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The subject of this paper is a fragmentation equation with nonconser-
vative solutions, some mass being lost to a dust of zero-mass particles as
a consequence of an intensive splitting. Under some assumptions of regu-
lar variation on the fragmentation rate, we describe the large time behav-
ior of solutions. Our approach is based on probabilistic tools: the solutions
to the fragmentation equation are constructed via nonincreasing self-similar
Markov processes that continuously reach 0 in finite time. Our main prob-
abilistic result describes the asymptotic behavior of these processes condi-
tioned on nonextinction and is then used for the solutions to the fragmentation
equation.

We note that two parameters significantly influence these large time be-
haviors: the rate of formation of “nearly-1 relative masses” (this rate is related
to the behavior near 0 of the Lévy measure associated with the correspond-
ing self-similar Markov process) and the distribution of large initial particles.
Correctly rescaled, the solutions then converge to a nontrivial limit which is
related to the quasi-stationary solutions of the equation. Besides, these quasi-
stationary solutions, or, equivalently, the quasi-stationary distributions of the
self-similar Markov processes, are fully described.

1. Introduction and main results. Fragmentation processes occur in a va-
riety of natural phenomena, including polymer degradation, mineral grinding and
droplet break-up, but also in the analysis of algorithms, phylogeny, etc. The kinetic
equation used in the physics literature to describe the time-evolution of masses of
particles prone to fragmentation has the form

() 3tnz(x)=f a(y)b(y, x)ni(y)dy — a(x)n;(x),

where n;(x) is the concentration of particles of mass x at time #, a(x) is the overall
rate at which a particle with mass x splits and b(x, y) describes the distribution of
particles of mass y produced by the fragmentation of a particle of mass x. It is
assumed that no mass is lost when a particle breaks up, that is, [ yb(x, y)dy = x.
The integral in the right-hand side of (1) models the increase of particles of mass
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x due to the fragmentation of particles of masses y > x, whereas the negative term
—a(x)n;(x) models the loss of particles of mass x, due to their fragmentation into
smaller particles. This fragmentation equation has been intensively studied by both
physicists and mathematicians. Among the first papers on the topic, we may cite,
for example, [24, 25].

In both the physics and mathematics literature, particular attention has been paid
to models with the following self-similar dynamic:

e a(x) = Cx“, for some fixed C > 0 and @ € R;

e b(x,y) =h(y/x)/x [with h such that fol uh(u) du = 1]. This means that the
distribution of the ratios of daughter masses to parent mass is only determined
by a function of these ratios (and not by the parent mass).

There are two reasons for this. These self-similar assumptions are relevant for ap-
plications, for example, for polymer degradation [30], mineral crushing in the min-
ing industry ([7] and the references therein) and the construction of phylogenetic
trees [1]. But they are also more mathematically tractable. For the same reasons,
there is also a significant literature on probabilistic models for the microscopic
mechanism of fragmentation with a self-similar dynamic. We refer to the book by
Bertoin [5] for an overview and to the papers [13] and [19] for discussions of the
relations between the probabilistic models and the above equation.

The goal of this paper is to contribute to the understanding of solutions of the
self-similar fragmentation equation, by describing their large time behavior. The
cases where o > 0 are treated in [13] and we will be concerned here only with the
negative cases o < 0.

We will actually consider the following generalization of the weak form of the
above fragmentation equation (1) with a self-similar dynamic:

0 1
@) e 1) = | x“( [ (f(yX)—f(x)y)B(dy))m(dx),

where (i, t > 0) denotes a family of measures on ]0, oo[, @ € R, B is a measure
on ]0, 1[ such that

1
3) /0 y(1 = y)B(dy) <co and B(0, 1)) >0,

and f denotes any test function. When B(dy) = Ch(y)dy with fol yh(y)dy =1
and ps(dx) = n;(x)dx, we recover the weak form of (1) with a(x) = Cx% and
b(x,y) =h(y/x)/x.Informally, (2) corresponds to models in which particles with
mass xy, 0 < y < 1, are produced from the splitting of a particle with mass x at
rate x* B(dy). Note that the overall rate at which a particle with mass x splits is
x“ fol yB(dy), which may be infinite here. Let us add that the physical interpre-
tation of the fragmentation equation imposes some constraints on the measure B.
However, other interpretations are possible and, in the following, we will be con-
cerned with all measures B satisfying (3).
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We focus on solutions of (2) with finite and nonzero initial total mass. The
fragmentation equation being linear, we suppose, without loss of generality, that
foooxuo(dx) = 1. To be precise, we call a solution of (2) starting from g any
family of measures (i, t > 0) on ]0, oo[ starting from ¢ such that:

e (us,t > 0) satisfies (2) for any test function f € C Cl, the set of real-valued con-
tinuously differentiable functions on ]0, co[ with compact support;
e the natural “physical properties”

“4) m(r) == (s, id) <m(@0)=1 Vi =0,
and

OS) wo(IM,o0)=0 forsome M >0 = w;([M,o0])=0 vVt >0,
are respected (“id” denotes the identity function).

Note the self-similarity of solutions: if (u;,t > 0) is a solution of (2), then so is
(yflm},a o(y id)~1) for all y > 0. Also, note that if (u;,# > 0) is a solution of
the equation with parameters («, B), then for all ¢ > 0, (¢, t > 0) is a solution of
the equation (2) with parameters (o, c¢B).

Many results on the existence and uniqueness of solutions of (1) are available
in the literature; see, for example, [2, 13, 23] and the references therein. With the
definition above, we have the following result on the existence and uniqueness of
solutions of (2), which is a generalization of Theorem 1 of [19] (see also [17] for a
similar approach). We recall that a subordinator is a nondecreasing Lévy process
and that its distribution is characterized by two parameters: a nonnegative drift
coefficient and a so-called Lévy measure on ]0, oo[ that governs the jumps of the
process. See Section 2 for background on this topic.

THEOREM 1.1. Let o be a measure on 10, oo[ such that fooox,uo(dx) =1
and let & be a subordinator with zero drift and Lévy measure T1 given, for any
measurable function g 10, co[ — [0, oo[, by

o0 1

(6) [ stom@n = [ g~ nGxB@.

0 0
Then, for each t > 0, define a measure s on 10, co[ by
) | sy = [ 7L (xexp(—Epuon) emotd)
for all measurable f :[0, co[ — [0, oo[, f(0) =0, where p is the time-change

p(s) :=inf{u20:/uexp(a§r)dr>s} Vs > 0.
0

(i) The family (s, t > 0) is a solution of (2), provided that

a<0
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or

o >0 and either /looxln(x)uo(dx) <00
(or)
x €10, 1[ — x¥ /Ox yB(dy) is bounded near 0.
(i1) This solution is unique, provided that wo([M, oo[) = 0 for some M > 0.

When the family (u;, t > 0) is constructed via a subordinator by (7), some con-
ditions on uo and B for the existence of a density for u;, t > 0, can be stated
explicitly; see, for example, [18], Proposition 3.10. We also recall that there may
exist multiple solutions of the fragmentation equation when the assumption (4) is
dropped. We refer to [2] for some explicit examples.

The proof of Theorem 1.1, based on that of Theorem 1 in [19], is postponed to
the Appendix.

The main purpose of this paper is to use the construction (7) of solutions of
the fragmentation equation to describe the large time behavior of these solutions
when « < 0. From another, but equivalent, point of view, our main results describe
the large time behavior of exponentials of minus time-changed subordinators, as
defined in Theorem 1.1, conditioned on nonextinction. These processes belong to
the family of so-called self-similar Markov processes. We refer to Section 3 for a
statement of our results in that context.

The study of the large time behavior of solutions of the fragmentation equation
when « > 0 is investigated in detail in [13]. We point out that some results of [13]
can be redemonstrated using a probabilistic approach: it consists mainly of com-
bining the subordinator construction of solutions of the fragmentation equation
with the description of large time behavior of time-changed subordinators when
o > 0 investigated in [6].

From now on, we consider o < 0. It is well known that in such a case, small
particles split so quickly that they are reduced to a dust of zero-mass particles, so
that the total mass of nonzero particles

m(t) = (:ul‘v 1d>

decreases as time passes. This phenomenon, sometimes called “shattering,” has
been studied in, for example, [2, 4, 16, 19, 24, 29]. More precisely, one can check
that the total mass m is strictly decreasing and strictly positive on [0, oo, and
that m(t) — 0 as t — oo; see the forthcoming Proposition 3.3 for a proof in our
framework.

In order to describe the behavior of m(¢) as t — 0o more accurately, we intro-
duce the function defined for all # > 0 by

1
(8) 0 :=/O (1 — x")x B(dx).
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It is not hard to check that the function ¢+ — ¢/¢ (¢) is continuous and strictly in-
creasing on 0, oo[, and that its range is ](fo1 |1n(x)|xB(dx))_1, oo[. Note that the
integral fol [In(x)|x B(dx) may be finite or infinite. Then, introduce

9) ®, the inverse of t — /¢ (1),

which is well defined in a neighborhood of oco. This function will play a key role in
the description of the long-time behavior of solutions of the fragmentation equa-
tion.

Most of our main results rely on the following hypothesis on the measure B:

1—u
the function « :]0, 1[ — / xB(dx)
0
(H) varies regularly at O with an index —g €]—1, 0],
which, in particular, ensures that ¢ and ¢ are regularly varying functions at co with
respective indices 8 and 1/(1 — B). See Section 2.2 for details and background on
regular variation.

Finally, we mention that the large time behavior of solutions of the fragmen-
tation equation will depend strongly on the structure of the initial measure g,
mainly on the manner in which it distributes weight near co. The statements of our
results are therefore split into two parts, according as to whether the initial mea-
sure has a bounded support (Section 1.1) or not (Section 1.2). Section 1.3 deals
with the quasi-stationary solutions.

1.1. Initial measure 1o with bounded support. In this subsection, we adopt
the following hypotheses and notation:

o a <0

e the measure o has a bounded support, that is, wo([M, oo[) = 0 for some
M > 0;

e (s, t > 0) denotes the unique solution of the fragmentation equation (2) starting
from .

The supremum of the support of 1 is the real number s such that o (]s, oo[) =
0 and po(ls — &, s]) > 0 for all ¢ < s. Thanks to the self-similarity of solutions, we
can, and will, always suppose that this supremum is equal to 1. In such a frame-
work, we have the following results.

PROPOSITION 1.2. For all A < ¢(00) := limy_, o ¢ (x), there exists a con-
stant C, < o0 such that
m(t) < C) exp(—At) vVt > 0.
More precisely, under the hypothesis (H),
(1-p)

||

—In(m(1) ~_ w(laln).

In particular, t — — In(m(t)) is regularly varying at oo with index 1/(1 — B).
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Together with the following theorem, this gives a complete description of the
large time behavior of (u;, ¢ > 0). Here, two positive functions g and / are said to
be asymptotically equivalent if g(x)/h(x) — 1 as x — oo.

THEOREM 1.3.  Suppose that (H) holds and [, |In(x)|x B(dx) < oo. Then, for
all continuous bounded test functions f :]0, oo[ — R,

%/Ooof<<%>l/la|x>xu,(dx)t_—>>oo /OOO f)xpeo(dx),

where x [Loo (dX) is a probability distribution on 10, oo that is characterized by its
moments

(10) fox'“'"xm(dx)=¢>(|a|)¢(2|a|>---¢(n|a|>, n>1.

The function t — @ (|a|t)/(|a|t) can be replaced by any asymptotically equivalent
function.

It is interesting to compare this result with that obtained by Escobedo, Mis-
chler and Rodriguez Ricard [13] when the parameter « is positive. As already
mentioned, part of their result can be rediscovered and completed by using re-
sults of Bertoin and Caballero [6]. With our notation, and under the assump-
tions [, [In(x)|xB(dx) < oo and o > 0, the asymptotic behavior of the solution
(s, t > 0) of the fragmentation equation (¢, B) starting from o = 61 can be de-
scribed as follows:

[ e @ = [ @i
0 t— 00 0

for all continuous bounded functions f :]0, oo[ — R. The measure x1s0(dx) is a
probability measure on ]0, oo[. Interestingly, the measure B is then involved only
in the description of the limit measure 74, not in the “shape” of the speed of
decrease of masses to 0.

We return to the case o < 0. Note that when fol_” xB(dx) ~u=P as u — 0 for
some B € [0, 1[, we have ¢ (t) ~ I'(1 — B)t? and therefore (p(|a|t)/|a|t)!/1¥ ~
Co ptP/(1=PD a5t — 0o, where Cyp = (la|PT(1 — B))!/((1=PleD When we
also have [, [In(x)|x B(dx) < oo, Theorem 1.3 then reads

1 foo ~
— /0 f(ca?ﬂtﬂ/((lfﬂ)lal)x)xuz(dx)t_—)>oo fo F (X)X oo (dx)

for all continuous bounded test functions f:]0, co[ — R.

The existence and uniqueness of a measure [t on ]0, oo[ satisfying (10) actu-
ally hold without any assumption of regular variation on the measure B or assump-
tions on its behavior near 0; see the discussion near equation (14) in Section 3 for
details. Some properties of the measure 11, (tail behavior near 0 and near co) are
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given in Section 5. In Section 1.3, we discuss its links with the quasi-stationary
solutions of the fragmentation equation.

The proof of Theorem 1.3 consists of describing the behavior of the mass of a
typical random nondust particle, defined as follows: at each time ¢, choose a parti-
cle at random among the particles with a strictly positive mass, with a probability
proportional to its mass. That is, if M (¢) denotes the mass of this random particle,
then the distribution of M (¢) is given by

d X (dx)

m(t)
In other words, in terms of the subordinator & related to the equation by (7), M (t)
is distributed as M (0) exp(—&,(m(0)r)), conditioned to be strictly positive, with

M (0) independent of £. In terms of M, the statement of Theorem 1.3 can be
rephrased as follows:

M(1)

1/]a|
(20) i .

where M, is a random variable with distribution x (oo (dx). Note the special case
fol xB(dx) < oo, where ¢(¢)/t — fol xB(dx) < 0o. We then have that M (¢) con-
verges in distribution to a nontrivial limit. In the other cases satisfying the assump-

tions of Theorem 1.3, ¢(¢)/t — oo and therefore M (¢) E) 0.
Using this random approach, we can also specify the behavior of masses that
decrease at different speeds to 0, as follows.

PROPOSITION 1.4. Assume that (H) holds and let k := fol [In(x)|xB(dx) <
0.

(1) Suppose, moreover, that the support of B is not included in a set of the form
{a",n € N} for some a €10, 1[. Then, for all measurable functions g : [0, oo[ —
10, ool converging to 0 at oo,

g 8@ (aln/laln!/

d _
@) Jo Tdx), 2 e

(ii) For all measurable functions g : [0, oo[ — ]0, oco[ converging to oo at oo:

o if g1®l(t)t /(1) converges to oo at oo, then

o0
/ xp(dx) =0
g (@(lelt)/lerlr) /e

for all t sufficiently large;
e if gl (1)t /(1) converges to 0 at oo and 0 < B < 1, then
o0

lim sup ! n(fg<z>(w<|a|z>/|a|z>l/axm(dx)) __B
t—00 ¢_1(g(t)|06|) m(t)

lee|”
where ¢~ denotes the inverse of ¢.
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Note that the first assertion of (ii) is obvious since g(¢) (go(lalt)/|oz|t)l/°‘ — 00

(which means that for ¢ sufficiently large, it is larger than 1, the supremum of the
support of 1i;).

We conclude this section with the following result on the remaining mass at time
t of particles of mass 1 when po({1}) > 0. The measure p is that introduced in
Theorem 1.3.

PROPOSITION 1.5. Suppose that uo({1}) > 0 and set ¢ (0c0) := fOl xB(dx) €
10, o). Then, for all t > 0,

pe({1}) = exp(—1¢ (00)) o ({1}).
If, further, (H) is satisfied, [, |In(x)|xB(dx) < 0o and ¢(00) < 00, then

pe({1})
e
m(t) t—>00

¢ (00) 1 1o ({1 (00) 1/171Y)

and this limit is nonzero if and only iff1 % < 00.

This means that under the assumptions of Proposition 1.5, for large times, the re-
maining total mass of mass-1 particles is proportional to the total mass of nonzero
particles when [ 1(1 — x)"'B(dx) < oo, whereas it is negligible compared to the
total mass of nonzero particles when = [ 1(1 — x)"'B(dx) = co. We point out
that the convergence of Proposition 1.5 is not necessarily true when po({1}) =0
[since then u,({1}) = O for all # > 0, whereas the term in the limit may be strictly
positive].

1.2. Initial measure o with unbounded support. We still suppose that o < 0
and we denote by (u,, t > 0) the solution of the fragmentation equation (2) starting
from o and constructed via a subordinator by formula (7). The asymptotic behav-
ior of the mass m(¢) is then strongly modified by the presence of large masses and
depends on the behavior as t — oo of both ¢(¢) and uo([¢, co[). We investigate
two particular cases: exponential and power decreases of wo([f, oo[) as t — oo.

THEOREM 1.6. Assume that (H) holds and that 119 possesses a density, say uo,
in a neighborhood of oo such that

In(uo(x)) i~ —Cx?

for some y > 0.

(i) Then,

—In(m(1)) ~ Copp.y COFA=PW/ED ™ gy g
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where h is the inverse, well defined in the neighborhood of oo, of t — ey [o()
and
» |a|1/(1—/3) y(1=8)/(y 1=B)+lel])
Ca,ﬂ,y =(1+|O‘| V(I_IB))<7) ’

In particular, — In(m(t)) varies regularly at oo with index 1/(1 — B + |«|/v).

(i) Suppose, moreover, that [ |In(x)|xB(dx) < oo, which ensures that the
function In(m) is differentiable on 10, 0o[. Then, if the derivative (In(m))’ is reg-
ularly varying at 0o, one has, for all continuous bounded test functions f:]0,
oo = R,

wih (o) o 2 [ remanian

where |Loo(dX) is the measure introduced in Theorem 1.3 and
Co.p yC(1+(1—;‘3))//|01|)_1
1 =p+lal/y

Coz,ﬂ,y,C =

Assuming that the derivative (In(m))" is regularly varying at oo may seem
overly demanding. In actual fact, this assumption is also needed to obtain Theo-
rem 1.3, but we are able to show that it is always satisfied under the hypotheses of
this theorem (see Lemma 3.9). Unfortunately, it seems difficult to adapt this proof
to the case where the measure 1o has unbounded support. However, according to
a classical result on regular variation (the monotone density theorem), (In(m))’
varies regularly at oo provided that In(m) varies regularly at oo and (In(m))’ is
monotone near oo, which can be checked in some particular cases.

There is also the following result on the decrease of the mass m when the density
ug of po has a power decrease near oo.

PROPOSITION 1.7. Assume that o possesses a density ug in a neighborhood
of oo such that

~ -y
uo(x) I~ Cx
for some y > 2. Then,
~ 4 (V_Z)/a
m(t) = C't
with C' = |a|~'C 1o m(u)u@/*=1 qu < 0o, where i denotes the total mass of

the solution of the fragmentation equation with the same parameters o, B as that
considered here, and with initial distribution 81, the Dirac mass at 1.
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1.3. Quasi-stationary solutions. A quasi-stationary solution of the fragmen-
tation equation (2) is a solution (u;, t > 0) such that

we =m(t)po vt >0,

with m(t) = (u,, id). These quasi-stationary solutions are closely related to the
measure /Lo introduced in the statement of Theorem 1.3. We have already men-
tioned that existence and uniqueness of such a measure o satisfying (10) hold
without any assumption of regular variation on the measure B or on its behavior
near 0. The interesting fact is that, whatever the conditions on B, this measure and
its self-similar counterparts

n) = 27" oo o (1id) ",
A > 0, are the only initial measures leading to quasi-stationary solutions of the
fragmentation equation (2).

THEOREM 1.8. For all A > 0, let (,u&)’,,t > 0) denote the solution of the

fragmentation equation (2) starting from ,u&) and constructed via a subordinator

by (7). Then, for all t > 0,

A
,u%()o),t =exp(—A*Hul) =m)us).

Reciprocally, if (us,t > 0) is a quasi-stationary solution of the fragmentation

equation, then there exists a A > 0 such that (u;,t > 0) = (Méﬁ),t, t>0).

Organization of the paper. In Section 2, we begin with some background on
subordinators and regular variation. Section 3 is the core of this paper: our main
results on large time behavior of self-similar Markov processes conditioned on
nonextinction are stated and proved there. Together with Theorem 1.1, these results
imply Theorems 1.3, 1.6 and 1.8, as well as Propositions 1.2 and 1.7. Section 4 is
devoted to the proof of Proposition 1.4. Some properties of the limit measure (i
are given in Section 5 and used to prove Proposition 1.5. Finally, some specific
examples are discussed in Section 6 and the proof of Theorem 1.1 is given in the
Appendix.

2. Background on subordinators and regular variation.

2.1. Subordinators. A subordinator is a nondecreasing Lévy process, that is,
a nondecreasing cadlag process with stationary and independent increments. We
recall here the main properties we need in this paper and refer to Chapter 3 of [3]
for a more complete introduction to the subject.

The distribution of a subordinator (&, t > 0) starting from &y = O is character-
ized by its so-called Laplace exponent ¢ : [0, oo[ — [0, oo[ via the identity

Elexp(—A&)] = exp(—tp (1) Vi1 >0.



392 B. HAAS

According to the Lévy—Khintchine formula [3], Theorem 1, Chapter 1, there exists
areal number d > 0 and a measure IT on ]0, ool fooo(l A x)IT(dx) < oo such that

¢(h) =dx + /000(1 —exp(—Ax))I(dx) VA =0,

The measure I1 governs the jumps of the subordinator: the jumps process of & is a
Poisson point process with intensity IT.

We will need the strong Markov property of subordinators ([3], Proposition 6,
Chapter 1): given a subordinator £ and a stopping time 7 with respect to the fil-
tration (F;,t > 0) generated by &, then, conditionally on {7 < oo}, the process
(417 — &r,t > 0) is independent of F7 and is distributed as &. Finally, we recall
that the semigroup of a subordinator possesses the Feller property ([3], Proposi-
tion 5, Chapter 1).

Hereafter, all subordinators considered in this paper start from O and have drift
d = 0. Their distribution is therefore completely determined by their Lévy measure
IT. Note that when IT is related to a measure B on ]0, 1[ via the formula (6), the
above expression for ¢ coincides with that given by equation (8), that is,

00 1
o) =/0 (1 —exp(—2x))I(dx) =/0 (1 — xMxB(dx) V> 0.

2.2. Regular variation. A function f :]0, oo[ — ]0, oo is said to vary regu-
larly at oo (resp., 0) with index y € R if, for all @ > 0,

f(ax) v
—a
S )

We refer to [9] for background on this topic. In particular, we have already implic-
itly used the fact that the inverse, when it exists, of a function regularly varying
at oo with index y > 0 is also regularly varying at oo, with index 1/y (see Sec-
tion 1.5.7 of [9]).

Note that when the Lévy measure I is related to the fragmentation measure
B by the formula (6), our main assumption (H) reads “u € ]0, co[ — f;o IT(dx)
varies regularly at O with index —8.” It is classical that this is equivalent to the fact
that

as x — oo (resp., 0).

the function ¢ varies regularly at co with index S.

This can be easily proven using the Karamata Abelian—Tauberian theorems (see,
in particular, Chapters 1.6 and 1.7 of [9]). We will often use this form of the as-
sumption (H).

To prove Theorem 3.1 below, which will then imply Theorems 1.3 and 1.6(ii),
we will need the following technical lemma, which is taken from Chow and Cuz-
ick [12].
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LEMMA 2.1 (Chow and Cuzick [12], Lemma 3). Let f be regularly varying
at infinity with index y > 0 and suppose that for all € > 0, there exists some x (&)
such that

(11) A< Mgﬂ“ VA > 1,Vx > x(e).
fx)

Then, for all 6 > —1,

fio (LONT e 0,—f(x) —1-6
e - (x—1)e dxt—>ooy r'd—+e).
t —

We point out that Chow and Cuzick state their result for all regularly vary-
ing functions with a positive index, but that their proof strongly relies on the key
point (11), which is not true for any regularly varying function (counterexamples
can easily be constructed). However, the functions we are interested in, that is,
—In(m), and to which we will apply this result, will, in general, satisfy (11). In
particular, see Lemma 3.6 below.

3. Asymptotic behavior of self-similar Markov processes. Given the con-
struction (7) via subordinators of solutions of the fragmentation equation, the is-
sue of characterizing the large time asymptotics of these solutions is equivalent to
characterizing large time behavior of distributions of time-changed subordinators.

So, let £ be a subordinator started from 0 with Lévy measure IT and no drift. We
denote by ¢ its Laplace exponent. Now, consider o < 0 and let X (0) be a strictly
positive random variable, independent of £. Our goal is to specify the asymptotic
behavior as t — oo of the distributions of the random variables

(12) X (1) := X (0) exp(—£px0)#n)),

conditional on {X (¢) > 0}, where p is given by

p() = inf{u > 0:'/014 exp(a&,)dr > t}.

Following Lamperti [22], the process X belongs to the so-called family of self-
similar Markov processes. This means that it is strongly Markovian and that for all
x > 0, if P, denotes the distribution of X started from x, then, for all a > 0,

the distribution of (aX (a®t), t > 0) under P is Py.

Moreover, X reaches 0 a.s. and it does so continuously. Conversely, Lamperti [22]
also shows that any nonincreasing cadlag self-similar Markov processes on [0, oo[
that reaches O continuously in finite time a.s. can be constructed in this way via a
time-changed subordinator.

Note that the moment at which X reaches 0 is X (0)!%/7, where I is the expo-
nential functional defined by

(13) I:= /OOO exp(aé,)dr,
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which is clearly a.s. finite. The distribution of the random variable I was first
studied in detail in [11]. In particular, it is well known that for all integers n > 1,

n!
(D@ 2lal)---p(nlal)’
and that the distribution of I is characterized by these moments ([11], Proposi-
tion 3.3). It will also be essential for us (see [8], Propositions 1 and 2) that there

exists a unique probability measure @ g on ]0, oo[ whose entire positive moments
are given by

E[I"] =

(14) /o x"ur(dx) =¢(lap2lal) - ¢ nlal), n=l,

and that, moreover, if R denotes a random variable with distribution © g indepen-
dent of I, then

(15) RIZe(D),

where e(1) has an exponential distribution with parameter 1.

We now have the material necessary to state the main result of this section. To
be consistent with the notation used for the fragmentation equation, we denote
by xuo(dx), x > 0, the distribution of X (0). Also, we recall the definition of the
function ¢ as the inverse, well defined in a neighborhood of oo, of t — /¢ ().

THEOREM 3.1.  Suppose that [° T1(dx) varies regularly at O with index —p,
B €0, 1[,and [*° xTI(dx) < co.

(1) If the support of g is bounded with a supremum equal to 1, then, for all
bounded continuous functions f :]0, oo[ — R,

E[f((szy))l/laXU))‘X(I) > 0] = E[f(RV)],

where R is the random variable with distribution g defined by (14).
(i1) If mo possesses a density ug in a neighborhood of oo such that

In(uo(x)) ~ —Cx”

for some y > 0, then the function t €10, oo[ — P(X (¢) > 0) is continuously differ-
entiable. If, moreover, the derivative of t — In(P(X (t) > 0)) is regularly varying
at oco—which is true when, for example, this derivative is monotone near co—then,
for all bounded continuous functions f :]0, 00 — R, as t — o0,

E[f((%)l/laxu)ﬂxm > 0] T ELF(RVIN],

a,B,y,C

where the function h is the inverse, defined in the neighborhood of oo, of t —
itled/y /@ (t) and Cy g,y c is the constant defined in the statement of Theorem 1.6.
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We will see in the proof of this result that the function t — ¢(|a|t)/|x|t in as-
sertion (i) can be replaced by any asymptotically equivalent function and likewise
for 4 in the second assertion.

Now, let B be the fragmentation measure related to IT by (6). If (i, > 0)
refers to the solution of the («, B)-fragmentation equation constructed from & by
the formula (7), then we have

m(t) = /(;Oox,ut(dx) =P(X (1) > 0)

and the distribution of X (¢) conditional on X (¢) > 0 is xu;(dx)/m(t). The above
theorem then leads directly to the statements of Theorems 1.3 and 1.6(ii) [note that
[ xTI(dx) < oo is equivalent to Jo!In(x)|x B(dx) < oc]. The limit distribution
X oo (dx) mentioned in these theorems is therefore the distribution of RY1el The
large time behavior of m(t) = P(X (¢) > 0) is studied in Section 3.1 below, whereas
Theorem 3.1 is established in Section 3.2.

We finish with the following result on the guasi-stationary distributions of X,
which will be proven in Section 3.3 and which, in terms of the fragmentation
equation, will lead to Theorem 1.8. We recall that the quasi-stationary distributions
of X are the distributions ¢ on ]0, oo[ such that

XO0%s = ELfX0)IX@)>01=E[f(XO)]

for all ¢ > 0 and all test functions f defined on ]0, ool.

THEOREM 3.2. Let M%) denote the law of \RY1?| |\ > 0. Then, a probability

measure ¢ on )0, ool is a quasi-stationary distribution of X if and only if ¢ = ,ug‘)

for some A > 0. Moreover, if X (0) £3 ,u%\), then

P(X (1) > 0) = exp(—1%t) vt > 0.

We point out that this theorem does not lead directly to the reciprocal assertion
of Theorem 1.8. However, easy manipulations of the fragmentation equation will
lead to it; see Section 3.3 for details.

3.1. Total mass behavior. This section is devoted to the description of the be-
havior of the total mass

m(t) = /(;Oox,u,(dx) =P(X () > 0)=P(I > X(0)“?).

The notation is that introduced above in the introduction of Section 3. We start with
the following result, which holds for all fragmentation equations with parameters
a < 0, B and all initial measures 1o such that fooo xuo(dx)=1.

PROPOSITION 3.3. The total mass m is strictly positive and strictly decreas-
ing on [0, oo[. Moreover, m(t) — 0 as t — oo.
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PROOF. Since
o0
m(t) =f P > x“t)xuo(dx),
0

it is sufficient to show that the function ¢ € [0, co[ — P(/ > ) is strictly positive,
strictly decreasing and converges to 0 as t — oo. This last point is obvious since
I < 0o a.s. Next, suppose that P(/ <¢) =1 for some ¢ > 0. This would imply that
foralln > 1,

n!
d(laDd2la|) - - - p(nlal)

However, we saw in the Introduction that x /¢ (x) — 0o as x — oo. In particular,
2t <n/¢(n|a|) for large enough n, say n > ng. Hence, we would have

=E[I"]<¢t".

no!
d(laDe2lal) - ¢ (nolel)

for all n > ng, which is impossible. Therefore, P(/ > ) > 0 for all # > 0.
Finally, for all # > 0, using the Markov property of subordinators, we get

(Zt)n—nO < "

t o0
1= /O exp(a,) dr + exp(at;) /O exp(er(Er4s — &) dr

<t+ exp(aét)f,

where 1 is distributed as I and is independent of &;. Consider a such that P(/ <
a) > 0 and note, using the Poisson point process construction of the subordinator,
that P(exp(a&;) <t/a) > 0 for all t > 0. Then,

0 <P(exp(a&) <t/a,l <a) <P(I <2t)  Vt>0.

This leads to the fact that P(r > I > s) > 0 for all 0 < s < r. Indeed, the event
{I > s} coincides with {p(s) < oo} and when I > s,

o0

I=s+ exp(aép(s)) /(; exp(a(Erer(s) - gp(S)))d"'

Using the strong Markov property of the subordinator at the stopping time p(s),
we get, with probability 1,

(I =) =exp(atpm)]
with 7 independent of &, s and distributed as /. Hence, forall 0 <s <1,
P(I>s)—PU>t)=P(s<I<t)
= P(exp(a€p(s)) > 0,1 < (t — ) exp(lelé,(s)))

and this last probability is strictly positive since P(exp(aé,(s)) > 0) =P > s) >
OandP(ffa) >Qforalla >0. O



ASYMPTOTIC BEHAVIOR OF SOLUTIONS 397

We now turn to the proofs of the more precise descriptions of the behavior
of m stated in Proposition 1.2, Theorem 1.6(i) and Proposition 1.7. The crucial
point is the following lemma, which is basically a consequence of Rivero [28],
Proposition 2, and Konig and Morters [21], Lemma 2.3.

LEMMA 3.4. Assume that (H) holds or, equivalently, that ¢ varies regularly
at oo with index B € [0, 1[. Then,
(I—=p)

lex|

where @ is the inverse of t — t/¢(t), which is well defined in the neighborhood
of co. In particular, — In(P(I > t)) is regularly varying at oo with index 1/(1 — B).

(alt) ~(1 = B)lal 1 Pe@),

—In(P(I > 1)~

PROOF. Note that the Laplace exponent of the subordinator |«|§ is ¢ (Jo|-) and
that the inverse of t — /¢ (J|t) is ¢(Ja|-)/|x|. Using these facts, we can restrict
our proof to the case |a| = 1, which is supposed in the following.

When B €]0, 1, the statement of the lemma is exactly Proposition 2 of
Rivero [28]. When 8 =0 and d)(oo) < 00,

(E(I”)

n!

—1

n

) - Zln(«p(z)) —— —Ing(o0).
Then, by Lemma 2.3. of K6nig and Morters [21],
lgngo % In(P(I > 1)) = —¢(0).

Finally, when 8 = 0 and ¢(0c0) = oo, we can adapt Konig and Mérters’ proof
of [21], Lemma 2.3, to obtain the expected result. Indeed, first note that

(16) %m@[lniff’)"})— 1( )+1n(¢(n))——21n(¢>(z)) > -1

as a consequence of Stirling’s formula and of the fact that

ln(¢(n))——zln(¢(l)) -0

i=1

since ¢ is a slowly varying function (see Section 3.2 of Rivero [28] for a proof of
this last point). It is then easy, using Markov’s inequality, to show that

hmsuplln( P(I >n/pn))) <—

n—oo
To get a lower bound for the limit inferior, set Y, := In({/¢(n)/n). For every ¢ > 0
and every integer m, we have that

1 E 1n+m m
E[ln]E[lnl{Ynzf}] = exp(—gm)ﬂ

E[["]am o exp(—em).
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Letting m — o0, this gives
1
E[1"]

Besides, forall e >0 and all n > 1,

(17) E[I"ly,2¢)] = 0.

n

l In(P(1 > nexp(—e)/¢(n))) > l In(P(|Y,| < &)).
n
However, I ™" > exp(—ne)n~ "¢ (n)" on {|Y,| < €}, which gives

1 1 E[I7" "1y, <¢}]

]E[I”]>

B Ly, j<e)]
E[1"]

By (16) and (17), the last line of this inequality converges to —e — 1 as n — oo.

Thus, since the function ¢t — ¢ /¢ (¢) is increasing and ¢(¢) — oo as t — 00, we
have proven that

1

> - ln<exp(—ns) ¢(n)”E[I”]>.

lim sup % In(P(I >1)) < -1,

t—oo @t

1
liminf ———— In(P({ > 1)) > —¢ — 1.
=00 g(texp(e))
Using the regular variation of ¢, we get the expected

. 1
tlg& m In(P(I > 1)) =—1. 0

3.1.1. pug with bounded support: Proof of Proposition 1.2. We recall that, with
no loss of generality, the supremum of the support of pg is supposed to be equal
to 1. Thus,

1 1
m(t) =/ P > tx%)xpo(dx) <P > t)/ xuo(dx) =PU > 1).
0 0
According to Proposition 3.3 in [11], C, := E[exp(A])] < oo provided that A <
¢ (00). Hence, for such A’s,
m(t) <P(I >t) < C) exp(—At) vVt >0,

which gives the first part of the statement.
Now, assume that (H) holds. Then, on the one hand, since m(t) <P(I > t), we
get, by Lemma 3.4,

liminf R0 1-F
t=oo  @(laft) o
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On the other hand, forall0 <¢ < 1,

m(t) > P(I >t(1 — &)%) /1 xpo(dx).

1—¢
By assumption, | 11_ ¢ Xo(dx) > 0, hence

limsupM <limsup —In@®( > £ = &)%) = 1-p (1 —g)2/(1=P)
t—oo (ot 1—00 e(Jalt) ||

Then, let ¢ |, 0 to get the expected result.

3.1.2. uo with unbounded support:. Proofs of Theorem 1.6(i1) and Proposi-
tion 1.7.

PROOF OF THEOREM 1.6(i). First, suppose that po(dx) = exp(—Cx?)dx,
y > 0. We have

o
m(t) =/ P(I > tx*)xexp(—Cx”)dx
(18) "
t~ /o 00
= / P > u®" ) yu*? "V exp(—=Cut™"/%) du,
y Jo

using the change of variable u = (xt'/%)”. Now, use Lemma 3.4 and Theo-
rem 4.12.10(iii) of [9] to get

X
—ln</ P > u®"yu?/r =1 du) ~ —In(P(I > x*/7))
0 xX—
~, =Pl TP ),
X—>

which varies regularly at O with index «/(y (1 — 8)). Note that in a neighborhood
of 0, x — 1/<p(x“‘/”) is the inverse of

1\\ v/«
X — <x¢<—>) .
X
Hence, by de Bruijn’s Tauberian theorem ([9], Theorem 4.12.9) we have
o0
- ln</ P(I > u®/" yu?? ' exp(—ut) du) ~ Copy/ho(),
0 t—00

where hg is the inverse, well defined in the neighborhood of oo, of x —
xil(x(p( 1 /x))V/ “ and Cg g, is the constant defined in the statement of Theo-
rem 1.6(i). Together with (18), this leads to

—In(m(2)) ~ Cowg,yC(1+(1*ﬁ)7//\0t\)’1 /ho(ty”“').
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In other words,
—In(m(0)) - Carpy COHA=PIW/D ™ )

where £ is the inverse of ! T14/Y /g ().

Now, suppose that (o possesses a density ug in a neighborhood of oo such that
In(ug(x)) ~o0 —Cx?, y > 0. Fix ¢ > 0 and let C, be such that uy(x) exists for
x > C, and

(19) exp(—(1 +&)Cx”) < up(x) <exp(—(1 —¢&)Cx”) Vx > C,.

Then, write

Ce o]
m(t) =/ P > tx%)xpp(dx) —i—/ P(I > tx%)xug(x)dx.
0 Ce
On the one hand, following the argument developed in Section 3.1.1, we get

In(fo " PU > tx*)xpodx)) _

. _ 1—
lim sup (1= B)lalf/d ﬁ)Cg/( 28

t—00 (p(l )
which actually holds for any initial measure pg. Note that ¢(z)/h(t) — oo as
t — 0o, where 4 is the function defined above in the first part of this proof.

On the other hand, inequalities (19) and the results of the first part of this proof
imply that

—ln(fcof P(I > tx%)xug(x)dx)

-1
lim sup <Cupy((1+ S)C)(H(l—ﬁ))//lal)
t—00 h(t)
and
—In([°P(I > tx%)xuo(x)dx B 1
liminf fCS ( )xuo(x) dx) > Cy 8 y((l _ S)C)(1+(l By /e )
t—>0o0 h(l‘) 2P
We have therefore proven that
= - —In(m (1 —In(m(t
Capoy (1 = £)C)IFAI=BWNDT  pi i TINONO) oy ZIn0RD)
i=oo () i—oo (1)

-1
< Capy (1 +e)C) I/

for all € > 0. The result follows by letting ¢ | 0. [

PROOF OF PROPOSITION 1.7. Suppose that ug(x) = Cx~" on [a, oco[ for
some a > 0 and y > 2. Then,

o0 a
m(t) = C/ P > x%0)x' 7V dx + / P(I > x“Hxpoldx).
a 0
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With the change of variables u = x*t,

=2/«

o0
f P(I > x*n)x' "7 dx = / P > uyu® " gy
a

and this last integral converges to a finite limit as ¢+ — oo since P(/ > u) <
Cj. exp(—Au) for all u > 0 and some A > O sufficiently small (see the proof of
Proposition 1.2 for this last point). Using the same upper bound for P(/ > x%?),
we get that

a a
f P > x*t)xpuo(dx) < C;, exp(—)»ao‘t)/ xpo(dx).
0 0
Thus,

C
m() ~ —tv~ 2)/0‘/ P > uw)u® /gy,

t—>oo| |

It is not hard to extend this proof to the case where ug(x) ~o Cx~7, for some
y > 2. This is left to the reader. [

3.2. Proof of Theorem 3.1. We start with the following lemma.
LEMMA 3.5. Suppose that —In(m) varies regularly at oo with a positive in-

dex y and satisfies (11). Then, for any function g:[0, 00 — ]0, oo such that
g@®)/(—In(m(t))) — 1 as t — oo, we have

E[f((ygt(t))l/alxa)))X(r) > 0} = ELF(RV)]

for all continuous bounded test functions f on 10, ool.

PROOF. First, note that when X (0)/*!/7 > ¢, we have

(X))
X0 = x(0)l! / exp(aé,) dr
0
o0
+ X (0)“Iexp(a&p(x 0)en)) fo exp(e(&r+p(x ) — Ep(x0)en)) dr

o0
=1+ X (0)* exp(ap(x 0)r)) /0 exp(a(&r+p(x 1) — Ep(x ©)er))) dr-

Now, use the strong Markov property of £ at the (randomized) stopping time
0 (X (0)%?) to get

(20) (X1 —1)" = X0 exp(aé,x o) = X ()],
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where 1 is distributed as I and is independent of X (¢). This gives, for all n € N*,

1/lal jaln
nmn—iE[((Z%gz> X(ﬂ) ]EU"]

= (@)nm«m'“z -0y
Then, recall that
m() =P(X )1 >1), r>o0.

Integrating by parts, we have
_1(v8) o +y\n
(o (ZE2) (X @11~ 1))

_ —1 Vg(t)>n o -1
=nm(t) (—t ft x—0)""mMx)dx,

which, according to Lemma 2.1 and the assumptions we have made on — In(m)
and g, converges as t — oo to n!. Next, note that E[R"]E[I"] = n!, using the
factorization property (15) of the exponential random variable with parameter 1.
Putting all of the pieces together, we have proven that for all integers n > 1,

(22 " x0)”

Summary. Let v, denote the distribution of y¢~'g(r)X (r)%! conditional on
X (t) > 0 (v is a probability measure on ]0, oo[). We have shown that for all n > 1,

o0 x0
/ X (dx) — / X" g (do),
0 0

where g is the distribution of R. Of course, this still holds for » = 0, but the
distribution of R is characterized by its moments. It is then well known ([15],

Chapter VIII, page 269) that this implies that v, converges in distribution to ©g.
g

X(t) > 0] tjooE[R”].

3.2.1. Proof of Theorem 3.1(i). By Proposition 1.2, under the hypothesis (H),
— In(m) varies regularly at oo with index 1/(1 — 8) and, more precisely,
1—
~tngn(ey) ~ P
t—>00 |o¢|
Together with Lemma 3.5, this implies the statement of Theorem 3.1, provided

that — In(m) satisfies (11). The goal of this section is to prove this last point when
o has bounded support.

@ (laft).
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LEMMA 3.6. Let
f(x) =—In(m(x)), x>0,

and assume that (H) holds, [ xT1(dx) < oo and o has bounded support. Then,
for all € > 0, there exists some x (&) such that

A/ A=P—e < % <AVA=P+e wi > 1 and Vx > x(¢).
X

This lemma is a direct consequence of Lemmas 3.7 and 3.10 below.

LEMMA 3.7. Let g:]0,00[ — 10, oo[ be a continuously differentiable func-
tion such that
xg'(x)
—
g(x)

c>0 as x — o0.

Then, for all € > 0, there exists some x(¢) such that

A
AT < %X)) < \cte VA >1andVx > x(¢g).
g(x

PROOF. For ¢ > 0, let x(¢) be such that

/
c—8§Xg(x)§c+e for all x > x(¢).
g(x)
For such x’sand all A > 1,
Ax Ax of
<c—e>1n<x)=<c—e>/ y”dysf s,

x x 8g(k)
Ax

<(+e) | yldy=(c+e)n®).

X

Since fx“ % dy =In(g(Ax)) —In(g(x)), the result is proved. [

LEMMA 3.8. Suppose that ¢ is regularly varying at oo with index B € [0, 1]
and that ¢ (x) — 0o as x — oo. Let B’ € 1B, 1[. There then exists some x1(B’) such
that for x > x1(B') and all A > 1,

1<¢(x) <p(x) <APp(x)
and

$(x) <xP.
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PROOF. Note that ¢ is infinitely differentiable on ]0, co[ with derivative

¢ (x)= /Ooo vexp(—xv)I1(dv),

which is nonincreasing. It is then a classical result on regular variation (see the
monotone density theorem, [9], Theorem 1.7.2) that ¢’ is regularly varying with
index 8 — 1 and

X/ (x)
— B.
¢(x) X—00
The first part of the lemma is then a consequence of the above Lemma 3.7 a}nd of
the fact that ¢ is increasing and converges to co. We also have that ¢ (x)/ x# con-

verges to 0 at oo (since B’ > B), hence the second assertion holds for sufficiently
large x. O

LEMMA 3.9. Let
f(x)=—=In(P( > x)), x>0,

which, as proved in Lemma 3.4, is regularly varying with index 1/(1 — B), under
the assumption (H). Suppose, moreover, that [ xT1(dx) < o0c. Then f is infinitely
differentiable and

xf(x) 1
—
S(x) -5

PROOF. According to [11], Proposition 2.1, when [ ® xI1(dx) < oo, there ex-
ists an infinitely differentiable function & : 0, oo[ — [0, oo[ such that k(x) dx is the
distribution of /. Moreover,

k(x) = /Ooﬁ(|ot|_l In(u/x))k(u) du

00 xevlel
-/ (/x k(u)du)l'[(dv).

To simplify notation, we suppose in the following that |«| = 1. The proof is iden-
tical for || # 1. In particular, we have

as x — OQ.

P(I > x) =/ook(u)du
and
/ k ° v
2l )= % :/0 (I —exp(f(x) — f(xe")))(dv), x > 0.

Note that since f is regularly varying with a positive index, we have that f(x) —
oo as x — oo and, therefore, for all v > 0,

fw = fxe = (1= L) (1= 1P) o —oc,
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e When I1(]J0, oo[) < oo, this implies the expected result since, by dominated
convergence,
o f(x)
! —_—
f (x)xjoon(]o, ool) = lim .

X—>00 X

e The proof is much more technical when IT(]0, oo[) = oo, which is supposed for
the rest of this proof. We proceed in two steps.

Step 1. The goal of this step is to prove that
xf'(x) 1

liminf > —.

= f(0) T 1-p

First, suppose that there exists some xo and some nondecreasing positive function
g such that f’(x) > g(x) for all x > x¢. Then, for x > x¢ and v > 0,

faen - fo = [ " )y du = g(x(@ — 1) = g(oxv.
Using (21), this gives
22) £l = dgn). x>0

Now, note that f’(x) — 0o as x — 0o since, for all a > 0,

timiaf 7o) iminf [ (1= exp(/ () — fxe )T = [~ M(aw)

(by dominated convergence) and the right-hand side converges to co as a — 0. In
particular, f'(x) > 1 for x sufficiently large (say x > x¢). Replacing g by 1 in (22),
we get

f(x)>¢(x) Vx > xo.
Recall that ¢ is nondecreasing and then iterate the procedure to get, for all n > 0,
(23) F'(x)=hy(x)  Vx=xo,
where the functions 4, : ]0, co[ — ]0, oo[ are defined by induction by
ho(x)=1 for all x > 0;
hy(x) =@ (hy—1(x)x) for all x > 0.

Now, the interesting fact is that for x large enough, 4, (x) — ¢(x)/x as n — oo.
Indeed, let B’ €8, 1[. With the notation of Lemma 3.8, we have, for x > x;(8),
1<¢x) < x’g,, that is, hg(x) < hj(x) < <P Using the fact that ¢ is nondecreas-
ing, we easily have, by induction, that

ﬁ/n-H

1< Iy (x) < Bygr (x) < xPT "0 < f B0 < og
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for all n > 1. Let I(x) := lim,,—, o A, (x). We have shown that 0 < [(x) < oo.
Then, necessarily, /(x) = ¢ ({(x)x) [in other words, [(x)x /¢ (I(x)x) = x] and, fi-
nally, /(x)x = ¢(x), Vx > x1(B’). To conclude, for x large enough, letting n — 0o
in (23), we get f'(x) > ¢(x)/x, which, combined with Lemma 3.4, gives the ex-
pected lim inf.

Step 2. The proof of the lim sup is similar, but more technical. First, note that
foralle >0andalla <In(1 +¢),a >0,

In(1+¢)

liminf | (1 —exp(f(x) — f(xe)))1(dv)
In(1+¢)
> lim inf (1 —exp(f(x) — f(xe”)))(dv)

In(1+¢)
= / IT(dv) (by dominated convergence),
a

— 00,
a—0
whereas
0 v o0
lim 1 —ex x)— f(xe IT(dv =/ IT(dv) < oo.
n—>00 ln(1+8)( p(f( )= J( ))) (@v) In(1+¢) (@v)

Hence, there exists some x1 (&) such that for x > x;(¢),

In(1+¢)
(24) fl) <+ 8)/0 (1 —exp(f(x) — f(xe")))(dv).

Next, fix some 8’ €18, 1[ and consider some § > 0 and & > 0 such that (1 +8)(1 +
e)/B=Dp" < 1. Since f is regularly varying with index 1/(1 — B), there exists
some x> (8, €) such that

25) fxd+e)=0+8)A+ VP ra)  Vi=x6,e).

We will need this later. For the moment, let xo = max(x1(8'), x1(g), x2(8, &)), with
x1(B) as introduced in Lemma 3.8. Next, suppose that for all x > x,

f(x) < gx)

for some nondecreasing function g such that g(x) > 1 for all x > x¢. Note that this
implies that

f(xe’) — f(x)= /xe f'(w)du < g(xe")x(e’ —1).

The function v — v~ (e? — 1) is increasing on [0, oo[, hence e’ — 1 < vy (¢) for
all v <In(1 + ¢), where y (¢) = ¢/(In(1 + ¢)). Together with (24), this leads to

In(1+¢)
Fo<d+e /0 (1 — exp(—g(x(1 + &)xvy () [T(dv)
(26)
< (1 +0)p(g(x(1+&)xy ()
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for all x > xop.
We then claim that for all # > 1 and all x > xg,

Q7)  F(x) < (14 &) TEHBZtnB"y ()BT o (1 4 )Py (),

where the sequence of functions #,, is that introduced in step 1 of this proof. We
will prove this by induction on n. First, though, let us mention that, by a simple
application of induction, using Lemma 3.8,

ha(x(1+8) <A +e)f " h,(x)  forallx >xpandn > 1.
We now turn to the proof of (27). For n = 1, we can use (26) and Lemma 3.8 to
get [note that y(¢) > 1, hence y(¢)g > 1]
F<+egkt+e) yef ¢,  x=x.

which leads to (27) for n = 1. Now, assume that (27) is true for some integer .
Note that the function on the right-hand side of this inequality, which we call g1,
is larger than 1 for all x > xg. Also, note that it is nondecreasing. Hence, we get,
replacing g by g in (26), for x > xy,

F1) < (14 £)((1 4 &) HHH7 4By (o) 457"

x g(x(1+ s)”“)ﬂmhn(x(l +e))xy(e))
S (1 + 8)¢((1 + 8)1+2ﬂ/+3ﬂ/2+"'+(7£+1)ﬁm

’ 2. m m
Xy(8)1+ﬂ +B“+-+p g(x(1+8)n+l)ﬂ hn(x)x)

< (14—e)‘+ﬂ'+2ﬂa4~~+(n+4)ﬂ”+1y(8)5“+ﬁa+~~+ﬁm+1

x g(e(1+ &)™ )" g (h(x)x),

where, for the last inequality, we have used Lemma 3.8. Hence, we have (27) for
alln > 1.

Now, thanks to the assumptions (H) and [ xTT(dx) < oo and to Lemma 1
of [20], we know that the function k is bounded from above on ]0, oo[, say by
some constant C > 1. Hence, f'(x) = k(x)/P(I > x) < Cexp(f(x)) forall x > 0.
Since f is nondecreasing and nonnegative, the function x — C exp(f(x)) is non-
decreasing and greater than 1, hence we can replace g by this function in (27) to
get, for all n > 1 and all x > xo,

f/(x) < (1 + 8)1+ﬂ/+2ﬂ/2+"'+nﬂmy(g)ﬂ/—"_ﬂ/z—’_m—’_ﬁm Cﬂm
(28)
x exp(B” f(x(1+&)"))h,(x).
Our goal now is to let n — oo in this inequality. Iterating inequality (25), we get,
for x > xp and foralln > 1,

Fr46)") < (1+8)"(1+) =P f(x).
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Since

A+8)1 4+ /BDpg <1,
this leads, for x > xg, to

m n

exp(B" f(x(1+e)") = 1.

As n — 0o, we also have
CP" 51 and (14 )/ FB+2B7%44nB" (] 4 g)1+B/0=p)
and
y(e)f TBIHFB" s ()P /1=

Last, recall that for x large enough, A, (x) — ¢(x)/x as n — oco. Letting n — 00
in (28), we therefore have, for x large enough,

') = Cop(x) /x,
where C; — 1 as ¢ — 0. This gives
/
xff) 1

I L
R T S 1= O

LEMMA 3.10. Let
f(x) :=—In(m(x)), x>0,

and suppose that (H) holds, [*° xT1(dx) < 0o and o has bounded support. Then
f is differentiable on 10, oo[ and
xf'(x)  xm'(x) 1

= —
fx) mx)f(x) 1-8

as x — OQ.

PROOF. With no loss of generality, we suppose that the supremum of the
support of wg is equal to 1. Under the assumptions of the lemma, we know
(see the proof of the previous lemma) that x — P(/ > x) is differentiable on
10, oo[, with derivative —k. By Lemma 1 in [20], we also know that the func-
tion x €]0, oo[ — xk(x) is bounded. Let M denote an upper bound. Recall, then,
that

1
m(x) = /O P(I > xy*)ypo(dy)

and note that for all x > a > 0 and all y €]0, 1],

M
|02 (U > ey | = k(ey)y® = —.
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Hence, by dominated convergence, m is continuously differentiable on ]0, oo[,

with derivative

1
m'(x) = — /0 k)Y yuo(dy), x> 0.

Now, fix § > 0. By Lemma 3.9, there exists some x(§) such that for x > x(§),

1—8< —xk(x) <1+8
1—B8 " PU>x)In(P(I>x)) —1-8

Then, for x > x(§),
1-6

1
T [ B = xy) (U > x5) ymotay)

(29)

, 146
<mx)< ———
(1—pB)x

Now, let £ > 0. On the one hand, we claim that

1
| B = 5y (B > xy) o).

1
P(I > xy*) In(P(I > xy“)) ypo(dy)

1—¢

(30) 1
x50 fo P(I > xy*) In(P(I > xy%))yno(dy).

Indeed, forall 0 <y <1 —¢,

P > xy*)In(P(I > xy%)) N
P > x(1 — &)®)In(P(I > x(1 — &)%)

0 as x — 00

since x - —In(P(/ > x)) is regularly varying at oo with a positive index and
a < 0. Itis then not hard to see, using Lemmas 3.7 and 3.9, that for x large enough,

this function is bounded from above by

y a(l—e)/(1-8) y a(l+e)/(1-p)
exp(1— )
l—¢ l—e¢

which, in turn, is bounded for y €]0, 1 — ¢[. Hence, by dominated convergence,

we see that

1—¢
[ ra = x> 1)yt

< |P(I > x(1 = &)%) In(P(I > x(1 —&)%))|

X—>00

1
< -

&

1
P(I > xy*) In(P(I > xy“))yio(dy)

1—¢

’
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where, for the last inequality, we have used the fact that the function x — —x In(x)
is increasing in a neighborhood of 0. Hence (30). A similar, but simpler, argument
leads to the result

1 1
(31) P(I > xy*)ypo(dy) ~ / P(I > xy*)ypo(dy).
1—8 X—> 00 0

On the other hand, using the fact that x — In(lP(/ > x)) is regularly varying with
index 1/(1 — B), we have, for 1 —e < y <1 and x sufficiently large [say x > x(¢)],

(14 &)1 — )T PIn(PU > x)) <In(P(I > x(1 — &)%) < In(P(I > xy®))
<In(P{ > x)).
Thus,

! o S PU > xy®) In(PU > xy*))ypo(dy)
1_SIP’(I > xy")ypo(dy) < U = 1)

1
<(1+e)1 - | P > xy*)ypo(dy),
1

—&
which, taking x (¢) larger if necessary and using (30) and (31), gives, for x > x(¢),
Jo PU > xy*) In(B(I > xy*))yio(dy)

In(P(I > x))
<(A+8)A+e)1 =) Pm(x).

(I =8)mx) <

Plugging this into (29) and letting first ¢ — 0 and then 6 — 0, we get the expected
convergence since f(x) ~ —In(P(/ > x)) asx — oco. U

3.2.2. Proof of Theorem 3.1(ii). The fact that the function
x €]10,00[ = f(x):=—1In(m(x)) = —In(P(X (x) > 0))

is continuously differentiable on ]0, co[ can be proven in exactly the same way as
when the support of 1o is compact; see the beginning of the proof of Lemma 3.10.
Next, by Karamata’s theorem (Theorem 1.5.11 of [9]), if f varies regularly at oo
with index A > 0 and if its derivative is also regularly varying at oo, then

xf'(x)
f(x)

Together with Theorem 1.6(i), Lemma 3.7 and Lemma 3.5, this implies Theo-
rem 3.1(i1).

— A as x — 00.
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3.3. Quasi-stationary distributions.

PROOF OF THEOREM 3.2, When X (0) ~ u'2”, the distribution of X (0)!/7
is that of A/*/ RI, with R independent of I, that is, that of an exponential random
variable with parameter A*. We then immediately have that for n > 1 and ¢ > 0,

E[((X ()1 —1)")"] = A" nlexp(—2%1)

and
P(X (1) > 0) = P(X (0)'T > 1) = exp(—1%).
Following the beginning of the proof of Lemma 3.5, this gives
E[(X )" JELI"] =E[((X (0)!*'7 = 1)")"] = A" nl exp(—1*1)
and then
E[(X @)X (1) > 0] = E[A*I" R"] = E[X (0)*!"].

Hence, ,u%) is a quasi-stationary distribution since the distribution of R is charac-
terized by its entire positive moments. Note that there is no other quasi-stationary
distribution. Indeed, let ¢ be a quasi-stationary distribution and suppose that
X (0) ~ ¢. Then, necessarily, by the Markov property of X, P(X(t + s) > 0) =
P(X (t) > 0)P(X (s) > 0), which implies that X (0)!*/T has an exponential distrib-

ution, say with parameter £, that is, £X (0)/*/7 has an exponential distribution with
parameter 1. Since the factorization (15) characterizes the distribution of R, we

1/a
get that ¢ = /Lg’ ). O

PROOF OF THEOREM 1.8. The first part of this theorem is an obvious conse-
quence of Theorem 3.2. The reverse cannot be directly deduced from Theorem 3.2
since we do not know if uniqueness holds for the fragmentation equation when the
initial measure has an unbounded support.

So, consider (u;, t > 0), a quasi-stationary solution of the fragmentation equa-
tion (2). We want to prove that this solution belongs to the family of solutions

((,u&)’,,t > 0), A > 0), as defined in Theorem 1.8. Replacing u; by m(¢)ug in
equation (2), we get that

t
(1=mO)uo. ) == [ m(s)dstuo. G(r)  vrecl,

where G(f)(x) = x% fol (f(xy) — f(x)y)B(dy). In other words, there exists some
constant C > 0 such that
m(t) =exp(—Ct) vt >0,

and

(o, f)=—C" Yo, G(f))  VfeC,.
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When f e C Cl, the function x — xf(x) is also in C Cl Hence, the above identity
can be rewritten

(32) (xpo, f) =—C Nxpo, A(f))  VYfeCl,

where A(f)(x) =x* [y (f (xy) — f(x))yB(dy).

To show that this characterizes g, we need the following fact: for all 8 > 0,
there exists a nondecreasing sequence of functions fg , :]0, 00[ — [0, oo[ such
that fg,(x) — xP as n — oo, Vx > 0, f5,, € C} and | [0 (0] < BxP=1 for all
x > 0 and all n > 1. This sequence can, for example, be constructed by first con-
sidering a nondecreasing sequence of continuous functions gg  : 10, oo[ — [0, oo[
such that gg ,(x) < BxP1 Vx> 0,n>1, gpn(x) = ,Bxﬁ_l for x € [n~}, n]
and gg ,(x) =0 for x €]0, (2n)~'1U [2n, oo[. Then, set fen(x) = fé‘ gp.n(u)du
for x €]0,2n] and extend these functions to ]2n, ool so that fg, € Ccl. and
| ()] < BxP~1, for all x >0 and all n > 1, and the sequence (fg.,n > 1)
is nondecreasing. For all g > 0, this implies that for all x > 0,

3 1
63 A = [0 = DyBy) == (),

together with

~ 1
(34) Al = @+ B [ 1= y)yBy).
Indeed, this is obvious when 8 > 1: we just need that

| fpn(xy) = fpn()I < sup |fg,(@lx(1—y)

z€[xy,x]
<pxP(1—y)  foryel0,1[,x >0,

and then use the dominated convergence theorem. The case 0 < 8 < 1 needs more
care. Using the aforementioned properties of fg , and also the fact that fg ,(x) <
x#, we obtain, for x > 0 and y €]0, 11,
xlfﬂ,n(x))) - fﬂ,n(x)|
=xfn(xy)(d —y) +|xyfpn(xy) — xfpn(x)]

<x"P—y)+ sup [Gdfp) @11 —y)

z€[xy,x]
<x"TPA—y)+A+px"P -y,
which leads to (33) and (34).

Now, take 8 = ||. Then use (33), (34) and the dominated convergence theo-
rem on the right-hand side of (32) [recall that xuo(dx) is a probability measure],
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together with the monotone convergence theorem on the left-hand side of (32), to
get

/ " 2l po(dx) = € (lal) < oo
0

Then, by an obvious induction, taking successively 8 = 2|«|, 8 = 3|«], etc., we
get, for all n > 1, that

o 1 & 1
fo X% o (dx) = €' (nlal) /0 2=Vl 0 (dx)

=C"p(n|al) - P (|a)).

1/a
We recognize the moments formula (14). Hence, xuo(dx) = M%C ) (dx) =

e 1/a 1/e
xpds ) (dx) and forall £ > 0, pu =m(puo =exp(—Cojuss ' =puls, . O

4. Different speeds of decrease: proof of Proposition 1.4.

4.1. Proof of Proposition 1.4(i1). Recall that the support of g is supposed to
be bounded with supremum 1. The goal of this section is to prove the forthcoming
Corollary 4.3, which is the statement of Proposition 1.4(i) translated in terms of
the process X defined by (12), provided the Lévy measure IT of the subordinator
& involved in the construction of X is related to the fragmentation measure B by
(6) and X (0) is distributed according to xuo(dx). We recall that the distribution
of X (¢) conditional on X (z) > 0 is then xu,(dx)/m(t), t > 0, where (u;,t > 0)
denotes the solution of the fragmentation equation starting from . We start with
some preliminary lemmas.

LEMMA 4.1.  Suppose that (H) holds and that [, |In(x)|x B(dx) < oc. Con-
sider some random variable 1 independent of X, with distribution that of
Jo~ exp(a&,) dr. Then:

(1) there exists some tg > 0 such that

/e
sup a“P((qo(lalt)> X ()11l < a’X(t) > 0) < 00;

t>19,a>0 o[z

(1) for all positive functions g:[0, oo[ — 10, oo[ converging to 0 at oo, we
have, as t — 00,

g(t)“]P’(((pTzlt)>1/Ia|X(f)11/|“| <g0|x() > 0) S

PROOF. To simplify notation, suppose that « = —1 (the proof is identical for
all @ < 0). Recall, then, the key equality in law (20), which leads to the following
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identities for all a > 0:

a—IIP(@X(t)I <alX(@) > 0)

_ ;P(O < X(O) —1< “—t)
am(t)

5 @(1)
_m(@®) —m(t +at/p®))
o am(t)
: In(m(t (1 +a/g(t))))
= g(l - e"p(_ 1“(’”(”)<1 - In(m(1)) )))

We then use the regular variation of — In(m) with index 1/(1 — g8) (Proposition 1.2)
and Lemma 3.6 to see that for all £ > 0, there exists a real number # (&) such that
forall t > t(¢) and all a > 0,

B)te 1 1
1= (14 a/p@)/0-P+ <1 H(M(tl(n(;(c;)/;p(t))))

(36) 1/(1—p)—e
<1—(14a/p®)) :

Now, let 0 <& < 1 — 8. Since

1
1— (1 +x)/0=PFe > —x<1 "y +2g>

for all x > O sufficiently small and since, further, ¢(f) — 0o as t — oo and
—In(m) ~o(1 — B)@, we have that for all 0 < a < 1 and all t > ¢'(¢) [for some
t'(¢) depending on ¢ butnoton 0 < a < 1],

—In(m@)(1 = (1 +a/p@)"/ 7P+

In(m(t)) 1
2
= o(0) a(l—,B+ 8)

1
> —a(l — — 4+ 2¢|.
> —a( 'B+8)(1—ﬂ+ e)
Together with identities (35) and inequalities (36), this implies that for all r >
max(t(e), t'(¢)),

t
sup cf”P’(?

O<a<l

X(0)I < a‘X(t) > 0) < 0.

This is enough to get (i) since for a > 1, a~! multiplied by a probability is bounded
by 1.
The proof of (ii) relies on the same idea. Since g(¢)/¢(t) — 0 as t — oo,

—In(m()(1 = (1 +8/p0)" ™)~ —g0y1 - ﬂ)(l —5" 8)
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and a similar result holds by replacing ¢ by —¢. Together with the inequalities (36)
and the identities (35) [there replacing a by g(¢)], also using the fact that g(¢) — 0
as t — oo, we get (il). [

LEMMA 4.2. Suppose that k := fol [In(x)|x B(dx) < oo. Then:

(i) I possesses a density k € C*°(]0, oo[);
(i) E[I Y =«k|a| < oo;
(iii) if, further, the support of B is not included in a set of the form {a", n € N}
for some a €10, 1[, then the function

. oo .
xeR— E[I* = / y’x_lk(y) dy
0
is well defined and nonzero for all real numbers x.

PROOF. If IT is the Lévy measure associated with the fragmentation equation,
then the assumption x < oo is equivalent to f;° xI1(dx) < oo, which, by Propo-
sitions 3.1 and 2.1 of [11] implies (i) and (ii). Next, it was proven in the proof of
Theorem 2 of [20] that E[7?*~1] # 0 for all x € R under the additional assumption
that the support of IT is not included in a set of the form {rn,n > 0} for some
r>0. 0O

COROLLARY 4.3. Suppose that (H) holds, k = fol |In(x)|xB(dx) < oo and
the support of B is not included in a set of the form {a", n € N} for some a €0, 1].
Then, for all measurable functions g : [0, oo[ — ]0, oo[ converging to — 0 at oo,

o p(lalt)\ V1 X (1) 1
g(t) IP’(( o ) %51\)((;)>0>—>a—|l€.

PROOF. For x >0, let

@(|ef?)
||t

U, (x) = g(t)“P(( )l/lalxm < xg(t)‘X(t) > o)

and note that this quantity increases in x when ¢ is fixed. Then consider some
random variable I, independent of X, with distribution that of [;* exp(a&,)dr.
Consider b such that P(/ < b) > 0. Then

p(laft)
||t

1/le]
VB =b) =g (L5 ) T X1 <pVelg]x0) > 0).

which, according to Lemma 4.1(i), is bounded from above by some constant (inde-
pendent of ¢ and x) times bx'®! for all x > 0 and ¢ > 7. That is, there exists some
finite constant C such that for all ¢ sufficiently large and all x > 0,

(37 x“U;(x) <C.
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Now, consider an increasing function /:N — N. For all x > 0, the sequence
(Uin)(x),n = 0) is bounded. Hence, there exists some nondecreasing right-
continuous function U :[0, oo[ — [0, oco[, with U(0) = 0, and a subsequence
(Ui(n)’” > 0) of (Ujny,n > 0) such that Ui(n)(x) — U(x) for a.e. x > 0; see,
for example, [15], Theorem 2, Section VIIL.7. Hence, if we prove that the limit U
is given by

lee|

(38) Ulx) =

Vx >0,

la | B
for all sequences (I(n),n > 0), (l~ (n),n > 0) as defined above, then we will have
the expected result [note that the continuity of the function involved in (38) implies
that the convergence will hold for every x > 0].

To prove (38), recall that by Lemma 4.2(ii), fooox_lk(x) dx < oo. Hence, by
dominated convergence, for all a > 0, [§° Uy (ax/*)k(x) dx — [§° U (ax'/®*) x
k(x)x. By Lemma 4.1(ii), we therefore have

(39) /OOO Uax"*Yk(x)dx = a'®! Ya > 0.

We claim that this equation characterizes U under the additional assumption that
the support of B is not included in a set of the form {a",n € N} for some a €
10, 1[. Indeed, note first that by setting V (x) := exp(x)U (exp(x/a)) and k(x) :=
k(exp(—x)) for all x € R, the above equation can be rewritten

/oo VX)k(y —x)dx=1  VyeR.

However, the function V is bounded a.e. on R, by (37). Moreover, by Lem-
ma 4.2(ii), k € L' (R) and by Lemma 4.2(iii), the Fourier transform of k is nonzero
on R. We conclude, using the Wiener approximation theorem for LY(R) ([9], The-
orem 4.8.4), that the above equation in V has a unique bounded solution (in the
sense that two solutions are equal a.e.). This determines V, hence U, almost every-
where. Since U is right continuous, it is determined for all x > 0. Finally, it is not
hard to check that the expression for U given by (38) indeed satisfies (39). [

4.2. Proof of Proposition 1.4(i1)). We need only prove the second part of
Proposition 1.4(ii), the first part being obvious since u;(]1,00[) =0 forall t > 0
and g(t)(go(lalt)/|a|t)1/"‘ — 00 as t — 00. We keep the notation from the previ-
ous section and recall that we work under the assumption (H). From the proof of
Lemma 4.1, we get that

m(t (1 +lalh @ /o(lal) o
inf - ), o
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for all positive functions 4 such that h(t)le! /o(t) — 0 as t — oo. In other words,
for such functions #,

1/]a]
ln<m(t)_1P(((p(|a|t)) X(y1el > h(t))) o~ —hn)

|aelt

Note that for all # > 0 and all ¢ > 0, since X is independent of /,

ln(m(t)IIP’<<¢TLQ|Y)>]/|O[|X(0 > (c¢(h(z)|“|))‘/'“'>)

+ (@1 = b/ (ep(h))) )
1/le|
Sln(m(t)_lﬂb(((p('a't)) X ()11 zh(r)))_

|aez

Suppose, moreover, that i4(t) — oo as t — oo and that 8 < 1, which implies that
h(t)'“'/qb(h(t)‘“') — 00. By Lemma 3.4, we have, for all real numbers ¢ > 0,

1 _ h |Cl‘
—In(B(I = k(@) /cp(h(n)1))) ~ |a|ﬂ¢<cz[(lh8|a|)>

(1= Bl /015
00 cl/(1=p)
using both the regular variation of ¢ and the fact that ¢ is the inverse of t — /¢ (¢)

near 0o. Now, let ¢ €]0, 1[ and ¢ be such that ¢//(0=8) > (1 — ﬁ)|a|5/(1_ﬂ). We
have proven that

1n<m(t)_1P(<M)l/|a|X(t) > (C¢(h(t)|“|))l/'°")>

|ae

h(n)l,

1— B/(1—B)
5—(1—8)(1—( fl)/'(of',g) )h(r)'“'

for ¢ large enough. Next, let g, .(f) = (cop(h()!*)/1l 't > 0, and suppose that
B > 0 (hence the existence of the inverse of ¢ near co). We have, for ¢ large

enough,
1/le]
in(m B((457) X0 2 610

1— B/(1-B)
5—(1—s)<1—( ﬁ)/'(‘ﬂm )¢‘1(gh,c<z>'“'/c)

| — 8)le|B/1-B)
(= 8)<1 - ?/Lﬂﬁ) )C_l/%_l(gh,c(t)lal)-

It is not hard to check that the maximum of

_ B/(1=B)
{(1 -8 ﬁ)/mﬁ) )c‘”ﬂ, c>(1— ﬂ)l"glalﬁ}
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is equal to B/|a| and is reached at ¢ = |«|?. Finally, if g, = 8h,|a|f - letting € — 0,
we have proven that

! i (2l
e g (0 () x0z00))
B

||

(40)

To conclude, to get the second part of the statement of Proposition 1.4(ii), suppose
that 0 < 8 < 1 and consider some positive function g that converges to oo at oo,
such that g(t)!%t /() — 0. Set h(t) = (¢~ " (g(1)!*!/|a|)/1%I t > 0. Then, h(z)
converges to 0o as t — oo and it is easily seen that h(t)'“'/(p(t) — 0ast — oo.
Since g = g5 with the notation above, the result follows from (40).

5. Some properties of the limit measure po,. Recall that the distribution
Xioo(dx) on ]0, ool is that of RYl2l where R denotes a random variable with
entire positive moments

(41) E[R*]=¢(a]) - - ¢ (n]al)), n=l,

that characterize its distribution. Using this particular moments’ shape, we get the
following description of the measure o near 0 and oo. Some of these properties
are then used at the end of this section to prove Proposition 1.5.

PROPOSITION 5.1 (Behavior at 00).
(1) Suppose that (H) holds for some B €10, 1[. Then
p

o0
—1 dx)) = —In(P(R > 1)) ~ ¢~ (t1*),
([ wuse(dn)) = (PR = 1) = Lg~ )
where ¢~ denotes the inverse of ¢ (and is therefore a function regularly varying
at oo with index 1/ B).
(ii) Suppose that ¢(oo) = fo xB(dx) < oco. Then jio has a bounded support
with supremum ¢ (00)'/1% and

1

PROPOSITION 5.2 (Behavior at 0).  Suppose that f(;”"‘f’(‘“)

ularly at oo with index —y,y € [0, 1]. Then, as s — 0,

o 14« — -~ !
J e hootan) = BN o R (e’ T (1 +y)p(=1/In(s)))

xB(dx) varies reg-

and

N |a|
B ay_ o s
|| xusetae) = B(R <) = <¢<—1/ln<s'a>>>'
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PROOF. This is a direct consequence of Corollary 1 of Caballero and Rivero
[10], which gives these results in terms of the random variable R. [J

PROOF OF PROPOSITION 5.1. (i) Our proof strongly relies on the proof of
Proposition 2 of Rivero [28]. Rivero shows there that if a positive random variable
Y has entire moments satisfying

EY"1=[]v6)

for some function ¢ regularly varying at co with index y € ]0, 1[, then
<«
—In(PY > ) > yy @),

where ¥ < is the right inverse of . We apply this result to the random variable R,

by taking ¥ = ¢(|e|-) and y = B.
(i1) Using (41) and the fact that ¢ is increasing, we get, for all n > 0,

42) E[(%ﬂ <1

Besides, writing

| (Giwr) 2l ) o o[ () oo ]

+P(R = ¢(00))

and using the monotone and dominated convergence theorems, we see that

E[(db(io))n] neoo{g;k:(b(oo))’ iiféf;;f(oo)) > 0,

In particular, from (42), we see that P(R > ¢ (o0)) = 0. Similarly, it is easy to
show, using (41), that for all 0 < & < ¢(0c0),

[ (Gee) |-

which implies that P(R > ¢ (o0) — ¢) > 0. Finally, to get the remaining part of the
statement, note that

ln<¢(n|a|)> L 9@ -1
¢(00) Jn=ee ¢(00) ¢(00) Jo

(<] (Ges) D) =2 ()

1
KM Bdx).

Therefore,
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converges to —oo as n — oo if and only if

10 1y I+l
/Zx"“'“B(dx):/ ———B(dx) =00
01 0 1 —xl

Since [y xB(dx) < oo,

E[(%)n] = 0 iff /1 iB(dx) =0

which ends the proof. [J

PROOF OF PROPOSITION 1.5. From the construction (7) of i, we see that

me({1) = po({IHP(E (0 (1)) = 0) = no({1DP(& (1) = 0)

and from the Poisson point process construction of a pure jump subordina-
tor with Lévy measure I1, we have that P(£(¢r) = 0) = exp(—tI1(J0, col)) =
exp(—t¢(00)). Next, we get, from the factorization (15), that

exp(—t¢(00)) =P(RI > t¢(c0)) > P(I > 1)P(R > ¢(0)).

On the one hand, from the proof of Proposition 5.1, we see that when ¢ (0c0) <
00, P(R > ¢(00)) = P(R = ¢(00)) and that this quantity is nonzero iff [1(1 —
%)~ B(dx) < co. On the other hand, under (H), we get from the regular variation
of —In(P({ > 1)) that P(I > x%t)/PP(I >t) — 0,forall0 <x < 1,as t — oo and
then, from the dominated convergence theorem that

s = /01 e xat)xuo(dX) — mo({1})  ast— oo.

P(I>1t) P(I > 1)
In other words, we have proven that under the hypothesis (H), when po({1}) > 0
and ¢ (00) < 00,

Liming A

taoo m(t)

= P(R = ¢(00)) = $(00) "/ oo ({9 (00)/1*1}).

Next, suppose that (H) holds, [, |In(x)|xB(dx) < oo and ¢ (00) < 0o. According
to Theorem 1.3, for all ¢ € ]0, 1] such that (1 — s)qﬁ(oo)l/"’" is not an atom of teo,

e ({1}) <f11_8xu,(dx) e

< Xhoo(dx).
m(r) m(t) 1700 J(1—e)p(c0)! /el
Letting ¢ — 0, we get
Jim sup LD wi({1}) < ¢ (00) g ({6 (00) 1)) -

t—00 m( )
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6. Examples. Below is a list of standard examples where the main quantities
involved in our results can be computed explicitly. More precisely, for each of these
examples, we specify the distributions of / [defined in (13)] and R [defined in

(14)], which leads to explicit expressions of the limit measure jts, [Since RY/lel 4
xu(dx)] and of the mass

mi1(t) =P > 1), t >0,

which is the mass of the solution of the fragmentation equation starting from
o = 81. We also specify the behavior as + — oo of the quantity ¢ (|a|t) /||t in-
volved in the statement of Theorem 1.3. For all of these examples, we give the
main tools to get the distributions of / and R, but we leave the calculation details
to the reader. We recall that 8 denotes the index of regular variation of the hypoth-
esis (H) and that when (us, t > 0) is a solution of the equation with parameters
(o, B), (s, t > 0) is a solution of the equation with parameters («, ¢ B). For this
reason, in the examples below, given a measure B, we choose its “representative”
among the measures ¢ B, ¢ > 0, which is the most convenient for the statement of
the results.

The first four examples concern absolutely continuous measures B(du) =
b(u) du, where b is a function defined on ]0, 1[. The Lévy measure is therefore
also absolutely continuous and we denote by 7 its density. It turns out that the
limit distribution (4 is also absolutely continuous. We denote by u, its density.

EXAMPLE 1 [b(u) =bu’"2,b>0; a <0].
p=0;

o(t) ~tast — oo;

1400/ +1,1):

my(t) = m [ xP/lel exp(—x) dx, t > 0;

d
R~ B(1,b/|al);
o oo (x) =bx!®=2(1 — xlehb/lel=1 o < x < 1.

The notation I'(x, y) [resp., B(x, y)] refers to the classical Gamma distribution
with parameters x, y > O (resp., Beta distribution). In these examples, the density
of the Lévy measure associated with B is w(x) = bexp(—bx), x > 0, hence the
Lévy measure associated with the subordinator |«|§ (where & has Lévy measure
IT) has a density given by bexp(—bx/|a|)/|x|, x > 0. According to Example B,
page 5 of [11], the density of I is then proportional to x?/1%lexp(—x), x > 0. Fi-
nally, we refer to formula (4), Section 3 of [8], to get the distribution of R.

We point out that the solutions of the fragmentation equation with this measure
B are studied in [24]. In particular, when o = —b/2 and pg = §1, the solutions
(ur, t > 0) have the explicit expression

1 (dx) = exp(—1)(81(dx) + bx""2(t — 32(1 — x7P/)) Lg<x <1y dx),
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which gives
t2
i) =exp(-)(1+1+ )
and, for all bounded test functions f :]0, co[ — R,
1
m(t)
which is consistent with the above expressions for m| and u .

1 1
/ FOxp(dx) — / FObX (P Z 1y dx,
0 r— 00 0

EXAMPLE 2 [b(u) = |a|T(1 — y)~tulel/v=2(1 — ylel/ry=r=1. 0 < y < 1;
o < 0].

>

d —
I~7,7;

mi(t) = [ gy (x)dx, t > 0;

RLe(1);

oo (X) = |a|y ~Ixlel/y =2 exp(—xl@l/7), x > 0.

Here, e(1) denotes a random variable with exponential distribution with parameter
I and 7, denotes a y-stable random variable, that is, with Laplace transform 7 €
[0, oo[ — exp(—t”). Hence, 1), ¥ has the so-called Mittag—Leffler distribution. We
recall that it possesses a density given by

1 o0
gy(x)=—
y W,go

and its entire positive moments are equal to n!/I'(yn + 1), Vrn > 1 (see, e.g., [27],
Section 0.3). The Lévy measure associated with B has a density for x > O given
by

(—x

i—1
3 I'(yi+ 1)sin(wyi), x>0,
i!

|| exp(—la|x/y)
(1 =y)(1 —exp(=lalx/y)r+t

T(x)=

Using formula (5) and the following discussion in [8], we get that / 4 T, ¥ and
rRZe).

EXAMPLE 3 [b(u) = |aly?((1 — p)I'Q — yp) lurlel/=r=2 _—
ul/A=rH=r=l.0 <y < 1; 2 <0].

* B=v;
o o(t) ~ (1 —y) Ha?/O=D/A=V) "ag t — o0;

o 1 Le)r:
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o my(t) =exp(—t/1=1)) >0,

e R £3 rly :)/1 ;

o loo(x) = larlx* g1y (x1h), x > 0,

where g1, is the Mittag—Leffler density given in the previous example. Note the
duality with this previous example. In the present example,

_ jorly® exp(lerlx/(1 = y))
(1 =P Q2= y)(exp(lalx/(1 = y) = D7

and we again refer to formula (5) and the discussion which follows in [8] to get
the distributions of / and R.

(x) x >0,

EXAMPLE 4 [b(u) = [¢|T 2 4+ ) 'ul®=2(1 —uw)*~!; -1 <a < 0].
o f=laf;

o (1) ~ (1=5)" 11D as 1 — oo
e [/(1+ ) is a size-biased version of the Mittag—Leffler distribution with para-
meter |«|, that is, for all test functions f,

ELf (4 o)1 D71
E[T|;||a|] >

E[f(D]=

e mi(t) =T (| + 1)ft(7()1+a) x8la)(x)dx, t > 0;

o (1+a)R)VL1(al 1);
® lloo(x) = %x'“"Z exp(—(1 +a)/1*lx), x > 0.

Indeed, here,
_ o] exp(x)
Q2+ a)(exp(x) — 1)l—«’

Following the end of the proof of Lemma 4 of Miermont [26], we get that [ has its
moment of order k equal to

x> 0.

(x)

k(1 +a)*T (o))

C((k+ Dle|)
for all kK € N. Hence,
K, k!
E[R"]= E[7F]
Tk + Dlal))

(L +a)fT(lel)

(k+Dlel=1 oxp(—x) dx.

1 o0
- <1+a>kr<|a|)/o g
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REMARK. Note that Examples 2, 3 and 4 give, forall 0 <y < 1:

o ifb(u)=u"'(1 —u)"V"!and @ = —y, then

d
Xoo(dx) ~ c1(y)e(l);
o ifb(u)=u’"2(1 —u)Vlandw =y — 1, then

d _
X phoo(dx) ~ e2(y)Ti L s

o if b(u)=u’"2(1 —u)"?"!and o = —y, then

Xptoo(dx) L 3T (v, 1),

where c1(y), c2(y) and c3(y) are real numbers that depend on y. Hence, both «
and the behavior of b near 0 have a significant influence on the shape of the limit
measure [Loo.

Finally, we turn to the case where B is a Dirac measure.

EXAMPLE 5 (B = a8, for some a €10, 1[; « < 0).

o f=0;
e ¢(t)~tast — oo;
e [ has a density k on ]0, oo[ given by

k(x) =" _exp(aIn(a)i — xexp(aIn(a)i)) [ ] (1 — exp(aIn(a)(i — )

=0 pi
o mi(t)= [T k(x)dx,t>0.

In this case, IT = §_y(q), that is, the associated subordinator is a Poisson process.
We then refer to [11], Proposition 6.5(ii), for the expression of the density k. Note
that ¢ (t) = (1 —a') forall r > 0, hence E[R"] =[]/_, (1 — (le|a)") for all n > 1.

APPENDIX: EXISTENCE AND UNIQUENESS OF SOLUTIONS

This appendix is devoted to the proof of Theorem 1.3 on the existence and
uniqueness of solutions of the fragmentation equation (2). Therefore, in this sec-
tion, o € R. The proof follows the main lines of that of Theorem 1 in [19], which
gives existence and uniqueness of solutions of a slightly restricted form of the frag-
mentation equation (2) and which concentrates on solutions starting from g = §;.
We note that it was implicit in the statement of this theorem that a solution should
satisfy assumptions (4) and (5).

Let £ denote a subordinator with Lévy measure IT and zero drift, such that
& = 0. We recall that its semigroup possesses the Feller property and that the
domain of its infinitesimal generator contains at least all functions f that are con-
tinuously differentiable on R and such that f and f’ tend to O at infinity; see, for
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example, Chapter 1 of [3]. As a consequence, the domain of the infinitesimal gen-
erator of exp(—£) contains continuously differentiable functions f on [0, co[ with
compact support and null near 0.

One can easily check that when f : [0, co[ — R is bounded and continuous, the
function

x — E[ f(xexp(—&pxen))]

is also bounded and continuous on [0, co[. This mainly relies on the cadlag and
quasi-left-continuity ([3], Proposition 7, Chapter 1) of subordinators.

Now, forevery 0 < a < b, letC, p, be the set of continuous functions f :[0, b] —
R that are null on [0, a], and let C; , be the set of continuously differentiable
functions f:[0, b] — R that are null on [0, a]. It is clear from the remark above
that for all 0 < a < b, the linear operators 7; and Tt, t > 0, defined by

Ti(f)(x) = E[f (x exp(—&))]
and
Ti(f)(x) =E[f (xexp(—&p(xen))]

send C, p into C, 5. Following the proof of Theorem 1 of [19] (see also [22]), we
see that both families of operators define strongly continuous contraction semi-
groups on C, 5 and that the domains of their infinitesimal generators are identi-
cal and contain Cé’ - These generators are, respectively, given, for f € Caly » and
x € [0, b], by

A () = fo (f(rexp(—y)) — f())TT(dy)
and

A(H)(x) =x“A(f)(x),  x>0,A(f)(0)=0.

Note that when B is a measure on 0, 1[ defined from IT by (6), we have
_ 1
A =2 [ (£ = f@)yBy).

Existence of solutions to (2). With the above remarks and Kolmogorov’s
backward equation (see Proposition 15, page 9 of [14]), we have that

~ t ~ ~
43) Tz(f)(X)=f(X)+f0 Ts(A(f)(x)ds,
Vx el[0,b],Vf € C;’b, VY0 < a < b, Vb > 0. In other words, if we let f:[0, co[ —

R be null near 0 and continuously differentiable, then, considering its restriction
to [0, b] and x < b, we have that f and x satisfy (43).
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Now, consider vy, a probability measure on ]0, co[, and define for all # > 0 a
measure v; on ]0, oo[ by

(v, g) := (vo, T;(g))

for all bounded, measurable functions g on [0, oo[ such that g(0) = 0. Note that
for all > 0, v;(JO, oo[) < 1 and v;(x > M) = 0 provided that vo(x > M) = 0 for
some M > 0. Then let f be some continuously differentiable function on [0, ool
null near 0 and with compact support. It is clear that A( ) is null near 0 and it is
easy to see, using Fubini’s theorem, that there exist some constants b, ¢ > 0 such
that |A(f)|(x) < cx®TI(In(x /b)) for large enough x [here, TI(y) = fyoo I(dx)].
In particular, A( f) is bounded on [0, co[ when x*TI(In(x)) is bounded near co
(hence when o < 0). It is then clear that in such a case, we can apply Fubini’s
theorem when integrating (43) with respect to vy to get

t ~
(i, £) = (vo. f) +/0 (v, ACf)) dis.

This holds for all continuously differentiable functions f on [0, oo[, null near
0 and with compact support. Therefore, defining the measures p; on ]0, oo[ by
(s, g) := (vy, g), where g denotes any test function on ]0, oo[ and g(x) = g(x)/x,
x > 0, we have proven that (u;,t > 0) is a solution of the fragmentation equa-
tion, as defined in the Introduction. To summarise: provided that the function
x — x“TI(In(x)) is bounded near oo, for all measures po on ]0, oo such that
foooxuo(dx) = 1, there exists a solution, constructed via subordinators, of the
fragmentation equation.

When « > 0, the function x — x*TI(In(x)) may not be bounded near co. An-
other way to tackle the problem in this case is to use the definition of p to get
that

o pto_
/ / To (AP @) dsvo(dx)
0 0

-/ OOE[ [ A exp(—su))du}vowx),

the function f still being supposed continuously differentiable on [0, oo[, null near
0 and with compact support. For such f, the function A(f) is bounded on [0, ool.
Hence, the double integral involved in the identity above is bounded by a constant
times [ E[p(x*1)]vo(dx), which is finite provided that [ In(x)vy(dx) < oo:
indeed, according to Proposition 2 of [8], for all x > 0, E[p(x)] = f(f Elexp(—s x
R)]ds, where R is a random variable with distribution g defined by (14). Now,
let / be a random variable defined by (13), independent of R, and consider a real
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number a such that P(/ < a) > 0. Using the factorization property (15), we get

ElpIP( <a) = [ Elesp(-sR)L<q)]ds

< fx E[exp(—sa'e(1))]ds = aln(l +a~'x).
0

It this then possible to apply Fubini’s theorem when integrating (43) with respect
to vg and we conclude, as above, that there exists a solution of (2).

Uniqueness of solutions of (2). Let vy be a probability measure with sup-
port included in ]0, ] for some b > 0 and suppose that (v, > 0) is a family of
measures with support included in ]0, b] such that

z ~
v £y =0, £+ [ A, vie U cly
0 O<a<b
Suppose, moreover, that v;(]0, co[) < 1, V¢ > 0. Our goal is to prove that (v, t >
0) is uniquely determined. Using the fact that the total weight of v; is less than
or equal to 1, we get that sup,>o(vs, | f]) < 00 and sup,-(vs, |[A(f)]) < oo for

each f € Up<u<p Céy »- It is then possible to follow the proof of Proposition 18,
Section 4.9 of [14] to deduce that uniqueness holds, provided that, for all A > 0,
(Aid — A(f))(Ccll’b) is dense (for the uniform norm) in C, p for all 0 < a < b.

Following the proof of Theorem 1 in [19], we see that Cal’ » 18 a core for the strongly
contraction semigroup Tt :Ca.b = Cq.p, t > 0. Hence the result.
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