = (w, v)n(p, w. ¢). (4.8)

Ifwe redefine M to be generated by u, v € D(G)®", then M can be a x-algebra with involution: (u, v, £)* = (u,v,€")
(for notations see [12]) and it is obvious that w given by (4.8) is indeed a x-representation.

In the sequel, we fix an orthonormal basis {E;: j > 1} of k.

Lemma 4.3. Under the hypothesis of Proposition 4.1 we have the followings.

(i) There exists a unique family of operators {L;: j > 1} inh with D(L;) 2 D(G) such that (u, L jv) =n;(u,v) :=
(Ej,n(u,v)),Yu eh,veD(G) and ijl ||Ljv||2 = —2Re(v, Gv), Vv € D(G).
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(ii) The family of operators {L;: j > 1} satisfies ijl (u,cjLjv)=0,Yu €h,veD(G) for some c=(c;) € ZZ(N)
implies ¢ = 0.
(iii) The generator L of strongly continuous semigroup Z; satisfies

<p, £(|w >< v|)u> = <p, |Gw >< v|u)+(p, lw >< Gv|u)

+Z(p,|ij >< Ljv|u) (4.9)
Jj=1

forallu, p ehand v, w € D(G). Furthermore, the family of operators G, L;: j > 1 satisfies

(v. Gw) + (Gv,w) + > (Ljv, Ljw) =0, (4.10)
j=1

forall v, w € D(G).
Proof. (i) By the identity (4.7), for any u € h, v € D(G)

I @, v)1?
= (u, E(Iv >< v|)u) — (u, v){u, Gv) — {u, Gv){u, v)

<{l£(lv=><v)|, +21GvllviI}ul?. (4.11)
Thus the linear map h > u — n(u, v) € k is a bounded linear map. Hence by Riesz’s representation theorem, there
exists unique linear operator L from D(G) 2 h to h ® k such that {(u#, Lv)) = n(u, v) where the vector {(u, Lv)) € k

is defined as in (2.1). Equivalently, there exists a unique family of linear operator {L;: j > 1} from D(G) to h such
that Lu = ijl Lju® E; and (u, Ljv) =n;u,v)=(E;, n(u,v)). Now, for any v € D(G)

Lol = Ll =Y [njer. v))* = > [nter. v)|?
J Jj.k k
= [{ex: L(Iv >< vl)ex) — {ex. v} (ex, Gv) — {ex, Gv){ex, v)]
k
=TrL(Jv ><v|) — (v, Gv) — (v, Gv).
Since Z; is trace preserving and |v >< v| € D(L) by hypothesis it follows that
Tr£(|v < vl) =0
and therefore
1Zv* = " IILv|* = —(v, Gv) — (v, Gv) = —2Re(v, Gv). (4.12)
J

Note that the term on right hand side is positive since G is the generator of a contractive semigroup.
(ii) For some ¢ = (¢;) € 12(N) let (u, ijl cjLjv) =0,Yu € h,v € D(G). We have

0= <u, ZCQ,’L/U> = ZC/'(M, Ljv) :<ZE~/Ej’ n(u, v)>

izl izl izl

Since Span{n(u,v): u € h,v € D(G)} =K, it follows that ijl cjE;j=0¢ckandhencec; =0,V}.
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(iii) By part (i) and identity (4.7), for any u, p € h and v, w € D(G) we have

D G, Lijv)(p, Ljw) = (n(u, v), n(p, w))

Jj=1
=(p, L(lw ><v|)u) — (u, v)(p, Gw) — (u, Gv)(p, w),

which leads to (4.9).
Since, for any v, w € D(G), by Lemma 3.6, Tr[L(|w > < v|)] = 0, from the above identity we get

(v, Gw) + (Gv,w) + Y _(Ljv, Ljw)=0. (4.13)
Jj=1
O

Remark 4.4. If there exists a positive self adjoint operator A such that (v, Av) = —2Re{v, Gv), Vv € D(G), then
ILv|? =Y, ILjv]* = (v, Av) = [AY2v]1%, Vv € D(G) € D(A) € D(A'/?) and hence L will be closable. Clos-
ability of (L, D(G)) can be seen as follows. Suppose {v,} € D(G) converges to 0 and {Lv,} is convergent. Since
[ L(vy, — vl = ||Al/2(vn — vm)|l, convergence of {Lv,} implies {Al/zv,,} is Cauchy, so convergent in h. As A2 s
a closed operator we get that A'/?v, converges to 0 which implies Lv, converges to 0.

This can happen e.g. when {1} is a holomorphic semigroup of contractions.

Remark 4.5. If we replace D(G) by any dense subset D C D(G), such that \u >< v| € D(L) for all u,v € D,
then above Proposition 4.1 and Lemma 4.3 hold with the tensor algebra M modified so as to be generated by
(R ui, @i vi): uj ehandv; € D.

5. Hudson—Parthasarathy (HP) flows and equivalence

In order to set up the Hudson—Parthasarathy (HP) equation and proceed further we shall work under the following
extra assumption.

Assumption E. There exists a dense set D C D(G) N'D(G*) such that D is a core of G in h and:

El. DC D(L’J‘f)for every j > 1,
E2. N = Span{lu >< v|: u,v € D} is a core for the generator L and L' of the semigroup Z; and F, on By(h)

respectively,
E3. L; maps D into itself and for any v € D, ijl ||GL.,-v||2 < 00.

Since D is dense in h one can see, by a simple approximation argument, that N is dense in Bj(h). Recall from the
Remark 4.5 that under the Assumption E2, replacing D(G) by the core D in Proposition 4.1 and Lemma 4.3, we get
a separable Hilbert space k generated by {n(u, v): u € h, v € D} and linear operators {L;: j > 1} defined on D.

Remark 5.1. The Assumption El is needed for setting up an HP equation with coefficients G and Lj: j > 1, As-
sumption E2 is to assure the existence of unique unitary HP flow. The Assumption E3 will be necessary for proving the
minimality of the associated HP flow which will be needed to establish unitary equivalence of the HP flow and unitary
process Uy, we started with.

Now let us state the main result of this article.
Theorem 5.2. Assume A, B, C, D and E. Then we have the following.

(i) The HP equation

t
Vi=lhgr+ » / VLI A (dr) 5.1
w,v=>0 0



586 L. Sahu and K. B. Sinha
on D Q E(L*(Ry, K)) with coefficients L'} given by

G for(u,v)=(0,0),
L{f: LJ for(ﬂ,V):(j,O),

5.2
“Lp for (u.v) = (0.K), 62
0 for(n,v)=(j, k),
admit a unique unitary solution V;.
(i) There exists a unitary zsomorphzsm th® H— hQ® I such that
U =E5*V,E Vr>0. (5.3)

Here we shall sketch the prove of part (i) of the theorem and postpone the proof of (ii) to the next two subsections. In
order to prove the part (i) we need the following definition and lemmas. For A > 0, we define the Feller set 8, C B(h)
by

{x >0: (v, xGw) + (Gv, xw) + Z(Ljv,ijw) =Muv,xw),Vv,w € ’D}.
j=1

Similarly we define the Feller set ,BA for coefficients L{f = (L .
Lemma 5.3. Under the Assumption E2, the Feller condition: B8, = {0} as well as ,3~;L = {0} for some X > 0 hold.
Proof. For any x > 0 in B(h), v, w € D we have

Z(Ljv,ijw) = (Lv, x® 1k)Lw>

j=1
_ Z 1/2 ((xl/zem,Lw)))=Z(n(xl/zem,v),n(xl/zem,w))
m=1 m>1
= Z(Ljv,ijw) = Z(n(xlﬂem, v), n(xl/zem, w))
Jj=1 m>1
= Z 1/26,,,, L(lw><v|)x 1/zem>—()c1/2em,Gv)(xl/zem,w)—()cl/zem,1))()c1/ze,,,,Gw>}
m>1

= Tr[x[i(lw >< v|)] — (v, xGw) — (Gv, xw),
where we have used (4.7). Thus
(v, xGw) + (Gv, xw) + Z(Ljv,ijw) :Tr[xﬁ(lw >< v|)] 64
izl
and for any x € §;,
Tr[x£(|w >< vl)] =Av, xw) = ATr(x|w >< v|) Vv, w € D. (5.9

By Assumption E2 the subspace N = Span{|w >< v|: v, w € D} is a core for £ and hence the identity (5.5) extends
to Tr[xL(p)] = A Tr(xp),Vp € D(L). It is also clear that for x € B, the scalar map ¢, :D(L) 3 p > Tr[xL(p)] =
ATr(xp) extends to a bounded linear functional on 5 (h). Hence x is in the domain of £* and we get Tr[(jw ><
v|)(L* — A)x] = 0 which implies that (v, (£* — A)xw) = 0 for v, w € D which in its turn yield that (L* — A)x =0
Since £* is the generator of a Cop-semigroup {Z;} of contraction maps on B(h), for A > 0, £* — A is invertible and
hence x =0.
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To prove ,33 = {0} let us consider the following. By identity (3.7) for vectors u, p e hand v, w € D

(n(u, v), n(p, w))

1
= lim —{(U: = (. v)2. (Ur = D (p. w)2)

1
=lim —((U} = 1)(u, v)$2, (U = 1)(p, w)R2)

t—0t

1 [
= lim —{(U7" (. )2, Uy (p, w)2) = T, ) (p. w)

T [ - D w)e)

@[~ D ol2)pw)

1 - -
= zlgr(l) ;{(p (Fr = D(lw ><vl)u) — (w,v){p. (T, = D)w) — (u, (T;* — 1)v)({p, w)}.

Since by E2, v, w € D € D(G*) and |w >< v| € D(L'), we get that

(n(u, v), n(p, w)) = (p, E/(|w >< v|)u> — (u, v)(p, G*w) - (u G*v)(p, w). (5.6)
Thus by (5.6) we have

Z(Ljv, xLjw) = Z(n(xl/zem, v), n(xl/zem, w))

Jj=1 m>1

= Z{(xl/zem, E’(|w >< v|)x1/2em> — <x1/zem, v)(xl/zem, G*w)

m>1
— <x1/zem, G*v)(xl/zem, w)}

= Tr[xﬁ’(|w >< vl)] — <G*v,xw) — (v,xG*w).

Thus
(v, xG*w) + (G*v, xw) + Y (Ljv, xLjw) =Tr[xL'(jw ><v])] (5.7)
Jj=1
and for any x EE)\,
Tr[xﬁ/(|u) >< v|)] =Av,xw) = ATr(x|w >< v|) Yv,w € D. (5.8)

Since the subspace N = Span{|w > < v|: v, w € D} is a core for L by the Assumption E2, a similar argument as
above will give that 8, = {0}. O

Remark 5.4. By (5.4) and (5.7) formally (L' — L)p =[G* — G, p],Vp € N. Denoting the imaginary part of G by H
consider the derivation 8y (p) = —2i[H, pl. If 8y is bounded then the hypothesis that the subspace N is a core for L
implies that it is a core for L' and no extra assumption is needed.

Remark 5.5. If {T;} is a holomorphic semigroup of contractions then the hypotheses on domains of G* and L' will
hold automatically.

Lemma 5.6. Assume the hypotheses E1 and E2. For n > 1, setting Lj(n) =nL j(nly — G Yand Gn) =n2(nly —
GGy — G)~!, we have:
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(i) The operators L ;(n), G(n) € B(h) and Zj IL; (n)v]|? = —2Re(v, G(n)v).
(ii) Forv e D,lim, 00 Lj(n)v=L;v,lim, e Lj(n)*v= Ljfv and lim,,_, oo G(n)v = Gu.

Proof. (i) For any v € h,
SolLiow]* =Y n? L in = 6)o)?
J J
= —2Ren?*((nlp — G) v, G(nly — G) ")
= —2Re(v, G(n)v).

(ii) Since the sequences of bounded operators {nL ;(nly — G)_l} and {nL;(nly — G*)_l} are uniformly norm
bounded and converge strongly to identity, the requirements follows. ]

Sketch of the proof of part (i) of Theorem 5.2. For each n > 1 we consider the family of operators,

G(n)=n*(nlp—G* 'Gnly— G)~' for (u,v) = (0,0),

L)y =nL i - 6)! for (1, v) = (7. 0),
=1 "o for (41, v) = (0. k), ©9)
0 for (i, v) = (J, k).

By hypothesis E1, we have that lim,,_, o, L% (n)v = LYv, Vv € D and hence there exist unique contractive solution {V;}
for the HP equation (5.1) (see [3,4,9]). Under the Assumption E the first part of Lemma 5.3, on using Proposition 3.1
in [10] (also see [3,9]) and Theorem 7.2.3 in [4], yields that the solution {V;} of HP equation (5.1) is isometric. We
shall conclude the unitarity of the process V; by employing time reversal operator and the results in [4,10]. As V;
satisfies Eq. (5.1), V,* satisfies the HP equation on D @ £(K), since D € D(G*) by E2,

13
Vt*=1h®r+ E /(LQ‘)*V,*A’VL(dr). (5.10)
0
n,v=0

Let us define \7, =[1n ® I'(RHIV*[1n @ I'(R;)], where R; is the time reversal operator on L2(R+, k):

| f—x) ifx=<t,
Rif () = { f(x) ifx > 1,

and I"(A) denote the second quantization of operator A: I"(A)e(f) = e(Af). Then it can be seen that the process {\7,}
satisfies the HP equation on D ® £(K),

t
Vi=lngr+ Y f VLA A, (dr). (5.11)
n,v=>0 0

Since the Feller condition ,BN;L = {0} for Z{f holds by the second part of Lemma 5.3 (see again [4]), the solution \7, and
hence V;* is isometric or equivalently V; is co-isometric and therefore V; is a strongly continuous unitary process. [J

Remark 5.7. Using identity (4.13) one constructs the minimal semigroup Z; with generator L such that restrictions of
L and L to N are same (see [4,9,10,15]). Therefore, for any A > 0, the closure (A — ﬁ)N =A—LN =0—-L)DL)
since by hypothesis E2 the subspace N is a core for L. As L is the generator of a Cy-semigroup of contractions on
Bi(h) the subspace - LYD(L) = By(h) and hence (. — ﬁ)./}/' = By (h). Thus by Theorem 3.2.16(ii) and (iii) in
[4] we have that Tr(Z;p) = Tr(p), i.e the minimal semigroup Z; is conservative which also implies that the Feller
condition isAsatisﬁed. We also have (). — ﬁ)/\/ =Bi(h)=0— ﬁ)D(ﬁ) which implies N is a core for L as well and
hence L = L. Thus Z; is the minimal semigroup.
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For any 0 <5 <t < oo, we define a unitary operator Vs ; := 1y, ® [I"(65) V,—sI"(6;")], where 6; is the right shift
operator on L(R4., K):

) fx—=s) ifx=>s,
Os f(x) = { f(x) if x <s.

It has been shown in Lemma 7.1.3 of [4] that the solution of (5.1) under the condition given above is a unitary cocycle,

ie. Vo, = Vo, Vi = Vo s [T (05)Vi—s I (6])] and satisfies the HP equation

t
Vor=Thor+ 3. / Vo, LIEAY (dr). (5.12)

ww=0""

As for the family of unitary operators {U; ;} on h ® H, for ¢ = (¢1,€2,..., &) € Zg we define VS(%) e Bh® @)
by setting VS(,S,) eBth®TI) by

V(s) _ VS,[ for e = O,
stV fore=1.

The next result verifies the properties of Assumption A for the family Vs ; with e(0) € I" replacing 2 € H.

Lemma 5.8. The family of unitary operators {V; ;} satisfy:

(i) Forany0<r <s<t<oo,V.; =V, Vs ;.
(ii) For[g,r)N[s,t) =3, Vy (u,v) commute with Vs ;(p, w) and V; ;(p, w)* for every u, v, p, w € h.
(iii) Forany0<s <t < o0,

(€(0), Vi (u, v)e(0)) = (€(0), Vi—s(u, v)e(0)) = (u, T—sv) VYu,v€h.

Proof. (i) For fixed 0 <r <s <t < o0, we set W,.; = V, Vs ;. Then by (5.1) we have

t
Wr,t = Vr,s + Z / Vr,sVs,quvLA;i(dQ)

w,v=>0"%

t
=Wrs+ Y / Wy gLl A (dg).

w,v=>0 §

Thus the family of unitary operators {W, ;} also satisfies the HP equation (5.12). Hence by uniqueness of the solution
of this quantum stochastic differential equation, W,.; = V,.,, V¢ > s and the result follows.

(ii) Forany 0 <s <t <00, Vs, € Bh® [}s.)). So for p, w e h, V; ;(p, w) € B(I]s,,]) and the statement follows.
The proof of (iii) follows from (5.12) and the cocycle property of Vy ;. ([

Consider the family of maps Z&, defined by

Zs10=Try[Vii (o ® |e(0) ><e(0)])V,] Yo eBih).

As for Z;, it can be seen that Z,, is a contractive family of maps on ) (h) and in particular, for any u, v, p, w € h

(P, Zs.(lw > < v])u) = (Vs 1 (u, v)e(0), Vi, (p, w)e(0)).

Lemma 5.9. The family Z = Z),, is a Co-semigroup of contraction on By (h) and Zv,t = Z,S =Zi .
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Proof. By (5.12) and Ito’s formula for u, v, p, w € D
<ps [is,z - l](Iw >< v|)u)

= (VS,I(M9 U)e(o)» VS,l(ps w)e(0)> - <Lt, U) (P» w)

t t
= f (Vy.o (u, v)e(0), Vs - (p, Gw)e(0)) dt + f (Vs 2, Gv)e(0), Vs« (p, w)e(0))dr
t
+/ (V.o (u, Ljv)e(0), Vs (p. Ljw)e(0))dr
t 1
=/ (p, ZS,I(|Gw >< v|)u)dr +/ (p, Z”(|w >< Gv|)u)dt

t
+Z/ (P, Zs < (ILjw >< Ljv|)u)dr.

j=17s

Thus
t
(p,[Zs, — 1(p)u) = / (p, Zy.c L(p)u)d, (5.13)

where p = |w >< v|. Since D is dense in 11 N is a core for £ and Z,f is a contractive family Eq. (5.13) extends
to u, p € hand p € D(L). Thus the family Z; ; satisfies the differential equation

t
Zoip)=p+ / 7. L(p)dr, peDL).

Since L is the generator of Cp-semigroup Z;, it follows that ZY,, = Z_S =7 . O
5.1. Minimality of HP flows

In this section we shall show the minimality of the HP flow V;; discussed above which will be needed to prove
Theorem 5.2(ii), i.e, to establish unitary equivalence of U, and V,. We shall prove here that the subset &’ := {¢ =
Vs, 0)e0) := Vi, 1, (ur,v1) -+ Vi, 1, (U, 0,)€0): s = (51,82, ...,8:), L =(t1,02,...,1,): 0<s1 < <--- <5, <
th<oo,n>1,u=@Q"_ ui eh® v=Q" v € D"} is total in the symmetric Fock space I"(L*(R4,k)).

Since D is dense in h, by Remark 3.3 the subset S := {¢ = Uy ; (4, v)§2 := Uy, 1, (w1, v1) - U, 1, (Un, 0,) 20 5 =
(51,82, ey Sp)y = (1,00 1y): 0<s51 <f1 <2<+ <sy<ty<oo,n>1l,u=Q'"_u; ch® v=Q_ v €
D®"} is total in H.

Lemma 5.10. Under the Assumption E3, for any v € D, Zi,jzl ||L,-Ljv||2 < 00.

Proof. Forany j > 1, Ljv € D and by Lemma 4.3(i),

12 172
> ILiLjv)*= —2ReZ(L.,~v, GL;jv) < z[z ||Ljv||2:| [Z ||GLjU||2j| < o0.

i>1 j=1 jz1 jz1 0

Let 7 > O be fixed and as in (Ref. [12]), we note that forany 0 <s <t <t,ueh,veD

1
— Vs = 11(u, v)e(0)
r—s

=y(s,t,u,v)+ (u, Gv)e(0) + (s, t,u,v) + c(s, t,u,v), (5.14)
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where these vectors in the Fock space I" are given by

yis.tuv)i=—3 u, Ljv)al (s, 11)e(0),
jz!
£(s, 1w, v) 1= — ; 3 (VM— 1)(u, Ljv)a)(dr)e(0),

c(s,t,u,v):= %/ (Vs — 1) (u, Gv) dre(0).
—s J;

Note that any & € I" can be written as &§ = £©@e0) @ £ @ ..., €™ in the n-fold symmetric tensor product
LRy, K)®" = L%(Z,) ® k®" where %, is the n-simplex {t = (11,12, ...,1,): 0<1] <tr--- <1, < 00}.

Lemma 5.11. Forany u eh,v e D,0 <s <t <1 there exist positive constants Cr .y, C; wv 8iven by

Cr=2e", CW=2||u||2[cfZ||Ljv||2+r||Gv||2]
Jj=1

and

Chuw =2cf||u||2[cf > ||L,-L,-v||2+r2nGL,»v||2}

i,j>1 i>1
such that

@ 1Y 21y Voo, Liv)al(dne)) < Ce(t = ) ul® X0y IL,v]1%,

(i) [[(Vsr — D), 0)e0)[|* < Cruo(t = 5),
(i) 1¢(s, 2, u, )| < C} ., and || (s, t,u, V)| < Cryp/T —5,VO<s <1 <71,
(iv) Forany & € F(LZ(R+, k)), lims— (&, ¢(s,t,u,v)) =0 and

gi_ﬂr}(f, y(s,t,u,v))= Z(u, Ljv)y(t) = <§(1)(t), n(u,v)), aet>0.

j=1

Proof. We give the proof of (iii) only since the proof of (i), (ii) and (iv) are identical to that in [12] except for the
observation that in the estimates the constants will depend on the norms of the vectors like || L;v]|, ||Gv|| instead
of ||v|| for v € D. (iii) Using the standard estimate of a stochastic integral [11] and Assumption E3 we get that

H{(s,t,u,v)”2
lae]I ' . 2
= (t—s)2 Z‘T ’ (Vs — l)LjUaj(d)»)e(O)
CT”u” Z/ | (Vi = DLjve@)]* da
Crll [
=2 (t —s)2 Z(I—S)[Cr(t—s)ZHL Liv|*+(t—5)*|GL;v| ]

i>1

schnunzz[cfZ||L,~Ljv||2+r||GL,-v||2] Cruw

j=1 i1 0
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Lemma 5.12. Forn>1,t€ ¥, anduy eh,vy e D:k=1,...,n,& € F(LZ(R+, k)) and [si, ty)’s are disjoint.

g Vs, =1
(i) limy—, (&, [Tizy M sk, ti, uk, vo)e(0)) = 0, where M (si, ti, uk, V) = — 25— (u, ve) — (e, Gue) — y (i 1k,
ui, vy) and limg_,, means sy — ti for each k.

(i) limy—; (&, @y ¥ (ks ths e, V1)) = ED (11, .o, 1), N1, v1) @ -+ @ Ny, Un)).

Proof. The proof is omitted since it is identical to that in [12] once we note that vy € D € D(G), and part (ii) can be
proved using Lemma 5.11 (iv). O

The next lemma extends the lemma 8.4 of [12] to S’ defined in term of u € h®”", v € D®" instead of both in h®"
as in [12]. The proof proceed along identical lines and hence omitted.

Lemma 5.13. Let & € I be such that
(£.¢)=0 V¢ed, (5.15)

then

(i) £ =0and eV (1) =0forae.t €0, 1].
(ii) Foranyn>0,EM () =0forae.t € L : t; <t.
(iii) The set S’ is total in the Fock space I.

We shall now prove the part (ii) of the Theorem 5.2 that the unitary evolution {U;} on h ® H is unitarily
equivalent to the unitary solution {V;} of HP equation (5.1). To prove this we need the following two results.
Let us recall that the subset S = {& = Uy ;(u, V)2 := Uy, 1, (1, v1) -+ Uy, 1, (Un, 1) 820 5 = (51,52, ...,8.), L =
(i t2yeosty): 0<s1 <1 <+ <5y <ty <oo,n>1lu=Q'"_ui €eh® v=_Q"_ v € D'} is total in H
and the subset S’ :={¢ = V ,(u, v)e(0) := Vi, 1, (w1, v1) -+ Vi, 1, v)e(0): u=Q;_ u; € h®" y = R vi €
D®",§=(S],Sz,...,sn),£=(t],tz,...,tn)} is total in I".

Lemma 5.14. Let Uy (u,v)$2, U!»L/(E’ w)2 €S, where v, w € D®". Then there exist an integer m > l,a =
(ar,a2,...,ap),b=(b1,b2,...,by): 0<ay1 <b; <---<ay, <by <00, partition R URy U R3 = {1, ..., m} with
|R;| =m;, family of vectors xy,, g, € hand y,, hy; € D: 1 € R{ U Ry, i € Ry U R3 such that

Upi@.0) =Y ] UGy 1) (5.16)
k I€R|UR;

Upo(p.w)=>" ] UaoCeiae)- (5.17)
k leRUR3

Proof. It follows from the evolution hypothesis of the family of unitary operators {Us ;} as for r € [s, ¢] and ortho-
normal basis { f;} € D of h we can write Uy ,(u, v) = ijl Us,r(u, fUr(fj,v). O

Remark 5.15. Since the family of unitaries {V } on h® I" enjoy all the properties satisfy by family of unitaries {Us,}
on h ® H the above lemma also hold if we replace Us ; by Vs ;.

Lemma 5.16. For Uy ;(u,v)$2, Uy v (p, w)2 € S.

(Us1(u, )92, Uy o (p, w)2) = (Vs (1, 0)e(0), Vi 1 (p, w)e(0)). (5.18)

The proof of Lemma 5.18 is as in [12] and hence the part (ii) of Theorem 5.2 follows identically as in [12].
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Remark 5.17. The Assumption C is ruling out the presence of conservation (Poisson) terms in the associated HP
equation as the representation 7, we obtained, is trivial (see Remark 4.2). Without this Assumption C, the problem is
not yet settled. In the absence of Assumption C the representation w shall be non trivial which in general will give rise
to a unitary (different from identity) operator W on h @ k and associated HP equation (5.1) will contain conservation
terms with coefficients {L"} described as in (2.4).

Remark 5.18. The Assumption E2, i.e. there exists D, core for G such that D C D(L;f) for every j > 1, is a strong
assumption. But this is necessary one in order that the quantum stochastic differential equation for V; makes sense.
Only way one can do away with this assumption is to abandon the quantum stochastic differential equation for V;
and just deal with V; as a left cocycle described by the associated four semigroups [8]. This programme is not yet
complete.

Remark 5.19. The Hypothesis E3, i.e. for any v € D, ijl ||GLjv||2 < 00. This holds trivially when [G, L;]1 = 0.
Condition [G, L ;] =0, in particular holds for classical Brownian motion on R" and for the Casimir operator G on
the Lie algebra of a locally compact Lie group G with L ; = X ; represented on the Hilbert space h = L?*(G), where
{X j};?zl a basis for the Lie algebra. The commutator |G, L ;] also vanish in case of Quantum Brownian motion on
non-commutative Torus, Quantum Heisenberg manifold and Quantum Plane [4] .
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